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Summary. The problem of the response of an infinite
medium, composed of an interacting mixture of elastic solid
and viscous fluid, to a point force impulsively applied is
studied,

Using a linearized theory for the mixture, the prdblew
is solved with the aid of integral transforms. Inversion of
the solution is accomplished for the case where the diffusive
resistance is zero. The displacement field for the solid
and the velocity field of the fluid are given in terms of
integrals and infinite series.

Under further restrictions these solutions are given

in forms involving only delta and step functions.




1. Introduction. The purpose of this paper is to study the

response of an infinite body to a stationary impulsive body
force when the body is composed of an interacting mixture
of solid and fluid,

The linearized mixture theory used is that proposed
by Green and Steel [l]* for an isotropic elastic solid and
Newtonian fluid. Steel f2] used this theory to study the
propagation of plane waves through such a medium while Atkin
[3] generalized both [1] and [2] and included thermal effects.
In a continuing investigation:; uniqueness theorems were dis-
cussed by Atkin, Chadwick and Steel [4] and from their re-
sults one has available both suitable sets of boundary condi-
tions and sets of inequalities that the material constants
must satisfy.

An alternate formulation of boundary value problems
for the mixture has been given by Atkin [5] in terms of a
decomposition of solid displacement and fluid velocity vec-
tors into the gradient of scalar functions and curl of vec-
tor functions. The new formulation leads one to solve
coupled systems of partial differential equations for these
gquantities. In [5], Atkin has also considered the propagation
of small amplitude waves when the mixture is restricted to

isotropic elastic solid and inviscid fluid.

%
Numbers inside square brackets refer to the references
cited in seckion 8.



The problem discussed in this paper has been studied
in classical elasticity by Payton [6] who used the solution
to study the motion of an elastic body under the influence
of an impulsive moving point force acting in the direction
of the line of motion: The connection between the stationary
and moving point force problems is the dynamic Betti~Rayleigh
reciprocal theorem used in [6] and again by Payton in [7].
Barlier uses of such a theorem are mentioned in [6]. An
analogous theorem to the Betti-Rayleigh theorem has been
established by the author and the results obtained here are
used to study the moving point~-force problem for a mixture.

In section 2 we pose the mathematical problem to be
studied and in section 3 we solve this problem by means of
Fourier and lLaplace transforms. Fourier inversion is accom=
plished in section 4 and in sections 5 and 6 the Laplace
transform is inverted to yield integral representations of
the solution for the special case when the diffusive force
parameter is zero. In the final section, various special

cases are discussed.

2. The mathematical problem: The complete system of linear-

ized field equations for a mixture of isotropic elastic
solid and viscous fluid, according to [2], consists of the
equations of motion

G...“Tf.‘?‘gf.'—'gl“;\’ii
(2.1)

Tig,9 F Tt P95 = PRV i=123,



the continuity equations

pl = El(l_ekk) ¢ 1] + P2 vk,k =0 2 (2.2)

2e..=w, . +w, . , i,3=1,2,3 , (2.3a)

the rate of deformation-velocity relations,

28y = Vi, Yy 0 B3 S L2 - @3

and the constitutive equations

054 = 0y 855 + 285854 + Pyl + Byndyye
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These equations are posed for a cartesian coordinate
system X, o i=1,2,3 and for time t assumed to occupy
the region

X < 4+ o ? tZO. (2.5)

- oo < X X2, 3

ll
Indicial notation has been used with a repeated index
indicating a sum over 1,2,3. Partial derivatives with respect

to Xi and t are indicated by a subscript comma ,i, and

superscript ,dot, respectively.

Quantities w., e.., 0.., £f. refer to the .solid con=

i ij ij i
stituent and designate, respectively, .components of displace-
ment, strain, partial stress and body force. Initial density

of the solid is 51. Similarly, v.. f*j‘ W{j and g, are



fluid components of velocity, rate of deformation, partial
stress and body force, while 52 is the initial fluid
density.

In (2.2), pl is the current value (at time t) of the
density in the solid, while 1 is the current fluid density
minus the initial value 52.

The vector with components T is called the diffusive
resistance vector and arises due to the interaction of the
two constituents. In particular, the parameter o (appear-
ing in (2.4c)) is called the diffusive force parameter by
Steel [2].

The material constants appearing in (2.4) are assumed
to obey the inequalities posed by Atkin, Chadwick and Steel
[4]. These are

M=20, ao=o0, 2u+3)\20,6320.

- P10y 263 Py

PyY¥y T 5 =0, B,*+ 3 5 =z 0, (2.06)
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To complete the formulation of the problem given in
(2.1) to (2.5) we next specify the body force, the initial
and boundary conditions.

The body force acts on the solid component at a point
;; in the direction parallel to the xl—axis. It is applied

impulsively. Hence we specify
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%(xl,x2,x3,t) ay 6(§ - §0)6§t)

it

wh o

g(leXZ:XB)t) = 0 (207)
X =x3 +y3 +2z3

o T Fo * ¥ T 23,

where gj is a unit vector in the xj direction and 8( )
is the delta function.
Initial conditions imposed are those of zero displacement

and velocity,

w. (X,,%,,%X.,0) = w, (X,,X,,%X.,0) =0
177172073 1Y 73 (2.8)

vi(xl,xz,x3,0) = 0 , i=1,2,3,

and since the body is of infinite extent, regularity conditions
are chosen:

wi(R,t), vi(R,t), cij(R,t), wij(R,t) + 0 as R =» o (2.9)
where

_ 2 2 2,1/2

R = (xl + X, + x3) .

The method of solution is by integral transforms to be
applied to the displacement-velocity formulation of the above.

This formulation is obtained by using (2.3) and (2.4) in (2.1)

and by specifying (2.7). Doing this we have

&
©1 e LT e o
By Wi,55 v Ky 7 By Wy gy ¥ 5, i alwy = vi) = pyWy
- P8 (¥=%_ )6 ()0, , (2.10)
(<]
-0, w + uv + (K,=u)v - =2 + alw,~v.,) =
1 "%, ki T MV, 55 2V, ki T, i iVi



Coefficients introduced into (2.10) are

K 2p. 4+ 2221, A
== + = ’ = + ’
1= B Bz + 75 2 T 2u (2.11)
P, 0 Poa pqQ
= D Rt 271 - = R Nt X
©1 = PP R IR S Sl P\ R

as defined by Steel in [2].

The problem is now posed: Find wi,vi satisfying
(2.10), (2.2), (2.8£.and (2.9) subject to (2.6).

To facilitate handling we introduce a translation of
origin from ¥ to ;o by setting

X =% - 20. (2.12)

The only visible effect is to replace 6(3 - ;O) in

(2.10) by é(ﬁ’). Consider (2.12) in effect and drop all

pPrimes.

Before proceeding to the solution we note that the material

coefficients (2.11l) have obvious interpretations in the theories

of elasticity and viscous fluids. If, for example, the fluid
component were absent, then one would identify the Lamle con-

stants of elasticity, Mg XE as

53 = UE ’ 62 = XE ¢ P = Pl (2.133)
and set
n = Bl = Y2 =y = A =g = el = 62 = ul = 0. (2.13b)

On the other hand, if the solid were absent, then the vis=-

cosities of viscous fluid theory, would be

U'Fl )\.F

W=, A=), . po=p, (2.14a)



and

PL =¥y o =P =B =B =¥ =0 (2. 14b)

while oy would be the thermodynamic pressure,

3. Application of the transforms and solution in the

transform variables. We begin by defining the Fourier and

x., t) to be

Laplace transforms of a function f(xl, Xy 3

%(Xlr er X3' p) =

3/2 JIJ M J e Pt f(xl,xz.x3,t)dt dxldxzdx3 (3.1)

(27) 6

A
The inverse of f(xl,xz,x3,p) with respect to any of the

xj's is, for example

£y hg %y P) = 75 -me 2(hohg0050P) @ Ay (3.2a)
and with respect to p is

EOydgget) =507 [ T RO, p)ap (3.2b)

2mri .
™ W=1le

A . .
for f(xl,xz,x3,p) regular in the strip Re(p) > w.

A
The complete inverse of f is

f(xl.xz.x3,P) = (3.2c)

wHic lX % +pt

7;;;77‘ fff = e £0y 25005 PIapfa @y

In addition to (3.1l) and (3.2) we use properties of 6(xk)

given by
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J olrsXs 8(x )ax =1 (no sum on s) , (3.3)
-

1 4-c0 i)\SXc

= B o ax_ = 8(x,) (no sum on s, s = 1,2,3).

Applying (3.1) to (2.10) and the second of (2.2), and using

(2.8), (2.9), (2.12) and (3.3) we have immediately that

- 24 A A A A
-[B3ijj toap o+ oppT ] W - (R 53)xmxjwj + % S A + o Vo
. 2
5. g
= -.—iml (3.4)
(21T)3/2
16
- A A A A
elxmxkak [ijkj + a + pzp]vm - (K2 u)kmxkvk + apw —2 %ﬁn = 0,
A . = A _ _
pn + i p, xkvk =0, m=1,2,3, (3.5)
First we eliminate the terms xj&j and ijj Do so by
substituting (3.5) into (3.4), multiplying by Xm' and
summing on m. This gives
e A.A. + ap] Py
] - 2. A _[.1 39 AN 171,
[lejxj Foap plp ]mem P >‘mvm - 3/2
(2m)
(3.6)
[&. A N, + ])\\/«\r—[(K+-e-‘1)>\)\+ +']x9-—o
157 AP A 2 p /Mgty T AT PR AV = O
Solutions of (3.6) are
AW [(KA.A. + ap + p P2 ) [K, + Eg]x.x. +a+p pl}-L(e roAat+ap)}? ]
mm- 137 1 2 P37 22" p 17377
P1My ) -
=(2W)3/2 [ (K2 + ' )ijj + o + pzp], (3.7)
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and
e
A 7 o iy 2 _,_2_ - __]_-_ 2
Mol (EpAghy + ap + pg P IRy + S5y + o + pyP) = (012 +ap]” ]
e
= —l—gyz (010504 + ap] (3.8)
(2m) :

while % is known from (3.5).

A
’ X.O. and ﬁ, solve (3.4) directly

Now knowin AW,
I A9 MY

A
for W and Gm. After a little algebra we may write
A P N
(2m) [8,8,=a"P][B,85= ACT
_ p
A P
v_ et u : (3.10)
e ey o2
[Ay8,—a"p][A,A, 857
P
where
éml 2 el
N,o= 808,08 185 = (Rp=By)agn ) - 5 bt xlxm{As + apl]
- %P A (K, -+ 92) (3.11)
o P 1"m 2 M P ! '
My = By a PO p8; = (Ky = B)hhpd + 85 alhyA@) = 85851
%,
+ >‘1>‘mA4[61A1 - (K, + > ) o pl, m=1,2,3, (3.12)
and
- ez —
= A ’ = - LA F + ’
Ay =M kjk] + o+ p,yP A, = (K, + p)xjkj a + pyP,
A, = K A.A. + op + p.p° = BA.hs + QP + pip° (3.13)

A5 = elXij + ap.
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Equations (3.9), (3.10) constitute the complete solution

of the problem in the transform variables.

4. Fourier integral transform inversion. Inversion of

(3.9), (3.10) is accomplished in two steps by inverting
with respect to xl first and then inverting with respect
to A

and A simultaneously. This process is given in

2 3
detail for (3.9) but only the final form for (3.10) is
written.

We begin by factoring the denominator of (3.9) by

writing
2
A8, azp = B3M[Xjkj + Pl][Xij + Pz] (4.1)
NE e, o4
Bydy = 5 = (KK + )~ IIghg + Byllighg + P,]
where the Pk are given by
. &t Ry L _&tR , @
1,2 2834 ' 73,4 o, o] .
2[Kl (K2+"§') - '—5‘]
with
~ ~ 2
€, =alpy + pul + py P B3 +py uP, (4.3)
- - 252 2_41/2
Ry = [{a(By=up) + p,yPB; — upyP ¥+ 4pjua pl / (4.4)
) ~ - 2 ©,
€, = alK, + (K, + =) = 2671 + pypK; + pyp” (Ky + 37, (4.5)

[{alK, - P(K e 2274 5Pk, - PR (K v 22y)2
2 alRy = PRy, 5 PoPRy = PP By * 75

Pl
i

. © - 1/2
4{a(0,"K)) + pype;}{a(e; = [Ky + D + pyp €y} 1T,

<4

*
In P, associate the (+) sign with k, the (-) sign

with 4. Kot

(4.6)
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Now incorporate (4.1) into (3.9) and expand (3.9) into

fractions in each term of which the numerator is independent

of ki.
Accordingly we obtain,
- 4
P ¢
A 1 km -
(2m) 21 k
where
2 2
N [=(As + 7\2) = P ]
by = 23K Z , m=1,2,3
Byu[K, (K, + Z2) - P1] f (B, - P)
b P 4=1
stk
or 2
" _m l( P ) + & l( 2+x )n (~P ) + Xlxvémv 2( -P ),
km 62 ed (4.8)
ﬁ3u[Kl(K2 + —'};' - ——]1{ - PS)
s=1
sk
m=1,2,3, v =2,3
if we define nl,n2 by
2
-P P
D5 P 8Pk (A (-P) + ap}]
R k’
p p
2 e2
+ a p(K, - u+'z;)Pk. (4.9)
n, (=Pp) = 8, (=P ) [(K) = B3) b, (=P )
© 2 ©,
- {AS(‘Pk) + apl] + a p(K2 - u + 2;). (4.10)

Applying now the Fourier inversion integral to (4.7)

respect to X, only) and recalling (3.2a) we find

(with
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- 4 _ 2 2 _
A Py {6ml[nl( Pr) + O + 2300, (BB )
W(Xakn)\pp)—~4 , 82 [~ A
mT1 T2t T = BoulRy (K + —=) = Z1] wer (B, ~P_)
k=1 P3HIE By + 5 1 (P Fs
p s=1
’ s+k
2 2 1/2
exp (=12, 112 + 22 + &, 112 }
2 2 1/2
[x2 + x3 + Pk]
5.2 5 8 -P. )
- E;_E:{; Xv ny n2( k
4T e, ei 4
s=1
stk
2 2 1/2
o rexp (mlxg DG + 25 + By ] / 3]} 4.11)
ax, [ 02 4 22 + b1/ ’ (4.
2 3 k
m=1,2,3, v = 2,3,
provided
1/2
Re [xg + xg + P ] / >0, k=12,3,4. (4.12)

Equation (4.11) was obtained by using (8], p. 8, no. 1l.

We turn again to (3.2a) with the object of inverting

(4.11) with respect to kz and x3. For this purpose we

change variables in the inversion integral and set

o 21+w 1ir(Q cos (w=€)

A _ 1 A
wm(xl,xz,x3,p)-—2WJ;j; e W, (%, x, €,p) rdedu (4.13)
where
x2 = () cos w, x3 = () sin ®
(4.14)
kz = r cos €, k3 = r sin €.

Now put (4.11) into (4.13), use (4.14) and the Poisson
integral representation for the Bessel function JO(Qr) (see

[9] for example) to obtain



A
Wm(xl'XZ'x3’P) =
4 1 {
2
8 ©
21 B3u[ul(K + “‘) - E% h7/(P -P )
(=P ) + rPn, (<P = o
© n -P + r n -pP
k _ 2 1/2
8.1 J [r N Pk]l/z JO(Qr)exp { [xll[r +Pk] Jrdr

2 @ J (Or)
k) dx Bxl I

_ 2 1/2
+ & n2( P exp { |xl|[r +Pk] }rdr}.

my 0 [r +Py ] 1/2

m=1,2,3, v=2,3.
The integrals in (4.15) are known and may be found in

[10], p. 31, no. 22. They are reproduced here:

o r J (Qx)
jo E—*~;~31/2 exp{~ ‘xl|[r + Py ]l/z}dr = %~exp {~R(Pk)l/2],
r+

@ 3
r~J,. (Qr)
] 2% 2 1/2
exp(-|x, | [x“+P,_17/“} ar = (4.16)
0 [r2+Pk]l/2 1 k
2
13 o 1/2 1 } 1/2
0 30 {Rz @21 + NP VoI exp(-R (2 ) 21},
k
provided
Re(Pk)l/z >0, k=1,2,3,4
where
R =, xi + Qz.
Incorporating (4.16) into (4.15) we have
- 4 1/2
A ( ) = P01 Z‘nl( Pk)exp{ R(P )
R i L 4TR e, +

k=1 B3u[K (X, + **0 - “—d777P -P_)
s#k
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 Pybm —ii~{93-§: n, (-2, ) exp(-R (p,) /2) C e 1)

410 30 Rzk_l o, ei 4 (Py) + 2

Byh[Ky (Ky +—7) °’371231 (P, ~P_)
stk

LY {l'il n, (-2, )exp(-R(p,) /2]

aT axvaxl Rk:i 62 ei 4 }'

Byp[Ky (Ry + =5) = —E]s=l (P, ~ P)
stk

m=1,2,3, v=2,3, Re(Pk)l/2 >0, k=1,2,3,4. (4.17)

Equation (4.17) is the final expression for the completed
Fourier inversion. Because of the similarity between the
expressions (3.9) and (3.10), the fluid velocity components
may be inverted in exactly the same manner with only notational
differences. If in (4.17) we replace n, and n, by m, . m2
defined by,

ml(-Pk) Ay (=P ) o p[A3(-Pk) + (K - [33)Pk]

©
B 0, (-P) (618, (-B) ~a (K, - p+ 2 )] (4.182)

mz(“Pk) = (Kl - 63) ap Az(-Pk) - a 8 AS("Pk)

©
by (B[00, (-By) = 0 P(K, = p + )] (4.18b)

then it is readily verified that Gm (xl,xz,x3,p) is given

by
- 1/2
“pléml 4 ml("Pk)eXP("R(Pk) / } +
Vi (X1 %50 X5 P) 4TR o 2 2
k=1 A § -
BaH[Ky (K, + b ) b ]S‘?z'il(Pk P.)

s#k’
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- 4 _ _ 1/2
_Pidm __8_{9_2_ -y (“P)exp{-R(P) 7] re /2 L1
ara 2012 o 2 4 k R
Roy=1 2 1.
Byu (K (K, + 2 = ?JZ_ZI(Pk‘Ps’
stk
55 2 4 (P ) exp(-R(®,) /2]
. P1%y 3 iy 2\ Tk k }
ar  °x 3%, IR L o 62 4 d
K=l opulk, (k, + =2) - LTI (2P )
3 1V2 P Pl k "s

S=
stk
. 1/2
m=1,2,3, v=2,3, Re(Pk) >0, k=1,2,3,4. (4.19)

5. Laplace inversion: Exact solution when o = 0. To pro-

ceed.with the Laplace inversion our first task is to make

the multi-valued functions Ra and (Pk)l/z, defined in
(4.2), (4.4) and (4.6), single-valued in the p~plane. An
examination of (4.4) and (4.6) reveals that this is a for-
midable task due partly to the order of the polynomials

in Rl'RZ and due partly to the material-constant coeffi-
cients in these expressions. Although it is clearly possible
to obtain the exact branch points of R and R and also

1 2

of the (Pk)l/2 we choose instead to consider the case in

14

which the diffusive resistance parameter o is negligible,

O. With this approximation, inversion of (4.17)

i.e. q
and (4.19) can be accomplished much more readily. Information
concerning the case when g + O can be obtained by, say, a
perturbation method-regular or singular-using the solution
found here. This is not attempted here.

By setting g = 0 in (4.3) to (4.6) we see that (4.2)

becomes
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T R . 5.1
17 ' 2 " B, ! :
2~ —
p, =P 1Pyl * Py (P + &) ] * Ry(p) (5.2)

2
2[K1(K2p + 92) - el]

_ o 2re T L = 2 - = 2.1/2
R, (P) = P [{Kp, = (Kyp + ©,)py]" + 4 pypPy0717 % (5.3)

Also, by (3.13), (4.9), and (4.10),

Bl
- - . 3 - - - 52
ny (=Py) = = =5 [P =Py J[P =Py JL(K,P + €,)P =p,p ], (5.4)
n, (-B,) = 2[p -P J[((K,~B,) (K,p + ©,) ~ 62)P, ~(K,~B,)p P, ]
27 x pt kT 1 1 P37 1% 2 1k WTP3 P Py e
(5.5)
nl(—Pl) = nl(—Pz) = nz(—Pl) =0, k=1,2,3,4. (5.6)
To render (P3)l/2 and (P4)l/2 defined in (5.2)
singlevalued we must first examine Rz(p) of (5.3).
The branch points of R2 occur at
p.K,=p,0 P
Kop=—22-L2, 559 /<2 | (5.7)
2 Py P1

To position these points in the p-plane we shall assune

(recall (2.6), (2.13) and (2.14))

K9
==>z" 20, & =20, K, =0, (5.8)
Py~ Py 2
2
Klez > el,
and define
2 X 2 9 ©1 2 _ %
Cl_—_:——‘,CZ:::——',CB: = ,C4-_ (5.9)
P Po \/5192 P
B
V2 = ":3' .
s Py
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With these definitions Rz(p) has branch points at
2 2 2

C4p = Cl - c2 + 2103. (5.10)

We now cut the p-plane along the straight line

Ci - Cg 2ic3w
P = 2 * > ’ -l ws=s1 (5.11)
Ca Ca

and define that branch of (5.3) such that

2 22,2 2,1/2 /o 2 22\ 42 2
(legp - (€7=C5) 1% + 4c3}™ ™ = +/[cyp = (€1-C3) 17 + 4¢3 (5.12)
when p 1is large and real.
Introduce (5.9) into (5.2) and define
2 2 2 2,2 2022 2,1/2
Fi(p) = Cpp + C] + €5 + {[Cyp = (c] - C3) ]” + 4c3)
y (5.13)
2 2 2 _ 2,2 _ 2042 2,1/2
F,(P) = Cyp + C] + C; {[c,p (c] cz)] + 403}
2 2
c c
2 2 .2 _ -3 2 2 __"3
iT% Vs T 202 ¢ Y2t €27 T2
1 's 1
Then (5.2) may be written as
2 2
) P F, (P) p T, (P) 5.14)
P_(p) = , P, = .
3 2, 2 2 4 2,2 2
2C1(C4p + v2) 2Cl(c4p + v2)
oY as
202 2p°
P = = .
3P =5 ¢+ PaTE (® (5.15)
2 1
if we use
F.(p)F, (p) = 4C2 (C2p + v2). (5.16)
1 2 1'% 2 :

In addition to the branch points (5.10) other possible
branch points of (1"3)1/2 and (P4)l/2 occur at the zeros

of F, or Fz. The point which satisfies this reguirement is
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v

p = ~“Z§~ (5.17)

4

which by (5.8) is real and negative.

Along the negative real axis of the p-plane the radical

in (5.13) is given by

/2 _ 2 2 _ 2,2 2
{ } = N/(049 +¢] - )7+ acg (5.18)

and at p = —vg/CZ this becomes

1/2 2 2,2
{ } = (cy + c3/cl). (5.19)
By (5.17) and (5.19) , (5.13) at -va/C. gives
F.(p) = 0; F.(p) = 2(c2 + c2/c%) > 0 (5.20)
1 ! 2 1 371 ' '
1/2 .
Therefore to render [Fl(p)] single-valued we cut along
the line -» <« = Re(p) = ~vg/ci and define that branch
such that
1/2 T TN . s 7
Fl (p) = +w/F1(P) when p is real and positive. (5.21)

On the other hand no cut other than (5.1l1l) is necessary to
render le/z(p) single~valued and so when p 1is real,

2 2 2
P> (c] - cy)lcy,

1/2 _ N//z 2 2, Sr2 02 - 02y 12 4 40l
P, %) = 4 ogp + cy + 5+ /e - (€] T CQ) T+ 4cs

ok,

2 - 2 2 2 2 2, 42 2
+~/g4p + C1 + 02 "V/tC4P - (Cl CZ)] + 4C3.

(Sfél)

le/z(p)

With all of these definitions in mind we are now in
a position to consider the Laplace inversion of (4.17).
To do so we rewrite (4.17) in the notation just developed.
Therefore, by (5.1) to (5.6), (5.8), (5.9), (5.13) to (5.15)

we have
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The terms

I V(R.p)

I4l(R.p)

1,5 (R.P)

From 141

F§ wherev

replace

is the sa

_20._

2 2
6 ,(Cy = vy)
_o_ml*71 Q = o= ]
¥3uP) = TS ao[ {149 ReP) = I3 (R,p))
o) ml -
- Z——— { a2 (R p) - I32 (Rlp)}
2 = .
4W ax ax R
- Imv(R'p) ’ m=1,2,3, v =2,3. (5.22)
in (5.22) are defined as follows:
_ ml o u 1 __‘Q‘\]
= 410 30 [ {v e + } exp <
o) 2
my o) PR
+ 41 vaaxl L 2 exp < >] (5.23)
1/2
2(clp + Vi o+ vs} - 7, (®) pE, " (p)
=2 2 22 2 1/2 2,1/2
p”[2v -F; (P)]{[C,p- (C] Cz)] + 4c ) v@c&jc4p + v5) +
+ Feww {2 1, (5.24)
F,77 7 (p)
2(chp + €5) - F, (p) 5
F,(p) ([Cop - (c2- 2 1% + 2}1/2 exp{ 1/2 } =22
1 \PIULELP 1”2 C3 F1
we obtain f3l(R,p) by interchanging F, and
er they appear. Similarly, to obtain EBZ(R,p)
Fl(p) with Fz(p) in 142(R,p). Finally, 143(R,p)

me as f4l(R,p) with the term

1/2
p F, / (P)

- 2
V2 Cl(C4p + v2)

1
2.1/2 ¥ R

replaced by 1 and 533(R,p) is then found by replacing

F, by F

5 in 143(R,p).
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This section is closed by recalling the inversion
integral (3.2b) and by replacing the Bromwich contour by
means of an appropriate path in the cut p-plane as in figure

1. Accordingly we define the inverse of I(R,p) to be

xtiw "
I(R,t) = lim _1 I(R,p)eP ap (5.26)
w-e 2971

X=iw
in which I(R,p) refers to any of the terms in (5.22) and
the path is chosen such that all singularities of E(R,p)ept

lie to the left of x, i.e.

X > =T e (5.27)

In the integrals (5.26) of terms in (5.22) we must know
the order of the integrand for p real and large. Then,

in view of (5.12), (5.21) and (5.22) to (5.25) we have for

P real and large 1/2

pt-=RP

(T, Rp)P5, T, R ~ o T [i‘g o],
P -3 )

(T, ®Rp1ePS, T ®pe) ~e 1 hror™),

Bﬁ;&?ﬂz "o (5.28)
-1'42(R,p)ept~e “4 [ig +0(1,}‘2)]
o p(eg)
I,,(R,p)e"" ~ e Ly é—+ O(i:z)]

6. Laplace inversion continued. We begin the inversion of

(5.22) by considering (5.24) first. The process is given in

and I

detail for I . (R,p) and then the inverted 1I,,
41 42 43
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expressions are inferred from these results. A similar

Iy, I3, and Ig..

By (5.24), (5.26) and (5.28) we have for t > O, (refer

procedure is used on

to figure 1)

L fF pta, -
5r1 § Tag ®p)eTdp = I, (R )

C
=S W ICN I | J
+ == + |+ |+ |+ |+ j +
271
BD DE EW WX YT TM MN
) : - pt
+ [ + + I + J + X + J.+ J + j'} I4l(R,p)e dp
NPO QR RS SY'X'w'Ww'F FG GA
= Res {141(R,p)e at p = 0 } (6.1)
to be taken in the limit as w = =, R3 + © and the cir-
cular arcs EW, W'F, MN and QR shrink to zero.
By the fact that Fl,Fz,Fll/z,le/2 are single-valued

inside and on C and by Jordan's lemma we conclude that
the integrals of (6.1) over the arcs WX, X'W, YT, sY! BD
and GA vanish.

On the arce DE and FG, by (5.13) to (5.18), we set

2 2 _ir 2 2.1/2  1/2
Cyp + v, = re . [C4p + v2] = ir , €g S ¥ < ®on DE
2 2 =i 2 2.1/2  1/2
Cp + v, = re , [C4p + v2] = =-ir N < r < ®» on FG,
Z
2 2 2.2 2,1/2 V/ I 2 _
([eyp + cy-C7] + 4cy ) = -/ (r + C] - 2 ) +4cy =
l *
- rl(r) on DE and FG, (iki)
“Here €. is the radius of the circle \C2 + V2| =€
0 4P TVl T S

which in the limit will approach zero.
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A2, 22 _
Fl(p) = C] + C3 Cy r rl(r) < 0, EO £ r < ®» on DE and FG,
2, 2,2 »(6.2)
F,(p) = C] + C5/C] = = + r;(x) 20, € = r < » on DE and FG,

le/z(p) = +,/F,(p) = F]l/z(r) on DE and FG.
Then, in (6.1),

E%I [ J + J ] 541(R,p)eptdp = IR t) =

Ei Im 2(v7 + vi - vg - r) - Fl(r).6r+v§)Tll/2(r)
™ EO(r + vg)z[Fl(r)- 2v§]rl(r) N/E'Ci Clrl/2
(r+v )T, 1/2 (g 1 (»+v2)r 2(0)R
s COS [ r - = gin -T2 r ] }
2 172 R = 1/2
\/2 ClC ,\/2 C1C4r
r‘z
cexp E-";§~ -—] dr. (6.3)
4

According to figure 1, we next consider the arcs EW and W’'F
which are parts of the circle

2 2 _ id .
Cup + v, = € e - 7wT<d=sT (6.4)
taken in the clockwic> sense. If one uses (6.4) directly

1/2 1/2
1 2

by (5.21), the ccntribution from the resulting integral

in (6.1), and uszs the branches of F , F defined
over EW W'F is not renadily established. Instead, we con-

sider the transformation

D
Cip + vg = u (6.5)

which, as shown in figure 2, maps (6.4) onto the sémi-
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circle ¢’ with the direction still clockwise. Using (6.5)
t[uz—vg]
2
4

in (6.1) we define

] = c
‘ = =
I (R, t) = 57 ;b,]:tll(R,'u)e
c

du. (6.6)

O

Again consider (6.1) but now change the branch of
Fll/2(p) to be —N/FITET' when p is large and positive.
If in (6.4) we were to go over the circular arc twice, i.e.
use |

Cﬁp + Vg = Eoei(¢+zw) ~-T< ¢ s (6.7)
then (6.7) under the mapping (6.5) is carried into the semi-

circle ¢” shown in figure 2, and as we did in (6.6) we define

t[uz—v%]
1 Ca
Ig(R,t) = _2-%—:?%5 I4l(R,u)e du. (6.8)

If we reverse the directions in (6.6) and (6.8) and

]

add, then by the residue theoren 5 9
t(u -vz)

5
C4

I_ +I_ = - Res { f4l(R,u)e .at u=20 } (6.9)

\:
where u = O is the only sinrgularity enclosed by the contours

CI + CIl

Consider now I, (R,t) as given in (6.8). This integral
is precicely (6.1) taken over the arc EWW'F in the p=plane
if we were to use the second branch of Fll/z(p}. As such
it is little trouble to establish the fact that as 504 0

go does I.(R,t) = O. Hence

RS
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lim _1 @# = Pt =
co0 Zri & Ty Repledp =
EWW 'F £ (62=v3

_ cs
- Res {141(R,u)e at u=20 }

where u is given by (6.5). Explicitly, by (5.18), (5.21)

and (5.24)

lim 1 te -
€470 2ri Q’ I4l(R,p)e‘pt dp =

EWW'F
1
9 2(vi + vz + u2 - vg) - Fl(u) . (u2 - vg)F2 /2(u)
=2 Cy Res | =553 ——{ = 3
(uw® - vz) [Fl(u) - vs]rl(u) J2 Cy Cy
u u2—v§ R le/z(u)
+ E'} exp { 5 (t - \/Z‘C ” )} at u=20 ] (6.10)
C 1l
4
where
_f,2 2 2,272 2
r, (u) -/(u c1+c3,_/Cl) + 4C5
_ n2, 42,02 2 _
F,(u) = Cy+Cy/Cy + u rl(u) ’ (6.11)
2,2 ,2 2
Fz(u) = Cl+C3/'Cl + u” o+ rl(u) .

Turn now to the integral to be taken around the cut
(5.11) . We observe that it can be shown that (6.1) over
the arcs MN and QR constitute nothing as the radii of

these arcs vanish.

Define
C2p - (C2 - CZ) = 2iC. w, 0 s w<l1l, on ™ and NP
4 1 2 -3 ’ ’

2 2 2 .
C4p (Cl Cz) 21C3w. 0<w<1ll, on RS and PQ,

f

(6.12)



- 26 -

- 2C l~w2

2 2 2,42 n1/2 i
{[C4P - (Cl—cz)] + 403} on T™ and RS, (6.12)

1/2
{[Czp - 2 cz)]z + 4C2} / = 2C 1—w2 on NP and PQ,
4 2 3
0, ie
Fl(p) = ZQI(W)e ’ Fz(p) = 2@2((”)6 2 on TM,
—iel —162
F,(p) = 2%, (w)e » Fplp) = 28, (v)e on RS,
- t6.13)
i62 iel
F,(p) = 2%,(w)e %, F, (p) = 2%, (w)e on NP,
-i62 —iel
F,(pP) = 2¢,(w)e , F,(p) = 2%, (w)e on PQ
where V/fm 3
_ 2 2 2 2
@l(w) = [C1 Cy. 1-w™} + cyw,
(6.14)
2
_ 2 ~ 2 2 2
Qz(w) “\/{cl + C3 1-0™} + C3w ,
C.w C,w
3 3 T
r O = 61,62 < >

tan 6, = tan 6, = g
1520 17 27 2o Sz

Cl C3 1-w C1+C3 1-w
After some algebra, by (6.1) and (6.12) to (6.14), we have

when t = O,

2#1 [ j J ] I4l(R p)ept

= JZ(R't) =
™ RS
2 2.2 2 2 . 16y 2_2
Ei re f. vl+v +Cl C5+2iC él(wkz {Cl 2+21C3w 160
T = =1
o lnw [C §+21C w] [@ 1 i] 02 ll/z(w)e 2
=18,
2.
C -C2 +21C W
2
}exp[ . (@ ———375;>] dw, (6.15)
and
s [+ 15, ®Rpe ap = g,m,0) =

NP PQ
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2 2
c2 1 vi+v2+ci §+21c3w-§ (w)e { cy- g+2103w
_"%B“j 6’2 2 2 ig 2,172 )iez/‘?
O ANy [cl 2+21c w] [@ e” 2=V ] 4§2 (we
2_.2 —19 /2
c +2ic.,w ‘
1 179 3
* R } exp [ 2 (t - )] duw. (6.16)
c
4
In (6.15) and (6.16) the expression "Re I" means "the real
part of f."
Returning to {6.1), and in view of (6.3), (6.10), (6.15)
and (6.16),we have that as R3 - @, GO -+ 0 and @ - «, then
for t > O,
I4l(R.t) + 33 (R, t) + J (R, t) + Is (R,t) = 2
t(u )
= € - ———7—— _ 19
Res{I4l(R,p)ep at p=o} + Res{I4l(R,u)e €y atu =0 (6 )

' 2 2 _ .2 }
where c, P + VvV, = u -
A word about the resigues in {6.17). The first térm,
i.e. the residue at p = 0, can be computed immediately since
an examination of (5.24) reveals that one term in (5.24) has
a simple pole at p = O while the other term in (5.24) has

a double pole. Thus, bearing in mind (5.18) and (5.13)
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Res {f4l(R,p)ePt at p = 0} =

-t 2]+ v2) - F (0] H(t)
R =
[2v§ - Fl(O)]V/(Ci—Cg)z + 4c§
[{ci - cg}2 + 4C§][2CZ{2V§ - Fl(O)} + 2v§ Flz(o)]
i R[zv2 - F (o)]z/(c2 - c2)2 + 4c2 B
s 1 1 2 3
2,.2 2 2 2 2
_ Ci(cy = Cr)(2v, = F.(0)) (2(vy + v) - F1(0))
471 2 s 1 1 s 13/2 H(t). (6.18)

2,2

2
2) + 4C3]

R[2v2 - Fl(O)]Z [(ci - C

Here Fl(O) d Fl(p)/d p at p = O.

On the other hand, the second residue in (6.17), i.e.
(6.10) must be computed by multiplying the Laurent series
expansions together and collecting those terms involving u—l.
The author has not succeeded in summing the resulting series
at this time. For a particular material the series can be
summed numerically on a computer.

To continue the Laplace inversion of Qm given in (5.22)

we hext consider the term 543(R,p) which is the same as

f4l(R,p) of (5.24) with the term

p le/z(p)

5 {1

~/§ c (c2p + vz)l/2 '
1*74 2
replaced by 1. In view of (5.28), (6.1) and the work just
completed on f4l(R,p), we can write down the final value
of 143(R,t) for 't > 0. Thus, by (6.1), (6.3), (6.10),
(6.15), and (6.18) we find in the limit as R3 + =, € =+ 0,

W - ®
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I 3(R,t) + J4(R,t) + JS(R,t) + J6(R,t) =t(u2_v§)

Res {343(R,p)eptat p=0} 4+ Res {543(R,u)e ci atu =0

where ch + vg = uz} (6.19)
where
2 o 2(wi+vivior)-F, (r) (r4v? )rl/z( )R
TR t) = - 7F'f 5 sin [ 25 1/2 ]
0 (r+v2) [Fl(r)—QvS]rl(r) v@cl Pt
t(rrV )
- exp ] dr, (6.20)

with Fl(r), rl(r), and . Fi /2(r) given by (6.2), and,

ip
CZ 1 i+v2+ci-cz+21c3w—@l(w)c 1
J (th) = — R J’
5 T = g 5" lel 2
vd - [c +2ic w] [@le -Vs]
-ig,/2
ci-c§+2ic3w BE___i.
exp { > (t = 52/2 () )} v (6.21)
c 1
4
i@
ci 1 vi 2+ci 2+21c3w—@ (we 2
Jg(R,t) = == Re [ = L7
T = o yTET 2 2 16, 2
Vi-w [ey-c)+2ic, w] (2,6 “-vi]
22 .. —192/2
cy=-c +2ic,w
o exp {237 (¢ - )} duw, (6.22)
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where § @2,61 and © are given in (6.12) to (6.14).

1’ 2
The residue term in (6.19) at p = 0 1is given by

Res {5:'43(R,p)ept at p = 0} =

2 2
- 2(v; + v_) = F,(0)

r, /2 (0) [2v2 = P (0) Jr, (0)

2
1)

2
- c (0) (2vS - F,(0)) (F,(0) - 2C
[2v2 - Fy (O)J r, (0)[ 1 s 0t 2

+ @l +vh) - r ) (220 £ 0 + c2(c3-cd) (v -F 0] H(t),

(6.23)

= a2 2 _ =
where Fl(o) = Cl + 02 rl(O), F2(O) = Cl + C, + rl(o)

2,2 2

‘macny. 2—-
and r, (0) =,/ (C] = C5)° + acy

The inversion of (5.25) is next. From (5.48), figure
1l and by (6.2), (6.5), (6.11) to (6.14) we conclude that
for t > O,

I 2(R,t) + J7(R,t) + JB(R,t) + J9(R,t) =

Res [342(R,p)ept where CZp + vg = u2 and u = 0O}. (6.24)

The terms J to J are given by

7 9
2 2
o 2(Co-vi~r) ~ F.(x) (r+v YR T, (r)1/2
1 2 2 1 . 2
J, (R, t) = = J sin [ > ]
7 2 F,o(r) x,(x)

4T O 1 1 ClC4
.  exp { t(r+v2) }d“ (6.25)

cz e

4
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according to (6.2);

JgR,t) =
2 8,
1 1 Cl + 2103w - @l(w)e
2 Re ie )
TC 0] ) 1
4 V1w él(w)
2.2 %
. cI+CL~2iC w - a2
exp [—H—3 (¢ - Bpm—) ] aw (6.26)
C4 @l (w)
and
Ty (R, t) =
1 c? 4+ 2ic.w-3. (w)ei®2
1, J 1 397%, )
- € ie
-:rcf1 o 1-w? 5, (w)e 2
2 2 g
Co=-CL+2iC. w 2
exp [ 1 2 3 (t - B~§—————-—)] dw (6.27)
C2 ] 1/Z(w)
4 2

in each of which (6.12) to (6.14) have been used.

The inversion is continued and we examine the terms

I31' 132 and 133 defined in section 5. We begin by

using contour Cl of figure 1 and by recalling (5.28).

Thus, when ¢ < R/Cl,
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then,

. 1L - - _ .
élfm 5;;‘¢7 [I;; ®R,P), I5,(R,P), 133(R.p)]ep dp = 0 (6.28)
3 c
1

by the Cauchy integral theorem. Inversion of these quantities
yield non-zero values only for t > R/Cl.
The actual inversion is more easily accomplished if we

recall that the definition of the I .. J =1,2,3 quantities

33
are obtained from the f4j‘s by replacing Fl(p) by Fz(p)
and F,(p) by F,;(P) in them. This change, especially

in the exponential factors, eliminates the contributions
along the arcs DE, EWW'F and FG of figure 1. Thus for

EBj' j=1,2,3, the inversion for t > R/cl is given by

1] r ' r = pt
. (R, P _ + + I_.(R,p)e 4
IBJ(R t) + i [ fT; JNP pr JRS] 3J( p) p
- pt . .
= Res (I3j(R,p)e at any poles inside CJ. (6.29)
In particular,for Jj = 1, by (6.12) to (6.16) and (6.28),
, _ = pt _
I3l(R,t) + Jz(R,t) + J3(R,t) = Res{13l(R,p)c at p = 0} (6.30)
for t > R/@l. In fact for all t > O
s . s e e
I3l(R,t) = [JZ(R,t) + J3(R,t)k &= R/cl)

v+ Pes | EE31(R,p)ePL at p = 0] H(t-R/C,) 6.31)

where H( ) is the Heaviside step function,
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Similarly, by (6.21), (6.22), (6.26) and (6.27).

il

: R
- [Ig(R,t) + Iy (R, £) ] H(t= ) (6.32)

132(R,t) 1

and

i

R
- [J5 (R, t) + Jg (R, £) ] H(t~ /Cl)

+ Res[I, (R,p)eP® at p=0] H(t=, ). (6.33)
1

133(R,t)

An examination of (5.22) shows that all terms necessary

to invert Qm have now been inverted with the exception of

fmv(R,p) given in (5.23). But,by inspection,the inverse
of imv is clearly given by
5 .t 2
- -ml- 3 ra” R
Imv(R't) T oar 30 [RB B(t v )]
s
) 2
my D 1 R R
+ = (t=2-) H(t —~—)] (6.34)
aT axvaxl [R Ve vs
for t > O.

We can now collect all of thesé pieces together and
write an expression for wm(xl’xé'XB't) for all t > 0.
We use (6.17), (6.19), (6.24), (6.31), (6.32), (6.33) and
(6.34) to give for t > O

6 .t 2
w_(x,,X.,X ,t)=‘-—£g;—~ 9 [Q~ H(t~-B‘)]
m' 1 R3 Vg

2'%3 ard 20
- Y 82 1 (t—lL)H(t-B—)]
4T  IX.OX R v v
v Tl s s
2 2
6 . (CT=-vT) 2
ml 17! 5 ro? 3 R _
+ 2 N [RZ (- 3, (R, EVH(E) - 7, (R,t)H(Cl £)

= T REVE(G ~t) + Koq (R,E)H(E) + K, (R,t)H(t)—K3l(R,t)H(t—Bél)_}-']

1



- 34 -

- .E.“l}.-_ {-J., (R, t)H(t) - JL(R t)H(B“t) - J. (R t)H('R"'“t)
arx 7V g\’ cy g (Re c;
+ Kyg (RyE)H(E) ) (6.35)
2_2
6  (Cy=v]) 2
+ mV4’ITl . axale ‘:—I—];{— J4 (R' t)H(t) - JS (th)H(%l"'t)
v

R_
= T (R, B)E(G- 1) + K o (R,E)H(E) + Ky (R, E)H(E)

1
_R
- K, (R, E)H(E Cl)}]

form=1,2,3 and v= 2,3.

The K B(R,t) introduced here correspond to the residue
a
terms of the various iaﬁ as follows:
- pt
K,.(R,t) = Res[I . (R,P)e” ~ at p=0],
41 41 -
2 2
t{u fvz)
o _ CZ
K42(R,t) = Res[I4l(R,u)e at u = 0] defined in (6.10),

= T pt —
K31(R,t) = Res[I3l(R,p)e at p = 0],

- T pt —
K43(R,t) = Res[I43(R,p)e at p = 0], (6.36)
t(uz—vg)
. _ CZ
K44(R,t) = Res[143(R,u)e at u = 0]
t(u2—v§)
) o
K45(R,t) = Res[142(R,u)e at u=0],

)y = I pt =
K33(R,t, Res[I33{R,p)e at w:_\;{ 9].



Equations (6.35) and (6.36) give the completed inver-
sion of the so0lid displacement components in terms of inte-
grals and infinite series.

By the same procedures used to accomplish the inversion
2,x3,p) given in (5.22) we can also invert the
expression for Gm given in (4.19) for the case when g = O.

A
of wm(xl,x

When the value ¢ = 0 is used in (4.18) and (4.19),
and when (5.1) to (5.3), (5.7) to (5.16), and (5.21) are
applied, then Qh(xl,xz,x3,p) may be written as

A C3omy B1/P) % -
vm(xl.xz.x3.p) = >TR [Lzl(R'P) - Lll(R,p)]

- - 1/2
C.8 . (p,/P5) 2 -
3'ml'\W1 V2 a3 ra- -
arQ BQ[RZ Ly, (R/P) le(R'p)}] (6.37)

+

- Cyb (/) Epym) - Bp5 ) ],

4 ax axl R

for m=1,2,3, v= 2,3.

The term L R,
s LaB( p) are

L, (R,P) = * 2 eXP{"AL—"E_- b

Fz(p){[czp-(Ci~C§)]2 + 4C§Jl/2 Fy ™" 7 (p)
L (R,p) = L 25 417 -
22 p([c2p-(c-c2) 1 + ac)/? E/ ;2w R ]
-/2pR
¢ eXp —=1re— ) (6.38)
{ F, z(p)}
- 1 2 P R
Ly3(R.P) = 1/2 ©XP { 42 }

p{[c4p (C C )12+ 4c )
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with il (R,p) obtained from izﬁ(R,p) by replacing Fz(p)

p
by Fl(p) wherever it appears.

The inversion of the iaB(R'p) is so similar to the
inversion of the I's that only the final expressions are
given. Therefore, for t > O,

Lll(R,t) + fml(R,t) + <.m2 (R, t) + ?m3 (R, t) = (R, t),

Q11
L, (RE) + W, (R,£) + Mg (R, £) + M (R, £) = 01, (R, &) + Q15 (R, 8),

Ly, (Rot) + M (R, £) + My (R,£) + MR, &) = Qp, (R, &) + Q) (R, 8),

§6.39)
Ly, (R,t) = = [T, (R, £) + M (R, £) ] H(t -~ R/Cy),
Ly,(R,t) = = [M (R, £) + M (R, t) = Q5 (R, £) ] H(t ~ R/Cy),
L23(R.t) = - [Yms(R.t) + mg(R.t) - Q5 (R, t) ] H(t - R/Cl).
'where, by (6.2), 2 2
. 1 Jw r + v, 0 (E. (£,R)] {-t(r+v2)}d
9 ) = - = sin r,R)lexpy— 5 Jdr,
1 T ci o Fp(x)I;(x) 3 CZ
‘3314(R,t) = ( 2)
o -t (x+v
1 1 . 2
sin {E, (r,R)}exp {—5—= dr
TR 0 rl(r)[r+v§] 3 ) { Ci } (6.40)
- T, (£) 1/2 ~t (x+v2)
1 s L 1 £ h 27
- Clciv Jo rl(r) < 5T ) cos{EB(r,R)}exp{ Z }dr,
2
1 © 1 . —t(r+v2)
M. (R, t) = = sin {E,(r,R)]} exp { —=—=—rdr,
7 T JO rl(r)[r+V§] 3 { Ci }
ith
v (c+v3)R T, (r) 1/2
E3(r,R) = 5 57 > .

Ci1€a



From (6.12) to (6.14), the remanining M's are

1 .
M, (R, t) = =~~~ Re j E, () exp{E; (w,R,t) - i6;)dw,

4
2WC4

1 1
M_(R,t) = = —5— Re E_(w) exp{E,(w,R,t) - ie }dw,
3 2vc3 jo 5 2 2
-ie,
L J~1 1/2[E (w) o 2 ] : (6i41)
M _(R,t) = = = Re (l~w ) exp({E, (w,R, t) }dw,
5 T o c4 1/2( ) 1
, -ie,
1 ~1/2_E (w) 2
1 6 e
m_(R,t) = = = Re (1-w ) exp{E, (W, R, t) }dw,
6 T IO [ CZ§ 1/2(w)] 2
M (R,t) = - =R fl 10272 5 () (E. (0, R, t) }d
8 ’ - T e O( (,U) 6( eXP l AT ) wl
m(R,t) = - L Re Il!lmwzyl/z E_(w)exp(E, (w,R, t) }Jdw
9 ’ - T O\ 6 p 2 ’ ’ 3

The functions E uscd here may be defined as

k
2 2
co-C. + 21C w -16
e 2 _ ~1/2 1 ]
B, (0,R,t) = % [t RS, (m)exp{ 5 } ,
4
2 2 . .
Ccy~C. + 21C.w =18
S 3 - ~1/2 2
Ez(w,R,t) = c2 Lt R@z (w)exp{ 5 }],
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2 . - 2 2 gl .
~c2-C + 2iCcw -1/2 C,—=C, + 2iC W ~—~1/2
1 2 " 3 2 VPG M) 3 2
34 (w} = @l(w) . (1-w™) ’ "ES (). = éz ) (1-07)
C2 2—23.C
" l 2 3
Ee(w) = == 2,2 .
(Cl C2) + 4C3

The Q terms represent the residues of the various

Laﬂ and are defined below. Using (6.5) and (6.11),
(u2-v2) F, (u) P~y 1/2 gy
Qll(R,t) = Res 2 5 exp { [t- Fa ]}at*u:O];
(C u ry (u) Cy /2 C, u
- W -2)r, 2@
Q12 (th) = Res [ 2 2 { - 2 + E}
ry () [u®-v3] /2 ¢,C; u .
{uz_vz " / () ]} ]
* exp - at u = 0/,
CZ ~/2 ¢ ¢
(6.42)
2 2 1/2
A . 2u u-v, RF2 ()
0., (R, t) = Res expl—=4[t = v=f——————]t at u = 0},
14 Lrl () [uz_vg] P{ CZ \/2 Cl u ]} ]
0.. (R, t) = f£=3=§ =
13 (Cy=C5) ™" + 4cy '

0, (R, t) = .
5 /(c? _C 2 g

Gathering all of this together, i.e., (6.37) to (6.42) we

have for t > O,
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v (x XosXgs S ) =
_ %% &S R
m - - - 2 . - = -
3o p2> [ =My (R, £)E(E) = Ty (R, £)H(G & B My ROHEG - ©)
+ &, (R, £)H(E) ]
C.b 5 1/2
—3ml (T 2. (9 . - R _
~2-I. —) 5[5 (MR OEE) - T ROEG -
(6.43)
- MRV = ©) Qg RV + 0y R OHE - ©)]
A2

3 = ( > ax ax [R (-m, (R, £)H(t) - Mg (R, t)Hc-l- )

- My (R EVH(G <€)+ 01, (RAE(E) + 0 (R, €G- £)}]

for m=1,2,3 and wv= 2,3.

Expressions (6.35) and (6.43) constitute the solution of
the title problem of this paper for the case when qa = O,
To give these expressions in terms of the original coordinates
we employ the coordinate shift,given in (2.12),to (6.35) and
(6.43). The apparent changes in (6.35) and (6.43) are to
replace the X5 Q and R by X, = xio, QO, R0 , respect-
ively,

where

xio= (xgr Yoo Zg)

0y =/ ey )% + (g2

_ .2 2
RO —/(xl xo) o+ QO
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As menticned previously, theoretically the real integral
represantations presented here constitute the exact solution.
However, as they stand.none of these integrals are easily evalu-
ated - analytically or numerically - unless specific ranges of
values of the constants (5.9) or (5.13) are known. Experimental
data for mixture theories, such as the one used here, have
not been published to the best of our knowledge and the pro-
cess of piecing togethor material properties obtained for
individual solids and fluids and attempting to fit these
data to the constitutive eguations is, at best, a "lucky"
guess.

Another approach, satisfactory mathematically, is to
make asymptotic estimates of these integrals by taking combi-
nations of the space and time variables and evaluating the
integrals by means of a variety of methods.

Alternatively, we could further idealize the materials
composing the mixture in the hope of obtaining solutions

more readily applicable., This is done in section 7.

7. Special caseca. In this section we present the solution

to the problem of s=ction 2, subject to the condition g = O

and to additional restrictions.

A. Fluid inviscid

If the fluid is inviscid then by the constitutive

equations (2.4)

Teo = ~a16 (7.1)

ij ij
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and we set

H=Y=Y =Y, =0~ o (7.2)

Note that u = y = O are the usual assumptions of
inviscid fluids and the additional Yy = ¥y = O frees the
fluid partial stress from dependence upon the solid strain
and fluid density. Assumption (7.2) when put into (2.11)
requires us to set

Ky =0 , p;8; + p,0, =0+ (7.3)

When (7.3) is used in (5.9), (5.12), (5.13) and (5.21), we

obtain
CZ = O,
{12 - (cf-c 1% + 4C§}1/2 sw/?eg-c§>2 +ac2 = x,
(7.4)
P (p) = F, =C) & C)+x,
FZ(P) =F, = Ci + cg - ;.

The direct consequence of (7.2) and (7.4) is that the
expressions (5.22) and (6.37) for Qm and Om contain only
poles at p = O and the inverses can be calculated easily.
Without writing the intermediate steps it is very easy to see

that the displacement and the velocity are given by (recall

(2.12))
- b t - -5
wl(X.xo,t) = 3 Gl(X.xO.t).
4TR
(0]
(x,-x.) (x ¥ )t
2 - l1°0 v__ VO 22
w\,(xtxolt) b AT R 4 G2 (vaort)o (7'5)

0



where

42 -~

1/2

c
- _ 3 -5 b (7.5)
vl(X.xo,t) “4”1 ) ( .xo,t).
1/2
v (iR, = ( ) (%) {x =% ) G, (R .¢),
_ 2 N 3
X0 = 80¥0 * 8,320 Ry ‘w/le X5) T + (%, Yo) + {x3-25),
v = 2,3,
IR 3 (x4- o) . Ry Qg Ro
Gl(X‘XO't) = [1 - R2 ]H(t-;—) +W6(t-—;—)
0 s 0O s ]
2 2
C,~v 2(v +v ) - 3(x ) 2 R
o L8 2 [1—-——-———-—]H<t—*/ )
s O 2
V/2 (%~ J2 R,
. T 1/2 d(t - 1/2)} (7.6)
o Fa
2 (v3+v2) -F, 3 (x;-x,) 2 NERN
- —3 {in - —42— 380 - —1%,)
2\75---}3'1 RO F
2
- 1/2 5(t - 1 2)
RoFy r, L/
R R
- - _ 3 _ .0 1 e}
G, (X, X,.t) = 5 H(t e S5 0t -7
(0] s s s
2 2 _ _
* Ci > [2(v A F2 {R H‘t" ?/2’ + 21/25(t':/2“§92’}
1 2v F, F, F,
2(v -v ) Fl V2 Ry 3 /2 Ry
T e {R i 1, 0t - T %] (7.
s Fy Fy Fy



3(x -x ) 2 R
G, (%,% ,t) =1 O — - 1]H(E - —9,)
3 0 R Roz F21/2
\/— 3(Xl"xo) _ _ 2 RO
o+ ) 118 (t —7,)
1/2 2 1/2
Fy Ro P2
2(X -X_) \/5 RO
+ R F ) (t - ;—Uz)
0 2 2 (7.8)
3(x.-x.) 2 R
1 170 0
- = - 1] H(t - —57,)
R 2 1/2
0 Rg F1
_«/Z [ 3(x1-xo) - 1] &(t - E-E% )
2 (x xo) x/E.Ro
- ——=—— 5/ (t - ) .
ROFl F1172
-+ - 3 ‘\/2 Rd \/ER
G, (%, %, t) NE [H(t - F—I7§) - H(t - . 1/2 )]
0 1 2
J2 J2
+§35 «/272 5 (¢ - —7—) JF 1/28 (€ - ——7—)1 (7.9)
2, J2 R, 2, v2 R,
vy, 0 F11/2) T, 0k __—72

The notation &' (x) means a%é(x) in (7.8) and (7.9).
Equations (7.5) to (7.9) represent the complete solution

of the problem of a point force impulsively applied to the

solid component along a direction parallel to the Xy axis

at a point 20 for the case when the diffusive resistance
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of the mixture is zero and for which the fluid is inviscid.

Several properties of the solution are noted.

The solution is symmetric in ; and QO' The response
at ¥ due to the force at QO is the same as the response
at Qo due to the force applied at Q, Hence,

Wk R, £) = Wy, R, t)

(7.10)

VR R, ) = VELE ).

If, instead of the force specified in (2.7), we used

t = Qy 5(2—20)6(t) (7.11)

3=3
then the solution of this problem is obtained from (7.5) to
(7.9) by interchanging Wy and Wos Yy and Vo Xy and
Xye  Xq and Yo- Carrying this thought one step further,
the solution to the problem in which the body force is a
linear combination of point loads in an arbitrary direction
is a linear combination of solutions such as the one derived
here, the one corresponding to (7.11l) and one corresponding
to the loading

-+ -+ -5 -5
£=a, 5(x-x;) 6(t)

it

=3

g = 0.

When the force is applied to the fluid component instead
of the solid, the methods of this paper may be applied un-

changed to derive the solution to such a problem.



Finally, if the fluid component were completely absent
and only the solid occupies the region, then the solution
(7.5) to (7.9) becomes the solution for the response of
an elastic body to a point impulsive load. This solu-

tion has been given by Payton [6].

B. Uncoupled field eguations.

If, in addition to g = O, we set el = 0 in the
field equations (2.10), they become uncoupled and the

fluid velocity response is
v (X,t) =0 m=1,2,3,

The effect of g = el = 0 in (2.10) is to reduce
them to the elastic equations of motion if one identifies
B3 with the elastic shear modulus while taking By to
be the other Lame’ constant.

The solution (7.5) to (7.9) becomes the elastic
response if in these equations we identify v and <,
as elastic equivoluminal and irrotational wave velocities,

respectively, and set C2 = c3 = 0,




