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Under Contract NAS2-5l53 with NASA--Ames 

Research Center, American Nucleonics Corporation has 

participated with NASA scientists in the investigation 

of the electromagnetic interaction of the solar wind 

wi t:l the moon. These investigations cover both the DC 

and time dependent interactions. They were initiated 

to provide a theoretical framework through which the 

experimental data obtained from the Explorer 35 magnet-

ometer and the Apollo 12 ALSEP magnetometer can be 

interpreted and correlated. The DC interaction has also 

been proposed as a possible mechanism for providing an 

intense heating phase during the initial development of 

the solar system (Sonett, Colburn and Schwartz, 1968, 

and Sonett, Colburn, Schwartz and Keil, 1969). This 

mechanism could provide an alternative to extinct radio-

active heating as a source of as yet unexplained melting 

and cooling details of meteorites. 

Preliminary details of the unipolar induction 

heating were published in 1968 (Sonett, Colburn and 

Schwartz, 1968). A more detailed work is currently in 

press (Sonett, Colburn, Schwartz and Keil, 1969). The 

main driving source for the unipolar induction generator 
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in both cases is a simplistic model of a T Tauri proto 

sun. In Section 2.0, this model is compared with more 

general details of T Tauri stars and the related spin 

down and driving magnetic fields. An alternative model 

for the T Tauri environment is proposed. This alterna-

tive model tends to have higher driving fields, and 

higher momentum and energy flux during the period when 

intense planetary heating can occur. Because of these 

possibilities, further investigation is carried out into 

the possibility of relaxing the high hohlraum temperature 

condition and still obtaining high heating rates. It is 

found that for hohlraum temperatures as low as 200 degrees 

centigrade an intense heating phase can exist. With a 

moderate increase (a factor of 10) in the driving field, 

an intense heating phase is found to exist for hohlraum 

temperatures down to at least 100°C. These results were 

obtained for an olivine electrical con~uctivity (Rikitake, 

1966). For a material with somewhat higher conductivity 

at low temperatures, a period of intense heating might 

occur for hohlraum temperatures down to O°C even without 

the higher driving fields assumed in the alternative model 

of the T Tauri environment. 

Section 3.0 uescribes the theoretical investiqa-
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tion into the response of a two layer moon to an incident 

CW electromagnetic field. The investigation begins with 

the coupled magnetic and V x B electric field in the 

frame of reference in the moon. The original results of 

Blank and Sill (1969) are recovered at the low frequency 

limit, but it is shown that their solution is but one 

half of the total solution to the problem. In the DC 

limit, the unipolar induction generator solutions are 

obtained. 

In Section 4.0 of this report, the two layer 

unipolar induction generator is used as a model for in-

vestigating, parametrically, the ranges of surface and 

interior lunar conductivities which are compatible with 

the magnetometer data from Explorer 35 (Colburn et aI, 

1967 and Ness et aI, 1967). Using the definition of the 

k factor (Sonett and Colburn, 1967 and 1968) and the la~k 

of an observed lunar bow shock, limits are placed on the 

possible combinations of internal and surface electrical 

conductivities. It is also shown that within these limits 

there is sufficient leeway to provide for an incipient 

standoff of the solar wind near the lunar limb. 

In Section 5.0 a simple investigation is out-

lined into the use of the thermal history computer program 

· f 
t 
i , 
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in determining the cooling rate of a free radiating 

surface. A simple criterion is given relating the 

time scale of interest to the array spacing for the 

distance integration. 
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2.0 Early Planetary Heating by a T Tauri Driven 
Unipolar Generator 

Sonett et al (1968) have suggested that a uni-

polar induction generator driven by a T Tauri solar wind 

could account for the early heating which is required to 

explain the apparent melting and differentiation of 

meteoritic bodies. In this section, the T Tauri phase 

conditions will be examined as they apply to the solar 

spin rate, solar magnetic field and the mass flux rate. 

Starting from the angular momentum conservation equation 

for a spherical system first derived by Mestel (1967), 

we will present the early time conditions which have been 

used for the T Tauri heating calculations to this time. 

Next, following Schwartz and Schubert (1969), we will 

examine some general effects which can be uetermined from 

angular momentum conservation when the theoretical results 

of Iben (1965) and Roxburgh (1966) are combined with the 

observational data of Kuhi (1964). Finally, still using 

the angular momentum conservation equation, we will exam-

ine a possible alternative to the original, hypothetical 

T Tauri environment. In conjunction with the alternative, 

we will consider the effect on planetary heating when the 

driving electric field (VXB) is increased and the hohlraum 
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temperature at planetary formation is decreased. 

2.1 The Original Hypothetical T Tauri Environment 

The original zero time environment for the 

sun was obtained on the basis of a 4.5 eon (1 eon = 109 

years) solar age. The solar wind number density, nsw I 

and solar wind velocity, vsw I were assumed to be given 

by the equations: 

n = n e sw p 

v = v e sw p 

-" (t-4.5) ns 

-" (t-4. 5) vs 

(1) 

(2 ) 

where the time is in units of eons, and v 
p 

are the 

present day number density and velocity of the solar wind 

and "ns and " vs 
are the respective time constants. 

The present day values of np and v were taken as: 
p 

7 3 10 protons/m (3) 



and A and ns A 

The values for 

v p 

vs 

A 

A 

n p 

ns 

vs 

5 - 4 x 10 meters/sec 
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(4 ) 

were assumed to be: 

= 

= 

and 

1.0214 

0.2441 

eons -1 

-1 eons 

(5) 

(6 ) 

are at 1 a.u., i.e. at the 

earth's orbit. The zero time values of number density 

and velocity are thus: 

n (0) 109 protons/m3 (7) sw 

v (0) = 1.2 x 106 meters/sec (8) sw 

The enhanced solar wind was then incorporated 

into a solar despin theory which, in a simple form, can 

be derived from the angular momentum conservation equation 
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due to Mestel (1968). For a star of mass M, radius 

R and moment of inertia kMR2, the angular momentum 

equation is: 

(9 ) 

where n ~s the angular velocity of the star, 1.S 

the radius of some surface (rA ~ R) beyond which the 

mass ejected from the star no longer interacts with the 

star and 0A is the angular velocity of the ejected mass 

at In this report it will be assumed that the 

ejected mass and the star corotate, n = ~ for r~rA 

In the theory as derived by Modisette, the moment of inertia 

(kMR2) is assumed constant through the entire period of 

interest. The mechanism which produces the corotation 

is the magnetic field and the corotation ceases when the 

mass flow becomes super Alfv~nic. Once the solar wind 

is beyond the coronal expansion, the velocity v sw is 

constant, vA. The Alfv~nic speed vA is related to 

the local magnetic field B by the relation 
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(10) 

where P
A 

is the mass density at and -7 = 4n x 10 . 

It ~s further assumed that 

(11) 

where B is the magnetic field at the s~lar surface, 
s 

With these assumptions, Equation (9) can be integrated 

to give: 

(12) 

where Op is the present day solar spin rate, 

R. 

radians/sec, and I is the present day value for the solar 

moment of inertia, I - 6 x 1046 ki1ogram-meters2 If now 

it is further assumed that 

, 
< 

~ 

! 
l 
I 
j 



B s 
= B 

sp 
-y(t-4.5) e , B sp 
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3 gauss 

(13) 

and this and Equation (2) are inserted into (12), 

the time dependence for the solar spin rate becomes 

O(t) (14) 

A ( t ) _ --.;..,;. 1;;;;..;8;;..,;;2~7_ 
2y - Avs 

exp«4.5-t) (2,),-A » - 1 vs 

(15) 

under the assumption that the solar mass and the solar 

radius remain constant during the despinning with their 

present day values. The break up or critical angular 

1 . . 1 -4 . ve oc~ty of the sun 1S 4.2 x 0 rad1ans per second. 

This value puts an upper limit on the value of y 

o ~ y ~ .448/eon 

. . 

(16 ) 

i 

I , 
I 
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After the initial proto-planetary heating com-

puter program had been completed, it was noted that the 

enhanced solar wind, as described by Equations (1) and 

(2), had neither sufficient momentum flux to prevent a 

lunar bow shock and, hence, k factor limiting (see 

Sonett and Colburn (1967 & 1968) for a description of 

k factor limiting) nor sufficient energy flux to pro-

duce significant heating. 

In order to increase both the momentum flux 

and energy flux, ths decision was then made to include 

a T Tauri mass flow in the initial solar wind. Extra-

polating from the data presented by Kuhi (1964), a very 

simple T Tauri mass flow was superimposed on the ori-

ginal solar wind model. It was assumed that the mass 

of the sun followed a time history of the form: 

(17 ) 

a = AVT + AnT = l285.5/eon (18) 



I 
I 
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where AVT and AnT are the time constants coupled 

with the T Tauri flow velocity and density at one a.U.: 

with 

-A t vT 
v T = vTo e 

= 4.3 x 1014 protons/m3 

5 = 2 x 10 mls 

AVT = 85. 5/eon 

AnT = l200/eon 

(19) 

(20 ) 

(21) 

(22) 

(23) 

(24) 

. 
J 

I , 

I 



ANC 53R-12 
Page 13 

The method for obtaining the spin rate, using the magneti-

cally controlled spin down theory of Modisette, however, was 

not altered. It will be shown later that the resultant driv-

ing electric field can be considered as a lower limit to the 

driving fields derived from other models. Further, the veloc-

ity profile for the added T Tauri flow assumes a cooler corona 

rather than that assumed at the beginning of this section. 

2~2 Early Solar Despinning 

In the preceding section, the original early time 

solar environment model was described. This model has been 

used to obtain data for the proto-planetary heating process 

discussed by Sonett, Colburn and Schwartz (1968) and Sonett, 

Colburn, Schwartz and Reil (1969). Because of certain logical 

inconsistencies in the early time solar environment model, an 

investigation was begun into possible alternatives, especially 

to the despinning of the sun. 

The present rotation rate of the sun's surface, 

2.9 x 10-6 rad/sec, is much smaller than its break up 

-4 / angular velocity, 4.2 x 10 rad sec. Assuming that the 

sun is in uniform rotation and that it started at its 

break up angular velocity, it must have lost considerable 

angular momentum during the course of its evolution. If 

J 
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the sun is assumed to have passed through a T Tauri-like 

phase during its contraction, it could have lost consid-

erable angular momentum before nuclear burning commenced. 

-8 / For T Tauri mass loss rates of 0(10 M0 yr) (Kuhi 1964), 

where M = 2 x 1033 gm, the sun could have despun to o 
rotation rates of 0(10- 5 rad/sec) within tens of 

millions of years, even without the braking effect of 

an enhanced solar magnetic field. Kraft (1967) has re-

-5 / ported a rate of 0(10 rad sec) for stars of about 1 

solar mass and age 3 x 107 years. Thus, the angular 

velocity of the sun could have been reduced an order 

of magnitude below its break up rate at 0(107 yr) 

(Iben 1965). Subsequent braking by the solar wind could 

easily reduce the solar angular velocity of the sun to 

its present value. 

To obtain some idea of the despinning effect, 

it will be assumed that the sun passed through a T Tauri 

phase during its slow contraction to a stable stage of 

hydrogen burning. T Tauri stars are characterized by an 

average mass loss rate of 0(10-8 ~/yr) and photospheric 

material ejection velocities of 0(102 km/sec) (Kuhi, 1964). 

It is reasonable to assume that at such an active period 
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in a star's evolution as the T Tauri stage, there is a 

corona in which the ejected material is heated and sub-

sequently accelerated in the manner of a solar wind. 

Since photospheric ejection velocities are 0(102 km/sec), 

it must be true that at the coronal base of a T Tauri 

star the velocities are also 2 0(10 km/sec). 

An enhanced solar magnetic field could have 

existed in the T Tauri stage. Babcock (1958) has placed 

3 an upper liloit of 10 gauss on the magnetic field of 

T Tauri stars. Even without the additional braking ef-

fect of such an enhanced field, the T Tauri mass loss is 

quite effective in despinning the sun. A spherically 

symmetric, non-magnetically controlled expansion of the 

T Tauri wind from its coronal base will be considered. 

An estimate of the maximum magnetic field, B, 

consistent with the assumption of a spherically symmetric 

expansion can be made by equating the Alfv~n speed with 

the material ejection velocity at the coronal base, 

v = B /(4np )1/2 where p is the density and the sub­
s s s 

script s refers to conditions at the coronal base. 

Combining this with the mass loss rate 2 4nr ~ v s s s 

the radius of the coronal base), one finds: 

is 

. 
1 

I 

I 
1 
I 

I 



B = s 

where in this equation the units of 

• 

v s 
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(25 ) 

are kIn/sec, the 

units of the mass loss rate Mare gm/yr and Rc;, = 6.96 x 

1010 em . This result is presented in Figure 1, where B s 

is shown as a function of v s 
'~ith (M/lO-7 ~)/(rs/~)2 

as a parameter. For a given value of Vs and the para-

meter, the value of B ,,­.. ' is the maximum magnetic field 

that could exist at the coronal base if the expansion is 

not to be magnetically controlled. For T Tauri values of 

v , 
s M and the magnetic field could be as large 

as 1-100 gauss and the expansion would still be spheri-

cally symmetric. 

For a star of mass M, radius R and moment 

of inertia kMR2, the angular momentum equation is: 

ddt (kMOR2) = £ n r2 dM (Mestel 1968) , (26) 
3 s s dt 

where a is the angular velocity. This equation inte-
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The Maximum Magnetic Field at the Coronal Base B vs. 
the Material Ejection Velocity at the Coronal bas: Vs 
for Various Values of 

(M/lO-7Mr:)/(R
s
/R

0
)2 yr- 1 

J 

I 
.~ 

j 
i 

i 
! 

I 
f 
1 

j 
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(27) 

where r = oR, 0 and k have been assumed constant, s 

o has been assumed equal to n, and the subscript i s 

refers to an initial reference condition in the T Tauri 

stage. It is assumed that o. = (.45 GM./R~}1/2 , 
~ ~ ~ 

the 

break up angular velocity for the state M. 
~ 

7 and that at 10 years, M = M and o R = R0 

and R. , 
~ 

(Note that 

G is the gravitational constant). Equation (27) becomes: 

7 -4 0(10 yr) ~ 4 x 10 

It is reasonable to suppose that during the 

T Tauri stage the sun contracted by a factor of 50. The 
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ratio of initial to final mass is between 1 and 1.5 

-8 / for average mass loss rates of 0(10 M0 yr) for 

periods of 107 years. The parameter 2a2/3k - 3/2 

could vary from about 3 to 40 since a = r /R is s 

between 1 and 2, and k is .134 for a fully convec-

tive star built on the 3/2 polytropic model (Roxburgh 

1966) and k = .06 for the present sun. 

Figure 2 shows a plot of 0(107 yr) vs. 

2a2/3k - 3/2 for several values of M./M~ and for 
1 D 

R./R0 = 50. For mass loss rates in agreement with 
1 . 

the observations of Kuhi, the sun is easily spun down 

to angular velocities of order 10-5 rad/sec in 107 

years. Kraft (1967) has reported such a rotation rate 

for a solar mass star with an age of several tens of 

mLl_lions of years. A mass loss of 10% is sufficient to 

despin the sun to critical rotation rates of 0(10-4 

rad/sec} (Mestel 1968) and only a slightly higher mass 

loss, say about 15%, is needed to despin an additional 

order of magnitude. Of course, if negligible mass loss 

is assumed, further despinning could be accomplished by 

a moderately enhanced magnetic field. Once a stable solar 

configuration has been reached further despinning can occur 

according to the model presented in the previous section. 

~ 

i 
I 
I 
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In the previous two sections, the model solar 

environment used in the original T Tauri heating cal-

culations and then some general observations on the 

solar spin decay were presented. The spin decay history 

is of great importance because of the intimate connection 

between the angular velocity, solar magnetic field, and 

the tv x BI unipolar driving field. It has been shown 

(Sonett et al 1969) that small changes in the time 

constant for the magnetic field when used with the 

Modisette despin theory produce a drastic reduction in 

the unipolar driving field and total unipolar heating. 

In this section a simple class of T Tauri solar environ-

ments will be examined. The adjective "simple" refers 

to the method by which the models are obtained. The 

basic equation is the integrated form of the angular 

momentum conservation equation, Equation (27), where the 

quantities a and k were assumed to be constants 

throughout the solar contraction. The second assumption 

is a given time dependence for the solar mass. An average 

value from the data presented by Kuhi (1964) together with 

a total mass loss of .25M
0 

is assumed 

M{t) 5 6 lO-7t = M
0

{1 + . 25e -. x ) (29) 
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where the time is given in years. The solar mass and mass 

loss rate are shown in Figure 3. From the data presented 

by Iben (1965) an empirical expression for the maximum 

contraction rate for the solar radius was obtained: 

R(t) = 51(1 + t)-·195_ l 
R0 

where t is in years. 

(30) 

The value obtained from this expression was then compared 

with the value obtained from equation (27) on the assump-

tion that the contraction history is moving along a track 

which maintains the angular velocity at the break up value: 

where 

R ( t) - R. (M (t) 1M. ) 2 6-1 
c ~ ~ 

2 2 
6 = ~ - 1 3k 

(31) 

depends only 

on the time history of the solar mass and the parameters 

a and k If the value of R obtained fro~ equation 

(30) is less than the value of 

the solar radius is set equal to 

R c 
from equation (31), 

From equation 

(27) it can be seen that the angular velocity increases 

as R(t) decreases. Therefore, if R(t) < Rc(t) , the 
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critical spin rate would be exceeded. In Figure 4, three 

examples are shown for the solar radius as a function of 

time. In all three, a is equal to 1.4. For k = .134 , 

a fully convective sun, the radius never reaches the 

value predicted by equation (3D). The entire history to 

t = 12 x 106 years follows a critical spin condition. 

With smaller values of k and, hence, denser solar 

cores, the radius follows the value of Rc for some period 

of time and then switches to the value predicted by 

equation (3D). Note that 6 increases as a increases 

and k decreases. As 6 increases, the effective angu­

lar momentum loss also increases bringing the angular 

spin rate below the critical value. This is shown clearly 

in Figure 5. In all but the case for k = .134 there is 

a sharp break at the time when the angular momentum loss 

is finally sufficient to decrease the spin rate below the 

critical value. Because the T Tauri mass loss rate 

effectively ends before the contraction given by equation 

(30) is complete, the three cases which do not follow the 

critical path show a late time increase in the spin rate. 

The maximum value of the solar magnetic field 

can be obtained by combining equations (10) and (II) and 

noting that 

• (32) 

, i 
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gauss 

(33) 

is 

in meters/second. The value of the escape velocity at 

the solar surface has been used for VA: 

= 6.19 x 105~~ m/second 
o 

(34) 

The maximum value for VA is 6.19 x 105 m/s at the end 

of the contraction and T Tauri mass loss. At the begin-

ning of the contraction, VA is much smaller. In any 

case, VA is always less than the post coronal expansion 

velocity of 1.2 x 1.)-) m/s during T Tauri phase. The 

results of the calculation for the magnetic field at the 

coronal base are shown in Figure 6 for four cases. Note 

that the coronal base magnetic field increases in magnitude 

from case to case as a increases. For the model discussed 

in Section 2.1, the maximum magnetic field is a constant 24 

gauss over this time period. 

The important quantity from the viewpoint of 

the unipolar generator is the V x B driving field. 

For the four cases, this driving field is shown in 
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Figure 7. The field begins at a value of approximately 

5 volts/meter and rapidly rises, especially for those 

cases which break away from the critical spin rate. 

During the first half million years, the field can in-

crease by as much as a factor of 7 for one of these 

model~. In the model described in Section 2.1, the 

maximum unipolar driving field is 6 volts/meter at the 

earth's orbit, remaining approximately constant during 

the time period 0 - 5 million years. Thus, the models 

shown here tend to produce a driving field which is of 

the same size to 7 times greater. The concept of a 

higher driving field for the heating history is explored 

further in the next section. 

The last very significant two quantities to 

be discussed in this section are the momentum flux (PV2) 

and the energy flux at the earth orbit. The 

first of these two quantities strongly affects the forma-

tion of a planetary bow shock and the cutoff or k factor 

as described by Sonett and Colburn (1967 and 1968). More 

current, and hence greater heating, can take place for 

larger values of the momentum flux. The energy flux sets 

an upper limit on the integrated joule heating which can 
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take place within a planetary body. For cases where the 

heating is limited by the energy flux of the solar wind, 

greater energy flux leads to more rapid and greater heat-

ing. The two quantities are shown in Figure 8, solid 

lines. Note that the velocity used in calculating these 

quantities is the post coronal expansion velocity of 

1.2 x 106 m/s. The dashed curves are the momentum and 

energy flux for the original model discussed in Section 

2.1. For these curves, a velocity of 2 x 105 mls was 

used. However, the total mass loss was twice as great. 

For both models, the initial momentum flux is approxi-

mately the same at t = o. However, the momentum flux 

for the early model decreases much more rapidly than the 

model of this section. This is caused by a different 

scale time in the mass loss rate. 5 At 5 x 10 years. the 

6 ratio is 2, while at 10 years, the ratio in momentun' 

flux is up to 3. The effect on the energy flux is even 

more striking. At t - 0, the ratio is 6. By 106 

years, the ratio is 18. The significance of the higher 

energy and momentum flux will be brought out further in 

the next section. 
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2.4 The Effect of Increased Driving Field and 
Decreased Circumstellar Obscuration on T Tauri 
Driven Unipolar Heating 

One of the important assumptions associated 

with the T Tauri driven planetary heating by unipolar 

induction is the use of circumstellar obscuration to 

maintain the temperature of the planetary surface at a 

relatively high (400 to 500°C) temperature. The sug-

gestion has been made that this assumption could be 

dropped if some method could be found for increasing 

the driving field. In the previous section, a T Tauri 

model was presented in which not only the driving elec-

tric field was higher than in the standard model, but 

the momentum and energy flux were also higher. In this 

section, the effect of increased driving field and also 

decreased hohlraum temperature will be examined starting 

within the framework of the original T Tauri model 

environment discussed in Section 2.1. It will be shown 

that for all cases of int~rest, the major heating event 

takes place over a period during which the parameters 

from the original model make up a lower limit to the set 

of parameters shown in Section 2.3. The planetary test 

body is composed of olivine (Rikitake, 1966) with an 

1 
j 
1 
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electrical conductivity in the temperature range of 

interest given by: 

o = 0.01 exp{- .5/~T) mhos/meter (35) 

where ~ is the Boltzmann constant (~= 8.63 x 10-5 

electron volts/oK) and T is the temperature in 

degrees Kelvin. A moon sized body (r = 1740 kilo-

meters) was used at a solar distance corresponding 

to the earth orbit. Starting hohlraum temperatures 

of THO of lO~ 100, 200, 300, 400 and 500°C were 

used with a time dependence give by 

(36) 

with to = 8.33 x 105 years. The starting temperature 

for the test body was uniformly THO • Calculations 

were carried out to 950,000 years with the normal model 

E field, 10E and for extreme cases IOOE and IOOOE. The 

t 

I 
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thermal history of the core of the test body is shown 

in Figures 9 and 10. In Figure 9 all curves were 

obtained with the normal E field except the top most 

curve. For starting hohlraum temperatures of 300, 

400 and 500 degrees C, the heating phase is quite 

rapid. The starting hohlraum temperature for each 

curve can be inferred from the core temperature at 

t = O. The temperature at t = .95 x 106 years for 

all three cases and for the 10E case, are within 

a 30° range indicating a saturation effect. As the 

temperature of the core increases, the conductivity 

increases. The total current through the test body 

is limited by the available momentum flux. Therefore, 

since the heating is proportional to I~otal/a, the 

heating rate in the core decreases as the conductivity 

increases. For TH = 200°C there is just sufficient 

initial heating to produce a large heating phase before 

the major portion of the T Tauri phase is past. For 

TH = 100°C or less, the unipolar heating is small, 

essentially negligible. 

Now consider Figure 10. The heating phase 

for 10E and 200 ~ THO ~ 500 is immediate. Further, 

the terminal core temperatures for these cases are 
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within 10° of each other. The heating phase for TH=lOO 

is almost instantaneous. For a hohlraum temperature of 

10°C, however, a driving field of 10E produced insigni-

ficant heating whereas 100E and 1000E produce heating 

which is significantly less than the higher hohlraum 

c?-ses. 

In order to delve deeper into the competing 

mechanisms of the heating process, let us examine more 

data for two specific initial hohlraurn temperatures, 

200°C and 100°C. In Figure 11, the k factor has been 

plotted as a function of time for these two cases. 

Curve 1 shows that with an enhanced field (lOE) the 

total current is negligible until approximately 50,000 

years. This corresponds to a linear core temperature 

increase as shown in Figure 10. The rapid increase 

in the k factor occurs at the same time as the rapid 

increase in temperature. In Figure 12, it can be seen 

that this rapid change in the k factor also corresponds 

to the time when maximum heating occurs in the core. 

As the k factor and core temperature continue to rise, 

the heating in the core decreases since the totai current 

through the test body is being limited by the high k 

factor but the core conductivity is rising. Curves for 
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THO = 100 are not shown for the standard E driving 

field in either Figure 11 or Figure 12. The current 

is so small in this case that both the k factor and 

the joule heating are negligible. For the initial 

hohlraum of 200°, the sharp rise in the k factor again 

agrees in time with the peak in the heating curves and 

the greatest slope in the core temperature curve. The 

heating peaks occur for values of the k factor in the 

range .2 to .3. For higher values of the k factor, 

the standoff magnetic field produced by the back current 

of the unipolar generator turns off the heating. From the 

high value of the k factor for each case where signi-

ficant heating occurs, it is obvious that greater 

momentum flux would produce greater heating. In 

addition, it should be pointed out that during peak 

heating the models were at or very near an energy cutoff 

condition, i.e., the models were close to or were absorb-

ing all of the energy incident in the solar wind. Thus, 

both increased momentum flux and increased energy flux 

would be necessary and both quantities are enhanced in 

the model described in Section 2.3. 

I 
i 

I , 
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The quasi-periodic sector structure of the. 

interplanetary magnetic field necessitates considera-
I 

tion of the time dependent electromagnetic interaction 

problem. The relative motion of the moon with respect 

to spatial irregularities in the incident interplanetary 

magnetic field produces time dependent electric and 

magnetic field fluctuations in the lunar interior. 

Schwartz and Schubert (1969) :Y')deled this time 

dependent interaction by the relative motion of the moon 

and a spatially periodic magnetic field a HO exp(i2nz!A), 
-y 

where HO is the amplitude and A is the wavelength of the 

magnetic field oscillation and a is a unit vector in the -v 
y-direction. The moon moves with speed v in the nega-

tive z-direction and a coordinate system fixed in the moon 

is employed. The solar wind plasma is characterized by a 

magnetic permeability ~ and an infinite electrical conduc-

tivity, while the moon is assumed to be homogeneous with 

constant conductivity a and magnetic permeability~. In 

the moving coordinate system, the magnetic and electric 

fields in the plasma are given by the real parts of 

and 

respectively, where a is a unit vector in the x-direction -x 

and z is now a coordinate in the moving =eference frame. 
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The formulation of the electromagnetic boundary value 

problem requires consideration of both the oscillatory 

magnetic field and the oscillatory motional electric 

field. The lunar electromagnetic fields are determined 

by solving Maxwell's equations subject to the conditions 

that at the surface of the moon the normal component of 

the magnetic field and the tangential component of the 

electric field are continuous. 

The time dependent lunar fields are forced by 

both the oscillatory magnetic field and the oscillatory 

motional electric field in the solar wind plasma. In the 

low frequency limit -- i.e., for length scales of the 

interplanetary magnetic field irregularities much larger 

than the moon's radius and for the time scale of the 

sector structure reversal large compared with the Cowling 

diffusion time -- the magnetic field fluctuations in the 

lunar interior are the sum of the variations in the driving 

interplanetary magnetic field plus induced magnetic field 

fluctuations whose magnitude is proportional to the pro-

duct of the lunar magnetic Reynolds number and the magni-

tude of Lne interplanetary magnetic field fluctuations. 

This indllcea field is toroidal about an axis in the 

direction of the forcing motional electric field. The 

low frequency limit of the time dependent solution is in 

1 
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agreement with the steady state unipolar induction gene-

rator solution. 

This section follows closely the results of 

Schwartz and Schubert (1969) for a radially homogeneous 

moon and the extension of these results to a radially 

inhomogeneous moon by schubert & Schwartz (1969). The 

two layer electrical conductivity model is adopted as 

being representative of a lunar conductivity profile 

that may vary from high values of conductivity in the 

interior to relatively low values of conductivity near 

the lunar surface. Blank and Sill (1969a) have described 

the interaction of a btJo layered moon and the rotating 

sector structure of the interplanetary magnetic field by 

a model that does not include the time dependent motional 

electric field ~n the solar wind. Instead, they have 

determined the lunar magnetic field by demanding, a priori, 

that the In!'!ar magnetic field be confined to meridional 

;;l:lnes passing t'hrough an axis parallel to the external 

magneti~ field. this is an incorrect statement of the 

boundary value problem. (Blank. and Sill (1969b) have now 

included the effect of the \~~ term but their approach is 

justified only at the lowest frequencies~ The lunar mag-

netic field is not. confined to these meridional planes 

because of the magnetic field fluctuations forced by the 

motional electric field. It will be shown that the induced 

.: ,~ • ~. '>-, ~.',i. ~ . !! " \..- ... \,. " .:.... . .• •• . . ~ 
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lunar magnetic field has a toroidal component (about the 

direction of the motional electric field) that is precisely 

the induced magnetic field of the steady state induction 

. ( . e-rot ) generator solut1on aS1de from Fuller and Ward 

(1969) have considered a multi-layered lunar conductivity 

profile and have determined the induced lunar dipolar 

magnetic field and several higher modes of the "magnetic 

type". In their solution, they did not consider the 

significant induced magnetic field forced by the oscilla-

tory motional electric field. 

The major results of the present investigation can 

be summarized as follows. For the two layer lunar conduc-

tivity model and an infinitely conducting plasma, we deter-

mine the general solution of the time dependent electromag-

netic boundary value problem. The general solution can be 

simplified considerably by noting that (1) the wavelength 

of the quasi-periodic sector structure is much larger than 

the radius of the moon and (2) the time scale for the field 

reversals of the corotating sector structure is much larger 

than the Cowling diffusion time through a moon whose conduc-

tivity is ever~~~ere given by the shell conductivity. With 

these approximations, the magnetic field in the shell is 

the sum of an oscillating uniform field, parallel to the 

direction of the interplanetary magnetic field, an oscil-
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lating dipole field whose axis is parallel to the inter-

planetary magnetic field, and an oscilla~ing field which 

is toroidal about the axis of the motional electric field. 

In general, all of these contributions are of equal 

importance. For sufficiently low frequencies, only the 

uniform field and the toroidal field contribute to the 

magnetic field in the shell. The DC limit of the solution 

is in agreement with the induction generator solution for 

the steady state interaction of a moon moving with constant 

speed through a uniform magnetic field. 

The solution provides sufficient physical insight 

to begin an interpretation of lunar surface magnetometer 

data. To lowest order in the approximations considered 

here, the solutions may be used to construct lunar conduc-

tivity models for quantitative comparison with the measured 

power spectra. Such conductivity models will provide infor-

mation on the te~perature of the lunar interior. 

i , 
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Theoretical Description of the Model 

The approach used in this section follows the 

discussions of Schwartz and Schuber"t (1969), and Schubert 

and Schwartz (1969). The magnetic and electric fields in 

the plasma are: 

and 

respectively, where ~VHO = Em is the amplitude of the 

motional electric field oscillation and ill = 2rrv/A. The 

two layer lunar electrical conductivity profile consists 

of a core of radius R with constant conductivity a c c 

surrounded by a shell of thickness a-R with constant 
c 

conductivity as (Figure13). The electromagnetic field 

-iillt -iwt . in the plasma forces the response Ee, H e 1n -s -s 
-iwt -iwt . the shell and ~ e I Be e 1n the core. The magnetic 

field in the lunar interior satisfies the vect(:-r Helmholtz 

equation 

v2 H + k 2 H = 0 -s,c s,c -s,c 
(37 ) 

where v2 is the Laplacian operator, 

(38) 



a H e ikz 
-y 0 

a H ei(kz-wt) 
-y 0 

(a) 

(b) 

FIGURE 13 
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(a) Moon with two layer conductivity profile moving with speed v 
relative to a spatially periodic magnetic field and 

(b) The relative motion viewed by an 0bserver co-moving with the 
moon. A traveling electromagnetic wave appears incident on 
the moon. 
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and e is the lunar permittivity. The electric fields 

E are determined from Ampere IS law. The boundary 
~,c 

conditions are the continuity of the tangential component 

of the electric field at r = a and r = R (r,a,co are c 

spherical polar coordinates) and the continuity of the 

tangential component of the magnetic field at r = R . c 
This model approximates the current layer in the plasma 

by a sheet of surface current whose strength is determined 

by the magnitude of the discontinuity in the tangential 

component of the magnetic field at r = a. Discussions 

of the current sheet approximation have been given by 

Johnson and Midgley (1968) and Blank and Sill (1969a). 

The solution to this problem is easily obtained 

with the aid of Stratton (1941). The spherical harmonic 

expansions of the forcing fields are 

Q) 

\ (1) 
~r.n (lllein + 1.

, (1» 
D.oln 

where 

-iwt E = E e 
m 

c:c 

\ (1) 
~r.n (!!loIn - i 

~n 
= i

n
(2n+l) 

n(n+l) 

n (1» 
-eln 

(39) 

(40 ) 

(41) 

I 
I 



mel) = 
~ln 

e 

1-
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n s1n,~ dpl (cose) { .} A} 
de cos tP -

(42 ) 

= n(~+l)j (kr)pl(COSe){Si~() ~ + 
r n n cos]-

~r ~r {r j n (2r'1 {~8 P~ (COS9){~~~}'" 1 ± 
P~(cos9) fcosl A} 

sine \Sinfc,o ~ 

(43) 

where k = 2~/A = wive The spherical Bessel functions jn 

and the associated Legendre functions p1(cose) are defined 
n 

" /}. " as in Stratton (1941). The vectors r,6,~ are the orthogonal 

unit vectors of the spherical polar coordinate system. 

The electric and magnetic fields inside the core 

are 

-c
E - Em ~= ~ lac m(l)c n n 9>ln 

n= 

- i 

a C n (l)cj 
n ~ln 

(44) 

(45) 

where m(l)c 
9>ln 

e 

and n(l)c 
~ln 

e 

are obtained from Eqs. (42) and 
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(43) by repla.cing k with kc . Similarly, wi thin the 

shell the fi~lds are 

c:c 

E = E \e- (a (1) sm (1) s - 1. 
-s m ~n n !!!Oln 

b (1) sn (1) s + (3) s (3) s . b (3) sn (3) s ) 
n -eln an !!!o In - 1. n 4!ln 

H = -s 

k H CD 

_ v s 0 ~ (b ( 1) sm ( 1) s + 
(1) Ln n ~ln 

n=l 

(46 ) 

(47) 

where m(l)s and 
-Oln 

n(l)s 

~ln 
are obtained from equations (42) and 

e 

(43) by replacing k with ks and m(3)s and ~3)s are 
:::0 In In 

e 

obtained from equations (42 ) & (43) by substituting ks for k 

and also using the spherical Bessel function h (1) in place n 

of jn" The values of the coefficients a C b C , a(l)s , 
n n n 

a(3)s and b(3)s are given in Appendix A at ~he end of section 
n n 

3.0. 
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To interpret the data from lunar surface 

magnetometer experiments we must compute the magnetic 

field at r = a as a function of w for particular lunar 

conductjvity models and compare these computations with 

the measured power spectra. The essential dimensionless 

parameters on which the solution depends are ka = 2na/A , 

k a and k R 
s c c 

For the interaction of the moon with 

the rotating sector structure of the interplanetary 

magnetic field ka is 0(10-4} • Thus we will consider 

the simplification ka «1. For the physical pheonomenon 

of interest it is appropriate to approximate k 2 with s,c 

i a ~w. This is consistent with the low frequency s,c 

approximation ka « 1 The absence of a lunar bow shock 

places an upper limit of 10- 5 mhos/m on the electrical 

conductivity of the shell. Thus I k: a 2 1 «1 for 

-1 -5 -1 w « .025 sec • Since w is 0(10 sec ) for the problem 

of the interaction of the moon and the rotating sector 

structure of the interplanetary magnetic field and since 

the power density spectrum of the interplanetary magnetic 

field (Coleman 1968) contains significant power at the 

frequencies associated with field reversals caused by the 

corotation of the field's sector structure, the frequency 

-1 range w « .025 sec represents an appropriate one for 

8 

! 
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investigation. We proceed to determine the form of the 

general solution under the conditions 2na/\«1 and 

with unity. 

Since R ~ a , 
c 

!k R I" is also small compared. i s c 

Since we are mainly interested in the magnetic 

field at r=a, we compute the coefficients a(l)s a(3)s, 
n n 

b(l)s and b(3)s under the approximations 2na/A«1 and 
n n 

tksal«l and find 

a(l)s 
n (48) 

R 2n+1 } 
(.-£) B (k R ) 
a n c c 

, 

R 2n+1 
(ka) n (k a) n+l (.-£) B (k R ) 

san c c I a(3)s 
n ,.... (2n+l) 

{ (2n-l) : :} 2 

{ 

R 2n+1 } 

(ka)n-l(k a)-n+l 
s 

RC 2n+l} 
I - (-) a 

I - (.-£) B (k R ) 
a n c c 

(49) 

, (50) 

, 
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b (3) s '"'" i (n+l) 
n n(2n+1) 

(ka)n-1(k a)n+2 
s 

{ (2n-1) ! !} 2 

R 2n+1 
(~) 

a 

{ 
Rc 2n+l} , 

where 

and 

(3) s 
!no In 

e 

I - (-) 
a 

(51) 

P (k R )-(n+l)j (k R ) 
( ) _ n cc n cc 

Bn kcRc - p (k R )+n j (k R ) 
n c c n c c 

(52) 

(2n-1)!! - (2n-1) (2n-3) (2n-5} ..••. 1 , (53 ) 

We must also determine the functions ~l}S , 
In 

(l)s 
!!o In e 

and 

e 

(3) s 2TTa .!!o for -r- «1 
In 

and 

e 

It will be sufficient for our purpose to note that 

m(l)s=O( 
=Oln 

e 

~3)S=O( 
e ln 

, 

, 

(54) 

(55) 

• 
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n (k a)-n-2) :.:0 = O( 

In s e 
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(56) 

, (57) 

Consider the order of magnitude of each of the terms ~n the 

expressions for H 
~ 

ks b (1) s m (1) s _ a { (ka) n-2 (ksa) 2} 
k n ~ln 

k s b(3)s (3)s 
k n !!!eln 

, (58) 

, (59) 

, (60) 

, (61) 

To the lowest order of approximation only the 

n=l terms need be considered. Two of these terms are 
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0(1). while the remaining two are 0 {(ksa) 2 (2~a) -1). 

The quantity ~k a)2(2~a) -1= i(cr ~va), is (aside from 
s ~ s 

i) the lunar magnetic Reynolds number based on the con-

ductivity of the shell and the moon's radius. Alter-

natively, one may consider 0 Uva as the ratio of the 
s 

Cowling diffusion time for a body of dimension a and 

conductivity a to the time required to move the~dis­
s 

tance a at speed v. Since the absence of a lunar bow 

-5 / shock requires only that a <10 mhos m, the lunar mag-
s 

netic Reynolds number is an 0(1) quantity, i.e. 

(Y-sa)2(2~a)-1 is 0(1) and consequently all the n=l 

terms in the expression for H are of the same order. 
-s 

Thus we find 

R 3 , c 
a 11- (-) -y,- a 

A R 3 {R 3 ~ -1 
+ ~ (case sin~ 1 + cos~~) (~) Bl(k R ) l-(~) Bl(k R ) 2 r cc a cc 

- (a ~vR ) (sincp ~ + s c -
A { R '- -l{ cosB coscp~) 1- (a c) f 2~c + 

R 2 
(~) } 
r , 

(62 ) 

where 
(63 ) 
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Equation (62) is the major result oft-his 

section and its physical content is readily obtained. 

First, note that if r, a, ¢ are spherical polar co-

ordinates with the y-axis the polar axis, then 

. A A 
cose s1n~ ~ + cos~ ~ 

A 
sina a 

If r, y, 1) are spherical polar' coordinates with the 

x-axis the polar axis then 

. A A. A 
s~n~ ~ + cosecos~ ~ = - s1ny n 

The expression for the magnetic field in the lunar shell 

is 

3 sina 
2 

R 3 
A (~) BI(k R ) "r c c 

The term proportional to the magnetic Reynolds 

number a ~vR represents a magnetic field which is 
s c 

(64) 

(65 ) 

(66) 
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toroidal about an axis in the direction of the motional 

electric field. This toroidal magnetic field is indentical 

( . h e-wt ) aS1de from t e factor to the field of the steady 

state induction generator in the approximation (] /a «1 s c 

(see Appendix B). ~~e contribution of the toroidal field 

to the total magnetic field in the shell is, to lowest 

order, independent of the core conductivity and the fre-

( . f -iwt) quency aS1de rom e . The remaining terms in the 

expression for ~s/HO represent the superposition of a 

uniform field, in the direction of the interplanetary 

field, and a dipole field whose axis is parallel to the 

interplanetary field direction. These terms agree with 

the result of Blank and Sill (1969a), who pointed out 
R 3 -1 

that the factor l-(~) Bl(k R ) represents a volume a c c 

compression of the field which cannot leak into the solar 

wind plasma. These authors, however, failed to consider 

the toroidal magn'3tic field contribution to the total 

field in the linar shell. We note that the uniform and 

dipolar field are, to lowest order, independent of the 

shell conductivity. ~le real and imaginary parts of the 

At the lunar surface the magnetic field is 
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If the core is sufficiently conducting that IkcRcl»l 

for w=O(lO-Ssec- l ) and R =O(106m), 0 »lO-lmhos/m), 
c c 

Bl(kcRc)~ 1 and the surface magnetic field becomes 

a result dependent only on the magnetic Reynolds number 

based on the shell conductivity and the fraction of the 

(67 ) 

(68) 
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lunar radius occupied by core material. For frequencies 

sufficiently small that k R « I I 
C C 

or for a core con-

ductivity sufficiently small that 

w=O(10-5sec-l) and R = o (106m) I 

c 

k R «I (for 
c c 

a «lO-lmhos/m) I 

c 

BI (kcRc)- 0 and the surface magnetic field becomes 

H 
~ (r=a) 
HO 

k R -0 c c 

a + (a ~va) siny -y s 

3.3 Concluding Remarks 

(69 ) 

The power spectra from lunar surface magneto-

meter experiments can be quantitatively evaluated using 

Equation (67) in conjunction with various models of the 

lunar conductivity. The parameters required by the theory 

are, in addition to knowledge of the interplanetary magnetic 

field and the solar wind velocity, the magnetic Reynolds 

number c ~va, R /a and a ~R2. with enough data, the s c c c 

possible values of these parameters should be sufficiently 

constrained to yield information on a c and consequently 

the temperature of the lunar interior. For the frequencies 

of interest and a low conductivity core Gc «lO-lmhos/m we 

note that there is no indiced dipolar magnetic field (Equation 

(67». The existence of a measurable induced dipolar field at 

the lunar surface, for the frequencies of interest, would rule 

out the possibility of a cold moon. 

I 

I 
t 

l 
I 
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We list here the values of the coefficients 

a(3)s and b(3)s 
n n 

k (2"a) 
b C = sPn " fp (k R )h (1) (k R )-q (k R )j (k R ~ 

n k~ t n s c n s c n s c n s c~ 

a(l)s 
n 

j n (ka) 
= ----~------~~----

j (k a) + R h (l) (k a) 
n s 1 n s 

(3) Rl jn(ka) a s = _~ __ ~ _______ _ 

n Rl h (1 ) (k a) + j (k a) 
n s n s 

The following quantities have been used in the above 

formulas for the coefficients. 
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APPENDIX A (Can't) 

I qn (x) - d (xh (1 ) (x) ) 
- dx n 

A .= k k A = P (k a) {k2 hell (k R )p (k R )_k2 j (k R )q (k R } 
~ C s~ n s s n s c n c c c n c c n s cJ 

j (k R ) P (k R ) -j (k R ) P (k R ) _ n s c nee n c c n s c 
R1 - j (k R )q (k R )-h (1) (k R )p (k R ) 

n c c n sen s c nee 
• 

, 
+ h (1 ) (k a) {j (k R ) p (k R ) -j (k R ) p (k R)} • 

n s n s c n c c n c ens C) 
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The DC limit of the general solution, i.e. 

th 1 .. O· bt' db' d . k 2 2 k 2 2 e ~m~t ~ , ~s 0 a~ne y cons~ er~ng a, R to 
s c c 

be O(2~~) as 2~a - o. The result for the magnetic 

field in the lunar shell is 

. A {r a R2 

(1- : c~ + -.£) c 
(as~va)s~n~ n 2Rc (2 - 2 H 0' 

-s + s r s -= a 
HO -y a R2 a a (2 + ..£) +-.£. (1 - -.£) 

Rc a a 2 O's s 

If one considers 0' /0' «I, the toroidal field is pre­s c 

cisely the toroidal field of the time dependent inter-

action (aside from e- iwt ). The result should be com-

pared with the toroidal term on the right hand side of 

Equation (66). 

! 
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4.0 DC Moon-Solar Wind Interaction Using a Two Layer 
Moon Model 

The Explorer 35 measurements (Colburn et aI, 

1967, and Ness et aI, 1967) place an upper l.imit on the 

lunar magnetic field and the size of the lunar limb 

shock. The data from the magnetometer experiments indi-

cate that at a distance of 800 krn from the lunar surface, 

the intrinsic lunar magnetic field cannot be greater than 

2 gamma (2 x 10-5 gauss). This value and the absence of 

a lunar bow shock can be used to set an upper limit to 

the unipolar interaction. In fact, it will be shown that 

these maximum values for the induced field are of the 

proper magnitude to produce an incipient shock or solar 

wind standoff at the lunar limb. 

Following Sonett and Colburn (1967, 1968) and 

Hollweg (1968), we will use the concept of a unipolar 

generator to interpret and predict magnetic measurement 

effects based on the interaction between the solar wind 

and the moon. Following their theoretical treatment, we 

will use a simple two layer moon model in order to facil-

itate the examination of a wide range of parameters. 

4.1 Interaction Model 

The method generally applied is the modeling of 
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the moon by two spherically symmetric, homogeneous 

layers with an isotropic plasma for the solar wind. 

The driving term for the unipolar generator is the 

- -V x Bo electric field arising from the motion of the 

moon across the magnetic field line~ frozen into the 

solar wind. The unipolar interaction is expressed in 

terms of solutions of the partial differential equation 

-~ • J = 0 (70 ) 

-where J is the current density vector in both the 

moon and the plasma. If the theoretical interaction 

becomes strong, an extra factor, introduced by Sonett 

and Colburn ,(1967) and called the k factor, is used to 

account for the deviation of the solar wind flow by the 

induced unipolar fields. The k factor is deduced from 

a magnetic field-solar wind pressure balance in which 

the induced field is calculated using a Biot Savart law 

approach. In this section the actual solution for the 

magnetic field at the lunar surface is obtained analyti-

cally with the assumption that the plasma conductivity 
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is very high so that in the plasma the only field is 

-the incident Bo and v x B o field. 

Equation (70) is inadequate for a solution 

of the electromagnetic fields without further assump-

tions as to the nature of the moon, and also, proper 

boundary conditions at the lunar surface. In Figure 15 

a two layer model for the moon is shown. With the as-

sumption that the conductivities - a c I as are con-

stants (the subscripts c and s refer to the lunar 

core and surface layer), it becomes a simple matter to 

obtain solutions for the unipolar generator in each 

region. With E = -~¢ we find that 

¢c (r,S) = Ar cosS 

¢ (r,S) - r cose (B + c/r3) 
s 

(71) 

(72 ) 

Associated with these solutions are the magnetic fields 

which in each region are given by: 



,------ Plasma 
Surface 

Core 

.Figure 15 ... Two Layer Moon Model 
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- - " H (r,e) = H -e ~ rA sin9/2 c 0 cp c 

- - " 3 H (r,e) = H -e cr r sine (B-2C/r ) 
s 0 ~ s 

- -where H = B I" o 0 "'0 
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(73) 

(74 ) 

plasma and where 

is the original magnetic field in the 

" . e~ ~s a unit vector in the ~-direction. 

The constants A I B I and C are obtained by using 

the continuity condition for the potentials at r = b 

and from the condition that the normal component of the 

current is continuous at that boundary. This condition 

is simply: 

= (75) 

r=b r=b 

At r = a, the assumed boundary condition is: 

= (76 ) 

r=a 



where 

4.2 The Unipolar Fields 
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{77 } 

Using the continuity condition for the potential 

and the normal components of the current density, one can 

easily obtain expressions for the coefficients A, Band 

c: 

A 

B 

C 

where 

= 

= 

-30 E a
3/b 

s m 

-{2cr +a }E a 3/6 scm 

{78} 

{79 } 

(80) 



" 
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(8l) 

These results are identical to Hollweg's results. 

4.3 The k Factor 

From the experimental observation that the 

moon does not exhibit a magnetic bow shock, we can 

assert that the k factor (Sonett and Colburn, 1967 

and 1968) must be much less than unity. The value of 

the k factor for a given solution to the unipolar 

problem is obtained by comparing the normal component 

of the solar wind pressure to the induced magnetic 

field back pressure. On the assumption that a fraction 

k of the solar wind will be turned away by the back 

pressure, Sonett and Colburn (1967) wrote down an ex-

pression for obtaining the k factor. This expression 

can be generalized to read in the coordinate frame in 

the moon 

(82) 



where 

from Equation (74). The quantities p, 
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V and 

(83 ) 

B. 
~ 

are respectively the solar wind mass density, solar 

wind velocity, and the induced magnetic field from the 

unipolar generator if we did not take the solar wind 

deviation into account. We observe that the k factor 

as defined in Equation (82) is a function of the azimuth 

but not the colatitude. The A dependence factors out. 

The k factor used by Sonett and Colburn (1967, 1968) 

and by Hollweg (1968) corresponds to the value ~ = n/2. 

For an induced magnetic field of 4 gamma at the equator, 

for a solar wind density of 10 protons/cc and a proton 

velocity of 400 kilometers per second, we obtain a value 

of 2.4 x 10-3 , much less than unity. 

4.4 Numerical Examples 

To investigate the possibility for finding a 

set of parameters which could give a field of the order 
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of 4 gamma, the equatorial magnetic field was evaluated 

for a combination of values for the core and surface 

shell conductivities. A value of 2.82 millivolts/meter 

was used for the motional electric field, E 
m • After 

the field at the surface was obtained, the k factor 

was calculated. In Figures 16 and 17 we have plotted 

(l-k)H. versus the radius of the core for two values 
~ 

of and 2 x 10-3 mhos per meter, and a 

range of values of (] 
s Additionally, we have plotted 

(l-k)H. as a function of k in Figure 18. 
~ 

In Figure 16, the core conductivity is high, 

2 X 10-3 / mhos meter, corresponding to a hot, highly 

conducting moon with a relatively cool insulating sur-

face. As the surface layer thickness decreases, the 

equatorial magnetic field approaches a maximum value 

of 82 gamma. However, for all values of as ~ 10-7 , 

there is a range of values of b compatible with the 

condition that the equatorial magnetic field be of the 

order of 1 gamma but no greater than, let us say, 4 

gamma. 

Figure 17 shows the results obtained using a 

cold, poorly ccnducting moon with a more conductive 
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outer layer. For a uniform moon, a
c 

= ~s ' a con-

d .. 10-6 / uct1V1ty of mhos meter will produce an induced 

equatorial field of 3 gamma. This is in agreement 

with the results in Figure 16 which show that for a 

hot moon, the surface. layer conductivity must not be 

, -7 / greater than approximately 10 mhos meter. 

4.5 Conclusion 

In the previous sections, we have indicated 

that an induced surface magnetic field of as much as 

4 gamma is consistent with the Explorer 35 results that 

there is no apparent intrinsic lunar magnetic field. 

Further, this value is high enough to still support an 

incipient shock standoff near the limb of the moon. 

In Figures 16 and 17 we have shown calculated data for 

a two layer moon with a hot interior (rr = 2 x 10-3 
c 

mhos/meter) and a cold interior (a
c 

= 10-10 mhos/meter) 

respectively. For each case, we find that there is a 

range of values for the surface thickness and surface 

conductivity such that we can obtain the proper condi-

tions for no observed lunar magnetic field from an orbit-

ing magnetometer and yet also have a magnetic field large 

enough to produce the limb shock which has been reported 
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by Colburn, et al (1968) and by Siscoe, et al (1969). 

In addition, we may make some further speculation on 

the effect of a relatively high conducting layer over 
a two layer model with high conductivity inside and a 

low conductivity layer over the core. From Figure 16, 

we find that a hot moon with a thin surface say 

20 kilometers thickness, of conductivity 10-9 to 10-10 

mhos/meter will produce a negligible induced magnetic 
field. However, for the poin·'. of argument, let us take 
as a value 3.1 gauwa. This is the induced field for a 
uniform moon with a conductivity of 10-6 mhos/meter. 

In Figure 19, we have plotted the induced magnetic field 
for various surface conductivities as a function of 

thickness for very thin layers. We note that for this 
case where the uniform moon already produces an induced 
field which is at the threshold level, a surface layer 

500 meters thick with a conductivity of 10-3 mhos/meter 
barely increases the induced magnetic field. Values of 

10-2 mhos per meter, however, will have a pronounced 
effect for layer thickness greater than 50 meters. It 
should be noted, however, that a land mass on the earth 
with a conductivity of 10-2 mhos/meter is considered to 
be an average value. On the moon, with constant solar 

-2 baking and no atmc~phere, 10 mhos/meter would appear 

to be a rather unlikely extreme. 
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Surface Coolinq for the Moon 

In the computer program used to compute the 

thermal history of planetary bodies, MELT, a radiation- 

conduction balance condition, i. used to determine the 

surface tem~erature : 

where K is the thermal conductivity, S is the Stefan- 

Boltzmann constant, T is the surface temperature at (r=a). 
S 

and Th 
is the hohlraum or space temperature. In the current 

version of this Drogram and in previous versions, we have 

used for the hohlraum temperature the expression: 

where T~ is normally taken as 273'~. y is assumed to have 
S 

3$ 

t 
f 
1 
; 

1 

1 
\ 

• 

5.0 Surface Cooling for the Moon 
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In the computer program used to compute the 

thermal history of planetary bodies, MELT, a radiation-

conduction balance condition, is used to determine the 

surface temperature: 

KdT 
dr 

(84) 

where K is the thermal conductivity, S is the Stefan­

Boltzmann constant, T is the surface temperature at (r=a), s 

and Th is the hohlraum or space temperature. In the current 

version of thiR orogram and in previous versions, we have 

used for the hohlraum temperature the expression: 

(85) 

where To is normally taken as 273°K, Ys is assumed to have 
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the snme value ns the time constant for the T Tauri 

number density time constant which we have been using, 
,. 

-0 1.2 x 10 /year, and Tss is an increase over the normal 

space backgro~nd tempernture caused by the T Tauri 

circumstellar obscuration. In the past T has been ss 

varied in the range 

In the program, the derivative in Eq. (84) 

was approximated by 

(87 ) 

where A is the size of the spatial grid in the integration 

of the heat flow equation and T is the temperature at the 
n 

first grid point below the surface: 

T (a-~) (88) 
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Originally this choice was inde?endent of the time 

interval used in integrating the heat flow equation. 

The time scale for thermalization in the heat 

flow equation for a distance 6 is given by 

1" (89 ) 

For the lunar problem we used the values: 

p - 3.34 grams/cc 

C - 1.2 joules/gram oK . 
P 

K - 8 x 105 joules/cm-year-OK 

A - 2 x 105 em 

With these values we find that 

T = 2.0 x 105 years 
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The actual time steps used in integrating the heat flow 

equation during T Tauri are actually of the order of 

103 years. 

The solution for T for the pair of equations s 
(84) and (87) , is independent of ~t. Thus, if At = 10-7 

5 we obtain the result for T years or 10 years, same s 
In order to obtain a more accurate solution for the bound-

ary temperature and one that will agree with theoretical 

predictions over some range, A must be sufficiently 

small so that the thermalization time given by Equation 

(89) and the computer time step are of the same order. 

Specifically, the distance A is determined by the 

equation: 

(90) It. -.1 K 6t 
~ = a V PC 

P 

when 6t is the time step controlled by the thermal input, 

and where a is an as yet undetermined arbitrary constant 

of order unity. To fix the value of a we will compare 

the surface temperature which is derived from the computer 

program with this modification to values obtained for a 

suitable, soluble, theoretical model. 
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As a theoretical test model, we will consider 

the problem of a semi infinite solid, initially at a 

constant temperature, radiating int~ space. Solutions 

for this problem for long and short time have been 

obtained by Abarbanel (1960). For. short times, Abarbanel 

gives the fOl~lula: 

y (r) 

• • • (91) 

where y(T) is the normalized surface temperatures at the 

normalized time 

y = I-
T (92) 

0 

T = e 2s 2T6 
0 

t/K (93) 

I 
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(94) 

where To is the initial temperature of the body, Th is 

the temperature of the space into which the body is 

radiating and when all the other constants have already 

been defined. Equation (91) is exact for small T. For 

large T there is an asymtotic solution of the form 

Y (T) a + (l-a) . 
4a3 

1 
(95) 

where a = Th/To' From the reference paper, Eq. (95) is 

not a good solution until T ~ 100. For smaller values 

of T, the asymtotic solution gives temperatures which 

are too high. 
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In the introduction, it was po~nted out that 

the spatial derivative in Equation (84) is approximated 

by Equation (87). In order to obtain a more reasonable 

approximation for short times, the spatial step in the 

approximation was changed from the spatial step in the 

heat diffusion integration to a spatial step d€te~ined 

from the time step used in the heat diffusion partial 

differential equation: e.g., Equation (90). We have set 

a equal to unity for all calculations. It will be seen 

that the results do not warrant further investigation 

for a better value. The results of the computer cal-

culations are shown in Figure 20 for four different 

values of 6: l, 10, 100, 10,000 centimeters. 

The integration was started for each case at t = 10-7 

years with the moon at 500°C (773°K) and the space tem­

perature, Th , held at OOC (273°K). The reason for 

four different grid sizes comes about because of com-

puting time requirements. The maximum time step 

compatible with a stability criterion for the heat flow 

differential equation is: 
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(96) 

This is one-half the time step given by Eq. (89). For 

-6 a spatial grid size of 1 em, ~t I is 2.5 x 10 years. 
-3 max 

For very short time, up to 10 years, this small time 

step is not unreasonable. However, for each factor of 

10 in the time for which we wish to solve the equation, 

we require an increase by a factor of 10 in the computer 

running time. Hence, we resort to larger grid sizes and 

consequently larger values of ~tl for cases where long 
max 

time scales are important • 

Now let us consider the interesting case of 

Figure l~ The top solid curve labeled ~ = 1 was calcu-

lated using a one centimeter space grid. The curve has 

. -6 a s11ght bow at 10 years, then follows what would appear 

to be a reasonable path until the computations were stopped 

at 10-3 years. The next solid curve, ~ = 10 cm, was again 

-7 computed for a start time of 10 years. The calculated 

surface temperature is extremely inaccurate until approxi­

-4 mate1y 10 years. The curves for 6 = land 6 = 10 approach 

each other asymtotical1y from 3 x 10-4 to 10-3 years. The 

third curve, ~ = 100 em, does not approach the curve 

-2 6 = 10 em until approximately t = 10 years. Before 
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that, it is very much below the expected time history of 

4 the surface. Finally, the last curve, ~ = 10 cm, 

approaches the ~ = 100 cm curve near the hohlraum 

temperature of OoC. 

There are two immediate questions which arise. 

First, what is the theoretically predicted surface 

temperature? Second, what produces the somewhat strange 

shape for each of the four calculated curves and why do 

they eventually come together when they do? The first 

question is easily disposed of. The theoretical results 

from Eqs. (92) and (9S) are also shown in Figure 20. For 

-S very short time, t < 3 x 10 years, the A = 1 cm curve 

closely approximates the theoretical data. The approxi-

mation for small time begins to break down for 

-S d' t > 3 x 10 years. At the other en of the t~me 

scale, the asymtotic formula for large time falls on 

the curve A = 100 cm for t > 5 years. Note, that by 

this time, the difference between the surface temperature 

and the hohlraum temperature is negligible, less than lSo. 

For t = 103 years, the surface temperature is within 1.1° 

of the hohlraum temperature. From the combination of the 

theoretical formulas and the computer calculation, it is 

obvious that the approximation used in the computer program 

provides a more than adequate value for the surface 
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temperature for times greater than, let us say, 10 years. 

The question of the strange shape of the curves, 

their inflections, still remains. A Simple analysis shows 

that the inflections occur for times of the order of the 

stability time of the partial differential equation. For 

shorter times, the set of approximations used to obtain 

the derivative in the heat flow surface boundary condition 

of Eq. (84) is inadequate for a proper representation of 

the boundary condition. As the time scale reaches and 

then passes the maximum time step for stability, the 

approximate derivative given by Eq. (89)becomes a good 

approximation and the computer surface temperature begins 

to follow a proper curve. 

1 , 
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6.1 The Response of the Moon to a OW Incident 
Electromagnetic Field 

One of the major efforts during this program 

was the investigation and solution of the problem of the 

response of a two layer moon model to a OW incldent elec-

tromagnetic field. This work used the combined time 

dependent magnetic and V x B electric fields as the 

source term as opposed to the earlier work of Blank and 

Sill (l969a). In that work only the magnetic field term 

was used as a driving field. The present work shows that 

for sufficiently low frequencies, the response to the two 

terms can be obtained independently. However, except for 

extreme conditions where the lunar surface conductivity 

approaches zero, both terms are necessary to provide the 

total solution to the response problem. Further, the ac-

curacy of the ma~hematical decoupling (physically the two 

terms are always present) can only be determined from the 

broader theory presented here. Additional work still re-

m~ins ahead to apply this theory to more complex lunar 

models using some of the mathematical techniques employed 

for stratified media (for an application of these techni­

ques see Fuller and Ward, 1969). 
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6.2 Present Day DC Moon Solar Wind Interaction 

Schwartz, Sonett and Colburn (1969) have pro-

posed that the unipolar generator can provide a mechanism 

for the lunar limb shock. In Section 4.0, the two layer 

moon model in conjunction with the unipolar generator is 

used to investigate the range of values of the interior 

and surface electric conductivity which is compatible with 

the absence of a lunar bow shock. The data shows that 

there is a range which will produce a negligible magnetic 

field in terms of the magnitudes required to produce a 

bow shock and yet still produce high enough values at the 

lunar limb to slightly deflect the solar wind and, there-

fore, cause the observed limb shock. 

6.3 T Tauri Heating Using the Unipolar Induction 
Generator 

Early investigative efforts using the T Tauri 

driven unipolar generator as a fast heating source for 

protoplanets employed an extremely simple model for the 

T Tauri environment. This model environment has been con-

trasted in Section 2.0 with a hypothetical environment 

which follows more closely the observational data for 

T Tauri and other early type stars. In conjunction with 

this comparison, an effort was made to examine, at least 
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partially, under what conditions the high hohlraum 

temperature requirement might be relaxed. It was 

found that for the Rikitake (1966) olivine, the hohl-

raum temperature could be reduced to 200°C before a 

major decrease occurred in the fast heating stage. 

With an enhanced driving field, the hohlraum could be 

decreased still farther, below IOOoC. 

I 

I 
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