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I n  order  t o  determine the  current d i s t r ibu t ions  i n  MHD channels i n  non- 
uniform plasma flow, t h e  e l e c t r i c a l  conduckivity and the  H a l l  parameter a re  
formulated i n  the  form of the  ' so-cal led '  second approximation. 

A successive i t e r a t i o n  procedure i s  chosen, by which t h e  electron 
temperature calculated during successive i t e r a t i o n s  provides t h e  new s p a t i a l  
d i s t r ibu t ion  of plasma parameters a t  t h i s  s t e p  of t h e  i t e r a t i o n .  The nun- 
e r i ca1  solut ions t o  t h e  current  and electron temperature d is t r ibu t ions  f o r  
uniform conductivity and Hall parameter l e s s  than one show diagonally spxne- 
t r i c  pat terns  i n  a Faraday type channel. I n  f a c t ,  t h i s  r e s u l t  can be used 
as  a f i rs t  i t e r a t i o n  f o r  t h e  solut ion of non-uniform plasma. 
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NOTATION 

ROMAN SYMBOLS 

a Speed of sound (%eter/sec) 

S 
f 

h 

- 
h 

5 

k 

1 

L 

M(X,Y) 

In tegra ls  defined i n  Ref. (1) 

Coefficients defined by and. given by Eickley (Ref051) 

Magnetic i n t ens i ty  vector (Weber/m ) 2 

Random thermal ve loc i ty  of s-species defined by 
ts  = V 

Elec t r ic  f i e l d  with respect t o  laboratory (volts/meter) 

- V (meter/sec) 
S 

Effective e l e c t r i c  f i e l d  (see E& 1 ,3 .13) (vol t s / r ;~e te~)  

Elec t r ic  f i e l d  i n  co-ordinages moving with mass average 
gas ve loc i ty  and given by E = E + ii x B (volts/metes) 

Distr ibut ion function of s-species i n  ve loc i ty-spa t ia l  
space 

Force on a p a r t i c l e  (Newton) 

Relative ve loc i ty  between a - and B - species,  defined 
T/ (rneter/sec) by gas = Ra - 

Plank’s constant (Joules e s e c )  
(meter), un i t  i n t e rva l  between adjacent datum points  i n  
t h e  charmel (meter) 

Defined i n  Chapter 3 (meter) 

Relative heat flux vector ,  r e l a t ed  to 5 with h = 
( Joules/m2sec) 

B 
half  of height of channel 

5 
- T 

Total  current (amps) 

Conducti3m cu r ren t  vector defined by 5 = C n q 
6 s s s  

( amps/m2 1 
Elec t r i c  current densi ty  vector Ciefined by- 5 = G nsqsGs 

S 
( w / m 2 )  

Boltzmann’s constant (joules/OK) 

Half of insulator  length (meter) 

H a l f  of electrode length (meter) 

See Equation (2.2.4a) 
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M Mach nu&~er (dimensionless) 

Mass of s -pa r t i c l e  (Q) 

Number densi ty  of s-species ( l / m  ) 

See Equation (2.2.46) 

3 

i = 2, 

0,i R 

s S  

t 

T 
- 
V 

S 

- 
V 

2 Hydrostatic pressure (Newton/m ) 

Pressure tensor (Newton/m ) 

See Equation ( 2 . 2 . k )  

Elec t r ic  charge of  s-species (Coulomb) 

2 

2 Heat Flux vector (Joules/m .sec) 

Value r e l a t ing  t o  Ohmic heating a t  t h e  point (xi,yj) 
(see ~ e c . 3 . 3 )  (~ouloml~2/m2) 

Coll is ional  cross sect ion between a- and /3- species 
(m2) 

Spa t i a l  radius  vector (meter) 

Col l is ional  i n t eg ra l  f o r  s-species 

 ass t ransfer  co l l i s iona l  i n t eg ra l  (Kg/m3. sec) 

Momentum t r ans fe r  co l l i s iona l  i n t eg ra l  (Rs (1)) 
( ~ewton/m3 ) 

Energy t r ans fe r  co l l i s iona l  i n t e g r a l  (Joules/m .see) 3 

Resistance of loading c i r c u i t  f o r  "0" 

Resistance of i n t e rna l  plasma f o r  "5." (ohm) 

Seeding r a t i o  of s-species (dimensionless) 

T i m e  (second) 

Temperature (OK) 

The average ve loc i ty  of t he  s-species defined by 
v = < TI > (meter/sec) 

Mass average mean ve loc i ty  i n  references t o  t he  laboratory 
given by v = 1 C p ? (meter/sec) 

Diffusion o r  d r i f t  ve loc i ty  of s- species,  given by 
Ts = ? - .$ (equal t o  < E> i n  ~ e f . 2 7 )  (meter/sec) 

- 
S S 

p s  s s  

S S 

v i  



S 
w 

Z 

z S  

GREEK SYMBOLS 

a 

a 
S 

B 

Y 

YS 

ya,B 

S 
6 

E 
i 

E i n t  

E 
S 

rr 
h 

IT 

Pe 

p 'Ps 

Par t i c l e  ve loc i ty  of s-species i n  references t o  laboratory 
( meter / s e c ) 

Number of charges on a p a r t i c l e  (dimensionless) 

The ground s t a t e  degeneracies of s-species 

- p a r t i t i o n  function 

- S t a t i s t i c a l  weight 

+ 1)(2s + 1) 
S 

- sum-over-states defined by Z = (2Ls 
S 

See Appendix E 

Degree of ionizat ion of s-species (dimensionless) 

Hall  parameter ( dimens i oyle s s ) 

Ratio of spec i f ic  heats  

2 2  Defined as 

Defined as  yap = y, y g / (  y,+ yB) 

Energy l o s s  f ac to r  of s-species (dimensionless) 

= m /kTs (see /m ) 
7s S 

(dimensionless) 

Ionization energy (ev) 

In te rna l  energy of s-species (Joules) 

Total  energy of s-species (Joules)  

See Appendix E 

Ratio of Debye length t o  t h e  average impact parameter 
(see Sec.1.6) (dimensionless) 

Debye length (meter) 

The reduced mass defined by p aB = maTn/(ma+ InB) 

Coll is ion frequency between a and f3 species ( sec - l )  

See Appendix E 

2 S t ress  tensor (Newton/m ) 

Excess charge density (Coulorrib/m ) 

Mass densi ty  (Kg/m ) 

3 

3 

v i i  



X 

cc) 

Scalar e l e c t r i c a l  conductivity (mho/metes) 

Col l is ion time between a and @ species ( s e c )  

H a l l  coef f ic ien t  ( m  /mho. Weber) 3 

Current stream funct ion (Amps/m) 

Cyclotron frequency ( l / sec)  

Weighted co l l i s ion  cross sect ion in t eg ra l  between 
a and @ species (Ref .l) 

v i i i  



ITaTRODUCTION 

A number of authors (Ref. 1-9) have described t h e  non-uniform conduc- 
t i v i t y  problem. This non-uniformity i s  thought t o  be due t a  the  multitempera- 
t u r e  plasma model of a p a r t i a l l y  ionized! steady s t a t e  gas with the  Hal l  e f f ec t  
and applied f i e l d  e f f ec t s .  Thus these e f f ec t s  on AW cha:mels have been stud- 
ied.  For given i n i t i a l  conditions of spec i f ic  geometry channel, a sequence of 
e f f ec t s  r e s u l t s ,  including reducing ehe output current expected, increasing t h e  
i n t e r n a l  res is tance,  shor t -c i rcu i t ing  problem or l i k e l y  a s t a b i l i t y  problem 
(Ref.11-23). This paper has bean prepared with t h e  purpose of bringing the  
non-uniform propert ies  i n t o  t h e  channel problem i n  connection with t h e  pract-  
i c a l  choices of design parameters (e lec t ron  cyclotzon frequency, gas temperature, 
pressure or loading f a c t o r ) .  

The present calculat ion permits heat f l ux  i n  the  momentum t ransfer  

An approxination i s  used under which 
equation t o  in t ens i fy  the  loca l  heating due t o  Joulean heating which may cause 
higher e l e c t r i c a l  conduction (Ref.24). 
the electron-atom or -ion mass r a t i o  i s  negl igible  and the  d i f fus ion  ve loc i t i e s  
of heavy pa r t i c l e s  a re  equal t o  zero. The r e s u l t s  f o r  t he  e l e c t r i c a l  conduc- 
t i v i t y  and the  Hall  parameter a r e  almost t he  same i n  t h e  form as developed by 
Demetriades and Zhdanov (Ref.2,3) when t h e  ion concentration was neglected. 
The plasma parameters (conductivity,  t he  Hall  parameter, e lectron densi ty  and 
the  co l l i s ion  cross sect ions)  a re  thus obtsined i n  terms of e lec t ron  tempera- 
t u re .  They are e s sen t i a l  t o  describe the  non-unifomn plasma due t o  non-equi- 
p a r t i t i o n  ionizat ion or nonequilibriux e lec t ron  heating 

If no plasma parameter gradients i n  the duct a re  assumed as  we will 
do f o r  t he  calculat ion of current d i s t r ibu t ion ,  the  in te rac t ion  between current  
flow and plasma parameter var ia t ions  involving the  ve loc i ty  va r i a t ion  cannot 
arise. Contrary t o  these assmpt ions ,  then, t he  gas m u s t  be compressible such 
t h a t  t he  current flow causes plasma parameter var ia t ions  which i n  tu rn  a l t e r  
the  current  d i s t r ibu t ion .  Apparently, an N2D problem such as  t h i s  can be 
solved only by considering a s e t  of consis tent  plasma paranieters and current  
d i s t r ibu t ion  equations. Herein, t he re  a re  a couple of approximation methods 
t o  ge t  a sa t i s f ac to ry  answer based on -the pre-mentioned de ta i led  physical 
phenomena A few authors have iden t i f i ed  a reasonably simple approximation 
procedure with t h e  aim of simplifying t h e  problems without losing apparent 
s ignif icances I t e r a t i v e  procedures t o  t h e  s o l u ~ ~ f o n  of t h e  a r r e n t  d i s t r i b u -  
t i o n  i n  two-dimenaional MHD chanaels with f i n i t e  electrode segmntat ion a re  
thus suggested (Ref.25). I n  order t o  solve more c l ea r ly  the  current d i s t r i -  
bution i t s e l f ,  t h e  simpler case i s  sclved wherein the  uniforE H a l l  parameter 
and conductivity a re  assumed. The ExLrapolated Liebmarin method f o r  Laplace 
equation i s  used, 
parameter subjected t o  the  condition u d e r  which the  mmerical solut ion f o r  
t he  current d i s t r ibu t ion  converges over t h e  channel, t h a t  i s ,  Hall  parameter 
less than or equal t o  one, This condition does not seem t o  be followed from 
the  physical c r i t i c a l  value of Hall  parameter which brings on the  s t a b i l i t y  
problem i n  non-uniform conduction. 
inyolves formulating t h e  i t e r a t i v e  computation of successive s t a t e s  t o  account 
for the  non-miform Joulean heating i s  l e f t  t o  be anal-yzed. What we obtain 
f o r  current and electron d i s t r ibu t ion  in tliis pa-per i s  suggested t o  be used 
f o r  a f i r s t  i t e r a t i o n  r e s u l t s .  

However, t h e  calculat2ons a re  r e s t r i c t e d  t o  values of Hal l  

B G ~  t h e  remainder of t h e  problem which 

i 



Chapter 1. Basic MHD Equations 

See. 1.1 Species Equations 

From t h e  considerations of Maxwell conservation equation and apply- 
ing it t o  each species t o  obtain energy and momentum equations, species equa- 
t i ons  desired t o  describe t h e  plasma can be obtained. To begin with, t he re  are 
the  Boltzmann equation f o r  each species i n  terms of p a r t i c l e  ve loc i ty  t o  get 
t he  t ransfer  equation. Let us use the  Boltzmann equation without any arguments 
of t h e  force law whether t he  c o l l i s i o n  can be t r ea t ed  as binary or not ,  

. v- f 
P af 

+ Bs. v: f s  + - m w s  3e S 

(1 * 1.1) 

where (af/at), represents  t he  r a t e  of change of the  ve loc i ty  d i s t r ibu t ion  
function of t he  p a r t i c l e s  i n  question due t o  co l l i s ions  with a l l  other pa r t i -  
c l e s .  The force law per u n i t  mass on a charged p a r t i c l e  i n  the  magnetic f i e l d  
w i l l  be given by 

when 'E i s  independent of t h e  p a r t i c l e  ac tua l  ve loc i ty .  
the  each-species ve loc i ty  dependent quantity.  Multiplying (I. 1.1) by 

equation of change', 

@s(Bs) i s  assumed t o  be 

GS(ns) and in tegra t ing  it over the  ve loc i ty  space, w e  obtain so-called ' t h e  

< ( B x B ) . V - @  S w s  > ]  J; O s ( % )  d Q  
C 

( 1.1.2) 

where < X denotes the  in tegra t ion  operator over t he  ve loc i ty  space. 

Using (1.1.2), t h e  equations f o r  species mass, momentum and energy 
conservation can now be derived by l e t t i n g  @ equal lil m W (component of 
ve loc i ty  i n  i-coordinate) E i n  turn.  Then gs t he  r e s u l t s ,  s '  s s i  

S 

apS at + VF . (p, qs) = R 
S 

(1.1.3) 
( see  Appendix A) 

- - a 
at (Ps + v- r [P&? Ts + Ts 3 3  + v: .(psV ;) + v-$ P S 

(1.1.4) - q n  [ & + V s x B ] = R  (1) 
S ( see  Appendix B )  s s  

and 
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r 

> represents t he  in tegra t ion  of t he  in t e rna l  energy of s-species 
over t he  ve loc i ty  space, ( see  Appendix C )  

Sec.l ,2 Over-All Species Equations 

Since the  t o t a l  mass must be conserved, t he  sum of t h e  mass t r ans fe r  
Thus i f  we sum the  mass eqGa3ons of" co l l i s ion  in t eg ra l  Rs(0) should be zero, 

a l l  components of species we obtain 

( 102 0 1) 

where$ i s  the  t o t a l  mass densi ty  defined as  p = Z p s s  

To obtain t h e  over-al l  inomenturn equation, t h e  plasma i s  assumed t o  
(This assumption i s  generally v a l i d  = 0, 5 qs be quasineutral ,  t h a t  i s ,  q = 

since i n  the  most cases of p rac t i ca l  i n t e r e s t  i n  MHD problems, t h e  cha rac t e r i s t i c  
length of plasma i s  generally greater  than t h e  Debye length,  Thus, a t  any 
point of space, the  force  t o  bind t h e  charged pa r t i c l e s  together i s  high enough 
t o  make the  plasma quasineutral ,  Ref",%) 
co l l i s ion  in t eg ra l  $s(l) i s  zero s i m e  t h e  net change i n  inomentuna. for a l l  
pa r t i c l e s  due t o  co l l i s ions  i s  zero when only t h e  e l a s t i c  colLfsions are con- 
sidered. That i s ,  conservation of moaerrkhuya during co l l i s ions .  Here,the 
conduction current 5 i s  defined f r o n  a k ine t ic  point of view as  5 = C s q s s s  n 

i n  terms of the  mean vgloc i ty  or diffusion \-elocity. 
of t he  t o t a l  pressure F-= I: 

The sun of t he  momentun? t r ans fe r  

B y  using the  de f in i t i on  
the  overal l  momeratun equation w i l l  be s s2 

a 
76 r ( p C )  + v -  ( p V V + = P )  = 1.1 e -  w + j x s  

e 
where p 
charge neut ra l i ty .  This equation can be re-wri t ten by using over-al l  mass 
conservation equation as, 

i s  the  excess net e lectron charge densi ty  due t o  deviation f r o m t h e  

e -  
when we can neglect t h e  body force p 
p e g  i s  neglected and it i s  obvious t h a t  t he  t o t a l  e l e c t r i c  current 5 then i s  
equal t o  the  conduction current,  3 = 5 .  
i n t e r e s t  as we prementioned (Ref 2 7 )  

E and the  current flow due t o  pe;, 

T h i s  i s  the  case of Eost p rac t i ca l  

3 



It should be noted t h a t  t h i s  over-al l  momentum equation i s  not 
suf f ic ien t  t o  describe the=motion of plasma u n t i l  t he  t o t a l  conduction current 
5 and the  pressure tensor P are  described elsewhere. Although it forces  us t o  
use the  energy equation, t h i s  involves adding an energy 'cera only t o  be given 
by t h e  next higher moment equation, To make a closed s e t  of equations, a l t e r -  
nate procedures seem t o  be required along with some addi t ional  assumptions. 
Ohm's law w i l l  be introduced, so  t h a t  na tura l ly  only both the  species and 
over-al l  momentum equations - would be used t o  obtain 3 r e l a t ed  t o  any of t h e  
other var iables .  
mass of e lectron during t h i s  procedure (see Chapter 1, S e c , l O 3 ) .  However, 
unfortunately, Ohm's law turns  out t o  involve the  heat flux terms described 
only by considering higher order momentum t e r m s ,  I d b  t he  next sect ion t h i s  
argument i s  resolved by using a closed set of equations obtained by d i f f e ren t  
methods but proved t o  be iden t i ca l  t o  each other f o r  a weakly ionized gas, 
of t h e  procedures i s  invert ing a large matrix f o r  a gas mixture and the  other 
i s  t h e  successive approximation method. 

I n  f a c t ,  j f requent ly  i s  used instead of je due t o  t h e  small 

One 

Before f in i sh ing  t h i s  section, it should be pointed out t h a t  i n  any 
of t h e  cases t o  obtain Ohm's law, one more var iable ,  e lectron temperature, 
should be given elsewhere t o  make the  s e t  of equations complete, Only f o r  t h i s  
purpose w i l l  t h e  energy equation be introduced. 
i s  due t o  the  i n e l a s t i c  co l l i s ions  t h a t  occw between molecules with i n t e r n a l  
degrees of freedom, Because, c lear ly ,  mass and momentum should be conserved 
even i n  t h i s  case, although k ine t ic  e ergy i s  no longer conserved, the  equa- 

One more fac tor  t o  be mentioned 

t i ons  (102e1) and (1.222) would not b ? changed, 

Section 1.3 Ohm's Law f o r  a Mxture Gas 

It has been noted t h a t  i n  deriving Oh's law, from t h e  equation of 
motion i s  the  bas ic  s t a r t i n g  point ,  The equation (l0lek) i s  

This w i l l  be rewri t ten as  follows, 

- 
By separating t h e  pressure tenso- Fs in%o a diagonal pa r t  PSI whgre - I i s  t h e  
unit tensor,  and an off-diagonal pa r t ,  t ha t  i s ,  a viscous par t ,  -rS t he  above 
equation bec orne s 

4 



Now it i s  generally va l id  i n  a l l  but  cases df extreme nonuniform 
' 

$he gradient  of the  viscous p a r t  B f  %he p a r t i a l  pressure tensors ,  
V-e 7 can be neglected comparing t o  t h e  gradient of hydrostat ic  pressure 
$ P 7 
&gaksVe/qe << 1 and s imi la r ly  IFe ]/pe << 1 (Ref .1), so  t h a t  the  gradient  of 

can assume t h a t  t he  macroscopic parameters af the  plasma change only s l i g h t l y  
wh-bhin dis tances  of the  order of the  mean f r e e  path and during times of t h e  
order of t h e  co l l i s ion  times i n  the  plasma. Then, we can neglect (osvs) a/& 
and %he contributions of t h e  d i f fus ion  of 0, (bs+ vs) and_ 0; (kjsVsy 1 t o  t h e  
momentum. Under - t h i s  condition, the  pressure defined as P' = 6 < f3 'G'>s where 
iPS = Bs - vs (Ref.27), i s  iden t i ca l  t o  Ipse A s  a matter 09 f a d ,  t h i  conditions 
for %he e lec t ron- f lu id  t o  be c o l l i s i o n  dminated ( t h i s  i s  j u s t  the  present case) 

ID f a c t ,  f o r  a c o l l i s i o g  dominated plasma, it i s  general ly  the  case 

can be neglected. A s  well ,  i n  a l l  but cases of extreme nonuniformaties, we % 

/ L  << 1 -1 < < 1 $  v v -1 me 
/TO e ee v 

ee 

where - T ~ , L  are the  cha rac t e r i s t i c  values f o r  macroscopic change, ( i n  ~ e f . 2 8 ,  
v V"' / L 0.01 t o  0.02 ).  Some r e s u l t s  (Ref.8) show t h a t  even t h e  imi- 

i% relaxat ion kime and length of t h e  plasma a r e  respect ively orders of 
100 psec and 1 cm i n  most cases of p rac t i ca l  i n t e r e s t  compared with the  c o l l i -  
sion-time OS the  order of 10-5 sec. and mean f r e e  path of order of 10-5 cm. 

C onsequentdy the  equation (1 e 3.1) becomes 

and t he  equation (1.2.2) i s  rewr i t ten  as;  

Eliminating 6 / D t  from (1.3.2) and (1.3.3), we obtain the  following 
ebraic  syseem 

e 
we I;wglect tho excess charge p (Same as  the  plasma i s  assumed t o  be 

s l ec t s i ca l&y  sleu%ral) 
(1) 

(103.4) ( V P  - pS - ~ ~ ) - q s n ~ V , x B +  .-- pS g x ~ = l i ~  
9 8  B 
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I n  t h e  f i rs t  approximation of c o l l i s i o n  in t eg ra l  ES('), t he  magnitude of the  i m -  
pulse transmitted by co l l i s ions  between pa r t i c l e s  of the  s-kind with those of 
other components i s  taken t o  be proportional t he respective d5fferences of 
t he  macroscopic component ve loc i t i e s  Then RsT1j i s  

n m m  
( Yr - Ys)  s s r  

m + m  sr 
S (1) =I 

S r r 

Inser t ing Rs (l) i n t o  (I-lI), we ge t  

Thus, f o r  e lectron p a r t i c l e  

For i on  p a r t i c l e  

(1) - PI PI j x & R  
I V P ~  - T V P -  en & -  en V x B + -  

I I 1  P 

Using both equations t o  eliminate V P, we f i n a l l y  get  

when the  plasma i s  assumed t o  be e l e c t r i c a l l y  neutral ,  t h a t  i s ,  ne = "IC, since 

n m  m 
<< 1, i f  we neglect $he terms including e - pe - e e  

_ _ D _  --.= 

nI "tr ?L 

t he  f ac to r  of pe /pI, t h i s  equation i s  reduced to ,  

VP + en E* + en Te x B = R~ 41) 
e e e 

- 
Now t h a t  me/? << 1, m /m << 1 and if we assume A v 4 ( t h a t  i s ,  7 ,VI A 0 ) ,  e n  I n 

and t h e  co l l i s ion  in t eg ra l  Ee ( becomes 

. 
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Thus, (1.3.5) becomes 
m -* e 

mp + e n  E - j x B =  - e 3 cr ver e e 

Re-arranging it t o  obtain,  

We c a l l  it " f i r s t  approximation" Ohm'  s law 

Let the  e f f ec t ive  e l e c t r i c  f i e l d  E' 1 = *  + -  
ene We then 

where 

and 
-1 x = (nee) respectively.  

The parameters cf and x are  ca l led  sca la r  e l e c t r i c  conductivity and 
Hal l  coef f ic ien t  . 

Using the "l3 moment" approximation (Ref.1,3,29) i n  d i f fus ion  
equation which a re  t ken t o  be proportional t o  the  r e l a t i v e  thermal f lux  of t h e  

(17 as pa r t i c l e s ,  give R 
S 

f o r  e lectron,  

f o r  ion, 

- 
-1 

e r  he c 7 
m 

e r er e e P r fe  er 
e -  j v - n m  - 

e 
- 

-1 m h 
e1 e 7 

e -  - j v e I + n m  - e e e Pe 

i9 Herel - we a lso  neglected the  terms mult ipl ied by in /ml and assumed t h a t  ne = n 
j - J e 3  since lxlzdler the conditions here considere2 i n  t h e  diffusion s t a t e  the  
Debye radius i s  much smaller than the cha rac t e r i s t i c  lengths of the  system 
( e l e c t r i c a l  r ieutral i ty  of plasma,Ref .26) * 
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The electron r e l a t i v e  heat flux vector 6 was found t o  be giken e 

*2 
e T T* 2 

2 *2 
e e P e x B +  e El = - Ae [Be - m 
e l + w  7 m l + W  T 

2 *2 e 
e e  e e e  

(Pe x B)  x B ] 

whe r e  5 k  * 
'e Te 

m 

A = -  - 
e 2 m  e 

2 
e 

e 

- 
pe V Te - k n  e j vo 

T* e was defined by, 

-1 
eK 

-1 -+ E 0.4 T~~ e 

and v by, 
0 

(2) T-l 
Kfe A eK eK V 

0 

V T* - 0 e m v  

2 *2 e ne I+ w T*' 

* 2  
e 7 

2 j +  - e o  

'e e e  

(me x B )  x B - en 

2 e v  T* 

Inser t ing  t h i s  expression i n t o  Re('), and replacing i n  (1.3.5) by 
c t h i s  r e s u l t ,  we obtain 

+ z m k ~ *  v [ V T e  - 4 m e -  V P  + ene i+ - 5 X B  = -  - j zr ver e 3 e  2 e  e o 
*2 
e T 

(17 Te x B )  x % 
2 e 7: e - -  ( V  Te)  x B + - 

2 *2 m 1+w2 -r*2 m 
0 e l+we  Te e e e 

.. 

ev I+= 

( 5  x @XB] 0 e 
m v  V I+ e o -  0 e 
k en 2 2  - -  j +  - (3  x B)  - - kn m 

e 2  kne 1+w2 -r*' e e l + w  e e c  
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and rearrange it t o  obtain; 
2 7s' 

e e e e- 
m 

rx- 
2 2  e l + w e e 0  

( m e )  x + ;+w2 +2 
m 

- 2  k v  T * [ W e -  - j + + -  

e e e  
en e 2 e o  e e 

where v t  = Cr ver9 we ge t  'second' approximation of Ohm's law. 

Let the  e f f ec t ive  e l e c t r i c  f i e l d  8' 

e e = j $ + -  1 - 2 v [ V T e - r  
en e "e 2 e o e 

I 

( V  Te x g) x f3 ] e= e (v Te)  x .fi + - 
m I+Oe2 T*2 e e 

The second approximation' Ohm's l a w  t o  describe the nonuniform 
plasma i n  e l e c t r i c  and magnetic f ie lds  i s  now including not only pressure 
gradients but  a l so  the  temperature gradients and i s  given by 

(1.3.7) 1 -  E ' =  - j + x ( 5  X B )  + E  ( 3  X B )  x B  
0- 

where the  sca la r  e l e c t r i c  conductivity i s  defined as  
r. 

t he  Hall coef f ic ien t  as 
7+2 

2 
V 

(1 .3 .9 )  5 0 e 1 
n e  2 n e  e e 

x =  - + r;. 
2 2  l + w e  2 

and t h e  ion  s l i p  coef f ic ien t  without considerations of ion-concentration 

*3 T 
2 

V 

( 1 3 10) 
5 0  e 
2 n m  e e  

E = - = -  
2 

l + w e  

ilS 

I n  the  expression of t h e  e f fec t ive  e l e c t r i c a l  f i e l d  E t 9  the  gradient 
term of pressure should be taken i n t o  account i n  most cases of p rac t i ca l  

9 



i n t e r e s t s ,  s ince it involves t h e  electron number densi ty  gradients,  which 
were sometimes found t o  be of t h e  same magnitude of the  applied f i e l d  a t  
ce r t a in  place of MHD channel, (Ref.30). 
e lectron temperature gradient ,  however, accounts f o r  only about a few per 
cent of the e lec t ron  current flow, one may neglect t h i s  on purpose f o r  
s implif icat ion of t he  problem i n  a given MHD state. 

Since t h e  t e r m  proportional t o  the  

The energy balance equation i s  fo r  describing t h e  t r ans fe r  energy 
i n t o  the  plasma or  the  required energy t o  keep the  plasma i n  the  motion of 
the  desirable  s t a t e  thermally and k ine t i ca l ly  and i n  t h e  balance between 
the  in te rac t ing  p a r t i c l e s  through co l l i s ions .  

The calculat ion f o r  energy t r ans fe r  i n t eg ra l s  generally has been 
taken t o  be the  following, 

when we neglect t he  i n e l a s t i c  co l l i s ions  between p a r t i c l e s .  
see f r o m t h i s  expression, t he  r a t i o  of energy t ransfer  by e l a s t i c  co l l i s ions  
between the atom and t h e  ion species i s  much greater  than t h a t  between t h e  
electron and these p a r t i c l e s ,  because of t h e  mass f ac to r .  Consequently, 
w e  expect t ha t  co l l i s ions  between ions and atoms would tend t o  maintain t h e i r  
temperature a t  almost t h e  same value, while the  electron temperature may 
g rea t ly  exceed t h e i r  temperature. Because of t h i s ,  t h e  plasma i s  expected 
t o  be described by the  two temperatures, gas temperature and an electron 
temperature d i f f e ren t  than t h i s .  This i s  nonuniform process of plasma 
(Ref 31) 

A s  we might 

From Eq. (1.1.5) f o r  e lectron,  replacing ? by 7 + , we obtain e e 

a ( 5 if 2 + p 7 + + ___ 3 kne Te + n < E >) 4 VG[($ pev2 + x e e  2 e i e  

The t e r m  representing the  der ivat ive with respect t o  time can be 
By considering t h e  very small mass neglected i n  the  case of sqeady s t a t e .  

of t h e  electron and the  small contribution of era, ? and s t r e s s  tensor ye, 
we can eliminate several  t e r m ,  so  t h a t  f i n a l l y ,  t he  electron energy 
e quat i  on b ec ome s 

(1.4.1) 
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.'. 
I n  the lowest approximation 

(1.4.2) 

This jou le  heating and c o l l i s i o n  energy l o s s  equation w i l l  then 
mine the  e lec t ron  temperature of the  plasma with the  expression of 

The point concerning i n e l a s t i c  co l l i s ions  might be argued, s ince 
the species integrated contribution of i n e l a s t i c  co l l i s ion  frequencies of 
Maxwellian electrons t o  the  electron energy lo s s  i s  no longer iden t i ca l ly  
zero and may cause important e f f ec t s .  However, i n  the  m a s s  conservation and 
momentum equations the  i n e l a s t i c  e f f ec t  i s  almost negl igible  insofar  as t h e  
electron-electron co l l i s ion  frequency i s  much grea te r  than the i n e l a s t i c  
co l l i s ion  frequency of e lectrons (Ref. 31, 32). 

d 

Under the  s teady-state  condition, t h e  energy l o s t  by t h e  electrons 
per un i t  time i n  e l a s t i c  co l l i s ions  with heavy p a r t i c l e s  i s  

where 6 r , e l  

3 -1 
- - -  - kn 6 (Te  -Tr)  T~~ 2 e r r , e l  

i s  defined as  6 r , e1  = 2 rn /r%- and for argon 6A,el e 

(1.4.3) 

-5 2.7 x i o  . 

No account has been taken of t he  average energy t r ans fe r  through 
i n e l a s t i c  co l l i s ions  as ,  namelyg t h e  c o l l i s i o n a l  t r ans i t i ons  between two 
d iscre te  s t a t e s  and between the  continuum and a d i sc re t e  s t a t e  and t h e  r ad ia t ive  
t r ans i t i ons  between the  continuam and a d iscre te  s t a t e  (Ref.32434). 

See. le5 Ionizat ion of a Seeded Gas 

F ina l ly ,  we should derive t h e  equation r e l a t i n g  t o  Te t o  t h e  nurriber 
density t o  make t h e  s e t  of equations complete. 

When the  d i f fus ion  of 'Ghe electrons through the  ionized gas i s  rap id  
enough, t h e  average thermal energy of e lec t ron  (3kT /2) w i l l  be considenably 
above t h a t  of heavy p a r t i c l e s  (3kT/2). 
t h e  heavy p a r t i c l e s  can be considered imiobi le) .  
nonuniformity of plasma through t h e  process a s  follows. This assumption can 
be pmoved va l id  so long as  the  energy l o s s  f ac to r  i s  l e s s  than un i ty  (Ref.31). 
Then the  random ve loc i ty  of t h e  e lec t ron  should be always much grea te r  than 
i t s  d i rec ted  ve loc i ty  even i n  a strong e l e c t r i c  f i e l d .  This provides the  
postulat ion f o r  thermodynamical non-equilibrium f o r  process which re lax  over 
longer times than t h a t  required fo r  t h e  ve loc i ty  d i s t r ibu t ion  of e lec t ron  
t o  come t o  equilibrium. Thus t h e  process of  ionizat ion i s  completely dom- 
inated by t h e  electron thermal energyg since i n  t h i s  case energy t ransfer red  
between f r e e  electrons i n  a Maxwell d i s t r ibu t ion  i s  well t ransfer red  very 
readi ly  between f r e e  electrons and walenee electrons i f  the  e lec t ron  number 
der,sity i s  not too  low ( ~ e f . 1 7 , 3 6 ) ,  
are  s t rongly coupled thermally t o  the  valence electrons of the  atom ra the r  than 

e (See Chapt a 1.4,  under such conditions,  
Usually t h i s  causes t h e  

This i s  the  case wherein t h e  f r e e  electrons 
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t o  t he  atom i t s e l f  so as t o  be i n  Maxwell d i s t r ibu t ion  between electrons 
themselves. This seems l i k e l y  t o  be v a l i d  loca l ly  r a the r  than i n  any point 
of space inside of a weakly ionized plasma. Thus, a much la rger  degree of 
ionizat ion r e s u l t s  l oca l ly  and t h i s  non-equilibrium process r e l a t ing  Te t o  
t h e  number densi ty  can be described along with pre-obtained equations 
(Refs. 13, 20 & 37). 

Now then, t h e  degree of ionlfzation f o r  a seeded plasma can be 
obtained on t h e  assumption t h a t  volume ionizat ion and recombinatiou process 
a re  i n  equilibrium a t  t h e  electron temperature so  t h a t  t h e  electrons can be 
d is t r ibu ted  as a s ta t ionary  Maxwell di s t r ibu t ion  of ve loc i t i e s  e Then w e  
may use the Saha equations which a re ,  f o r  seeding species (Refs. 14, 34) 

n . - r  n 3/2 

and f o r  the i n e r t  c a r r i e r  gas 

and E are  t h e  f i rs t  ionizat ion poten t ia l s  of t he  
i A  

I n  these equations, 

seed and the  c a r r i e r  gas, respect ively.  

Here we neglect the increasing of t h e  degree of ionizat ion due t o  
the  magnetic f i e l d .  The c r i t e r i a  i s  t h e  r a t i o  of t h e  quanta of t h e  e lec t ron  

2 gyration motiond we heB/me t o  t he  magnitude of t he  thermal energy 
kTe (Ref .35) a Since i n  the  case of t h e  magnetic i n t e n s i t y  B of 1.7 Webers/m 
and of the electron temperature of 2000°K t h e  r a t i o 4  we/k T 
1.1 x 10-3, the elevation of ionizat ion due t o  the  magnetic Field i n  t h e  Saha 
equation can be negl igible ,  so  t h a t  under the  above condition t h i s  form of 
the  Saha equation always i s  applicable.  

i s  around 

The t o t a l  

n =  

- - 

number density 

n + + n A + n  A -  3+ 

n + n  + 2 n e  
A s  

n w i l l  be 

+ n  + n e  
S 

The last equation was given by assuming the  
Seeding r a t i o  S i s  defined by 

S 

S+ 
n f 2n 

S s =  
S n 

and the  degrees of ionizat ion by 

n +  

e l e c t r i c a l  neu t r a l i t y  of t h e  plasma 

S '  a =  f o r  seeding species 
S n + I ? +  

S S 
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and by 

and 
0 

r 

nA+ f o r  c a r r i e r  gas. a =  A 
+ nAs 

Conibining these def in i t ions ,  we obtain 

(1 5 la )  

( i o 5 * 1 b )  

n = n (1-ss) as ( 1 5 ., 1c)  

n = n (1-s ) (1-aA) (1.5 .id) 

n = n [(l-s ) CY + a s  sS 3 (1.5 . le)  

S e 

A S 

e S A  

Inser t ing  ( 1 e 5 a 1) ' s i n to  the  Saha equati ons 

a 
1-a n 

a 
S [asss + (1-Ss) a* 3 = - 

S 

b a A [asss + (14 ) a 3 = - n 1-a A S A  

where a, b are  given by 

These algebraic equations fo r  aA and a can be solved by i t e r a t i n g  numerical 
method t o  the  desirable  accuracy. For the  numerical scheme, i f  we rearrange 
them f o r  aA and as> then 

s 

1 

a =  A 

a 
n a =  

S 

ss 

Because of several  t ime ' s  higher ionizatioYi po ten t i a l  of t h e  ca r r i e r  

For the  f i rs t  approximation, aA may be s e t  t o  zero and as than be 
The process i s  

gas than - tha t  of the  seed, we can car ry  out t h i s  numerical procedure a s  
follows. 
calculated.  This value of as i s  -then used t o  ca lcu la te  aAo 
repeated with the  new value obtained f o r  It turned out t h a t  t h i s  proce- 
d w e  converged qui te  rap id ly  over t h e  erably wide range of e lectron 
temperature t o  the  accuracy of order I n  the worst case, th ree  i t e r a t i o n s  



were required f o r  argon plasma seeded with potassium. 

See. 1.6 Coll is ion Cross Sections 

The c o l l i s i o n  cross sect ion folc momentum t r ans fe r  between electrons 
and ions i s  

n 

where i s  the r a t i o  of the  Debye length t o  the  impact parameter f o r  a 
90' col l i s ion  of an electron of speed 3 kTe and defined by 

and the  Debye screened length A,, i s  introduced t o  prevent the co l l i s ion  cross 
sect ion in t eg ra l  from diverging and defined by 

There has been some discussion (Ref. 8,31) concerning t h e  introduction 
of AD i n to  these calculat ions.  However, when In A>> 1 which may a r i s e  i n  
many applications,  t he  r e s u l t  based on the screened Coulomb poten t ia l  and 
on t h e  unscreened poten t ia l  together with a Debye length cut-off have been 
commented on by Liboff, R .  La*  ., They y ie ld  the same value f o r  t h e  t ransport  
propert ies  and i n  both cases the co l l i s ion  parameter i s  l imited t o  dis tances  
of t h e  order of AD. 

cross  sections ( R e f  . 3 ) ,  A,, 
According t o  t he  c 1 ula t ions  of weighted momentum t ransfer  co l l i s ion  

and AeI(5) a re  given by 

and 

* The Physics of Fluids,  V01.2, 40-46, 1959. 
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where CZI and BZI a r e  defined by many authors including Zhdanov and Cowling 
( ~ e f . 3 ~  38). 

So long as  the electron temperature increases not too much so tha t  
the condition under which lm. A i s  not too high i s  s a t i s f i e d ,  a l l  t he  se r i e s  
of expressions f o r  co l l i s ions  between electrons and ions i s  qui te  s a t i s f ac to ry  
even when we neglect the  higher approximation ( ~ e f . 6 ) .  

The d i f f e r e n t i a l  momentum t r ans fe r  cross sect ion between the 
electron-argon atom i s  characterized by t h e  Kamsauer-Townsend minimum a t  an elec- 
t ron  energy near 0.3 eV (Ref.39). Because of t he  s ignif icance of t h i s  e f fec t ,  
the determinatiop has been d i f f i c u l t ,  
and experimental data (Ref 040-43: including the  works of Frost  and Phelps) have 

A few avai lable  theore t ica l  computations 

been compared, To 
modified e f fec t ive  
t h e  electron-argon 

- - 
Qe a 

about 0.5 eV of e lectron energy the  determination from the  
range formulae of O'Malley ( R e f  .39) w a s  used t o  ca lcu la te  
momen.tum t ransfer  co l l i s ion  cross section. That i s ,  

2 2 2 4n ( s i n  11 + s i n  vl 
k2 a. 0 

( i06 .2)  

where a i s  t h e  Bohr radius  
0 

sinqo 1 
= 1.70 - 3.13 EV' + 0.92 EU l n  EV + 1-23  Ev k 

and 
s i  nq 1 2 

k 
= 0.6026 EX' - 0,589 ETT 

I n  these expressions EY denotes the  electron k ine t i c  energy i n  
e lectron v o l t s  I n  more accu-rate approximation (Ref .39) 

2 2 
= 2m E/& where k i s  the  wave number of incident  e lectron pa r t i c l e s ,  vL repre- 

sents  t he  phase s h i f t s  of L-wave and L i s  the  o r b i t a l  angular quantum number. 
Kruger and Viegas (Ref .5) calculated the  e f fec t ive  mean cross sections of argon 
and potassium t o  obtain t h e  conductivity and Hall  parameter. 

Assunring so l id  e l a s t i c  sphere models of argon and potassium f o r  
higher momentum t r ans fe r  i n l eg ra l s  we used B* = = 3/4 
c;* = c " , ~  =: 5/6.. eA 

( ~ e f s . 2 , 3 , 9 ) ,  

For t he  electron-potassium case, we used Nichol's r e s u l t s  (Ref.14) 
and recalculated the cross sect ion from the  f igure  i n  terms of e lectron tempera- 
t u r e  around t h e  region of i n t e r e s t .  

= (403 EV + 150) x (m2) Qeg (1.6.3) 



COl@TEBTS OK RESULTS 

I n  our calculat ions,  we neglect t he  electron-electron 
1 3 - 

k 2 T e T 2  4 
I n  - 1 

e3 n 

e 471-e n 
= 4 Vei¶  ('ee 

m 3 v 3  e e e  
1 - 

ion-ion (Ref .44) and ion-atom co l l i s ion  in tegra ls  (Ref .26, v 

Along with increasing t h e  electron temperature, the  differences of x 
from the  f i r s t  approximation remain greater  than zero9 the  differences de- 
creasing up t o  the  glectron temperature of around 2200°K. For e lectron t e 3 -  
eratures  above 2200 K, t he  deviations are so remarkable t h a t  a t  around 3000 K 
they d i f f e r  by some 20% from t h e  f igst  approximation (Fig.2-4), 
a t  e lectron temperatures above 2200 K, electron-electron co l l i s ion  e f f ec t s  
which we neglected should be taken i n t o  account (Refs, 8, 1.7, 31, 36) while 
ion-ion and ion-neutral co l l i s ion  s t i l l  remain at a negl igible  contribution, 
In  s p i t e  of these corrections which may reduce the deviation closer  t o  the  
f i rs t  approximation, our computations enswe us t h a t  t h e  e r rors  i n  CT and x 
seeming t o  be within a few per cent a t  the equilibrium s t a t e  (Refs, 193)  mis- 
lead us in to  underestimating the  e l e c t r i c a l  conductivity and Hall parameter 
for  non-equilibrium cases where electron temperature might be elevated t o  as 
much as twice the  gas temperature. 
of 2000°K (e lec t ron  number densi ty  of around 3 x 1018/m3) , vio la t ion  of t h e  
electron dis4xibution assumed t o  be Maxwellian should be na tura l ly  considered 
s o  t h a t  electron-electron energy exchange can be properly taken in to  account 
compared with electron-atom energy exchange, This consideration may give 
correct  number density so  a s  t o  determine more reasonable ca.l@ulation of 
CT and B.  

md CT 

To be sure, 

On the  other hand, below a gas temperature 

Number en i t y  a t  e lectron temperatures between 2200°K and 3000°K 
a re  ne= 5 x 10 '' m' and 5 x 1020/m3 (Figol)o This ind ica tes  t h a t  a t  theo 
low electron densi ty  corresponding tG the  electron t e q e r a t w e  below 2200 K,  
t he  significance of the  correct ion t o  f i r s t  approximation i s  not so important 
due t o  the  igva l id i ty  of the  Saha equation following f r o m t h e  v io la t ion  of t h e  
electron d i s t r ibu t ion  assumed t o  be Maxwellian due t o  the smallness of 
e lectron number density.  
w e l l  explainable one so long as  the  electron-electron co l l i s iona l  e f f ec t  i s  
properly considered; well measured experimen-cal data md theore t ica l  r e s u l t s  
of various kinds of co l l i s ion  cross sections a re  avai lable  i n  terms of 
e lec t ron  temperature, The r e l a t ions  of t he  conductivity t o  the current  den- 
s i t y  a re  given i ~ F i g . 6 .  Since, i n  t he  present paper, we neglect a l l  t h e  
i n e l a s t i c  co l l i s ion  including rad ia t ion  energy loss ,  our r e s u l t s  show t h e  
underestimating of current dens i t ies  f o r  t he  region where the  rad ia t ion  l o s s  
cannot be neglected, 
i s  no longer tihe dominating e f f ec t  to energy equation, t he  r e s u l t s  agree 
f a i r l y  well with those re fer red  to .  It enables us t o  expect t h a t  f rom t h e  
energy balance equation, t he  electron teqera 'cure  was s l i g h t l y  ove res t iw ted  
a t  low current density,  while underestimating a t  high values of current den- 
s i t y  (Pig.7) can be explained by the  e f fec t ive  energy loss f ac to r ,  
increases i n  e lectron temperature the r o l e  of i n e l a s t i c  co l l i s ions  becomes 

Also our formulation can be used as a reasonably 

However, a t  t he  high current densi ty  fo r  which rad ia t ion  

With 



greater  and the  energy l o s s  fac tor  which we assumed constant increases;  t h i s  
increases the  degree of ionizat ion sharply and causes the  increasing of left  
hand terms i n  energy balance equation, Consequently t h e  electron temperature 
can be higher than what w e  calculated (Ref.31). Within t h i s  e r ror  mainly due 
e i the r  t o  rad ia t ion  energy o r  t o  i n e l a s t i c  co l l i s ion ,  t h i s  f i gu re  represents  
the  r e l a t i o n  between input energy i n t o  plasma by joulean heating and thermal 
mainpenance 
higher than t h e  gas temperatvze. 
energy loss  procedure with the  inva l id i ty  of t he  Saha equation f o r  low tempera- 
t u re  (Refs. 1.7, 36, 45) i s  qui te  d i f f i c u l t  t o  describe completely s a t i s f a c t o r i l y .  

through co l l i s ions  which cause the  electron temperature t o  increase 
It should be mentioned, however, t h a t  t he  

Chapter 2. Solution t o  Segmented Electrodes 

Sec 2 1 IsentroDic Flow Eauations 

The s t a t i c  gas temperature Tm and s t a t i c  pressure P, were re fer red  t o  
t he  stagnation temperature To and stagnation pressure Po by the  r e l a t i o n  through 
isentropic  expansion, which a re  good approximations f o r  s m a l l  degree of ionizat ion 
(Refs. 27, 34) .  

Y 
Y-1 

- = ( l +  y-1- M2) IP, 2 

where M i s  Mach number of the  flow near t h e  entrance of the  generator when t h e  gas 
ve loc i ty  i s  defined by- 

2 
and t h e  isentropic  sound speed a i n  %he absence of e lectron heating as a =(aP/dp ) ., 
By using the  flow eontinui%y equation, S 

n u -  
0 0  - n, 

n, can be wr i t ten  i n  terms of Po, To together with the  idea l  gas law 

Ps = nsk Ts 
1 

7-1 2 
[l + - 2 M I  

1.7 



so t h a t  the  value of n i n  Chapter 1 i s  now replaced by n, , which i s  the  nuniber 
density a t  t he  entrance of channel. 

Sec.2.2 Current Governing Equation 

When we neglect t h e  ion s l i p  coef f ic ien t ,  t he  e f fec t ive  f i e l d  k 9  
becomes 

1 E ' =  - 5 + x  ( 5 x 8 )  
0- 

If w e  take the  ro t a t ion  of the  above equation, we a r r ive  a t  

1 V x B' = v (-) x 5. + a  (0 x 5 )  + (ox) x (5. x 8)  + 

x (B.V ) 5 - x (3.0) B (2  0 2 D 1) 

with V.$ = 0 and the condition of cont inui ty  of e l e c t r i c  current densi ty  
0.3 = 0 i n  the steady s t a t e  problem (Appendix D ) .  
t he  def in i t ion  of e f fec t ive  e l e c t r i c  f i e l d  i n  Chapter 1, Sec, 1.3, ro t a t ion  
of e f fec t ive  e l e c t r i c  f i e l d  ensues 

On the  other hand, from 

- (Vs) x(V T x g )  + ( (02 T ) - E (g.V)We + e e 

( V o x  [ (We x g)  x B ]  4- I: (B.V) (V Te x B )  (2.2.2) 

(see Appendix E,F) 

From V. 3. = 0, the  current stream function 1c/ i s  introduced such t h a t  

Here, t h e  current l i n e s  w i l l  then be p a r a l l e l  t o  the  tangent ia l  
d i rec t ions  on t h e  surface defined by the  current stream function 7 ) .  

For the  simplified case of small magnetic Reynolds number, when t h e  

Further- 
magnetic f i e l d  i n  the  f l u i d  hardly d i f f e r s  from the  external  f i e l d ,  8 i s  
defined by (O,O,B) and B i s  constant through the channel (Ref.48). 
more, t he  ve loc i ty  p r o f i l e  i s  assumed t o  be : = (ux,u ,O). 
vantageous t o  go over t o  two dimensional problems whege 

Then it i s  ad- 

1c/ = 1c/ (x.3 Y) 

0- = (x,  Y) 



and 

B = B (x, Y )  

Equating (2.2.1) t o  (2 ,2 ,2)  and applying t h e  above mentioned quanti- 
t i e s  t o  them,we a r r ive  a t  

(2.2-3) 

where the  functions of M(x,y), N(x,y) and P(x,y) are  defined a s  

(2.2'. 4a) 

(2  a 2 . 4 ~ )  

I n  these expressions @ i s  the  Hall parameter and defined as 

( see  Appendix G )  

B =  cr x B. 

The equations (2  2 -3) i s  a non-homogeneous e l l i p t i c  p a r t i a l  d i f f -  
e r e n t i a l  equation of a more general type with l i n e a r  boundary conditions a 

Making some assumptions for  conductivity and H a l l  parameter o r  ve loc i ty  
p ro f i l e s  leads (2.2.3) t o  the  Poisson Equation or  simply t o  t h e  Laplace 
equation. The convergence of the  scheme, which deals with t h e  nonuniform 
plasma together with Saha*s equation, energy balance equation and current 
governing equation (2 ,2 ,3 ) ,  depends on whether t he  solut ion of (2,2.3) is  
s tab le  or not with respect t o  e lectron temper tu re .  D. A .  Oliver e t  a1 
(Ref.15) concluded t h a t  when t h e  inequal i ty  @ < 24/25 i s  s a t i s f i e d ,  t h e  
solut ion of the  po ten t i a l  equation, conjugate equation t o  the  current gov- 
erning equation, would be s tab le  even when nonequilibriwn heating of the 

3 



electrons occurs i n  a magnetic f i e l d .  
the  s t a b i l i t y  problem re l a t ed  t o  (2.2.3). 
w e  w i l l  not go i n t o  the problem of the  s t a b i l i t y  limits i n  d e t a i l .  

Others (Refs. 13, 17, 23, 49) argued 
I n  the present paper, however, 

Sec. 2.3 Boundary Conditions of Faraday Type Generator 

The Faraday type generator has the  electrode segments insulated,  
long periodic s t ruc ture  (consequently, end e f f e c t s  w i l l  be neglected) and 
opposite segments connected by individual  loads as shown by Fig.8.  
current  d i rec t ion  i n  the cen t r a l  p a r t  of the  channel w i l l  then tend t o  be 
perpendicular t o  the  magnetic f i e l d  d i rec t ion  and a l s o  t o  the  flow of t he  
plasma. 
t h a t  prevents the e lec t ron  d r i f t  motion and a l so  by a conducting electrode 
segment p a r a l l e l  t o  t h i s  f i e l d  t h a t  w i l l  c l e a r l y  have a shor t -c i rcu i t ing  
ac t ion  on the  f i e l d .  
d i s t r ibu t ion  i n  the cen t r a l  port ion of the  channel can be expected near the 
electrode. 
due t o  e lectron temperature gradients  and due t o  e lec t ron  pressure gradients  
should occur. Furthermore, i f  boundary layer  e f f e c t s  are  introduced i n  order 
.to describe the  r e a l  channel flow i n  general ,  it i s  e s sen t i a l  t o  consider 
those gradient terms together with a wall  temperature d i f f e ren t  than the  
gas temperature. However, f o r  t h e  most simple case, neglecting these e f f e c t s ,  
the  e f f ec t ive  f i e l d  E' involves only t h e  r e a l  applied f i e l d  E, t he  addi t iona l  
f i e l d  introduced from changing the s ta t ionary  coordinate system i n t o  t h e  
system moving with plasma and the  gradient terms of ve loc i ty .  
(2.2.3) becomes 

The 

The e f f e c t  of segmentation can also be explained by the  Hall f i e l d  

Thus a strong deviation f r o m t h e  uniform current 

Because of t h i s  , near the  electrode reasonably strong e f f e c t s  

Thus equation 

where 

Without i o m s l i p  considerations,  eq. ( lL.3.7) i s  

where the  e f f ec t ive  e l e c t r i c  f i e l d  8,' = & by neglecting ve loc i ty  gradients .  

The project ions onto the  x- and y- &is a re  respect ively,  

E;= L J  Q X  + x B J y  

- X B  Jx 
1 E ' =  - J  

Y u y  

Defining $ such t h a t  $ = cr x B as before,  we have 

u E: = Jx + f3 Jy 

X 
U E' = Jy - f3 J Y 



cr (Ex + u B)  = Jx + B Jy 
Y 

(2.3.2a) 

(2.3.213) 

Solving these equations f o r  Jx and Jy,  we obtain 

Since on the  w a l l  of the electrode uy = Ek = 0, from (2.3.2a), one 
of t h e  boundary conditions i s  

I n  terms of stream function, it becomes 

on t h e  electrode (2.3.4a). 

Another wall condition i s  on t h e  insu la tor .  Assuming a per fec t  in-  
su la tor ,  w e  have Jx = J 
write it i n  terms of stKeam function, 

= 0 for the  condition on t h e  insu la tor .  If w e  re- 

II/ = Const, on the  insulator  (2.3.4b) 

For such a configuration as  shown i n  Fig.8, the  per iodic i ty  of t he  
conductors and insu la tors  i n  a period of (2L + 21) requires  

1c/ (x  + 2E + 21, y> = q(x ,y)  + I (2  e3 5) Y 
where I y  i s  the  t ransverse current flowing through t h e  electrode. 
shown t h a t  the  specif icat ion of I y  with I x  = 0, i n  t h e  case of t he  Faraday 
type generator, determines a unique d i s t r ibu t ion  of current within a gas 
(Ref , l5) .  
the  output current by multiplying it by the  electrode width i n  the’B d i rec t ion  
w i l l  be given by t h e  charnel loading f ac to r  K defined as K = Ey/ux B.  
it i s  a known value, or  a quant i ty  which can be determined from outside of 
the charnel. 
(2,3.3b), i n  y d i rec t ion  

It can be 

Moreover, t he  one-dimensional t ransverse current Iy ,  which gives 

Thus, 

I n  f a c t 9  t h e  in t e rna l  current  r e l a t i o n  i s  from (2.3.3a) and 

The output current I or  t h e  t o t a l  load current over one period of 
t he  channel w i l l  be constant and thus can be specif ied as  



Since there  i s  
t h e  downstream 
be zero when @ 
l a t i o n s  of t he  

2L+1 
I = w  J (B Jx- Jy) d 3f: 

L+ 1 

no connection between the  upstream end of t h e  electrode and 
end, t he  in tegra t ion  of Jx over t he  electrode length should 
i s  assumed t o  be constant o r  when w e  can neglect t he  corre- 
integrat ion.  Thus I becomes 

2L+1 
P 

- -  - W I  
Y 

Q n t h e  other hand, t he  R.H,S. of (2.3.6) i s  

S2Iil IT (1-K)  uxB dx 

L+1 

= < IT > < u > ( 1 - K )  BLW 
X 

when we neglect t h e  cor re la t ions .  

Thus , 
I = <C> < u > ( K - 1 )  BL Y X 

(2.3.7) 

(2.3.8) 

(2.3.9) 

where < > represents the  average value of t he  var ia t ions  over the  electrode. 

The r e l a t i o n  between loading current I and e i the r  t he  loading r e s i s t -  
ance Ro or in t e rna l  res i s tance  Ri of t h e  plasma cannot be determined e x p l i c i t l y  
unless equipotent ia l  surface or current filament i s  solved over the  channel, 
A s  a matter of f a c t ,  whether one chooses t o  solve the  problem as  described by 
equipotent ia l  surface or  as  described by current stream surface does not matter 
as t h e i r  descriptions a re  iden t i ca l  t o  each other.  However, the loading r e s i s -  
tance,  Ro, per ta ining t o  the  loading fac tor ,  K, i s  expressed most conveniently 
i n  terms of t h e  po ten t i a l ,  @, as 

R = A @ / I  
0 

a2 



In  t h i s  expression t h e  primed ax is  i s  along the  eigenrays of t he  r e s i s t i v i t y  
tensor ( R e f  3 0 )  
connected through an external  res i s tance  along the  l i n e  normal t o  t h e  equi- 
po ten t ia l s  (Ref.54,55). Moreover, the  in t e rna l  res i s tance  per ta ining t o  
joule  losses  i s  expressed i n  terms of po ten t ia l  difference between these 
electrodes measured i n  a coordinate system moving with t h e  plasma as  

such t h a t  A @ i s  t h e  in tegra t ion  of E between two electrodes 

and the v t o r  h i s  a distance vector lying along t h e  curr  n t  densi ty  vector,  
such t h a t  A @ '  i s  the  in tegra t ion  of z/v between these electrodes independent 
of t he  path (Refs. U Y 1 2 )  

Although qui te  extensive work (Refs, 11,12,23,54) has been done f o r  
d i f f e ren t  geometries and f o r  various Hall parameters, neither Ro nor R .  f o r  
a nonuniform plasma simplified t o  a one-dimensional problem i s  easy to'de- 
terslline uniquely, and thus fu r the r  comparisons with experimental s tud ies  seem 
t o  be required.. 

Chapter 3. Numerical Solutions 

Sec, 3.1 Current Stream Function 

The current governing equation, namely, t h e  equation f o r  t h e  current  
stream function ?,b i s  a s  we developed, from eq. ( 2 * 3 * l ) ,  

where , 
P'  (x,y) = - B CT 

For the  f i rs t  approximation, i f  we neglect ve loc i ty  gradients ,  

Using the  cen t r a l  difference method t o  d i sc re t i ze  the  d i f f e r e n t i a l  expressions, 
we have 



where 
h.  = Xi+l - gi 

h j  = Yj+l - Y j  

1 

and 

(see  Appendix H) 

Rearranging (3.1.2) t o  obtain 

M. 1 M i + &  j 1-7~ j + + - 2 N 

h h  j j-1 2hi 2hi- 1 
i, j++ 

h. hi 
1 -  2 



Equation (3.1.3) i s  a standard f i v e  points  central-difference approx- 
imation f o r  d i f f e ren t  rectangular mesh s izes .  Since t h e  calculat ion involves 
too many independent parameters t o  give general solut ions,  we l i m i t  ourselves 
t o  t h e  case where the  plasma i s  uniform and consequently uniform conductivity 
and Hall parameter a r e  assumed. In  t h i s  case, s ince M(x,y) = N(x,y)r 0, 

Then (3.1.3) reduces t o  Laplace's equation, and thus (31.1~3) becomes 

1 -(+ + h h  
1 'i+l,j + 1 'i2 j+ l  

i i-1 j j-1 h o +  hj-l h 
hi J j 

h e +  hi-l 
1 

For the  same step s izes  i n  which h = h .  = h h = h , = h  
X 1 i-1' y J j-1' 

and i n  the  simpler approach of t he  square net where h = h = h 

it becomes 
X Y  

+i+l, j + 'i j+1 - ' igj + ' i - l y 3  + +i9j-1 = o  (301.5) 

See. 3.2 Boundary Conditions 

From (2.3.4a) and (2.3.4b) "Le boundary conditions on t h e  surface 
of t h e  electrodes and of the  insu la tors  a re  

Owing t o  l i n e a r i t y  and t o  per iodic i ty ,  we put ?,!I = 0 on t h e  l e f t  
insulator  and II/ = I on t h e  r igh t  one, 



A s  f a r  a s  the  surfaces of the  electrodes are  concerned, t h e  boundary 
conditions should be rewr i t ten  i n  the  forward or backward difference approx- 
imation, such t h a t  

on the  lower electrode (3 ,2 . la )  

on the  upper electrode (3.2.lb) 

The conditions of ( 3  2. la)  and (3 2 e l b )  correspond t o  (3.1.3) . .As 
w e  assumed when (3.1.4) was obtained, i n  the  case of a uniform plasma, 
(3.2.1) i s  wr i t ten  as follows, 

on the lower electrode (3.2.2a) 

on the  upper e lectrode (3.2.2b) 

and r e l a t ed  t o  (3.1.5) 



on t h e  upper electrode (3.2.3b) 

See. 3.3 OHMIC Heating 

A s  i n  Chapter 2, Sec.2.2, 
wr i t ten  i n  terms of current stream 

- Jx -- 

J =  
Y 

the  current  densi ty  vector J(J ,J ,O )  w a s  
function 11/ as  X Y  

3 
I n  f i n i t e  difference language, i n  the  cen t r a l  difference method, 

these w i l l  be expressed by 

Thus, t he  ohmic heating defined i n  (1.4.2) as Z2/u a t  t h e  mesh point 
( i , j )  i s  then, proportional t o  qi given by 

, j  

'i, j = L Jx I l2 + [Jy I l2 
i , j  i , j  

(3.3.2) 

Corresponding t o  (3.1.5) and (3.2.3) , qi, becomes, 

where h i s  the  un i t  i n t e r v a l  between adjacent datum points  defined a t  Sec.3.1. 

However, along t h e  electrode surface t h i s  expression must be re-wri t ten 
from the  boundary conditions on it as 

since 
2 

= (1 + B ) Jy2 from (2.3.4a) J 2 = J 2 + J  2 
X Y 

(3.3.4) 

Special  care  must be taken f o r  calculat ions of q along the  insu la tor  surface.  
i , j  



Since + 
w e  obtain 

= 0, using the  f i v e  points  approximation d i f f e ren t i a t ed  (Ref.51), x 

+ A3 +i , j+3 + +i j+4 1 
thus 

(3.3 05) 

where the  coef f ic ien ts  An (n = 0,------ , 4 )  a r e  given i n  t a b l e  of Bickley 
(Ref 31) as 

AO A1 A2 3 A4 A 

lower insulator  -50 96 -72 32 -6 
upper i m u l a t o r  6 -32 72 -96 50 

A t  the  points  where t h e  insulators  and electrodes meet each other ,  
it was empirical y found t o  be d i f f i c u l t  t o  solve e i the r  i n  case of Ohmic 

conditions on t h e  electrode surface a t  those points  and used 
heating or of c ui ren t  density.  I n  t h e  present case,  we ignored the  boundary 

COMMFNTS ON RESULTS 

Using the  IBM-1130, t h e  solutions t o  Eq.(3.1.5) were obtained for 
various values of t h e  Hall  parameter not grea te r  than one. 
was l imited t o  one period of t h e  channel, t h a t  i s ,  a rectangular region 
( y  = 0, y = 2H, x = 0, x = 2L + 21) ( see  Fig.8).  
d i scre t ized  in to  about 40 x 20 mesh points  respect ively i n  t h e  x and y d i -  
rec t ion .  A s  the approach developed, t h e  standard f ive-point  approximation 
( R e f  .22,48) and successive over-relaxation (or extrapolated Liebmann Method) 
f o r  Laplace's equation were used (Refs. 22, 48, 52, 53).  

The calculat ion 

This rectangular region i s  

The d i f f i c u l t y  i n  



finding t h e  converging fac tor  fo r  t h e  over-relaxation method was t en ta t ive ly  
overcome by assuming t h i s  problem as a bounded boundary problem 
the  converging f ac to r  i s  given and the  accuracy of solut ion i s  expressed 
(Refs. 52,53). 
depending on the  number of mesh points  of t h e  problem. I n  t h i s  problem, the  
i t e r a t i o n s  were stopped a f t e r  a t t a in ing  a maximum r e l a t i v e  difference of 
successive calculated values of t he  stream function a t  the same mesh point 
within the  accuracy given by Refs. 52,53. 

i n  which 

Thus, t h e  converging fac tor  was found t o  be between 1.6 and 2, 

It i s  of note t h a t  we excluded the  assumption of a diagonally sym- 
metric current d i s t r ibu t ion  hoping f o r  our procedure t o  be extended l a t e r  t o  
the  case of nonuniform plasma. 
difference of stream function during successive i t e r a t i o n s  a t  the  points ,  
where insu la tors  and electrodes met, showed an osc i l l a t ing  cha rac t e r i s t i c  
of t h i s  numerical procedure. 
when the  Hal l  parameter was not greater  than one, and a diverging amplitude 
otherwise. This convinced us t h a t  t he  numerical i n s t a b i l i t i e s  f o r  t he  Ha= 
parameter greater  than one when using t h e  present successive over-relaxation 
procedure a r i s e  from t h e  discontinuous boundary conditions. Many previous 
workers i n  t h i s  problem have pointed t h i s  out and thus ca l led  these points  
a t  t he  junctions of insu la tors  and electrodes,  pa r t i cu la r ly  the  upper point 
of t he  upstream junctions and t h e  lower point of t h e  downstream junctions 
as sipgular points .  

I n  most cases of t h e  computation t h e  r e l a t i v e  

The osc i l l a t fon  had a converging amplitude 

I n  numerical calculat ion it was observed t h a t  there  was a l so  a kind 
of asymptotic i n s t a b i l i t y  when the  calculat ion went fur ther  toward higher 
precisions; then, a s l i g h t l y  la rger  number of i t e r a t ions  was required fo r  
smaller values of the Hall  parameter, The work of C ,  Lo Surdo (Ref.54) and 
Vataghin e t  a1  (Ref.28) a l so  r e f e r s  t o  t h i s  point .  

The r e s u l t s  (1"$gO9-l2) f o r  current densi ty  d i s t r ibu t ion  show t h a t  
the current tends t o  flow di8gonallg between the p a i r  electrodes.  Conse- 
quently, t he  current i s  concentrated a t  one end on t h e  upstream side of one 
electrode and %t t h e  other end on the  downstream s ide  of t he  other electrode. 
This tendency increases when the  H a 1 1  parameter increases.  The rapid va r i a t ion  
of current density of d i s t r ibu t ion  even at the  electrode (which i s  shork 
c i rcu i t ing  the  e l e c t r i c  f i e l d )  ,is due t o  'chis concentration e f f ec t ,  (Fig.15) 
A t  a Hall  parameter equal t o  0.2, 35% of current leaves or arrives a t  25% of 
the  electrode surface. When t h e  Hal1 parameter increases,  t h i s  concentaation 
a t  the  t a i l  of t h e  lower electrode (md a lso . the  head of the  upper electrode) 
a l so  increases.  (See Fig.15 i n  cases of the  Hall parameter equal t o  0.8 and 
1.0) 0 

I n  f a c t ,  t he  r e s u l t s  from our calculat ions (from Fig.10 t o  Fig.12) 
a re  near ly  iden t i ca l  t o  those of t he  prementioned authors and the  references 
c i t ed  there in  (Refs. 11, 12, 54) and reveal  a diagonally symmetric d i s t r i -  
bution wi'chin the  e r ro r  of calculat ion.  But s t i l l  d i f f i c u l t  problems remain 
i n  applying su i tab le  boundary conditions t o  the  ' s ingular  po in t s ' ,  which 
would, perhaps , keep the  numerical procedures s-table f o r  Hall  parameter 
greater  than one. They would allow u t i l i z a t i o n  of t h i s  method i n  cases of 
nonuniform plasma with a boundary layer ,  with a flowing current on the  wal l  
or with a leakage current  flowing through t h e  insu la tor  surface. 

+ J a t  each 2 To compute the  Ohmic heating, we calculated J - 
- Jx Y 



mesh point which i s  proportional t o  the  joulean d iss ipa t ion  energy. 
reference value of 52 was chosen, namely, t h e  value a t  t h e  center of t h e  
defined geometry, located midway between the  pa i r  of e lectrodes,  Then a l l  
other calculated values were divided by t h e  reference value such t h a t  each 
value indicated a t  each contour of Fig. (13,14) denotes the  r a t i o  of j2 of 
t h a t  curve t o  j2 a t  the center .  
the  current i s  concentrated, a higher proport ional i ty  of joulean heating can 
be shown, s t i l l  with a diagonally symmetric d i s t r ibu t ion .  

A 

Consequenaly, around singular points  where 

With these r e s u l t s ,  we can ca lcu la te  the electron temperature dis-  
t r i bu t ion  i n  the  channel with the  a id  of the  energy balance equation s o  as  
t o  give the  s p a t i a l  d i s t r ibu t ions  of the  other plasma quant i t ies  f o r  the  next 
approximation. However, we assume uniform plasma flow i n  the  f i rs t  approxi- 
mat i on 

CONCLUSIONS 

We have assumed t h a t  plasma i s  i s a  steady state a t  any point of 
space and 

1) me/ms 

e 
2 )  p , excess charge, cont r i  ut ions t o  momentum equation i s  negl igible .  

3) ne A n 
space .l’Thus t h e  e l e c t r i c a l  force between charged p w t i c l e s  i s  stronger 
than the  d i f fus ion  force even i n  the  presence of t he  magnetic f i e l d .  

1/2000 i s  negl igible ,  where subscript  s denotes heavy pa r t i c l e s .  

7 
e l e c t r i c a l  neu t r a l i t y  i s  assumed t o  be va l id  a t  any point i n  

= = vs t h a t  i s ,  = 0, s o  t h a t  5 = 3 =-; 4) r l I  n’ 1 e 

5 )  Ifel / P i s  assumed t o  be negl igible .  

6) The electron-electron momentum t ransfer  cross sect ion i s  not taken i n t o  

e 

account 

7) The ion-atom momentum t r ans fe r  cross sect ions a re  not taken in to  account. 

8) Ion-electroq cross sect ion i s  based on the  f i r s t  approximation conside- 
r a t ion  of coulomb force l a w .  Thus higher order co l l i s iona l  cross 
sections are  not considered. 

9) Higher order momentum t r ans fe r  co l l i s ion  in tegra ls  a r e  assumed t o  be 
constants based on hard sphere models of heavy p a r t i c l e s ,  

10) Ehergy loss  fac tor  i s  a l s o  assumed t o  be constant.  

11) Radiation energy l o s s  or i n e l a s t i c  co l l i s ion  e f f e c t s  a re  not taken 
in to  consider a t ion  

12)  For the  energy balance equation, w e  completely neglect a l l  t h e  terms 
except joulean d iss ipa t ion  energy i n  the  l e f t  hand s ide  of t h i s  equa- 
t i on  

All these assumptions are  thus acceptable when t h e  plasma i s  
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a subsonic flow of t h e  gas with temperature between 1500°K and 4000°K, with 
t o t a l  pressure near 1 a t m ,  and with seeding r a t i o  between 0.001 and 0.1 
Nevertheless, several  s tudies  have been car r ied  out  i n  the  references c i t e d  
i n  an e f f o r t  t o  exclude a couple of t he  above assumptions. There are more 
accurate calculat ions of various kinds of co l l i s ion  cross sect ions,  an em- 
phasis on t h e  ion-concentration, pa r t i cu la r ly  i n  t h e  presence of a strong 
magnetic or e l e c t r i c  f i e l d ,  or on ambipolar diffusion consideration. Else- 
where, they have analyzed energy loss procedures i n  d e t a i l  t o  revea l  t h e  
e f f ec t ive  energy lo s s  f ac to r  (Refs. 33, 46, 27). So complex'; do t h e  deter-  
minatioqa of plasma propert ies  become i n  order t o  have a complete answer t h a t  
the r e s u l t s  or iginat ing from simplif icat ions of t h e  d i s t r ibu t ion  function 
and Maxwell equation a re  d i f f e ren t  from each other i n  t h e i r  forms. However, 
t h e  values calculated from them a re  almost i den t i ca l  t o  each other under such 
conditions as we have used. 

To make room f o r  these plasma propert ies  i n  the  channel problem, 
fur ther  s implif icat ions of expressions or approximate approaches t o  both of 
them have been inevi tab le .  It i s  because e i the r  of mathematical d i f f i c u l t i e s  
or of physical phenomena. A s  a matter of f a c t ,  t oo  many independent parameters 
have been in$roduced. An example of t he  former problem i s  the  inhomogeneity 
of t he  current  governing equation, pa r t i cu la r ly  i n  the  case of t h e  3-dimen- 
s ional  channel as it i s  i n  r e a l i t y .  

The coupling of terms of Maxwell's equation and the  k ine t i c  equations 
would be simple examples of t h i s .  A sharp increase of nuaber densi ty  fo r  
e lectron temperature which might br ing on the  i n s t a b i l i t y  problem represents 
the l a t t e r  example of p9ysical  phenomena qui te  well. 
conditions when bcundary layers  a re  developed makes the  problem more sophis- 
t i ca ted .  Thus, rearranging the  whole problem i n  terms of fundamental plasma 
parameters (even fo r  current  governing equation) has been studied f o r  t he  
purpose of resolving these d i f f i c u l t i e s .  Furthermore, re laxat ion e f f ec t s  
require  more proper experimental and theo re t i ca l  research i n  r e a l  plasma 
flows. 

To f ind  proper boundary 

B u t  the  problem confron'ced i s  not overwhelming. It i s  more or less 
soluble e 

2 7 ) .  
But we can not ice  in\most  cases t h a t  they prevent us from eas i ly  introducing 
plasma nonuniformities t o  a r e a l i s t i c  f l o w  because of t h e i r  r e s t r i c t i o n s .  
This i s  the  case fo r  the  mapping method, i n  s p i t e  of neat ana ly t ica l  solut ions 
of current d i s t r ibu t ion  i n  uniform plasma. This i s  a l so  t rue  i n  the  case of  
modelling t h e  conductivity, which i s  r e s t r i c t e d  t o  a p r i o r i  formulation. 
While having d i f f i c u l t i e s  near s ingular  points ,  a s e r i e s  expansion method 
seems t o  overcome these problems ;"o some extent.  
sion parameters (s) has been argued from the  physical point of view i n  t h i s  
case. Replacing the  current  or po ten t i a l  d i s t r ibu t ion  by a c i r c u i t  problem 
has been suggested (Ref.56). 
procedures by using f a s t  d i g i t a l  computer have been supported by a s e r i e s  of 
authors (10,11,12,48,54). The choice of plasma parameter t o  make r e l a t ions  
between the  parameters i s  thus an important point t o  be argued. Discussion 
could a r i s e  as  t o  whether or not t h i s  i t e r a t i o n  procedure i s  stable so as t o  
reveal a s a t i s f ac to ry  r e s u l t  as i t s  l i m i t  within t h e  desirable  precis ion.  
This point,  however, i s  r e a l l y  beyond t h e  scope of t h e  present paper. 
Several subsidiary problems should be studied i n  more d e t a i l  before arr iving 

Mapping method and modelling t h e  conductivity have been used. ( R e f .  
A s e r i e s  expansion method has a l so  been studied f o r  p a r t i a l  analysis .  

Choosing fundamental expan- 

On the  other hand, some advantages of i t e r a t i o n  



a t  a f i n a l  overa l l  solution. Nonetheless, i n  this paper a combination of 
Maxwell equations and hydrodynamic equations a re  iden t i f i ed  as a current 
governing equation i n  order t h a t  one addi t ional  macroscopic var iable ,  e lectron 
temperature p r o f i l e  may be solved. By connecting t h i s  with previous chapters,  
t h i s  would describe then the  plasma propert ies  of t he  channel with nonequili- 
brium ionizat ion which i s  connected with non-uniformity of plasma. 

ke  we mentioned e a r l i e r ,  it i s ,  of courses an especial ly  simple case 
tha t  plasma flow i s  ' i dea l '  and end e f f ec t s  and heat flow between plasma 
and surroundings a re  neglected. I n  t h e  case of an ' i d e a l '  plasma the  non- 
equilibrium e f fec t  manifests i t s e l f  only i n  the  electron temperature p ro f i l e .  
The l a t t e r  p a r t  of t h i s  paper thus has been prepared with the  a i m  of formulating 
it. Subsidiary c i r c u i t r y  propert ies  of t he  MHD channel can be obtained as we 
showed them i n  Chapter 2 .  
t i o n a l  contributions due t o  non-equipartition electron heating reveal  the  
i n i t i a l  f i r s t  i t e r a t i o n  as t h e  electron temperature p ro f i l e s .  The current 
d i s t r ibu t ion  of t h i s  case involves a l l  t he  cha rac t e r i s t i c s  of uniform plasma 
which have been pointed out elsewhere. 
points ,  these r e s u l t s  are even good a t  forecast ing what t he  nonuniform plasma 
w i l l  become i n  MHD channel. We have not even assumed what the  first approxi- 
mation of e lectron temperature d i s t r ibu t ion  would be but  calculated it dir-  
e c t l y  from t h e  equations. To proceed fur ther  toward more precise  calculat ing 
of t he  nonuniform plasma, nevertheless,  t h e  p a r a l l e l  approach l i e s  i n  deter-  
mining the  co l l i s iona l  propert ies  of a gas such as  a seeded mixture b e t t e r  
and i n  overcoming the  numerical i n s t a b i l i t i e s  confronted when we use extra- 
polated Liebmann Method f o r  la rge  Hall parameter, 

Calculations on the  uniform plasma without var ia-  

Despite uncertaint ies  near singular 

In  preparing t h i s  paper we have drawn f r ee ly  on. t h e  published papers 
of many authors, and whenever possible,  we have indicated the  references used. 
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Physical Constants and Conversion Table 

Physical Constants 

k = 1.38042 x Joules/OK 

. = 8.6164 x eV/OK 

h =:= 6.6252 x 10 -34 Joules sec 

4?~ = h/2~ = 1.05443 x 10 -34 

= 6.5817 x 10 

Joules.sec 

eV sec - 16 

R ( G a s  Constant) = 8.3149 x lo3 Joules/Kg.moleOK 

2 
1 ATM = 1.013246 x lo5 Newtons/m 

e = 1.60199 x Coulomb 

m = 9.1085 x Kg e 

e/m, = 1.75936 Coulomb/Kg 

ao(Bohr Radius) = 5.29172 x Meter 

Conversion Table 

2 1/2 
1 Coulomb = 3 x lo9/* 

1 Sec = 9 x 109 

1 Weber = 1 Volt.sec 

(Newton m ) 

0hm.meter 

1 Weber/meter 2 = l / 3  x 10 -9/2 (Kg/m 3 ) 1/2 

1 eV = 1;60207 x Joules 

Mass Calculations 

Potassium ( Z  19, A 39.100, N20) 

19 x 1.67239 x + 20 x 1.67470 x + 22-31  lo-29(Q) 
% =  

Argon ( Z  18, A 39.944, l! 22) 

m = 18 x 1-67239 x + 22 x lL.6747O x + % x 10-29(Kg) a 



Ion of Potassium 

22.31 10-29 19 x 1.67239 x + 20 x 1.67470 x + " s=  
-9.1083 x (Kg) 

1 Argon Ionizatioh Po ten t i a l  ( S ) 

E = 15.755 eV 

0 

iA 
2 

Potassium Ionization Po ten t i a l  ( 

E = 4.339 eV iK 

Part  i t i o n  Functions 

for Argon zA = i 

~ + = 6  A 

f o r  Potassium 

Zk = 2 

z + = 1  k 

f o r  e lec t ron  
ze = 2 

Eiatio of spec i f i c  heat  f o r  aagon 

y = 1.67 



APPENDIX A: 

Derivation of Species Mass Conservation Equation (See Section 1.1) 

a at (nsms) + V- ( n  m < ;;J >) = m 
S r s s  S 

w 

S i n c e p  = n m  < w  > =  7 andR i s  defined as 
S s s  S S s 

t h i s  becomes 

4- - . ( ps 7 ) = R (O) at r S S 





APPE31JDIX B: 

Derivation of Species Momentum Equation ( see  Section 1.1) i n  i -d i rec t ion .  

- a (nsms <ws >) + Vg. ( n  m < W w >) - qS nsms[E. (v; ws ) 
s s  i S i s s  i a t  

Thus f o r  t h e  a l l  d i rec t ions  of ve loc i ty  space, 

(1) 
(n  m < w  >) + v;. (n  m <W W > - q n [ R  + <ws > x B ]  = Rs a 

at s s  s s s  s s  s s  

I -  \ 
That i s ,  

- 
Fromthe def in i t ion  of a pecul iar  ve loc i ty  F s  = Ws - .$ 
of species < > = Ts, 

and t h e  diffusion veloci ty  d 
S 

at a (psTs) + v;. [ p,(V Ts + TsV)] + V-$.(p, 3 7 )  + v; (p, < “Es’ ) 

- q n  [ & + T S x B ]  = R s  (1) 
s s  

Or, by defining the  p a r t i a l  pressure tensor ? as p, < cscs> , 
S 

- a (I, 3 ) + V;.[ps(V Ts + Ts V)] + v;. fips i V) + vg Ps at s s  

where &+ = i3 + 
t h e  gas 

x i s  then the  induced e l e c t r i c  f i e l d  i n  t h e  moving frame of 

B1 





APPENDIX C: 

Verivation of Species Energy Equation ( see  Section 1.1) 

2 < @  S > = < ~ i > + $ m  S 
S < w s >  

= < cis> + $ ms <(V + C S ).(? + C S )> 

= < ~ i > + $ m  < v > + $ m < c > + $ m  s s  S ;.<E> 2 
-2 2 

S S 

+ $ m < c  > V  
S S 

= < E i  S > + s m  S v 2 + s m  S < c  % + m  S 
S +.vS 

Considering the  random t r ans l a t iona l  energy 1/2 (ms <C: >)equal t o  3kTs/2, t h i s  
becomes 

< @  > =  < € i > + $ m  v 2 + m  ; . T S + ~  3 kTs 
S S S S 

2 < W @ > = < W  E i  > + $ m  < W  w > 
s s  s s  S s s  

where, 

< i r ~ i > =  < ( G + e ) ~ i  > 
s s  S S 

=-; < ,V e i  > + < C E i  > 

= V < E ~  >+I7 < € i s >  
S s s  

S S 

< w w2 > = < { ( V + C s ) .  (7 + E , ) ]  ws> 
s s  

2 - -  2 "  
= <(v + V . C  + C . V + C ) W  > 

S S s s  
2 2 

= < (V + G@) (v + ? . E s  + C s .  V + c s )  > 
2 2 2 

= < \? v + V(V. C s )  + ? ( E s .  V) + ;.(e,) + c s  v 
+ C S ( k  C s )  + C s  (Cs.V) + C s  c s  2 > 

-2 2 = V v 2 + V < c  > + 2 ? ( V . < C > ) + v < C > + < C  c 2 >  
S S S s s  

+ 2 <Cs ( E s .  V) > 

C s  (",. V)> 

-2 2 = v v 2  + i i <  c > +  2 3  k T s )  + v  vs KC c 2 >  
S s s  

+ 2 < 

c1  



2 - -2 Thus L 

< w ~ Q ~ >  = ~ < E i > + i j  S S < E i  S > + s m  S [ ~ v + v < c  S > + v 2 v  S 

3 2 -  
vS 

= ; < ~ i  > + v ”  < ~ i  > + C & m  v 2 + - k T  ] c + $ m  v 
S S S S 2 s  S 

+ s m, S < ~ ~ c :  > + ms[+ (vs0+) + < cS(csa 3 

= V [’ ms v2 + - 3 kTs + < €is > ] 
2 

+ [ m < cSc2 > +  Y <  cis > 1 

+ $ m  v vS 

S S 

2 =  + m  G ( V ” . V ) + m  ; < ; E >  
S S S S s s  

- - ? [ $ m s v 2 + - k T  3 + < ~ i  > ]  2 s  S 

L -  
% + -  n 

S 

- 1 - -  + m V ( fso;) + - v. Ps + $ r n v 2 v s  S n S 

where the  flu of pecuhiar energy, t h a t  i s ,  t he  heat f l ux  energy 4 
by ks = n 
t o  be $ m <Cs> + <E 

i s  defined 
[$  ms <es e s  > + < E .  >] remerribering t h e  peculiar egergy defined 

S S 1s 
> 

S is 

-2 
W,’ s s  

m -2 
2 S 

= < v -  ( €is + $ - m  w )> 

_ -  - <VW w > 

= m  < W  > 
S S 

- 
= m  v s s  

And 

< ( W s x B )  a v G q S > =  m < ( G s x B )  W > =  o 
S S 

Then the  desired species energy equation becomes 

c2 



V-. [n m v (vS.V) 3 + vi (G. Fs) - E ( q  n + = R~ ( 2 )  r s s  s s s  

where R (‘I i s  defined by 
S 





APPENDIX D: 

Derivation of Equation (2.2.1) 

5 + x ( 5  x B) 1- From ‘ 
= - 

0- 

1 5 
vxii: = vx(-$+vx (x(5x8)} 

1 1 
= v(;)x3+- cr vxS+(vx)x(5xB)+x[ 

(I? . 0) 5 - E (v  .5) - ( 5  .v) 5 + 5 (V.E)]  

Since”Y7.B = 0 and 0.5 = 0 i n  steady s t a t e  

1 1 v x El = v ( 0 ) x 5 + - (J (vx 5 )  + (ox) x ( 3  x B)  + x [ 

( E x )  3 - (5.0) B ] 

D1 





APPENDIX E: 

Derivation of Eq. (2.2.2) 

2 
V I +  k o e  

m 2 * 2  e 1 + w  -r 
e = - -  

e e  

v e 3  o e  ( = - -  ek 

m e 

Since V. 5 = 0 andW x E = 0, when we only consider the steady s t a t e  case. 
- V x (ii x B )  = (8.0) u - 8 (V. ii) - ( ii.0 ) a 

V x (a V Te) = ( V a) x (V Te) 

V x(e m e x  B )  = ( v  e)x ( me x G) + E[-E ($T e ) + (8.0) V Te 

- (V Te. 0) ] 

Vx [ f  (me x B )  x 51 = (Vox [ ( V  T e x 9) x 51 + 5 [gf a e ( V x  a ) }  

+ (s.V)(FTe x B)  - { (V Te x B )  .V } B ] 

Thus 

El 



V x E' = (BOB) u - E ( V i ) - ( G . 0 )  B + V (k) x (we) 

+ (V  a)x(V Te)-(V5) x (V Tex B) - 5  [ - B(& ) 
e 

+ (B,V)V T - (V Te0V) E ]  + ( V ~ ; ) X  [(V T e e x B )  x B ]  

A va r i a t ion  of applied f i e l d  B with eo-ordinates i s  assumed not t o  be per- 
mitted. Then, 

E2 



APPEXDIX F: 

Derivation of Eq.  (2.2.2) 

?i = ( U  u 0) , = (0, 0, B )  x' y9 

a ( 8 . V )  u = B u = 0 s ince u = (x ,y) .  

f i a  r a  
(05) x ( V T e x B )  = ( 1 7 5  ) x [ i ?e B - J $  B ]  

(V Te)  
A a z 5. ( 8.  0) V Te = k B 5 

F1 



and automatically, t h e  following conditions should be s a t i s f i e d  when w e  
neglect t he  ion  s l i p  e f f ec t  and the  Variation of magnetic f i e ld ,  

a2r e ( 2 )  + B2( = o  

But i f  the  var ia t ion  of the  plasma quant i t ies  i n  the z di rec t ion  are  negl igible  
compared t o  the  var ia t ion  of the  plasma quant i t ies  i n  t h e  x-y plane, then we 
can ignore products of der ivat ives  such as (a/az) 
comparison with products such as (a/ax) ( y a y ) ,  

y) or (d/az) (a/ax)  i n  
o r  (&/ay2) 

Consequently, D x z p  i s  aligned with t h e  z-direction and 

F2 



APPENDIX G: 

Derivation of Current Governing Equation (see Eq. 2.2.3) 

From Eq. (2.2.1) 

0 x El = 0($) x 5 + $( 0x 5 )  i- (0x) x ( 5  x 8 )  + x (5.0 ) 5 - x (3.0 ) 5 

+ 1 

G 1  





APPENDIX H: 

Discret izat ion of t he  Current Governing Equation. 

The derivations occuring i n  Sec.3.1 can be replaced by the  f i n i t e  cen t r a l  
difference a s  follows, 

Then , 

- 
1 q i , j  q i - l , j  

x - x  i i-1 

Thus i f  we l e t  Q(x,y> = 1, then 

and l e t t i n g  Q(x,y) = M(x,y) and then Q( x,y) = N (x,y) ,  i n  t u rn  we obtain 

Therefore the given equation f o r  stream function can be rewri t ten as 

H1 



Thus 

0 

H2 



 NUMBER^ CONDITIONS 
I STAGNATION STAGNATION MACH No. STATIC GAS SEEDING RATIO 

IMENSION- IMENSION- 

0.001 

0 .  004 

, TAB. 2 

LEGENDS 

d 

ELECTRON NUMBER DENSITY ( N o / d  
ELECTRON TEMPERATURE ( OK ) 
GAS STATIC TEMPERATURE ( ‘K ) 
SEEDING RATIO O F  POTASSIUM ( DIMENSIONLESS ) 
GAS STAGNATION PRESSURE ( ATM) 
CONDUCTIVITY ( MHO/M 
HALL COEFFICIENT ( M  /MHO-WEBER ) 
HALL PARAMETER (DIMENSIONLESS ) 

CURRENT STREAM FUNCTION ( AMPS/M ) 
NUMBER O F  ITERATIONS REQUIRED T O  COMPUTE T O  G E T  
T H E  DESIRABLE E, 
MAXIMUM. DIFFERENCE OF THE CALCULATED VALUES AT 
T H E  SAME POINT BETWEEN ITERATIONS WHEN THE COMPU- 

CURRENT DENSITY ( A M P S / ~  ) 



E L E C T R O N  TEMe'K I 

Fig .  1 Elec t ron  Number Density Against E lec t ron  Tempera tu re  
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Fig .  2 Conductivity Calculat ions in t e r m s  of Elec t ron  T e m p e r a t u r e  
a )  0 ; Calculat ions Based on the 2nd Approximation 
b )  00 ; Calculat ions Based on the Conventional Definition 



Fig .  3 Conductivity Calculat ions in t e r m s  of E lec t ron  Tempera tu re  
a )  g ; Calculat ions Based  on the 2nd Approximation 
b )  b o  ; Calculations Based  on the Conventional Definition 
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F ig .  15 C u r r e n t  Distr ibut ion Along the E lec t rode  Surface 


