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SUMMARY

In order to determine the current distributions in MHD channels in non-
uniform plasma flow, the electrical conductivity and the Hall parameter are
formulated in the form of the 'so-called' second approximation.

A successive 1teration procedure is chosen, by which the electron
temperature calculated during successive iterations provides the new spatial
distribution of plasma parameters at this step of the iteration. The num-
erical solutions to the current and electron femperature distributions for
uniform conductivity and Hall parameter less than one show diagonally symme-
tric patterns in a Faraday type channel. In fact, this result can be used
as a first iteration for the solution of non-uniform plasmsa.
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NOTATION

Speed of sound (meter/sec)

Integrals defined in Ref. (1)

Coefficients defined by and given by Bickley (Ref.51)
Magnetic intensity vector (Weber/m?)

Random thermal velocity of s-species defined by
Cs = W - v (meter/sec)

Electric field with respect to laboratory (volts/meter)
Effective electric field (see Eg. 1.3.13)(volts/meter)

Electric field in co- ordlnages moving with mass average
gas velocity and given by E E + V x B (volts/meter)

Distribution function of s-species in velocity-spatial
space

Force on a particle (Newton)

Relative velocity between & - and p - species, defined
by gaB = Wd - W (meter/sec)

Plank's constant (Joules.sec), half of height of channel
(meter), unit interval between adjacent datum points in
the charmel (meter)

Defined in Chapter 3 (meter)

Relative heat flux vector, related to q with h = q - % V
(Joules/mesec)

Total current (amps)

Conductm@n)current vector defined by J = % nquVS
(amps/m

Electric current density vector defined by J = £ n q v
. 2 s 878 s
(amps/m=)

Boltzmann's constant (joules/OK)
Half of insulator length (meter)
Half of electrode length {meter)

See Egquation (2.2.4a)



Mach number (dimensionless)

Mass of s-particle (Kg)

Number density of s-species (l/m3)

See Equation (2.2.46)

Hydrostatic pressure (Newton/m2)
Pressure tensor (Newton/m?)

See Equation (2.2.4C)

Electric charge of s-species (Coulomb)
Heat Flux vector (Joules/m?,sec)

Value relating to Ohmlc heatlng at the point (X ,y )
(see Sec.3.3) (CoulombZ/m?)

Collisional cross section between G- and P~ species

(u2)

Spatial radius vector (meter)

Collisional integral for s-species

Mass transfer collisional integral (Kg/m3.sec)

(1)y

Momentum transfer collisional integral (R
(Newton/m3)

Energy transfer collisional integral (Joules/m3,sec)
Resistance of loading circuit for "o

Resistance of internal plasma for "i'" (ohm)

Seeding ratio of s-species (dimensionless)

Time (second)

Temperature (OK)

The average velocity of the s-species defined by
vS = < W > (meter/sec)

Mass average mean velocity in references to the laboratory
given by v = l % PV (meter/sec)

Diffusion or drift velocity of s- species, given by
VS = VS - v (equal to < c> in Ref.27) (meter/sec)
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GREEK SYMBOLS

a

(0
s

Particle velocity of s-species in references to laboratory
(meter/sec)

Number of charges on a particle (dimensionless)
The ground state degeneracies of s-species

- partition function

- Statistical weight

- sum-over-states defined by Z_ = (2LS+ l)(ESS+ 1)

See Appendix E
Degree of ionization of s-species (dimensionless)
Hall parameter (dimensioqless)

Ratio of specific heats

Defined as 7 ms/kTS (sec2/m?)

Defined as Tap = 7o 78/( 7ot 73) (dimensionless)
Energy loss factor of s-species (dimensionless)
Ionization energy (eV)

Internal energy of s-species (Joules)

Total energy of s-species (Joules)

See Appendix E

Ratio of Debye length to the average impact parameter
(see Sec.1.6) (dimensionless)

Debye length (meter)

The reduced mass defined by Mop = mamB/(ma+ mB)
Collision frequency between ¢ and B species (sec-l)
See Appendix E

Stress tensor (Newton/m?)

Excess charge density (Coulomb/ms)

Mass density (Kg/ms)
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Scalar electrical conductivity (mho/meter)
Collision time between o and B species (sec)
Hall coefficient (mS/mho, Weber)

Current stream function (Amps/m)

Cyclotron frequency (1/sec)

Weighted collision cross section integral between
o and B species (Ref.l)
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INTRODUCTTION

A nunber of authors (Ref.1-9) have described the non-uniform conduc-
tivity problem. This non-uniformity is thought to be due to the multitempera-
ture plasma model of a partially ionized steady state gas with the Hall effect
and applied field effects. Thus these effects on MHD channels have been stud-
led. For given initial conditions of specific geonmetry channel, a sequence of
effects results, including reducing the output current expected, increasing the
internal resistance, short-circuiting problem or likely a stability problem
(Ref.11-23). This paper has been prepared with the purpose of bringing the
non-uniform properties into the channel problem in connection with the pract-
ical choices of design parameters (electron cyclotron frequency, gas temperature,
pressure or loading factor).

The present calculation permits heat flux in the momentum transfer
equation to intensify the local heating due to joulean heating which may cause
higher electrical conduction (Ref.24). An approximation is used under which
the electron-atom or -ion mass ratio is negligible and the diffusion velocities
of heavy particles are equal to zero. The results for the electrical conduc-
tivity and the Hall parameter are almost the same in the form as developed by
Demetriades and Zhdanov (Ref.2,3) when the ion concentration was neglected.
The plasma parameters (coaductivity, the Hall parameter, electron density and
the collision cross sections) are thus obtained in terms of electron tempera-
ture. They are essential to describe the non-uniform plasma due to non-equi-
partition ionization or nonegquilibrium electron heating.

If no plasma parameter gradients in the duct are assumed as we will
do for the calculation of current distribution, the interaction between current
flow and plasma parameter variations involving the velocity variation cannot
arise. Contrary to these assumptions, then, the gas must be compressible such
that the current flow causes plasma parameter variations which in tuwrn alter
the current distribution. Apparently, an MHD problem such as this can be
gsolved only by considering a set of consistent plasma parameters and current
distribution eguations. Herein, there are a couple of approximation methods
to get a satisfactory answer based on the pre-mentioned detailed physical
phenomena. A few authors have identified a reasonably simple approximation
procedure with the aim of simplifying the problems without losing apparent
significances. Iterative procedures to the solution of the current distribu-
tion in two-dimensional MHD channels with finite electrode segmentation are
thus suggested (Ref.25). In order to solve more clearly the current distri-
bution itself, the simpler case is sclved wherein the uniform Hall parameter
and conductivity are assumed. The trapolated Liebmann method for Laplace
equation is used. However, the calculations are restricted to values of Hall
parameter subjected to the condition under which the numerical solution for
the current distribution converges over the channel, that is, Hall parameter
less than or equal to one. This condition does not seem to be followed from
the physical critical value of Hall parameter which brings on the stability
problem in non-uniform conduction. But the remainder of the problem which
involves formulating the iterative computation of successive states to account
for the non-uniform Joulean heating is left to be analyzed. What we obtain
for current and electron distribution in this paper is suggested to be used
for a first iteration results.



Chapter 1. Basic MHD Equations

Sec. 1.1 Species Eguations

From the considerations of Maxwell conservation equation and apply-
ing it to each species to obtain energy and momentum equations, species equa-
tions desired to describe the plasma can be obtained. To begin with, there are
the Boltzmann equation for each species in terms of particle velocity to get
the transfer equation. Let us use the Boltzmann egquation without any arguments
of the force law whether the collision can be treated as binary or not,

afS+WVf+F-|—-Vf—af (1.1.1)
3t s° 'r s m  'w s \Uot o T

where (O0f/dt), represents the rate of change of the velocity distribution
function of the particles in question due to collisions with all other parti-
cles. The force law per unit mass on a charged particle in the magnetic field
will be given by
dq _ _ _

= — (E+W_xB)

m s

s 5

when E is independent of the particle actual velocity. ¢ (WS) is assumed to be
the each-species velocity dependent quantity. Multlplylng (1.1.1) by
0) (W ) and integrating it over the velocity space, we obtain so-called 'the
equation of change',

a ( q'S -

St (B <p, > ) + V-(n < W o >) - = o [EB.< V- ¢ >+

< (WXB) V- ® > ] f <af> (1.1.2)

where < = denotes the integration operator over the velocity space.

B [

Using (1.1.2), the equations for species mass, momentum and energy
conservation can now be derived by letting ¢ equal m , m Wé. (component of
velo¢ity in i-coordinate) € in turn. Then as the results,

op

WS + Vo (p ¥ ) =R (o) (1.1.3)

s s s
(see Appendix A)

& (o, T ) + Ve . [p (FT +T )]+ Vs (o F7)+V: T

s 8 s

- an [Ex + V x B] = (l) (see Appendix B) (1.1.4)

and
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nmT(¥. 7))+ Va(3.5)- E (e07) - RS(2> (1.1.5)

where<e, > represents the integration of the internal energy of s-species
over th& velocity space, (see Appendix C).

Sec.l.2 Over-All Species Equations

Since the total mass must be conserved, the sum of the mass transfer
collision integral RS O) should be zero. Thus if we sum the mass equations of
all components of species, we obtain

% +V- . (p7) =0 (1.2.1)

where 0 1s the total mass density defined as p = % P

To obtain the over-all momentum equation, the plasma is assumed to
be quasineutral, that is, q = % Q. = 0. (This assumption is generally wvalid

since in the most cases of practical interest in MHD problems, the characteristic
length of plasma is generally greater than the Debye length. Thus, at any

point of space, the force to bind the charged particles together is high enough
to make the plasma qua81neutral Ref.26). The sum of the momentum transfer
collision integral R is zero since the net change in momentum for all
particles due to collisions is zero when only the elastic collisions are con-
sidered. That is, conservation of momentum during collisions. Here,the

conduction current j is defined from a kinetic point of view as j = Z q.n SVS

in terms of the mean velocity or diffusion velocity. By using the defln tion
of the total pressure P = Z P o2 the overall momentum equation will be

(%]
>
os]

%(pa+v;m%%+$):p T+

e | . < as
where p 1is the excess net electron charge density due to deviation from the
charge neutrality. This equation can be re-written by using over-all mass
conservation equation as,

e

v, V- P = p- E*x +

5t = x B (1.2.2)

[N ]

when we can neglect the body force p E and the current flow due to P v3

o] E* is neglected and it is obvious that the total electric current J then is
equal to the conduction current, J =73. This is the case of most practical
interest as we prementioned (Ref 27).



It should be noted that this over-all momentum equation is not
§ufficient to describe thezmotion of plasma until the total conduction current
J and the pressure tensor P are described elsewhere. Although it forces us to
use the energy equation, this involves adding an energy term only to be given
by the next higher moment equation. To make a closed set of equations, alter-
nate procedures seem to be required along with some additional assumptions.
Ohm's law will be introduced, so that naturally only both the species and
over-all momentum equations would be used to obtain j related to any of the
other variables. In fact, 3 frequently is used instead of ﬁe due to the small
mass of electron during this procedure (see Chapter 1, Sec.l.3). However,
unfortunately, Ohm's law turums out to involve the heat flux terms described
only by considering higher order momentum terms. In the next section this
argument is resolved by using a closed set of equations obtalined by different
methods but proved to be identical to each other for a weakly ionized gas. One
of the procedures is inverting a large matrix for a gas mixture and the other
is the successive approximation method.

Before finishing this section, it should be pointed out that in any
of the cases to obtain Ohm's law, one more variable, electron temperature,
should be given elsewhere to make the set of equations complete. Only for this
purpose will the energy equation be introduced. One more factor to be mentioned
is due to the inelastic collisions that occur between molecules with intermnal
degrees of freedom. Because, clearly, mass and momentum should be conserved
even in this case, although kinetic energy is no longer conserved, the equa-
tions (1.2.1) and (1.222) would not bé changed.

Section 1.3 Ohm's Law for a Mixture Gas

It has been noted that in dériving Ohm's law, from the equation of
motion is the basic starting point. The equation (1.1.4) is

5 s - : = ¥ 5 -
3T < by Vg >~+ Vo - [ps(v Vo + Vg v) ]+ V-

o: s . ¢ oes1og @
<psvv>+V5°PS-qsﬂS[E*+V x B] =R

This will be rewritten as follows,

<1

) v a L= . - == ==
°s Bt T §E<sts>+vf° [Qs(vvs+vs ) ]

+ V- . P -gqn [Bx +V_x3B] =R (1)
r° s Ts's s s

By separating the pressure tensor ﬁr into a diagonal part PSI where I is the
unit tensor, and an off-diagonal part, that is, a viscous part, T4 the above
equation becomes



B’G‘ = , = - e = -
bs E+VE'PS+VE'TS+at (QSVS)+VE° [E)S(VVS-FVSV)]

IO/

o, [B+7 x5]= &) (1.3.1)

Now it is generally valid in all but cases of extreme nonuniform

Yhat_the gradient of the viscous part Sf the partial pressure tensors,
V=, T, can be neglected comparing to the gradient of hydrostatic pressure

- Pgé In fact, for a ¢ollision dominafted plasma, i{ is generally the case
#hatVe/Ve << 1 and similarly [r_ |/p, << 1 (Ref.l), so that the gradient of
T, Can be neglected. As well, in all but cases of extreme nonuniformaties, we
can assume that the macroscopic parameters of the plasma change only slightly
within distances of the order of the mean free path and during times of the
order of the collision times in the plasma. Then, we can neglect (p V_) o/0t
and the contributions of the diffusion of Vp (§.v V_) and_ V- (f VSYSZSto the
momentum. Under this condition, the pressure d8findd as P' £ 6 S< 6{6'>s where
C‘S =W - Vg (Refo27), is identical to P . As a matter of fac%, the conditions
for the electron-fluid to be collision daminated (this is just the present case)
are

v b 1, vt/ o«
ece o e ee

where T,,L are the characteristic values for macroscopic change, (in Ref.28,
v, V;e / L ~ 0.0l to 0.02 ). Some results (Ref.8) show that even the ioni-
zayion relaxaetion time and length of the plasma are respectively orders of
100 psec and 1 cm in most cases of practical interest compared with the colli-
siontime of the order of 10-2 sec. and mean free path of order of 10~5 cm.

Consequently, the equation (1.3.1) becomes

Dv

e T w5 1og @
Ps 5Tt V2 P - a.ng [Ex + V.xB ]= R (1.3.2)

and the equation (1.2.2) is rewritten as;

DY
e Dt

+VP = p @ +3xB (1.3.3)

Eliminating Ov/Dt from (1.3.2) and (1.3.3), we obtain the following
algebraic system

o b _
(VPS-E-S{\VP)JP(@Epe-anS)E*

: g
: = "s 5 = _ = (1)
- B ﬁs XxB + T JxB= RS

Lf we neglect the excess charge pe (same as the plasma is assumed to be
electrically neutral),
' P (1)

p poarcd - d
"TEE VP)-qEanB+-3-=—ij=RS (1.3.4)



In the first approximation of collision integral ﬁs(l), the magnitude of the 1m~
pulse transmitted by collisions between particles of the s-kind with those of
other components is taken to be proportional_t? ghe respective differences of
the macroscopic component velocities. Then Ry 1) is

- (1) B = =
Rg = o+ m sr ( Vr - Vs)
- s T

Inserting Rs(l) into (I-11), we get

P o] nmmn
s = = = S = = _ Nghsmy 5 5
VPS - 5 VP - SR Ex - a g VS x B + = Jx3B —-}: E?;?Eg Vsr(vr VS)
r 3 il
Thus, for electron particle
P _ _ P, _ _ _
VP - —= VP+en B¥+en V xB+—= jxB=R (1)
e p e e e p e
For ion particle
p - 9]
T - = = Pr - - -1
VPI -3 VP - en; B* - en, VI x B + 5 JxB = RI
Using both equations to eliminate V P, we finally get
VP - —VP_ +en (L+ —)®*+en (V +— V.)x3B-= (1) _ Ze 3(1)
e P L e o] e e Py I e Pr I

when the plasma is assumed to be electrically neutral, that is, ne = oy since

P

Pe fe Te Te
= = == < 1, if we neglect the terms including

P1 op Mg o

the factor of Pe /pI, this equation is reduced to,

- = -
VP +en E +en V x3B = R(l) (1.3.5)
e e e e e

LG i v v 2y 3 v oV 2
Now that m.e/mI 1, mé/mh << 1 and if we assume v, * v, v (that is, v Vp 0),

and the collision integral ﬁe(l) becomes

ﬁ(l) znm v (V. -V)
e eeTrT er 'r e
Z -npm T vV
ee T er e
m, _
= == JX v
e r er



Thus, (1.3.5) becomes

-% - - me -
VP +en E - jxB= — J X vV
e e e r er
Re-arranging it to obtain,
m
1 _ e = 1 = =
5 T en VP - 2 d Zr Ver T ore- I %8B
e ne e
e
We call it "first approximation'" Ohm's law.
Let the effective electric field E' = B* + '5%1" VP_ then
e
N 1l - = = 6
B'= = J+xJxB (1.3.6)
where
1 2
T ( mé/nee ) Z, Ver
and
X = (nee)_l respectively.

The parameters ¢ and x are called scalar electric conductivity and
Hall coefficient.

Using the "13 moment" approximation (Ref.1,3,29) in diffusion

equation which are t?ken to be proportional to the relatlve thermal flux of the
particles, give R

. I .
R 1) . 3 z n, BV (Vr -V )+ Eg L n n W

r ST sr s r’s r sr
h h
(1) (2) ( L - 5 )
ST sr 7rPr 7SPS
for electron, _
m h
ﬁ(l) 4 e 3% v -nm = % A(e) r L
e 3 e r er ee P "rfe Ter er
for ion, _
h
(1) . b T . e . (2) -1
= = — + —
RI 3 e J VeI Hele Pe AeI Tel
Here, we also neglected the terms multiplied by m./m and assumed that n_ = n_,

j ——Je3 since under the conditions here con81dereg in the diffusion state the
Debye radius is much smaller than the characteristic lengths of the system
(electrical neutrality of plasma,Ref.26).



The electron relative heat flux vector Ee was found to be giwen

by
*
e T: e2 Te2
h =-~n [P - P xB +
e e e me 1+ 2 x2 e n 2 140 2T*
e e e
(?e xB) xB ]
where
*
A= 2k P T
e 2 m e e
e
2
- me -
Pe =V Te kn e J Vo
T*%
e was defined by,
= -1 . (5) -1
= . Bz
TZ 0.4 Tee +2.3 K#e AeK Tek
and vo by,
= (2) -1
Yo T z:K;aée Bek Tek
Thus _
h * 2
e 5 k e e - e
=—=-5 — T* [V - — (VT ) xB +
Pe 2 me e e me 1+w 7*2 e m 2
e e e
TZZ mevo Vo T:
(Vv xB) xB - 3+
* 2
Lww® T 2 e k en k N, 94 w2 ¥
e e e e
e Vo 722
- (3 xB)=xB ]
k neme 1ﬁwi 22

Inserting this expression into ﬁe(l), and replacing in (1.3.5) by
this result, we obtain

m

- - - L -
VP +en Ef - JxB =< = 32 v+ 2 m k ™ v [vre
e e 3 e r er 2 e e o} e
. T 2
- £ (VT ) x B + (VT xB) xB
mé l+w2 T*2 € m 2 l+w2 T 2 €
e e e e e o
me Vo _ v0 Té _ _ evo T: _
- j+ (3 xB) - (3 x B)xB]
k ene kne 1+w2 722 knemé l+w§ Tég



and rearrange it to obtain;

2
T* 2 ¥
- 1 5 k e e e e
E*+en e 2 gvo Té[we_ 22<vIle)XB+ 2 2
e e 1+w % m 1+w~  T*
e o e e e
m
B = _ _e E _ 2.2 - 1
(VT xB)x3B ] 5 (3 vy -5V, ) I g (
ne e
e
T N -
1+2 ——7 ) (Jx8) -3 —= ——7— (3 x3B) x3B
1+we TZ e e 1+ w, Té
where Ve = Zr Veps We get 'second' approximation of Ohm's law.

Let the effective electric field E'

™
E' = B+ ei v Pe - % 2 Yo TZ [V Te B ; e2 2
e e 1+w ™
e e
2 T*2
- e e - -
(V Te) x B + 5 > (v T, x B) x B ]
m 1+w
e e e

The ‘'second approximation' Ohm's law to describe the nonuniform
plasma in electric and magnetic fields is now including not only pressure
gradients but alsc the temperature gradients and is given by

B= 2 J+x(3xB)+e(3xB) x5 (1.3.7)
where the scalar electric conductivity is defined as
2
1_ 0k T 5 TV x (1.3.8)
o 3 2 2 2 o
n e n_e e
e e
the Hall coefficient as
1 5 V02 Tzz
X = + 5 (1.3.9)
n e 2 n.e l+we2 TZE

s VS 73
€ = - £ (1.3.10)
2 n, m l+w62 722

In the expression of the effective electrical field E', the gradient
term of pressure should be taken into account in most cases of pramtical



interests, since it involves the electron number density gradients, which
were sometimes found to be of the same magnitude of the applied field at
certain place of MHD channel, (Ref.30). Since the term proportional to the
electron temperature gradient, however, accounts for only about a few per
cent of the electron current flow, one may neglect this on purpose for
simplification of the problem in a given MHD state.

Section 1.4 Energy Balance Equation

The energy balance equation is for describing the transfer energy
into the plasma or the required energy to keep the plasma in the motion of
the desirable state thermally and kinetically and in the balance between
the interacting particles through collisions.

The calculation for energy transfer integrals generally has been
taken to be the following,
m m

R(g) = - X 3 n, s r

s r & ?szfzgjz Vo, k (TS - Tr)

when we neglect the inelastic collisions between particles. As we might

see from this expression, the ratio of energy transfer by elastic collisions
between the atom and the ion species is much greater than that between the
electron and these particles, because of the mass factor. Consequently,

we expect that collisions between ions and atoms would tend to maintain their
temperature at almost the same value, while the electron temperature may
greatly exceed their temperature. Because of this, the plasma is expected
to be described by the two temperatures, gas temperature and an electron
tempera?ure different than this. This is nonuniform process of plasma
(Ref.31).

From Eq. (1.1.5) for electron, replacing %e by v + @;, we obtain

9 1. s = - 3 1 2
ot (3 Pe VTPV v+ 5 kn T+ n< g >) +~V§[(§ Pe’ 7
Skn T +n <e >v] + V- q + V- [50p v2V 1+

2 e 2 e e

The term representing the derivative with respect to time can be
neglected in the case of steady state. By considering the very small mass
of the electron and the small contribution of en Vv and stress tensor Te9
we can eliminate several terms, so that finally,ethe electron energy
equation becomes

. (2)

3 - = =\ = o3
Vi [(5 kn Te * e <'eie>) v+ Vi %t Ve (Pev) = BJ =Ry

(1.4.1)

10



In the lowest approximation
-E 3 = Re(2> (1.4.2)

This joule heating and collision energy loss equation will then
de?ggmine the electron temperature of the plasma with the expression of
R .

The point concerning inelastic collisions might be argued, since
the species integrated contribution of inelastic collision frequencies of
Maxwellian electrons to the electron energy loss is no longer identically
zero and may cause important effects. However, in the mass conservation and
momentum equations the inelastic effect is almost negligible insofar as the
electron-electron collision frequency is much greater than the inelastic
collision frequency of electrons (Ref. 31, 32).

Under the steady-state condition, the energy lost by the electrons
per unit time in elastic collisions with heavy particles 1is

(2) _ m -1
Re1 = - 3 ko x e (Te- Tr)Ter
m
r
- - 2 1w = 5 (r -r)qr % (1.4.3)
2 e r ‘r,el‘'e "r’ ‘er T
. . _ . '5
where 6r,el is defined as Dy g1 = 2 me/mr and for argon ﬁA,el =2.7Tx 10 7.

No account has been taken of the average energy transfer through
inelastic collisions as, namely, the collisional transitions between two
discrete states and between the continuum and a discrete state and the radiative
transitions between the continuum and a discrete state (Ref.32,34).

Sec. 1.5 ITonization of a Seeded Gas

Finally, we should derive the equation relating to Te to the nunber
density to make the set of equations complete.

When the diffusion of the electrons through the ionized gas is rapid
enough, the average thermal energy of electron (3kT /2) will be considerably
above that of heavy particles (3kT/2). (See Chapt.®1.l, under such conditions,
the heavy particles can be considered immobile). Usually this causes the
nonuniformity of plasma through the process as follows. This assumption can
be proved valid so long as the energy loss factor is less than unity (Ref.31).
Then the random velccity of the electron should be always much greater than
its directed velocity even in a strong electric field. This provides the
postulation for thermodynamical non-equilibrium for process which relax over
longer times than that required for the velocity distribution of electron
to come to equilibrium. Thus the process of ionization is completely dom-
inated by the electron thermal energy, since in this case energy transferred
between free electrons in a Maxwell distribution is well transferred very
readily between free electrons and valence electrons if the electron nunber
density is not too low (Ref.17,36). This is the case wherein the free electrons
are strongly coupled thermally to the valence electrons of the atom rather than
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to the atom itself so as to be in Maxwell distribution between electrons
themselves. This seems likely to be valid locally rather than in any point
of space inside of a weakly ionized plasma. Thus, a much larger degree of
ionization results locally and this non-equilibrium process relating T to
the number density can be described along with pre-obtained equations
(Refs. 13, 20 & 37).

Now then, the degree of ilonization for a seeded plasma can be
obtained on the assumption that volume ionization and recombination process
are in equilibrium at the electron temperature so that the electrons can be
distributed as a stationary Maxwell distribution of velocities. Then we
may use the Saha equations which are, for seeding species (Refs. 14, 3k)

nSFT ne ZS+ Ze : mék Te 3/2 eir
e ( 2) exP<__s_M>
s s ANorh e

and for the inert carrier gas

n,+ n Z,. .7 mk T 3/2 €, ,
AT e _ THA e e e i

n Tz 2 P YT T

A A ey al T Te

In these equations, €; and eiA are the first lonization potentials of the
]

seed and the carrier gas, respectively.

Here we neglect the increasing of the degree of ionization due to
the magnetic field. The criteria is the ratio of the quanta of the electron
gyration motion A We = /ﬁeB/m to the magnitude of the thermal energy 5
kTe (Ref.35). Since in the case of the magnetlc intensity B of 1.7 Webers/m
and of the electron temperature of 2000 °K the ratio & w /k T_ 1is around
1.1 x 10- 3 the elevation of jionization due to the magnetlc $1eld in the Saha
equation can be negligible, so that under the above condition this form of
the Saha equation always is applicable,

The total number density n will be

n=n.4++tn, +n +n +n
At A gt s e

n,+n +2n
A s e

The last equation was given by assuming the electrical neutrality of the plasma
Seeding ratio Ss is defined by

ns + 2nS+
s n
and the degrees of ionization by
D+

O = e——m— for seeding species
S nS + l’ls+ € 5P
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and by

nA+

aA = — for carrier gas.
n, +n
A At

Combining these definitions, we obtain

n =no S (1.5.1a)

n+ =10 (1-ss) aA (1.5.1b)

n, =n (l-SS) o . (1.5.1c)

o n, =n (1-38) (1-aA) (1.5.14)

ando n, =n [(1-ss) o +a ss ] (1.5.1e)

Inserting (1.5.1)'s into the Saha equations,

o

s = 2
1-as [asss " (l_ss) 7y )= n
e
A )
1-a, [asss " (l_Ss) %y 1= n
where a, b are given by
Z.+Z mekTe 3/2 ei"
& b= = e< 2> exp"(- T%_>’J=S’A
3 2 mh e

These algebraic equations for @, and O ‘can be solved by iterating numerical
method to the desirable accuracy. For the numerical scheme, if we rearrange
them for o, and Qs then

o = 1
A a/l
l+'6'<a——lj
- S

o, s}, (1)) + ks

5l®

28
s

Because of several time's higher ionizatiofi potential of the carrier
gas than that of the seed, we can carry out this numerical procedure as
follows. For the first approximation, ¢, may be set to zero and o than be
calculated. This value of ¢_ is then used to calculate ;. The process is
repeated with the new value obtained for qAa It turned out that this proce-
dure converged quite rapidly over the con51§erably wide range of electron
temperature to the accuracy of order of 107~. In the worst case, three iterations
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were required for argon plasma seeded with potassium.

Sec, 1.6 (Collision Cross Sections

The collision cross section for momentum transfer between electrons
and ions is
2

2 Y. =
T e ‘el 2
Q.= = [ n & A + 1
el 2 MW'EO Mot | el
T e2 1 7 ° 2
= 3 [ . RO m NAD +1 0 (1.6.1)

where AeI is the ratio of the Debye length %D to the impact parameter for a
90° collision of an electron of speed 3 kTe and defined by

Y e H Lre
7o el . o}
A = 3 AD { 5 5 } = BKD [ 5 kTe J
el e

e

and the Debye screened length is introduced to prevent the collision cross
section integral from diverging and defined by

n 62 n e2 n e2
%D _ 1 < e + I > - e <}_ L X >
eo kTe k¥I k €o Te TI

There has been some discussion (Ref. 8,31) concerning the introduction
of A into these calculations., However, when ln A >> 1 which may arise in
many appllcatlons, the result based on the screened Coulomb potential and
on the unscreened potential together with a Debye length cut-off have been
commented on by Liboff, R. L.¥ . They yleld the same value for the transport
properties and in both cases the collision parameter is limited to distances
of the order of XD.

According to the c?lgulatlons of weighted momentum transfer collision

cross sections (Ref.3), Ag and A (5) are given by
a8 6 ¥ -
eI = 3 CeI -1 0.6
e PO IR I S
el 2 5 Tel °

* The Physics of Fluids, Vol.2, L40-46, 1959.
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where C*I and le are defined by many authors including Zhdanov and Cowling
(Ref.3,%738).

3o long as the electron temperature increases not too much so that
the condition under which 1n A 1is not too high is satisfied, all the series
of expressions for collisions between electrons and ions is quite satisfactory
even when we neglect the higher approximation (Ref.6).

The differential momentum transfer cross section between the
electron-argon atom is characterized by the Ramsauver-Townsend minimum at an elec-
tron energy near 0.3 eV (Ref.39). Because of the significance of this effect,
the determination has been difficult. A few available theoretical computations
and experimental data (Ref.40-43 including the works of Frost and Phelps) have
been compared. To about 0.5 eV of electron energy the determination from the
modified effective range formulae of 0'Malley (Ref.39) was used to calculate
the electron-argon momentum transfer collision cross section. That is,

2 (1.6.2)

(o}

by . 2 . 2
Qg, = 2 ( sin n, * sinng ) a

where ao is the Bohr radius

sinno 1
- = 1,70 - 3,13 EV2 + 0.92 EV 1ln EV + 1.23 EV
and
Sin’ql 1
- = 0.6026 EVe - 0,589 EV

In these expressions EV denotes the electron kinetic energy in
¢lectron volts. In more accurate approximation (Ref.39),

Q = £§£ =7 (L + 1) sing( g, -

n )"
ea K 1,=0 L+ 1
2 2 .
where k = 2m E/ﬁ is the wave number of incident electron particles, nL repre-
sents the phase shifts of L-wave and L is the orbital angular quantum number.
Kruger and Viegas (Ref.5) calculated the effective mean cross sections of argon
and potassium to obtain the conductivity and Hall parameter.

Assuming solid elastic sphere models of argon and potassium for
higher momentum transfer integrals, we used BX, =BX = 3/b
C¥, = CX, = 5/ (Refs.2,3,9).

For the electron-potassium case, we used Nichol's results (Ref.lh)
and recalculated the cross section from the figure in terms of electron tempera-
ture around the region of interest.

Q . = (403 EV + 150) x 1070 (m?) (1.6.3)

eK
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COMMENTS ON RESULTS

In our calculations, we neglect the electron-electron

Y 3 1
0 hore n, k 2 Te T 2
(v =Npg v,, ——— ln —————)
ee & m3 v 3 eSn 2
e e e

ion-ion (Ref.4h) and ion-atom collision integrals (Ref.26, Vin'%:nle > y

Along with. increasing the electron temperature, the differences of x and o
from the first approximation remain greater than zero, the differences de-
creasing up to the 81ectron temperature of around 2200%K. For electron te
eratures above 2200 K, the deviations are so remarkable that at around 3000 K
they differ by some 20% from the first approximation (Fig.2-4). To be sure,
at electron temperatures above 2200 K, electron-electron collision effects
which we neglected should be taken into account (Refs. 8, 17, 31, 36) while
ion-ion and ion-neutral collision still remain at a negligible contribution.
In spite of these corrections which may reduce the deviation closer to the
first approximation, our computations ensure us that the errors in o and yx
seeming to be within a few per cent at the equilibrium state (Refs. 1,3) mis-
lead us into underestimating the electrical conductivity and Hall parameter
for non-equilibrium cases where electron temperature might be elevated to as
much as tw1ce the gas temperature. On the other hand below a gas temperature
of 2000°K (electron number density of around 3 x 1018 /m ), violation of the
electron distribution assumed to be Maxwellian should be naturally considered
so that electron-electron energy exchange can be properly taken into account
compared with electron-atom energy exchange. This consideration may give
correct nunber density so as to determine more reasonable calculation of

o and B.

Nuniber genﬁity at elecgron temperatures between 22000K and 3OOOOK
are near 5 x 10t and 5 x 10 O/m3 (Fig.l). This indicates that at the

low electron density corresponding tc the electron temperature below BQOOOK,
the significance of the correction to first approximation is not so important
due to the invalidity of the Saha equation following from the violation of the
electron distribution assumed to be Maxwellian due to the smallness of
electron number density. Also our formulation can be used as a reasonably
well explainable one so long as the electron-electron collisional effect is
properly considered; well measured experimental data and theoretical results
of various kinds of collision cross sections are available in terms of
electron temperature., The relations of the conductivity to the current den-
sity are given in.Fig.6. Since, in the present paper, we neglect all the
inelastic collision including radiation energy loss, our results show the
underestimating of current densities for the region where the radiation loss
cannot be neglected. However, at the high current density for which radiation
is no longer the dominating effect to energy equation, the results agree
fairly well with those referred to. It enables us to expect that from the
energy balance equation, the electron temperature was slightly overestimated
at low current density, while underestimating at high values of current den-
sity (Fig.7) can be explained by the effective energy loss factor. With
increases in electron temperature the role of inelastic collisions becomes
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greater and the energy loss factor which we assumed constant increases; this
increases the degree of ionization sharply and causes the increasing of left
hand terms in energy balance equation. Consequently the electron temperature
can be higher than what we calculated (Ref.31). Within this error mainly due
either to radiation energy or to inelastic collision, this figure represents

the relation between input energy into plasma by joulean heating and thermal
maintenance through collisions which cause the electron temperature to increase
higher than the gas temperature. It should be mentioned, however, that the
energy loss procedure with the invalidity of the Saha equation for low tempera-
ture (Refs. 17, 36, 45) is quite difficult to describe completely satisfactorily.

Chapter 2. Solution to Segmented Electrodes

Sec. 2.1 Isentropic Flow Equations

The static gas temperature T and static pressure P, were referred to
the stagnation temperature T, and stagnation pressure P, by the relation through
isentropic expansion, which are good approximations for small degree of ionization

(Refs. 27, 34).

7
7-1
P
2 = =1 WP
5 (1+ 5 M7)
[¢ 0]
T
2 = Pl
R S
o0

where M is Mach number of the flow near the entrance of the generator when the gas
velocity is defined by

vy kT

u =M s

Os
5 (=
s(n ) oS
and the isentropic sound speed a in the absence of electron heating as a2=(BP/BpS),

By using the flow continuity equation,

n u =1 u
o © © oo

n can be written in terms of Po, To together with the ideal gas law

P =nkT
s s s
L
= y=1 .2 v =1
noo-—no[l+ == M~ ]
_ Po / k To
1 (2.1.1)
y-1

L+ 2520 ]
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so that the value of n in Chapter 1 is now replaced by n_ o, which is the number
density at the entrance of channel.

Sec.2.2 Current Governing Equation

When we neglect the ion slip coefficient, the effective field ok
becomes

B o= % F+y (FxB)

If we take the rotation of the above equation, we arrive at

Vx E' = V <%:> X

x (B.V)

ey

+2 (Vx3) + (V) x (FxB) +

ey

-x (3.v) B (2.2.1)

with V.B = 0 and the condition of continuity of electric current density
V.J = 0 in the steady state problem (Appendix D). On the other hand, from
the definition of effective electric field in Chapter 1, Sec. 1.3, rotation
of effective electric field ensues

VxE = (B.Y) @ - B(V.Q) + v<iné> x (VR ) + (W) x (V)

- (ve) x(Ve_ xB) + B (V1) - ¢ (B.O)VI_ +

( Vt)x [(VTe x B) x B]+ ¢ (B.V) (V T, X B) (2.2.2)

(see Appendix E,F)

From V. J = O, the current stream function ¥ is introduced such that

Here, the current lines will then be parallel to the tangential
directions on the surface defined by the current stream function ¢.

For the simplified case of small magnetic Reynolds number, when the
magnetic field in the fluid hardly differs from the external field, B is
defined by (0,0,B) and B is constant through the channel (Ref.48). Further-
more, the velocity profile is assumed to be u = (uX,u ,0). Then it is ad-
vantageous to go over to two dimensional problems whe¥e

V=9 (x,7y)
c=0 (x, )
x=x (%, ¥)
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(or B=p8 (x,y) )
= U (x, ¥)
and uy= uy (x, ¥)

Equating (2.2.1) to (2.2.2) and applying the above mentioned quanti-
ties to them,we arrive at ’ '

g Y+ M(x,y) %% + N (x,y) %% = P(x,y) (202,3)

where the functions of M(x,y), N(x,y) and P(x,y) are defined as

SHOR YOI
EEEE)] e
o = o[- 32) () Ha ) () G
E)@E-(3)6) (3)E)-@ )&

e m (T GYE) B

(2.2.he)

M(x,y)

N(x,y)

(see Appendix G)
In these expressions B is the Hall parameter and defined as

B = o x B.

The equations (2.2.3) is a non=homogeneous elliptic partial diff-
erential equation of a more general type with linear boundary conditioens.
Making some assumptlons for conductivity and Hall parameter or velocity
profiles leads (2.2.3) to the Poisson Equation or simply to the Laplace
equation. The convergence of the scheme, which deals with the nonuniform
plasma together with Saha's equation, energy balance equation and current
governing equation (2.2.3), depends on whether the solution of (2.2.3) is
stable or not with respect to electron tempergturee D. A. Oliver et al
(Ref.15) concluded that when the inequality B°< 24/25 is satisfied, the
solution of the potential equation, conjugate equation to the current gov-
erning equation, would be stable even when nonequilibrium heating of the
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electrons occurs in a magnetic field. Others (Refs. 13, 17, 23, L49) argued
the stability problem related to (2.2.3). In the present paper, however,
we will not go into the problem of the stability limits in detail.

Sec. 2.3 Boundary Conditions of Faraday Type Generator

The Faraday type generator has the electrode segments insulated,
long periodic structure (consequently, end effects will be neglected) and
opposité segments connected by individual loads as shown by Fig.8. The
current direction in the central part of the channel will then tend to be
perpendicular to the magnetic field direction and alse to the flew of the
plasma. The effect of segmentation can also be explained by the Hall field
that prevents the electron drift motion and also by a conducting electrode
segment parallel to this field that will clearly have a short-circuiting
action on the field. Thus a strong deviation from the uniform current
distribution in the central portion of the channel can be expected near the
electrode. Because of this, near the electrode reasonably strong effects
due to electron temperature gradients and due to electron pressure gradients
should occur. Furthermore, if boundary layer effects are introduced in order
to describe the real channel flow in general, it i1s essential to censider
those gradient terms together with a wall temperature different than the
gas temperature. However, for the most simple case, neglecting these effects,
the effective field E' involves only the real applied field E, the additional
field introduced from changing the stationary coordinate system inte the
system moving with plasma and the gradient terms of velocity. Thus equation
(2.2.3) becomes

Pyeniny) L+nty) L= ) (2.3.0)

where
X

P' (x,y) = - BG-[ g;— + ;;X—] .

Without ion=slip considerations, eq. (1.3.7) is

where the effective electric field E' = B* by neglecting velocity gradients.

The projections onto the x- and y- axis are respectively,

' =
Ex Jx + x B Jy

E' =
¥

Qi+~ qjf+

Jy - X B Jx

pefining B such that B = o y B as before, we have

' =
o Ex Jx + B Jy
cE =J_ -84
¥ ¥ X
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, Or

o (EX + uyB) =J_+BJ (2.3.2a)
c(E -uB)=d_ -Bd 2.3.2b
(B, - uB) =J, - B (2.3.20)
Solving these equations for Jx and Jy, we obtain
o
J_ = (w B+E -BE_+Bu_ B) (2.3.3a)
'S 1+ BE ¥ X 'l X
o .
= + - .3.
Jy — 62 (BuyB + BE, Ey uXB) (2.3.3Db)

Since on the wall of the electrode Uy = Ex = 0, from (2.3.2a), one
of the boundary conditions is

JX + B Jy =0
In terms of stream function, it becomes

- B %% =0 on the electrode (2.3.4a).

Another wall condition is on the insulator. Assuming a perfect in-
sulator, we have J 0 for the condition on the insulator.. If we re-
write it in terms of st%eam function,

Y = Const. on the insulator (2.3..4b)

For such a configuration as shown in Fig.8, the periodicity of the
conductors and insulators in a period of (2L + 21) requires

Y (x+ 2L+ 21, y) = ¥(x,y) + I, (2.3.5)

where Iy is the transverse current flowing through the electrode. It can be
shown that the specification of Iy with Ix = O, in the case of the Faraday
type generator, determines a unique distribution of current within a gas
(Ref.15). Moreover, the one-dimensional transverse current Iy, which gives
the output current by multiplying it by the electrode width in the B direction
will be given by the channel loading factor K defined as X = Ey/ux B. Thus,
it is a known value, or a quantity which can be determined from outside of

the channel. In fact, the internal current relation is from (2.3.3a) and
(2.3.3b), in y direction

B J,- Jy = o (1 - K) u B (2.3.6)

The output current I or the total load current over one period of
the channel will be constant and thus can be specified as
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2L+1

r-v [ asa)ax
I+1

Since there is no connection between the upstream end of the electrode and
the downstream end, the integration of Jx over the electrode length should
be zero when B is assumed to be constant or when we can neglect the corre-
lations of the integration. Thus I becomes

2L+1
I=- wL/\ J_dx
¥
L+l
2L+1
[ B e
L+l
=-wl 2.3.7
v ( )
On the other hand, the R.,H.S, of (2.3.6) is
2T+1
w J[ o (1-K) uwB dx
L+1
=<o><u > (1-K) BLW (2.3.8)
when we neglect the correlations.
Thus,
Iy = <o><u > (K-1) BL (2.3.9)

where < > represents the average value of the variations over the electrode.

The relation between loading current I and either the loading resist-
ance R, or internal resistance Ry of the plasma cannot be determined explicitly
unless equipotential surface or current filament is solved over the channel.

As a matter of fact, whether one chooses to solve the problem as described by
equipotential surface or as described by current stream surface does not matter
as their descriptions are identical to each other. However, the loading resis-
tance, Ro, pertaining to the loading factor, K, is expressed most conveniently
in terms of the potential, ¢, as

R, = Agp /I
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M:—f B ax =f (V) a4 &

Xl

In this expression the primed axis is along the eigenrays of the resistivity
tensor (Ref.50), such that A ¢ is the integration of E between two electrodes
connected through an external resistance along the line normal to the equi-
potentials (Ref.54,55). Moreover, the internal resistance pertaining to
Jjoule losses is expressed in terms of potential difference between these
electrodes measured in a coordinate system moving with the plasma as

R, = A¢ /I
ANGREE L/\ E'ah = (/\ _%_ dh
"h h

and the vector h is a distance vector lying along the current density vector,
such that A ¢' is the integration of J/O’between these electrodes independent
of the path (Refs. 11,12).

Although quite extensive work (Refs. 11,12,23,54) has been done for
different geometries and for various Hall parameters, neither Ro nor R for
a nonuniform plasma simplified to a one-dimensional probilem is easy toTde-
termine uniquely, and thus further comparisons with experimental studies seem
to be required.

Chapter 3. Numerical Solutions

Sec. 3.1 Current Stream Function

The current governing eqguation, namely, the equation for the current
stream function ¢ is as we developed, from eg. (2.3.1),

Pyrun g+ vy L= ()

Y

where,

Bux o,
) =-po |5 e 5|

For the first approximation, if we neglect velocity gradients,
2 X X _
Yo Mxy) N (6y) §5=0 (3.1.1)

Using the central difference method to discretize the differential expressions,
we have
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2 Vin,g Y15 Vs Vi), 2 Vi T Yy
h, + h, h h, h.+ h h,
i i-1 i i-1 J J-1 J
Vi~ Y551, 1 (y Vir,g i,y Vig = ¥iiag
B h 2\i+3,J  h i-%,J h
j—l 29 i 29 i-1
" ;( ) VigniV¥ig o,y ., Vig ~ Vi1 >_ 0
2 1,3+ hJ 1,4-2 hj-l
(3.1.2)
where
h, =x. - X.
i i+1 1
By T V5 Y
and N
Mi"'%‘,j = M(§ (X,i + Xi+l)a yj)
1
= 5 +
=N (v, + v,
Ni,j—%‘ (X,is 2 <yJ‘l yJ))
(see Appendix H)
Rearranging (3.1.2) to obtain
1 2 M 1 2
_'["Th__J“ _—L‘S,—J—jlz//'+1'+h [h+h ’
By LB "8 e L A
N M 1. M, o1,
_1:4L+i_] T [ 2 b 2 I i-2,]
5 L3+ b, h o n hj_l 2h 2h,
M
T 193'*'% 1,J-5 } W + 1 i - - 1-35d ]
ehy ehy_q Ldoomy g T e
1 2 N j-%
(7 [ - - e ]1//. .= (3.1.3)
i-1,] hj—l hj hj-l 2 i,j-1



Equation (3.1.3) is a standard five points central-difference approx-
imation for different rectangular mesh sizes. Since the calculation involves
too many independent parameters to give general solutions, we limit ourselves
to the case where the plasma 1s uniform and consequently uniform conductivity
and Hall parameter are assumed. In this case, since M(x,y) = N(x,y)= 0,

M, =N, .1 =M . =N, . =0
1+%aJ 1:J+% 1'%:3 133'%
Then (3.1.3) reduces to Laplace's equation, and thus (3.1.3) becomes
1 Vin,; . 1 Vi 3 _< 1,1 >¢
+ + h {3
hi hi-l hi hj hj—l hj hi 1.1 hjhj-l i,Jd
1 Vi1 3 1 vy 3-1
+ 25+ 2 =0 (3.1.4)
+ +
hl hl—l hl—l hj hJ—l hJ-l
For the same step sizes in which h. =h, =h, ., h =h, =h s
X i i-1 vy J J-1
1 1 1 1
. e 3 3 +
oh 2 ?’01-!-1,3 on 2 2//:L,J+1 <h 2 N 2 >?7[/1,J
X X vy
1 1
+ Y, .t Y, .. =0
oh 2 i-1,3 oh 2 i, j-1
X v

and in the simpler approach of the square net where hx = hy =h
it becomes,

¢i+lsj ¥ wiaj+l -4 wi,j * wi_l,j + wi,j—l =0 (3.1.5)

Sec. 3.2 Boundary Conditions

From (2.3.4a) and (2.3.4b) the boundary conditions on the surface
of the electrodes and of the insulators are

v CONST,

Owing to linearity and tc periodicity, we put ¥ = O on the left
insulator and ¥ = I on the right one.
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As far as the surfaces of the electrodes are concerned, the boundary
conditions should be rewritten in the forward or backward difference approx-
imation, such that

j-1
¢i,j—l - Ei"‘ (wi,j+1 - wi,j) " wi,j - [ (""{> 1+l j

h.
. -1
Wivg,g = VY150 * <E'i_l‘> Pi-g,g Wi,y wi—laj)]

on the lower electrode (3.2.la)

and

= —d (y

=h,
o P M) K >

Yi 541 b,

h,
Win,57 Y, * <Hi—l Pi-t,y Wi, “"”1-1,3)]

on the upper electrode (3.2.1b)

The conditions of (3.2.l1a) and (3.2.1b) correspond to (3.1.3)..As
we assumed when (3.1.4) was obtained, in the case of a uniform plasma,
(3.2.1) is written as follows,

-1 B5-1
Vg T B Wagn ) T B‘[ <Ei—> T

¥y +< > W5 Y5y |

on the lower electrode (3.2.2a)
31 &
= - — + + o
Yign T R Wy Yesa) Tt Khs) Wis1,;

- 5 +<i=" Wy 5 V51,5 ]

i-1

on the upper electrode (3.2.2b)

and related to (3.1.5)

Vi,000 T Vi, 7 P Wiy di )

on the lower electrode (3.2.3a)
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Sec. 3.3 OHMIC Heating

As in Chapter 2, Sec.2.2, the current density vector J(J_,J_,0) was
written in terms of current stream function ¥ as ¥

s -
X Y
y X

In finite difference language, in the central difference method,
these will be expressed by

gl =-5 - (g -, L) (3.3.1a)
X 1,3 g% 1,3 2hj i,J+1 i,J-1
_ _ 1 ~
Jyl . - %}% l . - Oh. ( V/i_l,j"‘ ?//i‘l‘l,j) (3-3.1b)
1,d 1,J 1

Thus, the ohmic heating defined in (1.4.2) as 32/6 at the mesh point
(i,3j) is then, proportional to q. . given by
? 1,d

g = Lo | el | ] (3.3.2)

1,3 1,3
Corresponding to (3.1.5) and (3.2.3), a4 becomes,
b

1
q . = :;é-[(?ﬁiﬂ,j =y

2
Lsd )

) Wy g ¥ )] (3.3.3)

where h is the unit interval between adjacent datum points defined at Sec.3.1l.

However, along the electrode surface this expression must be re-written
from the boundary conditions on it as

_ (89 2
qi,j = T (wi+l,3 —Z//i—l,j) (3-3')4')
since
- 2 2, .2
J=g Jy = (1L +8) Jy from (2.3.4a)

Special care must be taken for calculations of 9 i along the insulator surface.
2
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Since ¥ = O, using the five points approximation differentiated (Ref.51),
we obtaln

1
= .. T A Y, + ..
2//y Ii j 2hn [ Aowl,a 1¢1,3+l A2¢l,3+2
3
+
A3V ga3 * Ay Vg ]
thus
1
= — + +
93 i2n2 [ Y5 g * 20 ¥ 500 TR Y su0 A¥s 543
voa v ) (3.3.5)
L Ti,g+k o
where the coefficients An (n = 0,------ ,4) are given in table of Bickley
(Ref.51) as
Ao Al A2 A3 Au
lower insulator -50 96 -T2 32 -6
upper insulator 6 -32 72 -96 50

At the points where the insulators and electrodes meet each other,
it was empirically found to be difficult to solve either in case of Ohmic
heating or of current density. In the present case, we ignored the boundary
conditions on the electrode surface at those points and used

1

Yy l. =l ¢i+l,j —wi-l,j I
1,d
1
vy | g7 oYy TR g T A e T A s
Au ?//1,;]4.)4 ] (3'3°6)

COMMENTS ON RESULTS

Using the IBM-1130, the solutions to Eq.(3.1.5) were obtained for
various values of the Hall parameter not greater than one. The calculation
was limited to one period of the channel, that is, a rectangular region
(y =0, y=2H, x =0, x =2L + 21) (see Fig.8). This rectangular region is
discretized into about 40 x 20 mesh points respectively in the x and y di-
rection. As the approach developed, the standard five-point approximation
(Ref.22,48) and successive over-relaxation (or extrapolated Liebmann Method)
for Laplace's equation were used (Refs. 22, 48, 52, 53). The difficulty in
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finding the converging factor for the over-relaxation method was tentatively
overcome by assuming this problem as a bounded boundary problem in which

the converging factor is given and the accuracy of solution is expressed
(Refs. 52,53). Thus, the converging factor was found to be between 1.6 and 2,
depending on the number of mesh points of the problem. In this problem, the
iterations were stopped after attaining a maximum relative difference of
successive calculated values of the stream function at the same mesh point
within the accuracy given by Refs. 52,53.

It is of note that we excluded the assumption of a diagonally sym-
metric current distribution hoping for our procedure to be extended later to
the case of nonuniform plasma. In most cases of the computation the relative
difference of stream function during successive iterations at the points,
where insulators and electrodes met, showed an oscillating characteristic
of this numerical procedure. The oscillation had a converging amplitude
when the Hall parameter was not greater than one, and a diverging amplitude
otherwise. This convinced us that the numerical instabilities for the Hall
parameter greater than one when using the present successive over-relaxation
procedure arise from the discontinuous boundary conditions. Many previous
workers in this problem have pointed this out and thus called these points
at the junctions of insulators and electrodes, particularly the upper point
of the upstream junctions and the lower point of the downstream junctions
as singular points.

In numerical calculation it was observed that there was also a kind
of asymptotic instability when the calculation went further toward higher
precisions; then, a slightly larger number of iterations was required for
smaller values of the Hall parameter. The work of C. Lo Surdo (Ref.54) and
Vataghin et al (Ref.28) also refers to this point.

The results (Fig.9-12) for current density distribution show that
the current tends to flow diagonally between the pair electrodes. Conse-
quently, the current 1s concentrated at cne end on the upstream side of one
electrode and at the other end on the downsiream side of the other electrode.
This tendency increages when the Hall parameter increases. The rapid variation
of current density of distribution even at the electrode (which is short
circuiting the electric field) is due to this concentration effect, (Fig.1l5).
At a Hall parameter equal to 0.2, 35% of current leaves or arrives at 25% of
the electrode surface. When the Hall parameter increases, this concentration
at the tail of the lower electrode (and also:the head of the upper electrode)
alsg increases. (See Fig.l5 in cases of the Hall parameter equal to 0.8 and
1.0). '

In fact, the results from our calculations (from Fig.10 to Fig.12)
are nearly identical to those of the prementioned authors and the references
cited therein (Refs. 11, 12, 54) and reveal a diagonally symmetric distri-
bution within the error of calculation. But still difficult problems remain
in applying suitable boundary conditions to the 'singular points', which
would, perhaps, keep the numerical procedures stable for Hall parameter
greater than one. They would allow utilization of this method in cases of
nonuniform plasma with a boundary layer, with a flowing current on the wall
or with a leakage current flowing through the insulator surface.

J 2 + Jy2 at each

To compute the Ohmic heating, we calculated J2 <
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mesh point which is proportional to the joulean dissipation energy. A
reference value of J2 was chosen, namely, the value at the center of the
defined geometry, located midway between the pair of electrodes. Then all
other calculated values were divided by the reference value such that each
value indicated at each contour of Fig. (13,14) denotes the ratio of j2 of
that curve to j° at the center. Consequently, around singular points where
the current 1s concentrated, a higher proportionality of Jjoulean heating can
be shown, still with a diagonally symmetric distribution.

With these results, we can calculate the electron temperature dis-
tribution in the channel with the aid of the energy balance equation so as
to give the spatial distributions of the other plasma quantities for the next
approximation. However, we assume uniform plasma flow in the first approxi-
mation.

CONCLUS IONS

We have assumed that plasma is in a steady state at any point of
space and

1) me/ms = 1/2000 is negligible, where subscript s denotes heavy particles.

2) pe, excess charge, contrigutions to momentum equation is negligible.

3) ne = n., electrical neutrality is assumed to be valid at any point in
space., Thus the electrical force between charged particles is stronger

than the diffusion force even in the presence of the magnetic field.

)-I') Vn = VI =V, that 1S, Vng VI = O, so that J = J :_Je .

5) ]?e] / P, is assumed to be negligible.

6) The electron-electron momentum transfer cross section is not taken into
account.

7) The ion-atom momentum transfer cross sections are not taken into account.
8) Ion-electron cross section is based on the first approximation conside-
ration of coulonmb force law. Thus higher order collisional cross

sections are not considered.

9) Higher order momentum transfer collision integrals are assumed to be
constants based on hard sphere models of heavy particles.

10) Energy loss factor is also assumed to be constant.

11) Radiation energy loss or inelastic collision effects are not taken
into consgideration.

12) For the energy balance equation, we completely neglect all the terms
except joulean dissipation energy in the left hand side of this equa-
tion.

A1l these assumptions are thus acceptable when the plasma is

30



a subsonic flow of the gas with temperature between 1500°K and MOOOOK, with
total pressure near 1 atm, and with seeding ratio between 0.001 and 0.1
Nevertheless, several studlies have been carried ouf in the references cited
in an effort to exclude a couple of the above assumptions. There are more
accurate calculations of various kinds of collision cross sections, an em-
phasis on the ion-concentration, particularly in the presence of a strong
magnetic or electric field, or on ambipolar diffusion consideration. Else-
where, they have analyzed energy loss procedures in detall to reveal the
effective energy loss factor (Refs. 33, 46, 27). So complex: do the deter-
mination of plasma properties become in order to have a complete answer that
the results originating from simplifications of the distribution function
and Maxwell equation are different from each other in their forms. However,
the values calculated from them are almost identical to each other under such
conditions as we have used.

To make room for these plasma properties in the channel problem,
further simplifications of expressions or approximate approaches to both of
them have been inevitable. It is because either of mathematical difficulties
or of physical phenomena. As a matter of fact, too many independent parameters
have beer introduced. An example of the former problem is the inhomogeneity
of the current governing equation, particularly in the case of the 3-dimen-
sional channel as it is in reality.

The coupling of terms of Maxwell's equation and the kinetic equations
would be simple examples of this. A sharp increase of number density for
electron temperature which might bring on the instability problem represents
the latter example of physical phenomena quite well. To find proper boundary
conditions when baindary layers are developed makes the problem more sophis-
ticated. Thus, rearranging the whole problem in terms of fundamental plasma
parameters (even for current governing equation) has been studied for the
purpose of resolving these difficulties. Furthermore, relaxation effects
require more proper experimental and thecretical research in real plasma
flows.

But the problem confronted is not overwhelming. It is more or less
soluble. Mapping method and modelling the conductivity have been used. (Ref.
27). A series expansion method has also been studied for partial analysis.
But we can notice in'‘most cases that they prevent us from easily introducing
plasma nonuniformities to a realistic flow because of their restrictions.

This is the case for the mapping method, in spite of neat analytical solutions
of current distribution in uniform plasma. This is also true in the case of
modelling the conductivity, which is restricted to a priori formulation.
While having difficulties near singular points, a series expamsion method
seems to overcome these problems Lo some extent. Choosing fundamental expan-
sion parameters (s) has heen argued from the physical point of view in this
case. Replacing the current or potential distribution by a circuit problem
has been suggested (Ref.56). On the other hand, some advantages of iteration
procedures by using fast digital computer have been supported by a series of
authors (10,11,12,48,54). The choice of plasma parameter to make relations
between the parameters is thus an important point to be argued. Discussion
could arise as to whether or not this iteration procedure is stable so as to
reveal a satisfactory result as its limit within the desirable precision.
This point, however, is really beyond the scope of the present paper.

Several subsidiary problems should be studied in more detail before arriving
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at a final overall solution. Nonetheless, in this paper a cormbination of
Maxwell eguations and hydrodynamic equations are identified as a current
governing equation in order that one additional macroscopic variable, electron
temperature profile may be solved. By connecting this with previous chapters,
this would describe then the plasma properties of the channel with nonequili-
brium ionization which 1s connected with non-uniformity of plasma.

As we mentioned earlier, it is, of course, an especially simple case
that plasma flow is 'ildeal' and end effects and heat flow between plasma
and surroundings are neglected. In the case of an 'ideal' plasma the non-
equilibrium effect manifests itself only in the electron temperature profile.
The latter part of this paper thus has been prepared with the aim of formlating
it. Subsidiary circuitry properties of the MHD channel can be obtained as we
showed them in Chapter 2. Calculations on the uniform plasma without varia-
tional contributions due to non-equipartition electron heating reveal the
initial first iteration as the electron temperature profiles. The current
distribution of this case involves all the characteristics of uniform plasma
which have been pointed out elsewhere. Despite uncertainties near singular
points, these results are even good at forecasting what the nonuniform plasma
will become in MHD channel. We have not even assumed what the first approxi-
mation of electron temperature distribution would be but calculated it dir-
ectly from the eguaticns. To proceed further toward more precise calculating
of the nonuniform plasma, nevertheless, the parallel approach lies in deter-
mining the collisional properties of a gas such as a seeded mixture better
and in overcoming the numerical instabilities confronted when we use extra-
polated Liebmann Method for large Hall parameter.

In preparing this paper we have drawn freely on the published papers
of many authors, and whenever possible, we have indicated the references used,
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Physical Constants and Conversion Table

Physical Constants

k = 1.38042 x 10755 Joules/K
- 8.6164 x 1077  ev/%k
h == 6.6252 x 10-34 Joules.sec
-34
A = nfer = 1.05443 x 10 Joules.sec

6.5817 x 10"16 eV.sec

3

R(Gas Constant) = 8.3149 x 10 Joules/Kg.moleoK

5

1 ATM = 1.013246 x 10 Newtons/m?

e = 1.60199 x 1012 coulomb

31 Kg

m, = 9.1085 x 10~
e/m.e = 1.75936 Coulomb/Kg

aO(Bohr Radius) = 5.29172 x 107 Meter

Conversion Table

1 Coulomb = 3 x 109’12 (Newton mg)l/2

9

1l Sec = 9 x 10 Ohm,meter

1 Weber = 1 Volt.sec
1 Weber/meter2 = 1/3 x 10_9/2 (Kg/mS)l/2
1 eV = 1.60207 x 10"+ Joules

Mass Calculations

Potassium (Z 19, A 39.100, N20)

27 27 + 22.31

m X 10_29(Kg)

m =19 x 1.67239 x 10°°" + 20 x 1.67470 x 10

Argon (Z 18, A 39.94k4, N 22)

- - 23. -
m = 18 x 1.67239 x 10 2T 4 oo x 1.67470 x 10 S ~%7§% x 10 29(Kg)



Ion of Potassium

m =19 x 1.67239 x 10797 4+ 20 x 1.67470 x 10797 & 2%;%% x 10799
-9.1083 x 1073t (Kg)

Argon Ionization Potential (lSo)

€ip = 15.755 eV

Potassium Ionization Potential (281/2)

€ix = 4.339 ev

Partition Functions

for Argon Z =1

for Potassium

Zk = 2
+ =
Zk 1
for electron
Ze =2

Ratio of specific heat for axgon

y = 1.67



APPENDIX A:

Derivation of Species Mass Conservation Equation (See Section 1.1)

%E (nSmS) + Vs (nsms < irs>) =mSI <g—§> aw
c
W
(o)

Sincep =nm <w >= v_and R is defined as
S s s s s s

m f <%€>ch
w

this becomes
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APPENDIX B:

Derivation of Species Momentum Equation (see Section 1.1) in i-direction.

q

0 - . s =
ot (nsms <Ws.>) + V;. (nsms < Wsws.>) B Er'nsms[E' (V; Ws.)
i i S i
- = ©or -
. V= > =
+ < (wS x B) VW Wsi ] m \I\ wsi \ 3% aw
W e

Thus for the all directions of velocity space,

(1)
e (nsmé<ws>) + VE. (nsmS <ww.> - qn LE + <w, > x B] = R,

That is,
> . o _ (1)
5t (PgVs) * Vg (pg < WGy >) - agng [E+ ¥ x B] =R,

From the definition of a peculiar velocity C_ = W_ - v. and the diffusion velocity
; = = 8 s &
of species < CS > = VS,

3 i I . .
ST (pSVS) + V- [ ps(v v+ VSV)] + V;.(ps v V) + Vo (ps <ce> )

o+ 7 x5 -g (D
- a0, [Ex + VS x B] = RS

Or, by defining the partial pressure tensor P as p_ < @SCS> R

3 - .- - - =
5t (pSvS) + V;.[ps(v VotV v)] + V. bps vv) o+ Vi P

(1)

- anS[E* + V% B ] = Rs

where B* = E + v x B is then the induced electric field in the moving frame of
the gas
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APPENDIE C:
Qerivation of Species Energy Equation (see Section 1.1)

_ 5
<S¢ >=<€i>+tm <w,>
S s S S

<ei>+ 3m <(v + cS).(v + cS)>

Wi

= <ei>+ ms<x'r2>+-§—ms<c§>+§m v.< ¢ >

i

+ % m <c >v

s s
=<e€l_ >+3m Ve o+ im < ¢>+m 7.7
s s s s s s
. . . 2 .
Considering the random translational energy 1/2 (mg <C >)equal to 3kTS/2, this
becomes
. 1 2 - = 3
<¢p >=<eki>+s5m v +m v,V +5 KT
s s s s s 2 ]
<WP>=<W_ €1 >+3m <Ww W >
s s s s s s s
where,
<wei>= < (v+C)ei >
s s s s
==< vei>+<c_ el >
s s s
=v<ei >+7T <ei_ >
s s s
<wvwe> =< {(¥+8). (F+c)]w>
s s s s s

< (v2 +v.C_ +0C .V + 02) w_o>
s s

- o . -2
< (v + cg) (v© + Vieg ke v cs) >
2

- T - N
< v v+ v(v. cs) + v(cs. v) + v.(cs) te v

- - - - = - 2
+ cs(v. cS) e (cS,v) +c e >

=w7v2+w7<62>+2x'r(x7.<6>)+v2<5>+<6 2 >
8 s s S s

2 <cg (cS. v) >
STV A T<E >+ 2 (T 4T T < cE >
S S S S S

+2< ¢ (cs. v)>

Cl



= . - 2 - -2 2 =
<w ¢> =v<ei>+V <e€i >+im [vv+tv<eI>+vT T
S S S S S S

- 2 - - = - - -
* < cs>]+ms[v (V°VS)+<cs (e, - v)> 1]

2 3 - 1 2

= i v i >+ [5 + = + L v
v<el >+ V <ei +[2msv 2kTS]v sm v V

2
8

\M i
o

<cgel >+ mS[v (Vsov) + < cs(csa v)> ]

= v [%msv2+%kTS+ <€is>]

+[im <3cf>+V<e > ]
s ss s s
1 2 = - 5 - - - -
+sm v V., +m v (V .v) +m v<cc>
s s s s s s s
=l 2,3 .
= 5 +=kT + < >
v[2msv 5 KT i ]
1 -
4+
n. s
s
2 =z - = - - =
+%va+mv(Vov)+£v,P
s s s s n s

where the flux of peculiar energy, that is, the heat flux energy q_ is defined
by q, = N [% m <CS Cs >+ VS < €is>] o remenbering the peculiar energy defined

to be % m, <C>+<e > .

Coe 1
< VW/-’( € +5m ws)>

<v¥7&'¢s>

o o
LoV W >
2 W S

I
g
A
=
\%

And
<(WSXB) e Ve 9> = ms<(wSxB) s W>= 0

Then the desired species energy equation becomes
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v-. [nsmS v (\_fs.\'}) ]+ Vo (v. -l'?s) -E(qnv) =R

where R
s

(2)

is defined by
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APPENDIX D:

Derivation of Equation (2.2.1)

From’ .

VxE = Vx( E) +Vx {x (3 x3B)}

+ (V) x (FxB) +x[

Il
<
o
i
5
cy
+
ql+
=
(]

B.V)J-B(V.T)-(J.Vv)B+J(V.B)]

c
i

Since.V.B = 0 and V. 0 in steady state

VxE =vV( % ) x J + % (Vx J) + (W) x (T xB) +x [

(3.Y) 7 - (3.V) & ]

D1






APPENDIX E:

Derivation of Eq. (2.2.2)

: VP
Vx E = VxE'+Vx(ﬁx}§)+\7x<-é-n—e>+Vx(Ocv Te)
e

- V_X(:EVTGXE) +Vx[§(VTex}§)x]§]

*
a:—é-lEV T
2 e o e
v 1*2
§=—E o e
me l+w2'r*2
e e
3
¢ = ek vo'r)é
- 2
m l+w2’r*2
e e e

Since V. B = 0 and'"W x E

0, when we only consider the steady state case.

Vx(uxB)=(3BV)u-B(V.u) - (uv)B

NP 1
v x _E> v( >x<w>
en el’le e

Vx(OtVTe) =(Voc)x(VTe)

Vx(s Ve x B) = (V&)x ( ¥r_xB) + ¢[-B (VT) + (B.v) Ve,
- (V. V) B ]

Vx [¢ (V‘I‘e x B) x B] = (V¢)x [(V Te x B) x B] + C [Bf VTe(VX B))

+ (B.V)(VE, xB) - { (VI_x3) .V)E ]

Thus

El



VxE = (B.Y) G -8 (V.R)-(.7) B + v(%;’;) x (V)
+ (Vo)x(V T )-(VE) x (VT xB) -€ [ - B(VT)
+ (B.V)V T, - (v Te.,v) B] + (VO)x [(V T, X B) x B]
+ ¢ B[(V Te),( VxB)1+ ¢t {B.V) (Vv T X B)y- ¢ [ (Vv T, x B)V)E

A variation of applied field B with co-ordinates is assumed not to be per-
mitted. Then,

Vx E=(B.V) u-3B(V.u + V‘( i‘njx (Vv Pe) + (V a) x (V Té)
S (Ve)x (VI xB) +Be V' 1_- € BV + (VL )x [

(VTGXE)XB]+§(]§°\7) (VTexE)

E2



APPENDIX F:

Derivation of Eq. (2.2.2)

u = (U-X: U-y: O). s B = (O: 0, B)

(E.V)E=Bg-z-ﬁ=0,sinceﬁ=1_1(xy)

] A O A O,
(Ve)x (Ve xB) =(Ve)x[1 5= B-J5 B

2)G-A2)G)1
NESTETET

Bt (VZTe) —kBe (V T,)

g(E.v)VTe=%Bg % (vr)

et xm x5 7 - - 52 (E) (e -2 (8 (3 )3t
B)(E)-@) (7))

> Te > Te
6 (5. V(v x8) =t 3o 168 T a4 9
Thus,
VXE'=—}—3(V.1_1)+V(l)x(VP)+(VO¢)x(VTe)+B%>

(ig_ 4 §5><5T JB[@XB__) <8§X5‘ 1% o 3e(P
kot @) (FR-R @ (@) A

7
J

<. ><5_>< >ﬁ‘+€Bg—-§i'—“lcs _5:}1%_

Fl



and automatically, The following conditions should be satisfied when we
neglect the ion slip effect and the variation of magnetic field

() ol v < wn e (3) () 4)

)t e e @)@ )

OT ar_r'
3“)‘3 C Seoy— <O

But if the variation of the plasma quantities in the z direction are negligible
compared to the variation of the plasma quantities in the x-y plane, then we
can ignore products of derivatives such as (a/az (3

) y) or (a/az) (0/dx) in
comparison with products such as (3/dx) (8/dy), (02/0x2) or (02/dy2)

Consequently, V x E' is aligned with the z-direction and

VxE's=- %LJ“?;?X)* %E <eni><§§é —%37 <en >< >
2)6)-G)E) 86 @)
BE,QXT;‘>+ BE,@:} +32%§><§§-§>+32%§;>< >




APPENDIX G:
Derivation of Current Governing Equation (see Eq. 2.2.3)

From Eq. (2.2.1)

VxE =) x T+ %I+ (V) x (FxB)+x (BV)T-x(3.V)B

T e(2)er @) (@)% (2

Lwxn -ty S &y
‘ dx Sy

(vx)x(ixﬁ)=-?;3[—§3§ & %;i ]

x (B.V) d =0
x (J.V) B =0

Thus,

e (DB B @)E (1) ()5 ()
ol (2)(2 )+ (Z)(Z) 7 omy in s-asrection
“(Hrro (H(2)- & 1(Z)rog (1)
g3
(B e E v ¥

Gl






APPENDIX H:
Discretization of the Current Governing Equation.

The derivations occuring in Sec.3.1 can be replaced by the finite central
difference as follows, '

Y. -, .
‘ B i+l,J "i,]
[Q(Xay) ‘z//X ]i‘f%',j Q’jﬁ%‘,j Xi+l — Xj_ [Q (X,Y),, %Uy] i,j"‘%
Then,
& Q] |, 2 —2— [ {0 oyl 1. -(atye)
ox 2 ¥4 15 X, .- X, LS T TSN 2Wi¥xIi-103
i+l i-1
1. 2 Vie,s = ¥,
] = - X [ 951 3 x - X - Q1 J
iv1 %o 2> 41 T % 2>
Vig~ Yig
*p T ¥ia
Thus if we let Q(x,y) = 1, then
Cu ] s 2 Pt Vig T Vi g
X% 5 Fien T B Xi017% 7%
Cu ] e —2 o tm Ty MgV
Y.¥ 1,J yJ'l“l-yj-l yj+l - yJ yj - yJ_l

and letting Q(x,y) = M(x,y) and then Q( x,y) = N (x,y), in turn we obtain

Y, /A Y., . =Y. .
[M(X)y)w : :l = 3 [ .1 s itl,J 1.d 4 M, ;. 1,4 i-1,J
X e MH+5,i  x - X i-L 3 P
i, 22 i+l i 2> i i-1
V. . V. . =V, .
[NGoyw, ] =2 o .0l ;:J ew, g ;,J-l ]
i’j 2dJT2 yJ+l J sd 2 YJ J-l

Therefore the given equation for stream function can be rewritten as

H1



141 14175 17 % 3417751 N T3 T Y3
= isj—l>+ M Vin,g Y1, + M Pig Ving +
yJ yJ—-l 17554 Xi+l - Xl 1-25d Xi - Xi-l
s, gy 1,0 Y91 .
ol = o1 -
1,J 2 yJ"‘l yJ 1,J 2 yJ J—l
Let Xeyp %5 T hi’ y3+l -~ y. = h,, then T hi + hi-l and
- = +
Yy~ Y31 TRy Py
Thus,
2 Yin,g Vi Vi g, e Vi on Vi3
ot o, o, n, n.th, n.
i i-1 1 i-1 J J-1 J
RV U ATV U U B £ OF NNV OV fulc EEOF [ g
M, M, 1
by 2 by 2> b1
1 [N., 1 wisj"'l tﬂkiaj + N 1 ?//193 mwi:j‘l 20
2 i,J+5 hJ 195'5 hj—l
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NUMBER CONDITIONS

STAGNATION _ STAGNATION MACH No. STATIC GAS SEEDING RATIO
TEMPERATURE PRESSURE M, DIMENSION- TEMPERATURE S,, DIMENSION-
To,  °K By, ATM LESS T, %K LESS

1 1,800 1 0.8 1, 482.2 0. 002

2 1, 800 1 0.8 1,482.2 0.003

3 2,002.5 1 1 1, 500 0. 001

4 1,821.6 1 0.8 1, 500 0. 0065

5 2, 550. 24 1 0.8 2,100 0.004

6 2, 494, 89 1 0.57 2, 250 0.001

7 2,428.8 1 0.8 2, 000 0.004

MAGNETIC INPUCTION REFERENCES

B, WEBER/M

1 1.7
2 1.7
3 1.3 ,TAB, 2; , FIG, 1
4 1.7 ,FIG. 4; , FIG. 2,3
5 1.7
6 1. 63 , TAB, 2
7 1.7 , FIG. 1; , FIG. 4,5,6
LEGENDS
ne ELECTRON NUMBER DENSITY ( No/M® )
Te ELECTRON TEMPERATURE ( °K )
Too GAS STATIC TEMPERATURE ( °K )
Ss SEEDING RATIO OF POTASSIUM ( DIMENSIONLESS )
P GAS STAGNATION PRESSURE ( ATM)
o CONDUCTIVITY ( MHO/M )
x HALL COEFFICIENT (M /MHO-WEBER )
B HALL PARAMETER ( DIMENSIONLESS )
i CURRENT DENSITY ( AMPS/M* )
W CURRENT STREAM FUNCTION ( AMPS/M )
ITN NUMBER OF ITERATIONS REQUIRED TO COMPUTE TO GET
THE DESIRABLE €,
€ MAXIMUM. DIFFERENCE OF THE CALCULATED VALUES AT

THE SAME POINT BETWEEN ITERATIONS WHEN THE COMPU-
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Fig. 1
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Electron Number Density Against Electron Temperature
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SCALAR CONDUCTIVITY,
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Fig. 2
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Conductivity Calculations in terms of Electron Temperature

a)
b)

o ; Calculations Based on the 2nd Approximation
Oo ; Calculations Based on the Conventional Definition
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Fig. 4
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Hall Coefficient Against Electron Temperature

a) X ; Calculations Based on the 2nd Approximation
b) Xo ; Calculations Based on the Conventional Definition
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By the Definition of (3 =X, B
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