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ABSTRACT

This reportT is devoted to the solution of a special class of non-
linear filtering problems and to its applications to the attitude computa-
tional problem in a strapdown inertial navigation system,

A special class of nonlinear filtering problems is formulated in
chapter one to study the attitude computational algorithms in a strapdown
inertial navigation system, It is shown that the characteristics of fhis
particular mathematical model allows a direct iterative relation be obtained
between the successive estimates of the states, A series of filters are
defined and algorithms are derived according to the computational load
allowed in a real timé application.

Chapter two introduce the practical problem of the strapdown iner-
tial navigation system, Monte Carlo simulation results are presented
giving comparisons between the use of the derived algorithms and a commonly

used algorithm (the Taylor series second order algorithm ).

T This report is a part of a thesis submitted by the author July 1969 to
Harvard University in partial fulfilment of the requirements for the
degree of Doctor of Philosophy.

" This second order algorithm is a currently used attitude updating algorithm
(see section 2,4). It is obtained in a deterministic manner without taking
the statistics of the random environment into consideration. To avoid
confusion with the second order nonlinear filter to be derived in chapter
one, we shall refer to this second order algorithm as Algorithm A.
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Chapter three considers the attitude computation algorithms from a
more restricted and practical point of view, The approach is to impose.a
complexity constraint which, in essence, reétricts the filtering algorithm
to a particular form with a set of parameters which are, thén, chosen
optimélly to minimize an error criterion (the mean square error). Explicit
equations are given for the single axis rotation case. The numerical results
for the single axis case show that substantial improvement in performance
can be obtained over thé Taylor series second order algorithfn (refer to
the footnote of last page), especially in the case where the statistical

angular process is biased,
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NOTATION

Matrices will be denoted by upper case Roman letters, The vectors
will be denoted by lower case Roman or Greek letters, Ali vectors are
considered to be the column vectors. The row vectors are indicated by
the superscript T which stands for transposition. Scalars will be explicitly
mentioned, For 'e’xample‘, the performance index J is scalar, The element
of a matrix A is denoted by a(i, j) and the column vector as’sdcié,ted with the
matrix A is. dehoted by A(k). The element of a vector y will be denoted by
?(k). The state x at time ‘ci will be denoted by X 6ij Will représen‘c the
‘Kronécker Delta, whereas, .6(1: - T) will dencte Dirac Delta,

The foilo’wing symbols will be used to represent probability density

function and statistical evaluation of a random function;

p(x) = probability density function of x

p(x/Z) = conditional probability density function of
x given the information Z

E( ) = expectation operator

Cov( ) = covariance operator

E(x/Z) = conditional mean of x given Z



CHAPTER ONE

A CLASS OF NONLINEAR FILTERING PROBLEMS

1.1 Introduction

Recursive computation techniques for linear filters as derived by
Kalman [1] and others are well-known. The techniques have been success-
fully applied to many problems; for example, those related to orbit deter-
mination, attitude control and process control fields, In contrast to this
very little work has been done in applying some of the theoretical work
in nonlinear filtering techniques that have been developed during the past
few years,

There are basically two approachs in attempting to solve problems
in nonlinear filtering, One approach is the use of a linearized model
about an estimated state and the successive use of the linear filtering
techniques [2, Section 12, 6]. The other approach requires the use of the
conditional probability density function [3][4]. It has been shown by many
that for the continuous signal and measurement case, the conditional
probability density function satisfies a partial differential equation [5].
Similar equations have been derived for the case of continuous dynamics
with discrete measurements [6]. In all cases, analytic solutions are
difficult to obtain, In general, approximations must be made. Examples
of the approximation techniques include the use of a Taylor series expansion
[6], moment generating sequences [7], and the use of approximate Gaussian
distribution functions [4]. There has been very little work on the application
of these algorithms to a reasonable problem of practical interest. It is of
interest to note that the results of a Monte Carlo simulations of eight different
nonlinear filtering algorithms [8] indicate that no one particular approxima-

tion scheme is uniformly better than any other,



Most of the nonlinear recursive algorithms were intended for use
with very general ,nonl'inear dynamic and measurement models, as such,
the algorithms were extremely complex, Moreover, almost all deriva-
tions approached the problems in two steps: (1) the propagation and
prediction procedui'e bas ed on all previous measurements, and (2) the
procedure of inéorporating an additional piece of data, the present
measurement, In general, approximation must be used in both steps.

This chapter considers a special class of nonlinear fiitering problems
where the dynamics are of a special form and where the measurements are
linear., This particular model has many practical applications and was
motivated from the consideration of a practical pro’blem involving the -
attitude computation of a strapdown inertial navigation sys’ternﬂ< [9].

In view of the special characteristics of the mathematical model,
it was found that a direct iterative relation between the successive
estimates of the state can be developed. In other words, it is no longer
necessary to consider the two step approximétion as described in the
previous paragraph. The net result is a more efficient use of fhe infor-
mation at every step.

The problem is formulated mathematically in Section 1. 2. The
derivation of the optimal filter is given in Section 1, 3, Extention to

more general filtering problems is considered in Section 1. 4,

" The details concerning the applications to the strapdown navigation
system are given in Chapter two.



1.2 Formulation of the problem

The special class of nonlinear filtering problems to be considered

in this Chapter can be formulated as follows:

Given:

where

where

a) The nonlinear dynamics

x4 = H0, ) (1-1)

il

X.

i n-vector representing the state

a. = m-vector forcing function

i

E(xo) = ;;o

(1-2)
Cov(x ) =P
o x
o

b) The dynamic equation governing the forcing function

%y =+ w, (1-3)
3 = a known m x m transition matrix
w. = m-Gaussian vector with
E(Wi) =w

(1-4)

¢) Measurements

z., = Ha, +¢€, (1-5)
i i i



where
-Zi = a ke~vector representing physical data
H = k x m transformation matrix

€; = k-Gaussian vector with -

+ (1-6)

"The Problem

To find the be’s£ estimate of Xi’ denoted by Qi’ givén» measurements
zj(j-= 1,2,...,1) in the sense that é\ii is the conditiohal mean of X, given all
the data upA’co i. The reason for taking the conditional mean of X, is that
the conditional mean has been proved [10, pp. 217] to be the optimal

estimator in the sense of minimizing the mean square error, Fig, L1

shows a block diagram describing the above mathematical formulation.

1.3 Filter Structure
Let Zi+l = (Zl’ ZZ’ 23, ------ , zi+1) represent the set of measurements
up to i+l. The problem is then to evaluate the conditional mean of X190
that is
A
x

.4 =B /Z

141 (%, 1/ 25 4) (1-7)

We proceed by deriving an eipression for the conditional probability density

function p(.Xi-!-l’ ai-i-‘l/zi-lrl)' Using the fact that

pla/b) = jp(a/b, c) plc/b) de

we find
e
Pl 0Oy /200 = ) Pl 0 /0%, 200 plxg, o /2, ) dx, doy

(1-8)
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where the integration is over the m-vector o, and the n-vector X Now,

by applying Bayes formula, we have
P 41 Oy /00 X Zigp) = Py /0400 O350 24 1) PUOG g 0,3, 2, 1))

=00y - Hapx)) Blog /0, 2 (1-9)
Where

Py g /0 4gs O X0 2y ) = Pl 4y (0, %) = 0%, - £Ay, %))

Furthermore , in (1-8),

p(x;,0, /2, ) = plx, /o, Z, ) pla;/Z, ) (1-10)

The first term of the right hand side of (1-10) can further be decomposed as

(2 ,p,%;/05, 2,)

24,795 29

i

p(x; /04 25 4)

plx; /05, 2)) pl2, /%05 2)
p(2;41/% 2y

[

1

p(_xi/ai, z) (1-11)

A : . N . . a, '
since the density function p(zi+l/Xi’ a,,Z,) is the same as p,(zi_H/ i 23

Combining (1-11) and (1-10) and substituting the remaining and (1-9) into

(1-8) give

8l 4y = £y %)) (o 4/ Zi+l’ai)v

(1-12)



It follows that

fr
p(x; /25 4) = L 8(x; 4y = Hoy %)) plx; /0y, 2)) play /2, ,) dog dx, (1-13)

and by definition, we have

.
Xy = Xy P /Z000) dx (1-14)

To obtain an explicit expression for the nonlinear filter for an
arkitrary f(ai,xi), approximations must be made. The approximation
technique is based on expanding f(oni, xi) in Taylor series around &i and Qi’
where

A
A, = B(0,/Z) (1-15)

A
Direct observation of Eq., (1-3) and (1-5) shows that ai satisfies the

+1

solution of the well known Kalman filter. In other words

e\t T, -1

—éé\c + P H R
- - al -

A
- Hé a,) +%,
i+ t i+l L

Z
(2, i o

where Pa is the standard m x m covariance matrix satisfying the well
i
known discrete matrix Riccati Equation,

A
Consider now the problem of finding %; From (1-13) and (1-14),

+1°

we have

i X = jjf(ai,xi) p(OLi/Zi_H) p(xi/cxi, Zi) dai dxi | (1-17)

Only in very rare cases can an exact solution of Eq, (1-17) be obtained. In
general, approximation must be used., One approximation scheme is the

Taylor series expansion,



- A A . ,
Expanding .f(CLi-, Xi) into Taylor series around Oti and xi*-, yvields

3t A
= A A —— N A (O
fla,x) =fa,=ng & *sala.,% & -9y
1 1 i 1 1 .
+ 2E 00 A (x ’;\;) + (higher order terms)  (1-18)
0%, @, x, - 18

A hierarchy of filters can be defined depending on the order of the
expansion, For éxamﬁle, the zeroth order filter is defined by retaining

: ' : A A
only the first terim. In which case, we find after substituting f(OLi, Xi) in
place of f(ai,xi) in (1-17) that
A A
x,, =fa,,%) (1-19)
Consider now the first order filter. It consists of using the first three

AA : .
terms of (1-18), The first term is, obviously, f(ai, Xi)' The second term is

Fr

3¢ A /
= D /\ /\ - N
(The 2nd term) = | | — “fxi(ai &) p(a,/2, ) plx;/0, Z,) o, dx,
1
CE /\ r(oc é\n (a,/z.,.) da (1-20)
da a J )P i"7TiH i
1
Let
o - ] a./Z. ) d 21
i/i41 =4 05 PlOG/2) day (1-21)

" Based on numerical results in Section 2. 3, the approximation of f(a,, Xi)

by its Taylor series expansion as given by (1-18) ‘proves to be agood
one, at least in Bome problems.



A . ’ o . :
Then ai/i+l is the smoothed estimate of Oti; namely, the estimate based
on data Zl’ ————— Zi+l’ It‘folloWs that
of A A
= A A - A{l-
(The 2nd tgrrn) 3 ai a.,xi (oni/.1+l Oci) (1-22)

A . . .
The smoothed estimate G“i/i+l is known [11] to satisfy the following equation.

A

A A
Q = -
ijiv T4 K HE a,)

1i410%5 4
(1-23)
P il

Kijinn =Py B By

with
- T ! ' T 1, =1
Pi/i’l-l = Pai - P'O(,i Hi (Hi }53'OLi Hi + Ri) Hi Pai.

‘R'=HQHT +R,
1 1 1

H. = H§
1

Substituting (1-23) into (1-22) yields

of

(The 2nd term) = —=— |§ />\§

AN
54, |8, iKi/iH (254 - HEOQ) (1-24)

It turns out that this additional correction term of (1-24) can be easily
incorporated to (1-19). Ki/i+l can be precomputed and stored and there-~
fore is applicable for real time application. Numetical results of Section
2.3 seem to indicate that significant improvement can be obtained by the
addition of this term.,

Let us now consider the contribution of the third term in the expansion

of {1-18). Using (1-17), we see that
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fr 4
df ! A ,
2 e § A C .
(The 3rd term) Sx; “i’é\‘i‘} J (=, - %) plx, /o, Z) ploy /2, ) dx, da
> f f Coa T
3% o 1, lJ p(a,/Z, i}(x - %) plx;/ay, 2) dxy) day

(1-25)

To evaluate the inner integi'al on the right hand side of (1-25), it is necessary
to make certain assumptions concerning p(Xi/ai’ Zi)' A reasonable assumption
appears to be that the random vectors X, Gy given Zi are jointly Gaussian

Y pad . A - s . *
distributed with mean x5 0y and conditional covariances PX s POL and P

. . x,Q, °
A i i ii
Based on this assumption, it follows that
j %) pix, /o, 2,) ax, =P_ P’ (a, - &) 1-26)
(xq = %) plx/0,,2) dx, = X0, a, (@ - 05 (1-
where
_ : AT 27
PXi“i = E(x, - DICHEEH /1Z.) (1-27)
substituting (1-26) into (1-25) and using (1-23) shows that
(The 3rd term) = —= o A P__ PIlk, HEG,) (1-28)
erm. - 3%, ' a,x T x0; A i/i+l ( +1 i -

Combining (1-28), (1-24) and (1-19), it is seen that the first order filter can

be writtern as

A A A
X = HOpHx)
3¢ | 3f | -1 . A
— A A —— A A . : -
TR 68 T 3w 8,k P, o) 0 Kyjpyg (B4 - HEGY)
1 1 1 1 1 1 11 1

" See Comments at the end of this section,
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The only unknown in (1-29) is P An iterative relation for updating

..’
i'i _
PX a can be derived. The derivation follows essentially the same

ii ' ‘
procedure as that leading to (1-29). Although the derivation is tedious,

it is nevertheless straightforward (refer to Appendix A)., The final

expression is

0 df ' -1 T )
- [R— /\ N
Py o TG4 Pinn T 3 10,4, Fxa, Fo, Pijin) A1 (1230
i+l i+l L | T et iat] i%i i
whei'e .
AT =3 -k, He (1-31)
i S
and
el T -l -l T -1

Comments:

1. In evalﬁating Eq, (1-25), we assume that p(xi, OLi/Zi) is Gaussian
distributed. This assumption is not so drastic as it sounds. Taking a
close 'iook of (1-26), we find that it is only the conditional mean of x, is of

interest, The cbnditional mean of xg is evaluated by

It

r _
;} x, p(Xi/C(,i, Zi) dXi j x, Lp(xi, Cci/Zi) /p(ai/Zi)} dXi

f .
p(ai Zi) J'Xi p(xi,OLi/-Zi) dXi
ks .
We have approximated p‘(xi, ai/zi) by a Gaussian density function p (Xi’q’ilzi)
with mean and variance of pr(xi, ai/Zi) equivalent to the mean and variance of
. % o .
p(x;, Cci/Zi). This Gaussian approximation makes p (xi/cci, Z,) a Gaussian

density function, since p(oni/Zi) is Gaussian distributed. It:is shown in Fig, 1, 2
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PROBABILITY DENSITY
4 FUNCTION ‘

/N P/, 24)
/ ! \\_ (Gaussian Approximation)

\ .
v S~Approximated N~
/ mean | Mean
i

f Xj

FIG. 1.2 GAUSSIAN APPROXIMATION OF A DENSITY FUNCTION
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that p(xi/ai, Zi) may not be close to its Gaussian approximation, but as
far as the value of the integral is concerned, the integré.tiori tends to
.'smgoth out the irregullarity of p(xi/oci, Z.) and makes the approximated
conditional mean of x, close to the true conditional mean of ;.

2. Recursive relations for the zeroth order filter and thé first
order filter are given by Egs, (1-19) and (1-29) respectively. The com-
putation of Eq. (1-19) require the knowledge of é‘i which is given by (1-15)
and (1-16). The computation of Eq. (1-29) requires Qi as well as
Psar PXia; and K, ;) which can be obtained from (1-23) and (1-3'0).

3, PX which is the covariance of the error in the estimate is nbfc
needed in an; of these recursive a’lgorithms';

4, Higher order filters can be derived using the samie approximation.
Eq. (1-33) shows the form of a second order filter., The second order filter
is defined by using up to the second order terms in the-eXPansiqn of f(oni', Xi)'

The derivation is straightforward but tedious hence it is omitted.

x4, = (zero order term) + (first order term)
. 2
1 ¥ of .
. A A
2 L T onm| 4,8, U
ik o
+ § _.__._____.__azf AR o G5, 4) P14, m) X (m, k)
‘3&% aC(.i(J) axi(k) Oci, x, 2&; Xiai cc.i i
4 .

o el
> P (G, HP;(4,m)
TiTi i

(1-33).
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where

T.,T

N
K

X. =P

A
~-H¥%a ) z.,, ~-Hs
i ‘ai/i-i-l iU

tRiin i
5. The first order filter as characterized by Egs. (1-29) and (1-30)

turns out to be equivalent to the approach of using a linearized model along

an estimated state and the successive use of the linear filtering techniques

[2, Section 12, 6].

1.4 Extention to a More General Model

The method which was used to derive fhe recursive filters in section 1. 3.
can also be used to obtain solutions related to a more general filtering
problem. Consider the following models:

a) The dynamics

- X Xi) + W, (1-34)

4 = A
where x, and W, are the same as specified by (1-2) and 1-4}),

b) The measuréements

z, = Hx, + ¢, (1-35)
1 1 1

where the statistics of e, is given by (1-6).

The problem is to estimate the conditional mean of %, given measure-
ments up to i,

To obtain the best estimate of x,, we follow the techniques used in
section L 3 by deriving the conditional probability density and expanding
the nonlinear term into Taylor series, |

Tjsing the fact that

pla/b) = fp(a/b,C) p(c/b) de

we have

plxy /250 = I plxgy/xn 2 ) plxg /2, ) dx
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and

>

4T j‘ 41 PUE /2 +1) dx,

The integ'ralj 4l p(X1+l/X Z, +1) dx +1 can be analytically carried out

because of the fact that p(xi+l/xi’ Zi+l) is Gaussian distribﬁted, that is

jxiﬂ POy g Zqg) 5y = 205 4 K (g - HEx) (1-37)
where
K, =] +H R m) T HTR (1-38)

Substituting (1-37) into (1-36), yields

]

x>

i+l f[f(xi) + K, (2, - Hi(x))) p(xi/ziﬂ) dxi- (1-39)

To obtain an exi)licit expression of the nonlinear filter for an
arbitrary f(xi), the nonlinear term f(Xi) is expanded into Taylor series

A
around Xi’ or

. A L v
f(x y = f(X ) + —g—i— é\: (xi - Xi) + (2nd order and higher order terms)
i .
(1-40)

As before, a hierai-éhy of filters can be defined:
1) The zero order filter

Substituting only the first tetm of (1-40) info (1-39‘),, we have the
zero order filter as

A

A . AN
X4 7 HE) K, (2, - HEEX)) (1-41)
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where K, is given by (1-38). It is noted from (1-41) that if (%) = f(x,), then

: A , .
the optimal estimate of x. . is simply X4 given by (1-41).

i+l
2) The first order filter
The first order filter is obtained by substituting the first and the

second terms of {1-40) into (1-39). The first term is obviously given by

(1-41), and

_ - of g f A " e ,
{The 2nd term) = (I - KiH) 5%, ‘é\gl (Xi - Xi) p(Xi/Zi-H) dXi (1-42)

The integral fxi p(xi/Z ) dx:.L is a smoothed estimate of Xi' Assuming

i+l

p(xi/zi-i-i) and!p(xi/Zi») are Gaussian, the second term can bé'aﬁproximated as

. 3 A
(The 2nd term) = (I - KiH) g——-—l- %é\;l Ki/i+l (Zi+1 - Hf(xi).) (1-43)
where
_ 1T =1
Ki/i-i—l - Pi/i+lHi R,
with
. _ T 3 T 1, =1 .1
Py =Py - Py (Hy Py HS +Ry) T H Py
R!=HQH® +R,
1 1 i
mlem 25 |A
i 3X. | X,
1 1
and

P, = I(xi - é\;i)(xi - é\;i)Tp(xi/zi) ax,

Combining (1-43) and (1-41), we obtain the first order filter

A
X

AL . A
ih S f(xi) + Ki (Zi-l-l - Hf{xi)}

|
of | A
- KH) 5% %é\;i K, /41 (B - HEE)) (1-44)

1
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The recursive expression for updating Pi is not available in analytic form,
hence, for numerical realization, the approximated version is obtained by

expanding f(x,) into Taylor series up to first order, and we have

_ T T -1
Py =My - My H (HM, BT +R,) THM,
(1-45)
M. . = of AP —-—-—a f E +Q
i+l 3X, X, Ti-ax. X, i
1 1 1 1

Comments:

1. (1-41) provides a simple zeroth order filter which explicitly takes
the present measurement into consideration and which has the adVant'a‘ge‘
that Ki can be precalculated and stored. In fa.ct, Ki is constant if Qi »a»nd Ri
are independent of i (see Eqs. (1-38) and (1-39)). |

2, Highér order filters can be derived in the same way as the lst
order, The first order filter given by (1-44) tui‘ns out to be equivalent to
the uéual épproach of using the linearized dynamic model applﬁng the
recursive filtering techniques derived by Kalman [2, Section 12, 6].

3, The ﬁ.ltering algorithms derived in this s’ecfion do not include
the filtering algorithms derived in previous section, The reason is that

the general formulation of this section tends to neglect.the special

characteristics of the class of filtering problems discussed in last section,

1.5 Summary

A class of nonlinear filtering problems has been formulated in this
chapter intended to study the attitude computationai algofithms in a 'strap-.
down inertial ﬁa*’vigation system., Re'cursive,filtéring algérifhms which takes
advantage of the special characteristics of this mathematical model have been
derivéd. Extention of the solution to more general dYnémic and mea;sur'eme‘nt'.

modelsvhas also been considered,
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CHAPTER TWO

APPLICATIONS OF NONLINEAR FILTERING ALGORITHMS
TO
STRAPDOWN ATTITUDE COMPUTATION

2,1 Introductiop to the Strapdown Inertial Navigatioﬁ System

The function of.an inertial navigator is to indicate the attitude,
velocity and position of a vehicle with respect to a selected reference
frame using measurement obtained from onboard inertial instruments.
'Broadly speaking, inertial navigation systems can be divided into t\;VO
classes:

1. The gimbaled navigation system (the platfornﬁ navigation system).

2, The strapdown navi'g.ation system., |

In the. gimbaled navigation system, the reference frame which the
measurements are made is a stabil_ized platfdrm_. Mounted on the platform
are gyros and accelerometers, The platform is stabilize.d by meansv of |
serx}omechanisms [12]. A typical servo-stabled platform is shown in
Fig. 2.1, The attitude is determined by the reading of the gimbai angles,
The accelerometers are used to measure the lihea@r acceleration or the
increments of velocity with respect to the reference frame, The velocity
and position of the vehicle are obtained by integrating the output qf the
accelerometers,

In contrast.to the gimbaled inertial navigation system, the strap-
down navigation system creats the reference frame eieét_ronically [13]-
The gyros and accbelerometers are physically mounted to the vehicle frame.
The attitude of the vehicle relative to the inertial space is mairitaihed in a

digital computer By solving a set of mathematical equatidns using gyro output
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as physical measuréments. Many parameters [9] can be used to relate
the vehicle frame to the reference frame and many studies have been
conducted examining fhe use of these parameters and the vAari‘ou»,é. integra-
tion algorithms to update the'r-n [9][13][14]. A common set that has been
used, for eﬁample, in the LEM* Abort Guidance System, is the so called
direction cosine matrix, This is an orthonormal maf;.,rix of niné elements
giving the nine vpr'oj ections of a unit vector along the Body coordinates to
‘the inertial coordinates (the reference frame).

Let the 3x3 direction cosin_e matrix be represented by T(t), Then

it is well known'vtha’.c T(t) satisfies the matrix differential equation [13],
S _T(t) = Q(t) T(t) (2-1)
dt

where T(to) =1, an identity matrix, and Q(t) is a 3%3 matrix whose
elements represent the body angular rates with respect to the vehicle

frame (or body framé).

{F 0 w(3)  -w(2)

Q) = g-w<3> 0 w(1) (2-2)
| , .
L@ ) 0

Let ay be the cutputs of the accelerometers mounted on the body,

Then, the acceleration with respect to the inertial frame is given by

¢

UL EM' stands for '"Lunar Excursion Module'',
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T and a; provide the same information as the gimballed angle and .
the accelerometer output of the gimbaled system, The position and the
velocity of a vehicle can be conventioﬁally obtained by double integration.
A block diagram comparing these two inertial navigation system is shown
in Figure 2,2, |

An import’anf problem associated with the StrapdoWn navigation
system is to find the computational algorithms for updating the trans-
formation matrix T, This is the problem that will be addressed in this
chapter,

The advantages and disadvantages of the strapdown syétem compared
with a gimbaled system are listed in the following*:

1. Advantages
i) Minimium mechanical complexity .
i1) Smali size, weigh’t and power
iii) Packaging flexibility
iv) Reliability and maintainability
2, Disadvantages
i) . Requires fapgter onboard guidance computer

ii) High angular velocity exaggerats performance errors

2,2 Formulation

As described in section 1.1, the class of filtering problems discussed
in Chapter One was motivated from considering the practical problems
related to strapdown attitude updating. In this section, we will show how
the strapdown attitude updating problem is formulated into the class of

filtering problems of Chapter One.

sk

" For detailed discussion please refer to [13],
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As shown in (2-1), T(t) is updated by a set of differential equations
using the body angular rates W(l),w(2) and W(3). In practice, the measure~-
ments on the body arigular rates are given in terms of incremental angle
from which §2(t) must be inferred (for instance, measurements from the

pulse-torque-rebalanced strapdown gyro [9])

Define - _
—
i 0 6.(3) -6.{2)
t. i
. s» i+l

'Yi =thi Q(t) dt = _91(3). 0 ei(l) (2-3)

0,20 -8,(1) 0

- -

The measurements may be approximated by the equation

Giﬂ) €i(l)
2, = |6.(2) t ] €2 (2-4)
0,(3) e 3]

where e is an additive noise term.,

The ‘solution;“ of (2-1) at sampling times can be approximated by

T,.,,=e T, (2-5)

) commuts with vy, [15] or

" (2-5) is the exact solution of (2-1), if (¢,
is constant over the sampling

more restrictively, if w(j) for j =1, 2, 3, i+l
period (ti+1“ti)'
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This discrete upda‘éing equation does not affect the orthonormal
condition of the transformation matrix T (see Appendix B). An analytic.
expression for e ' is also given in Appendix B,

From po'wér spectruﬁ analysis or by other s_ta‘.tisﬁcail methods
Gi(j),‘ for j = 1,2, 3., can be modelled as a Gaussian Markov random proceés.
Then, it is clear from (2—3), (2-4) and '(2‘--5) that the problém of finding Ti
ié equivalent to the r.lonlinear filtering problem considered in ché;pter five.
Ti corresPonds to x, and Gi corresponds to a..

For example, Eq. (2-5) can be written as a ninth order differential

equation
Yi
Ti—i—‘l(l}. =e Ti(l)
o Vi
Ti-l-l( Y =e Ti(Z)
oy Vi
T. a3 =e Ti(3)

where T(1),T(2) and T(3) are column vectors of thée matrix T.

2.3 The optimal Filter for Single Axis Rotation Case

For the case wheré the angular movemnient is around a single axis
only, an analytical expression eziisics for the optimal nonlinear filter., It
can be used to establish a lower bound for the error variance. The |
derivation of optimal nonlinear filter is given as follows.

Assuming §,(1) = 0 and 8,(2) = 0, for all i, Eq. {2-5) becomes

A@i(B) |

T.=e T, (2-6)
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where

|
A=l-1 0. 0] (2-7)
§§

0 0 O_j

B

Successive iteration of (2-6) gives

. eA(ei(3) +9, 4(3) +-=am +0_(3)

i+l T, :,(_2‘8)-
Define
'ﬂi+1=ﬂi +ei(3) 3 no =0 (2-9)
Eq., (2-8) can be written as
‘ An,
_ i+l
Ti+l =€ To
wheré
cos ﬂiﬂ sin ni+l- 0
An, .
i+l _ . _10%
€ = -sin?y, cosn, O (2-10)
0 0 1

The optimal nonlinear estimation of Ti+l in this case becomes

AL AT :
(T:H-l) Optimal = Efe /Ziﬂ) To (2-11)
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A : -
To evaluate Eq. (2-~11), it is required to known N4 and P_.  which are
- i+l
defined by

A
M.

41 = B /2,

1-1-1]

(2-12)
o A AT
Py T P = ) gy = 14007 /254

Since 91(3) has been assumed to be a Gauss-Markov proceéss, from Eq, (2-9),
'ﬂi will be a Gauss-Markov process [2, Chapter 11]. By sequentially applying

. S A
the Kalman filter, we can update N, and P, _, for all i,
AN i T3

ITl/Zi_H}, we make use of the characteristic

ANy

Now to compute Efe
function [7, Pp. 159] of ﬂ’i-i—l’ then the elements of E[e /Zi+l]’ namely,
E[Cos ﬂi+l/zi+l] and E[Sin ﬂi+l/zi+l]’ can be easily obtained. The
characteristic function of N,y given Z. ., is (refer to [10, pp. 159])

AT . 2
qu_l_lo-"%zp e}

P jom, :
) i:e 1+1/Zi+1§ = e i1 (2-13)

where j =#-1 and o is a dummy variable (scalar). Using Eq, .(2¢-13), we

have

oy 1 {3
E{Cos ﬂi-’rl/ iH] = Real Part of ‘\E[e /Zi-l-l]
-=P

_ uf A
= e i+l Cos M, (2-14)

and similarly,

. "%Pn, A ’
E[Sin ’ni+llzi+1} = e i+l Sin 41 (2-15)
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Using Eqs, (2-10),(2-14) and (2-15), we have

— -
A A
Cos PP Sin ni+l 0
-EP
AN, . : :
i+l 1 - 4L .. A A
Ele /Zi—i-l‘] =e ~Sin ni+l’ Cos i 4pe 0 (2-16)
%’Pﬂ'ﬂ
0 0 e v
. ) ) J

Eq. (2-11) and Eq. (2-16) give the optimal nonlinear estimate of Ti+1’

2.4 Numerical Results

For purpose of illustration, numerical work based on Monte Carllo'
simulations were carried out using the recursive aigorifhms developéa
in Chapter one, Figure 2, 3 is a block diagram describing the simulation
procedures, For simpllicity, it is assumed that the vehicle is subject to
a wide b‘and noise fluctuation (i. é. , purely random noise). In this case,
the dynamic of the .gyro output can be,approximated as the outpﬁt of the

first order difference equation

63000 =B 8,05) + wy(i) (2-17)
‘eo(j) =0 with probability 1
forj=1,2,3
where
E(w,({) = 0
and
E(wy(i)w () = Q 8, (2-18)

The measurements are given by equation (2-4) and the attitude matrix

satisfies equations (2-5) where Y. is given by (2-3).
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For coniparison purposes, we included in our numerical work a
typical strapdown attitude computation algorithm being used in current
LEM system based on Taylor series expansions of eyi, with @i replaced
by z, [16]. This algorithm which is generally called 'the second order

algorithm' has the form

S _ i 2. sk
Ti-'l-l =(I+ Ci + > Ci) Ti (2-19)‘
where = -

| |
; 0 Zi(3) | -zi(Z)
i

Ci = %-21(3) 0 Zi(l)
§
g .
: Zi(z) -zi(l) 0
L .

To avoid confusion with the second order nonlinear filter derived in
Chapter orlxe,‘ we shall refer to (2-19) as ALGORITHM A.

The mean square érro’r is adopted as the criteri‘on for the evalua-
~ tion of the various algorithms, Let Ti be the true solution and let /']\Z’i be

the solution using a particular algorithm. Define

J. =T E(T, - T.)NT, - 7T 220-
; = Trace ((i~ i)(i-' i)) (2-20)

then Ji gives the mean square error at time ti" Phys‘ically, J'i is a
measure of the expected magnitude square of the differénce vector between
the vectors which are transferred from the b'o'dy‘ coordinates to the inertial
coordinates by usihg Ti and %i respectively (see Appendix B).

In the :Eollowihg, simulation results are categorized into two classes:

class A, the single axis rotation case, and class B, the three axes rotation

case,



~31-

Class A: Single Axis Rotation Case

Four simulation results will be presented, The first two simulations
are to show the advantage of applying the filters derived in Chapter one,
The third shows a contradictive result with explanations given in Appendix C.
The fourth simulation considers a practical problem associated with the
test of a strapdown gyro. It will be seen that in the case of higher noise
levels (e, 1., Q and R) and lower correlation (e, i,; B(3)<< l.) the perfor-
mance of the nonlineaf filterin_g algorithms is much better than that of
Algorithm A. The reason for this is given in Appendix C. The sample
means of square error in the first and second simulations are averaged
over 100 runs, whereas the third and fourth simulations are averaged over
50 runs and 15 runs respectively (see Simulation 4 for the eX}Slanation of

15 vuns).

Simulation 1 (Figure 2. 4)

This simulation demostrates the advantage of épplying the second
order nonlinear filter,
The set of pai‘ameters ié
Q=01 radian
R =0.1 ra;d'ianz
B(3y =0.3
Errors are squared and averaged over 100 runs, As shown in
Figure 2,4, the averaged square errors of applying the zero order filter
. and the first order filter are very close, It is seen that substantial
improvement is obtained by the use of the second order filter which is

also seen to be very close to the true optimal filter,  The mean square

" Refer to Section 2. 3.
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error generated by the use of Algorithm A is comparatively larger which

is caused mainly by the truncation and the measurement errors,

Simulation 2 (Figure 2. 5)

It has been mentioned in Chapfer one that the zeroth order filter
with a correction term as given by (2-24) will show significant improve-
ment over the zeroth order filter in many cases, Figure 2, 5.shows the
results of such a case, It is seen that the addition of this simple correc-
tion term provides a considerable improvement over the zeroth order
filter, Very little additonal computafions are needed for the inclusion of
this Aad&itoﬁal term (refer to section 1. 3). In this simulation, we take

0. 0001 r‘adiansz

Q=

. 2
R =0, 0001 radinas
B(3) = 0.5

Simula’ci_on 3 (Figure 2, 6)

In general, better results cah be expected from épplying the zeroth
order filter than from applying algorithm A, There are cases, however,
where this is not true, Such a case is shown in Figure 2. 6. In this
simulations, we take

Q =0.5856 x 107" radians’
. - _ 2
R =0, 5856 x 10 17 radians
B(3) = 1.
Detailed explana%ion of this contradictive simulation results is given in

Appendix C.
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Simulation 4 (Figure 2, 7)

Cdné_idér the problem associated with the test of a strapdown pulse-
rebalanced gyi"o [14]. The test is performed on a table which rotates at
the rate of rotation of the earth, The gyro frame is fixed to the table
which is assumed to be subject to random disturbances. In this case, the
input rate W(3) can be modelled as an exponentially cotrelated random
process. The discrete form is

©, ,1(3) = B(3)w,(3) +w,
with |

B(3) = 0,9999

E[wo(3)] = 10 degree/hr Cov[wo(S)] = (0, 05 cl-egree/hx")2

o g 1oy 2
Elw.] =0 E[wkwi] = (0. 005 degree/hr) 6ik

where'E[wo(B’)] =10 degree/hr corresponds to b‘e earth angular rate at
the latitude of 45° and the uncertainty on the earth rate is expressed by
the covariance Coy(wo(?:)) = {0, 05 degree/hr)z.

A perfect gyro is assumed and the only measurement error is the
quantization error (1 sec) and the sampling in’c_ervva'l is 0.1 second,

The purpose of.‘chis simulation is again to compare the results of
using Algorithn'i A with the filtering algorithms derived in Chapter one.
For saving computing time, only 15 runs are simulated and averaged to
obtain the sample means and sample variances of error 'square.. The
simulation res-ults are presented in Fig, 2.7 and Table 2,1, The sample means
of square error which are computed over 15 runs may not be representative

of the true mean square errors, But this simulation result does indicate
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the tendency that the'filtering algorithm is superior over Algorithm A.
Two reasons are given below to support the above statement.

1. Simulation resulfi,'s showed that the square errors of applying
these filterihg algorithms are smaller than that of applying Algorithm A
in every run. This is because that in the simulation pi'.oce'ss, the same
samples are used for both filtering algorithims and Algorithm A. A bad
random sample (é. i., the value of the random sample is far away from
its mgaﬁ) will increase the sample mean square errors of applying the
fil‘terihg algorithms as well as th‘a.’c of applying Algorithm A, In other
words, bad randém’samples- will generally hurt the performance of both
Algorithm A and the filtering algorithms,

2. Fig. 2.7 shows that the sample means of square error generated by.
using the filtering algorithms are much smaller than that of using Algorithm A.
The sample variances of términal square error as given by Table 2,1 indicate
that in this simulation the sample trajectories of square error obtained by
applying the filtering algorithms are close to its sample mean as compar»ed

with those obtained by applying Algorithm A.

5
o Zeroth i First ; Second ' Ovtimal
Algorithm A | Order . Order i Order . PU™a
. Filter I Filter ! Filter mer.
7 - H 1
Sample ; { S
Mean of 0.8756x10"8 10,1381 x 1077 | 0.1350 x 10”2 | 0.1350 x10™7 10,1350 x10™%°
quare : - f :
‘;Error ‘ 1 ;
%Sample L . ‘ i . 1
;f;i;ffe °f 10,1300x107%% | 0. 8578 107201 0.7644 107%0] 0, 7644410720 0. 7642410747
'Error i - ; ; ;
e i | § i

Table 2,1 Numerical Results of Simulation 4,



-39-

Class B: Three Axes Rotation Case

In the following simulations, the attitude updating algo~rithfns are
simulated under the circumstance that all thi'ee body axes of the vehicle
are under random disturbances. Oné should note that nd»pp’eima_il filter

in analytical form is available in this case.

Simulation 5 (Figure 2, 8)

This simulation is concerned with a space vehicle in its orbit., The
statistical models for input rates w(l),w(2) and w{3) are identical but
statistically independent, The statistical values concérning the angular

rate models are given in the following
AE-(OJ(‘)) =1 deg/sec

Cov( ) = (1 deg/hr)”

- Ry
) = (5 deg/sec) éij

The sampling interval is taken as 100ms and B =0,9048 c.orreSponding
to 1 see in time'é:onsfant of the continuous model. The simulation is carried
out over a period of 30 sec and the sampling interval is 0,1 sec, For saving
computing time, the sample means and sample,varian‘cels bf square errotr
are computed over 10 runs, The significance of this 10 run simulation has
been discussed in Simulation 4, Simulation result is presented in Fig, 2.8
and Table 2.2, It is seen from Fig. 2.8 that improvement is obtained by the
use of the zeroth order filter cver the use of Algorithm A, The first braer
and second orcie‘r filter do not show much improvement over the zeroth Ordef

filter, The sample variances are shown in Table 2,2, For compatrison purpose,
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we also include in Table 2.2 the square root of saméle va;rianCes and
sample means. It is seen that the square roots of sample variances

are srna‘lier as compared with their sample means, Since the sample
variance is the estimate of the true variance a‘n'é.l since the sample mean
trajectory of Algorithm A is far apart from those of filtering algbri’cﬁms,
based on these, we are more confic’ienf. to cohél‘ude that‘ the filtering

algorithms are superior to Algorithm A.

Sirr;ulation 6 (Figure 2.9)

Inrsimula;ti»on 3, we showed that in the case of very small but highly
correlated noise, Algbrithm A fnay perform better than the zeroth order
filter in single axis rotation case, In this three axes rotati'ori case, we .
have pretty much similar results, In Fig, 2.9, it is clearly seen that -
the algorithm A is superior to the zeroth order filter and the application

of the first order filtér is desirable. In this simulation, we take

R =Q =0.5856 % 1077 radidn®

B(1) = B(2) = B(3) = L

2.5 Discussion

1, The s_imulat‘ion results presented in this chapter indicated that
‘simulation results would be helpful in choosing an appropriate fil’ceriﬁg
algorithm for a certain random circumstance,

2, The statistical models which describe the angﬁlar motion and
the measurements are not necessary restricted as thoseé specified by
(2-4) and (2-17). The gyro dynamics can be taken into c‘:ohéide_rétioﬁ for

designing a more sophisticated filter,
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3. Another advantage in applying the filterihg algorithms of

Chapter one to the strapdown attitude computa‘tiori is that the angular

rate which is needed for attitude control is obtained in the process of

A

computing T it

from the output of the Kalman filter (see Eq. (1-16)).

 Second

Error

‘ » ~ Zeroth First
Algorithm A Order Order Order
o Filter Filter Filter
Sample _ ‘ '
gariance of | 1054 10711 0. 8452 x 10715 0, 8460 x 1071 0, 6460 x1071
quare : )

Error
Square Root . -6 | , _8 , g g
of Sample 0, 1029 x10 0.2906 x10 0,2906 x10°°1 0,2908x10"
Variance
-Sample 7
Mean of S -5 o A -7 T
Square 0. 1131 %10 0,3249 x10 0. 3249 %10 0.3249 x10

Table 2,2 Numerical Results of Simulation 5
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CHAPTER THREE

FILTERS WITH COMPUTATIONAL CONSTRAINTS

3,1 Introduction

The'filtéring algorithms of Chapter one are derived mainly for
improving the accuracy of estimation; the computational complexity is
" of secondary importance, The structures of these filters are optimally
chosen by miﬁimiiihg the criterion of mean square error. However,
many practical applications may require the filtering al_‘gori’chm to be
of a form that it can be computed efficiently, as suéh, many simplified
filters have béen developed for the case of linear dyrnamic and measure-
ment models, Johnson [17] modified the Kalman filter into a form which
has a structure of smaller dimension than that of the s'i'gﬁal procéss.
Athans, et al, [18][19] restricted the Kalman gain matrix to be piece-wise
constant or to be approximated by a Simpl’e function, There séems to be
a scarcity of work dealing with the nonlinear filtering problems with
comple%ity constraints. The approach used in this chapter is to fix the
structur’e- of the filter to a particular form With a sét of parameters which
are, then, chosen optimally to minimize an error criterion v(the mean
squé.re error),  For illusi:rationg the fil{ers for the pr'o‘.o'lemf formulated in

section 1,2 is taken to be

A A
x

R
Kipp T 8\E Yoy 2 5 X

R (3-1)

where g is a fixed sample function which requires ohly a lirhited amount of
computations and'aiﬂ's are coefficients which are to be optimally chosen to
minimize the mean »squaré error., In particular, the ap‘plication of (3-1)

to the strapdown attitude computation is considered in this chapter.
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3,2 Formulation of the Problem

Consider the strapdown attitude updating problem of Chapfer two,

where
v | L
Ti+l =e Ti 3 To =1 (3-2)
and measurements - - - -
. . ;
| !
| ,
6.(1) e(l) |
5 ‘ s
z,= [642) | + | €@ (3-3)
| |
6.(3) I e(3)
- . i A

where Gi is a vector vandom process, The structure of the constrained
filter is choseén as that of Algorithm A {the second order algorithm, refer
to Chapter two) but with the weighting coefficients to be chosen optimally,

that is, the constrained filter is of the form.

b e I4a(D) C. e (NCHT, o T =1
e (ai( ) ai( ) i ai( ) i) 3 LR -

i+l i o

where C_ is defined by (2-15).
"The set of ai(l), a-i(Z) and ai(3) are to be chosen to minimize the
cumulative mean square error

N
<

/ A A
T=) E {\Trace [(T, - THT, - Ti)T]} (3-5)

Wi
i=0
The appro‘ach'vvhich is used in solving this problem is to transform
the stochastic optimization problem into deterministic problem by working
with mean and variance [17]. In next section, the constraint filter for the

single axis rotation case is designed. Numerical results are presented in
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section 3,4 showing the advantage of this filtering algorithm, Extention
to general case (three axes rotation case) is straightfor'ward in principle
but very cbmplii:ate in derivation. Hence the general three axes rotation

case will not be considered in this paper.

3.3 Single-axis Rotation véiith Statistically Uncorrelated Angular Increments
Consider thev'Single axis rotation case as specified in section 2. 3,

Let us assume that 61(3) is taken to Be a p\irely Gauésian random process

with mean M and variance Q. The problem is to find a,(j) of the constrained

filter Eq, (3-4), for i =0,1,2, ......, and j= 1,2,3, such that the perform-

ance index J as given by Ed, (3-5) is a minimum with Ti and z; given by

Eq, {3-2) and Eq. (3-3) resp‘ectively. In géneral, ahalytic solution is not

available, The derivation for reaching a numerical solution is straight-

forward but tedious, hence it is given in Afpendix D for interested feaders.

In next Sectién, Ethe,nui’nerical results of appiying the constrained filter will

be given and comparis on are made with Algorithm A,
}

3.4 Numerical Results
T%le optimizatiqn procedure in finding the optimal coefficients ai(l), ai(Z)
and ai(3) is carried out by applying the well-~known éteepeét de.scént gradient
method to the equivalent optimization problem as derived in Appen&ix D.
Here, Wé consider a case where
M‘ = 0, radian
Q = 0.1 radian®

R = 0, 001 radian®

The initial gﬁésS ai(l), ai(Z) and ai(3) for i =1, ----~-2-~,N is chosen

to be those used in algorithm A, that is
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a{O) =1

1
ago) = la N fOI' i - 0, """" ———— N
20 g

i

After optimization has been done, the set of optimal coefficient's
a,(1),a,(2) émd ai(3), for all i are tested in a Monte Carlo simulation,
Also i-ncluded in this simulation are the filtering algorithms derived in
Chapter one, optimal filtering algorithm of Chapter two, and Algorithm A.
The results are plotted in Figure 3.1, It is seen that the constrained filter
gives a much lower J than the Algorithm A, although the computational load
is the same for both algorithms, Further improvement can be obtained by
the use of the zér'éfh order filter but this is done at the expense of higher
computational loa'.'d’. It is noted_ that the fii'st order filter and the zeroth
order filter for ‘thisA case are identical and is expressed by

;A A
= T Tysl

A : '
where Gi' is obtained through the use of Kalman-Bucy filter,

It is interesting to point out that J obtained in the process of finding

the optimal ai(k) 's is very close to the simulated J. Specifically,

, . 2
JSimula‘.tion = 0, 665600 radian

, , 2
JOptimal = 0, 654863 radian

This fact leads credence to the mathematical derivation developed in

Appendix D,
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ALGORITHM A\x/// _
T '
FILTER WITH CONSTRAINTS Lo |
}x’/’/ // /
e
P /

| L P
/'//
.,//,/// ////’

"0th ORDER FILTER

{] st ORDER FILTER

Note: 8;(3) is purely

random sequence

FiG. 3.0

STEP

=3

SIMULATION OF FILTERING ALGORITHMS (SINGLE AXIS CASE)
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In theé case that the mean of 61(3) is non-zero (M # 0), the use of the
constrainted filter is much more favo‘x'able" than the usé of Algorithm A as

shown in Figure 3, 2,

3.5 Disc_:us.';:ion

i) Section 3,3 shows a case of designing the filtering algorithm under
computational constraints. This development is ready to extend to the
rotation around three axes case, However it is a very messy problem,
hence it will not be carried out he_i'e,

ii) The coefficient ai(l), ai(Z) and ai(3), in general, will be time-
varying. In the case of limited storages, the design of piece-wise constant
céefficients is desirable, The technique for designing piecel-wiSe constant

control as given in [20] can be employed for this purpose,
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APPENDIX A

DERIVATION OF AN UPDATING EQUATION FOR P_ .
ii

In this appendix, an iterative expreésion for updating P}; o Will be
derived, where Px a is defined by (1-27).
Fi
By definition
P, =E |(x - 2y, - 8Tz | (A-1)
ST e T T L -
Using (1-12), we have
ey |
Py = Ji ¥y Oy - HOpx)) play /2405 0)
i+l .
. of 7 a
Plxy /0y Z) PO/ 2y ) g dx; a0 dxg
A AT
- E i
or after man_ipula;"cions, we have
| j.f’?
Py o, = Jif@yx) plx /oy, 2 play /2, 1)
i+l i+l
»
T . .
gt I CHRYERRALN Aiq) 9 9%
A AT
- Fatia (A-2)

‘The last integral on the right hand side of (A-2) can be written as

J %54 P(C‘i—u» O 99 = b O T K (2 - H _i}J (A-3)
where
el T el -1 T -l
Kip =(Q7 +HIR, pH) "HOR,S
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- Substituting (A-3) into (A-2), yields

,_ ij
T
P (@Cc + K. (z -H@G-.)) fla,, x.)
Xi+lai+l J i+l i 771
_ A AT f
- plx, /0y, Z)p(0, /2, ) do,y dxy - X ey (A-4)
Defining A, = ¢ - Ki-i-lH 8, {(A-4) can be written as
P -ij?f(a 2o, - 8 pla./Z, ) plx./a,, Z,) dx aa | AT
T e e L E Uk T Et U B T
A A AT A. AT
tx e, PR (e - HEG))T -x 00 (4-5)
e e AN . .
Expanding f(OLi, Xi) along Xi’ui in Taylor series, we have
A A df | A 3af | A
= f{& £ - e -
f(ai’xi) £ i’xi) + T A /\ (CJ(.i O{.i) + S A A (Xi xi)
i ion s X i : i Ot.i,xi
+ {(Second order and higher order terms) (A-6)
Substituting (A-6) up to first order into (A-5) and using the integration
results in Chapter one, (A-5) is written into
31 of -1 T
P ',={-———§AAP t=2eip A P L PP A,
*n%a 9% o, % %ijit 0% A, % % yyppf 1
A T T
HESTEL S YIETIL Hﬁ& Ay
AT ‘/\ /\T
(M TR (Egy - HEEOT - 0 i+l (A7)

The last three terms on the right hand side of (A-7) are equal to

(M +(AK + K

it i/i+l 412541 -

L
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In the following, we are going to show that

/\

L ~§on + (A K,

: A
pjie TRy By - HED) (A-8)

This will make the last three terms of (A-7) equivalent to zero,

By definition,

A

@i SE@ /2,0 (A-9)
or

A 1y

Uy = J“mp(“m/ Zip) 9%
we have

>

??
ip T ” @, gplag /o, 2, ) pe, /2, ) doc do,
rr

I

jr 1P /%0 2 ) dO, +J P/ 2,4 4oy

(A-10)
The inner integral on the right hand side of (A-10) is given by the trans-
position of (A-3), hence (A-10) can be written as

-~
i

p
A | ,Y e
%41 7 ﬂ%i HESTRICTIv Héai)} p(%/2;,) 4%y (A-11)

From the definition of A, (A-11) is written into the form

P
/\ 1
o, = inai p(a,/Z,,) da, +K+1 i (A-12) .
From Eq, (1-23), we have
A oAl A
“i+1*Ai[C‘ TE; g - HE 1)} K %4
—56} AK, ) FE (e AH@&) (A-13
N ¢ i/i+l i+ 4L T i -



-58-

Substituting {(A-13) into (A-7), we have the iterative equation for.

updating P_  , that is,
%1
faf of -1 T
p =i P + 2L p._plp AT (a-19)
a A A A A
Mt L0%lenx Yyan o 9% leL R MM % ai/i+l] i
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APPENDIX B
SOME CHARACTERISTICS OF DIRECTION COSINE MATRIX

Some characteristics of the direction cosine matrix are considered

in the following.

, Y
1. The analytical expression of e tis given by
Y. : , v
i_ 1 & ! . 2.
e =1 +Gi(51n G_i)vi } ;2- (1 - Cos O‘i)\/i (B-1)
i
where Y4 is given by (2-3) and
2 2 . 2 o
o, ~JQi(1) +0,(2)° +6,03) (B-2)
Proof:
. o Yy
From the definition of e 7,
Vi .
Yy 1.2, 1.3 |
[ "I+yi+2!-\/i+3!yi +.oonooooooo (B-3)

Since 'Yi is a skew—symm_etrical ma‘trﬁ;, it can be shown that

3

2 _
Y T O (B-4)

whete 0, is given by (B-2),
Using (B-4) and collecting even and odd terms in (B-3), after
manipulatioh, {(B-3) is converted into,
Y Q? 0%

i 1 i i :
e =I+(2! “4! +6! "eaaoo.osc.---)y

2 4 )
o .

i » :
+“"3! 5T FTT Teeees '“)Yi
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or
Yy 1 Gf G;} G? 2
e =I+GZ (2! - 4! + 6! - o » . Y )Yi
iv
1 : GS G? i
+E’;‘,"i'31 PR g T Yy (B-3)
By summing up the series, we have
\7 1 2 .1
1 ;. N : L oa.
e =1+ 5 (1 ~Cos Gi) A +G.(Smoi) '
Y% 1
Q.E.D.

It is interesting ta note that if Si(j) for j =1,2,3 is small, or mathematically,

0, 0, then the weighting coefficients of y; and \/iz in (B-1) approach 1 and %,

ré'spec{;ivély. In this case, (B-1) is of the form

Yi- 2 i :
e.=1+yi+yi/2 (B-6)
In essence, (B-6) is the Algorithm A which is given by (2-15).
Y, o |
2, e "is an orthonormal matrix
Proof:
Since Y, is a skew-symmetrical matrix, we have
Y. Y. Y. =Y.
e e 1]»T- =e e ‘=1 (B-7)
' Q.E.D.
3, IfT.is an orthonormal matrix, then Ti+l is alsd an orthonormal
. '\{, .
matrix, where T.:, =e " T.,
i+l i
Proof:

Y. Y: o
T _ i T i+T ,
Ti+lTi+l =e TiTi le ] (B-8)
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Since

(E-8) is converted into

T Y5 YiT
TinTiy=e [e 7]
By (E-7), we have

i+l17 i+
Q. E. D.
4, Physical interpretation of the performance index given by (2-16).

Let R, and R, be a unit vector with respect to the inertial coordinates

I b
and body coordinates respectively, then

RI=TRb

where T is the true direction cosine matrix,
. A .
If the computed direction cosine matrix T is used to transform Rb-
into inertial coordinates, then we have

A
RI=TR

b
A
= TTRI

The difféerence vector between RI and R;[ is

R, R*%TT R
1~ Ryp=t - DR4

and the magnitude of the difference vector is

o
M = |R; - Ry,

or

2 A A ;
YIRS S R R S R, (B-9)
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Assuming R; being uniformly distributéd over a unit sphere and

A
T being randomly distributed, then
, A A N
E(M%) = Trace [’E((T f opnYTTT - )| (B-10)
Using T TT =1, (B-10) is converted into
I
; y A A A A ’
E(M%) = Trace (B0 - T T T TT 4T TT)} (B-11)
or ‘
2, ] A AT
E(M™) = Trace }E((T - TYT - T) j
L .

=J

where J is the performance index given 'bgr (2-16).

We conclude that the perforinance i‘ndex.J is a measure of the
expected magnitude square of the difference vector betweén the vectors
which are transformed from the body coordinates to the inertial coordi-~

A
nates by using T and T respectively,
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APPENDIX C
EXPLANATION OF THE CONTRADICTIVE RESULTS
IN
SIMULATION 3 OF CHAPTER TWOQ
Referring to Simulation 3 of chapter two and Figure 2 6, the
contradictive results of simulation‘ 3 are explained by the following two
reagons:’ |
1, F-obr the numerical values used in simulation 3, the noise
level on both measurement and process are extremely
small that the magnitude of zi(z;) is‘ of the order of 10”3 rad.,
This small angular measurement makes Algori‘thm A a good
approxirnation of {2-5), since Algorithm A is the second
order Taylor series expansion of (2-5) with ei(3) replaced
by Zi( 33. Iﬁ other words, in the small angle situation,

Algorithm A performs as well as (C-1), which is given by

i Az 1( 3) sk

i+l - © Ti ; T0=To (€-1)

where A is speciﬁe& by (2-7).

2, In the following, we present a mathematical énalysis to
“explain the result of simulation 3, This analysis is based
on th¢ previous argument and will show that in the case of
highly correlated 91(3) process (B(3) =1.), Algorithm A tends
to work better than the zero order filter,

Throughout thé following derivation, ]21(3” is assumed t6 be small

that we can repiaée Algorithm A by (C-1). ‘Terminal mean square error
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produc-e’dvby using Algorithm A as well as that produced by using the
zeroth order filter will be analytically derived to explain the contradic-
tive simula‘.tion results,

a) DeriVé‘cibh of JI':I generated by applying Algorithm A

Iteratively using (C-1), we have

N-1
AE (3
% o i=0 * * i
Ty "e T. 3 T_=I (C-2)

‘Similarly, form (2-6), we have

N-1
AE 8.(3)

TN=e_i=° T, 3 T =I (C-3)

The error ¢riterion given by (2-16) can be written into

- .

* : sk T-i
J.. =Trace EE.,Z(I - T TN)j

&

N

2

AR
A% €.(3)
gom 1

i=0

=

! 1
= Trace I |2(I - e i= )é (C-4)
where Ei is the measuremernt noise (white and Gaussian
with zero mean and R variance}. Taking expectation of
(C-4), we end up with
" ~H(N-DR ] B
JN = Trace iZ(l - e )IJ (C-5)

It is noted that in (C-5) if R = 0, JN = 0,
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Derivation of IN generated by applying the zeroth order filter

The zeroth order filter can be written as

A
.!X61(3)A A

A v .
TiH = e Ti . To =1 (C-6)

A ' . .
where 91(3) is the best estimate of 91(3) obtained from applying
Kalman-Bucy filter. Following the same derivation used in a).

We have
, 58
Ty = Trace {2(1 -e N)I} (C-7)

where the scalar S, is given by (C-8)

N

N-1 12

Now, we are in a position to explain this contradictive simulation

At
a5

results by comparing Jy 2nd Iy as given by (C-6) and (C-7) respectively,
In the case of highly correlated 8.(3) process (8(3) = 1.), the correlations
| A A |

between (8,(3) - 0,(3)) and (8:03) - 003)), for i, j=luurriinininn. i N

would make Sﬁ>' (N-l)R, for larger N, and hence

However, in the early steps (N is small), the estimated error is

smaller than the measurement error or JN <J

Xk

N as is shown in Figure 2 b,

" (C-8)
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APPENDIX D
DERIVATION OF THE CONSTRAINED FILTER
FOR
SINGLE-AXIS ROTATION CASE
Consider the stochastic optimization problem as formulated in
Section 3.3. For clarity, we restate the problem as follows,

1. The Attitude are updated by

T...=e T, T =1 (D-1)

Since the vehicle is rotating around one single body axis, only four
élemen’cs in T are affected by this rotation. All other elemerts remain
unchangéd. From Eq, (D-l), »t‘he’se four chahging elemén’cs inT are

physically updated by the following equation.

T,y T, 1) (Cos 6 (3 sino (3ﬂ
¢ it ! i1 ; | ;
§ i = %
L 2 | . |
T 1(?- 2) T, (2, 2); §-sm 8,(3) Cos 61(311
ad -
- _ =
(TALY) T(L,2)
T(2,1)  T(2,2)]
Lt oo
or simply
T =47, 3 T =1 (D-2)

LD T,2)
3
!

T.(2,1) T.(2,2)

z" i

. oo’
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and

]-wn 1
i Cos 0.(3) Sin 0.(3)'

1 o
8 =i :
LR
‘i-Sm 61(3) Cos 91(3)§
L .

This notation is defined exclusively for use in this appendix,

2. Measureme‘nt
Zi(?’) = 65.(3) + Gi(3) (D-3)

3. Gi(3) is a Gaussian white sequence with mean M and variance Q.

4, Cormnstrained filter

A . : 2 A A . . ..
Ti-l-l = (ai(l) I+ ai(Z) Ci + ai(3)-Ci)Ti 3 Td =1 (D-4)
where
L 0 21(3)
C. =
i
-z .(3) 0
[ _

5, Performance index

>
:i

1
>

(T, -
(T
1

N
B (D-5)
i=0
The problem is to choose the set of weighting coefficients ai(l), ai(Z)
and 'ai(3) such that J is a minimum.
For the convenience of later developement, Eq. (D-5) is rewritten
into

MR AU 1O (D-6)
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where
e g‘ A A
7R 2 % BT - T, 00) T (T,(k) - Ti(k))-g . fork=1,2 (D-7)
i=0 ‘
and Ti(k) is the kth column vector of Ti(k)’ S0 is /%'i(k)'
Defining
P = E(T(K) T,(k)")
(D-8)

A A
P =BT (0 T(0T) ; fork=1,2

87 = E(T (k) T,(k)")

we convert the stochastic optimization problem defined by Egs. (D-2),

(D-3), (D-4) and (D-6) into a deterministic optimization problem as follows

Using (D-8), (D-7) becomes

N
E Trace (P(ik) + %gk) i zs(ik)) for k =1,2 (D-9) -

1i=0

S _

{

A . ' :
where Pik), P(ik) and Sgk) are computed by the iterative equations to be

derived,
For the sake of convenience, 61(3) will be simply denoted by Bi, In
A .
(9 9 4oq 508

the following, the iterative equations for updating Pi
for k = 1,2, will be derived, These iterative equations together with

Eq. {D-9) constitute a deterministic optimization problem,
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i. From Eqs. (D-2) and (D-8);, we have
(K) _ e T
Pi+l - E(Ti-l-l(k) Ti+1(k) )
_ T.T
= E(@iTi(k) Ti(k) @i )
s o) T
=E@# P.7e) (D-10)

The three distinct elements in P(ik) are updated by

- - v - - N
(k),, (%1 P 2 . . 2
Pi+1(l’l) v Cos ei 258in ei Cos Gi Sin 9_1
RENCR VU B I | , |
PN, 2)f = E! 1.Sin 6. Cos 6, - Cos 28, Cos 0. Sin 8,
i+l Lo i i i i i
P(-k)(Z,Z) SinZ'G. -23in 6. Cos & Cosze. ;
i+l . i i i i
- - N By
Do
LR, 1)
it |
RSO (D-11)
bR g
;
4 oplk 2y
Lot d

where Eq, (D-11) is obtained directly from Eq. (D-10).

The initial condition of Eq, (D-11) is

T 1 oo L2y, o

:; o : z ! j © 3 i

| .i ; 1 ! |

PPwa = o s PPy = o (D-12)
| b -
plzz o SR

L A v - L - - -
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(D-11) is obtained by using the fact that @'i is a purely random

sequence. The expected values of the elements on the right hand side

of (D-11) are obtained by using the characteristic function [10, pp.: 160}

of the Gaussian i’andom variable 281, They are

iv

N

" E(Cos®8,)

1
T2

1t

"Nf’—"

E(Sinzei)

E{Sin ei Cos ei) = %(Si_n 2M) e'z

(Cos 2M) e-2

2, From (D-2),(D-4) and (D-8), and defining

we have

u , 2
Di = ,ai(l) I+ ai(Z) Ci + ai( 3) Ci

A (k) _ A(k) AT
Pi+1fE(Dipi D)

- The three distinct elements aré updated by

A

" -

N
(k)

Piﬂ(l’ 1)
(k)

Pi+l<l’ 2)

A
L plk)

- ——

2
Di(l’ 1)

E | -D,(L1) D,(L,2)

2
D.(1,2)

2 2
(DAL D" - DAL, 2)7)

greames

-~ -

2 Di(l, 1) Di(l’ 2y

- 2D(L, 1) D(1,2)

BR 1y
1

fb‘ik){ 1,2)

Ao,
P‘ik)(z,Z)

+ %— (Cos 2M) &~ 2R

Q

Q .

(D-13)

Di(l, 2)2

Di(l, l)Di(l, 2)

2
D.(1, 1)

(D-14)
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with initial conditions

IO ro A ) -

IR Pff)(l,,l)é 0

B0, el N
gPol)(l,Z). = | 01 | (2)(1 z)f = 1o (b-15)
L s b ot - i

The expected values of the elements on the right hand side of Eq. (D-14) are
E(D,(L 1% =2,0% - 2, a (R +Q + M)

+ ai(3)z(3(R + )% + 6MAR + Q)+ MY
E(D,(1, 2% = 2, (2R +Q + M)
and'

E(Di(l,l)Di(l,Z) = a. (l)a (Z)M - a. (Z)a (3)(3M(R +Q)+M )

3, From Egs. (D-4) and (D-8), we have

{k) by T
Sy = B0 T ,007)

)

E(DlSlfi) i )
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The four distinct elements are updated by

e N ‘n

(k), ;' : .
s{0(L,1) || Dy(Li1) Cos 8, D.(1,2)Cos 6,
sy 2y 2 -D (1,2) Cos 8, D,(1,1) Cos 6,
g Al it i i’ i
S

(k) ¥ , Sin 0
182D -D,(1,1) Sin 6. -D.(1,2) Sin §;

k ~ : .. .
S(+i(2,§) -D,(1,2) Sin 8, -D.(1,1) Sin 6,

i
i
5
!
|
i N

-~ -~ -
. . (k)
Di (1,1) Sin ei Di(l,Z) Sin ei Si (1,1)
_D.(1,2) Sin 6. D.L,1 Sin 6,| | |88, 2
1 1 1 : 1 1 )
s (D-16)
o (k) '
DAL1 Cosd, DUL2Cos 6, | 82,
| ?
D.(1,2) Cos 8. DJL,1)Coss, | 582 2
1 1 1 1 Ll
—-/ it
with initial condition
iy 3 = - = roo
i ! : z o i |
s, L1 s, 0
(D) > | ro(2) (
s\, 2) | o sP0,2) o
T = (D-17)
1sWe,p | Lo | s, | 0
; ! 5 ; %
i i | ’., i i
szl o | 52,2y 1o
i _.% L ._.z 15 ° u.(ﬁ L. *i
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By using the characteristic function [10, pp. 160] of'@i and its‘derivativ_es

the expected values of the elements of Eq, (D-16) are

L x
E(D,(1,1) Cos 8,) = (a1} - a,(3)R) Cos M e =%

it

, ) 1
+ ai(3)[(Q2 20 - M%) + 2MQ Sin M]e"ER

, : v X
E(Di(l,Z) Cos ei) = ai(Z)[M Cos M ~ Q Sin Mle 20
: ‘ o 20
E(D(1,1) Sin 8)) = (a,()) - a,(3R) Sin M ™"
R 1.
+2,(3[0° - Q - M) Sin M - 2MQ Cos M]e™>®

and

E(Di(i, 2) Sin Gi) = ai(Z)[Q. Cos M + M Sin M]e-%Q
The equivalent optimization problem:

Now the problem is to choose ai(l),‘ai(?-) and ai(3’) fori=1,e-meuc-- , N

such that J given by (D-6) is optimized subject to (D-11), (D-14) and (D-i()) as
‘constraints., Variational calculus can be applied to the solution of this problém
which results in a two point boundary value problem. However, no solution
in analytical form is available. Numerical solution can be obtained through

applying the numerical optimization techniques.



275

ACKNOWLEDGEMENTS

I wish to thank Dr., F. Tung, NASA, and Professor Y. C. Ho,
Harvard University, for their continuous guidance and encouragemen’c'
throughout the research work. Much of the material presented here is

the results of many stimulating discussions with Dr. Tung and Professor Ho.



