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ABSTRACT

This report contains the results of comparisons and computer tests
of several methods for numerically integrating systems of coupled non-linear
differential equations (initial value problems). The methods tested are:

1) Shanks' formulas for the method of Runge and Kutta.

2) The Adams, Bashforth, and Moulton method.

3) Butcher's formulas for the method of Stetter and Gragg.

4) Cowell's method.

Each of these methods was programmed as a general purpose subroutine
in double precision FORTRAN V for the UNIVAC 1108, The test problem on
which results are given here is that of a particle in an inverse square
attractive force field with an elliptic orbit of eccentricity 0.8. Single
orbits were run for orders from 7 through 13 and accuracies in the range
10'-7 to 10-12. Plots are given of error versus time and versus number of'
function evaluations for the various methods and orders.

The results show that all of the methods perform well but the higher
orders of each method are significantly faster at the higher accuracies.

At corresponding orders the Butcher formulas appear to be superior.
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I. INTRODUCTION

This report gives the results of tests and comparisons for a collection
of methods for numerically integrating systems of coupled non-linear differ-
ential equations.

The methods tested are :

1) Shanks' formulas for the method of Runge and Kutta.

2) The Adams, Bashforth and Moulton method .

3) Butcher's formulas for the method of Stetter and Gragg.
4) Cowell's method,

For each of these methods, general purpose subroutines were written that
would handle up to 99 equations. Each method has automatic error and step
size control. The multi-step methods use the Shanks subroutine for starting
and for restarting to reduce step size.

Each of the methods is programmed in double precision FORTRAN V for
the UNIVAC 1108,

Several test problems were used to exercise the methods. The results
reported here are for an orbit of a particle in an inverse square attractive
force field, with an elliptic orbit of eccentricity 0.8. Tests were run for
various orders from 7 through 13 on the different methods, and plots are
given of error versus the time and versus the number of function evaluations,

The results show that,while all of the methods perform well, the higher
order methods are significantly faster at the higher accuracies. At corre-
sponding orders and accuracies the Butcher formulas appear to be faster.
There is as suggestion that if higher order Shanks formulas were available

these would be effective at the higher accuracies.



Chapter II contains separatebdescriptions of each of the four

integration methods together with details on the error and step size con-

trol, subroutine parameters and flow diagrams. The programs themselves
are listed in Appendix A.

The coefficients for a wide range of orders for each method are

listed in Appendix B.



II. INTEGRATION METHODS

A. Introduction

The four integration methods described in this chapter are as follows:

1) Shanks' formulas for the Runge-Kutta method.

2) The Adams, Bashforth and Moulton method.

3) Butcher's formulas for the Stetter-Gragg method.

4) Cowell's method.
Each of these methods is programmed in double precision (~18 decimal signi-
ficant figures) in the FORTRAN V language for the UNIVAC 1108. They are
written as general purpose subroutines that can handle up to 99 simultaneous
ordinary differential equations. The methods are of variable order; that
is, the order is specified by the user. The coefficients of the method and
order to be used are supplied by the user and passed to each subroutine at
the time called., Sets of these coefficients are listed in Appendix B. In
practice these coefficients are read in from a machine language tape (in
double precision) by the calling program.

Each of the subroutines references the external subroutine FUNCTI to
obtain the derivatives for the equations being integrated. FUNCTI is of
course written by the user to describe the particular problem.

A point to note is that the information about the dependent variable Y
and its derivatives that is passed to and from FUNCTI, and to and from each
of the subroutines, is contained in array positions 2 through N + 1 where N
is the number of equations being integrated. The first positions in the Y

vector and its derivative vector are not used by these programs.



The step size control in each method uses a parameter to indicate the
expected manner that the errors accumulate and propagate. Set at 1.0 this
parameter indicates that the errors are expected to be additive and all of
the same sign. Setting this parameter to 0.5 indicates that the errors
are expected to be random. With this parameter the subroutine tries at
each step to project ahead and estimate the final error at the end of the
integration and adjust the step size and error at each step accordingly.

In order to conserve storage, all the multi-step methods use some
common storage allocated by the main program with the statement,

COMMON/COMMON/FA (35, NPI)
where NPI is a parameter. NPI is set to one more than the number of
equations to be integrated but not greater than 100, The starting
subroutine does not reference this common area,

The multistep methods all use a special Runge-Kutta-Shanks starting
subroutine for getting started and for reducing step size. They also use
the regular Runge-Kutta-Shanks subroutine for ending if the final step is
smaller than the current step at ending, Thus,while the Runge-Kutta-Shanks
subroutine could be used by itself,the others would need both the starting
subroutine and the regular Runge-Kutta-Shanks in order to run.

The subroutines themselves are listed in Appendix A, together with a

skeleton main program and FUNCTI subroutine.



B. The Runge-Kutta-Shanks Method

1. Introduction

The procedure described is a generalization of the Runge-Kutta
method for solving a system of differential equations. It may be applied

to an arbitrary system of first-order differential equations of the form

y/=f (x,y)
with the initial conditions
y ) =7,
where y (x) = [y, (x) ¥y &) =(y]@
. s :I s
v, &) ¥y, &)
£ (x,y) = (% (g,yl, o o oy yn) Yo = ?10
; ) : .
£ &Y o v e V) Y0

2. Description of the Method

The Shanks Method is a single-step procedure for finding a numerical
solution of a first-order ordinary differential equation or system of
differential equations in which the derivatives of the dependent variables
may be expressed explicitly as functions of the independent and dependent
variables,

Consider the system of differential equation

y' = f (x,y) .



Suppose the value of ; (x) is known. The value ; (x + h) is approximated by

m
y x+h) =y ) +h I v, £ &h,y),
i=1
where
‘f-’l (X,h,;) = ?(x:;)s
n . i-1
fi (x,h,y) =f (x + o.h, y +h ?_1 Bij J), i=2,. 5 M

The coefficients o 1=2, ..., m),
B; id=2,...,m3j=1, .. ., i=1), and yi(i =1, .. ., m

are chosen so as to make the approximation correct to some order. A special

case of the Shanks formula is the fourth-order Runge-Kutta formula:

1,

ay = 1/2, ay = 1/2

’Q4
Bp1= 1/2: Byy = 05 B3y = 172, By = By = 05 B3 = 1,
Y, = 1/6, Y, = 1/3, Yg = 1/3, Y, = 1/6

For useful values of the various combinations of «, B, and vy, see Shanks [18].

3. The Comuuter Program

The subroutine was programmed for the UNIVAC 1108 computer in the
FORTRAN V language. Double precision arithmetic (18 decimal digits) was

used throughout except where integers are indicated.

3.1 Error Estimates and Step Size Control

In this subroutine a single set of Shanks formulas is used. Suppose



a vector ; (x) is known. Then the Shanks method is applied to one step of
size h (where h = %?, Ax is the length of the interval, and c is a power of
two), and to two steps of size %, as follows:

m

yp =9 &) +h X v £ Guhuy),
i=1
- h® h
Ym =y (x) + ’27’2 Ylfi(x’-z—’y)
i=1
m
Yo =V, * 7'2 ylfi(x + E’E’ym)°
i=1
Both §; and ;; are estimates of §Yx + h). An error estimate Ek = [Yek ~ ypk]

f

(where f is an empirical factor) is calculated for each independent variable

E y .
k> rkl ckl for any dependent variable

cP cP

E
Vi If both Ek > "ak and E

where Ea is an absolute error estimate, E . is a relative error estimate,

k rk
and p is an input parameter, usually 1 or 1/2, then the step is rejected

and the step size is halved; otherwise the step is accepted and Ve is taken

as the vector ;(x + h). If for every dependent variable, either E,_ > Eak

9 (3+3) p
or Ek > Erklyck[, where j 'is the order, then the step size is doubled. If
G+3)_p
2\ c

the step size h is larger than the distance to the end of the interval, then
that distance is taken as the step size.

3.2 Input and Output of the Subroutine

The subroutine is called as follows:
CALL SHANKS (N,XIV,XF,YV,IM,ORDER,CF,P,EA,ER,DXV)

where the parameters have the following meaning:



N - number of dependent variables (integer);

XIV - initial value of the independent variable;

XF =~ final value of the independent variable;

YV ~ array of initial values of the dependent variables;

IM =~ the number of function evaluations in each application of the Shanks
method (integer);

ORDER - the order of the Shanks formulas used (integer);

CF - the array of Shanks coefficients, starting in the first element
arranged as follows: for each i, the corresponding uieij's, followed
by o, with the yi's at the end;

P - an exponent (usually 1/2 or 1) used in step size control (1 assuming
the errors are additive; 1/2 assuming that they are random);

EA - an array of absolute error asked;

ER =~ an array of relative error asked;

DXV - a recommended starting step size (the actual starting step size will

be XF - XIV, where ¢ is the smallest power of 2 for which ‘XF-—XIV SIDX|).
C

[

The final values of the dependent variable are stored in YV before exiting
the procedure,
All variables and arrays not designated integer are double precision.

3.3 Flow Diagram and Program Listing.

Figure 1 is the flow diagram for the Runge-Kutta-Shanks procedure,

A listing of the program is given in Appendix A.
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C. The Methods of Adams, Bashforth and Moulton

1. Description of the Method

The method investigated consists of the combination of two different
versions of the method of Adams into a predictor-corrector system [ 5 ]. The
use of this system to obfain numerical solutions to a set of simultaneous
differential equations with given initial conditions is independent both of
the number of equations in the set to be solved and of the orders of the
individual equations in the set; provided, however, that each equation of
order m is expressed as a set of m coupled first order equationms.

In general then, one deals with the system of equations
—)I = d - _ = —
y (X) - E;{- Y(X) = £ XQY(X) H (1'1)

-, —
where y; v, and f are vectors, each having a number of components, N, equal
k
to 2, m,, where k is the number of equations in the set to be solved, and the
i=1
m, are their individual orders.

This vector differential equation is equivalent to the integral

equation
x+h
y(x+h) = y(x) + f %’(t,}(t)) dt. (1-2)
X
At the point x = xq = xq_1 + h, this integral is approximated first by
-1
;é0)= 'y*q_l +h qZO Bq-l,q-l-u—fu (1-3a)
u=

and then repeatedly by

10



q
* - —;(\)) * -
= h f + h £f +
7q Pa,0 (Xq’ = )) 2. Pa,q-p fu Ve

X = —
=ngt FM L8 v=0,1,2, ... (1-3b)

4.0

which converges toward ;& = ?(xq) as v increases. Formula (1-3a) is called
the Adams-Bashforth predictor equation, and formula (1-3b) is the Adams-
Moulton corrector.

The coefficients qu and B:p are derived by the equivalent of integrating
Lagrangian polynomials fitted to ?, but are independent of both f and h. The
polynomial for the predictor is of degree gq~1 passing through the q points
?O’ ?., o s s Eﬁ_l, while that for the corrector is qf degree ¢ passing
b B

An explicit formula for the Eqp is

- (-1)Pd [P p+l , q=0,1,2, . ..
qu ( ) {(p)Yp +< P Yp+1 N ¥ qu s P = 0513 c e sy 4

where the(pzl) represent binomial coefficients and the Yp are found by the

through the q + 1 points i ’ f

recursion relation

1
y+;§’yp_1+...+myo=1, p=0,1,2,---s

ats

and an explicit formula for the ﬁ;p is

* * +1 q\ *{ q = 0,1,2 .
= (-1)PY(P + (p + .. .+ ( 2527
Pap -1 {(p)vp AP o/Yaf’p =01, ..., 4
* *
where Yo = 1 and vp = Yp - Yp-l’ p =1,2,3, o

11



Bounds on the errors for the two approximations are the maximums

within the interval [x ,xq] of
0

v hq+1 dq+1 ; (for Adams-Bashforth) (1-4a)
9 q+l
dx
and of
“‘+1hq+2 dq+2 ; (for Adams-Moulton) (1-4b)
q q+2
dx

and M, the order of the predictor-corrector system, is assumed to approximate
that of the corrector, which is q + 1.

2. The Computer Program

The subroutine ADAMS itself is written to be included-in programs
written in double precision for the UNIVAC 1108 computer. The language
is FORTRAN V. There are no unusual hardware requirements, because all input
and output to the procedure is under control of the including program through
the formal parameter list,

2.1 Parameters

The following lists of formal parameters will be useful in de-
scribing the operation of procedure ADAMS. 1In the remainder of this
discussion the interchange of upper and lower case letters, necessitated
by approximating the notation [ 5] within the limited character set available
to a computer, is straight-forward and will be done freely without further
comment. Except for those variables designated integer, all variables are double

precision. All arrays are double precision.

12



Formal Parameters

Identifier Type Usage or Meaning

N Integer The number of equations to be integrated.

X1 Double ¥nitial value of the independent variable.

XF Double Final value of the independent variable.

Y Array Current dependent variable vector. Contains initial

values at entry and final values at exit.
P Double Power of Cl used in error control.

Q Integer Number of back ? points used in the approximating
polynomials. One less than M, the order of the method.

DXV Double Upper bound on the initial step size,
EA Array Absolute error bound vector.
ER Array Relative error bound vector.
ADMSCF Array Contains the qu, the B:p, and 1 - Yq+l/Y:+l .
RKSFNS Integer Function evaluations per step for procedures START
and SHANKS.
RXSRDR Integer Order of R.K.S. method to be used by START and SHANKS,
RKSCFF Array Coefficients for START and SHANKS. See the descip-

tions of START and SHANKS elsewhere in this report
for details,

2.2 The FUNCTI Subroutine

— —_ -
A subroutine for calculating the vector y'= f (x,y(x)) must be an
external subroutine characterizing the set of differential equations to be

solved by a program using ADAMS, This subroutine is called by ADAMS as

FUNCTI and must itself have the following formal parameter list:

13



Identifier Type Usage or Meaning

N Integer Number of equations.

X Double Current value of the independent variable.
YV Array Current dependent variable vector (input).
FV Array f value vector (output).

2.3 Orders Available

The subroutine ADAMS is written to be completely general with regard
to order, and any order may be used if the necessary coefficients are placed
in the ADMSCF array. For a given order M= q + 1, there are 2q + 2 = 2M
coefficients which should appear in the array beginning at position one in

the following order:

* % *
B . sB ’ 1'Y

*
@ * L] E) ’ @ k-] /
E’q-l,q-il’ Bq-l,q-2’ ? Bq-l,o Bq,q q,q-1° ) q+l’Yg+1 ] .

2.4 Starting, Error Estimates and Step Size Control

Since the Adams methods is a multistep method it cannot start itself
but must rely on a starting procedure that will supply at least q-1 £ points
which, together with a given initial T point and a current ; point, comprise
a history upon which it can build. The starting procedure used here is the
Runge-Kutta-Shanks procedure START, described elsewhere in this report. The
number of function evaluations per step and the order of Runge-Kutta-Shanks
method used by START may be varied at will by the user through the formal
parameters of ADAMS. This will achieve optimum compatibility with the order
of Adams method being used for each given set of differential equations being

solved.

14



Initial step size is determined by the formal parameter DX. The
initial trial start will be made with a step H = INTERVAL / Cl, where Cl is
set to the smallest integer power of two, such that ‘H‘ < |DX| and
|H|S|INTERVALi/Q. This causes the procedure ADAMS to take at least one step
after starting regardless of the magnitude of DX. If the procedure START
cannot meet the error requirements at the initial H, it doubles Cl repeatedly
until these requirements can be met.

To minimize running time without introducing errors intolerably
large, the error in each component of the final Y vector is controlled through
the use of the formal parameters FA and ER. FA specifies the maximum allowable
absolute magnitude of the error in each component of ?, and ER specifies the
maximum allowable relative magnitude. These two error control vectors are

used in conjunction with the quantity GR = ll-yq/ y;+ l, which is derived from

1
the bounds (1-4), and a parameter P, chosen from the interval [%,1] gy
empirical determination of the randomness of the round-off error in a par-
ticular set of differential equations. (P = % corresponds to totally random '
error and P = 1 corresponds to totally additive error.) In practice Yq+1
has been used in GR instead of yq to be conservative, because the quantity
being controlled is only an estimate of the true error.

The extimated error vector'iﬁﬁﬁﬁ? is defined to be |;(c)- ;(p)l,

=(p)

where y is the ;q(o) of (1-3a) and ;(c) is ;q(vf+1) in (1-3b), with vf being

the first v for which every component of

) = |7 (v+l) 2 ) - - (V+1) =) *
CHANGE S £ = (v, 50 ) 1 ve |

15



is less than the corresponding component of either

FA * GR or ER ° GR 2 (vil)
: %
c1®e 2P . pg ci®e 9% . g q
4,0 4,0

If any component of ERROR is larger than the corresponding components of both

FA * GR

c1t

and

ER © GR , —(c)
P y
c1

3

(b)

then ; is replaced by y' /, the step size is halved, and q-1 new T points and

a new current y are obtained from the procedure START. If it is not necessary
=(c)

to halve the step size, then y becomes the new y. If every component of

—
ERROR is smaller for three consecutive steps than the corresponding components

of both
EA - GR EE - GR ~(e)
B2 | and |BRSR—
y
ClP' 2Q+5 ClP' 2Q+5

then if there are at least 2q-1 back points in the FH array and there are
at least two more steps of the current size necessary to reach XF, the step
size is doubled before the next trial step. If it is not necessary either
to halve or to double the step size, X is incredsed by H and a new trial

step is made.

16



The procedure ADAMS continues as described until XF is reached
unless repeated halvings and doublings of the step size bring the independent
variable to within a fraction of a single step of XF. When this occurs, the
fractional step is completed by the Runge-Kutta-Shanks procedure SHANKS,
described elsewhere in this report. The order of Runge-Kutta-Shanks method
and the number of function evaluations per step used here will be the same
for a given integration as those used by the procedure START.

2.5 Flow Diagram and Program Listing

Figure 2 is the flow diagram for the method of Adams, Bashforth

and Moulton. The program listing is in Appendix A.
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D. The Method of Stetter, Gragg, and Butcher

1. Description of the Method

Following is a discussion of a method for the numerical integration
of ordinary differential equations described by J. C. Butcher [13]. In his paper,
Butcher presents a modification to the multistep process such that for k =7
(where k = the number of steps) processes of order 2k + 1 are available.
- A large number of possible multistep methods exist for the numerical
integration of the differential equation

%§ = £(x,y), y(xo) =7, (1-1)

Such methods are usually characterized by an integer k and a set of

constants
0’1, 012

the variable y at a set of points X5 X

" Qs Bo, Bl’ ==, Bk' A solution is first found for

95 "7 Xy 1o (where X, = X + ih)

and thereafter by the formula:
Yn T %1t %Vp2 T Tt Ak

+h(Bf +BEf ., +---+BF ) (1-2)
on 1™ n-1 k" n-k

forn = k, k + 1, --- where v = y(ii) and f, f(xi, yi). Dahlquist {3]
has shown that if the parameters o and B are chosen under a condition of
stability, the order of a method cannot exceed k + 1 (if k is odd) or
k + 2 (if k is even).

A modification to this process is presenfed by Butcher which consists

of the addition to the right-hand side of equation (1-2) of an extra term

hpgf

00 where B and 6 are additional parameters to be chosen. The modified

20



formula has the form:

Yn = %Yn-1 T %Vpe2 T T AInak

+h (B fn-e + Bofn + Blfn—l + me- 4 kan—k) (1-3)

A procedure for choosing the coefficients is presented by Butcher. The
simplest stable processes are for k = 1,2,3 with 6 = 1/2 and for k = 4,5,6
with 6 = 1/3. A stable process also exists for k = 7 with 6 = 13/40.

The method for implementing the formulas is to estimate Yn-o and v,
using appropriate predictor formulas, then use these predicted values to
evaluate the right-hand side of equation (1-3)., The forms of the predictor

formulas used are:

Yn-o = B¥po1 F RVt Tt ALY

+ h (Blfn + B fn + === + B (1-4)

-1 2 fn

-2 k -k)

Yn T 31n-1 T 8Yp2 T 7T Y A Yk

+h (b f +b
L= .

o TPyfpg B+ e E ) (1-5)

To use this process, Yoo is first estimated using equation (1-4)., The value
of the function is then determined for Yn-0° and these two results are used
in equation (1-5) to determine a value for yn.' The value of the function

is then determined for Y, and a final value islthen estimated using equation

(1-3).
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2. The Computer Program

A double precision FORTRAN subroutine was written to implement the
integration procedure described above on the UNIVAC 1108 Computer. The
procedure was written to integrate a system of differential equations which

have the form:

g-x - had Y —_ - -
o = f&Ey), y(x ) =y .

Since the integration procedure described by Butcher is a multistep
process, it must at all times have a history of back points. The process
is, therefore, not self starting; it must rely on some other process to
develop the first k steps. The starting procedure uséd in this implemehta-
tion is a basic Runge~Kutta procedure as modified by E. B. Shanks and is
discussed in paragraph F of this chapter. The starting procedure is called
at the beginning of an integration and whenever it is necessary to reduce
the step-size.

The step-size control is based on the difference between a predictor
and a corrector; the control allows for halving and doubling of the step-
size only. Equation (1-5) is used ag the predictor (ynp) and equation (1~3)
is considered to be the corrector (ync)° An estimate of the magnitude of
the error in a step is given by the absolute value of the difference in
these two quantities. This is used in conjunction with a relative error

term ER and an absolute error term EA in the following manner: if

|§? - g?nc, > EA) [ bDx EX
P XF - XI
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and

EX

- —_

y. -y|>|(§R)(§') __DX
np nc nc TR

then the step is rejected and the starting procedure is entered with the

previous point and a step-size equal to half the old step-size. If

-y — —_ e EX
Yop = Tpe| < BA [ _DX 1
P XF - XI 2k + 4
or
- —p - EX -
y =Y < | (ER) DX CAND R 1
np Tne ' XF - XI ne 2K + &

for three steps (without an intervening halving of the step-size) and if
there is sufficient history of back points, then the step is accepted and
the step-size is doubled., If neither the conditions for halving nor the
conditions for doubling are met, then the step is accepted and the step~
size remains constant. It is important to note that the above criteria
must be satisfied for all corresponding components of the vector quantities
before the conditions are considered to be met.

The method of ending the integration procedure is to run until the
value of the independent variable plus the next step is either equal to or

greater than the given final value i.e.

X + DX = XF,
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If it is exactly equal, then the procedure takes one more step and quits.

If X + DX > XF, then a special ending procedure is called to take the final
step. This ending procedure is also basic Runge-Kutta procedure as modified
by E. B. Shanks. It is discussed in paragraph B of this chapter. The
procedure call for the Butcher procedure must be as follows:

CALL BUTCHER (N, XI, XF, K, EA, ER, DXV, CON, EX, RKC, YIV, RKSNF, RKSODR)

N - the number of dependent variables (integer)

XI - the initial value of the independent variable

XF - the final value of the independent variable

K - the number of steps to be used in the Butcher method (integer)

EA - the acceptable absolute error vector contained.in an array of
dimension N

ER =~ the acceptable relative error vector contained in an array of

dimension N

DXV -~ the suggested initial step-size

CON =~ the array row containing the Butcher constants required for the order
of the method specified

EX -~ the error exponent

RKC =~ the array containing the Runge-Kutta constants

YIV - the initial values of the dependent variable; upon exiting the Butcher
procedure, this array will contain the final values of the dependent
variables

RKSNF- the number of function evaluations in the Runge-Kutta-Shanks procedure
(integer)

RKSODR~-the order of the Runge-RKutta-Shanks procedure (integer)

All variables and arrays not designated integer are double precision.
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2,1 Flow Diagram and Program Listing

Figure 3 is the flow diagram for the method of Stetter, Gragg,

and Butcher. A listing of the program is given in Appendix A.

25



*POYISN JYING-FFRIN-I913918 oYl J0I WeIFeTIT MOTJ

Xa+xX+x

T+0+0

e X 1+ INNOD + LNNOD

A!! As%ea + (emuru)fi < (eurwfy

(o-u) 4
o

3
Two |

1
A’.’ TX-3x ~ X0

f1ysang

‘€ samSTd

[wfa - :-:.5“& »isa

(12
Tavismil D+B-D (o-wwyfs . P
o D+H+1 (1) - 1L
(Wi ((e-uy cwyf nyf
~U)TA)IEXE + (o-utu) A = (G-uu)tp
04 NOTLINNS | ¢ fad :
00 fe 203044 [“53R Teee ((e-u)farsanm + ('t =
T
on
U oy, 12 f xa
EXa + T AP T = (8-utu)iy £q g pue g°g
T+pt - ! ; 0 SLNVLSNOD
R ) z - (u) AdILIH
- !
Fbarg + Py g - (o-wfs
g N 1 —
1SH13 ¥ : 3UNA3208d ] 21+ 2 L id
lwis x 12~ 12 N304 L4YLS /E(E\ NOT 19K WILIND (v+12) 43H2LNE
W s 19313s

26



‘PO JI9YOINg-ITeInH-I1919998 OUY3Y J0J WeIIeTId MOT4

1y1ss8ng

19V1S AYOLSIH
<o._. 4 pue }
09 3.¥Qdn
2/23 + 2
213+ 1
X0 + X0 = X0

4371S dais
d3ls 3H1 31800G
0L SINIGd Xdvd
FLENGOEET S
ELELIREL])

T + 1NJLOL = INDLOL

S3A

0L 09

(penutquo)) ¢ LanBTH

AUOLSTH
IOV A o]
I9NYHHYI 0 > iot0t
on
o30us
SNION
TV S3A
(s-u*u)x ¥04
B
T
on

30g3044
SNION3
Ty | S

27



E. Thé Cowell Method

1. Description of the Method

Cowell's method as described herein is a multistep predictor-
corrector method for the numerical solution of the first-order vector

differential equation

V' = V@ = F ey, ¥ ) =7, (1-1)

A complete derivation and description of Cowell's method can be found
in [ 9 Jand [ 11 ]; only the essential formulas are included here.

The following notation is adopted. Let q be an even positive integer,
m = q/2, h be the step size (assumed to be constant o&er some set of calcu-

lations),

X =X+ nh, ¥, =9 (xn), and fn = f (xn, yn).
The predictor formula is
> q
Y =hlsle ,+ v F ] (1-2)
n n-% 207 n=1-3°7
i=0
The corrector formula is
1’ q
Y, = h [§ fn-% + .Z Cj fn—j] s (1-3)
j=0
and the mid-range formula is
=h &8 ¥ -
v, [o7 £, 5 + jEO M E g (1-4)
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-

- -
The predictor formula gives v, in terms of § 1fn 1 and the function values
=2

-
at the previous q+l points; the corrector formula gives a new value of Yy in
T - . i
terms of § £ L the old value of y_, and the function values at the previous
N=7% n

q points; the mid-range formula gives a value of §; in terms of é-lfn 1 and
=2

the function values at the q+1 consecutive points centered around X -

The equation

o) n-1 (1"5)

completes the set of formulas necessary for the numerical solution of (1-1).

- q —
l:fi] i=0 @4 ¥y

have been obtained by some starting procedure, the mid-range formula (1-4)

If it is assumed that

can be applied with n=m to obtain

-1
& fm-%.

Equation (1-5) can then be applied m times to obtain

For each positive integer i

can be computed from
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and fq+i=1 using (1-5); yq+i can be computed using the predictor (1-2);

E;+i can be computed from the predicted value; §;+i can be computed using the

-—d
corrector (1-3); fq+i can be computed from the corrected value; if necessary,

iteration can be resorted to, using (1-3), until the last two computed values

of §;+i agree to sufficient accuracy. For any j =2 m a value of ;;+j-m can be

obtained from the mid-range formula (1l-4) and compared with the value obtained

-
from the predictor-corrector step. If the two values of yq+j—m are in suf-

ficient agreement, the values up through §;+j are considered acceptable; if

-

not, yq+j-m

rejected.

is considered the last acceptable value and all values beyond are

Hence, the knowledge of (1-2), (1-3), (1-4), and (1-5) is sufficient to
apply Cowell's method in the numerical solution of (1-1). The coefficients
> q q q . .
{Pj}j=0’ Cj} =07 and {MJ} j=0 are given in [ 11 ] for
q=4, 6, 8, 10, 12, 14, and 16.

2. The Computer Program

The Cowell computer program is a UNIVAC 1108 FORTRAN V double
precision subroutine called as follows:
call Cowell (n, xi, xf, y, ea, er, p, dxv, rksfn, rksrdr, rkscff, q,
cwllcf)
The parameters of the procedure are defined as follows:
n - the number of dependent variables in the vectors §’and £ (integers);
xi - X s the starting value of the independent variable x;
xf - the final value of the independent variable x;
y - the array in which §; = §?(xi) is located upon entry and in which

; (xf) is located upon exit;
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ea - the array containing the absolute error vector;

er - the array containing the relative error vector;

p - the exponent used in step size control;

rksfn - the number of function evaluations used in the Runge-Rutta-Shanks
starting and closing procedures (integer);

rksrdr - the order of the Runge-Kutta-Shanks closing procedure (integer);

rkscff - the array containing the Runge-Kutta-Shanks coefficients for
the starting and closing procedures;

q - the even integer used in describing Cowell's method (integer);

cwllef - the array containing the Cowell coefficients.
All variables not designated integer are double precision. All arrays are
double precision.

The procedure performs the numerical integration of (1-1) from x = xi
to x = xf. The step size h used is always the length of the interval xf - xi
divided by a power of 2 in order to avoid error building in the independent
variable, and two counters cl and c2 are kept. cl is always a positive, integral
power of 2, and h = (xf = xi)/cl. ¢2 is the number of steps necessary to step
from the present x to xf using the current step size h. Initially c2 = cl;
as each step is taken c¢2 is decremented. by one and the present value of x is
computed by x = xf - h ¢2. If h is halved, cl and c2 are doubled; if h is
doubled, cl and ¢2 are halved, Hence, c2 need not be integral.

The error vectors ea and g}, like ;, have n components. . (Although the
base of the arrays y, ea, and er is one, the n components are placed in
positions 2, 3,.. n +1 of the arrays.) The procedure's error control

attempts to guarantee that, in integrating from xi to xf, each component

31



of ; will not be in absolute error more than the corresponding component of
ea and will not'be in relative error more than the corresponding component of
E}. At each step, the procedure requires that for each i, 1<izn, either the
absolute error in y [i] does not exceed ea [i]/(c1P) or the relative error in
y [i] does not exceed er [i]/(c1P).

If p=1 and ;} = 0 then the accumlated error in any component of ; should
not exceed the corresponding component of ea. If the error is assumed to
accumulate randomly as the square root of the number of steps, p = % and
er = 0 will cause the accumulated error in any component of ; to be
approximately the corresponding component of gﬁ.

If p= 1 and ea = 0 then the accumulated error in any component of ; should
not exceed the corresponding component of er times the largest value
assumed by that component of ; during the integration. If the error is
assumed to accumulate randomly as the square root of the number of steps,
p=% and ea = 0 will cause the accumulated error in any component of ; to be
approximately the corresponding component of zr-times some average value
assumed by that component of ; during the integration.

The subroutine FUNCTI which computes T = £ (x,y) has the following call:

call FUNCTI (n, x, yv, fv);

The parameters of the procedure FUNCTI are defined as follows:

n - the number of dependent variables in the vectors §9and F (integer)

X - the value of the independent variable

yv - the array in which ; is stored

-
fv - the array in which f is stored after computation
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The procedure start is the general multistep method starting procedure
described in paragraph F of this chapter. The procedure shanks is the Runge-
Kutta-Shanks integration procedure described in paragraph B of this chapter.
The coefficient array rkscff contains the Runge-Kutta-Shanks coefficients in

the order required by the procedures start and shanks. The number of function

evaluations rksfn is required by both start and shanks; the order rksrdr is

required by shanks,
The array cwllcf contains the coefficients of (1-2), (1-3), and (1-4)

in the order PO, P P, CO’ C., « « «5 C, MO’ Ml’ o s oy M

Pttt g i q q
PO is in the first position of the array.
The suggested initial step size dxv is optional. The procedure first
sets cl = 2 and doubles ¢l until ¢l = q. If dxv = 0 or dxv # 0 and
h < ‘§§[ then cl is left alone. Otherwise, cl is doubled until h < l§§lo

The integration now begins.
- -:E) -
fO = (XO’YO)
is computed, The start procedure is called to obtain

- q — —_
[E]-] i=1 ? ym3 yq and Xq-

cl and c2 are adjusted if h was changed by the start procedure. c2 is
decremented by q since q steps took place in the start procedure. If c2< m,

closing takes place. Otherwise,
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is calculated from

-1 q
[ o

and ;; using the mid-range formula (1-4). m applications of (1-5) yield

and n is set equal to q.
For 1 < i <m the following set of steps takes place. c¢2 is decremented

by 1, and x_ . is calculated.
n+i

is calculated from

8 T i-1-3

and i- using (1-5). §;+i is calculated using the predictor (1-2), and
f . is calculated. ; ., is next calculated using the corrector (1-3), and
n+i n+i

is again calculated. 1let Vv be the vector which is the absolute value of

rhi

n+i

the difference between the last two calculated values of §;+i' Each component
of v is compared with the corresponding component of Zh/(lo . clp) for absolute
error and with the product of the corresponding components of ;f/ (10 . clp)
and the last calculated value of §;+i for relative error, If any component

of v exceeds in both the absolute and the relative error tests, the steps

—

which calculate §;+i using the corrector (1-3), calculate fn+i from the value

of §;+i’ and which test the last two calculated values of §;+i are repeated,
-—
When each component of v does not exceed in either the absolute or the relative

- —
error test, the last values of y_ . and £ . are retained.
n+i n+i
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The mid-range formula (l-4) is now used to calculate a new value of

Y from
- m
£
e
and
5'13
n-%"°

Let ? be the vector which is the absolute value of the differences between the
new value of §; and the previously calculated value of ;;. If sufficient
history is available for doubling the step size, i.e., n > q + m, each component
of V is compared with the corresponding component of ;E/(lo . clP | 2q+3) for
absolute error and with the product of the corresponding components of
;%/(10 S L 2q+3) and the new value of 5; for relative error.

If each component of v does not exceed in either the absolute or the re-
lative error tests, the last m steps are accepted, cl and c2 are halved,

and the step size is doubled. If ¢2 < m, closing takes place. Otherwise

A
[fi:\ i=0
-4 q
[ fn-m+21} i=0

- - P -
y becomes y , Vv becomes y , X becomes x , and, as if the starting
m n-m’ “q n+m’ Tq n-+m

becomes

procedure had calculated these values, control returns to the step where

—>

-1
6Ty

is calculated using the mid-range formula (1-4),
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If any component of ¥ exceeds in both the absolute and the relative
error tests, this component and each untested component is compared with the
corresponding component of 53/(10 . clp) for absolute error and. with the
product of the corresponding components of E}/(IO . clp) and the new value of
§; for relative error. If each component of v does not exceed in either the
absolute or the relative error test, the last m steps are accepted and the
step size remains.unchanged. If ¢2 < m, closing takes place. Otherwise,

n becomes n + m and control returns to the steps which calculate

If any component of V exceeds in both the absolute and the relative error
tests, the last m steps are rejected, c2 is incremented by m, cl and c2 are
doubled, and the step size is halved. Eb becomes f;, ;b becomes ;;, Xq
becomes X and control is returned to the step which calls the start pro-~
cedure.

If sufficient history is not available for doubling, control transfers
as if the first component of v exceeded both the first component of ea/
(10 . c1P . 2q+3) and the product of the first components of ;}/(10 R c1P . 2q+3)
with the first component of the new value of ;;.

Closing takes place whenever m steps at the present step size would carry
the integration beyond xf, i.e., whenever c2 < m. If ¢2 > 0, the Runge-Kutta-
Shanks procedure is used to integrate from the present value of x to xf; if

c2 = 0, the present value of x is xf, In either case, the integration is

now complete.
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Several efficiency measures are employed in the program., First, the

coefficients
— -
q
F3| 5=0 >
L
- .
% 5=0
and

.

are multiplied by the step size h and stored as multiplied until the step size
changes. Second, the vectors Eh/(lO . clp), ;}/(10 . clp),

ea/ (10 . c1? | 2q+3)’ and er/(10 . c1P . ZQ+3) are calculated from ea and er
and stored as calculated until the step size changes. Third, the corrector

partial sum

q
1 -

he°f , +h I C.f,
j=1
is computed and stored at each step; successive applications of the corrector
only require adding h ° C0 ¢ fn to obtaip ;;. Fourth, during applications of
the corrector, two arrays are used to store the last two calculated values of
;;; a flag is used to mark the last calculated value so that the next value is
placed in the unflagged array and the flag is switched. This avoids transfer
from array to array as successive corrector iterates are computed. Fifth,
cyclic indexing is used to avoid moving the function value history after each

step or set of steps unless doubling takes place.
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One unusual condition can result. If, during any step taken in computing

il m
Yn4i| i=1°

the number of times through the corrector exceeds eight, control transfers as
if the set of m steps has been completed and rejected; i.e., a step size
halving was called for with a restart beginning at §;.

2.1 Flow Diagram and Program Listing

Figure 4 is the flow diagram for the Cowell method. The program

listing is in Appendix A.
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F. The General Multistep Method Starting Subroutine

1. Introduction

The general multistep method starting procedure is a UNIVAC 1108
FORTRAN V double-precision Runge-Kutta-Shanks subroutine used for obtaining
starting values for the Adams, Butcher, and Cowell multistep methods.
Start is a real valued function called as follows:
start (n, xi, xf, icl, ea, er, m, x, yiv,
yh, fh, yfv, cyi, cym, pa, p,
fneval, rksens)

2. Description of the Program

The parameters of the function are defined as follows:
n - the number of dependent variables (integer);
%xi =~ the starting value of the independent variable x passed to the
multistep method;
xf =~ the final value of the independent variable x passed to the
multistep method;

icl - the integer counter (xf - xi)/h from the multistep method (integer);

12
H

the absolute error vector passed to the multistep method;

er = the relative error vector passed to the multistep method;

18
1

the number of history points to be calculated by start (integer);
x - the value of the independent variable at which start begins its
integration;
yiv - the array which contains on entry for Adams and Cowell the values
of the dependent variables at x and which contains on exit for Cowell the

values of the dependent variable at the mth point calculated by start;
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yh = the array which contains on entry for Butcher in row cyi the values
of the dependent variables at x and which contains on exit for Butcher the
values of the dependent variables at each of the m points calculated by
start;

fh - the array which contains on entry in row cyi the function values
at x and which contains on exit the function values at each of the m points
calculated by start;

yfv - the array which contains on exit the values of the dependent
variables at the mth point calculated by start for Adams or the m/2th point
calculated by start for Cowell;

cyi - the cyclic index identifying on entry the row of yh in which the
values of the dependent variables at x are stored for Butcher and the row of
fh in which the function values at x are stored for any method (integer);

cym - the number of rows in the arrays yh and fh (integer);

pa -~ the parameter which is zero for Adams, one for Cowell, two for
Butcher (integer);

p - the exponent such that the absolute error at each step is not to
exceed gg[glg and the relative error at each step is not to exceed gg/glﬂ;

fneval - the number of function 'evaluations required by the Runge~Kutta-
Shanks procedure (integer);

rkscns,~ the array which contains the Runge-Kutta-Shanks coefficients
in the same order as required by the procedure shanks described in section B,

The value of start on exit is two to the power of the number of halvings
which took place within start (a real) .

All variables and arrays not designated otherwise are double precision.
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Although the base of the arrays ea, er, yiv, and yfv and of the rows
of yh and fh is one, the n components are placed in position 2, . . ., n+l
and the first position is unused.

The procedure attempts to calculate m (if m is even and positive) or
m+ 1 (if m is odd) Runge-Kutta-Shanks steps of size h = (xf - xi)/cl. After
each even step of size h is taken, one step of size 2h is taken over the
interval spanned by the two steps of size h. The absolute value of the
differences in each dependent variable between the 2h-step and the second h-step
is compared with the corresponding component of E%/(cl/Z)p for absolute error
and with the product of the corresponding component of &r/(c1/2)P and the
corresponding dependent variable value from the second h-step for relative
error. If each component of the difference does not e#ceed in either the
absolute or the relative error test and m steps have not yet been taken, the
process of two h-steps, one 2h-step, and test is continued. If any component
of the difference exceeds in both the absolute and the relative error tests,
cl is doubled, h is halved, and integration begins again at x. The first
step of previous size h was saved and becomes the first step of present size 2h.

The m calculated function values from h-steps are placed in rows (cyl + 2)
mod cym+l,(cyi +3) mod cym+l, ..., (cyi+m+l) mod cym+l of the array fh. For
Butcher, the corresponding dependent variable values from h~steps are placed
in the corresponding rows of the array yh; if m is odd, the values of the
dependent variable after h-step m + 1 are placed in row (cyi + m + 2) mod
cym+l of yh. For Adams, the dependent variable values from h-step m are
placed in the array yfv. For Cowell, the dependent variable values from
h-step m are placed in the array yiv and from h-step m/2 (m is always even
for Cowell) are placed in yfv. If m is zero, no calculation takes place.

Start calls an external subroutine runkut,
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2.1 Flow Diagram and Program Listing

Figure 5 is the flow diagram for the starting procedure. The

program listing is in Appendix A.
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G. The Derivative Subroutine FUNCTI

-— - —_
A procedure for calculating the vector y’ = f(x,y(x)) must be an
external subroutine characterizing the set of differential equatioms to
be solved. This subroutine is called by each of the integration subroutines

and must itself have the following formal parameter list:

Identifier Type Usage or Meaning

N Integer Number of equations Being integrated.

X Double Current value of the independent variable,
YV Double Array Current dependent variable vector (input).
FvV Double Array f value vector (output).

-
The components of the y vector are contained in positions 2 through
—
N + 1 of YV, and the components of f are returned in corresponding positions

2 through N + 1 of FV. The call on FUNCTI is as follows:

CALL FUNCTI (N,X,YV,FV).

A skeleton FUNCTI subroutine is given in the listings in Appendix A.
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III, RESULTS AND CONCLUSIONS

A, The Test Problem

The results presented here are for the test problem of 2-dimensional
motion in an inverse square attractive force field using x-y coordinates.
The equations are

dvx J5)
T - = V(x,y)

-

o
de - ay V(XSY)

dy .
dt vy

[t

where V(x,y) = = (x2 + yz)-
The initial conditions were chosen to give an elliptical orbit of

eccentricity 0.8, 1In this orbit the error and step size controls will

produce several step size changes as the orbit is traversed. The initial

conditions are:

at t = 0,
x = 0,2,
y = 0,
v=20,
x
v = 3,0,
y

One complete orbit was run (t final = 2m) and the error taken as the
square root of the sum of the squares of the differences between initial
and final conditionms.

The accuracy range investigated was ~i0—7 to AJO"IZ. The UNIVAC 1108

maintains ~18 significant figures (decimal) in double precision.
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B. Results

Results are presented here for test runs made with the following
methods and orders:

Shanks formulas 7-7, 7-9, 8-10 and 8-12 (here the first number gives
the order, the second gives the number of function elevations per step);

Adams method orders 7, 9, 11, 13;

Cowell's methed orders 7, 9, 11, 13;

Butcher's formulas orders 5, 7, 9, 11, 13.

All of the multistep methods used Shanks 8-10 for start and restart for
all orders. These orders were chosen to give as close as comparison as
possible across methods at corresponding orders.

Figure 6 shows what might be expected of the error behavior as a function
of number of steps taken to perform a given integration. In the large step~
size region (small number of steps), the truncation error dominates and
decreases as N“n, where N is the number of steps, and n is the order of the
error. In the small step-size (large number of steps), the rounding error
should dominate. If rounding errors behave like randon variables, one would
expect the rounding error to increase as N%.

Figure 7 shows results of runs made with Shanks' formulas. Plotted
here is error vs. number of function evaluations and error vs. computer time
to complete the integration. The labelings indicate the order and number of
function evaluations per step, respectively. These points lie on the
truncation error part of the curve and show the advantage of the higher order

methods at high accuracy requirements.
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Figure 8 shows results of runs made with Adams' method. Again the
plots are of error vs, number of function evaluations and vs. time., Labels
indicate order. Again this is the truncation error part of the curve, and
one sees that the slopes are steeper for the higher orders.

Figure 9 shows results of runs made with Cowell's method. Both time and
number of function evaluations are plotted vs. error, and the labels indicate
orders. Here one sees that the region of rounding error domination is
being approached or entered by the 13 order formula below errors of 10—12.

Figure 10 shows runs made with Butcher's formulas. Only number of
function evaluations (not time) vs. error is plotted; the labels indicate
order. Here again we see that the region of rounding error is being
approached at errors in the vicinity 10-12.

Figure 11 is a composite plot of the four methods each of order 7.

The slopes are seen to be all more or less the same. Butcher's method
appears to be better than the others above 10-10 but enters the rounding
region first.

Figure 12 is also a composite graph of different methods, all of order
13. Again Butcher's formula appears superior in the truncation region but
enters the rounding region first. |

Figure 13 gives a more detailed examination of Butcher's method (compare
with Figure 10). Many more points were taken here, and we see considerable
scatter when points are taken close together. This gives a better picture
of how the rounding error region is entered by the 7th and 13th orders.

The 9th and 1llth orders do not exhibit rounding errors as large as those

of the 7th and 13th orders.
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ORUNGE--KUTTA FORMULA OF SHANKS (7-9)

X ADAMS' METHOD
] A COWELL'S METHOD
© BUTCHER'S FORMULAS
A
-8 J
%
o
\
A ) \
-10 .
A
7 [ ¢ v
1000 2000 4000 8000

NUMBER OF FUNCTION EVALUATIONS

Figure 11. Error Behavior for the Tth Order Formulas.
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i 4 L I
1000 2000 4000 8000
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Figure 12. Error Behavior for the 13th Order Formulas.
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C. Conclusions

From the above results one sees that all of the methods tested are fairly
effective, At higher accuracies the higher order methods are more effective
than the lower order methods, at least until the round off error region is
reached. The region of round off error is determined primarily by the number
of significant figures carried by the particular machine but is also some-
what dependent both on the method and order of the integration scheme.

For a fixed order (figure 11, 7th order; figure 12, 13th order) one sees
that the Butcher formula is more effective than the others, at least until
the rounding region is reached, but apparently Butcher enters the rounding
error region sooner (produces larger rounding errors) than the others.

At 7th order the Shanks formula appears somewhat better than either
the Cowell or Adams methods. No Shanks formulas of order higher than 8 were
available at the time this work was being done, but the results here
(figure 7) suggest that higher order Shanks formulas would be effective in
reducing the number of function evaluations. Whether higher order Shanks
formulas would take less time or not would depend on the application,

Whether number of function evaluations or computer time is more relevant
in these tests depends on the application one has in mind. In the test problem
used here the function evaluation time was relatively small compared to the
rest of the arithmetic for any of the methods. In this case the time measure-
ments show the additional time taken by the addedlcomplexity of the higher
order methods. For example, Figure 7 shows that, while the number of function
evaluations for the Shanks 8-12 formula is less than for the 7-9 or 8-10

formulas, the time taken for each is almost identical, Thus the 8-12 formula
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is seen to be more advantageous only if the function evaluations are quite
complex and time consuming.

One might also question whether the results for the test problem are
representative of the overall behavior of these methods, The error at the
end of one complete revolution might not be representative of maximum error
over the orbit since error cancelling is known to take place when integrating
a periodic system, The absolute error, however, is not the relevant measure
here but rather the error of one method relative to another. If error
cancelling takes place because of the geometric properties of the orbit,
this cancelling should be the same for each method and not affect the validity
of comparing the relative performance of the methods. However, one cannot
rule out entirely the possibility that other type problems might show a
different relative effectiveness of these methods. For example it is known
that special highly stable methods out-perform those tested here when applied

to very "stiff" equations [27].
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D. Suggestions for Further Study

The most obvious need for further study is an.examination of the perfor-.
mance of the subroutines for other types of problems, in particular non-orbit
type problems,

Other integration formulas should be tested. In particular Shanks has
now made available (private communication) a 9-16 formula and a 10-21
formula, (i.e. a 9th order formula with 16 function evaluations per step,
and a 10th order with 21 function evaluations per step.) The results here
suggest that at high enough accuracies these new high order Shanks formulas
might be advantageous.,

Gear [27] has published some highly stable methods that are reputed to
be especially good when used with very "stiff" equations. Comparisons of the
formulas tested here using the stiff equations and comparisons with Gear's
methods should be made.

Applications of the methods studied here to the solution of other type
problems (non-initial value problems) could be made. In particular these
methods can be used to generate the Green's functions needed to solve dif-
ferential equation problems with split boundary conditions, i.e. rendezvous

type orbit problems,
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APPENDIX A

PROGRAM LISTINGS

In this appendix is listed each of the programs described in the body

of the report. Also listed here are a skeleton main program and FUNCTI

subroutine. The order of the listings is as follows:

A skeleton main program

The Runge-Kutta-Shanks subroutine SHANKS
The Adams subroutine ADAMS

The Stetter-Gragg-Butcher subroutine BUTCHR
The Cowell subroutine COWELL

The starting routine START

An auxiliary routine to START called RUNKUT
An auxiliary routine to START called COMP

A skeleton FUNCTI subroutine
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APPENDIX B

LISTING OF COEFFICIENTS

This appendix lists sets of coefficients for the four methods described
in this report. Given here are:

first, the Adams coefficients, B and B*, for q = 3 through 18;

then come the Butcher coefficients, A, B, a, b, @ and B, for k = 1
through 6;

then come the Cowell coefficients P, C, and M, for m = 2 through 8;

last are the Shanks coefficients, &, B and v for the formulas 4-4, 5-5,
6-6, 7-7, 7-9, 8-10, and 8-12. (The ys in each case are the last set of B's

given) .
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