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ABSTRACT
A numerical method is described for computing the exact permeability
(tunneling probability) for any one-dimensional potential barvier. It

is used to test the validity of the widely used approximate formulae for

e

the tunneling factors for truncated parabolic barriers. The method is
also used to calculate tumneling factors for the H+H2 exchange reaction,
using the theoretical potential surface of Shavitt, Stevens, Minn, and

Karplus, and it is shown that standard BEckart and parabolic barrier

approximations can yield considerable error.
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Evaluation of the probability of transmission for a particle impinging
on a potential barrier has long been an important problem in the theoretical
treatment of chemical reaction rates. The early use of tunneling corrections
. 3 e i 3 47 : 1 : . i
is discussed by Glasstone, Laidler, and Eyring. Their usefulness in in-
terpreting the results of proton transfer reactions has recently been
. oo 12 o Y o e N

reviewed by Caldin,” and their application to the uydrogen exchange re-
s - 3 i = 3

actions is discussed by Johnston.
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While the potential barrier in a chemical reaction is in genenc:
multi-dimensional, a very widely used approximation has been tc considex
the reaction as motion along a one~dimensional (1-Dim)
which is orthogonal to ail other modes of motion of the interacting
species. In this approximation, estimates of barrier transmission rates
have usually been obtained after approximating the exact potential by
a model 1~Dim barrier of one of two anslytic forms for which exact

analytic tuoneling probabilities are known: an Eckart barrier,“ or
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infinite parabolic barrier. An exact tunneling probability expression

: 6 : ' 4 e
has also recently been derived for a thivd potentisl form, the infinite

3

double anharmonic barrier, V(x) = Vo[lwa(x/a - a/%)7]; however, this
result has not yet been applied to chemical problems. Although the
result for the parabolic potential is for an infinite barrier, it has

: : , 2 ” A
been widely used for truncated parabolas,” probably largely because of
the very convenient analytic expression obtained for the tunneling

. ; : i etian T : _ cann B
factor in the high temperature limit. The Eckart potential, om the
other hand, is finite, and the potential and its first derivative are
everywhere continuous; however, while its exact transwmission probability

is known analytically, the tunneling factor cannot be obtained in closed
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form.
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A table of Eckart tunneling facitors for a wide range of potential
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parameter values and reduced tempervstures is give
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Johnston (private communication, 1969) computed this table usin

the correct transmission

Ba. (2-22), in which the last

Despite the convenience of using the

results
for the two main model barriers mentioned zbove, these potentials will
very rvarely accurately represent a reasonable 1-Dim cut through an sctual
potential surface. Furthermore, the analytic turneling probabilities

can in no way take account of the changs in the asyoptotic reduced mass
between rveagents and products which arises in wmany chemical situtations.
An additional problem associated with the use of Bell's formulae7 for
parabolic barriers is the unknowsn effect of truncating the barrier at a
finite height on the transmission coefficient, and hence ou his approxi-
mate expressions for the tunneling factor.

In the next section, a simple numerical procedure is presented for
determining exact transmission coefficientsfor any 1-Dim potential
barrier. This approach is tested by comparing its predictions to ths
exact analytic result for an Eckart barrierpé The numerical method is then
applied to truncated parabolic barviers to exsmine the validity of Bell's
approximations. Finally, the usefulnzss of the sxact 1-Dim method is
demonstrated by applying it to the calculation of tunpeling factors for

the H+H exchange reaction.
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SCATTERING BY A’lADTM'BARRIER

Exact Barrier Passage Probability

Many elementary quantum mechanics texts devive the sxact rransmission
a b i 8 .
probability for the case of 2 rectangular bavrier, and the present treat-
: : : " 0 < 5 E t2 7
ment is qualitatively exactly the same. The Schredinger equation describing

1-Dim potential scatteving may be written in the dimensionlezs form

[ 551
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d”_(y) + B [E<V(x)] ¥(y) =0, (.
L2 :
dy

where y = %x/a, E = E/VO, V(y) = V(x)/V_, and

B 4
B = 24V, /60 = 20.74659 ulamu] Vylkeal/M] (alAD? .

In general, the energy and length scaling factors VO and a may be
chosen completely arbitrarily; however it is usually ccavenient to
associate them with the barrier height and width. In the present dis-
cussion, the coordinate x along the reacticn path is defined such that
¥ Vv — © corresponds to reagents and x " 4+ © fo products. The porential
V(x) 1is everywhere finite and approaches constant values in the limite

X v+ ® (see Fig. 1). E 1is the energy of the incoming particle; in
general its effective reduced mass | may vary along the reaction
coordinate, and the asymptotic reduced mass of the reagents may diffex
with that of the products.9 However, this may readily be taken account

of by simply introducing a variable mass ' = u(y) into Eq. (1). or



lternately by scaling the react ate appropriately while holding
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When this the latter approach was used,

a3
i
s
[
Qe

.

and hence U  is assumed to be a constant in the rest of the derivation.
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For "reagents', the solutions of Eq. (1) may be asymptotically ex-

on and refliscted

pressed as a linear combination of

from the barrier: f.s&., for v %W =~ 9
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where o = (B } [Er- (=00} ) T, Similarly, part

tunnel past

-

the barrier to form products may be described asymptotically by a plane
B o o . i
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wave moving away from the barvier; i.e., for vy v + o

N o
where 0o, = (By)l/2 [E - V(+WD]11“; The probability of barrier passage

is clearly the ratio of the transmitted to the incident flux:

v

e

where v, and v are respectively the asymptotic velocities of products

{+) and reagents {~). For fixed 1, v+fvm = a7f@ig and hence

i
<(E) = == 5!3 (4)



To facilitate computation of «k(E) it is convenient to expand

Y(y) 1in terms of its real and imaginary parts:

V() = ¢, (y) + 1 ¢,(y)

Comparing this with Eq. (3) shows that for products, at vy v 4+ oo

¢1(y) = AT cus(a2>)

(5)
¢, (y) = A, sin(a,y)

Starting from this boundary condition with an arbitvary choice of AT
(most conveniently, AT = 1), the two independeat sclutions ¢l(y) and
¢2(y) may be numerically integrated back through the barrier to the
reagent boundary condition at vy Y - ©, There they may readily be de-

composed into

It

¢1(y) C, cos(o,y) + D, sin(a,y)

(6)

i

¢2(y) - & cos(uly} + D, sin(aly)

Comparing equations (2) and (6), values of AI and AR are readily
obtained in terms of values of the solution funciions ¢1(y) and
¢,(y) at the adjacent integration mesh points vy, and y,. Substituting
them into Eq. (4) yields
@ = 4o, /0) sin Lo (y,5 )1 |a,| {06,501
+ 10,501 + (6,61 + 1o, G )1’ -
= 2[¢, (v1) &fy,) + ¢, (v )b, (y,)]cos[a, (y,~y )]

-1
+ 200, (yy) 6, (y,) - 9, (v,0¢,(v,)] sin[ul(y2~y1)i§ .



This is the desired result. The exact numerical integration of Bg. (1)
and the practical application of the boundary conditions are discussed
below.

The above method was tested by applyiag it to a symmetric Eckart

B
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barrier, V(y) B {yy, For which the axact ®K{E) function is known
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analytically. For barrisrs with BV values rvauging from 2 bo 200, it

(53

was found that single precision numerical integrat K(E) accurate
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to within laxlﬁwsb for E = 0.1, 1.0, and 2.0. This confirms the validity

of the present approach.

Integration of Bq. (1) and Appliecation of Boundary Condditions

o

The Numerov meﬁh@dil iz known to be a very efficient algorithm for
the numerical integration of & homogeneous linear second-ovder differential
equation without first derivatives, such as Eg. (1). 2 One restriction
on its use is that it assumes that the potential function V(y) is smooth,

since when it is not an inordinately small incremert of integration is

required to yield reasonable accuracy. In the latter situation a lower-

- ¢

order algorithm such as the Runge-Kutita-Gill (REG) methodlj ig mova appro-
priate. The RKG procedure requires more arithmetic, and one more function
evaluation per integration step than doess the Numerov method. Howevert,
when calculating the solution at a given point the latter wutilizes the
solution at the two previocus mesh points, while the formey raquires the
solution and its fivst derivative only at the adjacent previous point.
Thus, 1f RKG is used and the integration mesh chosen so that mesh points

3 e

lie at any potential slope discontinuities, the numerical lutegration is

e

g

in no way affected by the existence of such discontinuities. In the



present work, the RKG procedure was used in the calculations for

truncated parabolic barriers, as they have discontinuous first derivatives

at y =+ 1 (see below). The Numerov method was used in all other cases.
For either algorirhm the accuracy of the integration improves with

decreasing increment dy until a lower bound is reached beyond which

the theoretical improvement in the numerical accuracy is exceeded by the

accumulated machine round-off error. The opiimum increment of integration

as a function of particle and barrier size is approximately given by

dy = dx/a = F/(By)l/z )

where By is as defined above with Vo being the height of the barrier.
The value of the numerical constant F depends on the integration
algorithm and the number of significant digits of machine accuracy. On
the 8-digit computer used in the present work, F = 0.18 was found to
be appropriate for Numerov integration, and ¥ = 0,07 for the RKG algorithm.
for potentials-with a finite range, such as truncated parabolic
barriers, application of the boundary conditions Eqs. (2) and (3) presents
no difficulties. On the other hand, realistic potentials which reach
their asymptotic values only in the limits vy v + © can only be integratzed
over a finite interval, and hence the exact boundary conditions are never
quite achieved. In the present work, the ends of this finite interval,
y_ and y, » were defined as the smallest values of |y| for which the
first-order WKB convergence criterion was smaller than a chosen critical

value. Thus, they are the solutions of

[a(y) 17 qu(y) =z
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where qiy) = {By} T ESV{y

7 iz the chosen convergence
criterion. It was fouond heve that 7 = 1“0X10~5 yielded values of
K(E) within 1107 of the exact snalytic barrier passage probabilities
for Eckart barriers of different sizes.

A Fortran listing of the subroutine used to inrvegrate Eq. (1) to

yield &{E) dis given in the Appendix to Ref. 14.

The Tunnelin
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The tunneling factor is the ratic of the guantum mechanical to the

classical barrier-crossing rate for particles with a

of initial kinetic energies relative to the barrie

=

analogous to thoses of BEq. (1), it may be writien as”
e Dy | = T = w
r@® = (m oM k@ BT G (8)
oJ

where T = kT/VO, and VO is the barrier height. After obtaining
k(E) values over a range of energies by the method presented above,
Eq. (8) may be integrated numerically. This quantity is in effect
an observable and is the point of comparison between theoretical and

experimental estimates of tunneling.

APPLICATION TC PARABOLIC BARRIERS

The potential form which appears to have been most widely used to
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account for tunneling in chemical processas” is the truncated parabola:

V(y) =
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where particles may impinge on the barrier with energies E> 0. In
the present discussion, the energy and length scaling factors

VO and a always signify the barrier height, and half-width at its
base. It is apparent that in this case the transmission probability
function k(E) is completely defined by the corresponding value of By 3
since Eq. (1) is precisely the same for all barriers with different
heights and widths, but the same By

It will be convenient from this point on to replace By by the

: 251 3 PN Ty
previously used,”’’ entirely equivalent reduced parameter

]

A O
8= (By)l/2 14.30946 (u[amu] Vo[kpal/Mjl/& alA]

2197.524 V_[keal/t] / e

where V 1s the characteristic frequency of the harmonic oscillator

potential obtained on inverting the parabolic barriernT

While consideration of Eq. (1) suggests that By is a more
. . 2
"natural" parameter, previous work with truncated parabolas™®

used B, which is a natural parameter in Bell's7 approximate

analytic tunneling factor expressions.

It should also be noted that the reduced temperature T used here is
entirely equivalent to the previously used reduced variable o = l/El

In the following discussion particular combinations of temperature,

and particle mass and barrier size are characterized by values of T
and B . For given choices of these quantities, exact values of K(B,E)

and T'(B,T) were calculated by the numerical method presented above.



ranzmission probability for
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It is well kunown™ that the exact
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particles impinging on an infirnite parabolic barrier: Viy) = 1 = v

where - <y <+ ® _ ig

e ) B \?
K, (B,E) = {xl + exp{B(l ~ E)]f;' (16>

mission coefficient for a finl

transmission coefficients

different sizes (different PRls).

in the use of KW(B,E) for finite barriers increases wi
B, and that for the particle and barrvier sizes consideved, Hq. (10)

becomes satisfactory only for energies above the top of thé baryd

(E = 1). However, in all cases it is significantly in ervoy at low
values of E? and this will effect the tunneling factors at low
temperatures.

Bell's7 widely used formulae for the tunneling factors for
truncated parabolic barriers are based on Eq. (10). On substituting
it into Eq. (8) he obtained an analytic approximation for the resulting

integral, yielding

T /BT O Japer oo [iar | -28
P, (B,T) = = — % 1 - K : a 4 |———le -
sin(n/RT) RT-1 L ,1-28T] V1387
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Although individual terms in this expansion have singularities at integer
values of 1/RT , there is exact mutual cancellation of such terms so

that the sum remains finite and Eq. (11) is defined for all values of
ek

®

%% T '
In Bell's original treatment7 he unnecessarily2 rastricted the

use of Eq. (11) to. BT > 1.

Bell also noted7 that in the high temperature region where

exp(1/T~B)
SIS P S
RT-1
I —
I'_(B,T) becomes
e /8T
rilg,m) = ——— (12)
sin(m/RT)
249

which has been used widely. The accuracies of these approximate
formulae are illustrated in Fig. 3, where their predictions are compared
to the exact numerical values FEX(B,ES; the solid curves used Eq. (11)
for I _, and the broken curves Eq. (12). The breaks in the solid curves
at integer values of 1/BT are a reminder that two of the terms in

the full expansion of right side of Eq. (11) are singular at each of
these points.

The effects shown in Fig. 3 reflect the trends seen in Fig. 2, the
errors in the approximate formulae increasing with decreasing B and T.
It is interesting to note that for all barriers, the simple approximate
formula Til is as good as the more general expression Fi wherever
the latter is reasonably accurate. For the larger barriers (8>20) this

1/8. On the other hand, for all

3|

$ P | wad e degqgmn 1 Faw - g
appears to include wviitually all >
P y
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barrier sizes, none of the approximate formulae are at all reliable

for T <1/80TT

F

In addition to the vesults chown in Fig. 3, a calculation for
Ed
e e e § . ‘ .
B = 80 showed that its Tm/éex curve has a minimum of

0.57 at BT = 0.84, while for all BT > 1.05 it is within 1% of unity.

In addition to Ti and FiI , this dncludes Eqs. {7) and (10) in
Bell's paperz, which were suggested for use in this region. The former,
proposed for T < 1/8, would yield curves on Fig. 3 which would be
identical to those for Ti cut to approximately theilr minima, and then
would rise to infinity at BT = 1. The latter, designed for T = 1/8,
would yield negative values of FOO/Tex for all ‘Eh outside a very narrcw
interval about T = 1/B8, and even in this dinterval it is significantly
less accurate than is Fie

To put the present results in perspective it is helpful to consider
Caldin's2 Table VII, which contains most of the reliable data on the
dimensions of energy barriers for proton transfer reactions. For all
of the cases presented there B > 30 , and the temperatures corresponding
to BT = 1 range between 130 and 250°K. Since most of the results were
obtained using Fil (Eq. (12)) ,2 the experimental data for these cases
must have corresponded to BE“> 1 , and Fig. 3 suggests that their
derived barrier parameter should be reasonably accurate. However, the
present results clearly demonstrate that in those cases for which Eq. (11)
had to be used (where B%-f 1), the reported barrier parameters are

probably unreliable.
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Another situation in which Bell's approximate formulae have been
used is in calculating tunneling corrvections for the isotopic H+H2
. 5 5 .. . 4 ; o .
exchange rveactions. Weston fitted a parabola to the reaction path
at the saddle point of a Sato potential surface for collinear collisions,
. e w1 . . , . . S
and used Bell's formulae to estimate the tunneling through it. This

parabolic barrier was 8.0 keal/M high and had B = 11.64, so that T = /8

3 v . . - . .
corrvesponded to 340 K. Usiug the present method it was found that

1

1!

b

i

) , L . ) O O v a0
Weston's predicted tumneling Tactors at L0007K, 5007K, aud 2957K are

respectively 6% larger, and 6% and 35% smaller than the exact tunmneling
p Y ger, :

"

factors for his barvier,

APPROXIMATION OF BARRIERS BY ECKART AND PARABOLIC FUNCTIONS:

RESULTS FOR H+H,

The present section examines the appropriateness of approximating
an actual barrier with a convenient analytic function, by considering
the tunneling contribution to the simple hydrogen exchange reaction.
Here the exact 1-Dim barrvier is taken as the minimum poteuntial path
on the potential surface for collinear collisions. A number of treat-

ments have previously estimated the amount of tunneling in this system

3,9,17,18,19 9,15

using Eckart or parabolic™ approximations to the actual

potential barrier.

The porential surface used here is the one reported by Shavitt,

. . 29 . -
Stevens, Minn, and Karplus, scaled by a factor of 0.8% as recommended

. 18 e e e . .
by Shawvitt. The method of obtaining the present 1-Dim barrier from

. o . . 10 )
fhe low-energy path on this suvrface is described elsewhere. Fig. 4
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shows the actual energy barrier so obtained, curve A, and four approxima-
tions to it. Curves El and Pl are respectively Eckart and parabolic
potentials with both the same height and curvature (second derivative)
at the maximum as the "exact" barrier. Similarly, curves E, and P,

are Eckart and parabolic barriers chosen to have the same height, and
the same width at half maximum ag the actual curve. The constant
reduced mass used with these potentials is U = MH/B = 0.33594 amu.

Fig. 5 shows the calculated tunneling factors for these potentials as

a function of temperature; the total computer time required to generate
curve A is less than one minute on an IBM-7094. The curves in Fig. 5
are labled as in Fig. 4, with the addition of curve S which represents
the tunneling factors predicted by Shavitt,l8 who fitted an Eckart
function to the actual barrier using different criteria than those used
here. His potential had the same curvature at the maximum as the actual
barrier, and was "selected by inspection to give a good fit to the ab
initio barrier over as much of its upper part as possible." The barrier
so obtained18 is in good agreement with the actual one for E‘f 07 4
although it is only 0.41 as high; considering the latter fact, the
agreement of curve S with curve A 1is quite surprising.

As might be expected, the present Eckart tunneling factors (curves El
and E2) are closer to the exact values than are the parabolic results.
However, it is apparent that none of the present approximate barriers
yields tunneling factors that are really very good, especially at low
temperatures. On the other hand, the manner in which the approximate
results straddle curve A (in Fig. 5) suggests that their main source

e

of error lies in the criteria used to £it the approximate barriers to
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the actual one. This is confirmed by the fact that Shavitt's Eckart
functionl8 yielded tunneling factors in remarkable agreement with the
present exact values, despite the fact that his barrier is only 0.41 as
high as the actual one. Furthermore, it seems certain thaﬁ further
variation of the two free Eckart parameters could yield even better
agreement with curve A. By comparison, it was found that no truncatad
parabola would yield tunneling in good agreement with curve A over the
whole temperature range shown. The best.fit of this sort (corrésponding
to B = 19) had TI'(T) wvalues which ﬁere significaﬁtly too small at high
temperatures and too lzrge at low. Thus, while the tunneling factors
for the H+H2 case are imsensitive‘to thé nature of an éépro#imaging
barrier except near its maximum, they are'yggz;sensitiQe‘to ite shape in
this region. In any case, it seems clear”that exact numeriéal computations

of T(T) should be used whenever the shape of the barrier is known.

CONCLUDING REMARKS

A method has been presented for calculating the éxact transmission
probabilities and tunneling factors for any 1-Dim potential barrier.
It has been used to determine the region of validity of Bell's7 approximate
expressions for the tunneling factors for truncated parabolic barriers.
It has also been used elsewherelo to help correlate with theory some new
experimental measurements of the relative rates of the exchange reactions
H + H2 and H + D,.

2

It is apparent that the cases in which Bell's

7

formulae are
appropriate are precisely those in which there is relatively little
barrier transmission except at energies close to and above its maximum.

This insensitivity of such results to the nature of the potential except



near its maximum is further illustratad by the remarkable succe

[¢5]
653
Q
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‘ . 18 . . _ . . L. L.
Shavitt's approgimation for the I tunnaeling, discussed in the
p 5 5

2
preceeding section. This suggests that if experimental results may be
accurately explained using Eqs. (11) or (12) for valuves of B and T

for which these expressions accurately reflect the sppropriate truncated

parabola (e.g., B > 20 and T o>

obtained accurately approximates

1-Dim potential barrier near its maximum.

The present quantitative confirmation of the

and (12) for large barrvier (negligible tunneling

situations will be reassuring to experimentalist

,..c
&

preting theirbaata using these expressions. 4lso, the present method
offers a way of treating cases where tunneling is important at energies
well below the barrier maximum, but for which the Eckart function results
are not sufficient. However, one should remember that the whole of the
present approach is based on the rather strong assumption that a multi-~
dimensional ﬁroblem may be meaningfully réﬁresented in 1-bim. The

validity of this approximation has recently been examined by Truhlax

and Kuppermann.Zl
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APPENDIX: Subroutine for Calculating Barrieér Transmission Probabilities

A Fortran listing of the computer subroutine used for the determina-
tion of K(E} follows. It assumes that the potential and abscissa
arrays were previously prepared such that V(1) = BY V(y) for y = X(I);
similarly the energy E is By E . The listing given utilizes the
Numerov integration procedure; however, the RKG algorithm is given
separately at the end and may be simply substituted for the statements

from 26 to 50.
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SUBROUTINE PRMEAB(NeISYoIWRoBY»H,7ieE PBYsXsV)
C*#% SUBROUTINE TO CALCULATE EXACT QUANTAL TUNNELLING PROBABILITY FOR
C A PARTICLE IMPINGING ON A 1-DIMENSIONAL POTENTIAL POTENTIALSs V(X
C WITH A KINETIC ENERGY Es PERMEABILITY IS PBY.
C*#% ARRAY DIMENSION IS "Ns AND N2=N/2 CORRESPONDS ROUGHLY 70 ?ha
C BARRIER MAXIMUMa X{IRM) CORRESPONDS TO REAGENTS AND X (IkP) 7O
C PRODUCTS. { 1 eLEe IRM oLTe NZ eLTe IRP oi.Ee N )
Cx¥% THE TWO LINEARLY INDEPENDANT SOLUTIONSs DENOTED C AND  5» ARE
C INTEGRATED SUMULTANEOUSLY e

~C##% INCREMENT OF INTEGRATION IS H

C¥%% [F(22eGTo0e0)s ZZ 1S5 THE WKB CONVERGENCE CONDITION -USED TO SELECT
G THE INTEGRATION INTERVALe IF(Z2ZoLEs0e0) USE WHOLE INTERVALe
CH#% [F(ISYeGT,0) BARRIER IS SYMMETRIC ABOUT X(NZ)s OTHERWISE NOTe

C### JF(IWReGTo0) WRITE PBY AND UNITARITY TESTs OTHERWISE NOT.

DIMENSION X(N)sV(N)}

DOUBLE PRECISION DS;DC»OEN¢0529D5395C2 ,DC39GKBsGKsF2
N2=N/2 |

IRM=1 ‘

IRP=N

IF(2ZZe LtéOaO) GO TO 26

T Cwi#d DETERMINE INTEGRATION INTERVAL END POINYS IRM AND IKPe. ASSUMES

C BARRIER MAxxmuM ROUGHLY AT X(N/2)

ND=20
JD“Tl i
M= {N=N2) /ND »2
IR=N-M*ND

& DO 10 I=1sM °
IR=IR+JD#ND .
AR1=E~V(IR)
AR2=E-V(IR=JD)
IF((AR1oLEe020)eORe (AR2.LEs0+01} GO TO 10
SQ1=SQRT(AR1}
5Q2=SQRT(AR2 )
TST=ABS(4%#({5Q1-5Q2) /(H*(SQ1+SQ2)*¥%2) )
IF(TST=-22)12412510

10 CONTINUE i
JD==UD 1
WRITE(6s601)" TST'X(IR)
IR=IR+JD y
IFILE~ V(1R>)99.99.16

12 JD==JD s
DO 14 I= 19NDC
IR=IR+JD ‘
$Q2=5Q1 \
SQ1=SQRT(E=V(IR))
TST=ABS(4.%(5Q1~ 502)/(H*(SQI+SQZ)**2))
IFITST=722) lbsllel6’

14 CONTINUE %

16 IF(JD) 18418524

18 IRP=IR+1 ' :
IFCISY) 22422520

20 IRM=N=IR
GO TO 26

22 -M=N2/ND=2
IR=M¥ND+1
GO TO 6
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24 IRM=[R-1

CHen

INTEGRATION U‘ING NUMEROV ALGORITHMe

5 CONDITION FOR TRANSMITTED WAVEs

G

26 Gl=VUIRP=1)-E

2=H*RD
'HV=H2/12s
Fl=(le=HV%GI}H
GKB=DSART (~G1)
C1=DCOS(GKB*X(IRP))
C2=DCOSIGKB¥*X ( IRP-1))
S1=DSIN{GKB*X {IRP})
§2=DSIN{GKB*X{IRP=11})
YC1=FI%*C1
YC2=FI#C2
Y51=FI#S1
YS2=FI*52
NINT=[RP=IRM:=2
J=IRP~1 i
Fl=sH2#%GI

19

START AT PRODUCT BOUNDARY

PERFORM AC(UAL NUMERICAL INTEGRATION TO GET PERMEABILITY HERE.

DO 25 .= va!NT

L dEd=1

25

50

YC3=YC2+YC2=YC14+F 1#C2
YS53=YS2+Y52=YS14F1#52
"Fl=sH2Z2*(V(J)=-E}
F2=le/lle=F1/12e)
C2=YC3I*FE2 i
S2=YS3%#F 2

YCi=YC2

YC2=YC3

¥YSl=Y52

¥YS2=YS53
YC3=YC2+YC2=YC1+F1%#C2
YS3=YS52+YS2-YS1+F1%#52
F2=1e/{1a=HV#{V{IRM+1)~-E})
DC3=YC3#F2 :
DS3=YS3¥F2 i

DS2=52 £

DC2=C2 1
GK=DSQRT(E~V (IRM+1))

C#x DECOMPOSE SOLUTIONS TO GET AMPLITUDE OF INCIDENT WAVE .

DS=DSIN(GK*H
DC= DCOS(GK*H$
DEN=4o%¥DS%%*2 i

. AIZ-(DSZ**2+& S3¥XQ24DC2¥#2+4DC3HUZ =2 #DCH (DS2%DS3+DC2¥DCI ) +

99
601

603

1 20 *DS*(DCS*DSZ DC2%DS3) ) /DEN

PBY=GKB/ (GK*AI2)

TSTERR=(GKB/GK={(DC3%DS2-DC2*DS3)/DS) /AI2

IF(IWReLE«O) GO TO 99

EP=FE/BY

WRITE(69603)FP9PBY9X(IRM)9X(IRP)yT5TERR

RETURN

FORMAT{1HO 5% 14HERROR esse TST= E10e3s &42H GREATER THAN ZZ AT LX
1TREME BOUNDARY = FBe3} '

FORMAT(1HO 2X 7THAT E = El2e6523H »

PERMEABILITY

1 18H WITH LIMITS X = F7e3s 4H AND F7e3s 24H

ZROR= ElQe& )
END

K{E)= El3e7s
UNITARITY TEST ER
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CH¥*e INTEGRATION USING
PRODUCT BOUNDARY CONDITION.

C

RUNGE=KUTTA~GILL ALGORITHM.

20
START AT

Cx%¥% DECOMPOSE SOLUTIONS TO GET AMPLITUDE OF INCIDENT WAVES.

Cxx# ACTUAL
30 $2=§1

26 GKB=DSQRT(E=~V(IRP))

C1=DCOS(GKB®X (IRP) )
S1=DSIN(GKB*X (IRP))
DCl= GKB#S1
DS1==GKB#C1

[=IRP

C2=C1
DS2=D51

.DC2=DC1

QSA=H*DS2

QCA=H*DC2

HE=H*(E~Vv(I11})}

QSB=~HE*S2

QCB=-HE*C2

51=52+QSA/2s

Cl=C2+QCA/2e

D51=DS1+0S5B/2

DC1=DC1+QCB/ 2

CSA= H#DS1

CCA= H*DC1

I=1~1

HE=H*(E~-V(1))

CSB==HE#*S1

CCB==HE*C1
$1=51+0+2928932%(CSA-QSA)
C1=C140s2928932%(CCA=QCA)
D51=DS1+0.2928932%(CSB~QSR)
DC1=DC1+062928932%{CCB-QCB)
QSA=0e5857854%#CSA+001213214%QSA
QCA=0:5857854%#CCA+01213214%QCA
QS5B=065857854%CSB+01213214%*QSB
QCB=065857854#CCB+01213214%QCB

CSA= H*DS1
CCA= H¥DC1
CSB==HE*S1
CCB=-HE*C1

I=f=]

S51=51+17071068%(CSA-QSA)
Cl=Cl+17071068%(CCA-QCA)
DS1=DS1+1.7071068%(CS8~QS8)
DC1=DC1l+1,7071068# (CCB-QCB)
QSA=3e4142146%CSA-41213214%QSA
QCA=3664142146%*CCA~4:1213214%QCA
QSB=3e4142146%C5B~4,1213214%QSB

INTEGRATION LOOP BEGINS HERE



QCB=3+4142146%CCB=4e1213214%QCH &L

CSA= H*DS1
CCA= H¥%DC1

HE= H®*(E-V(I)}
CSB=~HE*S1
CCB=~HE*C1

S$1=81+CSA/6¢~QSA/ 3
Cl=C1+CCA/6e~QCA/ 30
DS1=DS1+C8B/66=-Q5B/30
DC1=DCL+CCB/6e=0C3 /30
IF{(1-1)+GT«IRM) GO TO 30
DE2=52
DC2=C2 .
DS3=51
DC3=C1

50 GK=DSORT(E=V(IRM+1)}

Cx#x# END OF SECTION PECULIAR TO RKG INTEGRATION PROCEDURE e
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Figure Headings

Figure l: Schematic potential barrier.

Figure 2: Ratios of approximate (K ) to exact numerical (Kex) trans-
mission probabilities for truncaﬁed parabolic barriers, as
a function ofvthe reduced energy E. The barrier maxima

correspond to B = 1,

Figure 3: Ratios of approximate (I' ) to exact numerical (Féxj

tunneling factors for truncated parabelic barriers. The
solid curves were obtained by using Eq. (11} for T , and
the broken curves Eq. {(12). The breaks in the former for
éf,i 1 correspond to the points at which pairs of terms din
Eq. (11) blow up (i.e., where 1/BT is an integer).

Figure 4: Comparison of actual theoretical 1-Dim potential barrier
for collinear H + H2 collisions (curve A) with analytic
approximations to it. Curves Pl and P2 are truncated
parabolas corresponding to B = 14.74 and 24.84, respectively,
while curves El and E2 are Eckart functions
V(x) = Vo/coshz(x/a), with a = 0.28 and 0.38 Z regpectively.
El and Pl have the same curvature at the maximum as does
curve A, while E2 and P2 have the same width at half
maximum.

Figure 5: Tunneling factors for the potentialg shown in Fig. 4,
labelled in the same manner. The additional curve, S, is

Shavitt's18 Eckari function estimate of the tumneling for

this system. The broken horizontal line lies at unity.
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