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Dynamic P r o p e r t i e s  of Modelling Clay 

by Stephen H. Crandal l  
Leonard G. Kurzweil 
Anant I(, Nigam 
Paul  J. Reming ton  

A number of dynamic c h a r a c t e r i s t i c s  of " ~ ~ l a s t i c i n e "  have been 

measured f o r  sma l l  s t r a i n  simple harmonic o s c i l l a t i o n s  i n  t he  frequency 

range 100 - 3000 liz. I n  genera l  t he  dynamic behavior of t h i s  m a t e r i a l  

can be descr ibed  by a  simple l i n e a r  i s o t r o p i c  v i s c o e l a s t i c  model wi th  

complex moduli 2 and (; where the  va lues  of 2 and d depend no t  only on 

frequency and temperature bu t  a l s o  (due t o  th ixot ropy)  on t h e  p r i o r  

h i s t o r y  of l a r g e - s t r a i n  deformation. Experimental l i m i t s  on s t r a i n  

amplitude f o r  v a l i d i t y  of t he  l i n e a r  model a r e  given. Propagat ion 

v e l o c i t i e s  and l o s s  f a c t o r s  f o r  l o n g i t u d i n a l  waves i n  t h i n  rods,  p l ane  

d i l a t i o n a l  waves and simple shear  waves a r e  displayed.  Poisson ' s  r a t i o  

was determined by measuring both shea r  and d i l a t i o n a l  propagat ion 

v e l o c i t i e s  i n  the  same specimen i n  a s p e c i a l  sandvicf~ conf igu ra t ion  

which permi t ted  r ap id  changeover without  in t roducing  l a r g e  s t r a i n s .  

The measured p r o p e r t i e s  of smal l  samples a r e  a l s o  used t o  p r e d i c t  t h e  

impedance of a  r i g i d  d i s k  on t h e  s u r f a c e  of a half-space of P l a s t i c i n e  

and the  p r e d i c t i o n s  a r e  compared wi th  d i s k  impedances measured on top 

of a  l a r g e  tub  of P l a s t i c i n e .  
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Dynamic P r o p e r t i e s  of I*lodelling Clay 

by Stephen H. Crandal l  
Leonard G. Kurzweil 
Anant K. Nigam 
Paul  J . Reminp ton 

1. In t roduc t ion .  A s  p a r t  of an experimental  s tudy of no i se  t ransmiss ion  

between s o i l  and bu i ld ing  s t r u c t u r e s  a model " so i l "  f a c i l i t y  is des i red .  

A p o s s i b l e  candida te  f o r  t h e  s o i l  m a t e r i a l  i s  modelling c l ay  which has 

inany of t he  p r o p e r t i e s  of n a t u r a l  c lays .  I n  add i t i on ,  modelling c l a y  

appears t o  be  homogeneous and r e l a t i v e l y  s t a b l e  i n  i t s  dynamic p r o p e r t i e s .  

This  r e p o r t  desc r ibes  t h e  r e s u l t s  of a  number of tests t h a t  have been 

c a r r i e d  ou t  on smal l  samples of modelling c l ay  i n  o r d e r  t o  d e t e r n i n e  i t s  

dynamic behavior .  The c l ay  employed was wh i t e  P l a s t i c i n e  manufactured by 

Harbut ts ,  Uath, England. The p r e c i s e  composition i s  a t r a d e  s e c r e t  b u t  

the main i n g r e d i e n t s  a r e  undoubtedly f i n e  k a o l i n  c l a y  mixed with minera l  

o i l .  S t a t i c  s t r e n g t h  p r o p e r t i e s  of P l a s t i c i n e  have been repor ted  by 

Caker [ l ]  and t h e  r e s u l t s  of a  wave propagat ion t e s t  along a  t h i n  rod 

of modelling c l a y  have been repor ted  by C a l v i t ,  Rader and M e l v i l l e  [2] .  

The dynamic tests descr ibed  he re in  a r e  c h i e f l y  resonance tests using 

t h i n  rods o r  f l a t  s l a b s  of P l a s t i c i n e .  The f requencies  used cover a  

range from 100 liz t o  3000 iiz. 

2. I s o t r o p i c  V i s c o e l a s t i c  Model. I n  o r d e r  t o  i n t e r p r e t  t he  r e s u l t s  of 

our c e s t s  w e  have assumed t h a t  t h e  dynamic behavior  of P l a s t i c i n e  during a  

small  s t r a i n  o s c i l l a t i o n  a t  frequency w = 2nf can be represented  by a  

iwt and Re { ~ e  
i w t  

l i n e a r  i s o t r o p i c  v i s c o e l a s t i c  model. With Re 

r ep resen t ing  o s c i l l a t i n g  normal and shear  s t r e s s e s  and Re {&e i w t ~  and 



Re [yeiWt} representing oscillating extensional and shear strains the 

constitutive relations for orthogonal axes x, y, and z are assumed to 

have the form 

where E(w) and G(w) are the real parts of complex tension and shear 

moduli and G, q(w) is a loss factor and v is a generalized Poisson's 

ratio. Since the loss factor for shear has been assumed to be the same as 

that for tension, v must be real and satisfy 

if the material is to be isotropic. Because of limitations and scatter 

in our data we cannot claim to have completely verified the validity of 

(1) and (2) as a model for Plasticine. We can only say that our results 

do not contradict the possibility that for small dynamic strains Plasticine 

can be represented by this model. The parameters in the model depend on 

the temperature and the prior large strain history of the sample as well 

as on the frequency of the oscillation. 



A m a t e r i a l  s a t i s fy i r l g  ( I )  can suppor t  s e v e r a l  types  of a t tenuatr inr  

p lane  waves. For propagat ion i n  t h e  x -d i r ec t i on  a l l  s t r e s s e s  and s t r a i n s  

i n  such waves .c~ould f l u c t u a t e  i n  p ropor t i on  t o  

where a i s  a n  a t t e n u a t i o n  f a c t o r  and c is  a propapat ion ve loc i ty .  The 

va lues  of  u. and c depend on the  parameters i n  (1)  and on the  type of 

p lane  wave. For example, i t 1  t h e  ca se  of l o n g i t u d i n a l  motion i n  a t h i n  

uniform rod t h e  r e l a t i o n s  are ( see  Appendix A) 

where p is  t h e  mass d e n s i t y  of t h e  m a t e r i a l  and where t h e  parameters  11) 

and 6 a r e  func t ions  of t h e  l o s s  f a c t o r  q, given  by 

A l t e r n a t i v e l y  i f  t h e  l o s s  f a c t o r  is  i n t e r p r e t e d  a s  a l o s s  tangent  s o  

t h a t  q = t a n  6 ,  then 

2 2 6 
1 )  = sec 6 s e c  - 

2 
6 P = t a n -  2 

I n  the c a s e  of a p l ane  d i l a t i o n a l  wave ( t h e  primary wave of seismologv) 

t h e  r e l a t i o n s  corresponding t o  (4)  a r e  



w i t 1 1  $ and R ~ i v e n  by (5) o r  ( 6 ) ,  In the  c a s e  of a s imple t r a n s v e r s e  s h e a r  

wave t h e  corresponding r e l a t i o n s  a r e  

where aga in  $ and 6 a r e  g iven  by (5) o r  ( 6 ) .  

Most of t h e  dynamic tests descr ibed  below l e a d  t o  a  s imultaneous de- 

te rmina t ion  of a  p ropaga t ion  speed and a  l o s s  f a c t o r  a t  a  s i n g l e  frequency 

f o r  a  s i n g l e  temperature  and f o r  a  s i n g l e  s t a t e  of p rev ious  l a r g e  s t r a i n  

h i s t o r y .  By using t h e  app rop r i a t e  r e l a t i o n  ( 4 ) ,  (7)  o r  (8) i t  i s  p o s s i b l e  

t o  r e l a t e  t h e  measured propagat ion speed and l o s s  f a c t o r  t o  a  va lue  f o r  

t h e  modulus E,  2G(1 - v ) / ( l  - ' 2v )  o r  G ,  r e s p e c t i v e l y .  A l i m i t e d  s tudy  

was made of t h e  i n f luence  of frequency, temperature ,  p r e s su re  and l a r g e  

s t r a i n  h i s t o r y  on t h e  smal l  s t r a i n  dynamic moduli and l o s s  f a c t o r s .  The 

e f f e c t  of p rev ious  s t r a i n  h i s t o r y  was s u f f i c i e n t l y  l a r g e  t h a t  nominally 

i d e n t i c a l  specimens could have a  range of va lues  f o r  a  smal l  s t r a i n  

propagat ion v e l o c i t y  i n  which t h e  extreme d e v i a t i o n s  from the  mean were 

as  much a s  20% when t e s t e d  under i d e n t i c a l  cond i t i ons .  I n  most of t h e  

t e s t s  each specimen was sub jec t ed  t o  only a  s i n g l e  type  of smal l  s t r a i n  

motion: l o n g i t u d i n a l  motion i n  a  rod, p lane  d i l a t i o n  o r  simple shea r .  

These t e s t s  provided propagat ion speeds and l o s s  f a c t o r s  f o r  i n d i v i d u a l  

specimens wi th  a  p a r t i c u l a r  type  of motion bu t  because of t h e  d i f f e r e n c e s  

i n  previous h i s t o r i e s  a  meaningful comparison between t h e  r e s u l t s  f o r  

d i f f e r e n t  types  of motion could n o t  be made. I n  o r d e r  t o  accomplish 



this last objective and thus to measure Poisson's ratio it was necessary 

to design a special test configuration in which the szme specimen could 

alternately be excited in dilation and in shear with no intervening large 

strain. 

3. Thin rods of Plasticine were suspended 

from an impedance head driven by a shaker as shown in Fig. 1. The shaker 

excitation was a sinusoidal oscillation generated by a variable frequency 

oscillator and amplified by a power amplifier. The force and acceleration 

signals from the impedance head were amplified and the effective inertia 

force of the impedance head was subtracted from the force signal by a mass- 

cancellation circuit. The net force signal and the acceleration signal 

were observed on an oscilloscope and measured by a voltmeter. A block 

diagram of the instrumentation is shown in Fig. 2. 

With any one rod, measurements were made at a number of resonant and 

antiresonant conditions. For a material satisfying (1) the resonances of 

a rod of length L occur for those frequencies where the wavelength 

h = cr/f = ZIIC /W of an attenuating wave of the forn (3) is approximately 
r r 

equal to 2L/1, 2L/2, 2L/3, .... The antiresonances occur for those 

frequencies where A is approximately equal to 4L/1, 4L/3, 4 ~ / 5 ,  . . , . More 
r 

precisely the resonant and antiresonant conditions can be defined to occur 

when the net force and the acceleration are 90° out of phase with each 

other. Under these conditions (see Appendix B) the propagation velocity 

c and the decay factor $ of Eqs. 4, 5, and 6 are related to the force 
r 

and acceleration amplitudes f and a by the pair of transcendental equations 
0 0 



s i n  2$r = -B s i n h  264, 

I 

where m i s  t h e  mass of t h e  rod and 
C 

m a 
C 0 - 
f  
0 

The r o o t s  of (10) f o r  4 nea r  '1~12, 3 ~ 1 2 ,  5n/2 ... r ep re sen t  an t i resonances  r 

(1 + .G'-) s i n h  2BQr 
= 9,  hi hi^+, - cos 20, 

and the  roo t s  nea r  n, 2  3n ... r ep re sen t  resonances.  The number of r e a l  

roo t s  f o r  Qr depends on the  magnitude of t h e  l o s s  f a c t o r  II ( t h e r e  a r e  a t  

l e a s t  t h r e e  d i s t i n c t  resonances and t h r e e  d i s t i n c t  an t i resonances  f o r  

0 < T-I < 0 . 3 ) .  

I n  the  test procedure t h e  o s c i l l a t o r  frequency was va r i ed  whi le  the  

Lissa jous  p a t t e r n  between t h e  n e t  fo rce  and a c c e l e r a t i o n  s i g n a l s  was 

observed on t h e  osc i l loscope .  A t  t he  90° phase condi t ion  ( represented  

by a  c i r c l e  when t h e  s i g n a l s  were a p p r o ~ r i a t e l y  s ca l ed )  t h e  f o r c e  and 

a c c e l e r a t i o n  ampli tudes were measured. From t h e  measured va lues  of w, 

a and f o  Eqs. 9 ,  10,  and 11 were used t o  c a l c u l a t e  c  and f3. F i n a l l y  
o r 

the  l o s s  f a c t o r  q w a s  obtained from Eq. 5 o r  6 .  

The P l a s t i c i n e  rods were of square c r o s s  s e c t i o n ,  112 i n .  by 112 in . ,  

and va r i ed  i n  l eng th  from 3 i n .  t o  15 in .  The rods were made by working 

P l a s t i c i n e  i n t o  t h e  c o l l a p s i b l e  mold shown i n  Fig. 3  using a screwdriver  

t o  tamp the  m a t e r i a l  f i rmly  i n t o  t h e  mold and then removing t h e  excess  

m a t e r i a l  by s l i d i n g  a wooden block ac ros s  t h e  top of t h e  mold. Sec t ions  

about two f e e t  long were removed from the  mold and permit ted t o  "cure" f o r  



about a week a t  room temperature on a f l a t  s u r f a c e  be fo re  being c u t  i n t o  

sma l l e r  l e n g t h s  f o r  t e s t i n g ,  The rods were a t t ached  t o  t h e  impedance 

head by means of a s tud  wi th  a 10  - 24 thread  screwed i n t o  a ho le  i n  t he  

P l a s t i c i n e .  

A s  an i l l u s t r a t i o n  of t h e  type  of r e s u l t s  ob ta ined  from t h e s e  t e s t s ,  

Fig. 4 shows t h e  rod propagat ion v e l o c i t y  and l o s s  f a c t o r  der ived  from t h r e e  

ant i -resonances and t h r e e  resonances of a rod wi th  L = 9 inches a t  

T = 75' F. S imi l a r  r e s u l t s  were obta ined  f o r  a t o t a l  of 15  rods ranging 

i n  l eng th  from L = 3 inches  t o  L = 15 inches.  These r e s u l t s  arc discussed  

i n  Sec. 12. S imi l a r  t e s t s  were performed wi th  t h e  specimen hanging i n  a 

temperature con t ro l l ed  box (see  Sec. 8) and i n  a p re s su re  chamber ( s ee  

Sec. 9) t o  i n v e s t i g a t e  t he  e f f e c t s  of ambient temperature and p re s su re .  

The same set-up was a l s o  used t o  i n v e s t i g a t e  t h e  e f f e c t  of l a r g e  s t r a i n  

bending on the  small  s t r a i n  dynamic parameters ( see  Sec. 11) .  

4. DescripGfon of t h e  D i l a t i o n a l  Tes ts .  F l a t  s l a b s  of P l a s t i c i n e  were 

sandwiched between two alun~inum d i s k s  which were v ib ra t ed  a x i a l l y .  From 

the  dynarnic response of  t h e  combination t h e  d i l a t i o n a l  wave speed and l o s s  

f a c t o r  of t h e  P l a s t i c i n e  were est imated.  One d i sk ,  c a l l e d  the  base mass, 

was suspended by s o f t  rubber  bands and exc i t ed  a x i a l l y  by an impedance 

head dr iven  by an  e lec t romagnet ic  shaker .  The o t h e r  d i s k ,  c a l l e d  t h e  
\ 

suspended mass, w a s  desiqned so t h a t  a d d i t i o n a l  aluminum d i sks  could be 

fas tened  t o  i t  a s  shown i n  Pig .  5. A l l  d i s k s  were 5 inches  i n  diameter .  

The base mass was f i x e d  a t  a value c l o s e  t o  2 lbm while ,  by us ing  

d i f f e r e n t  conthinations of t h e  a d d i t i o n a l  d i s k s ,  t he  suspended mass could 

be set a t  va lues  c l o s e  t o  2,  3,  4 o r  5 lbm. The a c c e l e r a t i o n s  of bo th  

masses were observed on an osc i l l o scope  and measured a t  those f r equenc ie s  

f o r  which t h e r e  was 90' phase d i f f e r e n c e  between t h e  motions of the 



masses. A block diagram of the instrumentation is shown in Fie,. 6. 

Under the assumption that the aluminunl masses remain ripit1 and that 

there is plane wave dilation in the clay (edge effects at tile perimeter are 

neglected) the propagation velocity c and the loss factor n of Eqs. 
P 

7, 5 and G are related (see Appendix J3) to the measured acceleration 

amplitude of the base mass a and the measured acceleration amplitude 
b 

of the suspended mass a at the frequency 6)  = 2rf for which there is a 
S 

90' phase difference between the accelerations by the following pair 

of transcendental equations: 

\.?liere n is the mass of the clay, m is the nass of tile rigid suspended 
C S 

nass and 

a 
s - 
a 
b 

where h is the thickness of the clay slab. From the measured values 

of as, a,, and w Eq. 12 can be used to calculate $ and R from ttiliich 
? 

c and 11 follo1.7 from Eqs.  13, 5 and 6. 
P 

The test specimen was prepared hy placing a large mass of clay 

between the aluminum disks and squeezing the assembly in a vice. 

Excess clay forced out around the rim was trimmed off. The clav 

sandwich was then instrumented as sI~own in Fig. 5 and measurements \.rere 

a1 /m 
- C S 

Sinh 6@p -- Q cos 4 + (m m + fig coth EO) ) sin $1 

P ? cl s P ? P 



made a t  t h e  lowest  frequency with 90' phase d i f f e r e n c e  f o r  each of t h e  

fou r  p o s s i b l e  va lues  of t h e  suspei~ded mass magnitude. The frequency 

range a v a i l a b l e  was l i m i t e d  t o  f r equenc i e s  nelow about  1200 112 by t h e  

requirement of r i g i d i t y  f o r  t h e  aluminum d i sks .  ( then  t h e  base mass 

a lone  was e x c i t e d  by the  impedance head t h e  fundamental resonance 

occured a t  3150 Hz). 

A s  an i l l u s t r a t i o n  of t h e  type  of r e s u l t s  ob ta ined  f o r  t h e s e  

t e s t s  13.r. 7 sliows t h e  d i l a t i o n a l  p ropa%at ion  v e l o c i t v  and tlie l o s s  

f a c t o r  ob ta ined  from a c l a y  sandwich 0.7 inches  t h i c k  a t  75' F. The 

r e s u l t s  11 were ob ta ined  immediately a f t e r  form in^: t h e  specimen i n  t h e  

v i c e  whi le  t h e  r e s u l t s  B were obta ined  on t h e  same specimen two 

days l a t e r .  
-- 

3 .  ; ) e sc r ip t i on  of t he  Shear Tes t s .  A f l a t  r ec t anpu la r  s l a b  of 

I ' l a s t i c ine  was sandwicf~ed between t h e  s u r f a c e  of a h o r i z o n t a l  s l i p  

t a b l e  and a s h e e t  g l a s s  cover trhich a c t e d  a s  a suspended mass. The 

s l i p  t a b l e  was then exc i t ed  h o r i z o n t a l l y  which caused t h e  c l ay  s l a b  

t o  v i b r a t e  wi th  a predominately shea r ing  deformation. From measure- 

ments of t h e  dynamic response of t h e  system a t  resonance t h e  shea r  

wave propaga t ion  v e l o c i t y  and l o s s  f a c t o r  of t h e  P l a s t i c i n e  were 

est imated.  

The c l a y  s l a b  measured 9 x 16 inches  and was 112 inch  th i ck .  I ts  

mass w a s  5.31 lbm. The c l a y  was pounded i n t o  a c o l l a p s i b l e  frame placed 

on t h e  s l i p  t a b l e  and excess  m a t e r i a l  was removed by s l i d i n g  a s t r a i g h t  

edge over  t h e  top. The suspended mass was i n i t i a l l y  a g l a s s  s h e e t  1/16 

inch  t h i c k  pressed  onto  t h e  top of  t h e  c lay .  A uniformly d i s t r i b u t e d  

dead load of 144 l b s .  was l e f t  on t h e  g l a s s  f o r  24 liours t o  a s s u r e  good 

con tac t .  The i n i t i a l  suspended mass weighed 0.901 l b .  Af t e r  t e s t i n g  



t h i s  combination, t h e  suspended mass was increased  by cementing a second 

g l a s s  s h e e t  t o  t h e  f i r s t  using Eastman 910 adhesive. Th i s  p roces s  w a s  

repea ted  so  a s  t o  o b t a i n  test r e s u l t s  f o r  f i v e  d i f f e r e n t  va lues  of  

suspended mass: 0.901 lbm, 2.55 lbm, 4.16 lbm, 6.55 lbm and 9.94 lbm. 

The t e s t s  were resonance t e s t s  i n  which t h e  s l i p  t a b l e  was v i b r a t e d  

horizontallly and t h e  h o r i z o n t a l  a c c e l e r a t i o n s  of t h e  s l i p  t a b l e  and t h e  

suspended mass were observed. Two d i f f e r e n t  e x c i t a t i o n  schemes were 

employed, For s m a l l  amplitude motions a smal l  shaker  (50 l b  capac i ty )  

was a t t ached  t o  t h e  s l i p  t a b l e  and the  e x c i t i n g  f o r c e  was developed by 

the  i n e r t i a l  r e a c t i o n  from a 5-pound mass dr iven  by t h e  shaker.  See 

Fig. 8. For l a r g e  ampli tude motions t h e  s l i p  t a b l e  was d r iven  by a l a r g e  

shaker  (1500 l b ,  capac i ty )  a s  shown i n  Fig. 9 .  

The frequency range f o r  t h e  shear  t e s t s  was l i m i t e d  by resonances 

i n  t he  nominally r i g i d  s l i p  t a b l e  ( t h e  f i r s t  bending resonance of t he  

s l i p  t a b l e  occured a t  400 Hz, w e l l  below t h e  t e s t  range of 600-1300 Ilz). 

I n  an  at tempt  t o  minimize t h e  e f f e c t  of nonuniform motion of t h e  s l i p  

t a b l e  and the  suspended cover  p l a t e  a survey of t h e i r  h o r i z o n t a l  motions 

w a s  made a t  t h e  l o c a t i o n s  ind ica t ed  i n  Fig. 10. The magnitudes of  t h e  

suspended masses were s e l e c t e d  s o  t h a t  a t  tile t e s t  f requencies  t he  

h o r i z o n t a l  motions of t h e  s l i p  t a b l e  were s u b s t a n t i a l l y  of t he  same 

phase. I n  performing t h e  t e s t s  t h e  e x c i t a t i o n  frequency w a s  ad jus t ed  

u n t i l  t h e  s i g n a l s  from acce lera tometers  a t  l o c a t i o n s  T-1 and B-2 i n  

Fig. 10  were 90' o u t  of phase. The s i g n a l s  from these  accelerometers  

were a l s o  taken t o  r ep re sen t  t h e  e f f e c t i v e  amplitudes of t h e  h o r i z o n t a l  

motions of the  suspended mass and t h e  s l i p - t a b l e  base. A block  diagram 

of t he  ins t rumenta t ion  employed i s  shown i n  Fig. 11. 



Under t h e  assumption t h a t  t h e  s l i p  t a b l e  and t h e  suspended g l a s s  

cover  p l a t e  remain r i g i d  and t h a t  t h e r e  i s  a  p l a n e  s h e a r  wave i n  t h e  

c l a y  (end e f f e c t s  a t  t h e  edges  of t h e  c l a y  s l a b  a r e  n e g l e c t e d )  t h e  

s h e a r  wave p r o p a g a t i o n  v e l o c i t y  c  and t h e  l o s s  f a c t o r  rl a r e  r e l a t e d  t o  
5 

t h e  measured a c c e l e r a t i o n  ampl i tudes  a  and a  of t h e  s l i p  t a b l e  b a s e  
b s 

and suspended cover  p l a t e  a t  t h e  f requency  w = 2vf f o r  which t h e r e  i s  

a 90' phase  d i f f e r e n c e  between a c c e l e r a t i o n s  by eciuatians of t h e  same 

form as Eqs. 1 2  and 1 3  f o r  t h e  d i l a t i o n  t e s t s .  The o n l y  d i f f e r e n c e  i s  

t h a t  t h e  s u b s c r i p t  p  ( f o r  pr imary wave) must everywhere be r e p l a c e d  by 

t h e  s u b s c r i p t  s ( f o r  s h e a r  wave) ; compare Eq.  8 w i t h  Eq.  7.  Ey u s i n g  

f i v e  d i f f e r e n t  v a l u e s  of t h e  suspended mass f o r  each sample of c l a y  i t  

was p o s s i b l e  t o  use  t h i s  test t o  e s t i m a t e  c  and rl f o r  f i v e  d i f f e r e n t  s 

f r e q u e n c i e s .  

A s  a n  i l l u s t r a t i o n  o f  t h e  t y n e  of r e s u l t s  o b t a i n e d  from t h e s e  

tests Fig .  1 2  shows t h e  s h e a r  p r o p a g a t i o n  v e l o c i t y  and t h e  l o s s  f a c t o r  

o b t a i n e d  from a 112 i n c h  t h i c k  c l a y  s l a b  a t  75' I?, These tests were  

used t o  s t u d y  t h e  e f f e c t s  of t empera tu re  and ampl i tude  on t h e  dynamic 

parameters .  See  Secs.  8, 10 ,  and 11. 

6. D e s c r i p t i o n  of T e s t s  w i t h  A l t e r n a t i n g  D i l a t i o n  and Shear.  I n  

o r d e r  t o  p e r m i t  t e s t i n g  t h e  same c l a y  sample under fundamental ly  

d i f f e r e n t  t y p e s  of de format ion ,  under  t h e  same c o n d i t i o n s  o f  p r e v i o u s  

l a r g e  s t r a i n  h i s t o r y ,  a s p e c i a l  test  c o n f i g u r a t i o n  was des igned  which 

e s s e n t i a l l y  j o i n e d  t o g e t h e r  t h e  d i l a t i o n  test  o f  Sec. 4 and t h e  s h e a r  

test of Sec,  5. h symmetr ical  sandwich c o n s i s t i n g  o f  two c l a y  s l a b s  

between t h r e e  m e t a l  s l a b s  was assembled as shown i n  Fig .  13.  The 

sandwich was t h e n  a t t a c h e d  t o  a  shaker -d r iven  impedance head by a 

th readed  s t u d  i n  one of t h e  two p o s i t i o n s  shocm i n  Fig .  14. I n  t h e  



conf igu ra t ion  of Fig. 14(a)  t he  o s c i l l a t o r y  deformation of t he  c l a y  i s  

p r imar i ly  t e n s i l e  and compressive. I f  t h e  edge e f f e c t s  a r e  neglec ted  i t  

can be assumed t h a t  t h e  c l ay  undergoes plane-wave d i l a t i o n ,  In  t h e  

con f igu ra t ion  of Fig. 14(b)  t h e  o s c i l l a t o r y  deformation of t h e  c l ay  i s  

p r imar i ly  t h a t  of shear .  I f  t h e  end e f f e c t s  a r e  neglec ted  i t  can be  

assumed t h a t  t h e  c lay  undergoes plane-wave shea r  deformation. 

The sandwich was t e s t e d  by observing the  f i r s t  an t i resonance  and 

f i r s t  resonance i n  t he  p o s i t i o n  of Fig. 14(a) .  This  provided d a t a  from 

which t h e  d i l a t i o n a l  propagat ion v e l o c i t y  and l o s s  f a c t o r  could be 

es t imated  a t  two frequencies .  The sandwich was then c a r e f u l l y  disconnected 

and reconnected i n  t h e  p o s i t i o n  of Fig. 14(b). A ~ a i n  the  f i r s t  an t i resonance  

and t h e  f i r s t  resonance were observed and t h e  d a t a  used t o  e s t ima te  t h e  

shea r  wave propagat ion v e l o c i t y  and l o s s  f a c t o r  a t  two f requencies .  The 

e n t i r e  process  w a s  then repeated.  I f  t h e  second s e t  of es t imated  dynamic 

parameters  were t h e  same as t h e  f i r s t  i t  could be assumed t h a t  no incre-  

ment of l a r g e  s t r a i n  had occurred and t h a t  t h e  d i l a t i o n  and shea r  para- 

meters  ob ta ined  appl ied  t o  t h e  same l a r g e  s t r a i n  h i s to ry .  The d i l a t i o n  

and s h e a r  parameters  could then be i n s e r t e d  i n  Eqs. 7, and 8 t o  o b t a i n  

an estimate f o r  Poisson ' s  r a t i o  ( s ee  Sec. 12 and Zq.  20). 

Each of t h e  s l a b s  i n  t h e  sandwich was two inches  square.  The 

aluminum end s l a b s  were 314 inch  t h i c k  and t h e  c e n t r a l  s t e e l  s l a b  was 

1 / 2  inch  th ick .  The c lay  s l a b s  were 0.395 inch  th i ck .  A t  t h e  t e s t  

f requencies  (under 3000 Hz f o r  d i l a t i o n  and under 1300 Hz f o r  shea r )  

t h e  me ta l  s l a b s  were e s s e n t i a l l y  r i g i d  ( t h e  f i r s t  resonance of an aluminum 

end p l a t e  a l ene  on t h e  impedance head i n  t he  d i l a t i o n  conf igu ra t ion  was 

a t  9,500 Hz, and t h e  f i r s t  resonance of t he  c e n t r a l  s t e e l  p l a t e  a lone  

on t h e  impedance head i n  t he  shea r  con f igu ra t ion  was a t  6,700 l i z ) .  



The test procedure and instrumentation were essentially similar 

to those used in the tests on rods as described in Sec 3, The force 

signal from the impedance head was corrected to account for the inertia 

of the impedance head in front of the force gage by a mass cancellation 

circuit, Resonances and antiresonances were located at frequencies for 

which there was a 90° phase difference between the corrected force signal 

and the acceleration signal. In addition to manually recording the 

magnitudes of the signals under these conditions, we also extended the 

instrumentation so as to obtain continuous records of the corrected 

force and acceleration signal amplitudes, together with the phase angle 

between the signals, as functions of frequency. To simplify the 

presentation the input level to the shaker amplifier was servocontrolled 

so as to maintain a constant level of corrected force amplitude. A 

block diagram of the instrumentation is shown in Pig. 15. Typical 

x-y plots obtained in a dilation test are shown in Figs. 16 and 17. 

In Fig. 1G the corrected force and acceleration amplitudes are displayed 

for the frequency range 100 to 4000 kiz. Note the acceleration minimum 

at 1250 llz and the acceleration maxitnum at 2650 !Jz. Fig. 17 shows the 

pliase angle between the corrected force sienal and the acceleration. 

Note that the 90' phase condition occurs at 1320 t:z (antiresonance) and 

2460 liz (resonance), Corresponding x-17 plots for a shear test are shown 

in Figs. 1.8 and 19. 

In order to interpret the test results the clay sandwich shown in 

Fig. 13 was represented by the lumped narameter models of Fig. 20. The 

metal slabs are represented by rigid masses and the clay slabs are repre- 

sented by springs with complex spring constants. The effect of the 

clay's distributed inertia was estimated by carrying out the data 



r c d u c t i o r ~  f o r  two extreme cases .  I n  t h e  f i r s t ,  t he  c l a y  mass was 

neg lec t ed  a l t o g e t h e r ,  and i n  t h e  second, t h e  mass of each c l a y  s l a b  

was appor t ioned  equa l ly  t o  t h e  two ad jo in ing  meta l  s l a b s .  For t h e  

d i l a t i o n a l  model of Fig.  20(a) t h e  sp r ing  cons t an t  k was taken  a s  d 

whi le  f o r  t h e  shea r  model of Fiq. 20 (b) t h e  sp r inp  cons t an t  k was 
S 

taken a s  

where A i s  t h e  a r e a  and h is  t h e  t h i cknes s  of t h e  c l ay  s l a b .  These 

r e s u l t s  assume uniform s t r a i n  f i e l d s  i n  t h e  c l ay  (bulging a t  t h e  

edges i s - n e g l e c t e d ) .  Improvements could be  made a t  t h i s  p o i n t  i f  th rec-  

dimensional  e l a s t i c i t y  s o l u t i o n s  f o r  k and k were a v a i l a b l e .  I f  d s 

a t  a resonance o r  an  an t i resonance  (def ined by 9ii0 ptiase ang le  between 

t h e  n e t  f o r c e  and t h e  d r i v i n g  p o i n t  a c c e l e r a t i o n )  t h e  f o r c e  and a c c e l e r a t i o n  

ampli tudes and t h e  frequency a r e  recorded,  i t  is  p o s s i b l e  ( see  Appendix 

C) t o  e s t i m a t e  t h e  l o s s  f a c t o r  and s p r i n g  cons t an t  of t h e  c l a y  a t  t h a t  

frequency. Then us ing  Eq. 14 o r  Eq. 15 t oge the r  w i th  Eqs. 5 t o  8 one 

can e s t i m a t e  t h e  d i l a t i o n a l  o r  shea r  wave propagat ion speed i n  t h e  c l ay .  

F i n a l l y  i f  bo th  t h e  d i l a t i o n a l  and shea r  speeds can be e s t ima ted  a t  t h e  

same frequency then Poisson ' s  r a t i o  f o r  t h i s  frequency can be determined 

from Eqs. 7 and 8. 

A s  an i l l u s t r a t i o n  of t h e  r e s u l t s  ob ta ined  from t h e s e  tests F ig .  21 

shows how t h e  shea r  propagat ion v e l o c i t y  corresponding t o  t h e  f i r s t  



an t i r e sonance  increased  wi th  time. Here t h e  c l a y  was molded i n t o  t h e  

sandwich, t h e  p l a t e s  were squeezed s l i g h t l y  and t h e  excess  c l ay  trimmed 

o f f  a t  t = 0. Af te r  t h i s  no f u r t h e r  l a r g e  s t r a i n s  were app l i ed  t o  t h e  

c l ay ,  The e n t i r e  sandwich was gen t ly  a l t e r n a t e d  between t h e  d i l a t i o n a l  

and sllear con f igu ra t i ons  where i t  was sub jec t ed  t o  c o n t r o l l e d  low-level 

s i n u s o i d a l  e x c i t a t i o n .  Fig. 21 sllows t h a t  t h e r e  i s  a sys temat ic  d i f -  

f e r ence  of about  7% between t h e  r e s u l t s  c a l c u l a t e d  by t h e  two extreme 

procedures  f o r  account ing f o r  t h e  i n e r t i a  of t h e  c l a y ,  The same per- 

centage discrepancy a l s o  appears  i n  t h e  d i l a t i o n a l  propagat ion speed 

wi th  t h e  r e s u l t  t h a t  t h e  e s t i m a t e  f o r  Poisson ' s  r a t i o  i s  s u b s t a n t i a l l y  

unaf fec ted  by t h e  choice  of procedure f o r  account ing f o r  t h e  i n e r t i a  

of t he  c lay .  For s i m p l i c i t y  a l l  f u r t h e r  r e s u l t s  from t h e  sandwich t e s t s  

a r e  r epo r t ed  on ly  on t h e  b a s i s  of t h e  procedure B: t h e  e n t i r e  mass of 

each c l ay  s l a b  i s  apport ioned equa l ly  t o  t h e  ad j acen t  me ta l  s l a b s .  

7. Tes t  r e s u l t s .  In most o f  the  t e s t s  tlie d a t a  ob ta ined  f o r  computing 

propagat ion v e l o c i t i e s  and l o s s  f a c t o r s  were c o n s i s t e n t  and r e p e a t a b l e  

provided t h a t  t h e  i n t e r v a l  between tests was s h o r t  and t h a t  t h e  specimen 

remained undis turbed  between t e s t s .  T h e  dynamic response was l i n e a r  pro- 

vided t h a t  t h e  o s c i l l a t o r y  s t r a i n  ampli tude was smal l  enough. I n  g e n e r a l  

propagat ion v e l o c i t i e s  were more p r e c i s e l y  determined than l o s s  f a c t o r s .  

Unaccounted s c a t t e r  i n  l o s s - f a c t o r  d e t e r n ~ i n a t i o n s  w a s  an o rde r  of magni- 

tude g r e a t e r  than the  corresponding s c a t t e r  i n  propaga t ion  v e l o c i t i e s .  

It soon became appa ren t  however t h a t  t h e r e  was cons iderab le  discrepancy 

i n  t he  va lues  of p ropaga t ion  v e l o c i t y  when nominally i d e n t i c a l  specimens 

were t e s t e d  o r  w11en t h e  same specimen was t e s t e d  on d i f f e r e n t  days. Con- 

s i d e r a b l e  e f f o r t  was expended i n  traclcinq do~h.m t h e  causes  of t h e s e  



discrepancies. Yhe effects of ambient temperature and nressure [Jere 

measured. It was found that fluctuations of a few degrees Fahrenheit 

liave a marked (but predictable) effect on propagation velocities. 

Ambient pressure changes of a few psi have much smaller influence. It 

was found that one of the primary reasons for variations in values of 

propagation velocity was differences in the large-strain history of 

specimens. Immediately after remolding a specimen its propagation 

velocities are 101.7. If no subsequent large strain occurs the propa- 

gation velocities increase nonotonically, rapidly at first and then more 

and more slowly. If the specimen undergoes a large strain at any time 

there usually is a simultaneous drop in its propagation velocities 

follot~ed by a ~~radual increase. 

A detailed description of these results appears in Secs. 2-11 

which follow. 

8. Temperature Effects. The effects of ambient temperature on 

propagation velocity and loss factor were observed for a rod specimen 

and for a shear specimen. In the rod test a 3" rod was suspended as 

shown in Fig. 1 in a temperature controlled chamber. The tests were 

performed as described in Sec. 3 at temperatures ranging from 70° F. 

to 120° F. At each temperature the dynamic properties were measured 

at frequencies corresponding to the first antiresonance, the first 

resonance, the second antiresonance and the second resonance. In the 

shear test the clay slab with suspended mass of 9.94 lbm was tested 

as described in See. 5 at temperatures ranging from 66" F. to 82' F. 

The temperatures were obtained by changing the room temperature in the 

laboratory. The tests were performed after the internal temperature of 

the clay reached equilibrium with the surrounding air temperature. At 



each temperature  t h e  dynamic p r o p e r t i e s  were measured a t  t h e  frequency 

corresponding t o  90° phase d i f f e r e n c e  between t h e  a c c e l e r a t i o n  of  t h e  

base and t h e  a c c e l e r a t i o n  of  t h e  suspended mass. I n  both t h e  rod and 

t h e  shea r  t e s t s  t h e  e x c i t a t i o n  l e v e l  was kept  s u f f i c i e n t l y  low t h a t  t h e  

dynamic response remained i n  t h e  l i n e a r  range. 

The rod tests provided va lues  of  t h e  rod propaga t ion  v e l o c i t y  c r 

and t h e  l o s s  f a c t o r  0 f o r  more than two dozen combinations of frequency 

and temperature  ranging from 300 t o  3000 Hz and from 70" F. t o  120" I?. 

I n  t h i s  range (and f o r  t h i s  s i n g l e  specimen) t h e  propaga t ion  v e l o c i t y  c r 

was s t r o n g l y  dependent on t e m ~ e r a t u r e  bu t  on ly  weakly dependent on f r e -  

quency. For example, a t  a cons t an t  temperature  t h e  extreme va lues  o f  c r 

over  a two-octave range of frequency seldom d i f f e r e d  by more than 102 

whi le ,  a t  a cons t an t  frequency, a decrease  of about 4" F ( i n  t h e  neighbor- 

hood of 75' F) r e s u l t e d  i n  a 10% i n c r e a s e  i n  c . Thi s  i s  i l l u s t r a t e d  i n  r 

Fig.  22 which shows t h e  approximate l o c a t i o n  of  contour  l i n e s  f o r  con- 

s t a n t  l e v e l s  of t he  rod propagat ion v e l o c i t y  c i n  t h e  frequency- r 

temperature  p lane .  The contour  l i n e s  were i n t e r p o l a t e d  from measurements 

a t  10' F i n t e r v a l s  f o r  t h e  fou r  f requenc ies  i nd i ca t ed .  Note t h e  r e l a -  

t i v e l y  sys t ema t i c  dependence of rod propagat ion speed on temperature  and 

frequency represen ted  by Fig.  22. 

The corresponding va lues  of t h e  l o s s  f a c t o r  TI stlowed no such 

s y s t e m a t i c  dependance. The approximate l o c a t i o n  of contour  l i n e s  f o r  

cons t an t  l e v e l s  of n i s  sketched i n  Fig. 23. Because of u n c e r t a i n t i e s  

i n  determining 11 i t  i s  n o t  c l e a r  how much of t h e  p a t t e r n  i n  Fig. 23 

r e p r e s e n t s  exper imenta l  n o i s e  and how much r e p r e s e n t s  a bona f i d e  

c o n s t i t u t i v e  r e l a t i o n .  The evidence sugges ts  t h a t  f o r  t h i s  specimen 

t h e r e  i s  l i t t l e  ( i f  any) c o r r e l a t i o n  between l o s s  f a c t o r  and temnerature  

bu t  t h a t  t h e r e  nay he a c o r r e l a t i o n  between l o s s  f a c t o r  and frequency. 



Returning t o  t h e  rod propagat ion v e l o c i t y  contours  d i sp layed  i n  

Fig.  2 2 ,  w e  d e s c r i b e  a s imple condensat ion of t h e  d a t a ,  \Jl~en, a long each 

of t h e  f o u r  modes i n d i c a t e d  t h e  r a t i o  of t h e  propagat ion v e l o c i t y  a t  

temperatur-e li' t o  t h e  propagat ion v e l o c i t y  f o r  that mode a t  t h e  r e f e r e n c e  

temperature of 75" i s  p l o t t e d  a g a i n s t  t h e  temperabure T, t h e  curves  f o r  

a l l  f ou r  modes t u r n  ou t  t o  be n e a r l y  i d e n t i c a l .  The average of  t h e  f o u r  

curves i s  shown i n  F iz .  24. The i n d i v i d u a l  dev i a t i ons  from t h e  average 

a r e  ha rd ly  v i s i b l e  on t h e  s c a l e  of F i? .  24.  For most temperatures  and 

most modes t h e  d e v i a t i o n s  a r e  under one percent .  Only f i v e  i n d i v i d u a l  

d e v i a t i o n s  a r e  g r e a t e r  than one percent .  Three of t he se  a r e  under two 

percent  and t h e  g r e a t e s t  i n d i v i d u a l  d e v i a t i o n  i s  less than  f o u r  percent .  

For ope ra t i on  i n  t h e  neighborhood of 75' F. i t  is convenient  t o  

approximate t h e  average curve of Fig. 24 by i t s  tangent  a t  T = 75. T h i s  

tangent  has  t h e  fol lowinq a n a l y t i c a l  r e p r e s e n t a t i o n  

The divergence between t h e  tangent  (16) and t h e  average curve of Fig. 24 

is  less than one pe rcen t  w i t h i n  t h e  temperature  range from 68" F t o  82" F. 

where most of t h e  room temperature t e s t i n g  of rods  was performed. 

The shea r  tests provided va lues  of tlte s h e a r  wave propagat ion v e l o c i t y  

c and l o s s  f a c t o r  f o r  a s i n g l e  mode of v i b r a t i o n  over  a temperature  
S 

range from 66" F t o  82' F. The temperature  dependence of  c i s  d isp layed  
S 

i n  Fig. 25 .  A t  most temperatures  t h r e e  independant de te rmina t ions  o f  c 
S 

were made. The p o i n t s  p l o t t e d  i n  Fig. 25 a r e  t h e  averages of t h e  t h r e e  

va lues  ob ta ined .  The dev ia t i ons  of t h e  i n d i v i d u a l  va lues  from t h e  average 

a r e  ha rd ly  v i s i b l e  a t  t h e  s c a l e  of Fig. 25 .  The s t r a i g h t  l i n e  drawn through 



t h e  p l o t t e d  p o i n t s  i n  F ig ,  25 has  t h e  a n a l y t i c a l  r e p r e s e n t a t i o n  

The corresponding va lues  of l o s s  f a c t o r  a r e  d i sp layed  i n  Fig,  

26. For most temperatures  t h e  p l o t t e d  p o i n t s  aga in  r ep re sen t  averages  

o f  t h r e e  independent d e t e r n ~ i n a t i o n s .  Here, however, t h e  i n d i v i d u a l  

d e v i a t i o n s  a r e  cons iderab le .  T h e  s tandard  dev ia t i on  f o r  a l l  de te rmina t ions  

i s  0.012 wl-iicti is about 7 percent  of t h e  mean va lue  of TI. The averaged 

p o i n t s  p l o t t e d  i n  Fig. 26 e x h i b i t  a  comparable r e s i d u a l  scatter. 

Based on t h e s e  r e s u l t s  w e  have reduced a l l  room-temperature measurements 

of propagat ion v e l o c i t y  t o  equ iva l en t  v e l o c i t i e s  a t  7 5 O  F. For rod 

measurements E q .  16 was used, and f o r  shea r  measurements Eq. 17  was used. 

Wo d i r e c t  measurements were made o f  t h e  e f f e c t  of temperature  on t h e  

d i l a t i o n a l  wave propagaLion v e l o c i t y  c . It was, however, assumed t h a t  
P 

t h e  temperature  dependence of  d i l a t i o n a l  wave propagat ion v e l o c i t i e s  was 

similar t o  t h a t  f o r  rod and s h e a r  waves. Furthermore s i n c e  t h e  d i s -  

crepancy between (16) and (17) is l e s s  than 2% i n  t h e  temperature  range 

from 70" t o  80° F. i t  was assunled t h a t  e i t h e r  formula could be  used t o  

reduce t h e  room-temperature measurements of c  t o  equ iva l en t  v e l o c i t i e s  
P 

a t  75' P. No temperature  c o r r e c t i o n s  were app l i ed  t o  measurements of  t h e  

l o s s  f a c t o r  r). The observed c o r r e l a t i o n s  of r) w i th  temperature  d i sp l ayed  

i n  Figs .  23 and 26 a r e  t oo  weak t o  m a t e r i a l l y  a f f e c t  t h e  unaccountable s c a t t e r  

i n  t h e  l o s s  f a c t o r  measurenients. 



Pres su re  e f f e c t s .  I n  t h e  proposed s o i l  model f a c i l i t y  t h e  c l a y  a t  

t h e  bottom of an 18" deep tub  w i l l  be under a p r e s s u r e  of 1.24 p s i  above 

atmospheric,  %a i n v e s t i g a t e  t h e  e f f e c t s  of ambient p r e s s u r e  on t h e  

dynamic p r o p e r t i e s  of c l a y  a 3" rod of P l a s t i c i n e  was suspended a s  shown 

i n  Fig. 1 i n  a p r e s s u r e  c o n t r o l l e d  chamber. T e s t s  were performed a s  

descr ibed  i n  Sec. 3 a t  p r e s su re s  up t o  30 ps ig .  The tests were con- 

ducted a t  72' I?, and the  propagat ion v e l o c i t i e s  measured were reduced t o  

equ iva l en t  va lues  a t  75' F. by using Eq. 16. It was discovered t h a t  

p r e s su re  of t h e s e  magnitudes caused l i t t l e  permanent change i n  t h e  rod 

propagat ion v e l o c i t y  cr. An i n t e r e s t i n g  t r a n s i e n t  e f f e c t  due t o  ab rup t  

changes i n  p re s su re  was however observed. A t v p i c a l  example is  shown i n  

Fig. 27 where a p r e s s u r e  loading h i s t o r y  w i th  sudden jumps i s  shown below 

and t h e  r e s u l t i n g  t i n e  h i s t o r y  of c i n  t h e  f i r s t  an t i - resonant  mode i s  r 

shown above. S imi l a r  r e s u l t s  were observed f o r  o t h e r  modes. 

Note t h a t  i n  Fig. 27 a sudden change i n  p re s su re  ( e i t h e r  an i n c r e a s e  

o r  a decrease)  i s  g e n e r a l l y  accompanied by a sudden decrease  i n  c followed r 

by a g radua l  r e t u r n  toward t h e  o r i g i n a l  value.  I f  t h e  sma l l  s t r a i n  

dynamic p r o p e r t i e s  of  P l a s t i c i n e  a r e  used t o  deduce the chanpe i n  ex t ens iona l  

s t r a i n  due t o  a 10  p s i  change i n  p re s su re  t h e  s t r a i n  change obta ined  

-4 
is of t h e  o rde r  of 2 x 10  . A s  w i l l  be seen i n  Sec. 11 t h i s  much s t r a i n  

i s  s u f f i c i e n t  t o  i n i t i a t e  t h i x o t r o p i c  behavior  and must he  considered t o  

be a l a r g e  s t r a i n .  

Note i n  Fig. 27 t h a t  t h e  ins tan taneous  dec reases  i n  c due t o  t h e  r 

s t e p  changes i n  p r e s s u r e  a r e  a s  l a r g e  a s  10 pe rcen t  f o r  p r e s su re  jumps of 

20 and 30 p s i  but  t h a t  more than h a l f  of any such decrease  i s  recovered i n  

10 minutes  time i f  no a d d i t i o n a l  l a r g e  s t r a i n  occurs .  I t  mav be concluded 

t h a t  a s t eady  s t a t i c  p r e s s u r e  loading of 1,24 p s i  w i l l  no t  m a t e r i a l l v  a l t e r  

t he  sma l l - s t r a in  dynamic p r o p e r t i e s  of p l a s t i c i n e .  



10 .  Nonl inear  e f f e c t s .  I n  a  l i n e a r  v i s c o e l a s t i c  material t h e  wave 

p r o p a g a t i o n  v e l o c i t i e s  and l o s s  f a c t o r  a r e  independent  of t h e  a m p l i t u d e  

of s i n u s o i d a l  e x c i t a t i o n .  The l i n e a r i t y  o f  a specimen under test can  be 

checked by o b s e r v i n g  t h e  e f f e c t  of a  change i n  e x c i t a t i o n  l e v e l  on t h e  mea- 

s u r e d  p r o p a g a t i o n  v e l o c i t y .  A number o f  such  o b s e r v a t i o n s  were made 

d u r i n g  t h e  tests on rod specimens,  as d e s c r i b e d  i n  Sec, 3,  and d u r i n g  

t h e  s h e a r  t e s t s ,  as d e s c r i b e d  i n  Sec. 5. I n  a l l  c a s e s  i t  was found t h a t  

b e n e a t h  a c e r t a i n  t h r e s h o l d  l e v e l  o f  e x c i t a t i o n  t h e  p r o p a g a t i o n  v e l o c i t i e s  

were  independen t  of t h e  e x c i t a t i o n  l e v e l .  For e x c i t a t i o n  l e v e l s  above t h e  

t h r e s h o l d  t h e  p r o p a g a t i o n  v e l o c i t i e s  d e c r e a s e d  w i t h  i n c r e a s i n g  ampl i tude  

o f  e x c i t a t i o n .  No s y s t e m a t i c  change i n  l o s s  f a c t o r  w a s  observed.  

S e v e r a l  r e p r e s e n t a t i v e  r e s u l t s  a r e  d i s p l a y e d  i n  F i g s .  2 8  and 29. The 

e x c i t a t i o n  level i s  c h a r a c t e r i z e d  by t h e  l e v e l  o f  s t r a i n  i n  t h e  specimen. 

For  t l le rod  tests t h e  s t r a i n  l e v e l  adopted i s  t h e  rms l o n g i t u d i n a l  s t r a i n  

E a t  t h e  d r i v e n  end o f  t h e  rod.  T h i s  s t r a i n  i s  r e l a t e d  t o  t h e  stress by 

t h e  c o n s t i t u t i v e  r e l a t i o n  (1) .  I n s e r t i n g  Eqs. 4 and 5 we e v e n t u a l l y  o b t a i n  

where f i s  t h e  rms ampl i tude  of t h e  n e t  e x c i t i n ~  f o r c e  d r i v i n g  t h e  
0 

specimen, fi is t h e  mass d e n s i t y  o f  t h e  c l a y ,  A i s  t h e  specimen c r o s s -  

s e c t i o n  and c and r) a r e  t h e  measured rod  p ropaga t ion  v e l o c i t y  and l o s s  
r 

f a c t o r .  I n  Fig .  28 t h e  rod p r o p a g a t i o n  v e l o c i t y  measured a t  s t r a i n  

l e v e l  F i s  normal ized  by d i v i d i n g  i t  by t h e  v a l u e  of c cor responding  
r 

t o  t h e  smallest s t r a i n  level E The normal ized rod p r o p a g a t i o n  mine 

v e l o c i t y  i s  p l o t t e d  a g a i n s t  t h e  s t r a i n  l e v e l  E. The d a t a  s h o ~ m  i n  Fi? .  

2 G  a r e  f o r  t i le f i r s t  a n t i r e s o n a n t  nodes  o f  f o u r  P l a s t i c i n e  r o d s .  



One s p e c i ~ n e n  tiacl a  l e n g t h  o f  9" ( c i r c l e d  p o i n t s )  wlli le tile o t h e r  t h r e e  

eacll had a  lengt11 o f  3". F i g u r e  22 i n d i c a t e s  a  t h r e s h o l d  s t r a i n  l e v e l  f o r  

-5 n o n l i n e a r i t y  i n  t h e  neigilborliood o f  E = 1 0  * 

For t h e  s h e a r  t e s t s  t h e  s t r a i n  l e v e l  adopted is t h e  rms average  

s h e a r  s t r a i n  y i n  t h e  c l a y  s l a b  o b t a i n e d  hy  d i v i d i n g  t l le r m s  cl isnlacement 

d of t h e  suspended mass by t h e  t h i c k n e s s  h  of t h e  c l a y  s l a b .  T!le d i s -  
S 

placement d is  i n f e r r e d  from t h e  measured a c c e l e r a t i o n  a of  t h e  
S s 

suspended mass s o  t h a t  

I n  Fig .  29 t h e  s h e a r  wave p r o p a g a t i o n  v e l o c i t y  measured a t  s t r a i n  l e v e l  

y i s  normal ized by d i v i d i n g  i t  by t h e  v a l u e  of c  cor respondinp  t o  t h e  
S 

s m a l l e s t  s t r a i n  l e v e l  y The normal ized s h e a r  wave p r o p a g a t i o n  
mine 

v e l o c i t y  i s  p l o t t e d  a g a i n s t  t h e  s t r a i n  l e v e l  y. The d a t a  s h o t a ~  i n  

Fig .  29 app ly  t o  t h e  f i v e  d i f f e r e n t  v a l u e s  o f  suspended mass d e s c r i b e d  

i n  Sec. 5 ( i n  o r d e r  o f  i n c r e a s i n g  mass t h e  r e s u l t s  a r e  i n d i c a t e d  hv  diamonds, 

s q u a r e s ,  c i r c l e s ,  t r i a n g l e s  p o i n t i n g  down and t r i a n e l e s  p o i n t i n p  UP.) 

Fig .  29 i n d i c a t e s  a  t h r e s h o l d  s t r a i n  l e v e l  f o r  n o n l i n e a r i t y  i n  t h e  

- 5 
neighborhood of y = 3 x 1 0  . 

11. 
T h i x o t r o p i c  E f f e c t s .  Thixotropy d e s c r i b e s  a complex r h e o l o g i c a l  

p r o p e r t y  o f  m a t e r i a l s  which i n v o l v e s  changes i n  m i c r o s c o p i c  s t r u c t u r e  

w i t h  t ime and stress, The word was f i r s t  a p p l i e d  [ 3 ]  t o  d e s c r i b e  t h e  

i s o t h e r m a l  r e v e r s i b l e  g e l - s o l  t r a n s f o r m a t i o n  i n  c o l l o i d a l  suspens ions .  

It k7as l a t e r  g e n e r a l i z e d  t o  app ly  [ 4 ]  t o  any i s o t h e r m a l  d e c r e a s e  i n  

v i s c o s i t y  due t o  i n c r e a s i n g  r a t e  of s h e a r .  More r e c e n t l y  t h i x o t r o p g  



has been def ined  [5]  a s  a  p rocess  of  s o f t e n i n g  caused by remolding, 

followed by a  time-dependent r e t u r n  t o  t h e  o r i g i n a l  harder  s t r e n g t h .  

I n  s o i l  mechanics t h e  word th ixo t ropy  i s  commonly used t o  d e s c r i b e  

[6 ]  t h e  "age-hardening" o r  time-dependent s t r e n g t h  g a i n  of s o i l s .  

I n  our  tests on P l a s t i c i n e  specimens w e  f i n d  t h a t  t h e  sma l l - s t r a in  

dynamic p r o p e r t i e s  depend on t h e  l a r g e - s t r a i n  h i s t o r y  of t h e  specimens. 

A t  t h e  r i s k  of f u r t h e r  confusing an overworked word we have used t h e  

term t l ~ i x o t r o p y  t o  desc r ibe  t h i s  phenomenon. The g e n e r a l  p a t t e r n  of  

behavior  i s  p a r a l l e l  t o  t h a t  u sua l ly  a s s o c i a t e d  w i t h  th ixo t ropy  a l though 

t h e  s t r a i n  l e v e l s  involved a r e  an  o r d e r  of magnitude sma l l e r  than 

those  cus tomar i ly  encountered. I n  t h e  prev ious  s e c t i o n  i t  was i n d i c a t e d  

t h a t  t h e  s t r a i n  th reshold  f o r  n o n l i n e a r i t y  was i n  t h e  v i c i n i t y  of 

low5. l iere w e  s h a l l  see t h a t  t h e  s t r a i n  t h r e sho ld  f o r  observable  

t h i x o t r o p i c  e f f e c t s  i s  i n  t h e  neighborhood of  low4. 

For s o i l s  t h e  u sua l  a spec t  of t h ixo t ropy  i s  t h e  time-dependent 

g a i n  of  s t r e n g t h  of undis turbed s o i l  where "s t rength"  i s  measured 

q u a n t i t a t i v e l y  by t h e  y i e l d  stress i n  a  s t anda rd i zed  compression t es t ,  

Our tests have shown t h a t  a f t e r  remolding, t h e  propagat ion v e l o c i t i e s  

of a  specimen of P l a s t i c i n e  i n c r e a s e  w i th  t i m e  providing t h e  s t r a i n  

-4 
l e v e l s  remain below 10  . See Fig.  21 f o r  a t y p i c a l  example. IJlere 

the"s t rcngth t t  o f  t h e  c l a y  i s  r ep re sen t ed  by i t s  propagat ion v e l o c i t y  o r  

by i t s  s m a l l - s t r a i n  dynamic modulus. Our tests i n d i c a t e  t h a t  a s  long 

as t h e  s t r a i n  l e v e l s  i n  t h e  sma l l - s t r a in  dynamic tests a r e  l e s s  t han  

loH6 t h e r e  is  no i n t e r f e r e n c e  w i t h  t h e  t h i x o t r o p i c  process ;  i.e., tle 

time-dependent i n c r e a s e  i n  propagat ion speed i s  n e i t h e r  a c c e l e r a t e d  

nor  r e t a r d e d  by t h e  presence of t h e  sma l l - s t r a in  o s c i l l a t i o n s .  The 

sma l l - s t r a in  o s c i l l a t i o n s  thus  provide a  non-des t ruc t ive  probe f o r  

t h i x o t r o p i c  pilenomena. 

-23- 



The i n c r e a s e  i n  p r o p a g a t i o n  v e l o c i t y  x i t h  t i m e  a f t e r  remolding i s  a l s o  

i n d i c a t e d  i n  Fig.  7 where t h e  d i l a t i o n a l  wave p r o p a g a t i o n  v e l o c i t y  

c  h a s  i n c r e a s e d  about  17;; d u r i n g  a  tvro-day c u r i n g  p e r i o d .  F ~ E .  7  a l s o  
P 

i n d i c a t e s  t h a t  t h e r e  i s  no s i g n i f i c a n t  e f f e c t  o f  t h i x o t r o p v  on t h e  

l o s s  f a c t o r  q .  

To i l l u s t r a t e  t h e  e f f e c t  o f  subsequent  l a r g e  s t r a i n s  a  6" rod  

specimen was t e s t e d  a s  d e s c r i b e d  i n  Sec, 3. The specimen was t h e n  manually 

b e n t  back and f o r t h  and r e - s t r a i g h t e n e d  a t  11 i n  Fig .  30. The r o d  

p r o p a g a t i o n  v e l o c i t v  c  immediately dropped n e a r l y  30% and t h e n  g r a d u a l l y  r 

i n c r e a s e d  u n t i l  a f t e r  18 h o u r s  i t  had a lmos t  r e g a i n e d  i t s  l n i t i a l  v a l ~ ~ e .  

A t  t h i s  t i m e  t h e  specimen underwent a  c a l i b r a t e d  bend in^ J? i n  w l ~ i c h  t h e  

6" rod  was h e n t  i n t o  t h e  a r c  of a c i r c l e  of 16" d iamete r  and t h e n  

r e s t r a i g h t e n e d .  T h e  maximum bending s t r a i n  i n  t h e  extreme f i b e r s  was about  

U.033, There  was a  sudden drop of abou t  157: i n  c due  t o  t h e  i n i t i a l  r 

a p p l i c a t i o n  of B fo l lowed by a  time-dependent i n c r e a s e .  The ~ a l i ~ l r a t e d  

bending B w a s  r e p e a t e d  t h r e e  more t imes  a f t e r  i n t e r v e n i n g  p e r i o d s  of 

100 minu tes  d u r a t i o n  w i t h  r e s u l t s  a s  shown i n  F ig .  30. Twenty one 

hours  a f t e r  t h e  f i n a l  l a r g e - s t r a i n  a p p l i c a t i o n  t h e  p r o n a ~ a t i o n  v e l o c i t v  

had r e t u r n e d  t o  w i t h i n  3% of i t s  i n i t i a l  va lue .  

A s i m i l a r  t i m e  h i s t o r y  of c  f o r  a  3" P l a s t i c i n e  rod  i s  shown i n  r 

Fig.  27 where t h e  l a r g e - s t r a i n s  a r e  due t o  changes i n  ambient p r e s s u r e .  

Here t h e  t ime  i n t e r v a l s  a r e  s h o r t e r  and t h e  magni tudes  o f  t h e  l a r g e -  

s t r a i n s  a r e  smaller. The l a r g e s t  drop i n  c  (about  102)  i s  due t o  a  n r e s s u r e  r 

i n c r e a s e  o f  30 p s i  which i n v o l v e s  an  e x t e n s i o n a l  s t r a i n  somewhat 

less t h a n  0.0006. 

In  Fig.  3 1  t h e  f requency dependence of c  f o r  a  3" P l a s t i c i n e  rod r 

which had n o t  been exposed t o  l a r g e  s t r a i n  f o r  a  two-week p e r i o d  i s  shown 

a t  B ( b e f o r e  bending) .  The rod  was then  b e n t  i n  t h e  a r c  o f  a c i r c l e  u n t i l  



t h e  bending s t r a i n  was 0.07. The rod was s t r a igh tened ,  bent  t he  same 

amount i n  t h e  oppos i t e  d i r e c t i o n  and f i n a l l y  s t r a igh tened  and l e f t  f o r  

a t h r e e  hour pe r iod ,  The frequency dependence of c  a t  t h a t  time i s  r 

shown i n  Fig,  31 a t  A ( a f t e r  bending).  Note t h a t  t h e r e  has been about 322 

decrease  i n  c  throughout t h e  frequency range examined. r 

Another a spec t  of thixotropy can be demonstrated by measuring t h e  

propagat ion v e l o c i t y  a s  t he  s t r a i n  l e v e l  of s teady  s t a t e  o s c i l l a t i o n  i s  

increased  up t o  some maximum l e v e l  and then i s  subsequent ly decreased. 

I f  t he  maximum l e v e l  i s  under the  t h i x o t r o p i c  threshold  then t h e  pro- 

paga t ion  v e l o c i t y  measured a t  anv s t r a i n  l e v e l  is independent of t h e  

s t r a i n  h i s t o r y .  I f  however t he  maximum l e v e l  exceeds the  t h i x o t r o p i c  

t t i reshold,  then  the  propagat ion v e l o c i t y  a t  a  lower s t r a i n  l e v e l  

measured when t h e  o s c i l l a t i o n  amnlitude i s  decreased t o  t he  lower 

l e v e l  i s  l e s s  than t h e  propagat ion v e l o c i t y  measured a t  t h i s  same 

l e v e l  p r i o r  t o  t h e  excursion over t h e  t h i x o t r o p i c  threstiold.  This  t e s t  

was c a r r i e d  o u t  w i th  the  P l a s t i c i n e  s l a b  e x c i t e d  i n  shear  a s  descr ibed  i n  

Sec. 5. The r e s u l t s  a r e  displayed i n  Fiu. 32. The dashed-line curve i n  Fi?. 

32 is  t h e  same a s  t h a t  i n  Fig. 29 showing t h e  nonl inear  e f f e c t  of s t r a i n  

l e v e l  y on t h e  shear  wave propagat ion v e l o c i t v  c  . The d a t a  f o r  t h e  
s 

dashed curve were obta ined  under cond i t i ons  of monotonically i nc reas ing  

s t r a i n  ampli tude ( t h e  f requencies  involved f o r  t h e  d i f f e r e n t  suspended 

masses a r e  i nd ica t ed  i n  Pig. 12).  I n  Fig. 32 t h e  s o l i d  l i n e s  are drawn 

through measurements made as the  s t r a i n  l e v e l  was decreased from va r ious  

maximum l e v e l s .  The curve beginning a t  A was generated by decreas ing  the  

-4 
s t r a i n  l e v e l  from a maximum l e v e l  of 2 x 10  . I n  t h i s  case  t h e  s o l i d  

curve (decreasing ampli tude)  coincided wi th  t h e  dashed curve ( inc reas ing  

amplitude).  The curve beginning at: R i s  d r a m  through the  r e s u l t s  of 

two tests ( t h e  coding of the po in t s  i n  Fig. 32 i s  the  same a s  t h a t  i n  



Fig. 29) i n  c ~ h i c h  t h e  s t r a i n  l e v e l  tras decreased from a  maximum l e v e l  i n  

-4 
t h e  neighborhood of 4 x  10 . IIere t h e r e  i s  measurable " l lys te res i s"  

between the s o l i d  and dashed curves.  S i m i l a r l y  t h e  curve beginning a t  

C was generated by decreas ing  t h e  s t r a i n  l e v e l  from a  maximum l e v e l  

of 5.8 x 

I n  performing these  t e s t s  t h e  system was o s c i l l a t e d  cont inuous ly  

a s  sh0y.m i n  Fig.  9 f o r  about h a l f  an flour a t  t h e  maximum l e v e l s  2 and 

C. The energy d i s s i p a t e d  i n  t h e  c l a y  a t  t h e s e  l a r g e  aniplitudes caused 

the  c l a y  temperature  t o  r i s e  about 5 o r  6O F. A 1 1  va lues  of c  i n  
s 

Fig. 32 have however been reduced t o  an equ iva l en t  propagat ion v e l o c i t y  

a t  75' F. by use of Eq. 17. I n  decreas ing  t h e  amplitude of o s c i l l a t i o n  

below a  s t r a i n  level  of 2 x l om4  i t  was necessary  t o  change t h e  e x c i t a t i o n  

con f igu ra t i on  from t h a t  of Fig.  9 t o  t h a t  of Fig. S. A t i n e  de l av  of 

about 10 minutes was r equ i r ed  f o r  t h e  changeover. The " h ~ s t e r e s i s "  

i n d i c a t e d  i n  Fig .  32 tltus r ep re sen t s  t l ~ e  r e s i d u a l  t h i x o t r o p i c  decrease  

i n  c a f t e r  10 minutes "healing" time. 
s 

These r e s u l t s  do no t  provide an exhaus t ive  s tudy of t h e  t h i x o t r o p i c  

p r o p e r t i e s  of P l a s t i c i n e .  They do however i n d i c a t e  t h e  u se fu lnes s  of 

sma l l - s t r a in  dynamic nleasuremerits as a  t o o l  t o  s tudy  t h e  phenomenon of 

th ixo t ropy .  E a r l i e r  s t u d i e s  [ 7 ,  81 of th ixo t ropy  i n  c l a y  have t i t i l izecl  

c y c l i c  loading.  The s t r a i n  l e v e l s  employed were of t he  o rde r  0.01 o r  

l a r g e r  and the  f requenc ies  employed ranged from 0.01 t o  0.33 112. There 

s t i l l  remains a l a r g e  gap between such l a r g e - s t r a i n ,  low-frequency 

s t u d i e s  and our  sma l l - s t r a in ,  high-frequencp inves t i ga t ions .  



12. A l a r g e  number of resonance t e s t s  

have been perfomled on rods and s l a b s  of P l a s t i c i n e ,  Using simple dynamic 

niodels (e ,g .  uniform t h i n  rods  wi th  i d e a l  f i x e d  and f r e e  ends) and assuming 

t h a t  t h e  c l ay  could be represented  a s  a l i n e a r  v i s c o e l a s t i c  m a t e r i a l  a s  descr ibed  

i n  Sec. 2, we have converted d i r e c t  measurements of f requencies  and anp l i t udes  

i n t o  "measured" va lues  of propagat ion speeds and l o s s  f a c t o r s .  Combining 

I1  t h e s e  wi th  t h e  measured dens i ty  (119 lbs /cu .  f t . )  we ob ta in  measured" va lues  

of t h e  moduli G ,  E and 2G(1 - v)/ ( 1  - 2 ~ ) .  

Although i n d i v i d u a l  measurements can usua l ly  be repeated w i t h i n  a  

percent  o r  two, t h e r e  i s  cons iderable  v a r i a t i o n  i n  t he  r e s u l t s  of t e s t s  on 

d i f f e r e n t  samples. One source  of v a r i a t i o n  i s  t h e  ambient temperature.  The 

e f f e c t  of temperature on propagation v e l o c i t y  was s u f f i c i e n t l y  c o n s i s t e n t  

t h a t  we have converted a l l  va lues  t o  a  s tandard  temperature of 7 5 O  F. a s  

descr ibed  i n  Sec. 8. The r e s u l t s  descr ibed  i n  t h i s  s e c t i o n  were a l l  obta ined  

a t  atmospheric p re s su re  f o r  ambient temperatures  w i t h i n  +-lo0 F. of t h e  

s tandard  temperature.  I n  our  opinion t h e  major source  of v a r i a t i o n  i s  t h e  

e f f e c t  of p r i o r  l a r g e  s t r a i n  h i s t o r y  a s  descr ibed  i n  Sec. 11. Because of 

th ixot ropy  two nominally i d e n t i c a l  specimens can have q u i t e  d i f f e r e n t  

sma l l - s t r a in  dynamic p r o p e r t i e s  and a  nominally homogeneous member can 

have q u i t e  d i f f e r e n t  l o c a l  p r o p e r t i e s  a t  d i f f e r e n t  p o i n t s  w i th in  t h e  member. 

I n  gene ra l  t h e r e  was smal l  s c a t t e r  i n  t h e  measured values of aropa- 

g a t i o n  v e l o c i t i e s  and t h e s e  va lues  u sua l ly  exh ib i t ed  d e f i n i t e  t r ends  under 

v a r i a t i o n  of temperature,  p re s su re  o r  frequency. There was g r e a t e r  s c a t t e r  

i n  t he  measured va lues  of l o s s  f a c t o r  and t h e  va lues  obta ined  d id  n o t  u sua l ly  

appear t o  be c o r r e l a t e d  wi th  any o t h e r  v a r i a b l e .  

The e f f e c t  of frequency on propagat ion speed was gene ra l ly  small. 

The wides t  frequency ranges explored on s i n g l e  samples without  i n t roduc ing  



i n t e r v e n i n g  l a r g e  s t r a i n s  were those  used i n  t h e  rod tests. I n  t h e s e  

t e s t s  t h e  ~ l ig t i e r  frequency d a t a  a r e  obtained by e x c i t i n g  the higj ler  modes. 

In a lmost  every case  t he  rod propagat ion v e l o c i t y  increased  by 5 t o  102 

over a  frequency range of one t o  t h r e e  octaves.  See Figs .  4 and 22 f o r  

t y p i c a l  examples. I n  t h e  shea r  t e s t s  descr ibed  i n  Sec. 5 t h e  frequency 

was lowered by inc reas ing  t h e  suspended mass. General ly  a  day passed 

between tests a s  each increment of mass was g lued  i n  p lace .  I t  i s  tkere-  

f o r e  n o t  c l e a r  wliether t h e  frequency e f f e c t  shown i n  Fig. 12 is a c t u a l l y  

due t o  frequency o r  due t o  t h i x o t r o p i c  s t i f f e n i n z  wi th  time. 

Po i s son ' s  r a t i o .  If  t h e  sma l l - s t r a in  dynamic p r o p e r t i e s  o f  t h e  

c l ay  had remained f i xed ,  independent ly  of t h e  l a r g e  s t r a i n  h i s t o r y ,  i t  

would have been p o s s i b l e  t o  o b t a i n  ~ o i s s o n ' s  r a t i o  V by measuring two ' 

d i f f e r e n t  propagat ion v e l o c i t i e s  (e.g., shea r  and d i l a t i o n  v e l o c i t i e s  o r  

shear  and rod v e l o c i t i e s ) .  Furthermore t h e  cons is tencv  o f  t h e  model 

could have been checked by measuring a l l  t h r e e  propaea t ion  ve loc i - t i e s .  

I n  most of our  r e s u l t s  t h e  f l u c t u a t i o n s  from sample t o  sample were 

s u f f i c i e n t l y  g r e a t  t h a t  a meaningful de te rmina t ion  of Po i s son ' s  r a t i o  

was impossible .  

The one except ion  was i n  t h e  t e s t s  descr ibed  i n  Sec. 6 where a 

s p e c i a l  t r i p l e  decker  sandwich w a s  used which permi t ted  a l t e r n a t i n ~  

from shea r  t o  d i l a t i o n  without  in t roduc ing  any in t e rven ing  l a r g e  s t r a i n .  

I n  t h e s e  t e s t s  resonances and ant i - resonances f o r  bo th  shea r  and d i l a t i o n  

were measured a t  i n t e r v a l s  during a  per iod  of 120 hours immediately 

a f t e r  forming t h e  specimen. The i n d i v i d u a l  measurements were made 

s u f f i c i e n t l y  qu ick ly  t h a t  a l l  f o u r  de te rmina t ions  could be  made and 

repea ted  i n  a  ma t t e r  of minutes.  From t h e s e  de te rmina t ions  we cierived 

two va lues  of shea r  v e l o c i t y  c  ( a t  two f r eauenc i e s )  and two va lues  of 
S 

d i l a t i o n a l  v e l o c i t y  c  ( a t  two o t h e r  f r equenc i e s ) .  By assuming t h a t  
P 



tile propaga t ion  speeds v a r i e d  l i n e a r l y  wi th  frequency between t h e  measured 

f requenc ies  w e  e s t a b l i s h e d  equ iva l en t  shear  and d i l a t i o n  v e l o c i t i e s  a t  

common f r equenc i e s  and from t h e s e  w e  c a l c u l a t e d  Poisson ' s  r a t i o  from t h e  

r e l a t i o n  

which fol lows from Eqs. 7 and 8. T.le found t h a t  a t  any f i x e d  t i m e  t h e  

v a r i a t i o n  of v w i th  frequency was under one percent .  Even more i n t e r e s t i n g  

i t  was found t h a t  tliroughout t h e  120 hour per iod  whi le  t h e  propagat ion 

v e l o c i t i e s  themselves were inc reas ing  by more than 207: t h e  i n d i v i d u a l  

va lues  of v never  dev ia t ed  by more than one pe rcen t  from t h e i r  average 

va lue  v = 0.434. This  sugges ts  t h a t  Foisson ' s  r a t i o  i s  unaf fec ted  by t h e  

t h i x o t r o p i c  s t i f f e n i n g  and t h a t  i t  i s  frequency independent i n  t h e  two- 

oc tave  range of f r equenc i e s  (700 t o  2800 Hz) included i n  t he se  t e s t s .  The 

numerical  va lue  of  v obta ined  does depend on t h e  dynamic model employed a s  

descr ibed  i n  Sec. 6. One approximation involves  t h e  t rea tment  of t h e  c l a y  

mass. A s  noted i n  Sec. 6 t h e  choice of approximation he re  can a f f e c t  t h e  

va lues  of t h e  i n d i v i d u a l  propagat ion velocities by a s  much a s  7 pe rcen t  

bu t  t h e  r a t i o  of t h e  two propagat ion v e l o c i t i e s ,  and hence Poisson 's  r a t i o ,  

i s  s u b s t a n t i a l l y  unaf fec ted .  Another approximation whose e f f e c t s  remain 

unknown invo lves  t h e  n e g l e c t  of edge e f f e c t s  i n  t h e  s l a b  models f o r  r e l a t i n g  

t h e  s l a b  s t i f f n e s s  t o  t h e  m a t e r i a l  modulus. Exact s o l u t i o n s  o r  good 

numerical  approximations from t h e  theory of e l a s t i c i t y  would be  h e l p f u l  here .  

Rod v e l o c i t y  and l o s s  f a c t o r .  A wide range of cond i t i ons  were explored -- 
i n  t h e  rod t e s t s .  The rod propagat ion v e l o c i t y  c and t h e  l o s s  f a c t o r  n r 

were measured on  P l a s t i c i n e  rods from 3 t o  15 inches  long,  i n  temperatures  



ranging from 70O F,  t o  120" I?,, a t  p r e s s u r e s  rang ing  from a t m o s ~ h e r i c  t o  

30 p s i g ,  and a t  f r e q u e n c i e s  r a n ~ i n g  from 100 t o  3000 iiz. The measured 

v a l u e s  of c  ( reduced t o  75' I?,) ranged Prom 340 f t / s e c  f o r  a  6" rod  r 

immediately a f t e r  major  bending t o  750 f t / s e c  f o r  a 3" rod  which had n o t  

been d i s t u r b e d  f o r  s e v e r a l  days.  The measured v a l u e s  of rl ranged from 

0.14 t o  0.34. 

I n  a  s y s t e m a t i c  t e s t  i n v o l v i n g  f i f t e e n  rods  a l l  f a b r i c a t e d  and t e s t e d  

i n  a  nominal ly  i d e n t i c a l  manner a t o t a l  of 77 i n d i v i d u a l  measurements were 

made ( s e e  Fig.  4 where s i x  of t h e s e  measurements a r e  d i s p l a y e d ) .  A t  t h e  

t ime t h e s e  t e s t s  were run t h e  importance o f  p r e v i o u s  h i s t o r y  was n o t  

a p p r e c i a t e d  and t h e  e f f e c t s  o f  s m a l l  bending ( a s  demonstra ted i n  Fig .  30) 

had n o t  been d i scovered .  The r e s u l t i n g  s c a t t e r  of t h e  77 measurements i s  

c o n s i d e r a b l e .  The average  v a l u e  of c  i s  575 f t / s e c  w i t h  a  s t a n d a r d  
r 

d e v i a t i o n  of 6 3  f t / s e c  (11%). The average  v a l u e  of t h e  l o s s  f a c t o r  rl 

i s  0.222 w i t h  a  s t a n d a r d  d e v i a t i o n  o f  0.040 (18;;). 

D i l a t i o n a l  v e l o c i t y  and l o s s  f a c t o r .  D i l a t i o n a l  tests were r u n  as 

d e s c r i b e d  i n  Sec. 4 and a l s o  i n  connec t ion  w i t h  t h e  measurement of P o i s s o n ' s  

r a t i o  as d e s c r i b e d  i n  Sec. 6. The former t e s t s  were  c h i e f l y  o f  v a l u e  i n  

a l e r t i n g  u s  t o  problenis of r esonance  l i m i t a t i o n s  o f  ttie impedance head- 

d i s k  combination.  T h i s  was h e l p f u l  i n  ttie subsequent  d e s i g n  o f  t h e  

sandwich c o n f i g u r a t i o n  d e s c r i b e d  i n  Sec. 6. The former t e s t s  a l s o  pro- 

v ided  evidence of t h e  time-dependent n a t u r e  o f  t h e  dynamic p r o p e r t i e s  o f  

P l a s t i c i n e :  s e e  Fig .  7. The d i l a t i o n a l  v e l o c i t y  c  i n c r e a s e d  from 
P 

about  650 f t / s e c  t o  about  750 f t / s e c  due o n l y  t o  t h e  passage  o f  t i m e .  

The f i r s t  set of measurements was made s h o r t l y  a f t e r  molding t h e  specimen. 

The second was made two days  later.  The l o s s  f a c t o r ,  r ang ing  from 0.20 

t o  0.16 o v e r  t l ie f requency range  from 600 t o  1000 iiz d i d  n o t  change 

a p p r e c i a b l y  d u r i n g  t h i s  t i m e ,  I n  t h e s e  t e s t s  t l ie h igh  f requency  p o i n t s  



were measured f i r s t  and t t ~ e  lower f requencies  were obta ined  s e q u e n t i a l l y  

by uo l t i ng  on increments of suspended mass. iif t e r  t h e  lowest f r e q ~ ~ e n c y  

measurements s e r e  complete t he  mass increments were removed and t h e  

h igh  frequency nleasurements repeated t o  v e r i f y  t h a t  t h e r e  had been no 

apprec iab le  d r i f t  i n  t he  smal l  s t r a i n  dynamic  ropert ties dur inc  t h e  

t e s t .  

I n  tile t e s t s  descr ibed  i n  Sec. 6 d i l a t i o n a l  v e l o c i t i e s  and l o s s  f a c t o r s  

a t  two f requencies  ( the  f i r s t  an t i resonance  and the  f i r s t  resonance) were 

measured a t  i n t e r v a l s  during a per iod  of 120 hours immediately a f t e r  t h e  

fornlation of the  specinien. The d i l a t i o n a l  v e l o c i t i e s  a t  t h e  two f requencies  

increased ahout 20 ye r  cent  during the  neriod b u t  they remained s u b s t a n t i a l l v  

i n  a f i xed  propor t ion  corresnonding t o  an inc rease  i n  c of 6.3 percent  
P 

per  oc tave  ( a t  t h e  an t i resonance  c increased  from 801 t o  905 f t l s e c  a s  t h e  
D 

frequency increased  from 1226 t o  1468 1-12 t rh i le  a t  t h e  resonance c increased  
P 

from 850 t o  1015 f t / s e c  as t h e  frequency increased  from 2250 t o  2772 Ez). 

The l o s s  f a c t o r  remained wi th in  4 percent  of t h e  va lue  rl = 0.227 f o r  a l l  t h e  

an t i r e sonan t  measurements and wi th in  6 percent  of t h e  va lue  q = 0.251 f o r  

a l l  t he  resonant  measurements. 

Shear v e l o c i t y  and l o s s  f a c t o r .  Shear t e s t s  were run a s  descr ibed  i n  

Sec. 5 and a l s o  i n  connect ion wi th  the  measurement of Poisson ' s  r a t i o  a s  

descr ibed  i n  Sec. 6. F ig  12  s i ~ o ~ f s  t y p i c a l  r e s u l t s  f o r  t h e  former t e s t s .  

I n  t hese  t e s t s  t he  measurements began wi th  t h e  h i g h e s t  frequencv and pro- 

ceeded t o  t h e  lower f requencies  a s  rincrements of suspended mass were alued 

i n  place.  Tile passage of time between measurements and t h e  i tz t roduct ion 

of s t r a i n s  l a r g e  enough t o  cause t h i x o t r o p i c  changes durinq the  measure- 

ments both a c t  t o  complicate  t he  i n t e r p r e t a t i o n  of F ig .  12 a s  a r e p r e s e n t a t i o n  

s f  t he  e f f e c t  of frequency alone. From a t o t a l  of 114 ind iv idua l  measurements 

on t h r e e  d i f f e r e n t  specimens the  average of the  measured values of  t h e  



sl lear v e l o c i t y  i s  c = 286 f t l s e c  wi th  a s t a n d a r d  d e v i a t i o n  of 23 f t / s e c  s 

(8%) w h i l e  t h e  average  of t h e  r ~ e a s u r e d  v a l u e s  o f  t h e  l o s s  f a c t o r  i s  q = 0 .225  

w i t h  a  s t a n d a r d  d e v i a t i o n  of 0.065 (29;;). 

I n  t h e  tests d e s c r i b e d  i n  Sec. 6 s h e a r  v e l o c i t i e s  and l o s s  f a c t o r s  a t  

t h e  f i r s t  a n t i r e s o n a n c e  and t h e  f i r s t  r e sonance  were measured a t  i n t e r v a l s  

dur ing  t h e  120 hour  p e r i o d  fo l lowin?  f o r n a t i o n  o f  t l ~ e  specimen. The s h e a r  

v e l o c i t i e s  of t h e  two f r e q u e n c i e s  i n c r e a s e d  abou t  2 3  n e r  c e n t  d u r i n g  t h e  

p e r i o d  b u t  t h e y  remained i n  a  f i x e d  p r o p o r t i o n  c o r r e s ~ o n d i n g  t o  a n  i n c r e a s e  

i n  c  of 6.5 p e r c e n t  p e r  o c t a v e  ( a t  t h e  a n t i r e s o n a n c e  c  i n c r e a s e d  from 
S S 

258 t o  319 f t / s e c  as t h e  f requency i n c r e a s e d  from 738 t o  996 TIz 1~11il.e a t  

t h e  resonance  c  i n c r e a s e d  from 266 t o  327 f t / s e c  as t h e  f requency i n c r e a s e d  
S 

from 9 4 3  t o  1220 liz). The l o s s  f a c t o r  remained w i t h i n  3 p e r c e n t  of t h e  

v a l u e  q = b.220 f o r  a l l  t h e  a n t i r e s o n a n t  measurements and v i t h i n  2 o e r c e n t  

of t h e  v a l u e  0 = 0.239 f o r  a l l  t h e  r e s o n a n t  measurements. 

1)ynarnic moduli .  T h e  measured v a l u e s  of p r o p a ~ a t i o n  v e l o c i  t v  and l o s s  

f a c t o r  can  be  conver ted  t o  v a l u e s  of dynamj c  r,loc!uli bv us in -  F:r!s. A ,  7, o r  

8 a long  w i t h  Eqs. 5 o r  G .  For exann le ,  p u t t i v y  t h e  averape v a l u e s  c  = 575 
r 

f t / s e c  and 0 = 0.222 o b t a i n e d  from t h e  7 7  measurements on 1 5  r o d s  i n  Yns. 

4 ,  and 5 we f i n d  E = 8,200 n s i .  Tt.e accorlpnnviilg s t a n d a r d  d e v i a t i o n  is 1,750 

p s i  ( 2 4 X ) .  S i m i l a r l y ,  p u t t i n g  c  = 226 f t / s c c  and r l  = 0.225 o b t a i n e d  from 
S 

t h e  114 neasurements  on 3 s h e a r  s l a b s  i n  Eqs t! and 5  we f i n d  G = 2 , C 1 0  n s i .  

The accompanying s t a n d a r d  d e v i a t i o n  i s  344 n s i  (17%).  

The average  v a l u e s  o f  C and G j u s t  c a l c u l a t e d  a r e  a v e r a p e s  o v e r  

f requencv and states of p r e v i o u s  l a r g e  s t r a i n  h i s t o r y  f o r  many d i f f e r e n t  

samples.  A s  such t h e y  do n o t  n e c e s s a r i l y  r e p r e s e n t  v a l u e s  which could  

s imul taneous ly  be  observed on any one specimen. I n  f a c t ,  t h e s e  v a l u e s  f o r  

iZ and G do n o t  s a t i s f y  Eq.  2 u n l e s s  P o i s s o n ' s  r a t i o  t a k e s  t h e  i m n o s s i h l e  

v a l u e  of v = 1.03 ( i n  t h e  l i n e a r  v i s c o e l n s t i c  model of Eos.  1 and 2  t h e  



v a l u e  of i ' o i s s o n ' s  r a t i o  cannot  b e  greater  t l ~ a n  -v = 3.5 f o r  s t a l i i i t y j .  

Zn t h e  one c a s e  wliere c a r e  was talcen t o  measure s h e a r  and d i l a t i o n  

under tile :;arne s t a t e  o f  l a r g e  s t r a i n  h i s  t o r y  J 'o i s son ' s  r a t i o  anneared t o  

I,t: indepcridelit of f rcqucncy and t ' i i ixo t rop ic  s t i f fen in : . .  Y o  d e ~ ~ l o n s t r a t e  

t ~ ~ c  p o t e n t i a l  cor is is tency o f  o u r  d a t a  w i t h  tile assurtec! model cre }lave used 

tile :leasure<: v a l u e  v = 0 ,434  t o  c o n v e r t  d i r e c t  n e a s u r e n e n t s  o f  c  t o  
D 

corrt~sporiciil;~r v a l u e s  of c  us inp  t?. 2r3. S i u i l n r l y  tie have conver ted  
S 

d i r e c t  rienuurericnts of c  t o  cor responding  v a l u e s  o f  c usin.2 1:a. 2 i n  
r s 

c o n j u ~ l c t i o n  w i t h  I';c:s. 4 and 8 .  The extreme r a n e e s  o f  r e s u l t i n g  v a l u e s  

o f  e q u i v a l e n t  s!iear p r o p a g a t i o n  v e l o c i t y  i n  o u r  t e s t s  on r o d s  and s l a b s  

a r e  t i ~ e n  a s  s1:om i n  T a b l e  1. 

a l e  1. L r ~ u i v a l e n t  s i iear  v e l o c i t y  ranges  i n  t h e  v a r i o u s  tests 

Tyne o f  T e s t  I Equiva len t  c  s ( f  t l s e c )  

R.od tests  (Sec. 3 j  

Sandwich t e s t s  (Sec. 6) I 258 t o  327 

200 t o  412 

Siiear tests (Sec. 5 j  

d o t e  t h a t  t h e r e  i s  a centra l .  o v e r l a p  range  from 263 t o  309 f t l s e c  common 

t o  a l l  t h r e e  t e s t s .  Xote a l s o  t h e  wider  range  i n  t h e  r o d  tests a s  compared 

t o  t h e  s l a b  tests. T h i s  may Le due s imply t o  t h e  f a c t  t h a t  more d i f f e r e n t  

rod s p e c i n e n s  \:ere t e s t e d  o r  i t  may h e  due t o  t h e  f a c t  t h a t  t h e  r o d s  

i iere  n o r c  e x p o s e d , t o  l a r g e  s t r a i n s .  There  i s  a l s o  some i n d i c a t i o n  t h a t  t h e  

t i m e  s c a l e  f o r  t l l i x o t r o p i c  recovery  i s  more r a p i d  f o r  r o d s  t h a n  s l a b s .  

For  t h e  c e n t r a l  o v e r l a p  r a n g e  of Tab le  1 t h e  cor responding  ranges  o f  

v a l u e s  f o r  t h e  rod p r o p a g a t i o n  v e l o c i t y  c t h e  d i l a t i o n a l  p r o p a c a t i o n  
r' 

v e l o c i t y  c and the  moduli  L and G a l l  computed on t h e  b a s i s  o f  v = 0.434 
I) 

a r e  g i v e n  i n  T a n l e  2. 

263 t o  309 



Table  2 ,  Range of dynamic paramete rs  o f  P l a s t i c i n e  cornmon 

t o  t h r e e  t y p e s  of t e s t s  

The cor responding  v a l u e s  of l o s s  f a c t o r  r) had an  even wider  range  of 

Parameter  Range 

c 263 t o  309 f t / s e c  
S 

C r 446 t o  524 f t / s e c  

v a r i a t i o n  t i iroughout t h e  tests a l though  t h e  average  v a l u e s  f o r  each 

t y p e  o f  t e s t  were q u i t e  c l o s e  t o g e t h e r .  For t h e  rod t e s t s  t h e  average  

c 
P 

E 

G 

v a l u e  was q = 0.222. For t h e  s h e a r  tests o f  Sec. 5 t h e  average  v a l u e  

771 t o  908 f t / s e c  

4,910 t o  6,770 p s i  

1 ,710 t o  2 , 3 G Q  p s i  

w a s  TI = 0.225 and f o r  t h e  sandwich test of  Sec. 6 t h e  average  v a l u e  

was q = 0.234. 

- 5 
Summary. For s t r a i n  l e v e l s  s m a l l e r  t h a n  1 0  the. l i n e a r  

v i s c o e l a s t i c  n o d e l  of Eqs. 1 and 2 p r o v i d e s  a u s e f u l  r e p r e s e n t a t i o n  f o r  

P l a s t i c i n e .  The paramete rs  depend (:?reahly) on f rcquencv and ( s t r o n g l ~ r )  

on t empera tu re  and ( i n t e r m e d i a t e l y )  on t h e  l a r g e  s t r a i n  l l i s t o r v  of t h e  

spec inen .  I:e b e l i e v e  t h a t  t h e  major e f f e c t s  of t empera tu re  have been 

accounted f o r  i n  o u r  r e s u l t s .  The pr imary sot l rce  of u n c e r t a i n t y  i s  due 

t o  t h e  e f f e c t s  o f  l a r g e  s t r a i n  h i s t o r y  which w e  have a s c r i b e d  t o  th ixo-  

t ropy .  These e f f e c t s  have n o t  y e t  heen comple te ly  explorect. A nroor~i sirlo 

s tart  h a s  been nade  by t h e  t e s t s  d e s c r i b e d  i n  Sec. 6 where t h e  l a r n e  

s t r a i n  h i s t o r y  w a s  s t r i c t l y  c o n t r o l l e d  d u r i n g  t h e  5 day p e r i o d  of test in^. 



Conparison with o t h e r  r e s u l t s .  The rnoclulus 1: f o r  modelliny: c l a y  has  

been measured p rev ious ly  by o t h e r  i n v e s t i p a t o r s .  Under s t a t i c  compressive 

loading: of unconfined c y l i n d e r s  of P l a s t i c i n e  [ I ]  t h e  h i g h e s t  modulus ob- 

t a i n e d  was 925 p s i .  From wave motions exc i t ed  by smal l  exp los ive  charges  

a t  t h e  ends of c l a y  rods  [ 2 ]  t h e  modulus was es t imated  t o  be 650,000 p s i .  

'l'lie va lues  of L t h a t  w e  measured f o r  smal l  s t eadv  s t a t e  o s c i l l a t i o n s  cover 

a range w e l l  between these  two extremes, The range of equ iva l en t  modulus 

cormon t o  t h r e e  d i f f e r e n t  types of test ( s ee  Table  2) is  4,910 t o  6,770 

p s i .  I f  w e  cons ide r  t h e  e n t i r e  range of a l l  our  tests t h e  equ iva l en t  

modulus I: ranges from 2,840 t o  13 ,  800 p s i .  Our smallest modulus i s  more 

than t h r e e  t i m e s  l a r g e r  than t h e  s t a t i c  measurement [l] and our  l a r g e s t  

modulus i s  s m a l l e r  than t h e  wave propagat ion measruement [ 2 ]  by a f a c t o r  o f  

forty-seven! 

13. P r e d i c t e d  Admittance of a Disk on a V i s c o e l a s t i c  IIalf-Space. T o  i l l u s -  

t r a t e  t h e  a p p l i c a t i o t ~  of t h e  r e s u l t s  ob ta ined  on s r ~ a l l  samples of P l a s t i c i n e  

.care p r e d i c t  t h e  admit tance of a r i g i d  d i s k  on a v i s c o e l a s t i c  h a l f  space  

liaving parameters  equa l  t o  those  prev ious ly  measured and compare t h e  r e s u l t s  

w i t h  d i r e c t  measurements on a l a r g e  tub  of P l a s t i c i n e .  \k cons ider  v e r t i c a l  

motion of a r i g i d  d i s k  of r a d i u s  r and mass m e x c i t e d  by an o s c i l l a t i n g  

f o r c e  whose ampli tude is  P and whose frequency is  w. The d i s k  remains i n  

c o n t a c t  wi th  a v i s c o e l a s t i c  ha l f  space governed by Eqs. 1 and 2 w i t h  t h e  

parameters  p, G ,  V and TI. The system is sketched i n  Fig. 33(a) .  The 

problem i s  t o  p r e d i c t  t h e  a c c e l e r a t i o n  admit tance a /it i;r:iere a is  t h e  z Z 

complex ampl i tude  of t h e  s t eady  s t a t e  a c c e l e r a t i o n  of t h e  d i sk .  

The s o l u t i o n  i s  obta ined  i n  two s t ens .  I n  f i g .  33(b)  t h e  ha l f  space 

a lone  i s  cons idered  s u b j e c t  t o  a d i s t r i b u t e d  v e r t i c a l  loading whose r e s u l t a n t  

i s  t h e  i n t e r a c t i o n  f o r c e  1' kin approximate s o l u t i o n  t o  t h i s  problerr. !>as 
i' 



Leen o1)tainccl by Lee [ \ I ]  on the assumption t l la t  t h e  d i s t r i b u t i o n  of 1'. 
I 

i s  uniform. I n  t h i s  ass~tmpt ion  the r e s u l t i n g  a c c e l e r a t i o n  of t he  ha l f  

space i s  not  s t r i c t l y  uniform under t h e  disl.., 'i'he a c c e l e r a t i o n  a t  t h e  

cen te r  of t h e  d i s k  i s  a r b i t r a r i l v  taken t o  r ep re sen t  t h e  a c c e l e r a t i o n  of 

tile e n t i r e  i n t e r f a c e .  This  approxiplation is  a  f a m i l i a r  one f o r  e l a s t i c  

llnlf-space problems. See f o r  example [13-131. Tor t h e  half-space a lone  

the  s o l u t i o n  [ ? I  f o r  the a c c e l e r a t i o n  admit tance i s  

where t h e  dimensionless v i s c o e l a s t i c  half-space func t ions  and P' 2 

depend on ~ o i s s o n ' s  r a t i o  V ,  t h e  l o s s  f a c t o r  q and t h e  d inens ion le s s  

frequency parameter wr/c . For v = 0.5 and rl = 0.2 (wllich are  n e a r e s t  
6 

t o  t he  measured va lues  f o r  P l a s t i c i n e )  t h e  func t ions  g and r, a s  r i v e n  1 2 

by [ 9 ]  a r e  p l o t t e d  i n  Fig. 34 a s  func t ions  of t he  frequency nnrane ter  wr/c . 
S 

I n  Fig. 33(c) t h e  r ip , id  d i s k  i s  shown under t he  in f luence  of t h e  

e x t e r n a l  e x c i t a t i o n  I' and t h e  i n t e r a c t i o n  fo rce  P The equat ion  of motion 
i ' 

f o r  s teady  s t a t e  v i b r a t i o n  is  

P - P  = m a  
i z 

Eliminat ion of the i n t e r a c t i o n  f o r c e  P between (21) and (22) leads t o  t h e  
i 

des i r ed  admittance func t ion  



?or f i x e d  va lues  of tile h a l f  soace parameters ,  t he  dimensionless  admit tance 

ma /P  depends on ly  on the  frequency parameter wr/c and tile mass r a t i o  
z s 

3 m/pr . I n  g e n e r a l  t he  admit tance has  r e a l  and imaginary p a r t s  which a r e  

bo th  frequency dependent. 

14. fleasured Admittance of a Disk on t h e  Sur face  of a  Large Tub of P l a s t i c i n e .  

The a c c e l e r a t i o n  admit tance of a sma l l  l u c i t e  d i s k  5 e s t i n g  on t h e  s u r f a c e  

of  a  tub of c l a y  was d i r e c t l y  measured and t h e  r e s u l t  compared wi th  a pre- 

d i c t i o n  based on t h e  theory o u t l i n e d  i n  Sec. 13. The tub  is square,  35" 

on a  s i d e ,  and i s  f i l l e d  t o  a  depth of 15" w i th  1270 lbm of wh i t e  P l a s t i c i n e .  

The d i s k  i s  0.84" i n  diameter  and has  a  mass of 0.0145 lbm. (6.6 grams). 

T h e  d i s k  is  e x c i t e d  by a  shaker  d r i v i n g  through an  impedance head a s  shown 

i n  Fig. 35. The in s t rumen ta t i on  cha in  employed (shovm i n  Fig.  36) per- 

mi t t ed  t h e  d i r e c t  recording of t h e  r e a l  and imaginary p a r t s  of t h e  a c c e l e r a t i o n  

admit tance a s  func t ions  of frequency. The o s c i l l a t o r  gene ra t e s  a  s i n u s o i d a l  

s i g n a l  which is slowly swept from 200 t o  2030 Hz. The l e v e l  of t h e  e x c i t a t i o n  

i s  servo-cont ro l led  s o  a s  t o  provide  a  cons t an t  l e v e l  of o s c i l l a t i n g  f o r c e  

(U.0015 l b f )  through t h e  impedance head. Under t h i s  cond i t i on  t h e  ou tpu t  

of t h e  co-channel of  t h e  co-quad ana lyzer  i s  p ropor t i ona l  t o  t h e  real p a r t  

of t h e  a c c e l e r a t i o n  admit tance and t h e  ou tpu t  of t h e  quad-channel of t h e  

co-quad ana lyze r  is  p ropor t i ona l  t o  t h e  imaginary p a r t  of t h e  a c c e l e r a t i o n  

admittance. These ou tpu t s  a r e  recorded d i r e c t l y  on an x-y p l o t t e r  as a 

func t ion  of f requency ( t h e  o s c i l l a t o r  p rovides  a  s i g n a l  p r o p o r t i o n a l  t o  t h e  

logar i thm of  t h e  sweeping frequency).  The t r ack ing  f i l t e r s  w i t h  50 Hz. 

bandwidth are inc luded  t o  remove background no i se  e f f e c t s ,  

The  system was c a l i b r a t e d  by f i r s t  shaking t h e  d i s k  a lone ,  away from 

t h e  c l a y ,  The a c c e l e r a t i o n  admit tance a /P under t he se  cond i t i ons  should 
Z 

be l / m ;  i . e , ,  r e a l ,  ~ o s i t i v e  and independent of frequency. I n  a c t u a l i t y  



the  r e s u l t  was s u b s t a n t i a l l y  independent of frequency from 200 t o  1400 Hz 

bu t  showed minor undula t ions  (up t o  15  percent )  due t o  extraneous resonances 

i n  t he  range from 1400 t o  2000 Hz. The va lue  of m h e r e  i s  t h e  mass of t h e  

d i s k  p l u s  t he  m a s s  of t h a t  p a r t  of t h e  impedance head which i s  ahead of t h e  

fo rce  gauge. The t o t a l  mass is  0.063 lbm (28.6 grams). 

A f t e r  c a l i b r a t i o n  t h e  d i s k  and shaker  assembly was g e n t l y  placed on the  

c l ay  s u r f a c e  i n  t h e  middle of t he  tub and allowed t o  r e s t  t h e r e  under i t s  

own weight. The o s c i l l a t o r  was s e t  t o  sweep from 200 t o  2000 Hz and t h e  

a c c e l e r a t i o n  admit tance curves i nd ica t ed  by t h e  s o l i d  l i n e s  i n  Fig. 37 were 

recorded. These r e s u l t s  a r e  t o  be compared wi th  t h e  dashed p r e d i c t i o n s  

based on the  theory of Sec. 1 3  i n  which the  v i s c o e l a s t i c  half-space para- 

meters  a r e  taken a s  

v = 0.5 

rl = 0.2 

c = 278 f t / s e c  
S 

3 
and t h e  mass r a t i o  m/pr i s  taken as 12.2 corresponding t o  

m = 0,063 lbm 

r = 0.035 f t .  

The correspondence between t h e  p r e d i c t i o n  based on the  i d e a l i z e d  h a l f -  

space model with parameters  obtained from t e s t s  on smal l  specimens and 

the  d i r e c t  measurements i n  t h e  tub is  q u i t e  good, i n  t h e  frequency range 

from 200 t o  1400 Hz. Subsequent t e s t s  a t  o t h e r  l o c a t i o n s  i n  t h e  tub showed 

t h a t  t h e  apparent  shea r  wave v e l o c i t y  of t h e  c l ay  was no t  uniform ( v a r i a t i o n s  

s f  10 to 1 5  percent  a r e  common). Good agreement between measured and 

p red ic t ed  admit tance curves could, however, be obtained by s e l e c t i n g  t h e  

half-space shear  wave v e l o c i t y  used i n  t h e  p r e d i c t i o n  so  a s  t o  match t h e  

admit tances a t  resonance (90' phase).  The p r e d i c t i o n s  based on an  i n f i n i t e  



half space were in good agreement with the measurements as Long as the 

disk was Located more than 8" from the nearest edge of the tub. 
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Appendix A 

Plane 'LtJaves i n  a Linear  V i s c o e l a s t i c  Nediurn 

cons ider  t h r e e  types  of p lane  harmonic waves i n  a medium s a t i s -  

fy ing  Eqs. 1 and 2. I n  every case  propagat ion takes  p l ace  i n  t he  x- 

d i r e c t i o n  and a l l  v a r i a b l e s  a r e  independent of y and z. For l o n g i t u d i n a l  

waves i n  a rod the  only non-zero s t r e s s  component is 0 and Eq. 1 
X 

reduces t o  

with & = c = -v& . I f  ~ e { v ~ e  z X 
i w t ~  r ep re sen t s  t h e  o s c i l l a t i n g  component 

Y 

of v e l o c i t y  p a r a l l e l  t o  x and p is  the  mass dens i ty  of t h e  medium, t h e  

momentum equat ion  i s  

dux - -  - iwpv 
dx x 

and t h e  geometric compa t ib i l i t y  requirement is  

Eliminat ion of v and ox between E q s .  A-1, A-2 and A-3 l e ads  t o  
X 

A- l 



as the  governing equa t ion  f o r  t h e  s t r a i n  d i s t r i b u t i o n  i n  a  harn~onic  

 lane l o n g i t u d i n a l  wave. 

For p l a n e  d i l a t i o n a l  waves t he  only non-zero s t r a i n  component i s  

E and Eq. 1 reduces t o  
X 

i ~ i t h  a = a = V O ~ /  ( 1  - 1)). tin a l t e r n a t i v e  t o  (A-5) i s  obtained by 
Y Z 

e l imina t ing  L between (A-5) and Lq. 2 t o  g e t  

C:onbining (A-6)  w i t h  t he  momentum equat ion  (A-2) and t h e  compntiDil i tg  

equa t ion  (A.-3) w e  f i n d  

a s  tlie governing equa t ion  f o r  s t r a i n  d i s t r i b u t i o n  i n  a harmonic p lane  

d i l a t i o n a l  wave. 

For p l a n e  shea r  waves w i th  motion p a r a l l e l  t o  Y t h e  only non-zero 

s t r e s s  component i s  -r ( t h e  only non-zero s t r a i n  component is  Y 
x Y x y 

and Eq.  1 reduces t o  



iwt) If ~,:e{v e r e p r e s e n t s  t h e  o sc i l l a t f . ng  cormonent of  v e l o c i  t v  naral1.el 
Y 

v ,  the rnor.lentuI;.l e q u a t i o n  i s  

and the 7eornetric cornpaci :~i l i ty  requirenerl t  i s  

I;li:linatiorl of v and T among Cqs. A-8, A-9 and il-10 l e a d s  t o  
Y x Y 

a s  t h e  governing equa t ion  f o r  s t r a i n  d i s t r i b u t i o n  i n  a harmonic p l ane  

shea r  wave. 

Equat ions A-4, A-7 and A-11 all have t h e  form 

where f r e p r e s e n t s  t h e  app rop r i a t e  s t r a i n  a ~ n l i t u d e  and the  cons t an t  a 
2 

talces t h e  va lue  



r e s p e c t i v e i y .  111 o r d e r  f o r  t h e  s t r a i n  waves t o  have t h e  form of Zn. 3 

t!?e s t r a i n  ampl i tude  f n u s t  be n r o p o r t i o n a l  t o  

where u and c a r e  ( r e a l )  decay and p r o p a g a t i o n  v e l o c i t y  naranle ters .  To 

f i n d  t h e  connec t ion  between a and c and t h e  pa ramete rs  r) and a i n  Eq. A-12 

w e  i n s e r t  ('1-14) f o r  f  i n  Es. A-12 t o  g e t  

2 
a ( 1  + i n )  (n + ioi/c) ' = -il 

2 
(A-15) 

Then by t r e a t i n g  t h e  r e a l  and imaginary p a r t s  of (A-15) s e p a r a t e l y  i t  

i s  p o s s i b l e  t o  o b t a i n  t h e  d e s i r e d  r e l a t i o n s .  .4 conven ien t  d e v i c e  f o r  

accomplishing t h i s  i s  t o  set 

the reby  d e f i n i n g  t h e  two new ( r e a l )  p a r a m e t e r s  $ and 6. Then t h e  

s q u a r e  r o o t  of (A-15) is  

S e p a r a t i n g  real and imaginary terms y i e l d s  



and it remains only to identify 4 and 6 from Cq, A-16. Separating real 

and imaginary  arts in (A-16 j leads to 

from which follows 

(A- 2 0 ) 

as well as the alternative forms given in Kqs. 5 and 6. Equations 4, 

7 and 8 in Section 2 are the particular forms assumed by (A-18) when 

specialized to longitudinal waves in a rod, dilational waves and shear 

waves respectively. 





Appendix i3 

1:esonance-test r e l a t i o n s  f o r  uniform rods 

and s l a b s  of l i n e a r  v i s c o e l a s t i c  m a t e r i a l  

The resonance r e l a t i o n s  der ived  he re in  apply t o  a uniform v i s c o e l a s t i c  

rod o r  s l a b  of l eng th  L i n  t he  x-d i rec t ion  which is  exc i t ed  a t  the  end 

x = 0 and which c a r r i e s  a suspended r i g i d  mass m a t  t h e  end x = L. To 
S 

s imp l i fy  t h e  expos i t i on  t h e  d i scuss ion  is  r e s t r i c t e d  t o  t he  case  of a 

t h i n  rod wi th  l o n g i t u d i n a l  motion. The r e s u l t s ,  however, can be immediately 

extended t o  uniform d i l a t i o n  o r  uniform shea r  of a s l a b  by making substitutions 

corresponding t o  t h e  p a r a l l e l  t reatment  of t h e  t h r e e  types of waves i n  

Appendix A (e.g., s e e  Eq. A-13). I n  t h e  f i r s t  p a r t ,  genera l  express ions  

a r e  obta ined  f o r  t h e  complex amplitudes of t he  a c c e l e r a t i o n s  a t  t h e  ends 

of the  rod and the  amplitude of t h e  d r iv ing  f o r c e  when the  rod undergoes 

s teady  harmonic o s c i l l a t i o n  a t  frequency w. I n  t h e  second p a r t  t h e s e  

gene ra l  express ions  a r e  p a r t i c u l a r i z e d  t o  resonance (or  an t i resonance)  con- 

d i t i o n s  where t h e r e  i s  a 90' phase d i f f e r e n c e  between two of t hese  

expressions.  The r e s u l t i n g  r e l a t i o n s  provide means f o r  convert ing 

exper imenta l ly  determined amplitudes and f r equenc ie s  i n t o  "measured" 

va lues  of propagat ion v e l o c i t y  and l o s s  f a c t o r .  

Consider a uniform v i a c o e l a s t i c  rod of l eng th  1, and c ros s - sec t iona l  

a r e a  A. A t  frequency w l e t  t h e  a c c e l e r a t i o n  amplitude iwvx(x) be 

denoted by a. (or  ab) a t  x = 0 and by a a t  x = L. I n  terms of t h e  
S 

stress ampli tude cs (x) introduced i n  Appendix A t h e  f o r c e  amplitude 
X 

dr iv ing  t h e  rod  a t  x = O i s  



and t h e  t e r m i n a l  a c c e l e r a t i o n  a n ~ p l i t u d e s  a r e  

T h e  d e s i r e d  q u a n t i t i e s  t h u s  f o l l o w  a s  soon a s  G (x) i s  known. I n  
X 

Appendix A i t  was silo.tin t l~a t  t h e  v i s c o e l a s t i c  medium s u p p o r t s  s t r a i n  

r ~ a v e s  wiiicli decay a s  they  Dropagate.  Because of  t h e  assunled l i n e a r i t y  

s t r e s s  waves w i l l  have t h e  same form. The wave r e p r e s e n t e d  bv 1:q. A-14 

p r o p a g a t e s  (and decays )  t o  t h e  r i p l i t .  I n  a f i n i t e  rod  t!le g e n e r a l  s o l u t i o n  

a l s o  i n c l u d e s  a  wave wl-iici~ p r o p a g a t e s  t o  t h e  l e f t .  Thus, f o r  a r b i t r a r y  

v a l u e s  o f  C and C2 t h e  medium w i l l  s u p p o r t  a  stress i n  t h e  r o d  of  t h e  form 
1 

where = WL/C,  w i t h  c and (i g i v e n  by E r j s .  A-18 and A-19. To e v a l u a t e  t h e  

c o n s t a n t s  C and C we i n t r o d u c e  t h e  boundary cond i - t ions .  h t  x = 0 we 
1 2 ' 

t a k e  a  t o  be  s p e c i f i e d  and a t  x = L the t e r m i n a l  f o r c e  must  11e j u s t  l a r g e  
0 

enough t o  i n p a r t  t h e  a c c e l e r a t i o n  a t o  t h e  suspended mass n . 'rhese 
s S 

c o n d i t i o n s ,  expressed  i n  t e m s  of  a a r e  
x ' 

I n s e r t i o n  o f  (B-3) i n  (8-4) l e a d s  t o  a p a i r  o f  s i m u l t a n e o u s  e o u a t i o n s  

f r o n  n h i c h  we o h t a i n  C1 and C S u L s t i t u t i ~ p  tlrcse Irack i n t o  E n .  ::-3 
2 ' 

B- 2 



a n d  e v a l u a t i i ~ ~  Kas. J,-1 ant1 .;-2 l e ads ,  a f t e r  c o n s i i ~ e r a b l e  nl-ebra,  t o  

!.-;lerc.. we 1,avc s e t  c = pAL f o r  t h e  mass of t he  c l ay  and T i  and D s tand  
C 

f o r  conpl-ex func t ions  of 9, C and m /m . The i r  r e a l  and imaginary r a r t s  
S C 

a r e  l i s t e d  below. 

m 
S 

2 = cos (2 cosh 36 + +(? cos s i n h  66 - s i n  $ cosh Bd) r e a l  
C 

m 
D = s i n  6)  sin11 i 3 ~  + 3 q5(b s i n  6 cosh I!(:, + cos Q s jn l*  c i C )  

i nae  m 
C 

m 
S 

" r ea l  
= cos 4 s i n h  Bib + - @(B cos Q cosh B$ - s i n  q5 s i n h  L30) 

Ill 
C 

P1 

N 
s 

= s i n  $ cash PQ + - $(B s i n  4 s i n h  + cos 4 cosl-1 (3$) 
h a g  m 

C 

Suppose t h a t  i n  a resonance t e s t  t he  suspended mass a c c e l e r a t i o n  

a and the  base a c c e l e r a t i o n  a = a a r e  monitored. The two a c c e l e r a t i o n s  s b o 

w i l l  have a 9U0 phase d i f f e r e n c e  when T) vanishes.  S e t t i n g  L, equa l  
r e a l  r e a l  

t o  zero  l eads  t o  the  requirement 



m 
S 

1 + - - - q ( $  t anh  ;ti - t a n  c;) = O ( $-?) 
m 
C 

\;~lic?l i s  e q u i v a l e n t  t o  t h e  f i r s t  of  Lqs, 12 i n  t h e  t e x t ,  [\lien ( b - 0 )  i s  

s a t i s f i e d  t l ie niagnitude of t h e  a c c e l e r a t i o n  r a t i o  i s  sininly t h e  r e c i p -  

r o c a l  of L, o r  
in1 a  g 

w!~icit i s  e q u i v a l e n t  t o  t h e  second of Eqs. 12 i n  t h e  t e x t ,  For a p iven  

mode and a  f i x e d  v a l u e  of ni /ni t l i e re  i s  a  unique s e t  of v a l u e s  f o r  8 
S C 

and ct, which s a t i s f y  bo th  (ij-9) and (A-10) f o r  each measurement of t h e  

ampl i tude  r a t i o  a  / a  a t  t h e  9:)" phase c o n d i t i o n .  The l o s s  f a c t o r  I s bl 

q then f o l l o ~ r s  from (3 (e.r,. , 1)y u s e  of C q .  A-20) and t l ~ e  p r o p a g a t i o n  

v e l o c i t y  c  f o l l o w s  froni (3 = wL/c and t h e  measured f requency  at the 9i1° 

phase  c o n d i t i o n .  

\filen t l le suspended mass m v a n i s h e s ,  a s  i n  tile t e s t s  d e s c r i b e d  i n  s 

Sec,  3,  t h e  r e c i p r o c a l  of t i le r a t i o  (2-5) reduces  t o  

nl a 
c o  cos  $ c o s ; ~  bQ + i s i n  Q sin11 ---- = 
f (3(r; f i )  cos  $ s i n h  $4 + i s i n  $ cosh :<Q 
0 

= 0 B sin11 280 + s i n  2+ -+ i ( s in1 l  2P3  - i; s i n  213) 
cosh 2(36 - cos  241 

The d r i v i n g  p o i n t  a c c e l e r a t i o n  and f o r c e  w i l l  b e  ?fiO o u t  of p h a s e  whenever 



tlie r e a l  p a r t  o f  (:;-11) v a n i s h e s ;  i.e., wlken 

(3 sin11 284) + s i n  24 = O (Y5-12) 

~ ~ i r i c h  i s  ec lu iva len t  t o  2.~1. 1 0  i n  t h e  t e x t .  \ f l~en  Flq. 1;-12 i s  s a t i s f i e d  

t i ie  r a t i o  ( 1 ~ 1 1 )  t a k e s  o n  t h e  v a l u e  

2 m a  
c b  - -  ( I  + I: )sin11 2CS 
f 

- i+ 
c o s h  2B$ - c o s  29 

0 

.c~liicti i s  e q u i v a l e n t  t o  Eq. 9 i n  t h e  t e x t .  For  a g i v e n  mode t h e r e  is  a 

unique set of v a l u e s  f o r  6: and 4 which s a t i s f y  Lotfi (B-12) and (13-13) 

f o r  eacii measurement of t l le  magni tude  1111 a  / f  a t  tlie 90' pirase con- 
C o 01 

d i t i o n .  Fro111 tlie v a l u e s  o f  2 and (I t o g e t h e r  w i t 1 1  t h e  measureci f r e -  

quency at; t h e  :j(!O pliase co r ld i t ion ,  t h e  l o s s  f a c t o r  1) and t h e  n r o p a g a t i o n  

v e l o c i t ; ~  c f o l l o ~ :  from L q .  A-20 and t h e  r e l a t i o n  (1 = cl!L/c. 





Appendix C 

ltesonance test r e l a t i o n s  f o r  sandwich conf igu ra t ion  of Sec, 6 

Tlie equat ions  connecting the  m a t e r i a l  modulus and l o s s  f a c t o r  wi th  

the  measured amplitudes and frequency a t  a resonance (or  an t i resonance)  

f o r  t h e  lw,lped pa rane te r  models of Fia.  29 a r e  der ived  here in .  ire con- 

s i d e r  f i r s t  tile shear  test cofif igurat ion of Fig. 2(!(b) where the  e x c i t i n g  

f o r c e  i s  app l i ed  t o  t h e  c e n t e r  mass. I!nder s teady  s t a t e  v i b r a t i o n  a t  

iw t )  
frequency o) with o s c i l l a t i n g  clisplacements represented  bv ??eke and 

i w t  
t he  o s c i l l a t i n g  fo rce  r e p r e s e i ~ t e d  by 1:eIfe t h e  equat ions  of motion a r e  

L 
-k ( 1  + i n )  (x2 - xl) + k s ( l  + i n )  (x3 - x2) + w m x = -f 

s 0 2 

2 
llenotinp t h e  d r i v i n g  p o i n t  a c c e l e r a t i o n  amplitude by a = -w x we o b t a i n  - 2 2 

t he  d r iv ing  p o i n t  response r a t i o  f/m a by e l imina t ing  x and x from (C-1).  
0 2 1 3 

Z 
S e t t i n g  4 = w m/k and 1.1 = m/m we f i n d ,  a f t e r  some a lgebra ,  

S 0 

(C- 2 ) 

There w i l l  be a 90°  phase d i f f e r e n c e  between t11e d r i v i n g  po in t  f o r c e  and 

a c c e l e r a t i o n  xi-icn tl-ie r e a l  p a r t  of (C-2) vanishes ;  i . e . ,  when 



I f  t!ie l o s s  f a c t o r  i s  n o t  too  g r e a t ,  t h e r e  a r e  two r e a l  r o o t s  f o r  +: t h e  

p l u s  s i g n  cor responding  t o  t h e  resonance  arid t h e  minus s i g n  cor respondin?  

t o  t h e  a n t i r e s o n a n c e .  In  e i t h e r  c a s e  t h e  r e s p o n s e  r a t i o  r e d u c e s  t o  

hfeasured ampl i tudes  and f requer lc ies  a t  t h e  9iI0 nhase  c o n d i t i o n s  can Ile 

r e l a t e d  t o  t h e  complex s h e a r  modulus G(1 + i l l )  o f  t h e  c l a y  by u s i n g  J;q.s. 

C-3 and C-4. For a  f i x e d  v a l u e  o f  = m/mo t h e r e  i s  a  unique p a i r  of 

v a l u e s  f o r  Q and $ which s i m u l t a n e o u s l y  s a t i s f y  b o t h  (C-3) and ( C - 4 )  f o r  

each measurement of t h e  magnitude f / m  a 1 0 2 1 e  
The measured f reouencv  to- 

7 
g e t h e r  w i t h  t h e  r e l a t i o n  + = wMm/k y i e l d  t h e  s h e a r  spr inr!  c o n s t a n t  1. 

S R 

t ihich l e a d s  b y  way of Eq .  1 5  t o  t h e  r e a l  modulus G. 

For  t h e  d i l a t i o n  t e s t  c o n f i g u r a t i o n  o f  Fig .  20(a) t h e  e q u a t i o n s  of 

motion a r e  

2 
-k ( 1  + i n )  (x2 - xl)  + k  ( 1  + i n )  (x - x ) + m w x = 0 

d d  3 2 
(C-5) 

0 2 

L 
Denoting t h e  d r i v i n g  p o i n t  a c c e l e r a t i o n  a m ~ l i t u d e  by a = -0, x 1.7e o b t a i n  1 1 

t h e  d r i v i n g  p o i n t  r e s p o n s e  r a t i o  £/ma by e l i m i n a t i n g  x, and 7 .   fro^ ((:-5). 1 & "3 



3 
Settiny <) = wen/k and 11 = m/n we f i n d  

d 0 

wilere t he  c o e f f i c i e n t s  i n  the r e a l  p a r t  of t h e  numerator a r e  

r,, = - ( 3  + 4\11 
3 

and t h e  c o e f f i c i e n t s  i n  t h e  in~api.nary p a r t  of t h e  numerator are 

For t h i s  c o r l f i ~ u r a t i o n  i f  t h e  l o s s  f a c t o r  9s not  too l a r g e  t l iere  a r e  four  

2 
real va lues  of 4, = w iii/:c f o r  ~1I:ic!.1 tile r e a l  p a r t  of (C-6) vanishes:  Pvrc 

tl 

resonances and two anti .resonances.  A t  any one of t h e s e  9iI0 ?!lase condi- 

t i o n s  the p i a ~ n i t ~ l d e  of tile rc>:;T,o;l:;c r a t i o  reduces t o  



1 or f i t  1 = I /  tl:ere i s  a u n i q u e  [)air  o f  val tic.:, for- r l  , ~ n t ?  ' .i+-,i cii 
o 

s i n u l t a n e o u s l y  cause t i l e  r e a l  p a r t  of  (C-T I )  ro  vanisl: nncl s n t i s r v  (C-a)  

f o r  a measured v a l u e  of t h e  response  r a t i o  o b t a i n e d  .?!;en the  nliase 

2 
d i f f e r e n c e  i s  90'. A s  b e f o r e ,  t h e  v a l u e  of 0 = w m l k  topct 'ner  wi t t i  

d 

the neasureci f requency  yield the d i l a t i o n a l  s p r i n p  c o n s t a n t  k w1,ich i n  
d 

ttrrn p r o v i d e s  t h e  d i l a t i o n a l  modulus by wav of  Ea.  14.  



Captions f o r  F igures  

Fig.  1 Suspension con f igu ra t i on  f o r  l o n g i t u d i n a l  v i b r a t i o n  of 

c l a y  rods. 

Fig.  2 Ins t rumenta t ion  cha in  f o r  l o n g i t u d i n a l  v i b r a t i o n  of rods.  

Fig.  3 Frame f o r  forming c l ay  rods.  

Fig.  4 

F i g .  5 

Fig.  6 

Fig. 7  

Fig. 8 

Propagat ion v e l o c i t y  and l o s s  f a c t o r  f o r  c l a y  rod  wi th  

L = 9 i n .  a t  75' F. 

Suspension con f igu ra t i on  f o r  determining d i l a t i o n a l  wave 

parameters  of c l a y  d i sk .  Suspended mass can be inc reased  

by b o l t i n g  on a d d i t i o n a l  d i sks .  

Ins t rumenta t ion  cha in  f o r  determining d i l a t i o n a l  wave 

parameters  of c l a y  d i sk .  

Propagat ion v e l o c i t y  and l o s s  f a c t o r  f o r  d i l a t i o n a l  wave 

i n  c l a y  d i s k  a t  75' F.: A, immediately a f t e r  remolding 

specimen; B, two days l a t e r .  

Small ampli tude e x c i t a t i o n  of shear ing  o s c i l l a t i o n s  i n  c l a y  

s l a b ;  (1) P l a s t i c i n e  s l a b  w i t h  g l a s s  cover s h e e t ,  (2) ARA-20 

s l i p  t a b l e ,  (3) Ling V-50 Mk 1 shaker ,  (4)  i n e r t i a l m a s s  

d r i v e n  by shaker ,  (5) s t r i n g s  t o  suppor t  weight  of  i n e r t i a l  mass. 



Fig. 3 Large amplitude excitation of shearing oscillatdons in 

clay slab; (1) T'lasticine slab \,it11 glass cover sheet, 

(2) Calidyne A-174 sl~aker, (3) shaker armature (4) AM-20  

slip table, (5) connection points. 

Fig. 10 Flan view of clay slab and glass cover sheet placed on top 

of slip table. Accelerometer locations B-1 to B-4 on slip 

table and T-1 to T-5 on glass cover sheet, 

Fig. 11 Instrumentation chain for determining shear wave parameters 

of clay slab. 

Fig. 12 

Fig. 13 

Fig. 14 

Fig. 15 . 

Fig. 16 

Propagation velocity and loss factor for shear wave in clay 

slab at 7 5 O  F. 

Clay sandwich for alternating dilation and shear tests: A, 

axis of excitation for dilational deformation; 3, axis of 

excitation for shear deformation. 

Excitation of clay sandwich (a) for dilation, (b) for sliear. 

Instrumentation chain for recording corrected force arnpl.itude, 

acceleration anplitudc and phase difference as functions of 

frequency. 

Force and acceleration signal amplitudes in dE re 1.0 volt 

for dilntional test: corrected force signal (A); acceleration 

sipal (L) . 



Fig.  17 P h a s e  angle  by which a c c e l e r a t i o n  s i g n a l  l e ads  co r r ec t ed  

f o r c e  s i g n a l  f o r  d i l a t i o n a l  test.  

Fig. 1 8  Force and a c c e l e r a t i o n  s i g n a l  ampli tudes i n  dB re 1.0 v o l t  

f o r  shear  test: c o r r e c t e d  f o r c e  s i g n a l  (A) ;  a c c e l e r a t i o n  

s i g n a l  ( B ) .  

Fig. 19 

Fig. 20 

Fig. 21  

Fig. 22 

Fig. 23  

Fig. 24 

Ptiase any,le by which a c c e l e r a t i o n  s i g n a l  l e a d s  c o r r e c t e d  

f o r c e  s i y n a l  f o r  shea r  test. 

Lumped parameter  models f o r  c l a y  sandwich (a) i n  d i l a t i o n  

test ,  and (b)  i n  s h e a r  test. 

Shear propagat ion v e l o c i t y  of  F l a s t i c i n e  a t  75' F. a s  a f u n c t i o n  

of t i n e  e l a w e d  s i n c e  remolding, c a l c u l a t e d  (A) by n e g l e c t i n g  

c l a y  mass and (13) bv appor t ion ing  a l l  of  c l a y  mass t o  me ta l  

s l a b s .  

[;ontours f o r  f i x e d  l e v e l s  of rod propaqat ion v e l o c i t y  c  r 

i n  frequency-temperature p lane  f o r  3" P l a s t i c i n e  rod.  Dotted 

l i n e s  i n d i c a t e  l o c i  of resonances and ant i - resonances where 

measurements were made. 

Contours f o r  f i x e d  l e v e l s  of l o s s  f a c t o r  TI i n  frequency- 

temperature    lane f o r  3" P l a s t i c i n e  rod. 

Kod propagat ion v e l o c i t y  of a  P l a s t i c i n e  rod a s  a  f u n c t i o n  

of temperature.  



Fig. 25 Shear wave propagat ion v e l o c i t y  of a  P l a s t i c i n e  s l a b  a s  

a  func t ion  of  temperature.  

Fig. 26 Loss f a c t o r  0 f o r  shea r  of a  P l a s t i c i n e  s l a b .  P o i n t s  

p l o t t e d  a r e  averages  of measured va lues  a t  t h e  temperatures  

i nd i ca t ed .  

Pig. 27 Rod propagat ion v e l o c i t y  of P l a s t i c i n e  rod a t  75O F. due 

t o  t i m e  h i s t o r y  of ambient p r e s su re  shown below. 

Fig. 28 Bod propagat ion v e l o c i t y  of fou r  specimens as a  func t ion  

of l o n g i t u d i n a l  s t r a i n  l e v e l .  

Fig. 29 Shear wave propagat ion v e l o c i t y  of c l ay  s l a b  w i t h  f i v e  

d i f f e r e n t  suspended masses a s  a f u n c t i o n  of  shea r  s t r a i n  level. 

Fig. 30 Time h i s t o r y  of rod propagat ion v e l o c i t y  i n  a  6" P l a s t i c i n e  

rod due t o  manual bending a t  A and c a l i b r a t e d  bending a t  E. 

Fig. 31 

Fig. 32 

Rod propagat ion v e l o c i t y  of a  3" P l a s t i c i n e  rod B,  before ,  

and A, a f t e r  l a r g e - s t r a i n  bending. 

Shear wave propagat ion v e l o c i t y  a s  a  func t ion  of  shea r  s t r a i n  

l e v e l  measured a s  s t r a i n  l e v e l  is  decreased from t h r e e  

d i f f e r e n t  maximum s t r a i n  l e v e l s  A, B, and C. 

Fig. 33 Rigid d i s k  on v i s c o e l a s t i c  h a l f  sDace v i b r a t i n ~  v e r t i c a l l y  

a t  frequency we (a)  complete system; (b) i n t e r a c t i o n  f o r c e  

on ha l f  space ;  (c )  i n t e r a c t i o n  f o r c e  on d isk .  



Fig. 34 Viscoelastic half space functions for V = 0.5 and n = 0.2. 

Fig. 35 Excitation of disk on surface of clay by 1Ci.lcoxon F-1 

shaker driving through Is'ilcoxon 2-602 impedance head. 

Fig. 36 Instrumentation chain for measurement of admittance of 

disk on the surface of a tub of clay. 

Fig. 37 Comparison of predicted admittance of disk on viscoelastic 

half space (dashed curve) with measured admittance of disk 

on tub of Plasticine (solid curve). 
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10-24 THREADED STUD 

F i g .  l S u s n e n s i o ~ i  c o n f i p u r a l i o n  t o r  l o n g i t u d i n a l  v i b r a t i o n  o f  c l a y  rods.. 
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FORCE SIGNAL 

Fig .  2 Instrunentation chain for longitudinal vibration of rotis 
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Fip,, 4 P r o p a p a t i o n  v e l o c i t y  arid l o s s  f a c t o r  f o r  c l a v  rod i . i i th 
L = 9 i n .  a t  7 5 O  F. 
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10-32 TAPPED HOLES 

Yig. 5 
Suspension c o n f i g u r a t i o n  f o r  
de te rmin ing  d i l a t i o n a l  wave 
paramete r s  of c l a v  disk. 
Suspended mass can be i n c r e a s e d  
by b o l t i n g  on a d d i t i o n a l  disks. 
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. I n s t r u f i ~ e n t a t i o n  c'lain f o r  determining d i l a t i o n a l  .i.ravc. 17aranetc.r:; 
of clay d j s k .  



FREQ. (Hz) 

r i g .  7 F r o p a g a t i o n  v e l o c i t ~ r  and l o s s  fac tor  f o r  d i l a t i n n n l  wave i n  
clay u i s k  a t  7 5 O  i:. : ii, imncldj a t ~ l v  a I t e r  remolding sr\ecimen 

i,* two da.1.; l a t e r .  



F ~ c .  8 Small annlitucle e x c i t a t i o n  of shear ing  o s c i l l a t i o n s  i n  c l ay  s l a t ) ;  
(1) P l a s t i c i n e  s l a b  with g l a s s  cover s h e e t  
( 2 )  A2Si-2q s l i p  t a b l e  (3)  Ling V-50 XI.: 1 shaker  
( 4 )  i n e r t i a l  mass dr iven  by shaker  
(5) s t r i n g s  t o  suppo r t  w e i ~ h t  of i n e r t i a l  pas s  



Fig. 9 Large amplitude e x c i t a t i o n  of shearing o sc i lLa t i ons  i n  c l av  s l a b ;  
(1) i ' l a s t i c i n e  s l a b  :<i t11 g l a s s  cover shee t  
(2  j Cal idy~le  A-174 slla!:er (3) :,l>aker armature 
( 4 )  A l t " ~ - 3 1  s l i p  t a b l e  (5)  connection po in t s  
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i 1 Clay sand i i i c !~  f o r  a l t e r i l a t i n p  d i l a t i o n  and s i ~ t ? a r  tests:  
.\, a x i s  o f  e::cj_t:afrLon f o r  d i l a t i o n a l  d c f o r n a t i o n  

C, a x i s  of e x c i t a t i o l l  f o r  s i ) e a r  de format ion  















Fig .  20 Lumped Farameteu models: f o r  c lnv  santiwich 
(a) i n  d i l a t i o n  t e s t ,  and (h)  j n  sllear t e s t .  





Fig. 22 Contours f o r  f i x e d  l e v e l s  of rod p r o n a c a t i o n  v e l o c i t y  c  i n  
r 

f requency- temoerature  p l a n e  f o r  3" P l a s t i . c i n e  rod.  Vottecl l i n e s  
i n d i c a t e  l o c i  o f  rcsoxlances and a n t i r e s o n n n c c s  x.rl:ere neasurenlents 
were nade.  



F i g .  23 Contours  f o r  f i x e d  l eve l s  of 10s:; fac to r  1) i n  frequents-teamerature 
p lane  f o r  3" l l l as t i c ine  rot-li 





















Fig. 33 Rigid disk on viscoelastic hal f  space vibratin~ vertfcallg at freauencv a: 
(a) comple te  systenl  (b) interaction force on half s p a c e  

(c) interaction force on disk 



Fip. 34 ViscoeiasCic half space func t io r i s  f o r  V -- 0.5 and 71 = 0.2 
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Fip,. 35 2:xcitation of d i s k  on s u r f a c e  of c l a y  hv Gilcoxon F-1 shaker  
dr ivinf-  th rourh  i - i l cox in  :!-b02 impedance head 
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pig. 37 Comparison of ?redicted admittance of disk on viscoelnstic 11nlf 
space (dashed curve) with measured admittance of d i s l i  on tub of 
Plasticine (solid curve), 




