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ABSTRACT
This thesis will:investigate several factors affecting convergence
of a learning control system proposed by Scott [1]. As a result of
these investigations an improvement to the algorithm is developed which

is capable of reducing convurgeace time by a factor of 1/(N+l) where

N is the order of the system.




INTRODUCTLON

When Scott [1] proposed his algorithm for a learning contrcl system,
the choice of measurement rays was left open for invgstigation. This
thesis will investigate the effect of the choice of these rays upon
convergence of the algorithm. Then a modificaticn to the algorithm will
be developed which will provide more rapid and reliable convergence for
any general set of N linearly dependent rays. Finally, the modified
algorithm will be applied to a third order example.

Since Scott's report forms a basis for this thesis, the theory
behind his learning system should be discussed. His method differs
from previous work {2,3] in that the state space need not be quantizei;
thus, the memery requirements and learning times are greatly reduced.

The algorithm will learn an optimum control for a linear statlicnary

systen described by a vector difference equation

x(i+1) = ¢x(i) + hu(i) (L.1)
where x(1) is an N dimensionul vector and u(i) is a scalar. The systen

performance is measured by the quadratic cost functional

J o ox'(itl) Q x(i+l) + & u(i) (1.2)
i=0 .

defined by the N x N positive semi-definite matrix Q and the positive
scalar a. Assuming no constraints on the final point x(«), the optimal

control is known to be the linear control law

u(i) = ki x(i) ' (1.3)
where
h' R ¢
| =, . 45
.k* h'Rh'fQ ° (lo“*)
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R is the positive definite symmetric matrix determined by iterating the
discrete Ricatti equations backwards in time until a steady state soluticn
is obtained.

Due to ignorance of h and ¢, Kg is not known. However, since the
optimal control is known to be a linear function of the states, it is
reasonable to assume a linear control law

u(i) = k' x(i) (1.5)
and minimize a subgoal with respect to the vector k. However, the sub-
goal must be an explicit function of the gain vector k, and it must
yield the control vector (1l.4).

For an N state system, a subgoal was developed of the form

N
6(k) = § SG,(k) (1.6)
i=1
where
X' (£ 4T) Rx(t +T)+ou’ (t,)

SG,.(k) = .
. x'(t,)Bx(t;)

R is a positive definite symmetric matrix, and a is a positive scalar,
as defined in (1.4). B is an arbitrary positive definite matrix.

Although, as will be shown, this subgoal meets the previously
stated requirements, it also has the important property of being
independent of the magnitude of the state vectors x(ti). This is not
evident by observing expression (1.6); however, by substituting the
state equation (1.1) énd the linear control (1.5) into the subgoal
(1.6), the expression

N x'(ti)[¢R¢+2kh'R¢+Bkk’]x(ti)

SG(k) =i§1 xT(t;) BR(L,) ’

(1.7)

where B=h'Rh+a, is obtained. Now it is readily seen that the subgcal

is independent of the magnitude of each state vector x(ti). This is a




very important property of the subgoal because without it, it would be
necessary to return the system to the same point in the state space
every time a given term of the subgoal was to bhe evaluated. Because
this subgoal is independent of the state-vector.magnitudes, it is only
necessary to cause the state of the system to reach each of N rays in
the state space when measuring the subgoal. Since the rays can be made
to be eigenvectors of the system, returning the state of the system to

a ray in the state spacé is much simpler than forcing it to a specific

point.
fostundnyg thoan i gysien has feen fareed (o states on the iuven
rays (rl, Doy coes rN) at the resraective points in time (tL, Coa eney T&‘

these rays can be substituted for the state vectors [x(tl), x(tz),...,
x(tN)] in equation (1.7) without sffecting the value of the sulgoal.
With this substitution, (1.7) becomes

ri[¢'R¢+2kh’R¢+ﬁkk']ri

1
Pi B Pi

N
SG(k) = § . (1.8)
is1

Noting that k'ri=ri k, the subgodl can be rewritten in the form:

sc(k) = gx! M(rl,..., rN)k¢2k' M(rl,..., rN) p+ S(rl,...,rN)

(1.9)
where
N r.ri
B= h'Rhta, M(rl,...,rN) = Z %B is an NxN matrix,
X i=y FiTTy

p=¢'Rh is an Nxl column vector, and
44
ri¢ R¢ri

N
S(rl,...,rN) = .g u—;zg;;w- is a scalar.

i=1
Equation (1.9) clearly shows thet the subgoal is a quadratic function

of the gain vector k.
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The extrema of the subgoal are at the points at which the gradient

v, SG(k)= 2M(rl,..., rN) [Bk+p] (1.10)

equals zero. If the subgoal is to have an extremum at a unique point,
the matpix M(rl,..., PN) must be nen-singsular. Turthermere, if

H(rl,...,vy) is aluo pusitive-definite, then the exirerunm is a minisam,
1y

i
It was proved by Scott that, if the rays (rl,...,rN) are linearly
independent, the matrix M(rl,...,rN) is non-singular and positive definite.
Consequently, if the rays are linearly independent, the subgoal has a

minimum at the unique point

'R
k=-p/B=- %Tﬁ%:; . (1.11)

Thus, minimizing the subgoal with respect to the vector k yields the
desired result, (1.4). Furthermore, this point is uniquely défined
by R, a, and the system parameters, independent of the choice of the
linearly indépendent set of rays (rl,rz,...,rN).
Earlier in this development, an assumption was made that the

system could be forced to attain a state lying along any given ray in the
state space. Thus, it is necessary to implement a controller that
can force the system to any given ray a finite number of times to per-
mit measurement of the subgoal (1.6) during the learning process. State
feedback can be employed to force the system to behave in this manner.
For the system described by equation (1.1), the closed-loop systeir mateix
iz the NxN matrix

A = ¢+hk' | (1.12)

Y

Since this is a linear stationary system, its response is known to be a

linear combination of the eigenvectors of the form
M n

x(nT) =} ahie, (1.13)

=1 1t

where




(i) Ai is an eigenvalue of A,

(i1) e, is an eigenvecter corresponding to Ag and

(iii) ar is determined by the initial state x(0).

From the preceding development it is easily seen that, if the magni-
tudes of all but one of the eigenvalues, say Al,are forced to be much
less than one, then the system response will eventually approach the
vector A? e - The rate of convergence will depend on the relative
magnitudes of the other N-1 eigenvalue. Since ¢ and h are fixed, the
magnitudes of the eigenvalues of matrix A can be set to any values by
the appropriate choice of the gain vector k. Since the system must be
forced to each of N given rays in the state space during evaluation of
the subgoal (1.6), N feedback gain vectors must be cbmputed. To force
the system to the ith ray, the gain vector k of the linear contvol law
(1.5) would be replaced by ki‘ Thus, to measure the subgoal stgrting
from any point x(0) in the state space, a controller must be implemented

which will follow this sequence:

1) Apply a gain vector kl that will force the system to converge

on ray r,.
2) Vhen it is ascertained that the system is on the ray ry at
time t

1» Measure the state x(tl) and restore the linear control

law (1.5).
3) Allow the system to run one time period, T, under the linear
contyol law.

4) At the end of the period at time t, + T, measure the state

1
x(tl + T); and with the value of the state x(tl) obtained in

step 2, compute the partial subgoal SGl(k) using the form given

in (1.6)




Repeating the above steps another N-1 times and then summing the N
partial subgoals will yield the value of the subgoal.

Having reviewed the method for measuring the subgoal, it remains
to be shown how minimization of the subgoal can be accomplished so

as to minimize the convergence time.




EFFECT OF RAY SELECTION UPON CONVERGENCE

It is shown that the rate of convergence of the subgoal is dependent
on the choice of the measurement rays, and that an orthogonal set of rays
leads to the most favorable convergence time. To determine the effect
of these rays, a second order system with various sets of rays were
simulated. To eliminate the necessity of computing feedback gain vectors
for several rays and also to eiiminate any errors due to the system not
having settled on a given ray, the system was set precisely upon the
respect ive ray, one time period prior to evaluation of the associated
term in the subgoal.

Also to simplify matters, the matrices R and B of the subgoal (1.6)
were chosen to be identity matrices,® and the scalar a was chosen to
be 1.0; thus, the subgoal simplifies to
N x'(E#TIx(e #T ()

N
SG(k) = § SG(k) =
i=1 ) TR

A method proposed by Powell [#4] was chosen first as the technique to
minimize the subgoal since it not only requires no derivatives, but also
guarantees convergence upon the minimum of a quadratic function, such as
the subgoal, within.a specified number of iterations if the minimum in
each search direction can be computed with sufficient accuracy. Appendix

A covers the iterative steps of this minimization technique.

# It has been shown that minimizing the subgoal (1.6) yields a solution
(1.4) for k. For this to be a solution to the minimization of (1.2) it
is required that R be a solution to the Ricatti equations. However, for
the purposes of studying convergence, R may be any positice definite
symmetric matrix, and in particular the identity matrix as used here.

7




The minimum of the function along any search direction in the

parameter space k, i.e.,
min
VEk £ A K,), (2.2)

was determined by computing the subgoal at three points and solving for
the minimum on the basis of a quadratic fit through these points. The

value of A for which the function is a minimum along the line is given

by ‘
- (FN-FP
'X =(q/2) %?ﬁ:??% 3 (2‘3)
where
EN =

f(kovukd)'f(ko)

]

FP f(k°+ukA) - f(ko).

Since the subgoal is a quadratic in k, the minimum computed from
(2.3) is assumed to be the actual minimum, although it may differ very
slightly from the actual minimum due to round off errors in the calcula-
tions, Usually, these small errors are of no consequence; however, it
will be shown later that there are instances when these usually insignif-
icant errors can affect convergence.

The above minimization method, with initial search directions alon:
the coordinate axes of the k space, was applied to the second-order

system described by the equations

x (i+1) = ¢x(i) + hu(i) (2.4)
where
0.1 1 1
’ = 5 h - (]
0 0 )

The results of the optimization procedure with several sets of rays are

summarized in Table }. The initial gain vector in each case was [1,1].




The desired gain vector can be computed from (1.11)'to be [-0.1/3,
-1/3]. As cam be seen from Table 1, an orthogonal set of rays, regard-
less of the orientation, always results in the most rapid convergence.
These rays required only six measurements of the subgoal ~ three in
each of two search directions - to locate the minimum of the function.

In fact, a search in the ith coordinate direction of the k space was
always sufficient to locate the ith component of the optimum gain vector.
This indicates that the ith partial derivative of the subgoal is a
function of omly the ith gain, i.e., aSG/akl=F(kl), 88G/3k2=F(k2), etc.
For this to be true, the M matrix in the gradient of the subgoal (1.10)

must be diagomal. From equation (1.9), it is recalled that

N )= z rifi (2.5)
ese g 1’ ""'r""‘" ° '
1’ isy FiBry |

In Appendix B, it is proved that M is not only diagonal, but an identity

matrix, if the rays Pis Yoy ooy Ty are orthogonal and B is an identity

N

matrix.

The geometric interpretation of the contours of SG(k)=c, for a

1
second-order system with orthogonal rays can be readily observed if the
identity matrix, I, is substituted for matrix M in the subgoal equation

(1.9). The equation reduces to the form

2

SG(}')-k 2

+ak +bk t+cs=e (2.6)

1
which is recognized as an equation describing concentric circles, for
various values of cy-
As shown in Table 1, the convergence time in the case of non-
orthogonal rays is greater than that for orthogonal rays, but is constant

for most non-orthogonal rays, an exception being for the cases in which

the angular separation of rays is less than 13 degrees. The constant
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convergence time is directly attributable to the method of minimization
since, as stated earlier, Powell's method [4] will locate the minimum
of a quadratic function within a fixed number of iterations. For a
second order equation, this means at most six searches and consequently,
18 subgoal measurements. |

Nevertheless, there are two examples in Table 1 which did not
converge within the predicted number of iterations. These are the
examples with pairs of rays (1,1), (1,0.7), and (1,1), (1,0.8). Judging
from the angular separation between the rays, it would seem that
convergence should have been obtained since the example with rays (1,0)
and (40,0) converged to the minimum although the angular separation of
1.4 degrees in this case is much smaller. The only apparent difference
in these two cases is that one set of rays lies near one of the coordi-
nate axes, whereas the sets causing difficulties lie approximately in
the center of the first quadrant of the parameter space k.

To determine why very poor convergence, or lack of convergence,
occurs vhen the rays are near the center of the quadrant, two examples
will be given that have nearly equal angular separations. For the
example with lack of convergence, the rays (1,1) and 1,0.8) will be
used; and the example with good convergence, the rays (1,0) and
(10,1) will be used. The respective angular separations are 6.3 degrees
and 5.7 degrees. Since the M matrix will be useful in the following
analysis, it will be computed for each case from equation (1.9). For
the rays (1,1) and (1,0.8),

_]1.110 o.988].

H= 0.988 0.890}°*

(2.7)

and for the rays (1,0) and 10,1),
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_11.990 0.099 .
“10.099 o0.0099f ° (2.8)

M
Remembering that no solution exists for gradient equation (1,10) when
M is singular, it appears reasonable that (2.7) might be nearly singular.
Computing the determinant of (2.7) yields a value of 0.0117, however,
the determinant of (2.8) has a scmewhat smaller value of 0.00383. Thus,
near singularity of ¥ does not appear to be the cause of no convergence
with the rays (1,1) and (,0.8).

A remaining factor capable of affecting convergence is the shape
and skewing of the contours of the subgoal function. Since M is positive
definite for any set of N linearly independent rays, all contours of the
subgoal (1.9) will in general be ellipsoids. Although the angle of
gkewing betveen the coordinate axss and iha axes of the elliptical
contours can be readily computed for a second-order syétéa, it will be
more informative actually to plot one contour for each pair of rays.
First, the Qéctor equation of the subgoal (1.9) must be reduced to scalar
form to facilitate solution of contour points. Substituting in the
subgoal equation (1.9) the values for ¢ and h given in (2.%) and the
values of R, B and a given in (2.1), the rays (1,1) and 1,0.8) yield
the quadratic equation '

2

S6(k)=3.33 kl

' 2
+ 5.928k k, + 2.67 k;+2.198 k +1.9776k,

+1.099. (2.9)
Similarly the rays (1,0) and (10,1) yield the equation

SG(k)=6. 0k >+0. 6k, k +o.oak§+o.ekl+c.ouk

{
1 1%, +0.0496, {2.10)

2
A plot of the contours for each of these equations with SG(k) = 5.0

yields the ellipses shown in Fog. 1. It is seen that both ellipses
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skewed about 45 degrees from the coordinate axes. The reason for the
lack of convergence, when rays (L1) and (1.0.8) were selected, is now
evident. It is well known that a long narrow véiley with pronounced
skewing causes minimization difficulties,

Although ?owell's,method theoretically guarantees convergence
upon the ﬁininua of a quadratic function when the 6 searches given in
Table 1 are completed, it is required that the mirimum in each search
direction be determined accurately; thus, it appears that there is
much sensitivity to small errors in the calculations when the ellipses
are highly eccentric and have pronounced skewing with respect to the
_ﬁ!g%g%géhggagggggf;gﬁﬁg

exrvors in the quadratic curve fitting calculations for finding the min-

ss. These essll esvore ave probably duo to

imum in the respective search directions.

The validity of this argument is borne out by noting that good
convergence was obtained with the rays (1,0) and (10,1), even though
the resulting contours were highly eccentric. By computing the amount
of skewing in "this case, it is found that the axes of the ellipse
are skewed by only 2.85 degrees from the coordinate axes; thus, the
initial search directione along the coordinate axes are nearly coincident
with the axes of the elliptical contours.

Intuitively, it appears that setting the initial search directions
coincident with the axes of the elliptical contours sh;uld greatly
imgere convergence, It can in féct be shown that these directions
will locate the minimum after only cne search along each of them. How-
ever, bécaﬁse of the theoretical development in the following section '
which tackles the problem of selecting search directions from a slightly

different foundation, & proof of the above statement will not ba given.
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s 15

Figure 1

~-15

Eq (2.11)

s (k)=5.0
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Although search directions coincident with the axes of the contours

can be easily computed for a second-order system by the equaticn

- T S
g = 0.5 Tan Zmlz/(mll—m22), (2.11)

this method of computing search directions cannot be readily extended
to higher order zystems.

As a consequence of ‘the foregoing discugsion, the following
cootlon will develep a nethod for deteomining conjugate search
directions for a system of any corder after only one evaluation of the

subigoal.,




COMPUTING CONJUCGATE SLARCH DIRRCTICONS FOR
MINIMIZING THE SUBGOAL

This section will show that the eigenvectors of matrix M form
conjugate directicns with respect to M, and that the minimum of the
subgoal can be found with only one search along each of these eigen-
vectorz., M is a real symmetric matrix appearing in the subgoal equation
(1.9).

Since the material that follows assumes that M is known, it will
Le stated now that M can be computed while the subgoal (1.6) is being

evaluated for the first time. Recalling that

N riri
M=y ==, (3.1)
. r,Br,
i=l i1
it is only necessary to substitute the value of the state vector
x(ti) for r, to compute M; thus,
N x(tr ="' ()
“e 1 s EE (3.2)
i=1 b4 ti 3K -3

B is defined for purposes of computing the subgeal; consequently, it
iz also known. The accuracy to which M can be computed is limited
nly by the accuracy of the measuring devices, or system noise, or
both.
If a quadratic function of theform given by (1.9)
SG(k) = gk'¥k + 2k'Mp + S (1.9)
is to be minimized, then the directions q and r are defined t¢ be con-

jugate with respect to M if

q'Mr=0 (3.3)

15
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Te prove that the eigeuvectors of the real symmetric matrix,

w
-1
s
o)
ol
fag

¥, are conjugala directions, we will use a theorem which state:
the eigenvectors of a real symmetric matrix cae ortacgonal If all the
eigenvalues of the matrix are distinct [5]. Assuming the cigenvalues

of M are distinct, let

Me, = A,e, (3.4)
i i'i

whore Ai is an eigenvalue of the matrix M, and e is the corresvonding
eigenvector. If we let ej be another eigenvector of M and premultiply
both sides of cquaticn (3.4) by e%, we have

e! Me, = A,ele, . (3.5)
J 1 j

J

)
J

..

Sinco e

i and ej are orthoegonal,

e

3 Hej=0 For i # 33 | (3.8)
thus, it is proved that the eigrnvectors of the real symnetelce matrix,
M, arc conjuégte directions.

['owell {#] has proved a theorom which states that a quadratic
function in the form of (1.9) can be minimized by only cne search
in cach conjugate direction; consequently if the eigenverteors of M
are the sear:h directions, it 1s possible to find the minirum of the
subgoal of un ! order sysiem after only N searches. This means that
any non-orthogonal set of lipearly independent ray:s cen yleld cenvergenea

times equivalent to thoseobtained with crthogonal rays. Turthermore,

ince Powell's methed [4] with initial search directicns aloug the

n

coordinate ayes requires N(N+1l) searches to locate the minimum of a
quadratic function when the conjugate directions are not coincident
with the coordinate axes, choosing the search dircctions along the

eigenvectors of M has the potential of reducing convergence time by

as much as 1/(N+l). As shown by examples to be presented later, it
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was found that N or N+l searches were adequate to very accurately deter-
rine the minimum of the subgoal.

At this point it may be argued by some, that eigenvalue solutions
are o time consuming and complicated that there is little or no
advantage to obtaining them. It is true that this would be the case il
we were minimizing an explicit function; but we are minimizing a function
that requives from 5K to 10N sampling intervals just to evaluate the
function at one point. That is, it takes about 5 to 10 periods to drive
the system to a ray in the state space, and there are N rays for an
Nth order system. Thus, for a third-order system with a sampling
interval of 0.1 second, it requires abeut 1.5 to 2.0 seconds just to

evaluate the subgoal equation (1.6) .once. A flow diagram of the opera-
tions involved in measuring the subgoal is given in Appendix D.

If the computer is idle during most of the time between sampling
periods, it can easily compute a third or fourth order M matr.x and
its eigenvectors within one or two scconds if it is an efficiently
programmed modern high speed digital computer. Thus, for the few
seconds taken to compute the eigenvectors of M, the resulting reduction
in convergence time is considerable. However, if the cemputer has
tasks cother than the lecrning alzorithm, somewhat more time will of
course be raguired to obtain the eigenvector sclution.

Since these eigenvectors have conjugate directions, it is also
peusible to replace Powell's method by a simpler minimiiation technique
in which conjugate search directions need not be computed during the
minimization process. Thus, the relaxation method proves to be the

c

most efficient technique if it is modified to search in the directicns

of the eigenvectors of M rather than the coordinate axes.
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This prelaration method was applind to the example of the previous
secticn to demenstrate the improvement in convergence time. Thus, for
this demonstration, the subgoal is (2.1) and the system is (2.4). The
eloments of matrix M are computed by equation (3,2) during the first
subgoal evaluation as explained earlier in this section. The normalized
eigenvectors of M were computed by the method descvibed in Appendix C
and used for the search directions. As in the c¢raumples of the previous
section, the system was again set precisely upon a given ray one time
period prior to measurement of The corresponding purtial subgoal.

The recults for several pairs of rays are chown in Table 2. As
can be seen by comparing Tables 1 and 2, the convergence time f{or equiva-
lent accuracy when the rays are non-orthogonal, is now one third or one
half of what it was when the initial search directions were coincident
with the coor@inate axes of the parameter space k. Thus, it is seen,
for a second order system whepe the state of the system iz located
precizely upon a respective ray one time period prior to evaluaiion
of the partial subgoal, that the convergence time is reduced by a
factor of 1/(M+l) or 1/N.

This factor is dependent upon the angular separation beiwcen ithe
rays. Por rays with ceparations greater than ten degrces, ¥ cearches
were sufficient to find the winimum to within 0.8 percent of the true
minimum; on the other hand, when the rays had szeparaticns of about
ten degrees or less, N+l searches were required to tind the ninimun
to the sume accuracy.

The pext section will epply the method of computing cenjugate ,
search directions described in this section to a more realistic, third-

order syatem where the system is driven toward the rays using approp iate
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computed fcedback gains rather than being set precisely upon the

respective rays.




THIRD ORDER EXAMPLE

This section will be concerned with applying the learniig algerithm
to a simulated third-order discrete system., Rather than setting the
system precisely upon the respective rays as in the previous examples
of this thesls, the system will now be driven to the rays by the
appropriate feedback gain vectors. In addition to applying the method
of the previous section for computing conjugate search direcitons to
a more realistic third-order system, a test will also be made to deter-
mine how small deviations from the actual rays affect ccnvergence of the
algorithm,

The system is described by the following equation.

x(ti+T)=¢x(ti)+hu(ti) (4.1)
where
0 1 0 0
$ = {0 0 1 and h =] 0
{0.6 0.7 0.1 1

For this example, the nominal parameters will be equal to the actual
values; however, this does not result in any loss of generality.

To compute the feedback gain vectors required to drive an MNth
order system to any one of N arbitrary but linearly independent rays,
N sets of eigenvalues must be chosen. Each set must consist of N
eigenvalues chosen so that one value will dominate the other N-1 values
as explained in the introducticn. To determine a feedback gain vector
such that a respective set of chosen eigenvalues are the eigenvalues

of the closed loop system matrix
.A o ¢ + hkl (1'12)
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the set of N eguations
det [A(k)-KlI}=D
det [A(k)~AQI]=0 (4.2)
cor
det [A(k):ANIJ:O
must be solved for the vector k.
For the particular system described by equation (4.1), the follow-
ing three sets of eigenvélues were chosen.
2,7(1.0,0.1,-0.1)
§2=(~l.0, 0.1, -0.1) (4.3)
A47(1.5, 0.1, -0.1)
Solving the set of equations (4.2) for each of these sets of eigenvalues

the corresponding feedback gain vectors are obtained.

-0.61 ~0.59 ~0.615
= - = - = - W
L 0.69} , k, 0.69) , kg 0.69 (4.4)
0.9 -1.1 1.4

It should be noted that the gain vector, k, to be adjusted to
minimize the subgoal is distinguished from the feedback vectors by
not having a subsecript.

The resulting dominant eigenvectors corrasponding to each of the
above feedback gain vectors are

1.0 1.0 1.0

el = {1.0 e2 = -1.0 e3 = 1.5
1.0 1.0 2.25

These are the rays of the system, and it can be seen that they are
linearly independent. However, if it had been found that they were

not independent, one or more sets of eigenvalues in (%.3) would have
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had to be changed, and new vectors computed.

To drive the system to the jth ray whose direction is represented
by ej in (#.5), the jth feedback gain vector of (4.4) is applied to the
system such that the control law becomes

u(t,) = k.x(t,). (4.6)
i 371

To determine if the system has converged upon a ray, the angle
is measured between the present state vector at time ti and the previous
state vector one sample period earlier, at time ti«T. The angle cdn
be computed by the equation

x'(ti)x(ti—T)

cos 6 = (4.7)
llx(ti)fl-llx(ti-T)||

Letting xtx(ti) and y=x(ti—T), and applying the trigonometric identity

26)1/2

sing=(1l-cos , equation (4.7) becomes

sin 6 = {l»(x'y)Q/x'xy'y]l/2 (4.8)
However, since the angle for determining convergence will be sinall,
we can let 0=sin 0; thus, the criteriorn for determining that the system
has essentially converged on a ray will be to acertain that

[l—(x'y)glx‘xy'y]l/2<ﬂ

(4.9)
for some cuitoeble small number 8,

The subpoal used for this example is the same one used in the

examples of the previous sections. That is,

2
t
N N = (ti+T)x(ti+T)+u (ti)

SG(k)= § SG, (k)= ) LY e
i-':l Ry i:l X (ui)h(t—i)

(2.1)

This is the subgoal equation (1.6) with R=B=I and ¢=1.0. A flow

diagram is given in Appendix D *o show diagrammatically the operations




N
(5]

involved in computing the subgoal. Also shown in this diagram are the
computations for the matrix M which are made only once when the subgoal
is evaluated for the first time. After the first evaluation of the sub-
goal is complete, the normalized eigenvectors of M are computed and used
for the search directions. These search directions are used throughout
the minimization process. That 1is, repetitive searches are conducted

in these direcitons until the minimum is found. The winimum in a
respective search direction is determined from (2.2) and (2.3) by
computing the value of the subgoal at three points, and computing the
minimum based on a quadratic curve fitted through the points.

For various values of 6 in equation (4.9), and an initial gain
vector of k6=(~l, -1, -1}, the results are summarized in Table 3. The
number of searches and the number of sampling periods listed are those
that were required to compute the corresponding gain vectors given in
the table.

The desired gain vector, as obtained from (1.11), is found to be
k,=(-0.30, -0.35, -0.05). The last column of Table 3 zives a mcasure
of the deviation of the learned gain vector from the desired value.

Since the gain component, X though smaller than the otlier components

3°
of the gain vector by almost an order of magnitude, usually deviated from
its true value by a greater rercentage than any of the other components,
the components of the gain vector were normalized before the mean

square error was computed. Thus the norwalized error given in Table

3 is computed by the equation

o
5ol

4, 3
(kE = kKD, | (4.10)

[T o4

i
2

3

i=1

V3

where k; is desired value of the ith cowmponent of the gain, and ki is

the learned value.




Examining Table 3, it can te seen that convergence on the optimal
gain is most rapid and accurate if the ray convergence criterion, 6,
of (4.9) is 0.3 degrce or less. That iz, only one search is required
in each of the conjugate search directions. If the sampling periods
are 0.1 seconds, it should be ncted that the convergence time, when
6=0.3 degree, is only slightly longer than the convergence time of 13
seconds that Scott [1] obtained with his second order example.

When 6 is in the raﬁge of 0.4 to 0.7 degree, the accuracy is still
very good, but convergence time has increased by about 50 percent. And
when 6z1.0 degree convergence time has doubled although the accuracy
is still good; However, increasing 6 to 2.0 degrees yielded rather
poor results. Thus, the upper limit of 8, that is consistent with
accurate results in a reasonable amount of time, lies somewhere between
1.0 degree and 2.0 degrees. Based upon this knowledge, it is reason-
able to estimate that reliable convergence can be obtained if the state
measurements are corrupted with 1 to 2 percent noise.

The conjugate search directions that were computed, based upon
measurement of the rays obtained during the first evaluation of the
subgoal, are not shown in Table 3; however, they vary only slightly
from one case to another. Consequently, since the directions obtained
when 6=0.1 degree are most accurate, thesc will be given.

When 6=0.1 deg}ee, the rays converged upon, to six signitiéant
digits, were

-0.999801 0.999717 -5.45707 |

i

r, = 1.000000 r 0.999915 r, = ~8.18592

~0.993999 0.989913 : ~12.2789
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These rays are the state vectors as measured at time ti vhen the
condition of inequality (4.9) is satisfied.
The M matrix computed from these rays by equation (3.2) was
0.786783  0.180u46  0.,937291

M

1

0.180446  0.937435  0.406019 (4.12)
0.937291  0.406019 1.275780

The computed eigenvalues of this matrix were 0.797618, 0.048613,
and 2.15377; consequentl&, the normalized eigenvectors of M were

computed to be

0.310600 -0.766291 0.5621427
e,= -0.932728 e, = | -0.131692| e,= |0.335675
0.183158 0.628852 0.7556L4

(4.13)

Thus, these were the search directions that were used for minimizing
the subgoal when 6 was specified as 0.1l degree. Because of the slight
difference in the rays obtained with other values of 6 given in Table
3, the search directions also differed slightly from (4.13) when 8
differed from 0.1 degree.

From this example it is observed that, if the method of computing
conjugate search directions as outlined in the previous section is
incorporated in the learning aigorithm, convergence time of a third-
order system can be reduced by a factor of as much as 1/4 with no

impairment in accuracy.




SUMMARY AND CONCLUSION

As a result of the investigation of the effect of ray orientation
upon convergence of a second-order system, it was found that if arbitrary
orthogonal directions such as the coordinate axes are chosen as search
divections for minimizing the subgoal, orthorgonal rays yield the most
rapid convergence time. If a minimization technique which locates the
minimum of a QUadratic fﬁnction within a fixed number of iterations is
used to minimize the subgoal, non-orthogonal rays generally required
longer but uniform convergence times, except in certain cases where
small angular separations between them resulted in contours with
pronounced eccentricity and skewing.

The resolution of the difficulties encountered with small angular
separations lead to development of a method of computing conjugate

search directions such that the minimum of the subgoal can be found

after only one . .d4rch in each direction. By using these search directions,

convergence times for most non-orthogonal rays equalled those previously
obtained with orthogonal rays. In addition, for those cases in which
convergence was very poor because of pronounced eccentricity and skewing
of the elliptical contours, the new approach yield excellent results.

The learning algorithm with this improvement, when applied to a
third-order system, ;as found to converge to desired gain vector after
only one scarch in each direction if the system was driven sufficiently
close to the respective rays prior to making measurements of the subgoal.

Based upon results of computer runs it was estimated that conr

vergence is possible if the state measurements are corrupted with less

than 1 to 2 percent noise; however, the effect of noise upon convergence
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should be more thoroughly investigated. An attempt should also be made

to apply the algorithm to an actual system.
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APPENDIX A
Summary of Powell's Method

Powell [4] has p50posed a method of minimizing a function of
several variables. Although a variation of the method where one
parameter is varied at'a time, it computes conjugate search directions
which enable it to converge upon the minimum of a quadratic function
within a fixed number of iterations. The quadratic has the form

£f(x) = x"Ax+b'xtc, (AL)

and the directions p and q are defined as being conjugate with respect
to A if

p'Aq=0 _ (A2)

Each iteration of the algorithm staris with a search in n lincarly
independent directioas gl, 52, ""En’ starting from the best approximaticn
of the minimum Ry Conjugate directions are generated by computing a
new search direction & at the finish of each iteration such that the n
linearly independent search directions of the next iteration are 52,
cons En‘ £. Because of the way in which ¢ is defined, the last k of
the n directions chosen for the (k+l)th iteration are mutually conjugate
if the function being minimized is quadratic. Thus, after n iterations,
all n of the directions and the minimum of the quadratic is found.

Given n linearly independent search directions (El, €2,..., gn)
and an approximation of the minimum Pys an iteraticn consists ot the
following steps:

1) For r = 1,2,...,n calculate A, so that f(pr—l+kr€r)

is a minimum and define p_= +XE .
s Pp™Pp 1" pSp
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3)

l;)

40

For r = 1, 2, ..., n-1 reglace E;r by g’r-!-l’
splace § ; B PAYs
Replace & by (in 10)

Choose ) so that f(pr + A (pnwpo))is a minimum
]

and replace py by p + l(pn—po).




APPENDIX B
Conditions Under ¥Which M is a Diagonal Matrix

Given n orthogcnil rays (vectors) B sPguer e sly and

(r,,r,, )=y riti (B1)
“ I‘ ,Y‘ proe r = ‘—i“"" : Bl
12 *n i91 riBri .

then M is a diagonal matrix if B = I, i.,e., B is an ideﬁtity matrix,

Proof:
M can be factored into

r, ri
B e a————— | SO U.- —.
u, and ug 173 (B2)

(riBri)l/2 (riBri)

Since the ry vectors are orthogonal, so are the u, vector. Now let P

be an n % n matrix with the columns composed of the vectors Ugs Upseensy

u i.e,
nl s

P = [ul,uz,...,un]. (B3)
t

Then P' is an n x n matrix with rows composed of the row vectors ul, u,,
P 1° Y2

n

uy

H
Uy

P''=s | ° (B4)

° §

n

)
and M = PP' = u,ul.
: i=1 i1

If PP* = I, then M is a diagonal matrix; however, this requires that P

be an orthogonal matrix. But for P to be orthogonal, the u, vectors
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must not only be orthogonal but srthonormal, i.e., ui u, = §8,.. The

[
[ N
o

regquiremsnt that they also Le unit vectors can bhe eacily saticiied if

12

B = I In (B2). Thus, if tke rays T alyse el a0 chosen as orthiyponal

and B = I, then M is an identity matrix, and therercre a diagonal watrix.




APPENDIX C
Method of Computing Eigzenvectors and Eigenvalues

Although there are some specialized techniques for finding the
eigenvalues and eigenvectors of a real symmetric matrix; the method to
be cutlined here is composed of several basic numerical analysis methods
and has the advantage of being rather straight forward.

The first objective is to compute the coefficients of the
characteristic equation of the matrix M. For a characteristic equation
of the form
1l + n-2

a, A + .40 + a A+ a = 0, (c1)

n n-
AT+ oa, A 9 . -1

1
DeRusso, et al, [7] has presented the following recursive formula whereby

the coefficients of the equation can be computed.

i

1,
- 3{a,T,+T))

. 1
- 5{32Tl+alT2+T3)

oF

[N LRI )

1o}
1

Tk iz defined as the trace of Mk. The trace is the sum of the diagonal

elements of the matrix, and Mk

is the matrix M multiplied by itself
k times. '

The next step is to find the eigenvalues of (Cl). Since M is
real symmetric, all the roots of the characteristic equation (C1) will
be positive real [5]; thus, the Birge Vieta method [8] of finding real

roots of a polynomial can be employed. From an initial estimate, this

method converges upon a real rcot by the Newton Raphson [8] iterative
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method. The polynomial and its derivative are evaluated by synthetic
division. As each root is found the order of the polynomial is reduced.
After the eigenvalues are determined, the eigenvectors can be solved

by the equation

(¥ - AIle=0 c3)
Since the eigenvector e is not unique, the element e, will be set equal
to unity; thus, equation (C3) becomes

(mll—x)e +m, e+, . tm 0

1t™12%9 1,n-1%n-1""10"
(cu)

m el+(m

22~A)82+. * . +m

21 2,n_1en~l+m2n:0

o * 00 “ e s e

e +.0.+{m 0

M-1,1%1 n—l,n—l-k)en*l+mn—l,n:
mnlel+an2e2+...+mn’n_len_l+(mnn—x)=0.
Thus we now have n equations in n-1 unknowns.
For the eigenvalue, XA, the corresponding eigenvectors can be
obtained by the following steps:
1) Subtract A from the diagonal elements of matrix M.
2) Reverse the sign of the elements in the nth column.
3) Choose n-1 rows of the matrix.
4) Perform a Gauss-Jordan [8] reduction on the (n-1l)xm
resulting matrix.
The solution for the first n-1 elements of the eigenvector will be the
n-1 elements of the nth column of the reduced matrix. Hence, if the

. * ()
elements of the reduced matrix are denoted as mij’ the eigenvector

solution will be




e = |, . (c5)

m
n-l,n

1.0

In rare instances, the element e, will be zero. In this case,
setting e = 1.0 will result in no solution when the Gauss-Jordan
reduction is performed. If this should happen, a different element,
rey should be set equal to unity. Then perform the steps of the above
procedure with the exception that, at step 2, the ith and nth columns
of the matrix will be interchanged before the signs of the nth column
are reversed.' Now the solution for the eigenvector will contain a one
in the ith element. However, if no solution can be obtained regardless
of which element is set equal to unity, the characteristic equation

has a root which has a multiplicity greater than one.




APPERDIX D
Steps in Evaluaﬁ%p? the Subgoal

Apply jth feedback vectory
uCe;)=kix(t,) <=

Vi

i=i41

V4

Measure state vector at
t’
i

v

Is angle betwee
x(t.) and x(ti—T)
less than 8?

4; yes

Apply linear control law
- t
u(t;) = k'x(t,)

!

Measure state vector at

t, ¢ T

2/

36

no




x'(ti+T)Rx(ti+T)+u2(ti)
Sszssj--l+ x'(ﬁan(ti)

!

first
measurement
of subgoal?

J7yes

X(ti)x'(ti)
M=ty TG

)
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TABLE 1

Powell's method [4] used to minimize subgoal with
initial directions along the coordinate axes.

Rays

# subgoal

Final Gains

ry r, Angle measurements # searches kl k2
1,0 0,1 90° 6 2 ~0.03334 ~0.3333
;2 =2,1 9¢° "6 2 ~-0,03333 -0.3333
1,0 1,2 63.4° 18 6 ~-0.03333 -0.3333
1,2 2,1 36.9° 18 6 «0,03325 -0.333y4
1,1 1,0.6 13.9° 18 | 6 -0.03209 -0.3349
1,1 1,0.7 .l0.0° 18 i 6 -0.04911  -0.3143
1,1 1,0.8 6.3° 18 6 0.12810 -0.5147
1,0 10,1 5.7¢ 18 6 -0.03333 ~0,3333
1,0 40,1 1.4° 18 6 ~0.03333 -0.3331
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TABLE 3
Third-Order Example Errop
6  Num. of Sampling Gain Vectors -5 "
Searches Perlods kl : k2 ka 8 x 10
0.1° 3 154 . ~0.2995 | -0.3500 ~-0.05020 0.065
0.2° 3 1u5 +0.2995 - -~0.3500 ~0.05020 0.063
0.3¢ 3 136 ~0,2999 ~0.3499 ~0.05032 0.144
0.u° 5 227 -0.3023 ~-0.3512 -0.04361 0.452
0.5¢ 5 220 -0.3030 -0.3517 -0.05077 1.21
0.7° 5 215 -0,3031 ~0.3515 ~-0.05087 l.41
1.00 8 336 -0.3004 -0.3007  -0.04826 0.7%
2.0° 11 439 ~0.2974 -0,3377 —0.65975 131.0




