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Abstract

Accelerated procedures for compubing oplimul controls for a Murkov chain
model are discussed, and numerical resulls are presented. For the example,
one of the methods described gave a 10 Told decrease in computation time over

a more uszusl procedure of dynamiec programming,

the staée space S = (O,]:,.,.,N), with Lrunsition probLabilities [pij(ui)},
where the control uy takes valucs in a set Ui’ State 0 is a target
state, and it can be assumed to be absorbing (pOO(uO) = 1), since, for the
problem of the psper, control terminates when the target set is reached,
et w ='(ul,,.,.,u'N) denote a control vector; i.e., if u is used and
X, =1, then u(Xn) = u;. Define k(O,uO) = 0. The cost (1) of atiaining

the target is to be minimized over v,
- v L
(1) . V(wi) = B T k(X ,u(X)),
Q

where E‘: is the expectation given that xO =31 and that u is always
used.
Control problems on Markov chains arlse in numerous ways in control and

operations research, They also arise, when one seeks to solve by Tinite dif-

ference methods the non~linear partial differential cost equation which arises

in the optimal control of continuous time diffusion models (see [1] for the
construction). In the latter case, N is usually large, perhaps many thous-
and. This paper discusses accelerated and convenient computational methods
for computing the optimal control u = (Gl"""GN) end minimal cost V, =
inf V{ugi).

u Define the matrix R(u) = (pij(ui); i,5 = Lye..,N), the transition

matriz with stste O deleted. Define the column vectors V(u) =

(Vw3 1), 0ee, V(w3di)), V = (vl,...,vN), X(w) = (k(l,ul),...,,k(N,uN)). Under

ok




satis®fy p(m(u) Z2e>0 forall nelU x,.,.U

(C1) end (02) velow, the least cost and opbimal control satisfy

(2) A m:;n [jzlpla(ul)va + k(l v)] = 7 Plg(ul)VJ + k(i,'il)
X

or, in vector form

(3) Vv = m!iln[R(u)VJ«K(u)] = 3(3)\7 + K(%).
Also, for ezny fixed control vector wu,

(L) v(n) = R‘(u)V(u) + ¥(w).

(€1} xn(i,0) ana Pij(a) are continuous for each i,j and o in the
compact set Ui'

(C2) There is an € >0 so that the N step transition probabilities
e end all i,

(C2) can be weakened, but it is quite often satisfied by problems, such
as the bumericel example, which are derived from diffusion models, It states
that for any fixed control policy, the target can eventually be reached, since
if p(iz)(u) >0 for some mn, then (C2) holds for n = N.

In zddition to the methods discussed here, there is the ‘*iteration (or
approzirztien) in policy spasce' method, However, at lezst for the type of
Markev rrotler:z which sre defived as discretizations of continuous tine

problezz, it sionmz Lo be inferior to the methods compared in this paper.

(5 v

2, Tterative Methods for the-Solution of {2)--(3).

The backward iterative procedure of dynemic programming (henceforth ref-
erred to as the Jacobi procedure, owing to the analogy to the Jacobi pro-

cedure for solving lincar eguations [2]) is

min{R(u)v“ + X(w)] = ROV + x(uD)

1

V{”’l =nun[ Zp. (u )V + k(i, u )]
i 3=1 ij
. n . s
(where Vn is the colum vector (Vl,.“,VSU‘, and converges to V for any VO.

In [1], it was shown that the Gauss-Seidel or successive substitution procedure
i-1 N
(6 vl min{ T p, (u, )VY.H'l + Zop, (v )V + k(i,u.))
i a j=1 M 1775 j=1 13 i3 i

converges at least as fast as’ (5). Experience indicates thet (6) is gen-
erally far superior to (5).
According to [1] (to which the reader is referred for more details),

(6) can be written as

N
(6a) V{Hl =min L qi.(u}Vt.I + X(i,n)
=1 *J J
u, J=1
i
or, in vector form,
(60) VL panfe(av® » K(w)) = o)V + BB
U
*u"  is used to denote Lae rdr ing control st the ntn iteration, for =1l

rocedures., The valuss zay, of course, te ¢ifferent for different procedures
2 2 ; -~ s

and differcnt initizl values VO




where
i-1
= . . . z i1
955w = p5(n)) + kleplk(ul)qk‘.’(u) Jzi
ii} (
= p.. (udg .(a) lsi<i
k=1 1KLYk ]
(6c)
= pij(ui) for i =1

i~
K(i,0) = Z o, (0 )K(3,0) « K(,u,).
g=1 M

Q(u) is the transition matrix for a Markov chain {¥,} (add qoo(u) =1,

N

=1 - 2

4w &
for each fixed control; this is the clue to the preferability of (6) over (5).

1e is absorbed at ¢ faster than {X },
qij(u))- Indeed, (Y} X,

In (6), the ordering of the states is important, in that a judicious ordering

can greatly improve the convergence., See [1], [3], for a discussion of prefer-
able orderings.
Most useful state orderings have the property (sec Theorem 2 [1])
N
(u,) s1-¢e <1
(c3) ?pl‘] ,)

pij(u) >0 for some 1 s j(i,u) <i-1 (for i >1)

pij(u) >0 for some §(i,u) > 1.

(C3) guzrantees (C2), 2nd stales that state

1 is zlways coanceted to stzte 0,

stzte i is always conncetid to soie slate lelow i, «nd to some slato

(63) is used (11)to show thut v} is

s absorbed at ¢
' faster' than {Xn}.

u, [1)

than the target.

Note, for futurc refercnce, that under (C3),

N N
= I - - ¢ -
1 qio(u) Elqij(u) < ji:lpij(ui) 1 pio\ui), i>1

{7

4w = Piplny) >o0.

} 2. Accelerated Procedures
|

Next, the accelerated procedures are defined, Iet Q dencte 2 dig-
gonal matrix whose ith diagonal entry is Wy, @ Z 1. The accelerated
Raalail S

Jacobi (AJ) procedure is

(8) v+ g minlR(0)V" + K(w)] + (1-0)v"
u

= min[R(u)v" + aK(u))
u

E(w = oR(uw) + 1-0,

The semi-accelerated Gauss~Seidel (SAGS) procedure is

i-1 N
on N o~n n
(9) Vi=minl 2p ()W 4+ Tp L )VE + K(i,u,)]
u g=1 3873773 jui 310 st
VI L 0Ty (Lew )R
i Ty @3 V5e

so-8eidel procedure (AGS) is )

R,

w

obhier

for any




e

i 1
6
N i-1 el );l " K(i,00] for some Qﬂ(u) il Kﬂ(u); (3&.2(-‘; isnol wsually a transition matrix or
nrlo in [ -2 po {w )V, 4 aopofudv, o+ k(i
(10) Vo = @ mllln [jilpia(ul) 5 ]--.i}“( Y5 *% even part of onc.

x
+ (1w ) V5 Upon setting u” =%, (5), (6), (9), (10) hold for V" o y™ = v the

F

optimal cost,

; elerated! ‘a complete cycle, while (10) is 'accelerated’ at o
{9) is 'accelerated' after a comp. yele, { 3. Acceleration in the Linear Troblem, As uscful background, consider a

~ e 7 cle, he term faccelerated' is taken from analogouns pre- . ‘
each step with a cycle, The tern linear problem, Suppose that the spectral vadius p(A) of A, is lcss than

) ating the convergence of iterative methods Tor linear
cedures for accelerating the & one, and we seek to solve the vector system X = AX+b, The Jacobi iteration
equations (2], [¥1. is X - X, the Gauss-Seidel is

FPor judicious choices of parameters {see numericzl results where @ = al,

N

5 shich i ferable to (5), (6) =nd (8). i-1

for a scalar ), (10) is preferable to (9) ehich is prefera )s . X§+l = I a5 J+l + L 2 5%5 + by
Some mild experimentation yields useful values of (. Usually, in practice the J=1 J=

N i i i,u.). For a fixed Q, N a“qn A ~n
same problem is solved many times with varying costs k( »9) or equivalently x°'% = Axn-t-b, where A,b  are caleulated by the rules (6e),

i e bss e useful values of 0 oa
the convergence secms independent of the costsy henc then p(ﬁ) ¢ o(4). The sccelorates seons oo 1

one run should be useful for other runs. Using (6c), (9) can be written as

s (o s (1-0))%" + ob = 5% + ov.

(92) Ve miun[Q(u)Vn + )+ (207 Let Q = wl. Clearly, the eigenvalues of A are wx+(1-w), where 3 are the
= min[ (7Q{u) + (I—Q))Vn + R(w)]. i eigenvalues of A. For -suitable , o(%) < o(A) and similerly for the Gauss-
u Seidel procedure (see [2], [4]).
Similarly, (10) can be written as . Unfortdnately, the concept of spectral radius does not apply to the non-
linear iterations,and the anolysis of the non-linear procedures for the con-
(108 le = mintQﬁ(u)Vn + Ka(u)] .trol problem uses a max norm, rather than a norm skin to the spectral radiue,
: u

and the o or 0 estimztes are very conservative,

[

Q(u V" + K (u"),

b, Anzlysis of the Honlincar Ttersiicn:

B




Theorem 1., Write (AJ, SAGS, AGS, roup,)

(11a) Vo= [QR{RW) + (I-0)]v + ox(1)
(21b) v o= [0a(T) + (1-0)]v + oX(T)
(Jch) V= Qﬂ(a‘)v + KQ(GL,

If the spectral radius of 2 matrix multiplying V on a right side of (11)

are less than unity, then

. n
llmnsup Vi B Vi

for that procedure.
Proof. Only (11b) will be treated, Write G(u) = 0g(u) + (I-Q), and

v = AEV k(W s YuMv + ax(u®)

VL PV ¢ k(WD) 5 3DV + ak(T).

Then
(12) D = B, 50 (v0-v) = B (P s vV o vs
IR = (FE IOV

)

D = (Dyy..e,Py

T . L oseman
Phe theorem follo:z, since p{ofu)) <1 dmplies that [Aw)] -0. ©.ED.

Wext convergence of v will be discussed via a method that is anaioaous
to that used for a general non-linear problem ir [4], Chapter 7.3, To analyze
the lower bownd in (12), we are unfortunutely forced %o use a max norm, ‘and
seck conditions urder which max lel s (l»b)m%x lV?-Vj( for some & > 0.

Under (C1),(C2) or (€1), (Cﬁ),afor 0 =1, Yu) = au”) and QuM)...q(u®) -0
as n — e, and similarly for the Jacobi procedure,
h

Proceeding (see (9a))$ and noting that the sums of the i row elements
of 9Q(u") + (I-Q) are less than {1—ui(l—qii(un))l+ w; z qij(un),
3
n PV imas! v
|Dj| s [‘l"aﬁ(l'qii(u N} o+ miji;qij(d ))m;A,Jk VK[.

Thus, there is convergence for any w; for which

2

(13) 18w < = =
1-qg; () + X gg (w0)
iF3

for all u. But, by (C1), (C3) (see (7)), the suprema of the denomenator of
(13) is less than 2...Thus there is an interval of convergence which contains

more than the point w = 1. . Numerical experience suggests that this interval

is very conservative. Thus, trial and error is required to determine the use-

ful ;.

Similarly, for the AJ procedure, if

(1) sup[1 - pii(ui) + 'Z_pij(ui)] < 2.

< i
I.'P.l 3

The intervzl of convergence contains meore than W = 1. We have not sucecded

in tresting AGS (except under the restrictive condition (14)), which, in
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fact, compututional experience indicates is the best of all the neeclerated

procedures, Theorem 1 suggests thal the aeecelerated procedures may weil con- of Figurc 1. (Scc tl] for details). The targel nodes correspond o state O,
verge for all ©  for which the speetrul redii of the mutrices in (11} are less : The general form for the cost equations (for the approximating chain) are, of
than unity, Numerical experience alse suggests this, since, for such 9, no sub- course
- . =%
] sequence of the Vl: can tend $o "4, We huve not been successful in exploiting
| I ) ‘ . o N
RS Y this fach, , : ' S S ’ v, =min [ Zp (V. + K(1)],
. N o s ‘ i 5 iJ d
5 : : - lal =2 3=1
S 5. Numerical Comparisons, Lo - i _
i . - o N N . . 3 ther than
A Continuous Time Problem, Consider the following continuous time problem. T - for a suitable pij(~) and k(+), where 1 ranges over the nodes {other
Write 177" the target) in Figure 1.

More particularly, let - x = (xl’ x2) be a nodal point, and let e, de-

(15) ¥ = uso . O ; - + 4
/ Y " note the unit vector in the ith coordinate divection. Thus x ~ eih is

Wwhere w is a control, |u] £ 1 and & is 'white Gaussien noise’, A state . : ) also a nodal point, for x iunternal in the box. For x internal in the box, and
. oo 2. R s . R de i in Fig. 1
variabilization of (15), in It8 stochastic differential equation form, is 8 ¢ “>h (write v, for V,, where x is the cartesian cogrdlnate of node i in Fig
bl x| /@ 0
. V. = min v n * Voee.h
ax, = x,dt ¥ qals1 | 2 o ¥ nixyl/a
(16) 1z
dx, = udt + odz, (an 2 2
g 3’.‘3) + v (f’_ L by b
* Vx+e2h(_2—g: *3q x-e,h'2Q 297 T Q
where Zy is a Wiener process. The object of the control is Lo drive tne : 3 ’
state x " to the internal line in the box in Figure 1, in minimum average where Q = ,,2 + 1 "21 . 'The upper entries in the brackets pertain when x, % 0,
time, Tke process is confined to the box, and, upon reaching the boundary, the lower otherwise, A similer equation can be written for x on the outer
it is either reflected in, or moves along the boundary, each with a prob- boundary., The chain satisfies (C1), (C2) and, for e suitable ordering (C3).

«bility which is consistent with the dynamics internal to the box; there is In particular the ordering in Figure 2 was wsed, Also, we set O = al.

also a cost {1.5 » time) associated with movement on the boundary. The bouni- The numerical results are described by Figures 3> and 1&, where the error

ary properties are not too important here, since we are interested here only

in 2 comparison betucen different computational technigues. E=L \\I;1 - Vil
i

An approximating problem on z Markov chsin, Using the method of [1] for

this problem, gives sp approzimating probler on a Markov chain on the nodes

‘is plotted wvs, the iterztion nusber n - on 2z semi-1Cg scale, Figure %
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plots the results for AGS, €S, and J.‘ AJ  diverged for all « which we
tried, In other, simpler problems AJ did not diverge for some values of w,
but was not as good as the forms of the GS. For the AGS, the performance
deteriorated rapidly as w increased beyond 1.k, this being really the best
value., The I/D notations give the number of iterations required per signifi-
cent diglt improvement in precision. Figure 4 plots the SAGS which, while
better than J and G.S., is not as good as the best AGS, Note that the
best w for the S8AGS is larger than the bgst w for the AGS,

The AGS procedure is clearly superior. This was somewhat expected
at the terminal stages, wﬁen, assuming that the control converged, the linear
system behavior prevails. Even there it is not really obvious, since the
for which the éontrol con%/erged, coulq be poor w for the asymptotic (or
linear) part of the iteration. WNote, however, that the runs on Fig, 3 which
are better asymptotically are alsé better initially - right from the beginning.

The best AGS gave a 10 fold reduction in computation over the J

(which is the usval backward iteration procedure of dynamic programning) and
a four fold improvement over the ordinary GS, the procedure of [1].

It is aiso apparant that the range of @ for which the result of Section
(%) guarantees convergence of SAGS is grossly underestimated.

Let U denote the optimal control. Some interesting properties of the
accelerated procedures can be ‘seen by comparing their errors to the errors
for the linear procedures (18) {AGS) and (19) (SAGS) for computing the least

cost when U 1is given

i-1 N
(18) v“iu - u{j}_:lpij(ai)vgd s j?ipij(ﬁi)\l? + X(1,9)] * (1-0)V;

i-1 N
\ “no ~ N
(19 v = [jElPiJ(‘li-)v;i + J)i,ipij(ui)vj 4 k(l,ui)]

n+l - N
LR A (l—m)Vl;.

Theorem 1.proved that for all w for vhich (18) (or (19)) converges,

the ‘iterates (10) (or (9)) are bounded from above {for w = w) . A compari-

son of Figures 5‘ and 5 suggests that (10) comverges for all w for which (18
converges, and that the « vhich are preferable for (18) are also preferzble
for (10) {for o« = mi). The asympt;.vtic rates {slopes) in Figures 3 and 5 are
the same, an expected result given that convergence occurs, for ultimately
uz = Ei' However, the asymptotically preferable « are also preferable for
all iterations - even before the sequeﬁce u: has converged.,

Next, compare the SAGS iteration (19) in Figure 6, with (9) (Figure
W, = w), Up te o= 1.6, Pigures b and 6 are similar, For o = 1.8, 1.9
the linear procedure (19) oscillates substantially before settling down,
Observe, in Figure 7, the oscillation in the spectral radius in this region,
This is typical for linear problems, See [2] for more information.
This is also true for the non-linear problem (9). ' It can still be said that,
for all runs taken, (9) converges for all (asi = @) for which (18) con-
verged. For o = 1.8, 1.9, the iteration (9) took much longer for the control
to converge, than for smaller values of «, But the initial behavior of (19)
for these w is not as smooth as for smaller o, and it is still possible
that the o which are best for (19) for moderate values of n, are best for
(9) for wodzrzte values of n, but a precise analysis has eluded us.

L graohic illustration of the zdvantage of aceeleration is given in

Figure 7, whers ithe spectral radii of the linesr operators in (18), (19) are

plotted vs,u.
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Conelusions

Accelerated procedures for computing optimal controls for a Markov chain
model are discussed, and numerical results are presented. For the example,
one of the methods described gave a 10 fold decrease in computation time over

2 more usuul procedure of dynamic programming.
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