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Direct Calculation of Second-Order Density Matrix

*
I. Theory of the Green's Function Tethnique

by

Jack Simonc.Jr
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University of Wisconsin
Madison, Wisconsin 53706

ABSTRACT

We present a method for directly determining the second-order
density matrix of a system of particles with pairwise additive inter-
actions. The result is obtained as a contour integral involving the
two—paiticle Green's function. The random phase approximation is
made and the evaluation of the Green's function is reduced to a simple
matrix problem. An outline of the computational method is presented,

and possible applications are discussed.

=

-~

=/

|

™0
o
~3
W
S

g_u_—m:ngm—mf (THRU)
g i;ﬁm géiff
§ S%uac;;;lx;gLApiuuu uf%;Z;h

This research was supported by the National Aeronautics and Space
Administratfon Grant NGL 50-002-001.

NSF Graduate Fe.low.



I. Introduction

In this paper we show how to obtain directly the second-order
density matrix of a system of pairwise interacting Fermi particles.

We employ the Green's function method, which has recently1 been used to
calculate the first-order density matrix of the helium atom. The im-

portant advantage of this technique is that it permits the direct cal-

culation of reduced quantities; it does not reguire the calculatio§

of the N-particle wave function.

In Sec. II we demonstrate the connection between the two-particle
Green's function )87 and the second-order density matrix ['. The usual
time-dependent perturbation treatment of the wave function and an intro-
duction to the use of diagrams is presented in Sec. III. In Sec. IV
we use Green's function diagrams to derive an exact integral equation
for.é’ . Approximations to the so=-called irreducible vertex potential
are also introduced. We obtain a matrix equation for the Green's
function in Sec. V using the random phase approximation to the ir-
reducible vertex potential. The second-order density matrix is then
obtained from ;2’ by performing a contour integral. One contribution
to this integral is evaluated analytically, but there remains a con-
tribution which must be done numerically. Finally we discuss the

application of these methods to problems of interest.

II. Second-Order Density Matrix and Two-Particle Green's Function

The two-particle propogator (Green's function) ,éf corresponding

to the state vector |§> is written in the Heisenberg representation as

follows:
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where L"; and le are Fennion2 field creation and annihilation opera-
tors respectively, T 1is the time ordering operator, and the integers
1, 2, 3, 4, refer to space-spin coordinates. The fact that )é]/ depends
only on the difference t-t' can be seen easily by recalling that we
are in the Heisenberg picture (thus the subscript H ). The denominator
of Eq. (II.1) is included so that we can obtain a linked diagram ex-
pansion for ;H . This will b‘ecome clear in Sec. IV.

The second-order density matrix /'7 belonging to the state vector

|f > is given in second-quantization notation by

[(1z,)'2")= 591 (lbt:("ﬁ sbf:-(z/t/%(zt) ¢ﬁ(’t>l-(p>n (11.2)
25]1 )< —_— ° ]
T, |

Thus we find that we can express [ in terms of;y :

.

F(’/Z/ /,’z'/—“ -t&fjd C/,z,/jz‘/t—tQ) (11.3)

where the antisymmetry of T and,‘d3 has been used, and the limit is
taken as t' approaches t from above (t' > t). The minus sign is
due to the presence of the time ordering operator T .

In the following sections, we will obtain an expression not for

aa(t—t') but rather for its fourier transform:b(E) defined in the

following equation: ! .
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With this, Eq. (IIL.3) becomes

: 4 RUET ‘
[ ¢z, 0527 == 277'«&"”! g.e ./d(’/ 2 3/‘7/5)0/5. (I.IfS)

This integral can be evaluated as a contour integral in the upper half
complex E plane (Fig. I). The upper half plane is chosen so that the

Figure I. Contour 1

R»e0
X X\ X x ==
rd =
X X X X
: -T7(ImE) '
integral over the arc vanishes due to the factor e . We will :

see later chat;éf(E) has poles both zbove the real axis to the left of

the imaginary axis, and below the real axis to the right of the imaginary

—

axis, as is shown in Fig. (I). Because the integral about contour 1 is

difficult to do, we choose instead the contour shown in Fig. (II).

Both contour 1 and contour 2 enclose the same poles ofuJ/(E) and so
they lead to the same result when substituted into Eq. (II.5). We

choose the Coulson contour because the integral over the arc

i® 7

(E=Re , 7 5919% ) can be done analytically and the integral
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Figure L1, Coulson Contout

along the imaginary axis can be handled conveniently by standard
numerical techniques.

Therefore we reduce the problem of calculating the second-order
density matrix [ to that of finding an expression for,éy(E) and rhen

evaluating the contour integral'

3
r'((;?-, el = /Z{«m SJ(/, 2/ &e j A7e £ a/&’
TR
a

R
-R

(11.6)

The evaluation of these two integrals will he treated in Sec. IV.



11I1. Time-dependent Perturbation Expansion of |y > and Diagrams

We assume that the hamiltonian of our system is written as

R - | 21
Het) =R +e V (11I.1a)

where H° is a sum of one-particle hamiltonians (perhaps Hartree-Fock

or hydrogenic), and V 1is a two-particle time-independent perturbation:
N

H°:2:: 4 i)

-
-

N , |
V= Z:' Vu;j) : (III.1b)
-4‘3
=

We also assume that we know the eigenfunctions of h , and thus of .

The time-dependent Schrodinger equation is written as follows:

) - o B |

However, the problem is not yet completely specified. We must also
stipulate the state vector lw > at some time. Therefore we decide that

at t = - o, IW > 1is given by some eigenfunction of H® s

l@({:=-aq>= | 3) (111.3)

where

Ho \§> = Eo I§> - (T11.4)




The vector |$ > will usually be some Slater determinant of spin-orbitals
which are eigenfunctions of h .

[ v )
To write the Schrodinger equation in a more useful form, we trans-

form to the interaction representation. This is done by defining new
state vectors and operators as follows:

4
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IT(II%:: e {_}P()‘/} (II1.5a)

o k1% =L \g®
- X Al -;HA- %‘“*

\élk) T e e Ve (1I1.5b)
: ﬁ; O . =4 Yo
o " H io ‘% H j o
He(} = € H e = H (I11.5¢c)

The Schrodinger equation and its boundary condition in this representa-

tion now become

3k % 1Peo ) = Vo 1Dy,

{I11.5)

’T(*-'-—oo)):t = | B> .

This is equivalent to the following integral equation

‘Q(ﬂ),_. = |2 - ‘“1',{‘\3-':1} Vr U‘t)lfp(ia)}r 5 (111.7)

which can be iterated to yield the usual perturbation expnression for

|¥ee) > }
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The time ordering operator T arises by recognizing the identity

A .*‘ Anv ¢ 4 A
,n.' Su‘s uz_- L o:}l\ \/J.U:) %(};}"” Vr (Xu} =&‘&L"'55“T\4(il)"‘ \-/1'04111.9)
-0 - . -

For convenience we write Eq. (II1.8) formally in the form

g, = Uzt -2 |
(l 1 U;)+ ulfu{_,,.ur‘"'f. ) ]§>) (111.10)

where we have made the (obvious) identification of terms in Eq. (II1I.8)
involving m-VI s with U(m). Because we are interested in obtzining
an eigenfunction of 1%+ V, we integrate from -« to 0 and we take
the adiabatic (o + 0) limit of the terms in Ey. (III.8).

It may seem that the introduction of the time ordering operator T
accomplished nothing, but as can be seen by reading any book on many-
body theory, its presence is essential to the use of Wick's theorem
and the techniques of Feynman diagtams.4

To illustrate the use of diagrams in expressing the terms given in

Eq. (I1I.8) we consider the first order contribution U(l)(O - =) |e >,

-



This can be written in second quantization notation as

o )

g oL # + o

~;‘t - 5@&(; 554|lecv%u},)%(ztl)%(zt,/ Gt )IBS . (I11.11)
-

Each field operator is written in the particle-hole picture as
+ + +
(-P : (}/ 3 F ‘P_

and each of the particle-hole operators is represented by a directed

line segment as in Fig. (Ili).

Figure III
/x:r

+
w+(xt) particle creation

+
¥ (xt) / XA hole annilillation
.w+(xt) /‘J- hole CI‘L;iltinn

q,_(x:) / xA particle aunnihilation

In these diagrams, time increases in the positive vertical direction.
Recalling that in the particle-hole picture the unperturbed vector

|§> becomes the vacuum state represented by |0 ., we find by using
Wick's theorem that the contributions to (III.11) can be written dia-

gramatically as in Fig. (IV).
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The wavy line represents V(1,2). The construction and use of such
diagréms is discussed in a number of texts,2 and so we will pursue it
no more here. In the next section we will use somewhat different
diagrams (Green's function diagrams) to derive an integral equation

for the exact two-particle Green's function.

1V. Evaluation of Two-Particle Green's Function

The expression given in Eq. (II.1l) for the exact two-particle
Green's funccion‘;éf can be rewritten in a form more amenable to cal-
culation by using the following relations between the Heisenberg and

interaction pictures:

l?>ﬂ = IS.DU‘—">1:= Op Co,~o |1 8) (1V.1a)
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and
‘7%(/1‘/ = (L (o, f_éz-(/t/ Ur (4o (1V. 1b)
/ *
(p/*(/zl‘) = U_z: (o,4) % vt Urldo (1V.1c)

These relations lead to the following expression for,é/ :

/-
L LB T U bt Liaio UARY P 18 Dbty Uit L)1 B :
ﬁ(llz‘B"/l-t"};) = 4’1 <§‘ u(% —@ l§> (IV.Z)

where the subscript (I) has been dropped for convenience.
The denominator in Eq. (IV.2) can be expressed as the sum of all

time integrated vacuum diagrams, some of which are shown in Fig. (V).

Figure V

| + GOt ED + Gund

IR LR ;

The numerator must be expressed in terms of the so called Green's
function diagrams. These diagrams are obtained by expanding as in
Eq. (II1.10) each of the three U's appearing in the numerator and
then using techniques similar to those used in writing the diagrams in
Fig. (1V). Some of the Green's furction diagrams are shown in

Fig. (VI).
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Figure VI
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In these diagrams all time orderings of t with respect to t and t'
are implied. Thus disconnected diagrams such as in c¢) and d) will factor
into their constituent parts. Then, for example, diagrams a) and c)

can be combined to give
I 2

£% Ow«é)(j }:)

I1f higher -:der diagrams were included in Fig. (VI), we ' .uld find that

much factorization of diagrams would occur and that the above result
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would generaliée to .
(14 G+ €+ o2 1875 <) ().

But this first factor is exactly what we wrote in Fig. (V) for the
denominator. This £ype of factorization occurs for all dis¢onnected
diagrams, and thus we can omit such diagrams fcom the list of Green's
function diagrams since'they'only.serve to cancel the denominator.
Diagrams a) and b) represent the unperturbed two-particle Green's
function.Ay ®. Each directed line segment represents and unperturBed

. 3 (o]
one-particle Green's function' (S

1, 4 o ’
Ij" = G (Ll/lt-t/j
q

and so diagrams a) and b) yield

»ﬂo(// 2,3 9/4-49= G a(/,_?/é-é’/é' V2,3 ¢-¢/ (1V.3)
- GM(/,;:, ¢-1Y Go(z,z £-E7-

Diagrams such as e) and f) convert the unperturbed C; i into the
exact one-particle Green's function é; + Therefore we can omit diagrams
in which the section containing the wavy line(s) is connected to only
one of the directed line segments if we now interpret directed line
segments to represent not C; ° but the exact G.

With these considerations we can write the essential diagrams which

contribute to ;{7 . Some of these are given in Fig. (VII).
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Figure VII
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To understand how these diagrams lead to an integral equation for JH

we have written them in slightly different form in Fig. (VIII).

Figure VIII

bEe X+ &b e g
4 )[%éj:u+2i3f-——

14 7

The box represents a generalized potential which is non-local in space
and time. We recognize that the sum of the diagrams which are attached
to the bottom of the box is identical to the sum of the Green's function
diagrams given in Fig. (VII). From this rather sketchy development we

now write the following integral equation for )éjz
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(1v.4)

where V', which is represented by the box in Fig. (VIII), is commonly
referred to as the irreducible vertex potential. We can think of V as
the potential describing the }nteraction between two particles moving in
the "sea" of the remaining particles.

The irreducible vertex potential can be evaluated to any desired

order by simply writing all Green's function diagrams of that order and

then identifying the contributions to V as that which multiplies the

factor
Glot-0 G5, e-8[Cavi=iCcr3iiey
— G (7354) 6% 42l

To see this we expand )<1 and V in a perturbation series and then write

Eq. (IV.4) in symbolic notation

= ,é’f“; ,{/m_f (li._. (1V.5a)

—_ — C¢) - T2
Vit a0 (1V. 5b)
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_,&(0/: [GG -GG . - (1v.5e)
: Q) — (1) . |
/\f = 566 V [66-G &) (1v.5d)

/\j() 56@ —cw”% j@é Vféé’ 6‘6:} (IV.5e)

7

56 &V m/j W‘—’fé 6'\70’;65 % [ GG -GS ] (1V.5¢)

etc.

(1)

Thus we see that we can identify v as that factor which multiplies

GG[GG-GG] in the first order diagrams; likewise V( )

is the factor mul--
tiplying GG[GG-GG] in the second order diagrams. This result can
obviously be generalized to higher orders. As an example, let us con-

sider the first order contribution to V :

' - - =, Cy P,
ﬂ“:j@({,c,t—t) Gz5¢-t)\ ¢s5,67,2 €-t7

[Gay, £52)G (8340 -G (33€29 G (8,5,¢- Z].(Iv.s)

From the first order diagrams we obtain

Lz

H . 357
7 3

tﬁf

™
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which equals

L § e 68 6Case-i/Vs-0) [G iy 9,8-t7 6 & 3i-er

~ B 3,i-t) G &i—y ).

Therefore, we identify V(l) as

\7("(5, a,?,e,f—i'/ =4 dF-E) It 546 IVIEZ6) . y.y

Higher order terms are calculated in a similar fashion.

In the next section we will develop Eq. (1V.4) in more detail by
using only the first order irreducible vertex potential given by
Eq. (IV.7). This approximation will Le referred to as the random phase

approximation (RPA).5

V. RPA in a Basis

Substituting the random phase approximation for the irreducible
vertex potential into the exact Eq. (IV.5), we arrive at the following

approximate equation

H2,3,9)4-21 = G(Lg,¢-¢7 GC23 €27 -~ G 3¢/

G(z/c// £t £ £ fG (Le¢¢) G(2,5¢-€& Vis—g)
(V.1)

V6, 5,3, 9/6-¢7 o5de It

We now assume that the fourier transform of the exact one-particle

Green's function is known and is given in the form:
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P .
GU4E = 2_;—:. 9t (E- E.:)JC{;(:) b, (4)

+Z Is (E E,) F, > <f> (4) (v.2)

S“ ,+/

+ -
where the g E , and Es are c-numbers with
v}

4
fd s Fu ta& (V.3a)
E, = L ~4 € (V. 3b)

The number P1 and the Greek and Romin subscripts are used in the sum-
mations to distinguish between those poles which lie above the real axis
(E;) and those which lie below (E;). The (not necessarily linearly

independent) functions ¢i are assumed to be expanded in some chosen

basis set of spin-orbitals § Xaf as

¢4‘ () = f C,c'a }/a a (V.4)
a=l

and Cia are assumed known.
The time-dependent one-particle Green's function can be obtained

by fourier transform from Eq. (V.2). This gives the following result:

G(//‘/,é-t:/ = @) (#-49 G (436727 OE“€) (3 (1y¢-¢7, (v.5)
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where we have defined

+ .
‘. 4 y - < Ex (4-4) '
- Goa,qe-¢9+ 'jfz ?d‘éc"/‘é“f’ < (V.6a)
. o= .
5 -055(k -4)
C;+ (07 t-t) = = ”? )

and ©(t) is the unit step ‘function..

With this, we can rewrite Eq. (V.1) as

,&(I l,')/y/t-t_’/ =@ A-17) [Gf (4g, e~€Y Gy(23¢27 =
Grly e~/ Gr (29,¢ ]t e[ G Ly e-ct G- (23t

- G. (13,¢é-¢Y G_(39¢6-¢7] + 4'j{e‘9u-t)

G+t (L6, € -€) Gy (2,5 ¢-) + O (44 G- (4¢,¢-E) G (U5 c*]

\(s-a) R (¢,534/F =) /€ /5TE

(v.7)
We fourier transform this equation to yield a more useful result:

Y3 00= (1-By) GlL2 3,98 +

JJG ,2,5,6/8) Vis-e) S, 53 7/2.‘/«/5'0/6 =
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where we have defined G(1,2,3,4|E) as the fourier transform of
G(l.a,c-c') G(2,3,t-t"). Let us now examine the permutation sym-

metry of factors in Eq. (V.8), remembering that,éf(l,2,3,4|E) is anti-

symmetric in variables (1,2) and (3,4).

First consider the integral term:

P“' SG (,2,561E) « Vis-6) (e, 53, y/E)S5 6
= S G (2,1, S;6/E < Vls-1) Y, 5,3 y/erd 6

) 5 GL285/E) 4 Vis—6) 6,539/ IS¢

- Seaysele < v (5 H(5 430/ Il

= = §G ey 5 erm < Vicel L e,539/Ed5¢C

(v.9)

We have used the fact that G(1,2,3,4|E) is the fourier transform of
the product G(1,4,t) G(2,3,t), and we recognized that the variables
(5,6) are dummy. Thus the integral term is antisymmetric in variables
(1,2) and (3,4). Therefore the first term in Eq. (V.8) must also be
antisymmetric in (1,2) and (3,4).

Hence we can expand Eq. (V.8) in the following basis of antisym-

metric functions:

[ab)c = r‘zl-‘ (7t Xotr - 26 03) Xpes) (V.10)
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This results in the matrix e~nation given below:

M
-
-»dab,‘d &) = Gau,J(E/—QZ}Gab,«g(ﬁ (‘//V/J"),J;@d(y,(v.n)
g4
-

We have made the following identifications:

M
"
Yoz per = 2 Zlay e t&) [0 [AT G (15,

asp
cék
=/
- C* *
Gab ct(B)= gsj,l- (E—E,—E;f) CSaCjb 4 C's&K
’ : S’,X=F,ﬂ )

i . ~ oo
_Z 9,,3,, (E- Ex-~ &t) Cya Cfb CPC‘ Sod  (V.12b)
o=t

and

A
(e4lvigh)= [l vau [ZaTnv - Kger Xy Judz. .10

Thus given any basis {Xa’ a= 1---M} an;:l the exact one-particle
Green's function as in Eq. (V.2), we can calculate the matrix elements
Gy cq(E) (for any E) and atividd. Za. (51D fs then & atapla
matrix equation which determines ,ﬁab’cd(s). We write this equation in

matrix form as

-
E)= (E) —~ (v.13)
e G- & & Y e,

from which it follows that

.4,'/(E) :[5-(’5) -fy]-',, (V.14)

This is the final expression for)U(E).
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Let us now return to the problem of evaluating the second-order
density matrix as discussed in section 11. Being careful to notice the
1/4 in Eq. (V.1l2a), we wiite the previous expresgion for I 'in

matrix notation as follows:

i
. il ©) o P
Iz wity tin} § o r RSt
R>@ T |
. . - (V.15) -
. ~J 15;7’Ck571-4 qu} ) ,
=R :
with 45 being defined by
M _ *
[(,2,,57)= 2; /% et Labley2) [€d1G3) (v.16)
: a
c(d:l

The evaluation of the arc integral can be done analytically by

noticing (see Eq. (V.12b)) that for large R we have

P

' Ee ¥ A
Ga& t (Re') = (ﬂeco) ,{5,, ,g‘ac’)’{ Csa Ciy Cte Csd
. Y =01

A . —
- ;E: ii.(éZﬁ <:1(n C:}ZA» (:F¢: C:ewc{/z

%P=1

. -/ '
(Q; sj gaé cel . (v.17)

Iy

This defines the matrix ’5. Therefore the arc integral reduces to




WMfy
‘e ’
[ave.™ =i Jo, JRB 1] R
- % Ppee
2
- -+,

This result is exact.
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(v.18)

To evaluate the integral along the imaginary axis we must resort

to the use of numerical integration techniques. However we should at

least write the integral in.a form which is most amenable to compucer

treatment. First we note that each term in § d(1y)

ab,c

factors of the form

= !
(ig-— Es-EX) = - (y’w— (E-s+Ex)) {Esf,e,puy),

Therefore we can write z(iy) as

where

G:;,ue vl =2 "Z s34 (1e4] (Y4 (EstED )

S, 4= f’m

2 )~
Cs«QbC,uC,C 4 Z__ 9<3p (ExtEp) (y*+ (Eutep))

“p>

¥
Cua Cpb C;<Cu¢& J

contains

(v.19)

(V.20a)
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and \
(& P o=l + ¥
ST N s gAY (y*+Ceseen)) Galie Cmo S5k
ao, c

SI *: "*l

7 et P
+Z Yxgs Y (Yzf(&cf%z)) Caa @b C pe Cant (v.200)

o=t

-1 into real and imaginz=. components
We also decomposeAE (iy) and:gy(iy) into

as

-
G(A-'a):I(az +4 L}(a/ - (V.21a)

and

1 (/ (V.21b)
/j{v;) = /j(g/ * 44@) :
P A
To determine T(y) and ‘H(y) we write
~
(v.22)

’ 4
(g(fia) ta NG'c;),/ (~773) 3.4 ,‘(..J(‘t?/) =l

in real and imaginary parts. This results in the following matrix

equations:
g ) ar s ——/ (V.23a)
Jey = [Cey+ Gy Gip G o]
and

-~
@ (w
9(3’ — § (3’§ ‘U’Ica) : (V.23b)
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Then knowing T(y) and W(y) we can write Eq. (V.14) as
~ -~

"- W
[Ic-o) + 4 Doy 4,\\{‘3 [%f(g) A gz;l)':) ::,!

which yields equations forﬂ(l)(y) and ,dz) (y):
P ~J

(V.24a)

, . -
A= [(Top+v)igw Teyv5 Ugi)

(z/ : - (i) (V.24b)
)= = (T el Qegr & o

Becéuse '(\;’(1)(y) is an even function of y (see Eq. (V.20a)) and
5(2)(37) is an odd function of y , it can easily be seen that:/a(l)(y)
is even in v and /{7‘2) (y) 1is odd in y . Therefore /éZ) (y) will
not contribute to the integral along the imaginary axis because we
integrate from -R to R . As a result of the above analysis we can

now write the imaginary axis integral as follows:

R

. i —‘
2 __LL;M 5 = (V.25)
,.,r:m‘ T fimes o[l-(a)-r},/ tU(y (]_,'(3/1,\{) gcaa ‘{3,)

where we have used the fact that %7(1) (y) is an even function of y .
This integral must be evaluated numerically.

To conclude our discussion of the calculation of density matrices
using Green's function techniques, let us outline the method for deter-
mining the second-order density matrix T .

1) We assume that we are given the one-particle Green's function as

in Eq. (V.2) as well as a set of basis functions ixa,a=l,2,"°MI.
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2) Form the matrix }3 from Eq. (V.17). The contribution to

from the arc integral is immediately written:

r ..l
aJarc 2'5 '

3) Calculate the matrix 18 defined in Eq. (V.12c).
4) Using Eqs. (V.20a) and (V.20b) evaluate _g(l)(y) and :3(2)(y)

for any y . This would arise in the numerical evaiuacion of

r .
“~axis

5) Use Eqs. (V.23) and (V.24) to obtain _2;1)(y). This too
~
arises in the evaluation of T .
~axis

6) Add ~£arc to ‘Eaxig to obtain the resulting [

" The results of such a calculetion will be presented in a paper
which will appear in the near future. Hopefully this method will prova
useful in calculating second-order density matrices of reasonable ac-
curacy for atomic systems. Certainly it represents a new and interest-
ing method which should be investigated a great deal more in future

years.

V. Conclusions

In this paper we have described in considerable detail the appli-
cation of Green's function techniques to the calculation of the second-
order density matrix of an interacting N-particle system. We derived an
integral equation for the two-particle Green's function,éy which was re-
duced, after making the random phase approximation, to a matrix equation.
We then obtained an expression for the density matrix I involving a

contour integral of_ﬂy . Evaluation of this integral was discussed.
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W

In a future paper will present the results of applying this method
to atomic systems. Although such calculations have never before been
carried out, we believe that these techniques will prove to be very
useful in atomic and molecular problems. The most appealing aspect of
Green's functions is that they provide a means of directly calculating
reduced quantities without ever having to obtain an N-particle wave
function. Certainly this reason alone is sufficient to justify further

research.
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