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Foreword

This volume contains the proceedings of the Fifth Annual NASA-
University Conference on Manual Control held on March 27,28 and 29,

1969, at the Massachusetts Institute of Technology, Cambridge,
Massachusetts. Some one hundred specialists from the United States,
Canada, Germany, and Holland attended the conference. The program was
divided into the following sessions: quasi-linear models, display systems,
optimal control methods, adaptive and discrete models, human performance
theory, neuromuscular models, monitoring, and applications. Both formal
and informal presentations were made; most of the formal papers are in-
cluded in this volume.
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I. QUASI-LINEAR MODELS




1. Identification of Human Operator Models by
Stochastic Approximation *
C.B. Neal T
Hughes Aircraft Company
G. A. Bekey
University of Southern California

ABSTRACT

This paper discusses the application of stochastic approximation to the
estimation of human operator model parameters. Both continuous and sampled-
data models are considered. Stochastic approximation was used successfully for
parameter estimates in both types of models. In the case of sampled data models,
all parameters, including the sampling interval, have been estimated.

I. INTRODUCTION AND BACKGROUND

Stochastic approximation is a recursive estimation procedure which can be
applied to the statistical problem of (1) finding the value of a parameter which
causes an mknown noisy regreagion fimotion ta talte an come nreaccioned value,
or (2) finding the value of a parameter which minimizes the unknown noisy regres-
sion function. Basic work on the former problem was done by Robbins and Monro
(ref. 1) and on the latter by Kiefer and Wolfowitz (ref. 2). Subsequently, applica-
tion and extension of the Kiefer and Wolfowitz work to the problems of system
modeling, data filtering, and data prediction have been done by Sakrison (refs. 3
and 4), Kushner (ref. 5), Gardner (ref. 6), Kirvaitis (ref. 7), Holmes
(refs. 8 and 9), Saridis and Stein (ref. 10), and others. In applying stochas-
tic approximation to the parameter estimation problem, Sakrison (ref. 11),
extended Dupac's (ref. 12) scalar parameter work in mathematical statistics
to the vector parameter case, and established conditions for mean-squared
convergence of model parameters to nonlinear system parameters. He
treated such error measures as error-squared, magnitude error, and error
to the fourth power. He gave, as an example, the design of a linear prediction
filter where the gain multipliers of k linearly independent stable, linear
transfer functions were obtained by stochastic approximation.

Kirvaitis (ref. 7) used model matching and stochastic approximation to
estimate the parameters of both linear and nonlinear differential equations from

*This research was supported in part by the National Aeronautics and Space Ad-
ministration under Grant No. NASA-NGR 05-018-022.

TThis work was done while the first author was attending the University of Southern
California on a North American-Rockwell Full Study Fellowship.



sampled sequences of noisy state measurements. Kushner (ref. 5) used a finite
memory model and obtained estimates of the parameters of linear time-varying
systems. He accounted for neglected parameters in the model as well as input
and output measurement noise, Holmes (ref. 8) represented the unknown system
by a discreie Vuilerra series expansion in terins of the forcing function and uun-
known kernel function and obtained estimates of the kernel function. In all the
above work it was required that state vector observation noise have zero mean
and finite variance. Further, the system parameters had to belong to a compact
convex set,

The work of Kirvaitis (ref. 7) is most closely related to the present work.
In addition to considering systems with sampling, we place restrictions on the
continuous portion of the sampled data system which give rise to equations and
inequalities;which he states as assumptions.

1L STATEMENT OF THE PROBLEM

Consider the problem of identifying the parameters of a sampled-data sys-
tem. The class of sampled-data systems considered here have continuous inputs
and outputs, with continuous, possibly nonlinear, dynamic elements within the
loop, together with error-sampling and data hold. We desire to obtain sufficient
conditions for mean-square convergence of a Kiefer-Wolfowitz stochastic approx-
imation algorithm for estimating all parameters of the sampled-data system,
including the sampling interval,

The continuous portion of the sampled-data system is described by

Ltz pou);  zt=0)=2, 8
where z is an n-dimensional vector, p is an h-dimensional vector of unknown
parameters, and u(t) is a scalar control vector. If we restrict the data hold
to zero order, then u(t) is piecewise constant, In general, ¢ may not be
known. Corresponding to the above sampled-data system, we formulate a
model of the system, with continuous dynamics given by

&z A~ A A A s
& =1z b, Wy 2=0)=¢, (2)

where the vectors have the same definitions and dimensions as in (1). We shall
assume that the form of the system is known as a priori. Thus /f\(°) and f(*)
are similar functions.

The model-matching parameter estimation configuration is given by
Figure 1, where the input r(t) is a scalar and the state vectors z(t) and E‘(t)
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Figure 1. Parameter estimation of a sampled-data system

by model adjustment.



are n-dimensional vectors with continuous components. Define the m-dimen-
sional parameter vectors of the sampled-data system and sampled-data
model by

’

x = {p,T, ) (3)
and

~ 4

=0, T,7 4)

respectively, where m < (2n + 1), where T and T are the sampling periods of
the sampled-data system and sampled-data model respectively, and where

( - ) indicates the transpose of a vector. Let the state observation vector of
the sampled-data system be given by

vit;x, r()) = a(t; x, r(t) + n, (1), (5)
where nl(t) is the vector of state observation noise. Further we define
e(ts x, %, r(t) = v (tx, r(1)) - 26X, (1), (6)

as the (random) error vector between observed system state vector and the
mode! state vector. In order to measure the validity of the model as a
representation of the system, we use an integral norm-squared error cost
function, which during the n-th cycle of iteration is given by

t + T
n
I, + it xR, /r(t) )= €t x, s, T(t) )W (X, r(t)) dt, ()

t
n

where W is a positive definite diagonal weighting matrix with positive terms,
and T is the fixed iteration interval, here taken to be much larger than our
initial estimate ('/I\‘ yof the sampling interval T.

We can now state the problems as follows: Given the system of (1) its
assumed mathematical model of equation (2), with f(-) functionally similar to
f(:), and the cost function of equation (7), determine conditions under which a
stochastic approximation procedure yields a model parameter vector %n which
becomes an optimum estimate of the system parameter vector x as the iteration
number n— .

III. A STOCHASTIC APPROXIMATION ALGORITHM

The Kiefer-Wolfowitz stochastic approximation algorithm is an iterative
procedure for finding the values of parameters which minimize an unknown




noisy regression function. Its application to the problem of the previous section
may be described as follows: During the n-th cycle of iteration (during the in-
terval t < t=< t, * 2mT) we perform the following steps:

{a) We perturb each of the m model parameters by 1ncrements(+)c »
thus obtalmng the 2 m scalar cost functions

t H{2i-1)7
i j . ~ i 2
Yool = lett;s, (x + e c ), x(t) l}w dt, i=1, 2,..., m, (8)
2(i-
and tn+ (i-1)

. tn‘]“21'r . 2
v | e x, (Beele ), r() I a, i=12 9
-~ t - 13 n; w ,1"‘,,...,1’1‘11()

t +(21 - 1)y

where the integrands are quadratic forms with the positive definite weighting
matrix W, and where e’ is the i th vector component of the m times m matrix
of natural basis vectors

0
1 2 m 01...0
e = Cy, €, v 4 o5 € Tl o 0 0 s (10)

Notice that equation (8) and (9) are random variables.

(b) Using the set of scalar cost function given by equations (8) and (9),
we construct the m-dimensional random vector defined by

1 1
Y 2n-1 ?I 2n+1l
- = N & (11)
y2n~l y2n+1 m

m
y-Zn—l - Yontl 3

(c) Successive estimates &\n of the m-dimensional parameter vector
x of the sampled-data system are now defined the sequence



r

=R 4aly -, )/ e 12
*ntl  Tn ‘1‘)}21’1--1 2n +1"" "n 12)

where each Qi (i=1, 2,...) is a random vector, and a_ and c A are sequences of
_ positive numbers defined as (refs. 11 and 12),

1/6
a =A/n, ¢ =C/n ’ (13)
n n

where A and C are positive constants, and n is the sequence of integers 1, 2,
3yees

Under appropriate restrictions on the functions f(.) and /f\(-), and on
the observation noise, mean-square convergence of %\n to x can be proved

(ref. 13).

IV. APPLICATION TO HUMAN TRACKING DATA

Consider now the application of the Kiefer-Wolfowitz stochastic approxi-
mation procedure described above to the problem of estimating the parameters
of a human operator model. Discretized data were obtained from a control
situation involving a human operator in a compensatory task as shown in
figure 2,

In particular the models and parameter estimates given by McRuer
will be used here as a basis for determining the relative advantages of stochastic
approximation in comparison with some of the other parameter estimation
models. The parameters which are to be estimated in this study depend on the
particular model chosen. Candidate models include: (1) sampler, data-hold,
and gain, (2) transport delay and gain, (3) sampler, data-hold, and gain, (4)
transport delay, gain, and lead-lag filter.

Data from actual human operator experiments were obtained from
Systems Technology, Incorporated, Hawthorne, California. Data for the four
variables shown inTable 1 were supplied in discretized form for coincident
sampling time points spaced 0. 05 second apart. The results of their human
operator experiments are summarized in Table 1.
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FIGURE 2. — Configuration of the experimental determination of the dynamic
characteristics of human operator (at Systems Technology, Inc.).




Table 2 furnishes the particular form of human operator model (Y, ) derived
by Systems Technology, Incorporated to correspond to a particular controlled

load (Yc).

Table 1. S.T.I. experiments and results.

Parameters of Functions of

Y Y Y

Y. T p pc

S.T.1. {sec)
Run Number ' TL(SeC) T (sec) urc':Kch Om(e)*
671129-09 | 0.1/s 0.270| o 3.1 44
01 | 1/s(s+2) 0.264] 0.5 0 4.2 24
-03 | 1/s(s+4) 0.250 | 0.25 0 4.2 6
-05 | 0.1/s% 0.333] >1 0 1.5 40
-07 0.1/s(s+1) | 0.384 1 0 2.8 12
-11 | 1/s? 0.330 | >1 0 4.0 11
-15 | 1/s? 0.345 | >1 0 3.3 20
.0

*crossover phase when Ych =1

Table 2. Human operator model (Yp).

Controlled Load

Human Operator

Dynamics (First Approximation Model)
(v ()
p
KC (TLs+1)e~TS
s Kp (TISH)
K
c LIy -7s
s(s+B) Kp (st TL)e
Kc 1, -78
-z K (s+:")e '~
SZ p TL

10




The tables are to be used together to provide a complete description of a model.
For example, for the controlled load dynamics 0.1/s, the first approximation
model is

T N

(rps + 1) g .27

Y = ey ¢ e as

S.T.I. has derived four models in order of increasing accuracy: the crossover
model, the first approximation model, the second approximation model, and the
precision model. They are tabulated in reference 14, It should be noted that
great care was exercised by the experimenters to insure that the input signal
was random appearing and Gaussian in character,.

The data for two of the four signal points of the human operator
compensatory tracking problem of Figure 2 were used in the modeling studies.
The studies were restricted to using the data for the load Y, =0.1/s. In order
that the results of this study realistically represent the most difficult modeling
situation, only the scalar input and scalar output variables i(kTq) and m(kTq)
were used.

V. STUDY PROCEDURES

The sequence of experiments was directed at obtaining a simple
optimal model of the unknown human operator from the candidate models of
Table 3. Steps in the sequence were as follows:

1. Use the 8. T.I. first order approximation model (equation (14)
and record the cost function obtained at the end of an iteration
interval. Use this number as a standard of comparison for
evaluating the relative merit of other human operator models.

2, Adju/s\t the parameters of the right side of (14), now written as /’f
and K., by stochastic approximation, to assess improvement in
the model as measured by the cost function of equation (7), here
represented by where Tj is the iteration interval.

i,,+’{i 1
- (15)
J ﬂ (e(1))%at, o

i

11
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Table 3. A comparison of various models of the human
operator in the tracking task of Figure 2.

Model of Hluman Operator
Controller

Optimal Paramcterg

Mindmum Cost
I

min

ko "0278 = s .1—.?8
(1) er Kp(,
(see note 1)
-8

(2) er
(see note 2)

@~ Jzomb k|-
T
(see note 3)

W o ke -
T

(sce note 4)

(5) e:r(-g“i)

s+p
(sec note 5)

= 27 second
= 31,0
p

7So-1)

= ,2351

?
K = 28.613
o

= ,2577
= 26,07

Fatiar

32

= 26,40
=0.29

IR

= 2873
= 31,369
=0,5759

e B L H

99,634

94,105

101,114

69,075

62,034

Note 1t This is tho S.T.Y. Model,

Note 2: This 1s §5,7.1. lModel after parameter adjustiment by stochastic

approximation,

Note 3: This ig the rampled-data model,
zero ovder data-hold.

The 2.0, ,H, refers to o

Notc 41 This 1s the sampled~data model with phase lead compzngation,

Noteo 5: This §s the 8.T.1. Model improved by phase lead,

Note 6: Paramcter valuss for models 2 through 5 were derived by
means of stochastic approximation,

12

e ege




w
.

Represent the human operator by the combination of
= ] L . Fa
sampler and zero-order data hold of period T. Adju

stochastic approximation. Reference Table 3.

El e
o+
[=
]
=D
5
o

4. Add linear lead-lag compensat}'\on,\s/(s+ﬁ)/\to the sampled-data model
of (3). Adjust the parameters T, K, and 8 by stochastic approxi-
mation,

5. Determine the effect of adding the lead- lag compensator of (4) to
the S.T.I. model, Adjust the parameters 7 Kp and B by stochastic
approximation.

It will be noted that the above experiments are quite simple. However,
this does not limit the generality of the method. The object here is to illustrate
the application of stochastic approximation to the problem of estimating the
parameters of a plant from actual operating data. If desired, the order and
complexity of the candidate model could be increased as long as the cost
function reflected a corresponding decrease after the application of the stochastic
adjustment techniques.

(a) Zero Mean Compensation of lput Signal

The adverse effect of a non-zero mean value of input signal on the con-
vergence rate and bias of the estimate of the sampling interval must be empha-
sized. In order to obtain an input signal i(t) with mean value substantially close
to zero, the running average of the sequence i(kT,) was obtained for each
k=1, 2,.... Then the smallest k was selected for which the running average
was substantially zero. This was termed k,. The iteration interval 7; was
then fixed at 7 =koTgq.

For the data of Table 1, and for Yo = 0.1/s, T i = 29.4 seconds. Natural-
ly, the particular 1(kTq) and m(kT ) sequences were fixed once T ; was chosen.
These same sequences were then used for each iteration of the adjustment
procedure. (The original S.T.I. data traces were 100 seconds in duration. )

(b) Initial Conditions of the Model

The printout of the selected time sequence m(kT,) from the card data
indicated that m(0) = 42.0. Both z1( = 42.0 as well as z3( = 0 were tried as
model initial conditions. The cost function was about 5 percent lower when
the former was used; hence, this value was used for all modeling experiments.
Actually, the initial conditions could also have been included in the parameter
vector of the model, with proportional increase in the computation time re-
quirements for sequence convergence.

13



VI. RESULTS OF MODE LING STUDIES

Table 3 shows the various models of the human operator controller

used in this sequence of experiments. The optimal values of the parameters

_are indicated, along with the resulting value of the cost function at the end of
the particular stochastic approximation iterative search sequence. The cost
function, equation (7), measures the fit of the model output to the tracking
.data. Specifically, the cost function was the integral squared error, where
the error is between noisy system and model, and T, is the iteration interval.
The adequacy of the different models can be compared by examining the values
of the cost function for a sufficiently large number of data samples.

(2) Discussion of the Modeling Results

Figure 3 s/\hows /she results of stochastic approximation adjustment
of the parameters Tand K, of the S. T.I. transport lag model. Note that
relatively stationary parameter values are achieved after only five iterations.

Controller Model

.3 - R e-ST
T . P
2 . Minimum Cost Function
At T =0.2323
ir K =28.754
P
0 ] 1 1 J n = 20
b] 5 10 15 20
Iterations, n
i/,
'JminT/G dt= 94,087
30, 0
2 e e e e e e e e . .
p
20F °
10+
(Run 6-30-2-1)
0 2 1 1 J
0 5 10 15 20

Iterations, n

: A . .
Figure 3 - Estimation of parameters £ and Kp by stochastic approximation
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Nl

The initial estimate of the parameter ﬁp was purposely chosen as very small
so that large trans1ent corrections would be induced in the estimation sequence
for both T and K and thereby expose local minima in the cost function if the
local minima existed. We conclude that local minima do not exist for the set

of parameter vectors here calculated because the set of parameters which
minimized the cost function have minimizing values which are close to those of
the S. T.I. model. Furthermore, the cost function is smaller than that realized
with the S. T.I. model for the data samples utilized.

Figure 4 shows the parameter estimates obtained when using the
sampled-data model of the human operator controller.

Figure 4 — Estimation of parameters 7 and R using stochastic approximation

Controller Model

—
P .. —/A—— Z.0.H.H K (—
. T
.2 - e . . ° . Minimum Cost At
K T =0.2577
.1 -
- R = 26.07
0 |- , , , | n = 37
0 10 20 30 40
Iterations, n
T.
i
2
J . = € dt = 101,114
min Jgy
30~
20
10F * (Ref. Run 7-1-1-1)
04 ! i )
0 10 20 30 40

Iterations, n

Qualitatively, the model appears to be poorer than the transport lag model as
judged by both the larger value of the minimum cost function and the rougher
appearance of the sequential parameter estimates. The minimum cost function
is about 7 percent larger than that obtained with the transport lag model of
Figure 3.

15



Figure 5 shows parameter estimates for the sampled-data model
with first-order linear lead-lag compensation. The sequence of the sequential
estimates of sampling interval is smoother than that of Figure 4. The cost
function is also about 6 percent lower than for the optimal transport lag model

of Figure 5.
.40
L T T T IR . ]
.2b )
0}. . . . L ,
0 10 20 30 40 50
50,. Iterations, n
K
25 R T R )
0* : 1 (R 1 )
0 10 20 30 40 50
5.0 Iterations, n
B
2.5
0 -q- .. AR SRR R R R R R,
0 10 20 30 40 50 n

Controller Model

—fzonl] 2L
T

Minimum Cost At
= 0.2604
=26.40

Ky

w

=0.29
=55

=]

T:

i
J . =/ 62 dt = 89,075
min Jg :

(Run 6-30-1-1)

A A A
Figure 5. Estimation of parameters T, K, 8 by stochastic approximation

Finally, Figure 6 shows the transport lag model with lead-lag com-
pensation, Clearly,this is a much better approximation than either of the
sampled-data models as evidenced by the smooth iteration sequences and
the fact that the cost function is about 30 percent smaller than for the better
of the sampled-data models. Compared with the original S. T.I. model, the
cost function is about 37 percent smaller, again, for the particular data

samples here chosen.
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4 Controiler Model
.

s . _ , o3 _&s
2 L s +8
0 Minimum Cost At
i - i 1 ! i
0 s .1 10 15 20 25 T =0.2873
50 ) Iterations, n 12 = 31.369
* 8 =0.5759

25

T

i
J . =f eZ dt = 62,034
min J0

0 5 10 15 20 25
5.0 . Iterations, n

r
5

. * (Run 7-1-2-1)
2.5
o ] 2 o 1 1 t
0 5 10 15 20 25 n

. . . A A
Figure 6. Estimation of T , ﬁ, and 8 by stochastic approximation

(b) The Choice of Time-Slice,

The results presented above suggest that the model obtained by
stochastic approximation fits human operator tracking data better than models
heretofore obtained by conventional spectral analysis methods for the particular
data samples used. However, it is also important to note that the data traces
i(kTq) and m(kTq) used for modeling were of 29.4 seconds duration, and were
chosen from the S. T.I. 240-second duration time traces (ref. 14). The parame-
ters of the S. T.1. model were based on data from the entire time interval,
while those of Table3 used a little over one-tenth of the data. It is quite
possible that the parameters that S. T.I. obtained represent an average model,
while our parameters represent the model for the particular subset of data
which we used. In order to examine any possible time-variation of the human
operator's behavior, stochastic approximation was applied to successive time
slices of data.

Figure 7 shows the results obtained when three different time slices
of data were used with Model No. 5. As indicated in the figure, the first 15
iterations were performed with the original 29.4 seconds of data. The next
10 iterations utilized 24.75 seconds of data (from 30.0 to 54.75 in the S.T.1.
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data). The final 10 iterations utilized 29 seconds of data (from 60.0 to 89.0
in the S. T.I. data). The dots show the resulting parameter values, while the
x's indicate parameter values obtained from 35 repeated iterations with the
data of Time Slice No. 1. It is evident that there is indeed some variation in
parameter values. Specifically, the value fB\ decreases to nearly 50 percent
of the value obtained with Time Slice No. 1.

Similar results were obtained with the sampled~data model (ref. 14)

VIL. CONCLUSIONS

So far as is known, this is the first study where estimates of the
various parameters of linear models of a human operator have been obtained
by stochastic approximation from off-line operating data.

In our work, no difficulty in obtaining convergence was experienced
when the complex human operator controller was represented by relatlvely
s1mp1e models. Furthermore, the optimal estimates of the parameters T
and R P’ estimated with the simple transport lag model, changed by only 24
percent and 8 percent, respectively, when the compensated transport lag
model was used instead of the simple transport lag model.

From the results of the study it is concluded that the human operator
controller is better represented by the transport lag model, with or without
linear lead-lag compensation, than it is by a comparable sampled-data model,

The relatively short data samples required for convergence of the
algorithm make it possible to apply stochastic approximation for the study of
adaptive and time-varying human operator behavior.
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2. Application of a Modified Fast Fourier Transform to Calculate
Human Operator Descrihing Function

Richard S. Shirley
Electronics Research Center

SUMMARY

A version of the fast Fourier transform (FFT) is used in a
hybrid computer program to permit processing of tracking data to
yield the human operator's describing function almost immediately
after the period of data-taking. The use of the FFT allows the
final calculation time required to process 216 seconds of track-
ing data to be reduced to 3 seconds from the 10 minutes previous-
ly required on the same computer. The algorithm used permits the
bulk of the analysis of the data to be performed while the data
are being taken, and does not require all the data to be present
in core before processing begins.

TABLE OF SYMBOLS

a the index of summation for the additive portion of
the FFT
Ay a constant which weights the sinusoids composing the

system input, see Table I

Axk the real part of the truncated Fourier transform of
x(t) at the frequency Wy s given by

T
f x(t) cos (wkt) dt
(o)

B the imaginary part of the truncated Fourier transform
xk :
of x(t) at the frequency w, » given by

T
f x(£) sin (w t) dt
O

c a subscript referring to the output of the human operator
at the ccntrol stick (see Figures 1 and 4)

c(nAt) the data samples taken at the human operator's output

21




e (nAt)
FFT

Fx(mk)

i (nAt)

Yc(w)

Yp(w)

an integer devisable by 4 used to determine the input
frequencies

a subscript referring to the input to the human operator
at the oscilloscope (see Figures 1 and 4)

the data samples taken at the human operator input
Fast Fourier Transform

the truncated Fourier transform of x(t) at the frequency
Wy s given by

T it
.[ x(t)e JWt g¢
(o)

a subscript used to denote frequencies between the input
frequencies, equal to 1, 2, 3,...

a subscript referring to the system input (see Figures 1
and 4) .

the system input equals
14
3. A, sin (w,nAt)
k=1 K k

the square root of -1.

a subscript used to denote the input frequencies, equal
to 1, 2, 3,...,14

the data samples taken at the system output

the index of summation for the multiplicative portion of
the FFT

the number of data samples taken, 10,800
the period of data-taking, equal to 216 seconds

the dynamics of the controlled element (see Figures 1
and 4)

the linear portion of the quasi-linear describing function
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(N/D, ) -1
Pk k

Yi (D /4) -1

At the time increment between interrupts, and hence the
time between data samples, equals .02 sec

Wy the frequencies of the sinusoids comprising the system.
input, see Table I

Wy frequencies between the wk's

¢. (w) the cross power spectral density between the human
operator's output and the system input

. (w) the cross power spectral density between the human
operator's input and the system input

¢ _(w) the continuous power spectral density of the human
operator's remnant

INTRODUCTION

Only recently have dynamic models of the human operator
been used effectively in the design of man-vehicle systems. This
is due partially to a lack of understanding of the human operator
and also to the difficulty and expense of experimentally deter-
mining values for the various parameters of existing models.
Improvements in computers and computational techniques are over-
coming these difficulties, and already it is possible to bring
about significant improvements in a man-vehicle system through
the use of pilot models in preliminary design (refs. 1 and 2).
This paper describes a computational technique which reduces
greatly the cost of obtaining values permitting the use of a
current pilot model, i.e., the quasi-linear describing function.

One way to characterize the behavior of a human operator
in a continuous tracking task is by a quasi-linear describing
function, which consists of a linear describing function and a
remnant. The linear describing function is the average frequency
response of the human operator, i.e., his amplitude ratio and
phase as a function of frequency. The remnant, characterized by
a continuous power spectral density, is that portion of the human
operator's output which is not linearly correlated with his in-
put. The total output of the human operator is the sum of the
remnant and the output of the linear describing function* (see
Figure 1).

*Examples of human operator describing functions are shown in
Figures 2 and 3.
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A direct way to measure describing functions in the labora-
tory involves the use of a hybrid computer and the method of
Fourier coefficients. The method of Fourier coefficients has been
extensively investigated and is described in detail (ref. 3). It
will be briefly outlined here for completeness. The human opera-
tor is placed in a control loop, possibly as shown in Figures 1
and 4. The system input, a sum of sinusoids of known amplitude,
phase, and frequency is updated every At seconds; simultaneously,
data are taken at the human operator's input and output. At the
end of T seconds, the sampled values of the human operator's in-
put and output are processed as follows:

X
A, = ?F'E: c(nAt) cos (wknAt) (1)
n=1
B, =SS Cinat) sin (w At) (2)
ck = -T—Z c(n sin K0
n=1
At &
A = ﬁngae(nAt) cos (wknAt) (3)
At I
By = i,—gle(nAt) sin (wknAt) (4)
Folop) = A - 3By (5)
Fe(wk) = Aek - jBek (6)
P (w,)
c 'k
= 7
AR 7
1 Bck -1 Bek

Y (w, ) = -tan ~ —= + tan - =X (8)
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Figure 4.- Flow diagram of the human operator in a compensatory
tracking system.
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T

2 2 '|1/2
A . +B
|¥p tup) | = [ k__ck (9)
,.Aek+ B kJ
1 2
Soc(op) = oa5 |Folay) | (10)
= 2
®an (0p) = Poo () [1+Y ¥ () (11)

where the w
the wk's.

This paper describes how a version of the fast Fourier
transform (FFT) is used to compute human operator describing
functions, or more specifically, how a version of the FFT is used
to solve Egs. (1) through (4), while the data samples, c(nAt) and
e(nAt), are being taken. The FFT is an algorithm which greatly
reduces the time required to calculate the truncated Fourier
transform, or periodogram, of a sampled time signal. The savings
are obtained by replacing calculations which involve trigonometric
functions or multiplications with simple additions. The replace-
ment is accomplished by taking advantage of the symmetries of the
sine and cosine functions, and by further taking advantage of
relationships between the frequencies at which the Fourier analy-
sis is performed.

k's are the input frequencies, and the wh's lie between

THE VERSION OF THE FFT USED

The version of the FFT used takes advantage only of the
symmetries of the sine and cosine functions. It does not take
advantage of the relationships among the frequencies at which
the Fourier analysis is performed. By not using the complete
version of the FFT, it becomes possible to perform the bulk of
the data-processing during the At seconds between interrupts
while the experiment is still in process. The requirement that
the data be in core before processing, or even that the data fit
in core, is avoided. The following derivation of the algorithm
used will make this point clearer. It should be noted that before
the FFT was used it was not possible to perform the calculations
between interrupts because the computation time required was over

~two and a half times greater than that which was available.
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It is desired to evaluate Egs. (1) through (4)
digital computer. In order to permit the use of the
input frequencies, wy s will be restricted to

where the Dy are chosen from 4, 8, 12, 16, etc. The
Fourier coefficients further reguires that the ratio
integer (where N is the number of data samples taken
At). The derivation for A,y and Bgyp is identical to
tion which follows for A, and B .

Using the identities

sin (6 + 2w) = sin 6, and

cos (6 + 2m) cos ©

or

sin (kat) sin [(aDk+-l)kat]

using a
FFT, the

method of
N/Dy be an
at intervals
the deriva-

a=20,1,2,3,...

cos (kat) cos BaDk4-l)kat

permits Egs. (1) and (2) to be rewritten as

>

D B
£ k k )]
Ay = ‘T'E: cos (wknAt) > C[At(r1+ aDy

n=1 a=0

At

ck T‘n=l

Dk[ By

where Bk = (N/Dk) -1. The identities

sin (8 - m) -sin 8, and

cos (B8 - m) cos 6

28
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or

‘ Dk
1 sin kat - = -sin (w
B

knAt)

-

D
k)l _
cos kat(n—7> = cos (wkn_At)

permit Egs. (12) and (13) to be written as

| Dx/2 B
‘. _ At L
; Ay = TZ cos (wknAt) ) c[At(n+aDk)]
=1 a=0
i D,
E -c [At/(n"- T+aDk):' (14)
; Dyx/2 Bk
' At \
' By, = ?Z sin (w nit) ; {c [At(n +aDk)]
=l a=0
Dy
- c|At n+T+aDk> (15)

Finally, the identities sin (-6) = -sin 8, cos (-6) = cos e,

sin (n/2) = cos (w) = 1, and sin (m) = cos (w/2) = 0 permit

Egs. (14) and (15) to be written as

a oK Dy
Ay = o g cos (w, nit) Z c[At(n +aDk)] —c[At <n +—2—+aDk>]
n=1 a=0
D D D
k k _ k
- c[At(-—z——n+aDk>] +c [At(-? n+ > ,+aDk>:I}
At °x Dy D . Dy

r - —T— ago C[At<—2—+ aDk>] - C[At<—2—+ T+ aDk)] (16)
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At Yk By D
Boy = >, sin (wknAt) az=:0 {c [At(n + aDk)] -cC [At <n + Tk"' aDk>]

D D D
k k k
+ C[At<-—2— -n+ aDk)] - C [At(—z— -n+ -5 + aDk>i|}

vip 3 b peerang] -ofoeCre T o) an

a=0

where Yx = (Dx/4) -1. Equations (16) and (17) represent the
algorithm used in the hybrid program. The summation over "a" is
performed between interrupts during the experiment and is called
the "additive portion" of the FFT. At the end of the data-taking
period, the summation over n (called the "multiplicative portion"
of the FFT) and the calculation of the human operator's describing
function [using Egs. (8) and (9)], can be performed in less than
three seconds.

The hybrid computer program is written in a Fortran IV lan-
guage which includes hybrid commands. The program is listed in
Appendix A. Table I lists the values of the experimental param-
eters, including those which characterize the system input. Fig-
ure 5 is a flow diagram of the additive portion of the FFT.
Figure 6 shows a flow diagram of the hybrid program, and lists the
time taken by each part of the program, both for the FFT version
and for the version written the old way [directly computing Egs.
(1) through (4)]. As shown in Figure 6, the FFT permits a saving
of nearly ten minutes per run, effectively reducing the run time
to the time required to take the data and print the results.

RESULTS

An initial check of the hybrid program was made by taking
measurements across known filters. The results shown in Figures
7 and 8 are quite accurate, and are repeatable.

Measurements were then taken of the author's tracking per-
formance in a control loop, as shown in Figures 1 and 4. Ten
runs were made with each of the controlled elements, 1/s and
1/s“. The describing functions shown in Figures 2 and 3 are com-
parable with established results (ref. 3).
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TABLE T

PARAMETER VALUES USED FOR THE HYBRID PROGRAM

. Ak wk . Ak wk
volts rad/sec volts rad/sec
1 .2 26.18 8 ~-1. 1.309
2 - .2 15.71 9 1. . 8727
3 .2 8.727 10 -1. .5818
4 - .2 6.545 11 1. .4363
5 .2 4.363 12 -1. .2909
6 -1. 2.618 13 1. .1745
7 1. 1.745 14 -1. .1164
At = time between interrupts = .02 sec
Tl = warm-up time before data-taking = 24 sec

T = period of data-taking = 216 sec

i(nAt)

14
system input = ) Ay sin (w nAt)
k=1

No comparison is made between results for the programs with
and without the FFT (on Figures 2, 3, 7, 8) because the results
are identical, as is shown analytically in the derivation of
Egs. (16) and (17). The comparison between the computation times
for the two programs (Figure 6) however, indicates the substan-
tial savings obtained by using the FFT. The only penalty paid
for the reduced computational time is an increase in the com-
plexity of the written Fortran program, as shown in Appendix A.
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APPENDIX A

PROGRAM LISTING

T 11713768 o BO/BO LTST T T PAGE "NU+ 000001
*JOB RSHIRLEY

*OATE I SNOVEMBER7 1968

*TITLE PROGRAM TO MEASURE THE DESCRIBING FUNCTION USING THE FFT -

FASSTON - I=MT2A32=MT I By 3=MT A - L
*ASSIGN 5=CR1A, 6=LPlA

FASSION - T=CP A e --
*FORTRAN S,GO

€

C

M AN P RO G R AM 7 T o e -
C
e
C SENSE SWITCH FORMAT

€ DO NOT SET SENSE SWITCHES DURING COMPHATION

C SET=SWITCH INs LIGHT ON

C— - NOT SET=SWITCH OUT s LI GHT  OF F - oo ool -
C

C— e SWITCH NOW ™ 7 SET 7 o s e e BT BT e m e m e e e
c el e g T e X Y Ty y s
tw I 00 NOT READDATACARDS *READ DATA CAR DS AND —CALCT—INPUT
C 2 * DO NOT CALCe INPUT * CALCe INPUT

C cosB-% DO NOT PROCESS -DATA-------------mme *-PROCESS - DATA ~—=-----mmmmmemooee o
C 4 * DO NOT USE UNIT 3 TO SAVE DATA * USE UNIT 3 TO SAVE DATA

c © 5 % DO A DATA DUMP - - ----emeeee *NO DATA-DUMP - e
C 6 * DO PUNCH OUT DATA * DO NOT PUNCH OUT DATA

€

C

D I e e e
C

c-- -- T A K R HUIMA N -~ N AR - — - - SYSFEM-————-——-
C INPUT ERROR * *  QUTPUT * * OUTPUT

€ P T HUMAR————ONE+———VEHCLE— +FWE

C N NN I N FTE T T e e [T 2 TR TR PRTT e

c R *¥x% - % -OPERATOR 4 ~--—------- * T DYNAMECS - W oo
C * - * * * » *

C I RS s d a g s Bt
C * *

| * *

C LR R R 2 LRt L L Tl D U

c- B s
C

P ORMAT ST AT EMEN T S ™ T o

100 FORMAT(1H1o3Xo1HK;6Xy8HFREQ-(K)’7X95HAE(K)910X’5HBE(K)’IOX'
oRA TR T IO G R B T K T IO X SHAZ KT 5 O X S B2tk Iy 775 t 155 T E S ve 1y

101 FORMAT(///;QX;lHKoéX’BHFREQo(K)'7Xo8HAREM1(K)’7Xo8HBREMl(K)’7X’

T IBHAREMZ O T X v BHBREM 2K 57 /5 t 155558y~ —mmmmmm o

102 FORMAT(1E15.8)

103 -FORMAT{ /773 /7 54Xy HKE FEXYBHFREQ (K1 5 Xy EHAR Tt K 13 9 X s THPHAT tK 1y B 35—~ ——— -
16HAR2(K).9X,7HPHA2(K)1//u(15o551504))

IO FORMAT —tIH Xt XS SHEHS T EHOREA KTy X EHT WO HS Yy 7 FS5v3E 35+
24))

"1'05‘FGRN‘AT“("I‘H‘I'!‘VXTIHK1'9X‘f&ﬂP‘U"f"H(‘7‘79*1'#%(*7‘71‘1‘)(1’6%‘(‘1(‘7‘79*Tﬁf"FFwef‘k‘) ““““““““““““ ,

Lo/ /9{1594E1544))

“TO6 - FORMAT -t iHL v & X v THEY I Xr6HPU T 2
107 FORMAT (///910X+s8HPUTSQ = s1E15e4s/510Xs8HERRSQ = s1E15e4910Xy

3 F P = e & 3 34 e ¥
LIRPCRROW/PUOToSW = Y IE I T ey 77 IUXTONMONTSW = FITIoo8 7 1TO0X7T 1% HONE A Al

25Q = s1E15e449/»10XsBHTWOSQ = »1E15e4510X914HTWOSQ/PUTSQ = 31E1544)

PN

£ 15 I 16 -V 3
KYrs/~/yt1ovyittoeYyy—-——"————— e L

35
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108 FORMAT(///+4Xs1HK 36X 9 BHFREQe (K)o TXo THREML (K ) oBX o THREM2(K )9 // s

TTTS3EI5.GT)
109 FORMAT (10X+3110)
S Y10 FORMAT (77 +8X+SHIATKI 38X s SRIBTE T s8N INICTIK T3 773 (22X I 0o X5 183 a X518y~ -
1)
ITI PORMAT T THI 754X THK 3 S X7 MK 1577511958 15e% )
112 FORMAT (//7/+4X+23HREMNANT POWER AT ONE = »1E15449/94Xs
T IZ3HARENMNANT POUWER Al WO & s1EID+®]
113 FORMAT (//7+4Xs1HK 96Xy BHFREQe (K) s 7X ¢ BHREMAL(K) »7X 28HREMAZ2(K) s //»
"""" RISSTEIZRCHI
114 FORMAT (/7/+10X»STHE FOLLOWING REMNANT VALUES ARE CORRECTED FOR TH
"""" 1E LOOP GAINS/7+$T<Ess PHI ACTOAL = PHI MEAS: TIMES T ¥ YPYU SQUARE ™~~~
20%)
TIS FORMAT (BEIU%7
116 FORMAT (/+4Xs8HCONS2 = 31E15e4)
T IYT FORMAT (773&Xs THXEST ¥ HIEISe4 10X THXZSW = S IETI54HY

C
T DIMENSTON STATEMERNTS
COMMON PUT(1080),E(1080)+sONE(1080) s TWO(1080) »KONK sLOP s KANK »
»My [} ) ’ - [ [} [0 1)
COMMON JA(29) sJB(29)sJC129)»WS(4300)+KL(29)sKLE(29)
DIMENSTON W(30)sAETTSTsBETISIYAI (15 ) »BITISTsRZTIST»B2TIS Yy """~
 1AREM1(15)sBREM1(15)+AREM2(15) »BREM2(15)
DIMENSTON AR1(151,AR2(15),PHAT(15),PHAZ(15),REMI(15)sREM2(15Y 77~
OIMENSION AM(15)
DIMENSION REMAI(15) +REMAZ(15]}

(g

CALL IFINITIA

CONNECT THE CONSOLE

iy vt UL hg S e Sl it

S EOM 031120 T Tttt rTTTTTTTTTTT T
C
€ PUT THE ANALOG COMPUTER INTO YC MOOE T TTTTTTTTTTTTTTTTT
CALL IC

C
C SENSE SWITCH4 DETERMINES IF REWIND 3 OR NOT
""" IF (SENSE SWITCH4) 98,99
_____ 99 REWIND 3 e

98 CONTINUE
C
C SENSE SWITCH1 DETERMINES IF FRcQUENCY AND REGISTER VALUE CARDS ARE
C_______READ__

IF (SENSE SWITCH1) 23,24

C
C SENSE SWITCHZ DETERMINES IF INPUT CALCULATED 7 77—~

23 IF (SENSE SWITCH2) 17,26
C
C READ IN 29 FREQUENCIES IN ORDER, HIGH FREQUENCIES FIRST»
€ T TTTTIN RADYANS7SECONDs STARTING WITH A REMNANT FREQUENCY AND ALTERNA=""""—"""""""7"7"
C TING THEREAFTER WITH THE INPUT FREQUENCIES. THE FREQUENCIES MUST
O ALU BE INTEGER MULTTPLES UF 2TPT)7RUNTIMES "AND THE NUMBER UF
C SECONDS PER CYCLE MUST EQUAL 4I(DELTA)s WHERE I IS AN INTEGER AND
(o DELTA I35 THE TIME BETWEEN DATA PUIRTS.

24 READ(5+9102) (W(K)sK=1929)
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26

20

19

17

WRITE(G6e11l1l) (KeW(K)sKSle29)

READ IN THE REGISTER VALUZS FOR THE ALVITive PART OF THE FFT
READ(59109) (JA(K) »JBIK) 9 JCIK) 1KE1929)
WRITE(69110) (JA(K) s JB(K) s JCIK) pK®1929)

INPUT (CALCULATED EVERY DELT)

CONS1 SCALES THE INPUT

CONS1=29.5

REWIND INPUT TAPE PRIOR TO STORING InPUT

REWIND 1

ONW SETS THE STARTING TIME FOR THE INPUTs AND 1S5 NEGAT]IVE
SO THAT THE HUMAN OPERATOR IS IN A STEAUY-STATE TRACKING
CONDITION WHEN THE ONSET CF UATA-TAKING CCCURS

ONW==1080.

DELT 1S THE TIME INCREMENT BETwhEEN INPUT VALUESs AND MUST cQUAL

DELTAs THE TIME INCRCMENT BCTWEEN DATA POINTS.

DELT=e402

THE AM(K) SCALE THE INPUT SINUSOIDS

AM(1)=e2

AM(2)=~e2

AM(3)=42

AM(4)==62

AM(5)=e2

AM(6)=~-1,

AM(7)=1l.

AM(B)=-1,

AM(9)=1.

AM(10)=-1.

AM(11)=1.

AM(12)=—1.

AM(13)=1.

AM(14)=-1.

AM(15)=1,

THE INPUT IS CALCULATED IN BLOUKS OF 540 VALUES ANU STURcD ON
MAGNETIC TAPc (UNIT 1.

DO 19 J=1,30

DO 1 K=1,540

PUT(K) =0.

ONW=ONW+1.

T=ONW®DELT

DO 20 L=1s14

PUT(K) =PUT LK) +AMIL)*SIN(T*W(2%L))

CONTINUE

PUT(K)=CCONS1#PUT (K)

CONTINVE

M=1

N=540

CALL QUFFEROUT (11 PUT(M)92% (N=M+1)sISTATUS)

CALL GUTOCISTATUS)

COUNT INUE

CONTINUE
THE INTERRUPT IS CUNNECTEDs oUT NGT ENABLED

37
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92

91

31

10

14

80/80 LIST
CONNECT (40+INTR)

£tOM 020020

POT =00700000

INITIALIZE FOR THE RUN

ZERO THE BUFFER AREAS
DO 92 K=1,1080

PUT(K) =04

E(K)=0.

ONE(K) =04

TWO(K) =0

CONTINUE

ZeRO THo vATA TAPL
ReWIND 2

DO 91 K=1»90

N=540

M=1

PAGE NOe

CALL BUFFEROUTI(2419E(M) 2% (N=-M+1)[STATUS)

CALL GOTO(ISTATUS)
CONTINUE

THE MAGNETIC TAPE UNITS ARE INITIALIZEDs UNIT 1 FOR THE

AND UNIT 2 FOR ThE DATA.
RewliND 1
REWIND ¢

INPUT

/ERO THE REGISTERS wHERE THt FOURIER COEFFICIENTS ARe TU

Bt CALCULATEUD.
DO 31 K=1,15

ALIK)=0e
BE(K)=0e
Al{K)=0e
ol(K)=0e
AZ2(K)=0e
02 (K)=0e

AREML(K) =C.
bREM1(K) =0,
AREM2(K) =0
oREM2{K) =0,
CUNT INUE

INITIALLIZE FOR Tnt ADDITIVE PART
DO 10 NOW=1,29

KLINOW)=-1

CONTINUE

DO 14 NOW=144300

WS (NOW) =0,

CONT INUE

INITIALLLIZE THE CUUNTERS FOK THE RUN

KRINK 15 A CUUNTER TO DETERMINE
NEXT
KRINK=0

KONK COUNTS THE INTERRUPTS,

OF Trk FFT

THt LOCATION FROM wHICH THt

INPUT VALUE SHOULD bt TAKEN t RO

UDETERMInES WHEN Trmk ONSET OF LATA-

38
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511

513

11

TAKING SHUULD OCCURy AND WHEN DATA-TAKING IS COMPLETED.
KONK=0
KANK 1S5S THe mALF REGISTcR CUUNTERs 1 TO 540
KANK=0
MO DETERMINES wWHICH mALF UL Tre INPUT LuFFeR iS5 BelNG usty
MO=0
B IS A COUNTER UN THE DATA USED DURING THE DATA-PRUCESSING
==1l.
LOP IS THE FLAG SET BY INTR TO END DATA~TAKING
LOP=0
PUTSQ AND ERRSWG ARE THE INTEGRAL SQUARE INPUT Aiv0o ERROR
PUTSQ=0.
ERRSG=0.
ONESQ=Ce
TWOSU=Ce
X1SU=0e
XZ25W=De

INITIALLIZe INPUT BUFFER FOR Trk RUN, leces FILL 0UTR HALVES
WITH INPUT VALUES

M=1

N=540

CALL QUFFERIN(lvlypUT(M)od*(N-W+l)yISTFTub)

CALL GOTO(ISTATUS)

M=54]

N=1080

CALL BUFFERIN(lvl;PUT(M),Z*(N—m+l)QIST%TVQ)

CALL GUTO(ISTATUS)

WAIT TO START RUN ON SIGNAL FRUM THE UPERATUR
PAUSE

CONTINUE

SKS (30000

oRU 5138

GO 1O 511

CONTINUE

PUT Trt ANALUG COMPUTEK INTu COMPUTE mULL
CALL COUMPUTE

SNABLE THE INTERRUPT
£EOM 031032

CONT INUE
CHECK TO SEE IF IT IS THE END OF DATA-TAKING
IF (LOPeEQsel1) GO TO 2

IT 1S NOT The END OF DATA TAKINGy WAIT FOR INTERRUPT
G TO 11

IT IS TrE ctho OF DATA TAKINGS LU ON
CONTINUE

TURN OFF THE INTERRUPT
EOM 031033

PUT THE ANALUG CCMPUTER INTu THe HOLD MCut

39
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22

89

16

CALL HOLD

TAKE THE INTEGRAL SQUARE MEASURES

CALL ADL(4yPUTSWQsERRSUSONLESW TWUSWIX15UsXLZDU)
PUT THE ANALOG COMPUTER INTO IC MODt

CALL IC

SENSE SWITCH3 DETERMINES WHETHER TO PROCESS THE DATA AND TYPE
THE RESULTSs OR WHETHER TU RE-INITIALLIZE FOR THE NEXT RUN
IF (SENSE SWITCH3) 17,22

DATA PROCESSING IS DESIREDs GO ON

CONTINUE

THE FOLLOWING SAVES THE LAST 5-0 DATA POINTS
N=1080

M=541

CALL BUFFEROUT(291sE(M)92%(N-M+1)sISTAIUS)
CALL GOTOLISTATUS)

CALL BUFFEROUT (251 sONE (M} s 2% (N-M+1)s1STATUS)
CALL GOTO(ISTATUS)

CALL BUFFEROUT(23s1sTWO(M) 2% (N-M+1),ISTATUS)
CALL GOTO(ISTATUS)

THE FOLLOWING PERMITS A TOTAL OR PARTIAL TAPE vUMP
IF (SENSE SWITCHS) 89,90

REWIND 1

REWIND 2

N=540

M=1

CALL BUFFERIN(191sPUT(M) 2% (N-M+1)43ISTATUS)
CALL GOTO(ISTATUS)

N=1080

M=541

CALL BUFFERIN(1s19PUT(M)s2#(N-M+]1),ISTATUS)
CALL GOTO(ISTATUS)

WRITE(69106) (JsPUT(J)»J=1,1080)

GU PAST THE INITIAL SPURIOUS DATA POINTS (CAUSEU bY INTERRUPT
ROUTINE)

M=1

N=540

00 16 Jals3

CALL BUFFERIN(2s1sb (M) 2% (N-M+1)»ISTATUS)
CALL GOTO(ISTATUS)

CONTINUE

NG DETERMINES EXTENT OF THE DuUMP

NO=3

DC 88 K=1sNO

CALL 3UFFERIN(1s1sPUT(M) 2% (N=-M+1),ISTATUS)
CALL CGOTO(ISTATUS)

CALL CUFFERIN(291sE(M) s 2% (N-M+1)ISTATUS)
CALL GOTG(ISTATUS)

CALL BUFFERIN(Z9»19ONE(M) 9 2% (N=1+1) s [STATUS)
CALL GOTO(ISTATUS)

Call SUFFERIN(Z2s1+TWO(M) 9 2% (N=M+1), ISTATUD)
CALL GOTO(ISTATUS)

L=(K~1)#%#540

40
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WRITE(6+]05) (4L+J) sPUT(JIN2E(J) yONE(J) 2 TWO(J) »Jm19540)

PAGE NO. 000007

CONTINUE
CONTINUE

PROCESS THE DATA FOR 10,800 POINTS

MULTIPLICATIVE PART OF THE FFT USED TO CALCULATE THE FOURIER

COEFFICIENTS

D0 21 K=1,29,¢2
NE=(K+1)/2

""""" CEBI=JB(KT+JA(K)-T

LEE1=JUB(K)+2%#JA(K)~1

UEB2% B (K S+ 2% JA(RY =Y "
LEE2=JB(K)+3%#JA(K)-1

LEMI=LEET-JA(KT72

AREM2 (NE)=0Q.

BREMI(NE)=Qe ~~ s
BREM2 (NE)=0.

JST={JAIKY727-1
BO 27 Jl=l,JsT

SINUS=SIN(DEZ#TOU)

COSUS=SURTI1.~-SINUS™Z,]
Y+WS (LEE1=-JI) )#5INUS

KﬁEﬁETNE3¥AEéi2T&€in§§?EEEZ?QI}¥§§YEEEE:JTS)’SINUS
BREMl(NE)sBREMl(NE)¢+us¢e£814dtf;w§fLssl-Jl))*cosus

BRENZ(NE)=8REM2(NE)+(HS(LEBZ+JI)-HS(LEEZ-JII)*COSUS
CONTINUE

AREM1(NE)=AREMI(NE)+WS(LEMI)
AREM2 (NE ) =AREM2 (NE ) +#WS ( LEM2)

"""""" BREMITNE)=BREMI(RE)-WS¢LEETY -

BREM2(NE ) =BREM2 (NE) -WS(LEE2)

"""" 21 TONTINUE

CALCULATE THE FOURIER COEFFICIENTS FOR THE DESCRIBING FUNCTION :
DO 28 K=2,2852

NE=K/2
LEBE=JB(K) -1

LEEE=JB(K)+JA(K) =1
LEBl=JB(K)+JA(X)=1

LEE]=JB(K)+2%JA(K) -1
LEB2=JB(K)+2#UA(K) -1

LEEZ=UB KT +3%JRATK) =1
LEME=LEEE~JA(K) /2

LEMI=LEEY=JATKTY /2
LEM2=LEE2-UA(K) /2

AE(NE) =0,
BE(NE) =0,
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Al (NE)=0,
Bl(NE)=0,
__A2(NE)=0,
B2 (NE) =0,
JST=(JA(K)/2)~1
DO 29 Ji=l,sJsT -
UOU=FLOAT(JI)
VOUsFLOAT(JA(K) )
TOU=UYOU/ VOU

Al (NE)=AL(NE)+{WS(LEB14JI)+WSI(LEE1~-J]I))#SINUS
AZINE)=AZ2 (INET+(WS(LEB2+JT)+WS(LEEZ-JT 1)1 #5INUS
BE (NE)=BE(NE)+(WS(LEBE+JI)-WS(LEEE-JI))#COSUS

“““““ BITNE)=B1INEY+(WS(LEBT+JIV-WSILEEI-JI))=COSUS

AE (NE ) =AE (NE) +WS (LEME)
AT(NE)=AI(NEV+WS(LEMD)
A2 (NE) =A2 (NE)+WS(LEM2)
BE(NEYEBE(NEY-WSTUEEEY 7 -
B1(NE)=B1(NE)-WS(LEEL)

28 CONTINUE

T

c

€ T CALCUCATE THE HUMAN OPERATORS DESCRIBING FUNCTTON AND REMNANT ~~~ 77777777777~

e ‘

S TR AR T 1S U -
DENOM=AE (K)*AE.(K)+BE (K) #BE (K)
ARI(K)=SGRT{TAL(K)*AI(KI+B1(K1¥BI(K))/DEROM)

o _AR2(K)=SORT({A2(K)#A2(K)+B2(K)*B2(K)) /DENOM} __

PHAL(K)»5703% (ATAN2 (B1(K) »AL{K) )=ATANZ (BE(K) sAE (K1 1)
 PHA2{K)=5T7+3%(ATAN2(B2(K)¢R2(K)}=ATAN2(BE (K) s AE(K}))

¢ USE THE ASSUMPTION THAT THE HUMANS PHASE LEAD IS LESS THAN ~~ 7777777

C 180 DEGRESS TO CORRECT FOR THE LOSS OF PHASE INFORMATION

C IN THE ARC-TANGENT ROUTINES
IF (PHAL(K)eLT+180+} GO TO 93

T BRAL(KI=PRAT(KI-380s

93 IF (PHA2(K)eLT+180e) GO TO 9%

“““““ PHAZ(K)=PHAZIKI =380

94 CONTINUE
32 CONTINUE

c

¢ CONSZ SCALES THE REMNANT

C CONS2= (DELT) ##2/4(PI)T

¢ DELT=.02, T=216

CONS2=1.47E-7
DO 33 K=1,15
_ REM1(K)=CONS2#(AREM1(K)*AREM1 (K)+BREM1 (K) *BREM1(K) )
"""" REMZ TR 7= CONS2¥ TAREMZ TK ) ¥AREMZ TK Y +BREM2 TRY ¥BREMZ TKT)
33 CONTINUE

T TNYERPULATE FOR THE REMNANT AY THE "INPUT FREWUERUIES
D0 230 K=lylék

REMAl(K)lREMI(K)+(REM1(K+1)—FEnIlKS)*‘W‘Z;K’-W(Z‘K-I’57(W‘2‘K+1)-
IW(2#K=-11)
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REMA2(K) =REM2{K)+(REM2 (K+1}—REM2(K) ) * (W (2#K)=W(2#K=1))/(W(2¥K+1)~

C CALCULATE THE REMNANT POWER ™ 7777777777777 mommsoemmoomoomo oo -
REMPW1=0,
REMPW2 20~ " ==emeene meime e e eemee ol
DO 231 K=1ls14
REMPWI=REMPWI+REMAL (K)* (W( 2¥K=T11-W(Z#K+17]
REMPW2=REMPW2+REMA2 (K) % (W(2#K-1)~W(2#K+1))
231 CONTINUE =~ 7 e ’

WRITE OUT THE FOURIER COEFFICIENTS OF THE SYSTEM ERROR (E)s THE
HUMANS QUTPUT (ONE), AND OF THE SYSTEM OUTPUT (TWOJTs
WRITE(65100) (KoW(2%K)sAE(K)9BE(K) s AL(K) sB1(K) sA2(K)sB2(K)sK=1514)

a'la¥a¥a!

WRITE OUT THE FOURIER COEFFICIENTS OF THE REMNANT AT THE HUMANS

OUTPUT (ONE)s AND AT THE SYSTEM OUTPUT (TWO)e T
WRITE(65101) (KsW(2#K~1) yAREM1(K) s BREM1(K)sAREM2(K) sBREM2(K) sK=1»1
15)

Nnon

WRITE OUT THE HUMAN OPERATORS DESCRIBING FUNCTION AND REMNANT A% " o
WELL AS THE SYSTEM OPEN LOOP DESCRIBING FUNCTION AND REMNANT

WRITE(65108) (KsW(2%K=1),REMI(K)sREM2(K)sK=1s15)

WRITE(6+116) CONS2

C "~ WRITE OUT THE HUMANS REMNANT AT THE INPUT FREGUENCTES

WRITE (69113) (KsW(2%K)»REMAL(K) sREMA2(K)sK=1914)

[aNala)

WRITE(65103) (KsW(2%K)»AR1(K) sPHAL(K) sAR2(K) sPHA2(K)sK=114)
DO 239 K=1,14

REMAL(K)=REMAL (K)*((1++AR2(K))#%2,)
”ﬁEMAz(K):REMAZfKSiT(1;+AR21K))**2.)*(AR1(K)**2.)/(ARZ(K)**Z.)

239 CONTINUE B o e

WRITE(6,114)

WRITE(65113) (KsW(2%K)sREMAL(K)»REMA2(K)sK=1y14)

WRITE(65116) CONS2 : o

C WRITE OUT THE ERROR SCORES

ERRSY=ERRSQ/PUTSQ N -
ONESY=ONESQ/PUTSQ

TWOSY=TWOSQ/PUTSQ T oo ’ B
WRITE(65107) (PUTSQsERRSQIERRSY »ONESQsONESY » TWOSQ» TWOSY )
WRITE(65117) X1SQ»X25Q o Tt
PUTSQ=PUTSQ/216.s

ERRSQ=ERRSQ/21%,

ONESQ=ONESQ/216, _
TWOSQ=TWOSQ/216. . S TTUTTTmTmIIITT s e e

WRITE(65107) (PUTSQ,ERRSQERRSY sONESQsONESY»TWOSQ» TWOSY)

c WRITE OUT THE REMNANT POWER : e
WRITE(65112) (REMPW1,REMPW2)
REMPW1=0,
REMPW2=0,.

DO 240 K=1l,14 ) o ' LTI e e
REMPW1=REMPWI+REMAL (K)# (W(2#K~1)=W(2#K+1))
REMPW2=REMPW2+REMA2 (K # (W(2¥KZI)<W(2%k¥1y) ~~~ ~— o
240 CONTINUE o
WRITE(6+112) (REMPWL sREMPW3) .
C SENSE SWITCH 6 DETERMINES WHETHER TO PUNCH OUT THE ANSWERS ON CARDS
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IF (S
PUNCH
R
R

ENSE SWITCH6) 35,36

OUT THE DATA ON CARDSs 14 CARDS WITH AR1sPHAL1sARZsPHAZ2
EMALls AND REMA2, PLUS 1 CARD WITH PUTSWsERRSWONESQ »TWOSAs
EMPW1ls AND REMPW2.

35 WRITE(75115) (ARL(K)9PHAL(K) 9ARZ(K) sPHA2(K)»REMAL(K) sREMA2(K) sk=11

114)
WRITE

(74115) (PUTSQSsERRSGC»ONESQsTWOSQIREMPWL yREMPW2)

36 CONTINUE

97

521

96

200

THE F
LA
SENSE
IF (S
ReWIN
REWIN
M=1
N=540
THE F
00 52
CALL
CALL
CONTI
CALL
CALL
CALL
CALL
0C 96
CalLlL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CONTI
CONTI

RETUR
G0 TO
STOP

INTER
INTR

OLLOWING STORES EITHER ONE(M) OR TwWO(M) ON UNIT 3 FOR
TER PROCESSING FOR THE REMNANT

SWITCH4 DETERMINES WHETHER TO SAVE ONE(M) OR TWO(M)
ENSE SWITCH4) 95,97
b 2
01

OLLOWING AVOIDS THE SPURIOUS DATA POINTS
1 K=1,3
BUFFERIN(2s1s TWOIM) 92%(N=-M+1),ISTATUS)
GOTO(ISTATUS)

NUE
BUFFERIN(1919PUT(M) 4 2% (N-M+1),ISTATUS)
GOTO(ISTATUS) ‘
BUFFERIN(191sPUT(M) $2%#(N-M+1) 4 ISTATUS)
GOTO(ISTATUS)

K=1+20
BUFFERIN(Ls1sPUT(M) s 2% (N=M+1) s ISTATUS)
GOTO(ISTATUS)
BUFFERIN(2s1sE (M) p2%(N-M+1}s ISTATUS)
GOTO(ISTATUS)

BUFFERIN( 251 +ONE(M) 9 2% (N~M+1),ISTATUS)
GOTO(ISTATUS)
BUFFZRIN{Z2s19TWO(M) 3 2% (N-M+1),ISTATUS)
GOTO(ISTATUS)

BUFFEROUT (351 ,PUT(M)» 2% (N-M+1)»ISTATUS)
GCTO(LISTATUS)
BUFFEROUT( 3+ 1sE(M) 2% (N=-M+1) s ISTATUS)
GGTO(ISTATUS)

BUFFEROUT (3491 sONC (M) 9 2% (N-M+1) s ISTATUS)
GCTO(ISTATUS)
BUFFEROUT(3519sTWO(M) 2% (N-M+1) s ISTATUS)
GOTO(ISTATUS)

NUE

NUE

N TO INITIALLIZE FOR THE NEXT RUN
17

RUPT SWBROUTINE (INTERNAL)
SERVICES THE INTERRUPT

SUBROUTINE INTR

44
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27

KRINK IS THE REGISTER COUNTERs 1 TO 1080
KRINK=KRINK+1

KONK IS THE TOTAL COUNTERs L ON UP
KONK=KONK+1

KANK 1S THE HALF REGISTER CUUNTERs 1 TGO 500
KANK=KANK+1

iF (KONKeGT«1080) GO TO 1

IF (CANK.GEe541) GO TO 3

CALL DAL(0,PUT(KRINK))

RETURN

JF (KONK.GT.11880) GO TO 5

[F (KANKeGES541) GO TO 6

CALL DALI(0sPUT(KRINK))

CALL ADL(OsE(KRINK) yONE(KRINK) s TWO(XRINK) )
ADUITIVE PART UF THE FAST FUURIER TRANSFURM

KL= A COUNTERs U TO (2%JA(K}*JC(K)-1) .
JA=RALF. THE NUMBER OF CYCLES PER SECONL/DIVISUR
J3=RELGISTER START FOR EaCH FREQUENCY

PAGE NO.

JC=DIVISOR JSED ON RALF THE NUMBER OF SAMPLES PER CYCLE TO GET JA

AOUITIVE PART OF ThE FFT

ACD Tho DATA INTO THE WSI(K)
UL 27 K=1+29

KLIK)=KL (K)+1
INK=JA(K)*JCIK)

IF (KL{K)eGhedNK) GU TU 32
KLE(CY=KLIK)ZJLIR) + JB(K)
Gu TO 24

JAL=Z#JA(KI*IC( Q)

IFIKLIK) «GEeJAK) GO TO 33
KLE(K)SIKLIK) /7JCIK) I =JA(K)+IB(K)
GO T2 25

KLK)Y=-1

GC TO <3

Ju=KLE(K)

Je=KLEIK)+JA(K)
JFERLe (L) +2*JA (<)
WSUJD)=WS(JL)+E (KRINK)

WO LUL)=wS UL ) +ORE (KRINK)
ASTIF ) =WSCJF ) +TWU(KRINK )
32 TS 26

JD=XLE(K)

JEKLE(L)I+JA(K)
JT=KLE(K)+2# JA (<)
WSLJID)I=WS(UD)~Z (KRINK )
WSLJE)=WS{ JE) -ONE(KRINK
WSUJFI=NS(UF I =TAO(KRINK)
CUNTINUS

CONTINUE

RETURN

KANK =3

IF (MOeGEal) GO Tu 7

MU=1

N=540

M=
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9 CALL BQFFERIN(loloPUI}M)oZ*(N—M+1)oISTATUS)

PAGE NO« 000012

GO TO 4

7 MO=0
N=1080
M=541
KRINK=1
GO T0 9

6 KANK=1
IF (MO.GE«1) GO TO 10
MO=1
N=540
M=1
11 CALL BQFFERIN(loloPUT(M);2*(N—M+1)vISTATUS)

CALL BUFFEROUT(251+E(M)»2%(N-M+1)sISTATUS)
CALL BUFFEROUT(23s1sONE (M) 2% (N=M+1)s ISTATUS)
CALL BUFFEROUT(2s1sTWO(M) e2%(N-M+1),sISTATUS)
GO TO 8

10 MO=0
N=1080

M=541 ’ T Y o T

KRINK=1

GO TO 11
5 LOP=1

GO TO 12

SUBROUTINE GOTO (ISTATUS)
C SUBROUTINE (INTERNAL) TO HANDLt TAPE READ AND WRITES
7 GO TO (6+495+595)ISTATUS
6 GO TO 7
5 WRITE (102+200)ISTATUS
" ’
0

RETURN . ’

FORMAT ($BUFFERIN STATUS WORD =%,12)
END

*LOAD X

*DATA

39.269908

20

264179938
19.,634954
154707963
13.089969
847266460
7.8539816

RS

645449847
542359877
443633230
341415927
246179939
2.1816615

1.7453292
1.5707963

1.3089970 . ' ' T T T mm s

140471975

«87266462 ‘ ' ot T T

e 72722052

«58177642
«52359877
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243633231
« 34906585
29088821
- 26179938
17453292
¢ 14544410
11635528
08726646
B 4 1 1
- [ 13 1
_ A 8 31 1
oo 10 55 1
12 85 1
18 1Z1 T
20 175 1
24 235 1
30 307 1
36 397 1
50 505 1
60 655 1
72 835 1
90 i051 1
50 1321 2
50 1651 3
60 1471 2
50 1801 3
54 1981 4
54 2143 5
50 2305 6
60 245% &
50 2635 9
[Xe) 2785 ]
60 2965 10 L B
108 3415 10 B
90 3145 10 B
90 3739 B ) =
90 4009 20
*FIN
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3. Nonlinear Time-Domain Models of Human Controllers

Lawrence W. Taylor, Jr.
NASA Flight Research Center
Edwards, California

INTRODUCTION

Analysis of the stability and performance of control systems in which a
human controller is an active element has been hampered by the lack of an
adequate mathematical model of the human control function. The recognized
pioneer in the problem of determining models of human controllers was
Tustin (ref. 1), who, in 1947, reported on compensatory tracking experiments
and used the data from these experiments to formulate a model of a human
controller, Many investigators since Tustin have analyzed data from similar
experiments to formulate human control-response models. Because the
human controller or pilot flying an airplane adapts or changes his technique
as the dynamics of the plant or airplane changes, many experiments are
necessary. In the compensatory tracking experiment (see fig. 1) the pilot
is asked to minimize the error, e, displayed to him by an oscilloscope,
television screen, or meter by manipulating a controller. The controller
deflection, c, is sent to an analog computer which computes the response
of the controlled element and adds to it the input disturbance function, i,
forming an error which, in turn, is sent to the display. The signals are
either processed during the experiment or recordings are made of the
signals and later processed to obtain the model of the pilot (ref. 2), Similar
experiments have been performed in flight in which the pilot maneuvers the
airplane (refs. 3 and 4).

Data resulting from such experiments have been analyzed, and linear
pilot models have been obtained (refs. 2 to 4) for a limited set of controlled-
element dynamics. The methods used to construct the pilot models have
been almost exclusively in the frequency domain (ref. 2)., Recently, the
time-domain analysis (ref. 5) has been applied to the problem of modeling
pilots. Almost all the analysis of human control response that has been
performed, however, has been in terms of linear models because human
control response is often almost linear and the linear analysis is simpler.
Figure 2 shows a block diagram of such a model. The part of the human
controller's response that deviates from a linear, constant-coefficient model
is represented by a noise signal, r, added to the output of the linear model
in the manner shown,

Most of the small amount of nonlinear analysis that has been performed

has been ad hoc in the sense that specific nonlinearities have been assumed
and their characteristics determined by manual adjustment (ref, 6) or by
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least squares (ref. 7). The time-domain analysis of Balakrishnan (ref. 8)
offers a means by which nonlinear systems can be analyzed and modeled
without having to assume specific nonlinearities. The only assumptions
necessary are those that pertain to a Volterra integral series expansion.

This generality is particularly important when little is known about the system
being modeled, as with human controllers,

The initial results of the nonlinear time-domain analysis were reported
in reference 5. Since that time, additional analyses have been made. This
paper presents some of the results of these subsequent analyses and discusses
the method of selecting the maximum memory time and the order of the non-
linear model. In addition, some results of orthogonal expansion of the

weighting functions for reasons of data compression and reduction computation
are presented and discussed.

LINEAR TIME-DOMAIN METHOD

Let us now consider a linear analysis in the time domain in which the
output of a linear pilot model is expressed in the form (see ref. 8)

T

elt) = f Mhp(’r)e(t - T)dr + r(b)
(e}

Because the time histories c(t) and e(t) mustbe sampled for analysis, it
is more appropriate to write

M
c(n) = z hp(m)e(n -m + 1) + r(n)
m=1
or in matrix form

¢=Eh +r

Eh
—p

where _ -
e(M)e(M - 1)...e(3)e(2)e(l)
. e(4)e(3)e(2)
e(4)e(3)
e(4)
E= .
e(N - 1) e(N - M)
e(N) e(N-1)....e(N-M+ 1)
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hp(l)

hp(Z)

_éb“

h (M)

c(M) (M)
c(M + 1) r(M + 1)

L]
Il
=
Il

e(N) r(N)

The sampled impulse response of the pilot model, h (m), can be obtained by
using the least-squares formulation b

-1
h = ETE] ETc
“p <

Inherent in the time-domain representation of the pilot model is the
assumption that the output at any one time is a function of only a finite time
of the history of the error. This maximum memory is denoted by M in
the expression of the pilot model output. Figure 3 shows a typical result of
such an analysis. It can be seen that the model impulse response first peaks
at about 0. 3 second, then oscillates as it subsides to zero. The oscillation
indicated in the pilot's impulse response function is typical and is thought to
be due to the dynamics of the combination of the control stick and the pilot's
arm,

The time-domain results can be transformed to the frequency domain for
comparison with the frequency-domain results through the use of the Fourier
transform so that

?{p(jw) =F [ﬁp(-r)]

Figure 4 shows such a comparison in terms of amplitude ratio and phase angle.
Although there is fair agreement between the time-domain and frequency-
domain results, considerably less variance is evident in the time-domain
results, as is indicated by the smaller range of values determined from three
independent sets of data. The variance in the frequency-domain results is
particularly severe at the lower frequencies where the error, which is the
input to the pilot, is kept very small, For frequency-domain analysis, an
input disturbance must be used which is "large" compared with the remnant or
noise of the pilot. If this is not true, the measured pilot model becomes the
inverse of the transfer function of the plant or airplane. This does not apply
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in the time-domain analysis, however, because only causal or realizable models
result from the requirement that the model response follow the input. Wingrove
and Edwards (ref. 9) of the Ames Research Center have in fact analyzed, using
the time-domain method, flight data for which no disturbance input was present
except that due to the pilot's remnant. If such a procedure proves to be
generally applicable, special tracking experiments will not always be required
and it will be possible to use data heretofore unanalyzed to determine pilot
models by means of the time-domain method of analysis, Still another
advantage of analysis in the time domain is the capability of constructing non-
linear pilot models.

NONLINEAR TIME-DOMAIN METHOD

Nonlinear behavior on the part of the pilot accounts for at least part of
the remnant of a linear pilot model. It is, therefore, of interest to investi-
gate nonlinear pilot models. The formulation of a nonlinear time-domain
pilot model can be expressed by using a Volterra integral series:

™
c(t) =f h,, (T)e(t - 7)dr
o M1

(linear)

T, T
M M
+Jo J; hpz('rl,'rz)e(t - Tl)e(t - TZ)d’Tlde

(quadratic)
Tne Tv T
+j f / By (7 1.T5uTgelt =T Je(t - Ty)e(t - 7 )dr drydr o + T(t)
o 0o ‘o 3
(cubic)
or in the discrete case
M
c(n) = z h (m)e(n - m + 1)
m=1
(linear)
M M
+ hz(ml,mz)e(n - m, + 1)e(n - m, + 1)
m1=1 m2=1

(quadratic)
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M M M
+ 2 z z h3(m1,m2,m3)e(n -m, + 1)e(n - m, + 1)e(n - mg + 1)

(cubic)

L ...t rmn
(higher order)

As for the linear example, these expressions can be easily put in terms of
matrices.

If again

c(M) r(M)
c= c(M + 1) - r(M + 1)
c(N) r(N)

but h is expanded to include the elements of the higher order weighting
functions so that

h, (D)
h,(2)

h, (M)
h2(1, 1)
h2(1,2)

h’2(1,M
hy (2, 2)

2)

h,(M,, M,)
hy(1,1,1)
hy(1,1,2)

héu, 1,M
hy(1,2,2)

3)

h, (M, M4, M,)

55




and if E is expanded in a similar way so that

e(M1 +1). .. e?2)
e(M1 + 2)
E =

we can again write

and

(eM) . . . eWeM,)? . . . (e(Me(1). . . e()’e(,)®

e(N). . .e(N—M1+ l)e(N)z. e e e(N—M2+1)2. ..e(N-M

A -
0 ol

3

It is difficult to present the results of such an analysis in a meaningful
form, but it is instructive to look at an example step response., Figure 5
shows (1) the response of the linear portion of the model and (2) the total
response of the nonlinear model. A step input was used with an amplitude
equal to twice the root-mean-square of the error or input to the pilot. The
responses have been normalized for comparison. As the amplitude of the
input is reduced, the response will approach that shown for only the linear
portion, The only significant difference is the greater overshoot for larger

+ 1)3




inputs and a slight increase in gain (evidenced by the larger steady-state
response) of the larger input, .

SELECTION OF MEMORY TIME AND ORDER

One method of assessing the worth of a model is to consider the fit error
or the mean square of the difference between the measured and the calculated
response. In figure 6 the fit error, which has been normalized by dividing
by the near square of the total response, is plotted against both the maximum
memory time on the left and the order of the nonlinearity of the model on the
right. It is apparent that the fit error continues to decrease as either the
memory time or the order is increased. It is of course not surprising that
the fit error is reduced, since both increased memory time and increased
order result in more degrees of freedom for the model. If as many elements
in the model are allowed as there are data points, the fit error would be zero.

Another consideration is the variance or lack of certainty with which the
weighting function elements can be determined. In figure 7 a lower bound of
the average variance of the weighting elements is plotted against the same
quantities, the maximum memory time and the order of the model. The
estimates of the variance are based on the Cramer-Rao inequality in the same
manner as was done by Astrom in reference 10, The values have been
arbitrarily normalized. It is evident that the uncertainty of the weighting
function increases as the memory time or order increases. Consequently,

the selection of memory time and order should consider both the fit error
and the variance.

Since we will use a model to predict the pilot's response for an unknown
input, let us next consider the fit error, not for the same data used to deter-
mine the model but for an independent or "new" set of data. Figure 8 shows
that the fit error now increases with increased order. On the basis of this
information, one would conclude that a linear model with a maximum memory
exceeding 5 seconds should be used. This result should serve as a warning
against believing that a reduction of the fit error over the same data to define
the model is necessarily an improvement.

The large difference in the fit error that results from using the same
and new data indicates that either more data or a longer run length is needed.
An example of the effect of run length on the difference of the fit error is
presented in figure 9. It can be shown that the expected value of the fit error
for an infinite amount of data is approximately the average of the values for
the same and new data. The run length of 1 minute that was used in figures 6,
7, and 8 is inadequate to accurately determine the expected value of the fit
error. Consequently, the run length was increased to 4 minutes. Figure 10
shows the final fit-error results. There is no discernible decrease in fit
error for values of memory time in excess of about 3.25 seconds for a linear
model. The reduction in fit error that results from using a third-order non-
linear model as compared to a linear model is 4 percent out of 36 percent.

It is not expected that this reduction would warrant the added complexity of a
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nonlinear model in most applications. Although it cannot be said with certainty
that appreciable further reductions in the fit error cannot be made by using even
higher-order nonlinear models, the indication is that higher order models are

not warranted. This would indicate the bulk of the remnant to be stochastic

rather than deterministic, a result consistent with results reported in reference 5.

DATA COMPRESSION

One problem that faces the analyst in a comprehensive study is the difficulty of
summarizing the results of perhaps a hundred cases each having as many as
55 weighting elements. One approach to the problem for linear models has
been to use 10 terms of a LeGuerre polynomial expansion (refs. 11 and 12),
This represents a reduction from about 20 quantities (gain and phase) needed
for characterization in the frequency domain to 10 coefficients for the LeGuerre
polynomial representation of the impulse response function. One wonders,
however, if there are not better functions to be used, especially for nonlinear
models. A method suggested by Dr, A, V, Balakrishnan, of the University
of California at Los Angeles, and motivated by the spectral representation of
the information matrix appears to answer this question. A large, representative
collection of weighting functions is used to form a summation of outer products

S= S hhT
11
i=1

The Eigen values and the corresponding Eigen functions of the matrix are then
determined. The Eigen vectors which correspond to the principal Eigen values
can then be used as functions for expanding the weighting functions. This
method was applied to a collection of linear weighting functions with satis-
factory results, Only 3 or 4 of the Eigen vectors were necessary to characterize
38 weighting functions, each with 13 elements. The principal Eigen vector is
plotted in figure 11 and appears to be a typical impulse response, as would be
expected. Only 3 or 4 values are now needed to characterize the model which
in the frequency domain required 20. The potential savings in data and in
reduced computation for nonlinear models is even greater since the modeling
problem reduces to determining a few to several coefficients as opposed to
determining a much larger number of weighting elements,

CONCLUDING REMARKS

Analysis in the time domain is more advantageous than analysis in the frequency
domain because (1) fewer values are needed for a characterization (this is
especially true if the proposed method expansion for the weighting function is
used) and (2) greater accuracy is achieved, especially when the input disturb-
ance is not large compared with the remnant.

61



FIRST EIGEN FUNCTION

f

ISR U SANPYD WS S NS

o A 2 .3 4 .5 .6 7 .8 9 10 1 12
T, sec

Figure 11

The fit error over the data used to determine the model decreases with
increased memory time and order of nonlinearity. This result can be mis-
leading, however, as the average variance of the weighting terms increases.
The fit error over new or independent data should be used to assess which
memory time and what order of nonlinearity should be used.

Eigen vectors that correspond to the principal Eigen values of a summation
matrix of the outer products of a large, representative sample of weighting
functions have proved to provide an efficient orthogonal expansion. The
determination of the coefficients of these functions, as opposed to that of a
much larger number of weighting-function elements, promises to offer not
only a means of summarizing large sets of results but also of reducing the
computation necessary.

Although the results from applying nonlinear time-domain analysis to the
problem of modeling the human controller have been useful, any advantage of
a nonlinear model over a linear model or the human controller performing a
compensatory tracking task appears to be small. This result would not have
been known, however, if nonlinear models of the human controller had not
been made,

REFERENCES

1. Tustin, A,: The Nature of the Operator's Response in Manual Control and
Its Implications for Controller Design, Inst. Elec. Engrs., vol. 94,
Part IIA, no. 2, 1947, pp. 190-202.

62




10.

11.

12,

McRuer, Duane T, ; Graham, Dunstan; Krendel, Ezra; and Reisener,
William, Jr.: Human Pilot Dynamics in Compensatory Systems.
Tech, Rep. AFFDL TR-65-15, Air Force Flight Dynamics Lab., ,
Wright-Patterson Air Force Base, July 1965,

Seckel, Edward; Hall, Ian A, M, ; McRuer, Duane T.; and Weir, David H. :
Human Pilot Dynamic Response in Flight and Simulator., Tech. Rep.
57-520 (ASTIA No. AD130988), Wright Air Dev. Center, U, S, Air
Force, Aug. 1958.

Smith, Harriet J. : Human Describing Functions Measured in Flight and
on Simulators. Proceedings of Second NASA -University Conference
on Manual Control, NASA SP-128, 1966, pp. 279-290.

Taylor, Lawrence W, ; and Balakrishnan, A, V,: Identification of Human
Response Models in Manual Control Systems. NASA paper presented
at IFAC Symposium 1967 on the Problems of Identification in Automatic
Control Systems, Prague, Czechoslovakia, June 12-17, 1967,

Diamantides, N. D.; and Cacioppo, A. J.,: Human Response Dynamics:
GEDA Computer Application. GER-8033, Goodyear Aircraft
Corporation, Jan, 8, 1957,

Bekey, G. A.; Meissinger, H. F.; and Rose, R. E.: A Study of Model
Matching Techniques for the Determination of Parameters in Human
Pilot Models. NASA CR-143, 1965,

Balakrishnan, A, V,: Determination of Nonlinear Systems From Input-
Output Data. Papers Presented at 54th Meeting of the Princeton
University Conference on Identification Problems in Communication
and Control Systems, March 21-22, 1963, Princeton University,
1963, pp. 31-49.

Wingrove, Rodney C. ; and Edwards, Frederick G.: Measurement of
Pilot Describing Functions from Flight Test Data With an Example
From Gemini X, NASA paper presented at Fourth Annual NASA -
University Conference on Manual Control, Ann Arbor, Mich. ,
March 21-23, 1968.

Astrom, K. J.: On the Achievable Accuracy in Identification Problems.
Paper presented at IFAC Symposium 1967 on the Problems of
Identification in Automatic Control Systems, Prague, Czechoslovakia,
June 12-17, 1967,

Elkind, Jerome I.; and Green, David M.: Measurement of Time-Varying and

Nonlinear Dynamic Characteristics of Human Pilots. ASD Tech,
Rep. 61-225, Aero. Sys. Div., U.S. Air Force, Dec. 1961.

Wierwille, Walter W. ; and Gagne, Gilbert A.: A Theory for the Optimal

Deterministic Characterization of the Time-Varying Dynamics of the
Human Operator. NASA CR-170, 1965.

63



SYMBOLS

pilot output (control deflection), inches

error matrix

error, radians

Fourier transform

time interval, seconds

sample of impulse response of pilot

impulse response of pilot, inches/radian or inches /degree
input (external disturbance function), radians

Ty
maximum value of m, M = A

index for the argument of hp

maximum value of n

index for time

linear output of pilot model (control deflection), inches
remnant signal of pilot model (control deflection), inches
matrix

Laplace variable

maximum memory time of the pilot model, seconds
time, seconds

transfer function of controlled element
controlled-element transfer function, radians/inch
pilot describing function, inches/radian

argument of hp’ seconds

incremental value of 7, seconds

frequency, radians/second
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A estimate
I absolute value
L phase angle

Matrix notation:

x), x column matrix

[X] rectangular or square matrix
XT transpose

x1 inverse

Numbers used as subscripts denote the pertinent term or terms of the
Volterra integral series or summation,

~ T T T

65



Page intentionally left blank



4. Some Examples of Pilot/Vehicle Dynamics Identified
from Fiight Test Records

Rodney C. Wingrove, Frederick 6. Edwards,
and Armando E. Lopez *

ABSTRACT

Mathematical functions describing the combined pilot/vehicle dynamics
have been used extensively in previous studies (ref. 1) to analyze manned
control systems. In these studies, the describing functions have been
megsured in simulated tracking tasks using carefully controlled forcing
functions to excite the pilot/vehicle dynamics. During routine flight tests,
however, there are no carefully controlled forcing functions. Therefore, if
describing functions are to be obtained from this type of flight test record,
an alternate identification technique is required. Such a technique that
allows identification from routine operating records was presented in reference
2 for the identification of the pilot describing function. This paper briefly
outlines the application of this technique to the identification of the com-
bined pilot/vehicle describing function, and presents some preliminary results

calculated from selected flight test records.

Figure 1 presents a block diagram of a closed-loop task in which the
pilot controls his output so the attitude error is kept near zero. The sig-
nals analyzed to obtain the pilot/vehicle describing function are the attitude
error e and the attitude rate r. The pilot/vehicle dynamics, between the
signals e and r, are mathematically modeled by the linear element
Y, Y,(jw). The technique for identifying Y,Y,(jw) is illustrated in the

block diagram of figure 2.

In the identification processing, the signal e is time-shifted with
respect to r by A, where A is equivalent to the effective time delay in
Y;Yv(jw). The importance of this time shift is illustrated in figure 2

wherein describing functions, computed using a time shift of zero and a time

*Research Scientists, NASA-Ames Research Center, Moffett Field, California.
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shift of 0.7 sec, are presented. These describing functions were obtained

2

from flight records of the Gemini X retrofire maneuver.

During the retrofire maneuver, the only excitation comes from the inter-

P | 3 . {3 bl Y 3
18l noise source n  (i.c., pilot cutput noise, P

With A = 0, it is well known that because the excitation is internal, the
estimated describing function fﬂY +(Jw) will not measure Y, Y, (jw), but
rather, as shown, it will measure the negative inverse of the alternate path,
l.e., Y Y, (Jw) = -jw. Using a time shift A, however, the theory in
reference 3 shows that, under certain reasonable conditions, the estimate

Y Y,(jw) will identify the desired function Y,¥,(jw). For this example, it
was found that the estimate of f:?v(jw) is relatively insensitive to the
exact value used for A. Yva(jw) was essentially the same for values of A
ranging from 0.4 sec to 1.0 sec. The estimate of f:yv(jw), shown in figure
2, was computed using A = 0.7 sec. This describing function is compared in

the following section with other measurements of these dynamics.

From the estimate f:Yv(jw) (for A = 0.7 sec), the describing function
of the total system is determined as Y:Yc(jw) = f:Yv(jw)/jw. This estimate
of f:?c(jw) is compared in figure 3 with two other measurements of Y,Y,(Jjw)
computed from the Gemini retrofire records. One measurement assumes & Cross-
over model ﬁe‘?jw for Ych(jw) and uses a two-parameter search technique
to identify e the values ﬁ and T. Figure 3 shows that the estimate
f:&c(jw) is in very good agreement with the measured crossover model
;:329-.7153w . The other approach uses the technique of reference 2 to
mg:;ure the describing funection, §p(jw), of the pilot and the describing
function, fc(jw), of the controlled element. These two individual measure-
ments S?p(ju)) and ﬁ?c(,jw) are multiplied together to obtain the estimate
denoted fp(jw) Yo (jw). Figure 3 shows that the magnitude determined from
EEe individual estimates fp(jw) Y. (jw), 1is only slightly below the estimate
Ych(jw). This difference is probably because the pilot and the controlled
system are each non-linear. The phase angles determined by these three

techniques however are almost identical.

A
The estimate Y, Y (jw) for the Gemini X retrofire data is next compared

with describing functions measured from flight records of the Cemini X and
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X-15 reentries. These selected examples, as presented in figure 4, represent
various forms in the controlled element Y,(jw). For the Gemini retrofire,
the estimated controlled element Yc(jw) is approximately a rate command

PR R knl
SYS5UCIl. z

A
{ 5m) ig

c\o W, 18
©

he

estimated controlled element fc(jw) is between a rate command and constant

epproximately an acceleration command system. For the X-15 reentry,

gain system.

The estimates for the total system Y:&c(jw) illustrate that, for these
various types of controlled elements, the pilot tends to adjust his dynamics
in the region of crossover such that Y}Yc(jw) asgg-Tjw. In a variety of
previous simulation studies (e.g., ref. 1), it alis has been shown that the
pllot adjusts his dynamics such that Y,Y.(jw) approaches this form. Signif-
icantly both the simulator results and these flight test data indicate that
the dynamics of Y,Y.(jw) can be approximated (near crossover frequencies)
by a simple two-parameter model. For these flight test data, the dynamics
are found to have a crossover frequency K of l.1 to 1.6 rad per sec, and an

effective time delay T Dbetween 0.5 and 0.7 sec.

In summary, this paper illustrates a simple technique for identifying the
pilot/vehicle describing functions from routine flight test records. This
technique provides a straightforward method of analyzing and comparing the
dynamics of closed-loop attitude control tasks from actual flight test

operations.
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5. Application of Gabor's Elementary-Signal Theorem to Estimation

of Nonstationary Human Spectral Response *

E.R.F. W. Crossman ™"
and H. Peter Delp**

ABSTRACT

The problem of estimating the human operator's non-stationary
spectral response using stationary force-functions or his stationary re-
sponse using transient inputs, is considered from a statistical viewpoint.
The disadvantages of using a moving boxcar data-window to form sequential
estimates are discussed as is the uncertainty relationship which controls
the compromise between frequency and time resolution.

A theorem of Gabor shows that the data-window form for minimum
uncertainty product is Gaussian; in this case

where 0t = RMS data weighting
0w = RMS spectral weighting over the respective windows.

This relationship can be exploited to optimize the spectral estimation
procedure,

Empirical verification is provided for simulated and human data,
in the transient input case, and for filter response data in the time-
varying parameter case.

*This research was supported in part by the U. S, Public Health Service
under Grant UI00016-02 with the University of California, Berkeley.

**Department of Industrial Engineering and Operations Research, Human

Factors in Technology Research Group, University of California, Berkeley,
California.
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1. INTRODUCTION

The problem of estimating the human frequency-response function from
experimental data has attracted almost as many solutions as writers on the
subject, since Tustin's pioneer research first produced useful results[1].
The present paper adds one more to the list, and also provides an over-
view of some inadequately discussedtopics in spectral statistics relevant
to human operator studies.

Due to equipment limitations, the now classical studies by Elkind{2],
McRuer and Krendel [3], Sheridan[4] and others employed analog methods for
filtering and performing spectral analysis. While certainly effective, these
are relatively slow and require expensive specialized hardware. They
also suffer from inability to modify the data~-window, a troublesome con-
straint as will be shown later, Digital computer methods are now cheaper
and they also permit flexible use of data-windows. Our attention is therefore
confined to procedures that can be implemented on currently available digi-
tal data-processing systems.

While much effort in the biomedical, geophysical and other fields
has been devoted to elaboration of general purpose digital spectral-analysis
packages [5,6,7], and while manual-control researchers have also deve-
loped specialized techniques [8], our experience has been that none of the
available techniques quite met our needs. The main shortcomings were as
follows: (1) a lack of ability to form efficient spectral estimates of time-
varying parameters, (2) inability to form good spectral estimates from
human (and other systems') response to transient (nonstationary) inputs, and
(3) somewhat unsatisfactory estimates of reliability and confidence levels.

Since we needed all of these facilities for use in automobile/driver
studies, we were led to examine the fundamental spectral and statistical
constraints on the estimation process. This led us to note the perhaps
inadequately considered importance of the data- (or time-) window in forming
good spectral estimators. Literature search then revealed the existence of
a theorem, apparently first stated by Gabor [9] as an "elementary-signal
theorem," linking frequency and time-windows in an uncertainty relation
and pointing to the Gaussain data-window as 2 unique form which minimized
the product of frequency and time uncertainty. We have exploited this prin-
ciple by defining a new integral transform - the Gabor transform — and used it
to form spectral estimates from experimental time-series involving both
stationary and nonstationary signals and parameters. The resulting
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procedure which offers significant advantages over any previous digital
approach to transfer-function estimation, is now in routine use in our
laboratory.

The present paper outlines the statistical and spectral considerations
leading to the adoption of the Gabor-transform method, then describes the
method itself, and presents some data illustrating its applications to esti-
mation of stationary parameters from transient inputs, and time-varying
parameters from stationary inputs. The treatment throughout is heuristic,
our intention being to clarify the conceptual bases of the transfer~function
estimation process using the Gabor transform rather than present the new
technique in a rigorous manner. More sophisticated mathematical develop-~
ments will be attempted at a later date.

1.1 Transfer-Function Estimation as a Statistical Sampling Problem

As a number of recent papers and text books have made clear [10],
the empirical problem of determining the spectral response of an unknown
system component (in our case the human operator) is essentially a
problem in statistical inference conforming to established principles.

Confining our attention to bivariate statistics, we recognize the

idealized transfer-function parameter Y(jw) (based on the usual stationary
linear model (Figure 1.1)

O(w) =Y(jw) - I(jw) (1.1)

where Y(jw) = The ideal (vector) frequency response~function of a given
system

I(j w) = A vector input Fourier-component with angular frequency
w

0(jw) = The corresponding vector output component)

as being the analog of the linear regression-coefficient b of time- free
statistics using the equivalent model

Z=b.X (1.2)

where Z = the dependent variable (assumed to have zero mean)
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X the independent variable (assumed to have zero mean)

b = a constant.

In the human case and for any other "'black-box' component, we have
no direct means of observing the causal sequence corresponding to the fixed
parameter Y of the model, and we must estimate its value from sample
input and output time-functions. This process is analogous to forming an
estimate b of the "true' regression coefficient b from sample values of X
and Z . Given only a s1ng1e sample pair (x ’ z) in this latter case we would
choose the ratio b= z/x as estimator, but since no degrees of freedom are then
available to estimate the reliability (error of estimate) of b, this procedure
is never used in practice. Given more sample-pairs, we select the least-
squares estimator

» cov (x , z)
b = = (1.3)
var (x)

Unknown System

T(t) o(t)

I(jw) 0(jw)

FIGURE 1.1: "'BLACK-BOX'' MODEL OF AN UNKNOWN SYSTEM COMPONENT

6

e e



~ ~ n ~ ~

where cov (x , z) = %Zx .z
_ 1
var (x) —nzx

1.2 Single-Sample Estimation of Spectral Response

~ In the spectral case we likewise define the single-sample estimate
Y at a given angular frequency w as

V) = ) ) _ 0(jo)
F(i(t) 5 jo)  I(jw)

~
where i(t) is a sample input function, and F( ) represents Fourier
integral transformation at angular frequency w

(1.4)

o(t) is the corresponding sample output function.

N Note that though i(t) and o(t) both contain many data-points,
0(jw) and I(jw) each contain only 2 degrees of freedom (their real
and imaginary parts) and their ratio Y , also contains 2. Thus no
degrees of freedom are available to estimate the error of estimation.
This is acceptable in noisezfree laboratory determinations of spectral
response functions, where i(t) is a pure sinusoid and the unknown
system contains no source of random noise. If the true response is
known to be nonlinear, the response estimate Y must be interpreted
as a particular rather than a generalized value, and Y(jw) is then
termed a describing function, but this will imply no error of estimate
in the statistical sense.

However, in human operator work we must assume that jnternal
noise is present. Even if the ''real" transfer actually is linear,
an error of estimate will then be attached to Y , and we require
further degrees of freedom to assign confidence limits. Symbolically,
a single sample gutput O0(jw) must then be modelled as a ''genuine
transfer'" term Y plus a '"noise'" term N (Figure 1.2

O=Y.I+N. (1.5)
Thus (1.4) tecomes
y= Y I*N (1.6)
+ I
and the error of estimate
v-v)=%, (1.7)
I

TThe term N/I has been termed a ''bias' in the literature, but it is
more correctly regarded as a random error of estimate, since it is

assumed that its expected value tends to zero as the length of record
tends to infinity.
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In the human case at least, this model cannot be verified by any more
direct method of obsc.vat.ow, and the decomposition shown in Figure
1.2 must remain a postulate. Thus precision of the estimate Y in
general requires a good signal-to-noise ratio,

Since in the human case N may be assumed broad-band, while the
sample estimates I , 0 are formed using a specific spectral window,
this requirement must be 1nterpreted with the frequency-resolution
considerations discussed below in mind.

©

1.3 Multi-Sample Estimation of Spectral Response

The noise sample N(jw) , being the Fourier transform of a S|ngle
(postulated) sample time-function n(t), has 2d.f. which are merged in
the 2d.f. of Y . Hence (with a single sample) there will be no means
of estimating the error (Y - Y) . When two or more samples are
available for estimating a regression coefficient in time-free statis-
tics, we use the least-squares estimator 1.3 to form b

The analogous formula for transfer-function estimation is

20 . :':
Y= . (1.8)

NI

This is equivalent to the familiar cross-spectral formulat
A~ P
= =91
Y=7—. (1.9)
ii
Thus a cross-spectral frequency-response estimate is essentially a
regression of several output samples on the corresponding inputs.

We note that the least-squares regression formulas (1.3) and (1.7)
provide maximum-likelihood estimates of the ''true'', (population)

values of parameters by on x ° Y(jw) . “True" in this context simply

means consistent over many samples, and real systematic bias due, for
instance, to nonlinearity, cannot _be removed by this method. Put
another way, the noise terms in O are defined to sum to zero. If
they do not, the resultant cross-product,is indistinguishable from Y

and appears as (unobservable) error in Y .

TIt is taken as the regression of output on input, since causality is
assumed to operate from left to right (i to o) . No "physical
realizability" considerations arise at this stag

We make no assumptions concerning the source of i and the destina-

tion of o . Thus in a closed-loop system the form o, /@ provides
an equally valid estimator of Y .
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1.4 Sampling-Error and Noise in Relation to Bandwidth of Spectral

Estimates

~ When we consider the nature of the sampling error represented by
N , spectral statistics and time-free statistics part company, since
in the former case we are dealing with a much more complicated
situation. One consequence of this is that we must analyze the pro-
cedure used to form samples much more carefully,

Assuming that a time-sequential series of sample estimates Y (jw)
. . . . R k

are formed by application of Equation (1.4) to successive time-

records i, (t) , or(t) , after Fourier-integral transformation at

specific frequencies wy or a single compound estimate by applica-

tion of (1.8), we recognize three distinct random terms contributing

to the postulated ‘'noise'' component N

(1) crossover from frequencies not equal to w,
(2) time-variation of the "actual' transfer Y

(3) samples of 'actual' (broad-band) noise originating in the
unknown black-box represented by Y .

Ideally we wish to eliminate (1), minimize the error due to (3),
and report (2) as a genuine result of the experiment. In order to
achieve all these goals attention must be paid to the ''spectral
window" or bandwidth used in obtaining the original Fourier-transforms
or spectral estimates 1(jw) , 0(ju) , &, » etc.

Effects (1) and (3) can be minimized by choosing a narrow spectral
window, but this requires a long record, and effect (2) will then
become important. If the width of the spectral window is increased,
effect (2) will be reduced -but (1) becomes important and spectral de-
tail is lost. With the exception of Sheridan's work (4], an implicit
rather than an explicit coppromise seems to have been adopted in all
the classical experiments, Qur objective now is to gain better con-
trol over the compromise selected and hence to permit direct study of
time-variation and other nonstationary phenomena without sacrificing
spectral resolution or precise estimation.

1.5 Data-Windows for Multi-Sample Estimation

(1) Partitioned time-records

The simplest procedure for obtaining two or more spectral
samples to permit least-squares estimation of the transfer parameter

Py standardizing 4-minute experimental runs performed by highly prac-
ticed and hence probably 'stationary'' subjects; and by use of
carefully designed stationary mixed-sinusoid input functions.
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Y , is to divide up a2 single long record into successive parts and
form the required spectral samples by taking the finite {truncated)
Fourier-integral transform of each T
~ .
. T 1 s -jwt
I, = I(Jw , E) =7 i(t)e ¥t
0

2
f?_ = I(jw , -3;--) = % f ?(t)e'jwtdt
o T kT .
fk - 10w, (k - 3)7T) =% / T(t)e dutyy
(k-1)T

and similarly for 0, . This is equivalent to applying a moving 'box-
car" data-window cenfered at sample times t = (k - )T thus partitioning
the complete sample-function i(t) » 0= t=nT into n time-sequential
sub-samples, and hence permitting direct study of effect (2) above.

The penalty for adopting this procedure derives from the reciprocal

effect by which closing a data-window (by reducing the range of inte-
gration T ) opens the corresponding spectral window. The spectral

window (more precisely the spectral weighting function) corresponding

to a boxcar is its Fourier transform, which is a sin x/x function

(see Figure 1.3). Specifically

0, t< (k-1)T and t > kT
Data-window D(t) = {

1, (k-1)T< t < kT

corresponds to T
sin —
2
e
2
The '"'width'" of the latter, measured to its first zero on either
side, is Aaw = 2/T , while AT = T/2 . However, this figure for
"width" markedly underestimates the effect of opening this particular

spectral window, which has side-lobes with significant power gain much
farther out than Aw .

Spectral window A(w) =

The effect of opening the spectral window by reducing T is to
'smooth' the estimated spectral response, markedly reducing spectral
resolution. The precision of the individual spectral estimate Y(jw)
is reduced in the foliowing three ways, (1) More of the noise assumed
to originate inside the black-box and present in the output o(t) , is
admitted in the widened pass-band of the spectral window or filter
A(w) , causing random fluctuation of the output sample transforms
Ok{jw) . (2) If discrete frequency components are present in {(t)
at frequencies w # w, the open spectral window will at some stage
admit them, causing (éue to incoherent phase) .apparently random
fluctuation in the estimate being formed atthe ‘frequency of current
interest w, . (3) If the data-window is reduced so that Aw approaches
equality with wy (say Ao > 0.2w, ) the window has appreciable
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admi ttange beyond zero frequency , again causing random fluctuation
in the Y, . Thus both precision of estimate and spectral resolution
are sacri*iced by closing the data-window to obtain additional samples.

(2) Auto-correlation and the '"lag window'

The above method of obtaining additional degrees-of-freedom
to form error-estimates thus seems subject to severe limitations and
we are not aware that anyone has employed it in actual research.
However, a standard procedure of digital spectral analysis involves
Fourier transformation of auto and cross covariance estimates (e.g.
(6, 7]) and this is subject to very similar constraints. Here the
required "box-car'' data-window of length less than the (sample) record
length, is applied implicitly by selecting a lag-window less than the
duration of the record. The effective number of samples (and the
number of degrees of freedom) is n where

T
o = —rec
i
ag
where T = record length (seconds)
rec
Tlag = maximum lag (seconds).

The loss of spectral resolution appears as a reduced number of
spectral estimates, but in compensation each is likely to have higher
ccherency, indicating greater reliability. This method, however,
totally confounds noise of the three types listed above, since the
whole record is used to form each of the n samples.

i(t)

I(w)

e

-||4.~<£
)

C
)

-

¢

|
—fw
I
el
—|—
—A|lw
4|£<(
g

FIGURE 1.3: THE BOXCAR DATA-WINDOW AND THE CORRESPONDING

sin x/x SPECTRAL WINDOW

n
"This is "“'caused" in the time-domain by the data-window terminating
at random phases of the transform sinusoid sin w(t - (k - HT) .




2, APPLICATION OF GABOR'S "ELEMENTARY - SIGNAL! THEOREM

Generalizing from the above discussion, it seems clear that effi-
cient estimation of transfer parameters from pairs of sample-records
of given duration, requires something other than a boxcar data-window,
with its inevitable and highly undesirable consequence of a sin x/x
spectral window,

Considering the related problem of communication by amplitude
modulation of a fixed-frequency carrier as in pulsed radar , Gabor
was able to prove by wave-mechanical methods that no operation on an
unknown transient signal can reduce the product of its time-uncer-
tainty, measured by its time-distribution of energy , and its uncer-
tainty of angular frequency, measured by the angular-frequency distri-
bution of energy , below a certain limit, Specifically:

AT « Mw 2 3

/ (D(t - T) )2 dt
f (A(w - wy) ) 2d
0

This is a familiar modulation phenomenon. A longer-duration pulse
one spread out in time, produces fewer sidebands, hence greater
frequency precision, while a shorter one, permitting exact timing,
spreads out more in frequency.

where

Nl

AT

Ni=

Aw

Gabor further showed that a pulse of Gaussian waveshape (and unit
area

2
1 ZGtZ
W(t) = ———ce (2.1)

(2”)2Gt

yields optimum (duration) x (bandwidth) product, and achieves the
theoretical minimum product At - Aw = %z . This relationship may be
translated into more familiar notation by recognizing the defining
expressions for At, Aw as standard deviations. Thus we have

o, "0, =% (2.2)
where o, = standard deviation of the modulating waveform (data-window)
o, = standard deviation of the resulting spectrum expressed in

angular frequency,
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The Gaussian function is an intuitively correct choice of waveshape,
since a Gaussian time-furiction Fourier transforms into a Gaussian
frequency-function (with suitable treatment of the limits of integra-
tion). The corresponding spectrum is Gaussian and does not exhibit the
extended side-lobes characteristic of the sin x/x (Figure 1.3) spectrum
generated by a rectangular pulse (see Table 2.1).

2.1 The Gabor-Transform Method of Forming Spectral Samples

Slightly extending Gabor's result for use in spectral estimation,
we may define a new integral transform, G, (the ''Gabor transform'') of a
time-function x with arguments t_  (the reference time), o, (the
half-width of the data-window), ® ~(the center frequency)

(t-t )
! ) 20 -jw(t-t )
G(x,jw) = G(x(t)’jwstosct) = —T1T /X(t)'e t .e J o’ dt
(2m)%0,
(t-tg)2
1 e - (____._2__ + jw(t-to))
= ——r— x(t)- e 20t dt (2.3)
(Zn)zot o

This transform has certain useful properties apart from that of
minimizing the product of frequency and time-uncertainty

(1) Cutoff is sharp at around w * 30y T and response decreases
monotonically in the skirts, so there are no side-lobes.

(2) Likewise, very low weighting is assigned to data outside the
time-interval tg * 30t , so that the definite integral with
these limits cf integration is an excellent approximation to
the infinite integral (2.3).

(3) The widths of data-window or spectral window can be freely
adjusted and the reciprocal effects predicted exactly by
application of Equation (2.2).

(4) Both data-window and spectral window are unimodal so that
the central regions (around to and respectively) are
emphasized. This is particularly useful when dealing with
nonstationary and transient sample time-functions since

1.
To be exact, -39.15 db at these points; see Table 2.1,
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TABLE 2.}: RESPONSE OF GABOR-TRANSFORM AT DISCRETE FREQUENCIES
f! SEPARATED Af FROM A CENTER-FREQUENCY f

Relative Power
R = Af/of Response Gain in
Amplitude | Decibels

0 ! 0 - Center

0.5 0.882 - 1.08

0.85 0.697 - 3.0 - % Power Point

1.0 0.607 - L3k

1.5 0.325 - 9.74

2.0 0.135 -17.37

2.5 0.044 -27.16

o | eon | e | "SRRI
4.0 0.0025 ~72.05
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the Gabor transform can be taken with ty set to maximize
the response for the event of interest,t

Unlike the Fourier-integral transform, the Gabor-transform has the
time-origin or reference-time ty as an explicit parameter, and spectral
samp les may thus be obtained with arbitrary spacing along a given time-
record.¥ We have found it convenient to refer to the timing of spectral
samples as ''meta-time,'' while the frequency of variation of spectral
estimates (at a given frequency) is ''meta-frequency.'

2,2 Frequency-Response Estimates using the Gabor-Transform

Following Equation (1.4), a single frequency-response estimate is
naturally formed as the ratio of Gabor-transforms of output and input
sample time-functions with the same reference-time, frequency, and
data-window width

. G(o(t) , t, , v, of )
Y(jw) =

S . (2.1)
G(i(t) » T, w, Ct )

1
This yields an estimate with spectral window o, = Eg;—, so that op must

chosen (1) to adequately discriminate against other discrete frequencies,
if any, present in i(t); (2) to yield the desired spectral resolution,

It is convenient to space successive time samples 2o, apart so that

they are nearly uncorrelated, The number of samples (degrees of free-

dom) obtained from a record of length TreC is then

T
rec

20t

-1 .

0)
. max
Similarly onl m = = nearly uncorrelated spectral estimates
Y Y 20, Tt %max Y P

can be obtained.

The n time-sequential estimates Yk , being identified with spe-

cific reference times t, =2koy , can now be used to examine the
stationarity (statistical stability) of the total record, and to search
for parameter response to external events, etc. In the absence of
coherent time-variation, the error of estimation due to internal noise
may be estimated using techniques akin to analysis of variance, as in
the time-free case.

We note that as o, -0, w—-0 ; G(x , jw) becomes an operator
extracting a single time-sample from the function x(t) ; while as
ot - ® it approximates to the infinite Fourier-integral transform
operator of classical spectral analysis.

$ . . . .
Under fairly general conditicns the covariance between successive

samples will evidently be a monotonically decreasing function of spacing.
However the actual function has not so far been computed,
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3. ESTIMATION OF STATIONARY HUMAN SPECTRAL-RESPONSE PARAMETERS FROM
TRANSIENT-INPUT DATA USING THE GABOR TRANSFORM

The appiication of ihe procedure outlined in Section 2 to cstimation
of stationary parameters with stationary (signal) inputs is obvious, and
no further discussion will be given. The remainder of the paper considers
application to two nonstationary cases, respectively signal input and
parameter change. To date attention has been confined to step-wise signals
and parameter changes, but the technique is in general applicable to any
nonstationary situations generally,

It has long been known theoretically that an unknown ""black box'
can be identified by its step-response. This method offers advantages
of speed and economy over the more usual stationary-input technique but
does not seem to have been exploited at all widely in practice (for an
example, see Ref, [11]). Apart from rather minimal computational diffi-
culty, the main problems appear to have lain in achieving an adequate
signal-to-noise ratio, and in obtaining estimates of reliability of
results. A single transient-response only provides a single spectral-
response estimate at a given frequency, and one is thus forced to emp | oy
spectral estimators of the form of Equation (1.4). Further, the energy
in a step-transient at any given non-zero frequency is confined to a brief
time period, whereas the energy in stationary noise is proportional to
the time over which the Fourier-integral transform is taken. Hence the
usual approach using a data-window wide enough to form estimates at low
frequencies admits unduly much noise energy at both low and high fre-
quencies, and estimates become highly unreliable. The situation is much
improved by employing the Gabor rather than Fourier transform to form
estimates.

Since a Gaussian data-window assigns maximum we ight to input-output
pairs around the time-reference t_, it is natural to form these by
setting tr equal to the time of onset of the transient used as input.
The remaining problem then is to select o for optimum spectral
resolution vs, noise-rejection. Constant Op provides constant
resolution, whereas we generally require logarithmic resolution. The
latter characteristic is given by oy = w/R where R is a positive
constant; hence

t ZGw 20

In other words the data-window is opened more at lower transform-
frequencies, as one would intuitively think necessary. Correct choice
of the constant R is critical. With values below about R=3, the
spectral window extends beyord zero-frequency and ''ringing'' occurs, and
the spectral results are unduly coarse, while above this level the data-
window extends unduly far at low frequencies, requiring a iengthy undis-
turbed record before and after the transient being studied., At high
frequencies there is also an interaction with the original data-sampling
frequency (twice the Nyquist frequency), causing beats. Thus values

of 3 to 15 seem generally optimum. It should be further noted that
precise control of timing is required to provide exact phase estimates.
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3.1 Empirical Verification

Practice trials were run to verify the feasibility of estimating
spectral response from transient input (step) data using the Gabor
Transform method. The problem set was to identify a known first-
order filter with and without white Gaussian noise of RMS amplitude
approximately one-tenth the step amplitude added to the output series,
Figure 3.1 shows a sample time-record for a noisy case and Figures
3.2, 3.3 show the spectral response-estimates obtained by averaging ten
sample-records by the method of Equation (1.8). It will be seen that
exact identification is obtained in the noise-free case, with confidence
limits (computed by way of coherency; see Ref. [10]) in the expected
range. In the noisy case it may be advantagecus to increase R further
to improve precision of estimate at a sacrifice of spectral resolution.
There is apparently a downward bias in gain estimates due to noise, which
will require theoretical investigation.

3.2 Human Operator Identification Using Transient-Inputs

As reported by Crossman and Szostak at the 1968 NASA/University
conference [12], it is felt that automobile/driver response to highway
forcing functions can be usefully modelled using highway curvature as
the effective input. As part of our experimental program we have
recorded a number of driver responses to curvature step-transients,
specifically the beginnings and ends of fixed-radius curves on a normal
country road. The model used is shown in Figure 3.4 and we are immedi-
ately concerned with identifying the system closed-1coped response from
field data. A sample time record is shown in Figure 3.5.

Noise, some of it injected by the road surface and some by the
driver himself, is evidently present in the output record, whereas the
input may be presumed to be noise-free. A number of these records have
been analyzed using the Gabor-transform technique with various parameter-
selections. While our procedure for aggregating samples to obtain
smoothed ''mean'' spectral-response functions is still being perfected,
individual {single-sample) response plots all lie in the acceptable
range. System response as estimated from the single-sample record of
Figure 3.5 is shown in Figure 3.6*. This agrees reasonably well with
the vehicle-driver response predicted from stationary-input data.

Since this is a single-sample case no confidence limits can be
given,
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L, ESTIMATION OF TIME-VARIATION IN HUMAN SPECTRAL-RESPONSE PARAMETERS
USING STATIONARY INPUTS AND THE GABOR TRANSFORM

Several authors have discussed time variation in human frequency
response, but to our knowledge only Sheridan 47 has provided substan-
tial data demonstrating internal changes due, for instance, to practice
and fatigue over periods of the order of tens of seconds. Further
phenomena producing time-variation in human response are learning
(Preyss and Meiry, [13]), adaptive response to changes in forcing function
(McRuer et al, [14]), plant dynamics (Miller, [151), and shared atten-
tion in multiple tasks (Levison and Elkind, [16]), but relatively little
appears to have been accomplished in estimating the "meta-bandwidth''t
of the human operator's response to these "disturbances,' or the mecha-
nisms involved in the response itself. These studies would be facili-
tated by possession of more powerful techniques for time-sequential
parameter estimation,

The basic Gabor-transform technique readily provides time-sequential
spectral samples of input and output functions which in turn yield time-
sequential spectral response estimates Y (jw , ty) representing the local
mean response in the neighborhood* of successive reference-times, t
It remains to consider the constraints limiting the ‘'meta-bandwidth" for
detection of parameter variation.

L.,1 Single-Frequency Identification of Parameter Changes

Fastest identification is achieved by using only a single frequency-
component ¢ in the input sample function i(t). The spectral window
oy may then be set= w./3 and, by Equation (2.2), the corresponding
time window

3
O‘ =
t 2w,
Since uncorreiated estimates are obtained with spacing
6
At whct = —,
We

the time resolution of parameter estimates is approximately limited by
the period 1/f_ of the test frequency (since 2m ~ 6). For most
rapid identification we should therefore employ stationary narrow band
input signals centered on the frequency of interest.

We note that the price paid for obtaining good time resolution is
sacrifice of spectral resolution; in the above case the spectral-
response estimate is essentially the average response throughout the

+The bandwidth of response to perturbations of input or plant para-

meter variations,.

+
"The concept of neighborhood is interpreted in @ root-mean-square
sense,
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range . £ 1.50, , though there is some contribution from all fre-
quencies 0 to .

L.2 Multiple~Frequency Identification of Parameter Changes

However, the human operator behaves abnormally with narrow band
inputs, and we are generally forced to employ random-appearing inputs.,
In this case speed of identification is reduced by the need to avoid
""eross talk'' between adjacent Fourier-components in the process of
sample-formation, Taking, for example, the S.T.I. forcing function
(Ref. [147, Table L4.1) we note that the spacing Aw between adjacent
components increases with frequency., 1In order to reduce cross talk to
an acceptable level, we must set 3oy = bw (see Table 4.1). Since
Aw is necessarily less than w. time resolution

o (:_l_z_z_)
t 20 20w
w
is reduced in the ratio « /Aw » compared to that obtained in the
single frequency case. ¢

In both the above cases the estimates obtained are perturbed by
noise, and depending on signal-to-noise ratio, one may be forced to
sacrifice time-resolution in the interests of improved stability of
estimate. The relationships involved have not been investigated in
detail at the present time,

L.3 Empirical Verification Using a Step~Wise Parameter Change

The above theory was verified by setting up an "unknown' component
(a first-order filter), subjecting it to a parameter change at a random
time, and studying the time course of its estimated response-function,

Figure 4.1 shows the time course of the "unknown'* component's
response to a sinusoidal forcing function. A sample record (Figure 4.2)
was then taken using the S,T.I. function as input, and subjected to
Gabor-transform analysis with Oy Set equal to 3.5 Aw (see Table 4.1),
in one case and with Ot = 5 seconds (sample spacing 25¢), with the
results shown in Figures 4.3 through 4.5. The theoretical behavior
of the response-estimate sequence is substantiated since the amplitude
and timing of the step-wise parameter change can be readily identified
by inspection of the time-sequential estimate series at all frequencies.

It is apparent from these theoretical and empirical results that the
'"meta-frequency" response of human operators can be readily determined
by application of Gabor-Transform methods to suitably chosen experimental
records, with parameters chosen to suit the problem in hand.

_
The actual response estimate sequence is, of course, the convolution
of the step-wise imposed change in response characteristic with the

Gaussian amplitude weighting-function (data-window) used in Gabor
transformation.
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TABLE 4.1: S.T.I, FUNCTION SPECIFICATION AND SELECTED GABOR-TRANSFORM

PARAMETERS

$.T.I. Function Components (éﬁs) - éﬁg o - Eé—
R Btlling (3 | Gecond
2,20% 13.80 0.1 6.23 1.78 0.280
1.21 7.57 1.0 3.5h4 1.01 0.4ok
0.642 L.03 1.0 1.49 0.426 1.174
0. koL 2.5h4 1.0 1.05 0.300 1.67
0.237 1.490 1.0 0.521 0.149 3.36
0.154 0.969 1.0 0.367 0.105 L.77
0.0959 0.602 1.0 0.209 0.050 8.37
0.0626% 0.393 1.0 0.131 0.037 13.36
0.0k2% 0.262 1.0 0.105 0.030 16.67
0.025% 0.157 1.0 0.105 0.030 16.67

“Not used in analysis
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ABSTRACT

The performance of human pilot describing function models and human
tracking subjects with nonlinear controlled elements are presented and com-
pared. Nonlinear controlled elements were considered in order to simulate a
manual control system representing a limited or backup flight control system
that exhibits control displacement saturation on rate saturation character-
istics. The results show that an equivalent gain representation of the sys-
tem nonlinear element is possible using describing function models for slight
and moderate levels of nonlinear action. Further, the adjustment rules for
the parameters of the describing function models are predictable for the
class of controlled elements considered.

DISCUSSION AND RESULTS

To perform handling qualities and manual control analysis on a piloted
control system without costly and time consuming pilot simulation, pilot
describing function models can be used to describe pilot response. Since the
first application of pilot describing function models (Ref. 5) many studies
have been made to develop and refine a set of adjustment rules (Ref. 1, 2, 4)
for the parameters in the pilot models. Presently these adjustment rules and
pilot describing functions aid in modeling pilot behavior when the controlled
element is linear and the input is random.

Little has been done to date to evaluate the usefulness of describing
function models in systems where controller nonlinearities are present. In
this paper we report on a study (Ref. 3) to develop control techniques and
adjustment rules that will extend the range of validity of these linear models
into regions of nonlinear controller operation.

In this study a representative family of linear controlled elements was
used. Previous studies (Ref. 4) have led to a considerable understanding of
the describing function adjustment rules for this family of controlled ele-
ments with random appearing inputs. Thus these controlled elements were used
here in order that further comparison could be made for nonlinear operation.
The controlled elements and nonlinearities considered are listed in Table I.

A block diagram of the closed loop tracking system used to evaluate and
compare the describing function models and human trackers is presented in
Fig. 1. The human tracker was used as the standard of comparison against
which the pilot describing function was compared and refined. The system
input, e, was filtered Gaussian noise. Low pass filtering of the input was

necessary to keep the frequency content of the input below the model cross—
over frequency and thereby prevent tracker regression. The tracker's task

was to maintain the output, e » as close to zero as possible (Error correc-
tion task). The performance %easure used to predict Yp was the minimization
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Table I Control Systems Considered in This Study
1 Nonlinearity Y,
(Pilot Describing FCN) (Controlled Element)
-Ts Control Displacement K
er Saturation
TIs+l I _
-Ts Control Displacement K
Kpe Saturation /s
-Ts .
K e Control Displacement K
p Saturation /s-2
T Control Rate Saturation
-Ts
er (TLS+1) with _%i Actuator K/S
s

of mean squared error (eo2). This performance measure has been used in pre-

vious experiments (Ref. 4) in the assessment of competing man-machine systems.
The tracking subjects used were both rated Air Force pilots and trained non-

pilots. There was some variability in individual performance as well as
between different subjects.

-—J Human Force
Tracker Stick

N.L. = Y o

Fig. 1 Error Correction Task Control System
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The error correction task control system was initially operated in the
linear region to verify previous results and to adjust and refine the param-
eters of the describing function model. Following these initial experiments
the nonlinearity was introduced. As the tracking task was extended into the
nonlinear region of operation, the parameters of the describing function model
were adjusted based on predictions made using the nonlinear random process
describing function theory and known linear pilot adjustment rules. In addi-
tion, trial and error techniques were used to adjust the pilot models when
the describing function technique failed (i.e. the nonlinear element would no
longer be represented by a pure gain).

A complete discussion of the tracking experiments and of the detailed
adjustment rules that were developed for the pilot describing function model
operating with nonlinear controlled elements is beyond the scope of this
short paper and is discussed elsewhere (Ref. 3). However, to illustrate the
type of comparative performance that was obtained and the type of data taken,
the results of one of the tracker experiments using a pure integration con-
troller with saturation are presented here. The block diagram for the
saturation-integral controller is given in Figure 2.

For the case of T = .2 the comparative performance of the trackers and
the model is presented in Figure 3. Each point on the figure represents an
average of ten one-minute data runs each for the model and tracker. The
segmented vertical line at each data point indicates =+ one standard deviation
of ten performance runs evaluated at each point. Where no standard deviation
is indicated, the value was less than the height of the symbol marking the
point. The region to the left of the broken vertical line indicates the
region where it is no longer possible to make theoretical predictions of Y¥_
and closed loop mean-square error. P
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The results presented here and the more complete study (Ref. 3) from
which this material has been drawn, demonstrate that pilot describing functior
models for linear controlled elements can be usefully extended into nonlinear
regions of operation. The adjustment rules for the parameters of the pilot
describing functions are predictable for slight and moderate levels of satura-
tion and rate limiting. In future studies this work will be extended to
multiple nonlinear elements, real "aircraft" dynamics, and multi-axis simula-
tion.
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1. A Study of the Variability of Human Operator
Performance Based on the Crossover Model *

August L. Burgett T
University of South Florida Tampa, Florida

ABSTRACT

A parameter identification method based on regression analysis is
used to analyze human operator performance in two compensatory tracking
experiments. The parameters which are estimated and analyzed are human
operator gain K and time-delay T based on the crossover model. The
approach taken in the analysis of the parameter values is to divide the
variance of both K and T, based on 20-second data intervals, into the
within-subject and between-subject- components for each day of testing.
The results indicate that the human operator 1) adopts a more consist-
ent "signal processing path' as he learns the task 2) adopts a more
uniform control strategy for the more difficult of the two experiments
3) has an inherent variability of gain on which training has little
effect.

INTRODUCTION

The use of a random input describing function to describe the
human operator in compensatory tracking tasks is expressed well in the
comment by Elkind [5]. '"The essential idea of the describing function
approach is that the dynamic characteristics of the human pilot, which
are non-linear, noisy, and time-varying, can be represented by a linear
time-invariant operator Yp(s) (the describing function) and a remmant
noise n(t), added to the output of Yp(s)." A representation of the ran-
dom input describing function model of the human operator is shown in
Fig. 1. This description implies that the remnant term is an additive
signal. This formulation of the remnant is actually a computational
artifact since there is strong evidence that the remnant is composed
of terms due to such human operator characteristics as nonlinearity
and time-variation as well as a certain amount of additive noise [11].

*This research was sponsored in part by the National Aeronautics and
Space Administration under contract NASr 54(06) while the author was
at the University of Michigan.

tAssistant Professor in College of Engineering.
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Several studies of the time-varying and nonlinear aspects of the
human operator have been performed [2]. These studies can be inter—
preted as efforts to account for some of the remnant signal which is
part of the describing function characterization.

Two approaches that have been taken in studies of human operator
time-variation are discussed here. One approach is to represent the
human operator by a time-varying weighting function. Estimates are
then obtained for this time-varying weighting function. Elkind [4]
has applied a regression analysis technique to this problem and
obtained a piece-wise constant representation of the weighting function.
Wierwille and Gagné [16] have generalized this approach to a method
which gives a continuously varying estimate of the time-varying weight-
ing function. Both of these methods give a good qualitative represen-
tation of the human operator time-variation. However, a time-varying
weighting function is not an easily interpretable description of time-
variation.

Another description which is a restricted case of the time-varying
weighting function is to represent the human operator by a time-varying
differential equation. This is equivalent to an a priori specification
of the form of the weighting function. This approach has been taken by
McDonnell [13]. The par ticular method used by McDonnell was to assume
that the human operator could be represented by a modified crossover
model - modified in that the ‘gain is not considered to be constant.
McDonnell's results suggest that this is a reasonable representation
of the human operator. Having estimates of time-varying parameters of
the human operator provides a more interpretable representation than
does a time-varying weighting function.

One approach to the study of nonlinearities of the human operator
has been proposed by Wierwille and Gagné [17]. The method makes use of
preselected nonlinearities which are operated in parallel with the
human operator closed-loop system. A less general approach to analyz-
ing human operator nonlinearity has been taken by Smith [14] and Young
and Meiry [15]. The results presented in both papers indicate that for
certain tasks the human operator utilizes a saturating or bang-bang
type of response. Although this effect is not readily apparent in all
control situations, these results give a basis for assuming that a
portion of the human operator remnant is due to some type of nonlinear-
ity.

The approach taken in this research is to model the human operator
with the crossover model. However, both the gain K and time-delay T of
the model are allowed to experience slow time variations. This is
accomplished by dividing each two-minute trial into five non-overlapping
20-second subintervals. The best estimate of both K and T are then
found for each 20-second interval.

A major analysis technique employed in this work is to obtain
estimates of the within-subject and the between-subject variance of
both the gain and the time-delay of the human operator for each day of
testing. The estimates of the variance components are then used to
make inferences about such characteristics of the human operator as
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sources of remnant, uniformity of human operators for the controlled
elements used and the effect of training on human operator signal pro-
cessing.

COMPENSATORY TRACKING TESTS

The data that are analyzed in this report are the results of ex-
periments performed by Jackson and are described in detail elsewhere
[9]. For completeness of this report, however, the major aspects of
the experiments are presented here.

The general arrangement of the experimental set-up is shown in
the block diagram of Fig. 2. The oscilloscope used was a 5-inch
Fairchild x-y indicator with a P-31 phosphor coating. The oscilloscope
display was in the form of a dot which moved horizontally with respect
to a vertical cursor located in the center of the screen. The dis-
placement of the dot from the center was proportional to the system
error. The face of the oscilloscope was located approximately 28 inches
from the eyes of the subject.

The subject was seated in a straight backed chair with his right
arm on the control stick. The stick is of the side arm type, i.e., the
subject's elbow joint was constrained to a fixed angle of about 90 de-
grees. This type of control stick constrains the arm motion of the sub-
ject to rotation at the shoulder joint using such upper torso muscles as
the subscapularis and infraspinatus [8]. The control stick incorporates
a light spring to provide an indication of the center position and has
essentially no damping. All subjects were right handed males with no
known physical abnormalities.

The experiments had two distinguishing characteristics, controlled
element and subjects involved. The transfer function of the controlled
element for the first experiment was Yc(s) = 5/s while the transfer
function of the controlled element for the second experiment was
Yc(s) = 5/s%2. Each experiment had a separate group of three subjects
who took part.

The input signal for these experiments was pseudo-random noise
which had an approximately gaussian amplitude distribution [7]. 1In
both experiments the subjects were tested for a total of ten days.
Within each day, each subject completed five two-minute trials at each
of three input cut-off frequencies 1, 2 and 4 rad/sec., for a total of
15 trials each day. The blocks of trials for a given cut—off frequency
were randomly ordered on each day of testing. The data for a cut—-off
frequency of 2 radians per second are the only data analyzed and dis-
cussed in this report. For the single integrator controlled element
the second, sixth and tenth days of testing were analyzed. For the
double integrator controlled element the third, seventh and ninth days
of testing were analyzed. All indications are that the results for
the intermediate days of testing are consistent with those analyzed.
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PARAMETER TIME HISTORIES

One method of analyzing the parameter values obtained was to
study the time histories of the parameters. It was thought that a
subject might follow some consistent trend in the variation of gain
and time-delay during a trial or during a single day of testing. This
type of consistency would become apparent from a visual examination of
the parameter time histories. Typical parameter time histories for
one day of testing are shown in Fig. 3. It is apparent from the time
histories such as that shown that the subjects did not have any con-
sistent trends in gain or time-delay within a single day of testing,

STATISTICAL ANALYSIS OF DATA

A second method of analyzing the parameter values was to consider
the two parameters, K and T, asg independent random variables. With
this point of view the distributions of the parameters might well give
some insight into subject behavior.

Rather than study the entire distribution of each of the param-
eters it was decided to study the mean and variance of each distribu-
tion. Since the mean and variance of a random variable are theoretical
Parameters which are not measurable, it ig necessary to obtain estimates
of these quantities from the empirical data. The sample values of K
and T were obtained on each day of testing for each of twenty-five 20-
second intervals of data for each subject. This gives a total of 75
estimates of both K and T for each day of testing.

,Parameter Average Values

On a given day of testing the sample average for either parameter
value for a given subject is represented by

= 1 )
G = 5= X, . i=1,2,3 (1)

It can be shown [1] that Ei is an unbiased estimate of the true mean
value, H;. In"Eq. 1, the Xjj represent samples of either K or T.

The parameter average values are presented in Fig. 4 for the case
Yc(s) = 5/s and in Fig. 5 for the case Yo(s) = 5/s2,

Two major characteristics of the average parameter values are
apparent from Figs. 4 and 5, namely:

1) The daily average value of K increases with learning.

2) The daily average value of T decreases with learning.

Other investigators [9] have presented data which shows error scores
that decrease with learning. Thus one interpretation of the character-
istics of the average parameter values mentioned above is that in the
process of consciously attempting to improve his error score the sub-
jeet increases his gain, K, and shortens hisg time-delay T.
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This interpretation is borne out by the following analysis. The
spectral density of the system error signal can be written as:

1 Y . (jw)

2 2
Qe(Jw) ) ll + Yc(jw)YP(jw)l % (Gu) + |1 + Yc(jw)YP(jw)| H(w (2)

where the various signals are those given in Fig. 1 for the equivalent
human operator. Let us take the simple case of Yg(s) = 1/s and assume
that the crossover model gives a sufficiently good representation of
the system. Then,

Ke—ij
Yo (G Yp(w) = 55— (3)
w2
and ® (jw) = 3 Q{,(jw)

€ 21y - 2@ oy W

K*[1 - & sinwtT + K2]
1 @ (jw) (4)

+ 20 w? n
K2[1 X sinwT + I_(T]

The reasoning followed in this analysis is that if the spectral density
of the error signal,® (jw), is small then the error signal itself is,

in general, small. Now consider the following cases.

1) 1T fixed: Inspection of Eq. 4 shows that for this case,

%ﬁjw) decreases as K increases.

2) K fixed: Again inspection of Eq. 4 shows that for small values
of T the denominator of both terms increases for
decreasing value of 7. Thus ¢ (jw) decreases as T
decreases.

Thus it is seen that increasing the value of K and decreasing the value
of T corresponds to decreasing the magnitude of €(t). A third mecha-
nism for reducing & (jw) is to reduce the remnant signal, n(t). Note
also that ¢,(jw) is not necessarily independent of the value of K and T.

Variance of Parameter Values

In the analysis of the variance of the parameters, K and T, the
following approach is taken. The total of three subjects on any given
day of testing is considered as a source of a population,'AK, of values
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of the random variable K and also as a source of a population, A, of
values of the random variable T. Within the total population, either
Ag or Ap, there are three subpopulations, AKl’ Ago, etc., each repre-

senting parameter values for one of the three individual subjects. It
can be shown [1] that the total variance of either K or T is given by

2 _ 2 2
0% =0y +o0g (5)
For the approach outlined above, the first component of the total
variance, the within-subject variance o2 » is given by
W
2 _ 1 3 2
W= 3 El % (6)

The O% represents the variance of the parameter value within each of
the three individual subjects. The second component of the total
variance is the between-subject variance, oﬁ ,» and is given by

1 3
0; =3 L - ui)2 (7
i=1

The Jj represent the average parameter value for each individual subject
and U represents the average parameter value for the total of three
subjects. Thus,

3
My (8)

=
]
Wl

i=1

To study the components of variance of K and T given by Eq. 5,
unbiased estimates of the elements of this equation are obtained from
the empirical data. It can be shown [1] that the following are unbiased
estimates, i.e.,

EMSpg, 9] = o? (9)
E[MSW] = 0‘3 (10)
E[MSg] = c]§ (11)
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where

1 3 25 _
MS, =T 2, (x,. - G,)? (12)
W 72 i =1 ij i
1 30—~ ., 2
MS, =3 Z G - 6)? - ZzMs, (13)
i=1
1 25 _ ., 1
MSoocal = 74 1=21 ) (g5 = 6% - 37 M5y (14)

In Eqs. 12 through 14, xij represents a sample of either K or T,
and

G=73 Z G, (15)

The total variance and the components of the total variance were
calculated for both K and T for the days of testing given previously.
The results of these calculations are presented in Figs. 6 and 7.

Before proceeding further, let us define parameter time-variation.
It has been shown [10] that small variations of gain and time-delay can
be represented by an equivalent additive noise term. Thus the problem
of separating the remnant term into components due to parameter time-
variation and due to motor or additive noise is indeterminate. Also,
Wierwille and Gagné have pointed out [16] that if no constraint is placed

on the rate of variation of the parameters or gains that ", ..instead of
having the time-varying gains follow the changes in the human operator's
dynamics, the gains simply track the (output) signal itself". Thus one

arbitrary method for partitioning the remnant term would be to attribute
low frequency components to parameter time—-variation and high frequency
components to motor noise. The distinction between low and high fre-
quency is also a question which each experimenter must decide. As
implemented here, the parameters K and T are restricted to frequencies
on the order of one cycle per minute and lower by virtue of taking the
best parameter values for successive 20-second intervals.

Jackson has shown [9] that the human operator remnant is larger
for the case of the double integrator controlled element than for the
single integrator controlled element. In addition, it has been postu-
jated in the literature [11,12] that this increased remnant is due to,
among other sources, a more pronounced time variability of the human
operator in the first case. If this is true, then the within-subject
variance of the parameters should be appreciably larger for the double
integrator controlled element. The data of Figs. 6 and 7 show that the
within-subject variance of the time-delay is indeed larger for the
double integrator plant but that the variance of the gain is smaller.
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One formulation of the remnant {10] includes a term due to the variation
of the gain multiplying the error signal and a second term due to the
variation of the time-delay multiplying the error rate. Since the error
rate signal will have more power in the crossover region than will the
error signal, it appears that an increased within-subject variance for
the time-delay can account for a larger remnant even with a correspond-
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Another observation that can be made is that the within-subject
variance for K shows very little change as the subjects learn while the
within-subject variance for the time-delay shows a marked decrease with
learning. This is a significant finding which has not been reported
previously. The fact that the within-subject variance of the gain, K,
is essentially constant for all days of testing indicates that there
is an inherent variability in the gain on which training has little
effect. On the other hand, the decrease in within-subject variance
for the time-delay indicates that the variability of T is a character-
istic of the human operator which is very dependent on the amount of
training.

One explanation of the relationship between variability of T and
training is the following. From Figs. 4 and 5 it is seen that the
subject increases his average gain and decreases his average time-delay
as he learns to perform the compensatory tracking task. These learning
trends were associated with a conscious effort on the part of the sub-
ject to reduce the system error. The total results then indicate that
in the process of learning, the human operator not only reduces the
average value of his time-delay by consciously trying to do a better
job of tracking, but also subconsciously adopts a more consistent sig-
nal processing mechanism. One analogy that has been suggested [6] for
the mental operations inherent in the learning process is a modern
electronic data-processing system. Using such an analogy, the signal
processing mechanism mentioned above would correspond to the computer
program used in the performance of the tracking task. This program
would consist of many subroutines which can be changed or modified.

The large initial within-subject variance of T would correspond to the
subject experimenting with a wide variety of subroutines. Then as the
subject learns he would reduce the variety of subroutines that he tries
as well as modifying the complete program to make it more efficient.

In experiments of a different nature, learning to roll cigars, Crossman
[3] has arrived at a similar description: "The writer has taken the
basic premise that a learner faced by a new task tries out various
methods, retains the more successful ones and rejects the less success-—
ful ones".

Along this same line, it is seen from Figs. 6 and 7 that the
within-subject variance of the time-delay is appreciably larger for
the double integrator controlled element than for the single integrator
case. This in all likelihood is due to the increased difficulty of the
double integrator case. More important than the relative magnitudes is
the noticeable decrease of the within-subject variance in Fig. 7
between the seventh and the ninth day of testing. This indicates that
the subjects have not completely learned the task by the ninth day of
testing. The average parameter values presented in Figs. 4 and 3 do
not show as readily this apparent incompletion of learning. Thus
the results suggest that the variance of a human operator's time-delay
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is a more sensitive criterion of learning than is the mean value of
the time—-delay.

The similarity between the time-delay within-subject variance
curves for Yc(s) = 5/s and Y¢(s) = 5/s? is not apparent from Figs. 6
and 7. However, in Fig. 8 where the same data are plotted on a
logarithmic scale, it is seen that the curves are strikingly similar
except for magnitude. From Fig. 8 then, it can be concluded that the
effect of training on the time-delay variance is similar for both con-
trolled elements.

Another observation that can be made from the data presented in
Figs. 6 and 7 deals with the between-subject variance of gain and
time-delay. It is seen that on the final day of testing the between-
subject variance for both parameters is much smaller for the double
integrator case than for the single integrator case. This agrees with
the finding of McRuer, et al. [12] that the more difficult task con-
strains the subjects to behave in a uniform manner. Also, for the
single integrator controlled element the between-subject variance for
the human operator gain is much more pronounced than for the time-delay.
This indicates that for the more easily controlled case, the human
operator gain is a better indicator of individuality than is time-delay.

SUMMARY

In this research the crossover model [12] for the human operator
in a compensatory tracking situation is used. The values of K and T,
the gain and time-delay respectively of the model, were determined for
successive 20-second intervals throughout the experiments. Using this
data interval it was possible to obtain parameter estimates for twenty-
five intervals for each of three subjects during each day of testing.
The results based on a study of the mean and variance of the K and T
are:

1) Average human operator gain, K, increases with learning.

2) Average human operator time-delay, T, decreases with learn-
ing.

These trends are interpreted as being the direct result of the
subject learning to do a better job of tracking.

By making use of the fact that the total variance of both K and
T can be separated into a within-subject and a between-subject compo-
nent for each day of testing, the following results were obtained.

1) The human operator adopts a more consistent perceptual-
motor signal processing path as he learns the tracking
task.

2) TFor the single integrator controlled element, the average
value of K is a better indication of individuality in the
trained human operator than is the average time-delay.
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3)

4)

5)

For the more difficult to control double integrator con-
trolled element, the subjects adopt more uniform average
values of gain and time-delay than for easier control
tasks.

The variance of T appears to be a more sensitive indicator
of learning than the average value of either K or T.

There appears to be an inherent variability in the human
operator gain on which learning has little effect.
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8. An investigation intc Pursuit Tracking in the
Presence of a Disturbance Signal
L. D. Reid

University of Toronto Institute for Aerospace Studies

The description of man as a servo control element while
performing manual tracking tasks has been most useful in helping
us to understand this complex situation. Most of the theory con-
cerning this man/machine interaction has been developed for the
compensatory tracking task with recent efforts being directed to-
wards the expansion of the present theory to cover the more com—
plex situations of pursuit tracking and multiple loop tasks. The
present paper deals with the measurement of pilot describing func-
tions in a pursuit tracking task with system disturbances when the
input power spectra are continuous in nature. In this program the
RMS levels of the primary input and the system disturbance are the
same.

PURSUIT PLUS DISTURBANCE
PILOT DESCRIBING FUNCTION IDENTIFICATION

The compensatory tracking task is modelled as in Fig. 1
where the remnant time signal n is included in order to account for
any signals in the man/machine loop which are not linearly related
to the input i. 1In order to establish a criterion for the choice of
pilot model consider the presently used describing functionl for the
compensatory task based on signals found in Fig. 1.

Y(jw) = 210(Jw)/01e(jo)
®ip(jw) = 0

If Fig. 1 is redrawn as the point by point sum of the two linear sys-
tems of Fig. 2 it can be seen that p (that input to the vehicle due
to n) can be written as

Y(s)
1+ A(s)¥(s)

P=0o-0'"=0¢c-1

If Y is chosen so as to minimize the RMS value of p by using the theory
of Appendix A, it is found that

Y(jw) = ¢30(jw)/01e(jw)
o;n(jw) =0

In a single degree of freedom pursuit task the pilot receives

129




i(t)

PILOT

MODEL n(t) :
'

i(t)

Compensatory Task As The Sum of Two Linear Systems

130

i
: ' VEHICLE
e(t) ! o(t) m(t)
Ly Y(s) A(s) —»
! l
| |
! I  DYNAMICS
L e e e ————— J
Figure 1
Pilot Model For The Compensatory Task
o'(t)
— Y(s) p——" A(s) —>
—1
n(t)
p(t)
Y(s) A(s) ad
Figure 2



2 inputs while producing a single stick output and this leads to se-
lecting a pair of linear systems to model the pilot. Two possible
choices for this pair of linear systems are given in Fig. 3, where
n is the remnant signal and g is the system disturbance., If the
linear system employing Yj and Yo is redrawn as the point by point
sum of the 2 linear systems of Fig. 4 it can be seen that p (as in
the compensatory task) can be written as

T LT T oo T Yo(s) -z Y1(s)
p=o-0l =0 -1 W) 1-A(s)¥i(s)

Thus, in order to select a Y; and Yo based on the same criterion as
the compensatory pilot model a choice will be made which minimizes
the RMS value of p. If this minimization is carried out using the
theory of Appendix B it is found that

¥1(Jw) = 1/(%173—@y + A(jw))

Yo(Juw) = (1-Y1(jw) A(w)) 2o(Juw)
o1 (ju) = 28o(dw) 253(w) - 2i0(ju) ogi(Ju)
035 (0) 9gglw) - 2ig(Jw) 8gi(Jw)
sy = Sio(Jw) Pgg(w) - .0(jw) 01g(jw)
22(dw) = @ii(w) ¢g§?w> - 2ig(Ju) ¢;§(jm)
o5,(jw) =0
ogn(jw) = 0

provided that i and g are not completely related by a linear transfer
function. In a similar fashion, if Y3 and Y), are chosen to minimize
the RMS value of p, it follows that

Y3(jw) = Yo(ju)

Y3 (Jw) = Y1(jw) + Yo(ju)
®in(jw) =0
an(jw) =0

These formulations are the basis for experimentally determining models
of human pilots for the pursuit plus disturbance task. Note that the
pair of transfer functions can be simultaneously identified over the
same frequency range of interest.

In order to obtain a measure of the adequacy of the measured
describing functions pz(w) has been defined as
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DZ(w) =1 - QPP(w)
¢oo(w)

which for the compensatory tracking task works out to be

z(w) - l@io(jw)lz
811 (w)0o0(w)

and for pursuit plus disturbance tracking works out to be

2 1 ¥e(5w) ]2 egi(w) + [Y1(3w)]2eg(w)
¢oo(w)

p?(w) = l 1
1-A(3w)Y; (Jo)

+ 2 Re[Yg*(jw) Y, (jw) cbig(jw)]

A value of p2 near unity indicates that the describing function
accounts for most of the pilot response.

Data Reduction Technigue

The calculation of the power spectra required for the es-
timation of the describing functions was performed by sampling the
necessary time records at a rate of 20 samples per second and re-
cording this data on a digital magnetic tape. An IBM T09L computer
was then employed to calculate the power spectra by Fourier trans-
forming correlation functions. This program utilized the fast
Fourier transform in calculating the correlation functions. The
time records were 180 secs. long and the maximum time delay asso-
ciated with the correlation functions was 9.95 secs. The program
outputs power estimates at 0.632 radians/sec. intervals starting at
0.316 radians/sec.

The continuous input power spectra utilized in this pro-
gram are shown in Fig. 5. They were formed by passing the output of
a Caussian noise generator through suitable filters. Following the
suggestion of Ref. 1 a low amplitude high frequency shelf was in-
cluded on inputs L, M and H in order to extend the range over which
measurements of describing functions could be performed.

The ability of the program to calculate transfer functions
was checked by identifying linear systems (or analog pilots) opera-
ting in the same feedback loop that the human subjects would use.

The complete range of inputs, display modes and vehicle dynamics were
tested. A typical test system is shown in Fig. 6 and the corre-
sponding measured transfer functions are presented in Fig. T, along
with p2. The following conclusions resulted from these tests:

1. The identification of models with the VL input must Dbe
restricted to values of w 5_9.16 radians/sec. due to low input power

outside this frequency range. For all other inputs this range ex-
tends to 15.L7 radians/sec.
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2. The pilot model identification for the pursuit plus dis-
turbance task has greater variability than that for the compensatory
task because of the greater number of spectral quantities which are
involved. This situation can be improved by using estimates of the
power spectral densities averaged over 2 consecutive runs.

3. The identification of 02 at the lowest fregquency point
for tasks with rate coatrol can exhibit large errors. This is due to
the low freguency droop in %ee caused by the high gain of the rate
dynamics at low frequencies. (Fig. 8 is a plot of ®ge for such a
case).

Since the signals i and g used in the present program are
different outputs from a Gaussian noise generator it is expected that
the estimates of ®ig and ¢gi used in calculating Y; and Y2 should be
close to zero. A typical measured value is shown in Fig. 9 as a plot
of ®ii @gg/léiglz. It is seen that this ratio varies from 8 to 300.
In order to determine whether the complexity of the expressions used
to calculate Yp and Y2 could be reduced by ignoring terms containing
big or %gi a sample identification of an analog pilot was performed
for the following 3 cases:

1. All terms containing ®jg or ¢gi were dropped.
5. All terms containing the product ¢pig dgi were dropped.
3, No terms were dropped

Fig. 10 shows the results for the identification of |Y1| as a typical
example. From this it is seen that no terms can be dropped in cal-
culating Y1 and Yp.

When utilizing the pair of linear models to detect pursuit
behaviour the model employing Y3 and Y) is useful, for if a subject
performed a task with the pursuit display in a compensatory fashion
he would operate on the .e signal alone, generating a Yl identical to
zero. In order to evaluate the ability of the present analysis tech-
nique to detect this condition it was simulated by identifying a linear
analog pilot in a system like that of Fig. 3 with Y} = 0. The results
of the identification are shown in Fig. 11 as plots of the real and
imaginary parts of the measured Y}, along with Y3 for comparison. These
results indicate that this mode of pehaviour should be easily detected
with the present technique.

Experimental Program

The main portion of the experimental program was performed
by 8 male volunteer subjects from the staff and students of the
University of Toronto Institute for Aerospace Studies over a 2-year
period. In discussing the experimental conditions the following
short form notation is introduced.

PD - pursuit tracking with a secondary disturbance
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PP - pure pursuit, no secondary disturbance

C - compensatory tracking

K - position control, pure gain dynamics

1/s - rate control, pure velocity dynamics

1/s2 - acceleration control

51-510 - subjects 1 to 10

VL - very low frequency input power spectrum

L - low frequency input power spectrum

M - medium frequency input power spectrum

H - high frequency input power spectrum

STI ~ input made up of the sum of 10 sine waves.

The subjects sat in the cockpit of g CF-100 flight simu-
lator (see Fig. 12) and performed the tracking tasks with a low
inertia stick. The 20 in. stick consisted of a hollow aluminum
tube with a balsa wood hand grip (weight 6 oz., CG 12 in. above
the pivot) connected directly to a linear continuous resolution
potentiometer, with no centering springs or viscous damping.

Stick travel was limited to + 17.5° fore and aft. The pilot's
display was a Dumont type 333 dual beam oscilloscope utilizing

+ 2 in. of horizontal deflection. The display was located 28 in.
from the subject's eyes. In the compensatory mode the display con-
sisted of a fixed yellow horizontal reference line and a moving
green error bar. In the pursuit mode two moving green markers were
employed, an open 0.25 in. diameter circle representing the pilot's
alrcraft position and a 1 in. line representing the target air-
craft's position.

The dynamics of the vehicle and conditioning of time sig-
nals were accomplished through the use of an Electronic Assoclates
TR 48 analog computer. The polarity of the system was such that
pulling back on the stick caused the controlled vehicle to climb.
In the compensatory task this was indicated to the pilot by a climb
ing error bar. The system gains selected in inches of displacement
on the display per degree of stick deflection were 0.11k4 in./degree
for the position control dynamics and 0.338 in./degree/sec. for the
rate control dynamics. The input signals had negligible DC com-
ponents and for the C and PP tasks the RMS of i was 0.5 in. while
the RMS of (i—g) was 0.5 in. with the RMS of i equal to the RMS of
g for the PD tasks. The signal i always had the same spectrum as
g for any given run.

The instructions to the subjects were to minimize the mean
square error and it was emphasized that a doubling of the displayed
error would lead to a quadrupling of the score. The task was des-
cribed as the simulation of aircraft mid-air refueling with both
alrcraft subject to disturbances from rough air, the displayed var-
iable being altitude. The subjects were instructed to follow high
frequency components in the display if it did not cause their scores
to increase. The score was taken to be 100 times the subject's mean
square error divided by the mean square error that would have
occurred if the pilot had held the stick centred throughout the com-
plete run.
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Thus

compensatory or % = 100 o2
pure pursuit score —_
12
pursuit plus e?
. = 100
disturbance score
(i-g)?

In order to minimize fatigue and at the same time have a sufficiently
long run length to allow identification of the describing functions
at the low frequencies each tracking run lasted 190 sec. Each sub-
ject performed 3 such runs separated by a 2 minute rest period per
session. An initial set of runs (about 50 per subject) over a peri-
'od of 4 months was used to determine reasonable system gains. These
runs performed by S1 to 88 covered PP and C displays and K, 1/s and
1/s? dynamics with an L input. During this series of runs it was
found that the subjects could not achieve scores below 100 with l/s2
dynamics and that no difference in scores between PP and C tasks
existed. At this point 1/s2 dynamics were dropped from the project.

Subjects S1 to S8 each performed an additional set of over
250 training runs over a period of 8 months covering the various com-
binations of display (PD,C), dynamics (K, 1/s) and input spectra
(L,M,H). A subject was considered trained at a given task when a
graph of score versus run number achieved a reasonable plateau of
less than 100. S2 and ST did not achieve this level of training with
1/s dynamics. However, these 2 subjects continued on in the project
in hopes of detecting why they had difficulties.

The main body of the experiment consisted of the series of
runs as presented in Table 1. The order of presentation of the tasks
was randomized in order to eliminate systematic error due to order-
ing the tasks. ZEach cell in the table corresponds to 11 replications
of the task, the last 6 of which were recorded and used for the
measurement of describing functions. The results of this set of -
runs indicated that there was no difference between the scores gen-
erated by the 2 display modes. Because of the results reported in
Ref. 5, where a significant difference in performance was found for
the K dynamics case between PP and C displays for the lower input
bandwidths, it was decided to perform an additional set of runs using
the VL inputs. Subjects S1, S3, S6 and S8 performed these runs.
Again no differences in scores were found. As a final check subjects
S1, 53 and S8 each performed runs using input STI (which duplicated
input wi = 1.5 of Ref.5 ) for PPK and CK tasks. It was found that
they achieved the same compensatory scores as in Ref. 5 but that
their PP scores were higher and not different from the compensatory
scores. The average scores (excluding 52 and S7) are shown in Fig.
13. Note the large change in scores in going from I to VL inputs.

The final portion of the experiment consisted of the measure-
ment of the describing functions of 2 untrained subjects (S9,310) as
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. 1
they learned to perform a VL PD 1/s task. Both subjects performed 25
. . 4 - - . VA
tracking runs, all of which were recorded. In all, over 4000 runs
were performed of which over TOO were recorded and analyzed for des-

cribing function data.

Experimental Measurement of Describing Functions

Y and p? were calculated for the compensatory tasks while
for the pursuit plus disturbance tasks measurements were made of Yq,
Y3, Y) and p2. These results were averaged across the 6 trained sub-
Jects and 6 replications per subject to produce the describing function
results. Fig. 1L gives some typical plots showing + 1o standard de-
viations. Special mention must be made here of the difficulties en-
countered in calculating YL. The experimental conditions were such
that the thl generated by the subjects was generally an order of
magnitude below |Y3| » and hence the power spectral densities of sig-
nals associated with Y) were down from one to two orders of magnitude
below those associated with Y3, leading to large data variability.
Due to this excessive variability it was decided that the real and
imaginary parts of Y) would first be estimated since they depend most
directly upon the measured power spectra. (For all other cases this
intermediate step was not used). The mean values of the real and
imaginary parts were then used to plot thl and <£Y). Fig. 15 shows
the real and imaginary parts of Y), for the M PD K case.

Previous investigators have found that the gain of the
vehicle dynamics has little effect on the overall system performance
in the compensatory tracking situationl. The pilot is found to
adjust his gain to keep the open loop system IYA| gain optimized.
Hence when comparing results from this type of project with those of
other workers it is most convenient to compare plots of Y.A. The
present compensatory results have been compared in this fashion with
Refs. 1, 2 and 3. Fig. 16 shows the type of agreement that is found
when the input spectra are of the same shape. The poorest agreement
was achieved in regions where the inputs differed because of the high
frequency shelf. The best agreement was obtained with the VL input
which had no high frequency shelf.

A meaningful measure of the effect of the input spectral
shape on system performance is the change in crossover frequency wg
and phase margin ¢y, with alterations of the input form. Table 2 lists
the measured values of we, ¢p and wie

(wg =E>f°o 913 (w)dw ] 2
ie ——————
T787, (@)

is the effective input bandwidth) for the

present project. These results do not agree with those of Ref. 1
where it was found that w. was independent of input bandwidth for
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wi (or wje for non-rectangular spectra) <0.8w o VWhere wco was found

to be 4.8 radians/sec. for CK and L.k radians?sec. for Cl/s. In ‘
fact a rough correlation between we and the ratio 'Low frequency

content/High frequency content' was found and this parameter is also

included in Table 2. This ratio is calculated by dividing the fre- 1
quency at which the input spectrum high frequency shelf begins by

the frequency at which it begins to drop off steeply and is roughly

that fraction of the input frequency range occupied by the low fre-

quency part of the spectrum. It appears that as a general rule

(except for C 1/s with H input) w, decreases as this fraction de-

creases. In addition the ¢p's of Table 2 are much larger than those

reported in Ref. 1 (where for C 1/s with wj going from 1.5 to U

radians/sec. ¢y ranged from 250 to 550) indicating that the present

subjects tended to establish a more stable, sluggish system.

The effect of the observed wc regression upon the perfor-
mance of the system can be seen by comparing the transfer function
relating e to i E/I for the L and VL inputs. Fig. 17 shows a plot |
of IE/I%Z for the C 1/s task, the square of the modulus is plotted
because it represents the power transfer from ®;; to ®ee. It is seen
that when w, is large (for VL input) the power transfer tends to
peak at about 9 radians/sec. Hence if an input signal had a substan-
tial amount of power in this region it would make sense from the
standpoint of reducing %ee tO switch to a lower value of w;. The |
presence of the high frequency shelf appears to trigger this we re-
gression even though with the present L inputs 90.5% of the input
power is contained in the frequency range O to 1.41 radians/sec. As
a result, the scores rise when wc regresses because lE/I\2 becomes
greater in the low frequency region where most of the input power
exists.

Pilot models were fitted to the measured data using

i {wT+a) , .
Yp(jw) = erJ(‘*’ % Trdw + 1 1 Tydw + 1

. v 2 . "
Triw + 1 (TNljw_,_l)((ﬂ)_NU)_) + ECN',J(;;)— +1) TI'(JL\) + 1
Thus it was necessary to choose a value for 10 model parameters to
achieve a simultaneous fit to 25 amplitude and 25 phase points for
each describing fumction. This was accomplished through the use of

an IBM 1130 digital computer with a Calcomp plotter output. The pro-
cess involved the selection of parameters by the operator followed

by a plotting of the data and the model by the computer. The se-
quence consisted of first achieving a reasonable fit to the amplitude
data and then testing this model against the phase data, making
changes in the parameters as required. The process wWas repeated until
a good fit¥ to both amplitude and phase was achieved. The resulting
parameters are listed in Table 3 with no parameters listed for terms
which were not required in a particular case.

¥ A 'good fit' was considered to be one in which the model reflected
the general trends of the amplitude and phase data, the model being
well within all the + 1 o bars.
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TABLE 3

PILOT MODEL PARAMETERS

Experimental

Conditions £p T o LT /Ty | M/T | U/Te't 1/Ty, | wy N
VL CK Y 114.6 | 0.0351 0.05] 2.70| 1.67 - 0.67 | 12.5{ 17.0] 0.10
VL PDK Yq ~106.0 | 0.030{ 0.08] 2.78| 1.67 - 0.63 | 12.5 | 15.9 | 0.10
VL PDK Y, 105.0 | 0.010{ 0.08} 2.78| 1.67 - 0.67 | 12.5 | 15.4 | 0.10
VL PDK YJ 1.43) 0.300| 0.25] -1.00 - 12.5 - - 3.0} 2.0
L CKY 55.7 } 0.045} 0.08| 2.70] 1.50 - 0.71 | 12.5 | 17.0} 0.10
L PDK Y, -48.9 [ 0.060| 0.03] 2.701 2.00 - 0.59 | 12.5 | 17.0 | 0.10
L PDK Y, 48.5 | 0.075} 0.03] 2.70| 2.18 - 0.59 | 12.5 | 15.9 | 0.10
L PDK Y), 0.16 | 0.300 ~ -0.10| 2.00 | 7.15 | 2.00 | 2.00 | 15.1{ 0.05
M CK Y 44,6 |1 0.055] 0.04 - 0.83 - - 11.1 | 17.5} 0.12
M PDK Yq -39.0 | 0.055) 0.06 -~ 0.91 - - 11.1} 17.5 ] 0.12
M PDK Y, 36.4 | 0.068 | 0.08 - 1.11 - - 12.1 | 17.0| o0.12
M PDK Y) 1.10 | 0.h00 | 0.25]-1.00 12.5 - - 3.0{ 2.0
H CK Y 79.7 1 0.060]-0.02| 0.20} 2.18 - 0.05 | 12.5 | 18.1| 0.08
H PDK Y; -74.2 | 0.070 - 0.20 | 2.00 - 0.05 | 12.5{ 17.5| 0.08
H PDK Y, 23.8 | 0.090 | 0.04{ 2.00]| 5.00 - 0.83 | 12.5 | 17.0] 0.08"
H PDK Y), L. ko | 0.350 - -2.00| 0.20 | T7.15 - 10.0 | 16.7} 0.10
VL C1l/s Y 1€.8 0.087 | 0.04| 3.301 1.82 - - 16.7 ) 14.9 ] o.07
VL PD 1/s Yy | -3.22 0.100{ 0.15| 2.86| 1.25 | 0.27 | 1.11 | 17.0 | 15.4 | o0.07
VL PD 1/s Yo 4.85 1 0.115| c.06 | 2.8 1.11 | 0.25 ] 1.11 | 17.0| 17T.0 | 0.07
VL PD 1/s Yy 0.69 1 0.020 | 0.4b0| 1.50| h.co - - - -
L Cl/s¥Y 10.3 0.129¢{ 0.08 ] L.00] 2.78 - - 16.7 1 17.0| 0.07
L PD1/s ¥, |-2.31 0.150 | -0.04 | 3.00{ 2.22 | 0.05 | 0.20 j 14.3] 17.5| 0.07
L PD 1/s Y, 2.18 0.180 | -0.04 | 3.00| 2.22 | 0.05 | 0.20 | 14.3 | 17.5 | 0.07
L PD 1/s Y) 0.38 0.200§ 0.20| 1.50|10.00 - - - - -
MC1l/s Y 8.75 0.110 | 0.05 1 0.89 | 1.21 - - 11,1} 16.6} 0.10
MPD 1l/s Y3 |-7.43 0.120 | 0.25}| 0.20] 1.00 | 0.17 | 0.05 §j 11.1 | 16.1 | 0.10
M PD 1/s Y, 6.68 0.150 | 0.25}| 0.20| 1.00 | 0.127 } 0.05 | 11.1| 16.1| 0.10
M PD 1/s Yy 0.61 0.260 | 0.40 | 1.50 - - - - - -
HC 1l/s ¥ 5.52 0.110 | 0.05 | 1.39§ 3.22 - - 11.1 | 17.0{ 0.10
HPD 1/s ¥; | -3.2k 0.115 | 0.25 | 0.63| 2.22 - - 11.1 ) 15.9 | 0.10
HPD 1l/s Yo 2.13 0.145 ] 0.25{ 0.50} 2.50 - - 12.0 | 15.6 | 0.09
HPD 1/s Y) 0.73 0.270 1 0.%0 | 5.0 - 5.0 - - - -
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With the assumed model form it was possible to fit almost all
the available data well within the + 1 o bars, The model fits are
shown in Fig. 14 as solid lines with the Y} model fitted to the ampli-
tude and phase plots and also shown in Fig. 15. An interesting pro-
blem arose when it came to fitting the CK data. It was found that
the values of T which resulted were often lower than the minimum
values predicted from physiological data (0.06 to 0.10 sec.)l. When
T values in the range 0.06 to 0.10 seconds were tried it was found
that it was not possible to fit the data as well, and hence the low
values were retained. As a possible explanation of this phenomenon
it is postulated that the subjects were exhibiting an ability to pre-
dict the course of the random input for up to 30 milliseconds into
the future for the lower frequency input cases. The rate control
dynamics case does not allow this to develop because more attention
must be paid to the system output in this more demanding -task.

Detection of Pursuit Behaviour

Plots of describing function amplitude and phase results on
cumulative probability paper indicated that this data could be con-
sidered Gaussian at the 95% confidence level., In order to establish
that the measured Y)'s were significantly different from zero a
Student's t test was performed on the data to test the null hypothesis
at the 95% confidence level. The null hypothesis was rejected in
most cases (except at the low measurement frequencies with the VL
input) indicating the presence of pursuit behaviour. Due to the low
amplitude nature of Yl no significant changes in the overall system
dynamics such as those found in Refs. 2, 4 and 5 were evident.

Although this low amplitude nature precluded any significant
performance differences the shape of the describing functions can
give clues to the processes which take place within the human oper-
ator while tracking with a PD display. Of particular interest is a
comparison of the differences in transport time delays Tt developed in
the Y1 and Y, describing functions. In every case but one (VL, K)
it was found that the Yo time delay was greater than that of Yj, the
difference ranging from At = 13 to 30 milliseconds. In addition, for
the same cases, an increase in T was observed in going from C to PD
tracking. This increase ranged from O to 21 milliseconds when com-
paring Y with Yj. The nature of the present data.analysis did not
allow a check on the statistical significance of these time delay in-
crements, however the consistency of the trend lends confidence to
the belief that the effect is real. Also, it should be noted that
the limited frequency range of the VL input data prevents an accurate
estimate of T for that case since the effects of the e-J®T term in-
crease at the higher measurement frequencies.

In order to gain some insight into a possible source for the
observed time delay increments, consider a system which samples a
time record and then attempts to reconstruct the signal by a linear
process. One such process® is based on the assumption that at the
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sampling instants t = nT both the signal r(nT) and its first deriva-
tive rl(nT) are obtained, The output of the process 1s formed as

o(nT + 1)= r(nT) + Kt rl(nT)

and 0 < K <1

The low frequency approximation to the describing function for this
operation is

G(J(.U) = e“J(l"K)(wT)
z

for wT << 3
2

The presence of such a sampling procedure when the two symbol
pursuit display is used could lead to the observed increases in the
measured time delays with

Fig. 18 is a plot of the measured time delay increments for Yy and Yp
when compared with Y. These values are comparable to the 30 milli-
second increase observed in Ref. 7 when two simultaneous compensatory
tasks were performed with the displays visually 0.8° apart. The
difference in the increments for Yy and Yo reflect a higher sampling
rate being applied to the vehicle response symbol (i.e. a smaller T

in the G(jw) for Y;). Since the form of the data reconstruction uti-
lized by the subjects is not known, no direct link can be made between
the observed time delay increments and the sampling rates adopted.

The data of Fig. 18 indicates that higher sampling rates are adopted
when the input signal bandwidth is increased (except for the g K case) .

Subject Learning Effects

This section deals with subjects S2 and ST who generally ob-
tained the highest scores and 859 and S10 whose describing functions
were measured as they learned to perform a PD 1/s task with VL inputs.,

Despite extra training S2 and ST could not improve their scores,
finding special difficulty with 1/s dynamics. Since these subjects
were trying their best to improve their scores it was felt that per-
haps some inability to generate a particular term required in their
describing function accounted for their difficulties. Thelr measured
describing functions were compared with the average results from the
other subjects. Fig. 1} gives a typical plot. In the case of K
dynamics S2 and ST's describing functions could be obtained by in-
cluding in the averaged subject data a low freguency lead/lag and a
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lag term with its break frequency above the measurement frequency
range. This may be interpreted as their inability to generate the
very low frequency lag/lead with which the other subjects produce
their high gain at low frequency. Since none of these effects in-
teract with the neuromuscular terms (TNl and wy) it appears that
this part of their system is normal. In the 1/s dynamics case a
medium frequency lag (break frequency in the region of 10 radians/
sec.) and a lag with its break frequency above the measurement range
had to be included with the averaged data to produce 52 and ST's
describing functions. The common lag term with the high frequency
break point could represent the fact that these two subjects were
ignoring the higher frequency components in the display.

The series of runs performed by subjects S9 and S10 (VvlL, PD,
1/s) was an attempt to determine if the subjects, when presented
with a pursuit plus disturbance display, would at first perform the
task in a compensatory fashion gradually progressing to pursuit type
tracking as they improved. From the measured Y), data it appeared
that two describing functions were generated by both subjects from
the very beginning of learning, without first going through a stage
of compensatory tracking. See Fig. 19.

Conclusions

1. The present experimental technique allows the simultaneous measure-
ment of two pilot describing functions over the frequency range
of the system inputs.

2. The addition of a low amplitude, high frequency shelf to a low
frequency input spectrum in the case of continuous spectra causes
a gross change in pilot technique.

3. The rules relating the crossover frequency and phase margin of a
piloted system to w;., the effective input bandwidth, as developed
by previous work do not hold for the inputs of the present experi-
ment. TInstead there appears to be a correlation with the fraction
of the input frequency range occupied by the low frequency part of
the spectrum.

L. The small time delays measured for the position control dynamics
cases suggest that the subjects were predicting the future course

of the input to some extent.

5. The pursuit plus disturbance conditions studied produced no improve-
ment in scores over similar compensatory tasks.

6. Two significantly different describing functions were measured for
most cases employing a pursuit plus disturbance display.
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. Time delay measurements indicate that the subjects adopted a

sampling mode of operation when presented with the pursuit plus
disturbance display. The vehicle output was sampled at a higher

rave than the target symbol.

. Pilot describing functions can be used to pinpoint the cause of

poor man/machine performance.

. There was no indication of a progression from compensatory to

pursuit tracking as a pursuit plus disturbance task was learned.
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T1,Tx,Tg Ty, and
Tn1

w

NOTATION
transfer function of the vehicle control dynamics
error signal representing (i(t) - m(t))
secondary disturbance signal
primary input signal or desired system output
complex number V=1
pilot-model DC gain
vehicle control dynamics output
pilot's remnant injected at his output
pilot's stick output

that input to the vehicle control dynamics due
to n(t)

the Laplace transform variable
time, sec.

in conjunction with a sampling network T is the
sampling period, sec.

time constants in the pilot model
frequency in radians/second

the frequency at which the open loop system gain
is unity (crossover frequency)

highest frequency component in an input signal
with a rectangular power spectrum

. 2
effective input bandwidth =[of% &5, (w) du]
Ofoo Qiiz(w)dw

the natural frequency of the neuromuscular system
model

the compensatory pilot describing function
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At

Om

@Xy(jw)

?7(jw) and 9o(jw)

oW
x
2

X(Jw)

X*(jw)

[X/Y(jw)]

pilot model low frequency lag-lead parameter

1 - %pplw)
Po0(w)
standard deviation
time delay in seconds
time delay increment
180° + system phase angle at w = We

cross-power spectral density of x(t) and y(t)
called the auto-power spectral density if
x(t) = y(t)

intermediate step in the calculation of pursuit
describing functions

the damping of the neuromuscular system model
the Laplace transform of x(t)
the mean square value of x(t)

the frequency response function corresponding
to X(s)

the complex conjugate of X(jw)

the frequency response function corresponding to
the transfer function relating x(t) to y(t)
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APPENDIX A

Model Matching for a Single Input/Output System

Consider y(t), the output of some system (not necessarily
linear) whose input is x(t). It is desired to find that linear
system L{s) which matches most closely in the RMS sense the ori-
ginal system. Let z(t) be the output of the linear system, therefore

z = x L(s)
L(s) is to be chose.. to minimize the RMS value of r(t) = y(t) - z(t).

Since Z=r" o (w) dw,

and ¢ () is real positive, then r? can be minimized by
minim{zing ) v (w).
r

Now @rr(w) = @yy(w) - @yx(w) L(w)

(0)L*(jw) + |L(Jw)]|? o (0)

-~ Oxy X

Let L(jw) be represented in the neighbourhood of the optimum value Lo(jw)

by L(jw) = L (jw) + & £f(jw)

- O(
where £ is small and real and f(jw) is an arbitrary complex function.
For a minimum in @rr(w) at € = 0 it is required that

3 @rr(w) =0
Jd € e=0
and 82®rr(w) >0
3 €2 e=0
Now X
Z@zr(w) = -0, (w)f(jw)_®xy(w)f*(jw) + le(aw)l o (w)
But
|L(jw)|? = (L (Jw) + ef(Juw)) (L2 (Ju) + ef*(Juw))
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Therefore

0 [L(jw)|? - (Lo(jw) + ef (Ju))f*(jo) + f(jw) (L: (Jw) + ef*(ju))

0 €
and
32|L(gw) % _ N2
STHOTCII
Therefore
o ®rr(w)
= - . - * -
T ®yx(w)f(Jw) ®Xy(w)f (jw)
e=0
. * 3 * 3 >
+ (LO(Jw)f (juw) + L¥ (Jw)f(Jw))®XX(w)
and
32 @rr(w)
FY YA =2 |f(jw>|2® (w) >0
£ =0 XX
Setting 3 ®rr(w) =0 results in
3 €
=0

¢yx(w)f(jw)+¢xy(w)f*(jw)=(LO(jw)f*(jw)+L§(jw)f(jw>)@Xx(w)

Let  f(jw)=m(w)+jn(w), where m(w) and n(w) are two arbitrary real
functions. Substituting for f(jw) results in

QyX(w)(m(w)+jn(w))+¢xy(w)(m(w)-jn(w))

= {L,0u) (mw)=gn () )+L¥ (j0)(m(w)+in(w)) bo (o).

Since m(w) and n(w) are arbitrary it follows that

(S
€
+
©
€
Il

(Lo(jw)+L: (Jw))¢xx(w)
¢yx(w)—®xy(w) = (*Lo(jm)+L§ (jw))éxx(w)

summing, obtain

@yx(w)=Lz (jw)éxx(w)

Since

®yx*(w)=éxy(w)
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Therefore

Lo(jw)=¢xy(w?/®xx(w).

Let r (t) be the remnant r(t) when L(s) = Lo(s). Now since

o
;; =y - x Lo(s) then @Xr () = ¢_ (0)-L (jw)o__(w)

Substituting Lo(jm) =9 (w)/o ()

it follows that @X (w)=0.

ro
Thus ¢yy(w) = @roro(w) + ILO(jw)IZQXX(w)
Therefore I@xy(w)lz _ ILO(jw)lz @ix(w)
XX(w)@yy(w) Tio(jw)lz @ix(w)+¢xx(w)®roro(w)

<1

the equality holding when ®ror ( w) = 0, that is, when x(t)

and y(t) are completely related by a linear transfer function.

Note that if the process relating x(t) and y(t) cannot be approx-
imated at all by a linear process, or if x(t) and y(t) are two totally
unrelated signals then Lo(jw) =®Xy(w) = 0.
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APPENDIX B

Model Matching to a Two Input/éingle Output System

Consider y(t), and output of some system (not necessarily
linear) whose inputs are x.(t) and x2(t). It is desired to find
two linear systems operatifig in parallel, L.(s) and L,(s), which
match most closely in the RMS sense the original systeém. Let zl(t)
and zg(t) be the outputs of the two linear systems, such that

z, = XlLl(s)

z, = X2L2(S)

L.(s) and L.{s) are to be chosen to minimize the RMS value of
+ () = y(t) - 2 (%) - 2 (%)
1 2 ‘
. T - ®
Since r 1) @rr(w)dw and ®rr(w)

=00

is real and positive, then rZ can be minimized by minimizing @rr(w).

Now

o (w) =®W(w) +|Ll(jw)l2®Xle(w) + [Lg(jw)|2®x2x2(w)

— s _*' — s

Ll(Jw)®yxl(w) Ll(Jw)¢xly(w) L2(Jw)®yxg(w)

-L*¥(jw)o (w)+L¥(Jw)L.(jw)@ (w)+L. (Ju)L¥(jw)o (w)

2 X5y 1 2 X1%p 1 2 X%
Let L. (jw) and Lg(jw) be represented in the neighbourhood of their
optimim values L7 (jw) and L, (jw) by
o 0
Ll(Jw) = Llo(gw) + efl(Jw)
< N I TAEVIRY
L2(Jw) = L2 \Jm) + 6f2\Jw/

0

where € and 6 are small and real, and f (jw) and f.(jw) are arbitrary
complex functions. For a minimum in @rr(w) at e=8=0
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it is required that

} 2 @rr(w) .
d € =0
§=0
rr(w) _
3 6 e=0 0
6=0
2 2 2
o2 o (@] _ #2e (w) 220 (u) L
pe 36 J 3 el 3 &
e=0
§=0
32 o__(w)
rr > 0
3 2 e=0
§=0
Now
. 2
AL w) 4Ll(3w)| ‘
— = = o (w) - @ < (w)fl(gw) -0
11 b1 1Y
. %( s %( = .
+ Lg(Jw)fl(Jw)¢X X (w) + L2(Jw)fl(3w)®
172
2
8% 0 .(w) = fg(jw)fi(jw)@x N (w)+f§(jw)fl(jw)®x (w)
oe o6 172 2
= . %
2 Re {fg(Jw)f (Jm)@x « (w)}
12
2 2 o
9 ®rr(w) = 2 Ll( w)|* ® (w)
9 2 9 € X, X w
11
. 2 = s s * (3 - ®( 3
|2, (Gw) | (L, (Ju)+ ef, (Ju) ) (L2 (Ju)+ ef¥(ju))

0
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Now consider

; 2
2001 L Ge) ¢ ee,(J0))£R(g0) + (18 (Jo) + ef*(30))t (J0)
3 € 0 0
32|, (Jw)|?

T = elnlwl?
Therefore at e=6=0
* yele) (L. (3o)£2(50) + 1¢ (o)t (Jo))e. _ (0)
€=0 = (L Ju)f*ljw) + LF¥ (jw)f (jw w
9 € 520 lO 1 0 1 xlxl
- q’yxl(“’)fl(‘jw)_@xly(w)fi(jw)
+ L, (Ju)f*(jw)®x x, (w) + L¥ (Ju)f,(Juw)e. _ (w)
20 1 172 20 1 X2Xl
and
32 o (w)
rr _ = 2|f (jw)|2® (w) >0
g—ez————‘z;g 1 *1%1
Similarly
30 (w)] e=0 = (Lgo(jw)fg(jw) + L;O(jw)fg(jw))¢xexg(w)
3 & §=0
- gyx (w)fg(jw) - o y(w)fg(jw)
2 2
+ L, (Juw)f*(jw)o (w) + L¥ (Juw)f (jw)e (w)
10 2 ngl lO 2 xlx2
2
T - i, )0
§=0
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2 2 2
32 ¢ () _ ot o (w) 2 o .(w)
de 06 5 €° o 67 =0
§=0
= s s 2_ 2. : 2
=(2Re{ £, (Ju)ef (gu)o, o (@)} MICRUR LA L

s(2r () £, 00) e (w)I)z-hlfl(jw)!zifg(Jw)|2®Xl

1*2

<0

The last line holds because if xl(t) and x2(t) are not completely

related by a linear transfer function, then (see Appendix A)

| o (w)]2<0 (w)o (w).
xlx2 xlxl x2X2
Now set 9 ?rr(w) =0 and g er(w) =0 equal to zero and solve
9 € §=0 3 8 §=0

for Llo(jw) and L, (Ju).

“0
Hence

(L. (Ju)£*(jw) + L# (qu)f, (qu)o, . (w) =0 (w)f (Ju) -o_ _(w)f¥(juw)
1 w) Tl Jw lo Jw 1 jm» *y Xy g x 1

+ Lge(jw>f§(dw)¢xlxz(w) + n;O(Jw)fl(jw)mxgxl(w) =0

and

(Lgo(jm)fg(jw) + Lgo(am)fggwﬁox L (w) -0

PRCRMRL LR IOL BT

+L (jw)fé(jw)@
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Since fl(jw) and f_(jw) are completely arbitrary and the above two
equationis must hold for all values of fl(jw) and fg(jw) it follows
that

@Xlx ()L, (jw) +®X X (w)L2 (juw) =0 (w)

1 0 1%o 0 Xy

1

and
O(jw) o, ()0 (Ju) = 0 y(0)

Solving for L. (jw) and L, (jw) obtain

0 Xy XX, X X%
® (w)o (w) -0 (w)o (w)
Xle X2X2 X1X2 X2X1
L, (Jw) =0 _(w)od (w) =0 (w)od (w)
20 Xy XX 1Y %1
o (w)o (w)-0 (w)o (w)
xle ng2 X_'LX2 X2Xl

provided that xl(t) and xg(t) are not completely related in a linear
fashion.
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Abstract

A model for human controller remnant is postulated in which
remnant 1s considered to arise from an equivalent observation
noise vector whose components are linearly independent white noise
processes. Extensive analysis of data obtained from simple manual
control systems verifies that this model structure holds over a
wide range of input amplitudes and bandwidths, vehicle dynamics,
and display locations. When the display is viewed foveally, the
component noise processes scale with signal variance. This scale
factor is independent of input parameters and of vehicle dynamics.

INTRODUCTION

Although remnant is an important component of the quasi-linear
representation for the human controller, it is often ignored in the
analysis of manual control systems. The principal reason for this,
we suspect, is the lack of good models for the remnant. Neverthe-
less, it 1s becoming increasingly clear that we shall have to ac-
quire a quantitative understanding of the processes which underilie
controller remnant in order that we may develop models of control-
ler behavior in multivariable, multidisplay control systems. Even
in simple single-axis control situations the remnant frequently ac-
counts for a significant fraction of the controller's output, some-
times for most of it [Refs. 1,2]. Moreover, recent attempts to de-
velop optimal-theoretic models of controller behavior have required
us to consider some of the sources of controller remnant as inherent
constraints on the human's performance [Ref. 3].

In this paper we develop a theoretical framework which allows
us to predict the spectral characteristics of controller remnant,
and we test these predictions against existing manual control data.
A dominant theme in our model development has been to search for
underlying remnant sources which themselves are processes whose char-
acteristics are independent of control system parameters such as in-
put spectra and vehicle dynamics. Analysis of the experimental data
indicates that we have been largely successful in fulfilling this
objective. This paper summarizes the results of a recent study
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conducted for the National Aeronautics and Space Administration
(NASA) (Contract NAS8-21136), the details of which have been fully
documented in Ref. U4; and it represents a significant revision of
an earlier paper by Levison and Kleinman [Ref. 5].

BACKGROUND

We define human controller remnant in the conventional quasi-
linear context —namely, as the portion of the controller's output
that is not related to the system input by the output/input de-
scribing function [Refs. 1,2]. The rationale for this definition
is that the manual control data against which we shall test the
model have been obtained from experiments designed to minimize
nonlinear and time-varying controller behavior [Refs. 1,6].

The remnant so obtained should therefore reflect primarily the
truly random component of the controller's response. A more gen-
eral definition of remnant is discussed in Ref. 4.

At the time we began our study of controller remnant, the
most significant work in this area had been reported by Elkind
[Ref. 7], McRuer and Krendel [Ref. 8], and McRuer et al. [Ref. 2].
After extensive analysis of their own remnant data, as well as
that of other investigators (including Elkind), McRuer and his
colleagues concluded that: (a) the power-spectral-density func-
tion of the controller's remnant is a smooth function of frequency,
(b) the most stable representation of controller remnant is ob-
tained by referring remnant to an equivalent observation noise
source (i.e., a noise process injected at the controller's input),
and (c) remnant is strongly dependent on the order of the vehicle
dynamics.

Although the conclusions put forth by McRuer et al. are some-
what inconsistent as to whether or not controller remnant is sensi-
tive to other control system parameters, there is other evidence
in the literature to indicate that remnant, when properly normal-
ized, is relatively insensitive to some of these effects. Pew
et al. [Ref. 9] have compared remnant spectra obtained in thelr
own experiments with those presented by McRuer et al. They found
that the two spectra had an almost identical functional relation-
ship with respect to measurement frequency up to about 10 rad/sec.
Since the input signals used by Pew et al. and McRuer et al. were
grossly different, this finding suggests that the shape of the
remnant spectrum seems to be nearly invariant with respect to the
nature of the input. In addition, Pew et al. reported that rem-
nant was unaffected by control gain and display gain.
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Levison and Elkind [Ref. 1] have reported remnant results
which suggest that mean-squared system error is an appropriate
normalization factor for the equivalent observation noise process.
They measured the fractional remnant power obtained 4n a series of
single-axis experiments in which the mean-squared input, the input
bandwidth, and the vehicle dynamics were varied. The "fractional
remnant power" was defined as the fraction of system error power
not correlated with input frequencies. They found that the frac-
tional remnant power changed only minimally as either input band-
width or mean-squared input was varied. When the vehicle dynamics
were increased from first order to second order, however, a sub-
stantial increase in fractional remnant power resulted. If one in-
terprets the trend of the fractional remnant measure as indicative
of the behavior of the open-loop injected noise normalized with
respect to mean-squared error, then it would appear that a normal-
ization of this type will yield an injected noise process whose
characteristics are relatively invariant, at least with respect to
the characteristics of the forcing function.

The relative invariance of the fractional remnant power with
respect to input power indicates that the absolute amount of rem—
nant power scales along with the other signals circulating through-
out the system. The tendency of the random component of the human's
response to increase with the magnitude of the desired response has
been observed in other investigations not involving manual control
[Refs. 10 — 12], and it forms the basis of our model of controller
remnant.

THEORETICAL DEVELOPMENT

An Observation Noise Model for Controller Remnant

We consider the characteristics of remnant obtained from man-
ual control situations in which (1) the plant dynamics are linear,
(2) the task requirements are such that the subject apparently de-
votes continuous attention to the tracking task, and, as a further
simplification, (3) the subject manipulates a single control. The
subject's display may present one or more variables, either linearly
correlated or independent, and the subject may derive additional
input variables by performing linear operations on the variables
that are displayed explicitly.

In previous publications we have shown mathematically that a
number of potential remnant sources will have the same effect on
controller remnant and hence can be combined into a single equiva-
“lent remnant source without loss of generality [Refs. 4,5]. Rather
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than repeat this analysis here, we shall adopt at the outset the
basic assumption that controller remnant can be represented as a
single (vector) equivalent observation noise process, and we shall
then proceed to verify this model experimentally.

A flow diagram of a single-manipulator manual control system
is given in Fig. 1. The information displayed to the controller
(including quantities derived by the controller as well as those
displayed explicitly) is contained in the display vector (x). The
display vector 1s effectively perturbed by an injected observation
noise vector (ryx) to yield (x') as the total input to the control-
ler. The (x') vector is processed by the controller's describing
function (H) to yield the control signal (u), a scalar variable.

The primary assumptions underlying the observation noise
model of controller remnant are as follows:

(a) Each component of the injected noise vector is a white noise
process whose power density level is proportional to the quantity
being disturbed. That is,

=P <0 (1)

where Py is a diagonal matrix of "nolse ratios" and g% is a
vector composed of the signal variances.

(b) Each noise process is linearly independent of other component
noise processes, of the state vector, of the controller's output,
and of the system forcing function. (Note that we do not assume
linear independence of the components of the state vector.)

(¢) The noise processes are functionally independent of control
system parameters in all respects. These processes are thus as-
sumed to arise from basic physiological noise sources that are
truly internal to the human.

Predictions Based on the Observation Noise Model

We now use the model of observation noise developed in the
preceding section to predict the nature of human controller rem-
nant in simple manual control systems. We specifically analyze
a set of compensatory tracking tasks in which the controller 1is
provided a single manipulator and is given an explicit display of
only system error (a scalar variable). Note that we cannot clas-
sify this type of control situation as a "single-variable" track-
ing task, because we know on the basis of previous manual control
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studies [Refs. 1,2] and from psychophysical data [Ref. 13] that
the controller can in general extract error rate information as
well. We shall henceforth refer to this class of control systems
as a "single-indicator" system to imply a single physical display
with a single quantity displayed thereon.

An optimal-theoretic model of human controller behavior which
incorporates the concept of a vector observation nolse process 1is
described by Kleinman et al. in a companion paper [Ref. 14]. This
model embodies our most current (and most sophisticated) repre-
sentation of controller behavior, and the correspondence between
model output and controller behavior is in very good agreement.
Nevertheless, in order to demonstrate here the consequences of the
observation noise model with the type of theoretical analysis that
the reader may easily follow, we shall analyze a simplified model
of the human controller. The reader may verify that the predic-
tions yielded by the simplified and optimal-theoretic models con-
cur in most important respects and differ primarily in the fine
structure of the predicted describing function and remnant spec-
trum.

In order to simplify the analysis of the man-vehicle system,
and also to apply necessary constraints on the controller's be-
havior, we assume that the controller's perceptual and response
activities are limited to: (1) the estimation of system error,
(2) estimation of error rate, (3) explicit control of his output
variable, and (4) explicit contrecl of the rate-of-change of his
output variable. In addition, the controller is assumed to gener-
ate an appropraite gain matrix to relate his output to his input
variables.

A model for the human controller which realizes the above
operations with the minimum number of parameters is shown in the
linear flow diagram of Fig. 2. The controller's equalizer is rep-
resented by the set of gains Kyg, Ki, and Ky which relate his com-
manded rate-of-control respectively to error, error rate, and com-
manded control. Neuromuscular dynamics are represented by the ele-
ment H,(s). Controller remnant sources attributable to true obser-
vation noise, as well as to motor noise and time variations 1in the
controller's describing function, are subsumed by the white noise
processes Ry and Ry injected onto error and error rate, respective-
ly. No restriction is placed on the vehicle dynamics V, other
than that the system be controllable when only the error variable
is displayed explicitly.

Before proceeding with an analysis of the remnant spectrum,
we should point out that the model of Fig. 2 1is capable of providing
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good approximations to human controller describing functions ob-
tained with simple vehicle dynamics. The describing function,
defined as U(s)/X(s) with Ry and Ry set to zero, 1is

K +s*K.
H(s) = [_X———’E] e_TSHn(S) (2)

K +s
u

This describing function is similar to the lead-lag crossover
model of McRuer et al. [Ref. 2].

Since the noise sources Ry and Rg are assumed to be linearly
independent of each other and of the input i(t), the total con-
trol power spectrum &y, can be considered as the linear combina-
tion of the power spectra produced by each of these three inputs
acting alone. We find it convenlent to combine the responses to
Ry and Ri into a single remnant spectrum. We thus partition the
control power spectrum into two components:

o) = ¢ + ¢ (3)
uu uui uur

where ®yy; 1s the input-correlated portion of the controller's
response and $yup is the controller remnant resulting from the
joint effects of the observation noise inputs.

Although our model of controller remnant is based upon a vec-
tor observation noise process, our measurement techniques do not
readily permit us to extract the two vector components Ry and Rx
from the single spectrum ®yu, that is obtained experimentally.
Such a procedure would be equivalent to attempting to determine
two unknowns from a single equation. The best we can do is to re-
flect remnant back to a scalar noise injection process.

Let us then consider an equivalent noise process %rry injected
onto the display variable, x, (i.e., the system error). With ref-
erence to the flow diagram of Fig. 1, this procedure represents the
addition of a noise term on the variable labelled (x) which is out-
side the collection of elements included in the "model of the human
controller." (Note that this is not necessarily equivalent to set-
ting R¢ to zero and considering the single noise source Rx.) The
question we ask then, 1s: What are the characteristics of a scalar
noise process, injected at system error, that we can expect to
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compute if controller remnant is really caused by a vector noise

process with white noise components injected at the variables x!
and %x'?

If we solve the flow diagram of Fig. 2 for the relation be-
tween @yy,, and the observation noise components Ry and Ry (with
the input I set to zero), and again for the relation between
Puupr and the equivalent scalar process ¢®rry> we find that the sca-
lar and vector observation noise processes are related as follows:

2 2 +T2R,
, _ KRR FKER, i R +T?R, "
]
rry K2+2K?2 14722
X X

where T is a time constant equal to Ki/Kx. Thus, controller rem—
nant reflected to an equivalent scalar noise on system error should
appear as a first-order noise process.

Letting
o 2
Rx - OxPx
- 2
Ry o2 P, (5)

where Py and Pi represent the noise ratios assqciated with esti-
mation of error and error rate, respectively, and normalizing with
respect to the variance of the system error, we obtain

3! = 9 /o2
rr r
X rry X

: PX+T2(0§/o§)Pk )

14722

Inspection of Eq. 6 allows us to predict some of the charac-
teristics of the normalized observation noise without having to
specify the vehicle dynamics. If the assumptions stated above are
correct, then we should find experimentally that:

(a) The shape of the normalized observation noise spectrum is
first order, regardless of input spectral characteristics and the
vehicle dynamics.
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(b) Variations in vehicle dynamics will affect the break-frequency
of this noise process because of the adaptive changes that occur in
the controller's describing functilon (hence, in the ratio Kx/Kx) .
Changes in dynamics may also influence the level of the observation
noise through changes in the ratios O;/O;.

{¢) Mean-squared value of the input affects neilther the magni-
tude nor spectral shape of the normalized observation noise so long
as the man-vehicle system operates in a linear range.

(d) Changes in the shape of the input spectrum (specifically,
changes in input pandwidth) can affect the magnitude of the normal-
ized observation noise only by varying the ratio 03/02. Input band-
width should not have a significant effect on the break-frequency of
the noise spectrum because of the relative insensitivity of the con-
troller's describing function to input parameters, provided that the
%nput b%ndwidth is sufficiently below the gain-crossover frequency
Ref. 2].

Additional predictions on the behavior of the normalized obser-
vation noise spectrum can be obtained if we specify the vehicle dy-
namics and draw upon our knowledge of how human controllers respond
in specific control situations. We know, for example, that when the
vehicle dynamics are a pure gain, the controller's describing func-
tion will approximate that of a single integrator plus time delay.
Equation 2 indicates that the controller should therefore set his
lead term, Ki, near zero. The normalized observation noise spectrum
should then appear approximately as

= P (7)

@'
rr X
X

Thus, when the dynamics are pure gain, the normalized observation
noise (reflected on system error) should be equivalent to the noise
ratio associated with estimation of system error (i.e., estima-
tion of the position of the display indicator).

When the vehicle dynamics are K/s®, on the other hand, the
controller acts primarily as a differentiator. In this situation,
he must de-emphasize the position term, Ky, relative to the lead
term. The time constant T thus approaches infinity, and the nor-
malized observation noise 1s approximately

c2/0%)P.
5! - ( % 3) % (8)

rr
X w
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Our measurements are more readily interpreted if, in this case,
we reflect remnant to a noilse injected on error rate, and accord-
ingly normalize with respect to the variance of error rate. We
then obtain

1 = 2 2| _Xlgt =
®rr. - er /Ok w ®rr Pi (9)

Now we see that providing the controller with K/s? dynamics should
allow us to measure directly the noise ratio associated with
rate estimation.

Vehicle dynamics of XK/s provide an intermediate measurement
situation. Since the controller's task is to act essentially as
a gain, the ratio Kx/Kx is not constrained to be either very large
or very small, but only to be approximately equal to his lag time
constant 1/Ky. In this case we should expect in general to com-
pute a first-order observation noise process on error as indicated
by Eq. 6.

EXPERIMENTAL VALIDATION

Analysis Techniques

In order to provide a set of datum points against which to
test our model of controller remnant, we have computed observation
noise spectra from data obtained from a variety of single-indicator,
single-control manual tracking experiments. These experiments are
described in detail in Refs. 1 and 6. Vehicle dynamics, input cut-
off frequency, and total input power, among other parameters, served
as the experimental variables. The vehicle dynamics were either K,
K/s, or K/s?. The inputs were designed to simulate rectangular noise
spectra augmented by a low-power, high-frequency shelf, and were ap-
plied as a disturbance to the displayed error. Input cutoff fre-
quencies investigated were 0.5, 1.0, and 2.0 rad/sec. For most ex-
periments, the input power was adjusted to yield a tracking error
power of 0.2 cm? display deflection. (1 em corresponded to about
0.8 degrees deflection of visual arc.)

The input signals were constructed from sinusoidal components
to allow us to take advantage of Fourier transform techniques. Use
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of sinusoidal inputs also facllitated the separation of remnant-
induced signals from the linear response to the input, since sig-
nal power at other than input frequencies could arise only from
controller remnant (except for a small contribution due to imper-

fect generation of the input and irreducible system noise).

In order to compute observation noise spectra from signals
that are directly measurable, we make the following assumptions:

(a) The equivalent scalar observation noise signal r(t) is as-
sumed to be linearly uncorrelated with the input signal i(t).

(b) The remnant-induced power varies continuously with frequency
in the vicinity of input frequencies.

(¢) Signal power occurring at input frequencies arises almost
entirely from the linear portion of the system response and only
negligibly from controller remnant.

Because of the way in which we have defined remnant, we are
able to compute only the component of r(t) that is linearly uncor-
related with the input. Although certain models of the underlying
sources of remnant predict that r(t) will in fact have a component
that is correlated with i(t), this component appears to be small
compared to the uncorrelated component [Ref. 4]. McRuer et al.
[Ref. 2] have shown that the remnant appears to vary smoothly
through the input frequencies. The continuity of the remnant
spectrum allows us to test the validity of the third assumption
in a specific measurement situation. For example, if the control
(or error) power measured at a specific input frequency is much
greater than the remnant-induced power measured at neighboring
frequencies, the measurement at the input frequency may be attri-
buted to the input-correlated response of the system. If the
remnant-induced power is relatively large, on the other hand, mea-
surements at input frequencies can be expected to include the ef-
fects of remnant.

Given that the above assumptions are valid at a particular
frequency of interest, the closed-loop control and error spectra
may be separated into the following independent input-related and
remnant-related components:

2

® (10a)

H
ii

1+HV

®
uu,
i
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S
<I)uu T |1+HV er (10b)
r X
l 2
(Dxxi = |TvEv| %11 (10¢)
2
HV
o = o (104)
xxr 1+HV rrx

where these equations apply for an input injected onto the error
directly.

Solution of Egs. 10a and 10b yields for the observation
noise spectrum:

o = P, (11)

Since measurements of ¢34 and ®yuy can be obtained only at input
frequencies, the observation noise spectrum obtained in this man-
ner can be specified only at those frequencies. (Although the
closed-loop remnant spectrum Puup cannot be directly measured at
input frequencies, a reasonable approximation can be obtained

from an average of remnant measurements taken at neighboring fre-
quencies.) At frequencies sufficiently below gain-crossover (i.e.,
where |HV|>>1), the observation noilse spectrum is approximately
identical to the error spectrum at non-input frequencies. The
computation of the scalar observational noise spectrum depends
neither upon the vehicle dynamics nor upon the controller's de-
scribing function and can theoretically be obtained from a single-
variable control situation of arbitrary complexity. The interpre-
tation of such a measurement may, however, depend very strongly
upon the nature of the control situation, as we have already shown.

Normalized Observation Noise Spectra for Foveal Viewing
Experimental data have been analyzed to test some of the pre-

dictions based on the observation noise model of controller remnant.
Specifically, we examine the relationship between the normalized
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observation noise spectrum and (a) mean-squared input, (b) vehicle
dynamics, (c¢) input bandwidth, and (d) the point at which the in-
put is applied to the system. All the data presented in this sec-
tion pertain to foveal viewing of the display.

Effects of mean-squared input

We have predicted that the normalized observation noise will
be invariant with respect to mean-squared input. This prediction
is a necessary consequence of our basic assumptions that: (a) con-
troller remnant arises from noise sources that scale with signal
variance and that (b) the man-vehicle system is otherwise linear.

Figure 3 shows that the observation noise spectrum, normalized
with respect to mean-squared error, was essentially invariant over
a 9:1 variation in input power. These normalized spectra were ob-
tained for mean-squared input levels of 2.6 and 23 deg? equivalent
display deflection. Vehicle dynamics were K/s, and the input cut-
off frequency was 0.5 rad/sec. These measurements, coupled with
the fact that mean-squared error was proportional to mean-squared
input (see Ref. 1), validate the above assumptions.

Effect of vehicle dynamics

Our model of controller remnant predicts that the observation
noise spectrum, reflected onto system error, will in general re-
semble a first-order noise process when the controller 1s provided
with a display of system error only. For the special cases in
which the vehicle dynamics are K or K/s?, however, the observation
noise should appear white, so long as the noise 1s reflected to
the signal in which the controller is primarily interested (error
position when the dynamics are K, error rate for K/s?). The situa-
tion is less constrained when the dynamics are K/s, and in this
case the simple model analyzed in this paper does not allow us to
predict the location of the break frequency of the first-order pro-
cess.¥

Normalized observation noise spectra obtained from a set of
tracking experiments in which the vehicle dynamics were K, K/s,
and K/s? are shown in Fig. 4. The noise processes corresponding

¥The optimal-theoretic model discussed in Ref. 14, on the other
hand, allows us to predict the spectral characteristics of the
scalar observation noise process in detail.
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to K and K/s dynamics have been reflected to system error and
normalized with respect to mean-squared error; the K/s? remnant
data have been reflected to error rate and normalized accordingly.
Figure U4 verifies our predictions concerning the frequency depen-
dencies of the spectra: observation noise spectra obtained from

K and X/s? data are essentially white, and the spectrum correspond-
ing to K/s dynamics is first order. We also find an unexpected
consistency in the results: the power density levels of the two
white noise spectra are identical to within 1 dB (which is approxi-
mately our measurement error) at 0.01 units of normalized power per
rad/sec.

We can perform at least one check on the internal consistency
of the observation noise spectra obtained with K, K/s and K/s? dy-
namics. If we interpret the normalized spectra obtained with dy-
namics of K and K/s? as direct measures of the noise ratios as-
sociated with estimation of error and error rate, respectively,
then we see from Eq. 6 that the spectrum obtained with K/s dynam-
ics should be related to these measures by

(0) (2)
) o +T2(o§c/o}2{) erx

rry 1+T2 w?

(12)

(0) (1)

where ¢ppy, %rry, and ®§§? represent the normalized observation

noise spectra ogtained wifh vehicle dynamics of K, K/s, and K/s?,
respectively. We computed a 0)2-(/02 ratio of 27 from K/s data, and
a time constant T=0.29 sec was ob%ained by best-fitting the cor-
responding observation noise spectrum by a first-order noise pro-

cess. These values were combined with the measured values of

@ég; and @é%% to yield a "theoretical" observation nolse spectrum
for K/s dynamics as given by Eg. 12. Figure 5 shows that the theo-
retical and measured observation noise spectra agree to within 1 dB
at most measurement frequencies. The experimental measurements and
the model of controller remnant presented in this section are thus
seen to be internally consistent.

Effect of input bandwidth

We have concluded from Eg. 6 that input bandwidth will not af-
fect the shape of the observation noise spectrum, and it will affect
the level of the normalized spectrum only to the extent that the
ratio 0§/o§ is varied. To test this prediction, we have analyzed
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tracking results obtalned with vehicle dynamics of K/s and input
bandwidths of 0.5, 1, and 2 rad/sec. The 03/0% ratios that we
measured varied only minimally with bandwidth, ranging from 29

to 40 (a span of only 1.4 dB). Accordingly, we would not expect
to see an appreciable variation in the level of the observation
noise spectrum. Our expectations are confirmed by the experimen-
tal results. Figure 6 shows that there were no consistent dif-
ferences among the normalized observation noise spectra corre-
sponding to the three input bandwidths.

Effect of input injection point

From our model of controller remnant we predict that the ob-
servation noise spectrum will not depend on the spectrum of the
displayed error signal, other than as the spectral shape effects
the ratio 0%/0%. To test this prediction, we have compared the
observation noise spectrum obtained from the command-input system
diagrammed in Fig. 1 with the spectrum obtained from a system 1n
which the input has been injected 1in parallel with the control
signal (i.e., a disturbance applied to the vehicle rather than to
the display). The vehicle dynamics were K/s in both experiments.
The rectangular input spectrum used in the input-command system
had a cutoff frequency of 2 rad/sec; a simulated first-order noise
process having a break frequency of 2 rad/sec was employed in the
vehicle-disturbance experiment.

Figure 7 shows that shapes of the input-correlated portions
of the two error spectra differed with the system configuration
(although the remnant-related portions of the two spectra were
quite similar). These spectra have been normalized with respect
to error variance to minimize differences of scale. The input-
correlated portion was approximately a sawtooth function of fre-
quency when the command-input configuration was employed, whereas
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it was a much smoother function of frequency when the input was
injected as a vehicle disturbance. Nevertheless, since the o%/c%
ratios were nearly identical for the two systems (29 for the
command-input versus 27 for the vehicle-disturbance configuration),
we would predict virtually identical normalized observation noise
spectra.

Figure 8 shows that the normalized observation noise spectra
computed from the experimental data were, in fact, nearly identi-
cal, differing by less than 1 dB at most measurement frequencies.
We thus have an additional example to indicate that controller rem-
nant can be referred to a noise process whose characteristics are
relatively independent of control system parameters.

Observation Noise Spectra Associated with Peripheral Viewing

Peripheral observation noise measurements differ in a number
of important respects from foveal measurements. Since peripheral
vision is known to degrade as the peripheral angle of view is in-
creased, we cannot expect that peripheral observation noise will
be entirely independent of display parameters. In additilon, we
find that the injected observation noise does not simply scale
with signal variance when the display is viewed peripherally.
Finally, the interpretation of the peripheral results are to some
extent less ambiguous than the foveal results. Whereas we cannot
pinpoint the true source of the random process responsible for
controller remnant during foveal viewing of the display, a compar-
ison of the equivalent observation noise spectra associated with
peripheral and foveal viewing should allow us to investigate di-
rectly the nature of true observation noise.

We have some evidence to show that the analytical form of the
observation noise spectrum is unaffected by placement of the dis-
play in the periphery. Normalized observation noise spectra for
peripheral and foveal viewing are compared in Fig. 9. Placement
of the display in the periphery increased the level of the normal-
ized observation noise spectra for both K and K/s? dynamics. We
interpret this result as indicating an increase in the observation
noise levels associated with estimation of error and error rate.
The peripheral noise spectra may be approximated by white noise
spectra, although the match is not nearly so good as it was for
the spectra corresponding to foveal viewing. The average differ-
ences between the peripheral and foveal normalized observation
noise spectra were 6.9 dB for K dynamics and 4.5 dB for K/s? dynam-
ics, which result suggests that the controller's estimation of
error rate is degraded less in the periphery than his estimation
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of error position. (The superiority of rate over position per-
ception in the periphery 1is well known to display designers, but
this is the first attempt we know of to quantify this difference
in a manner that can be directly incorporated into a model of
human controller behavior.)

Normalized observation noise spectra obtained for K/s dynam-
ics are shown in Fig. 10. The four viewing conditions represented
are foveal, a 16° viewing angle with reference extrapolation pos-
sible, and 16° and 22° viewing angles for which no reference ex-
trapolation was possible.¥ Although the normalized spectra coln-
cide at frequencies above 2 rad/sec, the spectra differ noticeably
at lower frequencies. (If we were not to normalize with respect
to error variance, the differences would be considerably enhanced.)
The relation between the low-frequency behavior of these spectra
and display conditions is consistent with prior expectations -
namely, the lowest level of normalized observation noise is asso-
ciated with the best viewing condition (foveal) and the highest
levels are associated with the most difficult viewing conditions
(peripheral viewing without reference extrapolation).

We note that for all three sets of dynamics investigated, the
peripheral observation nolse spectrum is of the same analytical
form as the corresponding foveal noise spectrum. We therefore con-
clude that controller remnant arising under peripheral viewing con-
ditions, as well as under foveal conditions, can be accounted for
by a vector observation noise process whose components are white
noise processes. In the case of peripheral viewing, the power
density levels will vary with display conditions.

Perhaps the most important difference between foveal and pe-
ripheral observation noise processes is that the latter do not
simply scale with signal variance. Figure 11 shows the effect of
input variance on the observation noilse spectrum (not normalized)
when the display is viewed foveally and when it is viewed periph-
erally at 22° without reference extrapolation. Since the two in-
put variances differ by a factor of 4, we would predict from the

¥By manipulation of the relation between direction of indicator
motion and placement of the display, we were able to provide view-
ing conditions in which the subject either could or could not
mentally extrapolate a zero reference from his fixatlon point to
the peripheral display. Since the stationary baseline presented
on the peripheral display tended to disappear after a few seconds,
tracking performance was significantly enhanced by the subject's
ability to make this extrapolation. A more complete description
of the experimental conditions may be found in Ref. 15.
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model of Eq. 4 that the spectrum corresponding to the larger input
will be 6 dB greater than the spectrum corresponding to the small-
er input. Figure 1la shows that the foveal spectra bear ocut this
prediction. On the other hand, Fig. 11b shows that input power
has no consistent ef