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-INTRODUCTION

The aim of the work presented here is to unify, clarify, and
extend. the various technigues-used:in proving convergence of itera-
tive processes for solving .systems of (nonlinear) egquations in
RP. For-a large class of these -proofs the common approach appears
to be' the generation of some related, and preferably simpler,
difference equation in .one.or several variables which has the
property that convergence criteria and rate of convergence esti-
mates for.the iterates can. be deduced from the behavior of its
-solutions.

Hence, -the topics to be discussed here are- (1) the principle
leading to- the.generation of suitable one- oxr multidimensional
difference equations for proving convergence .of iterative methods,
{2) the analysis of certain types of soclutions of.the difference
equations arising from (1), and (3) the application.of the results
frem (2) to convergence proofs for various typical classes of
iterative processes. We emphasize, however, .that the primary goal
.here is not to add.new convergence results for specific iterative
methods to the large number already found in the. litérature, but
rather, to present a géneral theory which includes these special
cases and which promises to lead to new resulis. -

When considering the ways in which the difference eguation in
{1} can be obtaiﬂed, Qé note first-£hat, teéhnically speaking, the

equations of.the iterative process itself can always be considered


http:application.of

as a p-dimensional difference eguation. To prove convergance we
must then analyze the iterates divectly. Although this is rarely
posgible, when successful ‘it usually leads to global convergence
resultg. COritical to these results are the special form of the
process equations and the use of particulsr structural properties
of the space., This appears to preclude the ‘development of a
general theory- for such an~approach,'and"we shall not attempt to
inglude it here.

This leaves @ssex&t;}ally two differxent means of generating the
difference eguation in {(1). The first of these begins again with
the difference aguation defined by the procvess itself, but then
éansidera»this egquation locally, in the neighborhoed of a specific
solution {usually the trivial solution). This leads to perturbed
linear difference equations and, by nature, to convergance results
for the process which are always local theorems. The second of the
two approaches consists In using norm estimates to majorize the
process equati?ns by some difference equation or system of eguations.
In this case, 'both local and semi-local, but rarely global, convergenge
regults are okfained,

For the sake of illustrating all of these approaches, consider

the standard Newton process
Frixin)) x{n+l)-x{n)} + Fxn) =0, n = 0,1,...

‘for solving Fx = 0 where F: R ¥ arﬁ?g and F'{x} is the Frechet ¥-)



derivative of F at x. The problem is to find conditions under
which {x{n}} can be constructed for eacdh n and x{n) converges
to a solution of Fx = 0.

A typical treatment of the process equation itself is provided
by the following global convergence.result of Baluev [1952]:
Let F be convex and continuously F-differentiable, and suppose
that (F;(x)i_l'exists and is nonnegative.on iR P.‘ If Fx = 0 has a
solution x*, then the Newton iterates {x(n)} exist and converge to
x* from any initial point x{0).

If F is twice continuously F-differeéntiable in a neighborhood
of a solution x* of Fx = 0 and if F'(x) is nonsingular in a deleted
neighborhobd of i*, then the proéess equation considered locally

takes the form of a perturbed linéar difference eguation
(x(n+i)—x*) = A(x{n)-x*) + O(“x(n)-x*“z), n=>0,1,... 4

. -1 . . .
where A = 0 if (F'({x*}) exists. Local convergence is then egui-

valent to asymptotic stability of the trivial solution of
2
y(n+l) = ay{n) + offlytm)[|*y, n = 0,1,...

Finally, a typical majorization approachl(see, e.g., Ortega
[19681) fo¥ the same process iﬁvolﬁes bounding "x£n+l)-x(n}" by
real numbers a 4r 8= 0,1,... . If F' exists and is Lipschitzian
with constant v, we ogtain from Banach's lemma’ (with suitable x(0))

the difference equation
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where ”F'(é(o))—l” £ N. Semi~local convergence is now guaranteed
when a; = "x(l)-x(O)”, n, and Y are such that {an} is gummable;
for then {x(n)} is a Cauchy sequence.

We begin in the first part with the localized process equa%ion
approach, which we call the direct apprecach. In Chapter 1, a general
stability theory for the perturbed linear difference equation is
developed, extending results of Perron [1929] and Ta Li [1934].

Usigg sum equations and a fixed peint theorem on sequence spaces ,

we can give a new proof of the work of Coffman [1964] and extend

it to thg variable coefficient problem. These results are applied to
iterative processes in Chapter 2 to prove point-of-attraction theorems
in the sense ofAOStroﬁski [1966] and Ortega and Rockoff [1966], in-

cluding a new "singular" Newton theorem.

In Part II, the majorization approach is d?scussed. Chapter 3
consists of a gollection of convergence theorems for isotone difference
equations, the type which naturally 6ﬁcurs when norm estimates are
employed for an;lyzing the process equation. 1In Chapter 4, these
results are applied first to the case of majorizing sequences, as
used by Kantoroyich [1849] and Rﬂeinboldt [1968]. Then a more general
concept of majorizing systems of difference equations is introduced.

This approach appears to contain all known convergence proofs for

iterative processes which rely on norm estimates.



Hotation, Definitions, and Background Theorems

Throughout this paper X, Y will dénote p-dimensional linear
spaces over the real ox complex field (R or € ), with "}.]"
meaning a vector norm or its induced matrix norm, usually the
ﬁl—, 22"” or 4 ~-noxm. Let L{X,Y) denote the space of linear opera-
tors mapping X into Y, with L{¥) = L{X,X}. Por A & L{X}, p(h}‘
is the spectral radius of A (largest eigenvalue in modulus).

S8ince there seems to be no standard usage of the term "difference

equation", we define it in the following general way.

Definition I. Xet $ be a set of vector-valued seguences
{x{n)}, x(n) & R?, n=0,1,..., containing the null sequence and ©

be a function mapping & into S. Then the relation
(1) o{xin)}) = {0}

defines a difference equation whose solution {x{n)} is any member of

5 which satisfies (1).
Our interest will be in eguations of a more special form than
(1.’

Definition-2. an m~th order difference equation in normal form

is given by
®hl) = gl,xik), . x{k-meid}), X = 0,1,0..

for an appropriately defined given functich g.

Historically, the difference equation was defined in analogy



with the differentisl equation,; with the differences &ggx{n)} of
a function. 3 corresponding to the derivatives-x'{n}. Here
Aiix(n}) = x{n+th)~-x{n}, ﬁi{x{n})~= &i{&i(x(n)}); gtc.,, and the

eguation took.the form
qx g-1 1 -
F(}{;t&h {k}rﬁh X{k};&o-;ﬁh}{{k} ,xfk}} = C‘; k e g;l;;;— -

We will: avoid the texm Yrecurrence sguation®, sometimes uged as
a synonym fox "difference equation”, for reasons of its connotations
in the fleld of logic.

For the meaning of "iterative process® We‘have the following

from Ortega and Rheinboldt [1970].

Definition 3. A family of operators {G} with G :D, & = %,

X = 0,1,..., defines an iterative process with m  initial points and

domain n*g;‘DO if for any (x{0),...,x{-m+l)) € D*, the sequence

{xk)} generated frem

{2} (k1) = Gk{x{k};x{k“l)f-s-:xi*m+l}§; K=0,1,..-

4

exists, IF lim uik) = x*, then x* iz a limit of the process. The
Kros
process is f-step if m = 2 and {2) takes the form

£3) x{k+1) = G Ger(k), ... ,x (k=241)), k = 0,X;0me

It is stéﬁionagg if Gk Z ¢ for all k.
I+ iy convenient at this time to define attraction in the sense

of Ostrowski [19667.



Definition 4. For the iterative process {Gk} with m initial
points and domain D¥ suppose there is a point x* € X and a neighbor-
hood U of {x¥,...,%*) such that whenever (x{0},...,x{-m+l}) & U,
the sequence {x(k)} generated by (2} exists and converges to x¥*.

Then x* is called a point of attragtion for the process and U a

domain of convergence.

Finally, we will be interested in the asymptotic spsed at which
sequences {x{n}} converge to limits x*€ X and again take the follow-
ing from Ortega and Rheinboldt [1970].

Definition 5. Let {x(n)}, x(n) & ¥, be a sequence with Llimit

®* and for a given norm define the gquotient and root convergence

factors for p ¢ [1,»)

0 if xlk)=x* for k * koe
—r®
Q (x()} = 1lim sup BN | ,  if x(K)#x* for all but
ke “x{k}--x*“? - finitely many k.
" othexrwise,
1/k
lim sup fx{k)—x*|| if p = 1,
X
R {{xlk}}} =
P 1/p"
lim sup “x(k}-x*ﬁ - ' ifp > 1.
k—)-OO

1f c{d ,x*) denctes the set of all sequences generated by an iterative
process \-9\ (or which solves a difference equation . ) and which

converge to x*, we can define, Ffor p e [1,%),



prni,x*) sup {Qp{xtk)}l{x(kd} € Cldl ,x*)}

R (%) = sup (R (xU0}|(xt0} € ctedxn)

The Q- and R-order of v&\ at x* are then given by

=, y if (d,x*)=0 for all D
0 (< ,x*) = { QP
Q Linf {p € [l,m)lQP(:l,x*) = o}, otherwise,
o , if R (J,x*)=0 for all p,
OR(& x*) = P
inf {p € Il,W)IRp(nk,x*} = 1}, otherwise.

We say that tl has convergence which is R-superlinear, linear, or
sublinear as Rl(:&,x*) is 0, hbetween 0 and 1, or 1, respectively.
Similar concepts relate to the Ql factors.

Théorem 6. Qg{x(k)} is norm depepdent; Rp{x(k)} is not. The
Q- and R-orders of KR at x* are norm independent. QP is an isotone
function of p which has values 0, <, except.éossibly at one point p;
RP is an isctone function of p with values 0,1, except possibly at

one point.

Definition 7. Let Jllr ti 2 be different processes. Then w& 1

is Q-faster (R—faster) than :J_?‘ at x* if there is some p € [1,*)

such that

thvll.x*) s o (b, @ xn < Rp(&z,x*))



Theorem 8. For two processes \&l' N} 9 with limit x*, if
* * *® *
0 (X 1 rx%) > 001y ¥) (008 x%) > 0 ()

then J\ is O-faster (R-faster) than J\

4
1 at x¥*. If Qp(.:)z,x*) < @

2

for -some p, then OQ(J,-X*) z p. If Qq(\—j\,x*) > 0 for some ¢, then

OQ(zﬁ\,x*) £ q-. Likewise for R, OR with 1 replacing .

(& 1 P X*)

To compare processes & 1! :& 5 at x¥%*, we compare O

Q
with OQQZ,X*). If these are both egual to p, compare QP (é} 1,x*)
with QP (& 5 (x*). 8imilarly for R-convergence.

Theorem 9. If Qp{x (k)} < = for some p, then for any € > 0

there is a ko such that

nx(k;l)-x*ﬂ < (Qp+e)“x(£)—x*np for all k > kg

if RP{x {(k)} <1, then for any £ > 0 there is a L such that either

- k

[l ) —x* || < (Rp+g)P , fork sk, p> 1,

0

or

|x Gy —x* || < (Rl+a)kr for k 3 kgr p =1

Theorem 10. If lim x(k) = x*; then Rl{x(k)} < Ql{x k)} in
ks
every norxrm. Hence Rl(:‘l,x*) < Qli&,x“!) and \OQ(&,X*') < ORL&,X*)

Theorem 11l. For a process & and some p € (1,x) suppose tha

each sequence of iterates {x(n)} which converges to x* satisfies

Rp{x(n)} < 1. Then OR(A,X*) > P



BPART I
DIRECT APPROACH

As mentioned above, here we will generate difference egua-
tions by considering iterative metheds locally. Specifically,

suppose we have the single-step process
{l“l} X(n"!"1} = G{n;xin}}f n = Q;l;ow. ¥

for solving lim G{n,x)} ='x, where G{(n,"):E €X * ¥ for each n.
e
Suppose that there is a point x* & E such that Gin,x*} = x* for

all n and that the P~derivative G'{n,x*) existz. If B is

open and convex, then for any x{n) € E we have

{I~2) x{n+l) - x* = &' {n,x*) (2(n)—=x*)

o+

Bln,xn))-Gin,x*) -G [n,x*) x{n)—=x*}]

ik

G' (n,x*) (x{n}-x*) + d{n,x(n}) .

and

11m lotn, ) -

P = O for sach n .
Rru® -

Thig system iz of the general form
{I~3) yi{n+l) = a{n)y{n) + Flo,y(n)}, n = 0,1,... ,

with

10



11
Fin,y) = Oiﬁyﬁ) as y > 0 .

Chapter 1 is devoted to the study of the stability properties
of the perturbed linear systems of difference eguations [I-3).
In Chap-ter 2, we return to iterative processes of the form (I-1},
as well as of slightly more general forms, and apply the results
of Chapter 1 to obtain point-of-atiraction theorems by means of

the error eguation (I-2}.



iz

Chapter 1

Perturbed Linear Difference Equations

The purpose of this chapter is to pre$&nt-a general stability

theory for the perturbed lineayr systemfof difference egquaticns
{1.1) yi{n+l) = A(n)y(n) + Fin,y{n}), n=0,L,...

where v{n) € QP, Aln} € L(Q:p) forn=0,1,..., and F(n,*} maps a
domain in €F into CP for each n. In the form presented hexe,
this theoxry appears to be new, although for certain special cases
the results are essentialiy known.

From time to time we will refer to several types of stability

for the trivial solution {0} of a difference esquation

-~

{1.2) - Y(n+l) = Hin,y{n}), n=0,1,...;: Hn,0) = 0 .

A

{0} 4is stable if for any sufficiently small & > O there is a

§ € {0,&) such that “y(n)lls €, n=20,1,..., for any solution

{yin)} of (1.2) with|ly(®)}]< 8. 1t is asymptotically stable if
wheneverlly{O}[I> § is sufficiently small, then the golution

{y{n)} of (1.2) has lim y(n) = 0. {0} is exponentially stable if

Fer)
there are positive constants o,8 and some ¢ > 0 such that for any
-8 (n-n_j
n, = 0,]|y(n0)]f< £ implies]'y(n)lls a|]y(n0)|]e o, Firally,

we call {0} conditionally stable {or conditionally asymptotically

gtable} if for any sufficiently small € > 0, there exists y{0)



i3

with 0 < ﬂy{O)B < g such.that the solution {y{n)} of (1.2} satig~
fies Hy(n)“ g g, n=0,1,... {or lim yv(n) = Q).
oo
The chapter consists of three sections which we describe
briefly below.

In Section 1 we consider the following "canonical" form of

(1.1),
(1.3} yi{ntl} = D{njy{n} + Gin,yin}}, n = 0,1,...

Here D{n) is a block diagonal (pxp)-matrix with sguare blocks and
Gi{n,+*} maps a domain in c? into { Pa general conditional
asymptotic stability theoxy for such eguations is developed under
the assumption that the perturbation G either has a special form
or iz in some sense “small®.

Section 2 is concerned with the special case of {(1.1) forx
which &(n) is a constant matrix. After transforming (1.1) into
canonical form {1.3) with D{n) constant, we apply the results of
Section 1 to cbtain a new proof of the rasults of Coffman [1964]).
Fifnally, in Section 3, we turn to the general case of (1L.l) in
which aA{n} is actually variable. Again a change of variables
reduces {3.1) to canonical form {1.3) and an application of the
theory of Section 1 yields stability results, including an extension

of the work of Ta Li [1934].
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Section 1. Stability for the Cancnical Bouations

For equation (1.3) suppose that D{n) has r blocks Dj(n)

) b
of dimensions pj, 3 =1,...,xr, respectively., 8Since { 1x..-x g* = G .

we can.define the natural projegtions

T
{x rese s )
+o..tp, L1 FouaFD,
Py Py PyFee-tpy

i

P.
. ¢P 3 T
Pj. C = by Pj((xlrxzr---:xp} }

Then let,Gj(n,') = Pjé(n,‘) and notice that PjD(n) #'Dj(n)Pj.

The standard product notation for matrices will have the oxder

interpretation
k+R
I B{J) = B{k+L}B{k+2~1)...B8k+1)B k)
i=k
k-1 k-1
with the usual conventions E * 20, I =31,
i=k J=k

For finding conditions on D{n} and G which guarantee certain
conditional stéﬁilitg properties of the trivial sclpticn of {1.3) it is
advantageous to use a. sum eﬁuaticn,which is equivalent to {1.3). Such
forms ware first considered by Perron [1928] and are anal;gous o the
integral equation, forms for or&inaiy &iffe&ential equations.

Lemma 1.1. A sequence {z{n)} with z(n) ¢ C®, n = 0,1,..., is a
solution of {l.;} if and only if it satisfies
. n n n
(1.4)  Pmindl) = (A D (K)B=(0) + [ ( E D )G {3,200,

k=0 j=0 k=j+l1

i= 1,2;...32; n = Ofl;i-e
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n
. , . -1 .
Moreover, if for some index 10 { H Di ki exists for each n
k=0 "0
and is uniformly bounded by-a‘>_0, then any solution {z{n}} of
{1L.3) with lim z{n) = 0 satisfies

e

o

. j -
(1.5) . zm) == ] (1D, )76, (5,2(3)), n=0,1,... .
0 j=n k=n "0 0

On the other hand, if {zi{n}} is 2 sequence with zin} € P ang
satisfies for each i either (1.4} or (1.5), then {z(n)} solves
{1.3}.
Proof: The first and last parts follow from a simple induction
argument. For the second statement, rewrite {1.4) with i = iD as
n n 3 -1
P, z(ntl) = (I D, {k))[p, 2(0)+ ] (I D, (k) "6, (3,2(3N] .
0 k=0 ~0. 0 =0 k=0 0 0
Eut then
. ‘ : n -1
o,z |z oflp, 20y + § (@b, 7e, (Gr2G) ]
£] 0 4=0 k=0 "0 O

and since lim z{n} = 0, we have

P

‘ n o3 -1

P, 240) =lim[- J (@ D, {k)) "6, {j,z(3))]

*o ne  3=0 k=0 ‘0 0
Hence -

o] @ 3 1
P, z(n#l) = ~( I D, (L } (ED (k) "G, (J,=z(iN]
0 k=0 ~0 j=nt+l k=0 0 0

which is {1.5).
Equations (1.4) and (1.5) will be uged next to define a certain
function T which operates on sequence spaces. Let 5 denote the

get of all sequences with range €F and CO its subset consisting



16

of those sequences which converge to 0. °Clearly, under the

ordinary operations of addition and scalar multiplication and
with the induced norm ”{x(d)}I[z 5up{”x{n)“[n=o,1,...} for any

194

{x{n)l} eC, and any nomm ”.Iion €®, o s a Banach space (see

Dunford and Schwartz [1958]1}.

We call the difference eguation (1.3} admigsible if there is an

index § € [1,r} and numbers o > 1, 0 < )} < 1, 8 » O such that

(1.6) [i T bt [l eA™ for all 4, m 3 0, & = s,s41,...,1,
k=t * :
4 .
(1.7) ZH(HD (k)) ”stori:lZ,...,s—l
3=0 k=0

Notice that (1.7) is stronger than the assumption in the second part

of Lemma 1.1. Tha reaébns for these conditions will be discussed at

the end of this chapter.‘ For any admissible equation we can define

the following operator T which maps a subset of & into 8:

{1.8a) Tx{K)FII(0) = x{0),

o0

0T oy tn e, 6 xt))
J=n+l k—n%l

- -

-

0B

- ¥ (n D Ck)»)_

1

e
E—

LR

fj,x(j)}
d=nt] k=n+l °
n
(1.80)  T{x(K)}){n+l) = (nD (k))Psx{03+Z (1 D k)G (3 x (3N
k=0 J=0 k=j+1
n n n /

T D RPx(0 + ] (I D (k)G (5,x(3))
k=0 =0 kﬂj+l
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for n = 0,1,... . By Lemma 1.1, if {y{n)} € 8 is in the domain of T
and satisfies T({y{n)}} = {y{(n)}, then {v{n)} solves {1.3). Hence,

the approach to be taken here is to find fixed points of T in Coe

This is accomplished with the aid of Schauder's Theorem [1930], in the

form: If T is a continuous operator which maps a compact, convex

subset of a Banach space into itself, then ¥ has a fixed point in

LS

that subset.

Again from Dunford and Schwartz {1958], a set M cho is ¢ondi-

tionally compact if and only if M is bounded and lim x{n) = ©
. o
uniformly for all {x(n}} € M. Thus, we consider the general compact,

convex subsets of S defined in the following way. ILet {an} be

& nonpnegative seguence with lim a = 0 and let z{0) ¢ €F. Then

Fraon

{1.9) M= {{xm)} e, | Py (x{0)-2(0)) = 0
for j = s,s+l,...,r, and |lxt) ] < arn=0,1,...}

is evidently compact and convex in CO'

Sufficient conditions for the continuity of T are given next.

Lemma 1,2, For an admissible equation (L.3) suppose that the

"

domain of the corresponding operator T of (1.8) contains a set
M & C, of the form (1.9) with T(M) € M. If for each n = 0,1,...,
G(n,+) is continuous on §{O,an} and nG(n,x}!fs § for x € §(ﬁ,an},

then T is continuous on M.
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1"

Proof: Let € » 0 and {x{n)} € M with {vin)} = T{{x(n)}). For

any {z(n)} € ¥, we have T{H{z{m)}) = {win)} ¢ M and ||win) ]| < a s g-

for n 3 n. (e} = n.. Thus Hv{n}-w(n)iis gefornzxnmn

0 o and any

0

[zin)} ¢ M., Now, since G(n,*) is continuous, we can cheose a

8. » 0 such that whenever H{z{n} F—{x {2 }H g &§,, then

1 1’

n
ll2, (v )=z )] < Z l n b, (]| 6, {3, x(1)-6, G,z N} < ¢
3=0 k=j+1

for L = 8,...,t n O0,1,vve,n_ . ILet n,8,n, 2 n, be such that

y 0 1
| 1o )] s nfor 3= 0,1, myi i=1,2;s..,8-1 and
=0

fér n 2 n., :i« = l;---fS"’l -

Z H( n o, k1) Tl < m 1

J=n k=0 *
¥inaily, choose 0 < &, s 6, such that whenever H{x {n} }—{z(n}}ﬂ 5z 8

and {z(n)} € M, then

n Z 1K T D, 0e)) et xEN-cG,z60 < £ for 1= 1,2,...,51
j=1

k=0 *
In t«hat CaSe, fbr i = l;...,s—l, h = 0,1;“‘-;1'10,
o, wimw@Dff < ff T i D, (k)) THHE, (3,230} =6, x|
j=n+l k=n+l ©

n
ns{mﬂzz H{ﬁﬁim}ﬁikﬂmzbﬂﬂﬂmxﬁﬂﬂ
k=0 . j=n+l k=0

<7 iﬁ H{ 31 D, (k) g i}Giztfzm)—Gﬁ:J,xLJ}}}l} * 2:13{,5‘6)
J=nekl =0 * 4n

€ . £
¢ —+ == g,
2 2

This completes the proof.
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It remains then ko £ind a set M .of the form (1.9) with

TMY S M Q.CU. Using nprm‘estimates on the components of (1.8},

we see that the existence of a sequence {an} which satisfies the
following inequalities is sufficient:
o5

3 -
Y e m b kn
J=nkl  k=n+l

1“ ”Gi{j,x(j)}l}g A i=l,...,5-}, 0=0,1,...,

2 n n
”ki(}”i(k}u Ixoiff =+ T Hl 1 o ] flo, Goxanl < ay,,

=0 k=341
for i=sg,s+l,¢..,r: n=0,L,..., whenever {x(j)} ¢ M. If we assume
that the equation {(1.3) is admissible and that for some real

seguence {an} with lim a =0
e

sup G(BQX) g ¢+, for 3=0,1,...,

=<, ’
3

where ¢ 3 O, cj » 0, then {an} determines a set M with T{M) & M

provided that {an} satisfies

o j .
R
(1.10a) E n( T D, (k) "(c+c.)a. < a for i=l,;...rs-l; n=0,%1,...
j=n+l - k=n+l + 33 nl
a¥l . % .n-g; . . _
{1.10b}  a) ag * E ak (c-!-{:ﬁ}e‘:s.:i $ea .y for i=8,...,vr: n=0,1,...

j=0

For solving (1.10) we have the following lemma.
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Lemma l.3. Tor the system (1.10) suppose {Di(n)}, i=1,...,s-1,

satisfy (1.7} and that cj ¢ ¢* for j=0,1,... . If
(1.1L) {octoc*+A) < 1 and B{c+c*) < 1 ,

then a = bnaAn solves (1.10) where {bn} is defined by

ct+e

A

0 o
(1-12) b = (l+ )boa’ b = (l+(I) (C+Cn) )bn] n=l,2;... -

1 n+l

Furthermore, lim a = 0 and Rl{an} < (Atoctac*). If lim c = 0,

Ti-+00 n->e

then R, {a_} £ M ca.
1" ™n
Proof: An induction argument is used with the inequalities

cte
— N — 0 — m——
a1a0+a(c+co)a0 = uiub0+a(c+c0)ab0 = boa(l+—i——9ah = bluA =a, ,

\

n+l T .n-j ntl C+c0 v oa
ad” Ta .t z A" (cte,Ya, = ad [b.a (l+——)+ ] {2 {c+c, )b, ]
0 .= J°73 0 X oA 1773
3=0 j=1
n
I <2 ¥ § o, _ n+l _
= g [bl+.2 &) (c+cj)bj] =b oA =a ..

i=1
and for i=l,2'-- . 'S"‘l’

oo J ) _ ]
Ple 1 o)) Yl tere, )b on?
j=n+l k=n+l J 3
R ] b, j
sb o™ Y (T b, ) Y tote, ) A
m+d j=n+l k=0 * 37b1q 40t

o+l
¢b oA ‘[{s)(CfC*)] $a,.,; -

Here we use
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{ 5=1
T (cctoc, +2) £ 1 if § » nt+l
k
=n+l
b. ]
i
bn+l An+l

K- if § = ntl

For the last part, notice that

n
"] o
- hull = %,
b= [T (1+ 3 (cte))Ib_ s (1+ 3 (cte ))nbl
k=1
and so
1/n 1/n
lim sup a £ lim sup [(1+(%0(c+c*))n 1b aln}
n 1
n—)w n—-w
= {A+ac+ac?)

We are now prepared to give the main result of this section.
Here !+ || will refer to the maximum norm on € P.

Theorem 1.4. For an admissible difference eqqation of form

(1.3) suppose that
(1.13a) (1.6} heolds for at least one index, i.e., s-1 # r,

{1.13b) G{n,x) is continuous in =x for “x||$ nand n=0,1,...,;

{there is a constant c > 0 and a nomnegative real-valued
. function cn(x), defined for ”x||s n and n=0,1,..., with
(L.13c) lim cn(x) =0, cn(x) < ¢*, and

I
20

”G(n,x)]ts (c+cn(x})”x|!for Hx” <N
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If bo, ¢, and c¢* are such that (1.11)} holds and abo € N, then

there is for each y(0} ¢ P gith max HPiy {0} H £ mbg a solution
s<igr
fz{n)} ¢ C, of (1.3) with the properties:

{1.14a) Pi(z(ﬂ}-y{ﬁ}} = 0, i=s5,8+Ll,...,¥,
(1.14b) R {z(n)} ¢ (A+oe) ,
{1.14c) z{n} satisfies {1.4) for i=g,...,r and (1.5} for i=1,2,...,s5~1.
Proof: Let M be the set
{{z{n)} e,COE Hzt0) || < aby. B, {z(0)-y{0}) = O, i=s,s+i,...,r,
2t || < bnahn, n 0},

Here {bn} and {cn} are defined so that J.imm c, = 0 and {bn} satisfies
(.12) vith fletmm]l € (ool for ] € b_ar™.

From the discussion above, M is compact and convex, and the
operator T which corresponds to (1.3) mape M inte M continuously.
Hence T has a fizfed point {z{n)}} ¢ M which by Lemma 1.1 solves {1.3).
The estimate (l.14b) follows from Lemma 1.3 and the proof is complete.

Condition (1.6) was chosen so that it holds if b, {k) iz constant
with spectral radius less than one or 5:5 HBi {k}“ S {k} and
lim sup di(k) < 1. BAs for (1.7), notice that if o = 1, then

. koo

a = bn;\n solves (1.10b) with equality. In that cass conditions {(1.7)

and {1.I1} guarantee that {an} solves {1.10a} and is thus a minorant



23

for the solutions of (1.10).

Although the sum squation form of a difference equation has been
used often, the T-operator (1.8} formulation appears to be new. For
the special case in which D{n) is conatant, Coffman {1964} has obh-
tained the conclusion of Theorem 1.4 without using the T-operator.
His proof uses the Brouéer theorem, and he points out the necessity
of applying general fixed point results. Prior to his work, other
authors including Pexron [1929], Ta Li [1934]; and Bellman [1947]
have proved conditional stahility results for special forms of
D{n) under more stringent conditions on the pezturbation G. Their
approach emplofs the method of succesgive approximations. Of
interest in this regard is the paper of Panov [1959] in which a
succesgive approximation argument ailegeély proves a theorem egui-
valent to Theo£ém 1.4 for the case in which D is constant. fThe
proof is clearly incorrect. A similar but correct proof for a
weaker theorem was given ﬁy Beliman [1947]., PFinally, an approach
analogous to ours for differential equations has been used in special
cases by several authors {see Coppel [1965}, pp. 80 and 100}.

We next prﬁve a general result for the case in which G is
more restricted. It contains all of the above cited theorems which
can be proved by successive approximations. In that event, our
operator T is contractive. The norm used here is the maximum

norm on- T F.-
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Lemma 1.5. For a constant n > 0 and z{0} ¢ P, define the

set M ¢ § by

{1.315} M= {{zxn? ¢ Smgﬂn}il E34] and‘Pi(x(O}-zw}}= 0 for i=s,5+l,...,r}.

Suppose that {1.3) is admissible and that T(M) € M. If ¢ satisfies
{1.16) lle .y -ct, )l < ellk-v]l fox |x]ldl¥]l ¢ n and n=0,1,...

where v = max {fs ’E%% Y < lande > 0, then T is contractive on M

with constant Y , *tfhat is,

Hotxm -r{y (3 v [ixmi-{ym |

whenever {x (n)},{‘y(n}} ¢ M.
Proof: For {x(m)},{ytmi} ¢ ¥, let {vm?} = T{{x(n)}) and {win)}

= T{{y(n)}). Then for iml;z,.‘..,s—l,

o j -
e, wmy-vanll e I T o, 00 Yo, Grxt3n)-e, Gay N ]
’ i=n k=n

.

< 8 sw e, xGN-6G,vGN

T e

-

< 8 sup aifx(j}*y{jﬂi ‘
ng jeeo

and for i=s,stl;....,r,

n~2l, .
e, ) -vian |l J aa” 3'1[{ei{§,xfj})-si{j,yfz‘a>u
3=0

$ G5 ( omax e f{xG) v -
Ogisn-1
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Finally,]|w(n)—v(n)” g (max (BE,I%i-?)("{x(n)}f{y(n)}”).

The final result can be proved once a set M with T(ﬁ)g; M
is found.

Theorem 1.6. PFor an admissible equation.(1.3)- suppose that
there are constants €,n,8, 3§ ¢n such that (1.16) holds and
"G{k,x)" < 6 for all k and Hx[[s n. If ¥ = max (Bg,i%% ) < 1 and
max (R6 ,ad+6 ( if%% }) € n, then for any initial vector z{0) ¢ (%
with “z(O)” < §, there is exactly oné solution {x{n)} of (1.3)
satisfying Pi(z(O)—x(O)) = 0 for i=s,s+l,...,r and[[x(n)“ £ "N,
n=0,1,... .
Proof: We first show that for the set M of (L.15), TM) € M. With
{x(n)} & M and_{vin}} .as in Lemma 1.5, we have

o 3 _
le;vell < Y|l ¢ @D, ) YMieGx@n)l < 86 € n, i=1,...,8-1
J=n k=n

and
s ~] ' oA
“Piv(n)" < are+ 3 " 78 < a4+ 50 €Ny i=s,..oT
3=0

Thus, T{M) € M. Since M is complete, the standard .contraction
mapping theorem yields the existence of a unique fixed point ¢f T

in M. In fact, the iterative process {x%ﬁ%}::T({xu(n)}), w=0,1,...

. . . 0 ~
converges to this fixed point for any {x (n)} & M.
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Section 2. Eguations with Constant Matrices

In this section and the next we will prove stability proper-
ties for the general equation (1.1) by first transforming it into
caponical form {1.3} and then applying the resulté obtained above.
We begin with a special- form of (1.1} in which the matrices Afn)

are constant,

{l;l?} X(n‘"f’}.} = Ax(ﬂ) + F(n;xfﬁ}); nza;l;-.. -

lm

Choose 8 e:L(¢55 such that Sas D = Tdij) is the Jordan

form of A Witll ﬁii = ki; i‘—“l,---:P? d '—'='ﬁi"-=0 or lg i=1;--.;i)"l;

i+1,1
aii = O otherwise. Suppose that jlll 2 [lzi 2 oees B Ikp] and that
for some s ¢ {1,...,x}, v € p; the distinct moduli Py of the Ai

gsatisfy
{1.18} Py > By > een Pgoy > 1> Py ™ vve > 0y -

Let ﬁi denote the sguare diagonal block of dimension By which

has ag diagonal entries all Rj of modulus ey and let Pi be the
P,

corresponding projection -From ﬂ:p to ¢ *. Then with the change

of variables
(1-19} }’:(n) = Sx{n)) n = D;‘lga»; I}

we cbtain an eguation in canonical form

i1}

£1.20) Y(n—;l) = Dy{n} + sz'(n,sﬁiy(n?r)-

Dy{n} + Gin,yni), n=0,1,... .
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Tt is clearly admissible whenever (1.18) holds.

We are now érepared to gfove a theorem for {1.20) and hence,
by means of (1.19}, for {1.17}), and we begin by stating without
proof a lemma of Coffman [1964]:

Lemma 1.7. Let {an}; {bn}' {cn} be nonnegative sequences of

real numbers satisfying the system of inequalities

{(1.21a) a1 Gan + chan+bn), n

7

0;1;--- 7

{1.21b) b z Tb O0ylyeae »

n+l n

It

c (an+bn} r T

0, If € > 0 is giwven, then there exists

where0 € ¢ < T and lim C,
e
a cf = g*{e} > 0 such that whenever a_ < gb, and 0 € ¢_ £ ¢*, n=0,1;...;
. (& QO n

we have h > 0 and a < £b for all n.
n n n

If a + b -# 0 and {¢n}, {wn} are positive seguences for which

¢ i
(L.22a) ¢ £ ¢ and ntl z o > g for n 2 W, lim ¢ = 0 ,
n n ¢ T n
n n=«
If)‘n-iz"i .
{1.22b) ¢, S‘@B and £ 1, lim $n =0,
i3 e i
an. an
then either —— is defined for all large n and — = 0{¢_) or elge
b b n
bn n bn n
. is defined for all large n and - = O{¢n).

n
An application of :this and Theorem 1.4 yields a new proof of the

following conditional stability result for (1.20) due to Coffman
{1964]. ‘fhroughout, H'i!will denote the appropriate £1mnorm.
Theprem 1.8. For eguation (1.20} suppose that B has at least

one eigenvalue Ap with |Ap| < 1 and that G(n,*) is defined and
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continuous on S = (0,7}, 1 > 0, with

(1.23a) el < eHlyljtor y ¢ § and a11 n ,
{1.23b) lim Ugﬁgi%lﬂ. = 0,

n-res

¥0

Then, if o* is sufficiently small, for any ¥ ¢ (0,1) there exists

a & = §(y} € (0,1) such that whenever z e_ﬁip satisfies
ERCEI N R R +f!9rzl§s vz z]fana o <llezll< e,

then there exists a solution {y{n)} of (1.20) with the properties

61'25) Pi(yfo)"z) =0 for i = Brese gl
1/n
{1.26) lim y{n) = 0 and lim [|y(n)|] = Py s
e’ 1rHeo

{1.27) {y{n)} satisfies (1.4)/(L.5).

Furthexmore, if y(n) # 0 for n large and if ¢n’wn are

positive majorantd for

ey = =15l | o <y < Ilycn)l[} :

P £

which satisfy (1.22) with o > max (-———« , S ), then
A p p
s-1 8
||'Piy ()| ) _
(1.283.} m}ﬂ— O(‘i)n) for i = S:i'l,..”vr I
“Piy(n)”

I

(l-ng) m{ﬂ Q(!gbn} f?r i 132,...;5—1 -
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Proof: Let P{a) = diag {a,a",...,a") ¢ L{RF) for a > 0, and

transform equation (1.20) by performing the change of variables
(1.29) x{n) = Pla)y(n), n=0,1,... ,
where a > 0 is for the moment unspecified. The new equation is

x(nt+l) = (P(a)DP(a)_l)x(n) + P(a)G(n,P(a)—lx(n))
(1.30)

= px(n) +_a(n,x(n))f n=0,1,... ,

— _1 -— -— - _
whereGi{n,x) = P(a)G{n,P(a) "x) and D = [dij) has dii = li,

d, ., = af,., and d.. = 0 otherwise. The purpese of this transforma—
i+l,i i 1j

tion is to reduce ”Di“ while preserving the properties of G. 1In

fact, we have

(1.31a) “Bi“ < pi+a, ”5;1||s (pj-a)_:L for a < pj, Di = Piﬁ ‘

{(1.31b} "P(a)H‘s a, “P(a)ql” < a._—P for a 51,

-

(1.31¢) “a(n,x)” < a “GIn,P(a)ﬂlx)” < ac*llP(a)—lx||s c*al_P]|x|L agl,

for f|pta) Tkl < nor flxljs & . as1,

ISR

. i = 0
{1.313) lim ——“H;Tr—' ‘ '

. e ol
x (n} _
= < vl = llea™

(1.31e) §4|x(n)||s x(n)“s -%f—“x(n)”,

a

W

for a €1, n 0.



30

Accordingly, if we prove the theorem for equation {1.30) with a
specific a ¢ (0,1}, then the same result follows for (1.20) from
(L.29).

Choose a € (0,1) so that

o ta<l, p_,=a>l, ;Js+a::atps_l-~aj.
{1.32)
p$+l+asos§gs-a}, o from {1.22) .
f4m el
Then {1.30) is an admissible equation with H T D, H £ {Qs-i-a}
k=g
for i = 5,...,r, and
o o J+1
L
LI 57 < Rl
=0 k=0 =0 Tg~1

for i = 1,...,s-1l, From this and (1.31) it is clear that Theorem

1.4 applies to {1.30}. The conclusion is that for !i?ix {G}H '

i =8 ,...;r , and alﬂpc* sufficiently small, there is a solution
i/n
{x(n)} of (1.30) with lim x{n) = 0 and lim sup [|x ()| < pta.
e o

We have used here the equivalency of all § Ponorms.

We next apply Lemma 1.7 to show that, undsr adc'iitional assump-

tions on x(0), (1.26) and (1.28) hold. Let||p x” E iR x“l,
r
logerl = 5 Negell, ana 5, = sue 8ol | o < ieflc fxen
i=g+l

for {x(n}} to be defined. A solution of (1.30) satisfies
{1.33a} - ﬂpilend-l}ﬂ s {pg qa) ”PIIx{n}H + En”x{n}ﬂ

(.330) |l gz @)l 3 (o -a) | e xm ]~ ¢ flxm)]
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Furthermore, En < al_Pcn, and from Lemma 1.7 we have that if
I, =l < ele_x )] < el yx ()

and "x(O}“ ' En are sufficiently small, then ”(PH+P,)x(n)“ >0
and

l|2y g () |

= 1-p -
(1.34) i (P5+P1)x(n) ” = O0{a ¢n) = 0(¢n)

On the other hand, for this solution we also have

(1.352) |[(p_+2 )x(nrD)l] < (p +a) H(pII+ps)x(n)Hl + ¢ flxtmll
(1.35b) HPIx(n+l)”l (o _,-a) llpIx(n)IIl - EJ|x(n)Hl

From Lemma 1.7 either

lege =l

1.36 - =
@.36) TG, = 04
ox

2% (]
I 1
(1.37) = 0{y )
”(PS+PII)x(n)”l n

If (1.36) were true, then we would have

lle_x )] _ o e )xml

“PIx(n)[l 2 log_yma=c) - ¢y “PIx(n)“l > 1
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for n sufficiently laxge and.limf!?zx(nﬂli = o, Hence {1.37}
n-—}ca
holds .and combined with {1.32) . -yields {1.28): To prove -{1.26)

let v > 0 ’'be given and chooge a norm 'uY such thati]ﬁJIY g (ps+ %~).

Since lim x{n) = 0 and {(1.31lc), (1.28) hold, we can_ find n, > 0 such
Trdon

that uﬁ(n,xin}ﬁl¥ 3 gﬂlPsx{n)Hy for all F zn Then we have

o°

”PsX{n+1}”y < Hﬁsﬁyﬂ?sx{n}ﬁy + Hésﬁn,XCn))nY

g (psﬂf)]]Psxpt’,n)llY for n = n,

Similarly we obtain "Psx(n+1)uY 2 {ps-y)ny$xin3”T for n large

and Pg # 0, by means of the estimates

-1, -1
llpsx(n)llY < o, IITHPSx(n-r-l)][Y + [l ”Y"Gs(nfx(n))nY
and ”Bsu:l"“Y 3 G—%;f + v') for an -appropriate y' > 0. Since y > 0O
s
is arbitrary in both cases, we have

1/n 1/n
lim ”PSX(R}HY = 1imliPsx{nﬂll = p

5
e o o

and with {1.28) the proof ig finished.

Notice that Lemma 1.7 was used only to obtain initial values

1/n
such that lim [lytn)l] 2 p_ and (1.28) hold.
£ .
k¥ s

For completing the discussion of this conditional stability
result, we use a simple transformation to prove the following corollary,
also given by Coffman [1964]. Some credit is due to Panov [1964] for

concluding essentiaily these results, but from those of Panov [19592],

which, as menticned, are based on erroneous proois.
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Corxcollaxy 1.8. The results of Theorem 1.8 hold when anv index

% > s replaces s, i.e., for any Py < 1. Also, the assumphtion that

5 ;
ps_l 1 may be weakened to Pamy 2 1 in {1.18).

For the proof choose p such. that PO, < 1, > 1, and p > 1,

PPo-1

and make the substitution -z{n} = pny(n). Eguation {1.20) becomas

zintl) = (PD)z{n) +-pn+lG(n, wég-z(n)), n=0,1,... ,

o
and ‘Theorsm 1.8 applies. The largest.ai < 1 is ep, SO that we have
1/n i/n 1/n
{z{n)} with lim!lz{n)” = PR, - But{jz(n)“ o= d!y(n}ﬁ . For

hexacd
the second part simply use the same substitution withp > 1, ppg < 1.

Perron {192%] proved this result under the more stringent condi-
tions (1.16) on . However, the following partial converse is due
to him, It was reproved by Coffman [1964] using Lemma 1.7 and an
argument similar to that found at the end of the proof of Theorem 1.8.

Theorem 1.10. Suppose that D and & satisfy the conditions

of Theorem 1.8. If y{n} is any solution of {1.20) which satisfies
lim y{n} = 0, y{n) # 0, then
oo .

1/n
(1.38) lmllymiff =9,

I
for some p, g 1, and[]Pjy(n)]h = g j“ng(n)Hl) for 3 #£ 4 .
We finish this. section with two special cases of (1.20) which
are of particular interest. The first is for p (D} = p{A) < 1 and the
second for diagonal D,
If p{A) < 1, then the {0} solution of {1.17), under conditions

{1.23) on the perturbation, is clearly asymphtotically stable and
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stable, Notice however that nt existence proof is reguired, so
that ¥ need not be continuous. This result was proved by Perron
{1929; Theorems.5, 7, 11] in the following- form,

Theorem 1.1l. For equation (1.17} suppose {(1.23) holds fox

and that 5(&) < 1. Then {0} is stable and asymptotically stable.

In that case, whenever {y(n)} solves (1.1) and lim v(n) = 0,
Tha-en

y{n) # 0, then

l/n -
tim flym]) = |2

I

| < ola)

%

for some eigenvalue KQ of A. On the other hand, if pla}) > 1,
then {0} is unstable.

We remark here that Perrxon was apparently unaware of the Jordan
form and used the Schur transformation to’ lower triangular form.
Then by employing the similarity transformation with matrix Pla),
a > 0, as given above, he obtained a matrix whose diagonal elements
were the eigenvalues of A and whose off~diagonal components were of
order a, and hence could be made small. A similar approach wag
taken by Perron's student Ta Li for the variable matrix equation to
be seen in Section”3.

The second special case occurs when D = diag {él,...,&P}. It

is of historical interest hecause it contains the well-known Poincaré-

Perron difference equation of order p,

(L1.39) a  +p® (N}, =0, n=0,1,...
r n

n+p. . 1 an#pml e+ D
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where a, bij} € @,, lim bén}
o -1
"oharacteristic eguation™ a + blzp R IPIE bp_lz + bp =

have distinct moduli. The first studies of perturbed linear eguations

= bi £ Q , and the roots of the

began here.

For this case we have n statement about the Q-convergence rate.
Phrased in the context of Theorem 1.8, the following general resuli
arises.

Cornllary 1.12., Assume that all of the hypotheses of Thecrem 1.8

hold and that {yn)} is a solukion of {1.20) satisfying {1.26), {1.27)

and (1.28). Then, if ?Sy(n} # 0, there is a constant £ such that

H?ta}y(n+l)ﬁl
(1.40) pra-Béln) < TPyl

$p,+ad B {x1)

for all =n sufficiently large and a > 0 small epough. In particular,

if b, is a diagonal matrix, then

3
NY{n+l}“1
{1.41) W = ps +* G{i@n} as n -+ w
1

3

or
0, Ly ) 3,0) = p_ .
Proof: In view of the inegualities
{pg~a) nrsp{a}y{n}nl - ${n) H?ﬁyfaﬁy(n}ﬂl

¢ [ppla)y s}, < (o va){p Rla)ytnll,

+ smle pladvindl; o
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{(1.40) follows directly f£rom (1.25). If Ds is diagonal) the

above estimates hold, with P{a}

and a omitted, vielding (1.41).
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Section 3. Eguations with Variable Matrices

In this section we consider the more difficult generxal equation
(1.1} with variable A{n). ©Of course, if lim Al{n) = A or‘”A(n)mA”
e

is sufficiently small, then the results of Section 2 can be applied

to
yin+tl) = Aay{n) + [{(Bn)-R)vy(n}+F{n,y{ndl, r=0,1,... .

However, we will give an analysis which does not require such
assumptions.
Again we apply a change of variables to transform {1.1) into

canonical form. The resulting eguation will be

(L.42) y{n+l) = D{n)y{n) + [Ln)y(n)+H{n,y(n) )1, n=0,1,...

“

where D{n) = diag (dl(n),...,dp(n)), L{n) is strictly lower triangu
and H has the properties of ¥F. In. applying the resulis of Section
1, we consider each.ﬁi{n} as a diagonal bleck Di{n}, i=l,...¢p, and
obtain the condition for admissibility {1.6)}/{1.7) in terms of these
scalars, i.e., thetre exist constants o 21, 0 £ A <1, B 2 0 such
that for some s € {1,...,p}

24m

{1.43) !a SRIRS
k_..

™ for a1l m,2 3 0; ims,s4l,-..,p

noj

(1.44) T o(n T-n—ﬂ—Ti B for n=0,1,...; i=1,2,...,s~1
520 k=01%; )



38

The existence of a transformation of (1.1) into (1.42) which
preserves the norm of y(n) and ths‘reqnire& properties of F is
gunaranteed by tﬁe following lemma due to Ta Li [1934].

Lemma 1.13. For any sequence of matrices {A (-n)} from L{ EF)
there exists a seguence of unitary matrices [U{n}} in L((ﬁp} such

that
UmtL)A MU Y = Din) 4 Lin), n=0,1,... ,

iz lewer triangular. If all A{n) are real, then U(n) can be
chosen real.

The change of variables
{(1.45 yi{n) = U{n)x(n), n=0,1,...
applied to {1.1) vields
(1.46)  y(o+l) = Dln)yln) + [L(n)y ()40 (n+1)F (n,U(m) Ty (n))]

g DMn)y(n) + Lindy{n) + Hin,y(n)), n=0,1,... ,

lyfl, = =], Jlomll, = [lom ™), =1

We first prove a conditional stability result for (1.42) which extends

a theorem of - Ta Li [1934] by.weakening the assumptions on

{1.47) Gin,y) = Li{n)y + H{n,y)
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from {(1.16) to (1.48). Ta Li used the contractive property of the
perturbation in a successive approximation argument as discussed in
Theorem 1.6.

Theorem 1.14. Suppose that (1.42) is an admissible equation

(i.e., (1.43)/(1.44) hold) with s € p. Assume further that there

are constants c,c*,N > 0 such that
(1.48a) “L(n)ll fe¢, n=0,1,... ,
(1.48b) H{n,y) is continuous in vy for Hy“ £ N and n=0,1,...

{(1.48¢) HH(n,y}”l < c*“y“l forx ”y”l <n n=0,1,..., and

lim l H(nrY)“ =0
n—re Y.

v+

Then, if z{0) ¢ EE,and IPiz(O)l ;, i=s,s+l,...,p, co* are sufficiently

small, there is a solution {y(n)} of (1.42) with the properties

(1.4%2) P, (y(0)-2(0)) = O, i=s, ..., ,

(1.49b) 1lim y(n) = 0 ,
n-ro
1/n
(1.49¢) lim sup‘ly(n)“ s 2 + ofjy @) as “y(O)“ + 0

e

{(1.494) {y(n)} satisfies (lﬂ4), (L.5) .
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Proof: Introduce the change of variable x({n) = P(a)y(n)[ n=0,1,...,

a > 0, as in the proof of Theorem 1.8. Then (1.42) becomes
(1.50) x(n+#l) = D(n)x(n) + (P(a)L(n)P(a) T)x(n)
+ P(a) (H(in(a)-lx(n))), n=0,1,... ,

and now (P(a)L(n)P(a)_l)ij is al—l(L(n))ij for i > j and 0 other-

wise. Thus,

”P(a)L(n)P(a)_lﬁ'+‘P(a)H(n[P(a)_lx)”l < (ac+c*a1_P)|[x”1

forw Pga)ulx”l <nsa<l, and
_1-
Lig [BP@EmR@ 0]
oo IE
x>0

Applying Theorem 1.4, we obtain the conclusion that for

]Pix(O)[, i=s,...,p, ac, and alPo# sufficiently small, a» 0 fixed,

a solution {x(n)} of (1.3) exists, converges to 0, and satisfies
1/n_
lim sup “x{n)" £ (Mac), as well as {1.4), (1.5). From the inverse
oo )
transformation y{n) = P(a) lx(n), the theorem is proved.
We remark at this time that a more comprehensive result for this
equation (1.42) which gives exact componentwise convergence behaviox

as in Theorem 1.8 and Corollary 1.9, is possible and can be proved

i .
using arguments analogous to those for the constant matrix case.
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To apply this result for (1.1), we must find conditions on
A{n) which guarantee that D(n) = (di(n)) satisfies (1.43), (1.44).
The following lemma, also due to Ta Li [1934], will enable us to
give a general theorem. The idea here is to use an auxiliary non-
homogeneous linear equation to determine the properties of D{(n)
from those of A(n).

Lemma 1.15. For a sequence of matrices {A{n)} from L(ﬂ:P)

consider the difference equation
(1.51} vin+tl) = A{n)yin) + w{n), n=0,1,... .

If A({n} is uniformly bounded and if (1.51) has at least one bounded
solution for each bounded sequeﬁce {wi(n)} ¢ 8, then after a trans-
formation by unitary operatérs U{n) from Lemma 1.13, the matrix
(D({n)+L{n)) = U(n+l)A(n)U(n)-l has diagonal entries di(n) each of

which satisfies exactly one of the following conditions:

n n
(1.52) yom ]d.(k)]) is bounded in n ,
2=0 k=p
[~ IA 1
{1.53) Z (&t —E_TET_) exists and is bounded for each n .
g=n k=nl i l '

In fact, the general bounded solution {y(n)} of (1.51) has the
property that y(0) may be chosen from a g-parameter family where g
is the number of indices i for which k1.52) holds.

As a final preparation for the main thecrem we guote a theorem

due to Hahn [1958] which relates condition‘(1.52) with (1.43).
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Lemma 1.16. Let’{an} be a sequence of complex numbers such
that either aj # 0 for all 1§ or the number of nonzero aj‘s
between any two consscutive aj‘s which are zero is bounded. Then

the sequence

I

b = IR [a, D

=0 k=2

is bounded if and only if there exist real numbers ¢ =2 1, 0 < A <1
such that
ZFm
H lak] & alm+l for all &4m 2 0 .,
k=1

Hahn proved this result for the case in which all a are

nonzero. However, the above statement follows easily from his proof.

We can now prove the general theorem. It extends a result of Ta

Li {1934] by weakening the conditions on both A(n} and F.

Theorem L1.17. For equation {(l.1) suppose A(n) is uniformly

bounded and F is defined and continuous in y £for each n and
Hyu £n 0> 0. aésuﬁe that the auxiliary equation (1.51) has =zt
least one bounded solution for each bounded sequence {¢(n)} & s and

that the linear eguation
(1.54) vintl) = adn)yin), n = 0,1,...

has exactly a g-dimensional manifold of vectors y(0) which initiate

bounded solutions. If F satizfies the conditions
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(1.55a) “.F(n,y)” ¢ eHlyl|| fox |lvf s my n = 0,1,...,
@ ) ) ”F (nrY)“
.55b i =0,
om0
v

for c¢* gufficiently small and if the number of nonsingular
matrices A{n) between any two consecutive singular Af{n)'s is

bounded, then there is a g-paramelber family of vectors y(0) which
when sufficiently small initiates solutions {v{n)} of {1.1) which
converge to 0.

Proof: Apply the unitary change of variables {1.45) to each equation

{1.1), (1.51), {1.54) to cbtain

(1.1)° yln+l) = (D{n)4L{n))y{n) + Hi{n,v(n})
(1.51) " y{ntl) = (DE)+L(n))y{n) + U(n+l) o(n)
(1.54)" y{n+l) = (D{(n)+L{n})y(n)

From Lemma 1.15, the components di(n) of D(n} each satisfy one of
{1.52), (1.53}, and from Lemma 1.16, (1.32) is eguivalent to (1.43).
Next, the assumption aboﬁt the solutions of (1.54) and hence those
of (1.54)' implies that (1.43) holds for exactly g indices and
{L.53) for exactly {p-g). Thus, the hypotheses of Theorem 1.14 are
satisfied for equation (1.1)'. Finally, since uy(n)”2 = HU(n)x(n)”2

= ||x(n)]|,, the conclusions of Theorem 1.14 hold for the original

|2
equation {1.1) and the proof is complete.
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As at the end of Section 2, we will brisfly discuss the case of
totel stability of the trivial solution of {1.1}). For brevity, we
use the texm stable to ineluds asymptotically stable.

¥or the bagiec theorem the assumptions ars

{1.56) there exist constants o » 1, 0 < % < 1 such that
k+g g
Inael € o for a11 x,8 2 0

P,y . _
{1.57} u——ﬂﬁ%rnw is bounded fur all n 2 0 and “y%ls Ty > ¢

1-A

{1.58) for of = g¥fg, i)« = t+here exist n2 > O, ¥ 0 such that

o
el ¢ c*ﬁyﬂ for all ﬂyﬁ € N,y noxny .

Notice that (1.5?}: {1.58} is & weaker restriction on P than that
of Theorem 1.14 or 1,17, The reason for this is that wa do not have
te prove existence of specific start@ng vectors yv{0}, and g0 F nead
nok e;en be continuous. The oondition (1.56) will be discuzsed in
the Appendix.

The theorem can then be stated sz Follows:

Theorem 1.18. For equation (1,1} suppoge A(n}, F satisfy

conditions {1.56), {1.57), and [1.58)}. Then the trivial solution is
stable.

Proof: First consider {1.1) forn 2n Noxm estimatas give

o
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n+l-ng

.n —
lly (1] < o lrtall + T o™ etlly ol

k=n0

for n = n_,n +l,...;ily(k ﬂl £ n

0

Q 2

Referring to Lemma 1.3, we see that ”y(n)“ is bounded by a sequence
n-n

0
a = bnuk where abno = “y(no)“: bn +

vk
= 0+ Syap
0 1 n

0
*
b = (l+792—0b for n » n +1l. Since At+tac*<]l, lim a = 0 and
n+1 A n 0 oo n

in fact Rl{an} < (A+toc*). Hence there is a ceonstant n3 such that
1fl|y(noﬂl § Tgs thenlly(nﬂ] < ny, for n 3 ny. From (1.57) we have

a constant ¢ 3 0 such that for ”y(n”| <1

-3

1

lly )| < Jr@ly @] + |Fmy @) < terelly ], n=0,1,...

n0+1
Thus, if ||y (0)f| ¢ max(ng.n,)/(o+e) » then ||y )|} < ny-

This result appears to be new but is closely related to the

following theorem of Hahn [1958]:

Corellary 1.19. If the trivial selution of the linear eguation

(1.59) v{n+l) = A{n)y(n}, n=0,1,...

is exponentially stable, then so is the trivial solution of {1.1)

provided that

(1.60) |e )| < ex|vll, ox {lyll < ny n 3 ny .

with o¢* sufficiently small, and ugiﬁé%Pl is bounded for n = 0,

v} < n-

Proof: From the condition on (1.59) we have the existence of
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constants «,8,¢ > ¢ such that for any n. > O, uy{nl)“ < £ implies

=6 {n-n, ) 1
lvfl < oflyiny)le for n 3 n . But
n=1
lyefl =|l¢x" atvm)|
and since
I 2=kl cn ae]
n Ay = (o a(3)ix
j: 1 M 3':_-!1
for some X # 0, we have for y(nl} = ﬁriﬁ :
n-1 ~B{n-n.}
”y(n} ” = " _“ ACJ‘)” ”Eﬁnn € any(nl)”e 1
ox
Il n-n
” I A(j)n'$ “(e—s) 1 , for any n > n, > 0 .
J=ny

But this is exactly (1.56) with emB = A, From Theorem 1.1B and its

2
proof we know that for c* < lai. and y(nl) sufficiently small, the

- n-n
solution {y{m} of (1.1} satisfies.ﬁy{n}ﬂ g ﬂy{nl}nykl 1 where
Y>> 0, 0< ll < 1 are censtants independent of A, /0. This completes
the proof.

In the appendix we discuss sufficient conditions for {1.1} to be

admissible, in particular (1.56).
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Appendix. Conditions for Admissibility in the Total Stability Case

The purxpose of this addition to Chapter 1 is to discuss and give
sufficient conditions for {1.56), which yields admissibility for the
total stability case. Recall that in Seétion 2 we assumed p({A) < 1,
while for the variable coefficient problem of Section 3 we supposed
that D(n) satisfied (1.43} and L(n) was bounded. Each implies

{1.56}. On the other hand, from the expansion of (1.1l),

I 1l 11
yin+l) = { TAE)) YO + ) ( TaENF&k,vk)), n=0,1,... ,

it is apparent that the condition that E “ % A(j)“ is bounded is
k=0 j=k

reasonable for total stability. But this condition and Lemma 1.16

vield {(1.56) in the case that A{n) is nonsingular for all n.

Because (1156) seems to be so crucial, we should give some condi-
tions for it which can be verified. For the two conditions men-
tioned above cne is simple and the other uncheckable. The following
lemma can be verified by a close examination of the proof of a
result of Smith [1966, Thecrem 4].

Lemma 1.20. Let {A{n)} be a bounded seguence of matrices from

L((EP) with 1lim sup p{a(n)) < 1. Then there exists an € > 0 such

n-rcoo
that lim sup ”A n+1)—A(n)” £ € implies (1.56).
n-—>oe
In fact, if there exists ann, 2 0 and B,8 > 0 such that

0

(1.61)  {latml, < 8 and p(Aln)) < 18 for all n > nj and £,§ > 0,
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-1 _..-1 1/2 -1
then € can be chosen to be {pWialp(p-3) "W]) " {[8(p-8)}1 fnlplp-86) )

wvhere W = (1+8)P1 ([(p-1)8) P72,

It is inte;asting te note here that although Smith actually needed
thig result to prove a corollary eguivalent to Corollary 1.19, he
did not state it, and the corollary, based on a theorem of Hahn, was
in fact not proved.

We state without proof a second lemma which follows from several
egstimates made by Smith and appears to be new.

Lemma 1.21. For the sequence of matrices {A(n)}, suppose there is
anbthex matrix A € L{{{P) with p{a) < 1 and such that

P
a1~ b3

1 i=1
lim sup {|a(n)-3|, < ¢
oo 2 pe (1+4ffaf,)

2p-2

where Ai are the-eigenvalues of A in order of decreasing modulus
and e is the Enler number. Then (1.56) holds,
As a final remark, we point out that even the problem of finding

n

sufficient conditjons on {A(n)} such that || T A(3)}] converges to ©
j=0

is nontrivial and that counterexamples can be given to show that (1.61)

iz not sufficient {(see Smith [L966]1).
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Chapter 2-

Convergence of Iterative Processes: Direct Local Approach

We return now to the iterative process (I-1} and consider first

its stationary form:

(2.1) x(n+l) = Glx{n))}, n=0,1,... .

The expansion (I-2) leads to

(2.2) vintl) = ay({n) + Fl{y(n)), n=0,1,... ,
where
{2.3) yin) = x(n) - x*¢€ X, G'(x*) = A ¢ LX) ,

and, under the assumption that G is F-differentiable at x*,
(2.4) Fly) = oflylh as Iyl + o

It was Ostrowski [1966] who first used the form (2.2} to prove
Jocal convergence results for (2.1).

Theorem 2.1l. Suppose G: E ¢ 3 + X has a fixed point x* ¢ int (E)
at which G ig”F-differentiable. If p = p{G'({x*)) < 1, then x* is
a point of attraction of (2.1} and Rl{cﬂ,x*} g p. If p>1, then
x* 1is a point of repulsion fo£ {2.1), i.e., there is a ball s(x*)
about x* and a solid cone L with vertex x* such that if
x(0) ¢ 5{x*) n L, then some x(n) = x* or else some x(n) 4 S{x*).

Ostrowski's proof used (I-2) and the following matrix product

theorem.
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Theorem 2.2. ILet A ¢ L({X) and € > 0. Then there exist positive

constants n = n(g,A), @ = 0(c,a) such that when Ui ¢ L{X) and

-

”Ui“ <nfori=1,2,..., then

kel H
(2.5) I} n (A+Ui)” s olp@+e)”, n=1,2,... .
i=1

If pld) > 1 + o and o > 0, then there is a constant § = §(a,0) > 0

such that, when Ui € LX) and ”Ui” €6, i=1,2,..., then the product
n

I (A+U ) diverges.

i=1 ] -
Both of these theorems are direct results of Theorem 1.1l due to

Perron [1929]. For the matrix products, notice that

n
“ I (A+U.)H = sup “—"-” H {a+0, )yl|— sup HXiElH-, n=12x2,ie. ;

i=1 i=1l
yeX y(l)ex

where {y(n)} is the solution of the difference eguation
(2.6) y(n+l) = (A+Un)y(n), n=1,2,... .

Under strongexr assumptions on G, Ortega and Rockoff [1966] proved

the following theorem which gives the exact asymptotic rate of conver-

~

gence.
Theofem 2.3. Let G: E € X+ X have a fixed point x* ¢ int (E)

at which G is F-differentiable and'p S p(G'{x*)) < 1. Suppose fur-

ther.that there exist a neighborhood EO of x* in E and constants

c,e > 0 such that

(2.7) "Gx-Gx*—G'(x*)(x—x*)“ < c”x-—x*nl+€ for all x e E, .
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Then x* 'is a point of attraction for (2.1). Furthermore, if
p > 0, for any séquence of iterates {x(n)} with 1lim x(n) = x*,

n-+0
there is a constant 1 such that

jO n
(2.8a} ”x(n)—x*” £sm p ,n=0,1,...,
and for some sequence of iterates {x(n)} there is a constant

6 > 0 with
jD n

(2.8b) “x(n)“xﬂl zZ6n p, n=20,1,... .
Here (j0+l) is the dimension of the largest Jordan block in the Jordan
form of G'(x*} associated with an eigenvalue of modulus 0.

The authors of this theorem have noted that if (2.7) is weakened
to the assumption that G is F-differentiable, then (2.8) need not
hold, but that Qoffman's theorem [1964] (see Theorem 1.8} can be used

o0 show that

(2.9) OR(& X*) = p

=

gtill holds. A direct proof based on Coffman's proof can be found in
Ortega and Rheinboldt [1970a].

All of the above results are contained in the'following general
theorem. It is an application of the stability theory for difference
equations with constant matrices, namely, Theorem 1.8, which is

essentially due to Coffman [1964].
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Theorem 2.4. Let G: E € X + X have a fized point x* ¢ int (E)

at which ¢ is P-differentiable. If p(G*{x*}} < 1, then =x* is

a point of attraction of {2.1}. 1In fact, if G’ {x*} has Jordan form
D with blocks Di of dimension e, associated with eigenvalues of
modulus Py i= 1,...,r, regspectively, and if 1 > Py S e > 0,7
then for each & with 1 ¢ & £ xr there is an eswdimens;onal manifold
of initial values x (0} for which the solution {x(n}} of (2.l) satis-
fies

(2.10) Rl{x(n)} = Pgr lim x({n) = x* ,

e

n+l n n-j
D R xl0)=x*) + offl ¥ o TF_txtin]])

{2.11a} ¥ [x{n+l)-x*}
s s j=0

i

(2.11b) pi<x{n+i}-x*} offlp txtnt)x*if[}, a8 n > @, for i # s,

where F{x) Gx «~ Gx* - @G'{x*) (x—-x*) and Fg = PSF. On the other hand,

any sedquence of iterates which converges to x*%* satisfies

{2.12) Rl{x(n)} = pj for seme 3§ or Rl{x(n)} =0 ,

o

and

n .
(2.13) P, (x (n+L)=5%) = n"”picxm-—x*} +otfl ¥ D?"JFix{j}ﬂ), for all i.

. =0

3

To see how the estimates {2.8) are obtained under conditions
(2.7) on G, consider thHe following result.

Corollary 2.5. 1In addition to the hypotheses of Theorem 2.4,

agsume that for some-p_ > O there is an isotone functicn ¢ such that
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for sufficiently small Hx—x*”, the critical components of F,

FS = PSF, satisfy
(2.14) e xll < otll=z—=*[P

Suppose further that for some constants ¢ > O, B-> 0 with
DS“(POf QS+B<1, we have
[=-]

{2.15) ¥ —1 $(ylo +B)7) <= for amy Yy > 0 .
3=01(p o) 3Tt ®
=

Then for any iterates {x(n)} satisfying (2.10), (2.11) for this s

we have
(2.16)  P_(x(mtly-x*)= oI _(x(0)-x%) + oo™y as n > = .

I = 0, there is an integer n, 2z 0 such that
ps g 1

IL .
(2.17)  P_(x(+l)-x*) = 0(] } DI F&xGN|) as n >,
j=n—nl

Proof: Since Py 0, for any small o > O, there is a norm ”'[b

1

< . Since (2.10) holds, we can choose’
o p e

X -1
for which ”DS u
NoeYy 2 1 such that ”x(n)—x*”a < (ps+B)n for n 2 n, and

"x(n)—x*” £ yo(bs+8)n for'n < n,- Then from (2.15)

n , n P £ o 8 :
1Y o™ el € o™ ¢ Y lloTYl, ooy tost8d?))
5=0 ] =] ) s o 3=0 s 'a 0

g 9||D:+1“Ot for n = 0,1,...

where 90 . is constant and ?,5 are equivalency constants for the norms
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H*]L “‘ L. (2,17) is clear.

In the case of Theovem 2.3, we have ¢{Hx~x*“} = CHx—x*”l+e from
{2.7}. But then condition (2.15) holds and according to (2.16) there
is a sequence of iterates {x(n)} satisfying (2.18) [ox (2.17) if
ﬂs = 0}, which is equivalent to (2.8} for ps = pr = p,

As an illustration of the application of Theorem 2.4, we consider
the well-known Newton process for solving Fx = 0. For the sake of
completeness we’xeca1£ first the standard attraction theorem for
which F'(x*) is nonsingular. In Theorem 2.7 we then prove a new
result for the case when F'{x*}) is singular.

Theoren 2.6, Suppose F: D £ X 2> ¥ is contipuously F-differentiable

in the open set D. TIFf Fx* = 0 for some x* € D and F'{x*) is non-

singular, then x* 1is a point of attraction of Newton's method

{2.18) x(ntl) = x{n) - F'(x(nl)_lFx(n}, n = O,1;...

and Op l,x*) > 1.

—1 - .
Proof: Here Gx = x - P'{x} "Fx for x € D whenaver F'{x} 1 axists.
gince F'{x} is continuous in D and Ii“(x*)'_l exists, there ig a

hall 5§ ¢ D containiﬁg x* in which_?‘(x}ul exists. Then

—1Fx"‘s ”F'(x)"lH"Fmex*—F'(xJ(x—x*)“

lex-Gx*]| = flx—x*-F' (x)

= offjx-x*]) for x €5 as x > x»

Hence G 1is F-differentiable at x* with G'{x¥*} = 0. 2An application

‘of Theodrem 2.4 completes the proof.



55

For a case in which F'{x*} is singular we have the following
theorsm which corrects a result of Rall [1966]. The crucial point
of the proof involves showing that G'(x*) exists and has eigenvalues

1.
0 and 5

Theorem 2.7. For the function Fy'D £ X + Y with D open,

suppose the following conditions hold:

(2.19a) F is twice differentiable on D and F*(x) is continuous

with modulus of continuity wl{r);
{(2.19b) Fx = 0 haz a solution x¥ ¢ D;

{2.19) F' (x) is nonsingular in a deleted neighborhood & of
x* {i.e., x* % S); and S ¢ D3
{2.18d) if Ni denctes the null manifold of F'{x*}, then there is

a constant X such that for any m € N

1 and any % ¢ X, the

inequality
i eyaoml} 5 wljx i

holds.

Then =x* is a point of attraction for Newton's method (2.18). In
fact, if Xl is a complementary summand for N, in X (XI 8 N, = )
and P , P, are the corresponding projections of X onto X ., N

Nl Xl . 1 i
respectively, [i.e., if m e N, ¥ ¢ X then P (m+y} =m, P, (mty)=yl,

’ 1 1
then P, (x -x*) converges to 0 superlinearly while P_ {x_-x*) con-
Xl n ] Nl n

verges to 0 with Rls %— . Ifwl{ﬁ) < constant {6)"{, Y > 0, then



56

—® R <
P, {x -x*) converges and (147}

Xl n -
we have
1
t -
{2.20) Gf {x*) = Py

1

1. Finally, for Gx = x—F’{x}-lFx,

Proof: Choose a nonsingular matrix T such that TF'{x*}(Xl) = Xl’

But the process {2.18) for TF{x) is

s — 1 -
xn+l xn F (xn) lFxn

Also TFx = 0 if and only if Fx = O.

simply assume that F‘(x*){Xl} = Xy

Hence,

identical with that for P{x):

\ -1,
xn - {TF (xn)) TF(xn)

from the start we can

For x* # x € 8, let Rx = F'(x)(xl} and Sx = F'(x)(Nl), and let

PS
x

Py or

R
X

e f .
F {x}ml for yl € Xl, ml £ Nl.

be the corresponding projections of X onto Rk’

Hence y, =m

Consider the expansions for x € S:

{2.21) Fx = Fx*‘f P (x*) (x=x*) +
(2.22) Fx* = Fx — F'(x) (x=x*) +
{2.23)
{2.24)

B (x*)

2

‘EI" {x}
2

@

e

Kow

= i =
] Sx = X, for 1?_2 e.Rx and and ¥ & Sx' then z = R Lxlyl

1 = 0, and so 2z = 0.

x-x*)? + 0 tady (| fpf} ez &

(x-x*)z + O(ml(“x-x*”)-“x~x*“2)

F'i{x) = F'(x*) + F™{x*) (x-x*) + 0€w1<!1x~x*ﬂ>ilfc—x*">

F'ix¥) = F' () + F" () Ge¥-x) + Oy (st} flxx4]D

Then, if v ¢ X..and x ¢S, from (2,23}

i

F'{x)y = ?i(x*)y + B (%) (e-x¥)y + 0wy (x| -] {lv]))
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>0, 6, > 0 for which

This implies the existence of econgtants XK 1

1

{2.25} s oyl = Klﬁyig
whenever ”x—x*" g 81, Yy £¥%. K is independent of x,y.

Immediately from (2.25)

' -1
{2.286) le éza el <2 for all r e R_and nx~x*u € 8., rf0.

8

For m ¢ Nl, % ¢ 8 we have again from (2.23):

F' G)m = FP (xf)m + F7 (%) (moe)m + Oy (arser{]) s [l

gince ¥F{x%*)m = 0, we have the existence of constants K2,52 > 0y

62 < Sl' for which

H?’Ex}mllz Kzux—x*ﬂumn for ”x-x*” £ 62, me N,

Here we have used (2.19) and can write

o=l
2.2 E (fi;u sl ﬂz'ii"“*“ for llx-xrll < 6, s ¢ s, s#o

Notice that {(2.26) and {2.27) more or less describe how "fast™ ¥'{x)
becomes singular as x tends to x*. With the special case in which
F  is scalar-valued in mind, we might say that F has a root of

muldiplicity two at x¥.

Hext define Gx E x - F’{x}mlyx for x ¢ § and &x* by lim Gx.
xix¥
XeS
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Now this limit exists and equals x%* az can be seen from the

following:

P TR = F 0 TR ) (et 40 ()]

F(x) " IFY %) (?N1+le} (s o, () ]

Pl TR ()DL (xex*) 4 B ) Lo (x)
th 2

for x ¢ § where mzix} = O{ﬂx~x*“2) as in {2.21). Referring to

-l” < 1

gl for el < oy

(2.26) and {2.27) we have ||F' (x)
and so with {2.25),

1 1 Pt pex | K4t£x-x*}]2
E‘XH € ""'E"-“F {= )PX {X—X*}ii ES W < Ksnx—x*ﬂ

1 1

oo™

for mex*n g 62, x ¢ S, K, constant. Thus, if we lelb Gx* = x*,

5
then ¢ is continudus in 5 U {x*}.
Consider an alternate eatimate of F‘(x)ulFx for = ¢ &,

”x—x*“ S 6{

F“(x).
2

P x) i = B () T[-F Y (%) (kex) = Gete) P ()]

~1 E"

= x-f% - B (x) .._,,,9(335_)_ =02 + w, (x)

vhere w, (x} = O(ml(”xwx*")nx*x*ﬂz) and u, (x) = O(mliﬂx~x*")"x~x*u}

-1 1
from (2.22) and [[F' () ] < — . But then

(2.28)  |lox~ox*- -321 PNI ezl € Jrexs-pr o) lEn- *]2-'-PN1 (x—x*]|

izt oo™ B sy - 2o | fheewt]
1

+ 0w el x4y
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Since F' (x) " (x) (er-x) = F'(x) IR (x*)=F' (0] + Olwy (lx-x*]))

from (2.24), we have for m ¢ N.r x ¢ S,l] x—x* ” S 62,

F'(x)“lF"(x)(x*—x)m -m + O(ml("x—x*“)Hm[b

and for v ¢ Xl

Fr i) TR (x) (xR x)y = -y + Fx) R (x¥)y + 0t Y-} ¢!

= olu (|x-2* iy

-1 B" (x)
2

Hence, “F'(x) (x¥ex) - %—P = O(wl("x—x*n)) as x - x¥ and

|
Ny
(2.29} “Gx—Gx*‘— %-PN (x-x*)|| = O(ml(”x—x*”)“x—x*”) as x -+ x¥
1
or G'(x*) = %—P . 'The estimate
PNl(x—x*) + O(ml(ux—x*”)nx—x*n)
vields
x(ntl} - x* = %-PN {x(n)-x*) + O(wl(”x(n)—x*“)"x(n)—x*”)
p 1
and the proof is complete.

It is clear that superlinear gonvergence can be restored by

: 1
altering the process eguation. Use H{x) = G(x) =~ E-PN x so that
1

H' (x*) = G'(x*) - = P_ =0,
2 Nl

and the corrected process is

x{ntl) = Hx@)), n=0,1,... .
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A theorem similar to the one above for roots of maltiplicity
greater than two can be formulated, but with additional conditions
of the type (2.123) on the-derivatives of F.

Finally, we present the following examples which show that

(2.19d) cannot be substantially weakened. Considex

T,~ .20 2. T
(2.30a) E:{(xl,xz) ) o= (xlnxszlxz)
for p » 2 fixed, and
-L/%
(e ! l—x X. X )T for x. # 0
- 2t 71 %2 1
{2.30B) Fl{x, ,x )} =
i 2 .7
(~x2,0) for X = o

In both cases, © is the only root of F in a neighborhood of 0,

F‘((xl,xz)T) is nonsingular foxr = ¥ G, ”x||sma11, and F'{0) = O, Also

0 -28
FHOY (%)
B B alf

% o for {g} £ 0 .

However, with x2(0) 0 and xl(O) € (0,1), we have

xl{n+l) - (gggéé xl{n) for' {2.30a}
xz{n) Z 0 and -
x1{3+1) = xi{n}ilwxlinii for 12.30b)

Thus, the rates of convergence are given by R, = 2p-l R, = 1,

1 2p 71
respectively.

Let us turn now to an application of the variable matrix theory

of Section 3 in Chapter 1, in particular, of Theorem 1.18.
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Theorem 2.8. ¥For the iterative process

(2.31) x(ntl) = Sln,x(M)), n = 0,1,...

-

suppose that Gin,*} maps the open, convex domain D € X into ¥, that
there 1z an x* ¢ D with G{n,x*} = x*, and that G{n,x) is uwniformly
differentimble in x at x%* forn = 0,1,... {i.e., for any & > C
there is a 4 » 0 such that when x £ D, Hx~x*{§< §, we have
ﬂG(n,x} - Gi{n,x*} - G'(n,x;}(wa*}H € eﬂx~x*u for all n). If, for
goma a > L, 0 g X < 1 and for all k,2 » 0 the following holds

k+d

(2.32) I neryg.anf < ar
3=k

2+1

then x%* is a point of attraction for ({2.15) anciR1 g A

Proof: For any x(n) ¢ D, we have

xintl) - x* = Gi{n,xn)) - Gin,x*) = 6'{n,x¥%) xn)~x*} + ¢{n,xin)) .

But
fomxif] » lletn,x)-cta,x*)-6" tn,xc%) (x-x)[]
Hx—x*_ = “x*x*ﬁ
go that
in 2PROOL - o
X-x*-0 :

and convergence is uniform in n. Theorem 1.12 then yields the result.
As an application we have the following result of Ortega and

Rheinboldt [1870].
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Corollary 2.9. Let Gi D x Dl:-x ¢ RP x R » RY and assume that

there is an x* ¢ int (D) with x*¥ = g(x*,h) for all h ¢ D, » Assune

that the functiong G{*,h): D ¢ RF » g{P are unifoxmly differentiable

at x* and that G'({x*,h) = Hq(h) where H € L(}RP); plH) < 1, gth) is
a positive integer. Then there ig a real number § > 0 such that for

any x(0) ¢ S = S{x*,8) and any seguence {v*} ¢ D, , the vectors

h

~

(2.33) 2 (k+1) = G(x(Kk),h) , k = 0,1,...

are well-defined, 1im x{k) = x*, and Rl{x(k}} g p{ﬁm} whexe
)
m = lim inf q{hk).
ke ;
Proof: Tet € > 0 be given. It ig well-known that we may choose a

noxm “' [I on TRP such that "H" g {P(H)+e) < 1 and then

k+% . '
BT 6 ier,ud)l] = a0 talerl) e o bg Geadyy
s

< ”H”q(k)+. o o (kHL)

)qtk}+...+q(k+§.)

[tp(B)+e n
241 [P {W)+e)"]

o+ € )™

3 2+1

By the definition of m, the fixrst factor zbove is bounded uniformly
for all k,% 2 0. Hence (2.32) of t{‘héorem 2.8 holds and we see that
%** is a point of attraction for (2.33) and that R'I{x(k)} < {pmee)™.

Since € > 0 was arbitrary, the theorem is proved.
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The authors of Corollary 2.9 have applied it to the process

x (k+1)

X (k) = [THE(x(K) ) +ve ot H S (x(k)) 1B~ (x (k) )Fx (k) K=0,1,...

where F' (x) Bi{x) - C{x), H{x) = B"l(x)c(x)-

Finally, we should remark that this analysis is not restricted

to single-step processes. Consider the m-step method
{(2.33) x(n+l) = G{n,x(n) ;.. ,x{n-m+1)), n=0,1,...
where G{n,...): Dn c X" >+ X and

(2.34) x* = Gln,x*,...,x*) ¢ D for each n.

According to Voigt [1969], if G(n,...)} is F-differentiable in each
variable at x*, then for the asscciated process

(x{n+l) ,x{n) ..., x{n-m+2))

(2.35) = (Gn,x) ..., x{n-m+1)) ,x(n) ;... ,x{n-Mm+2))

Hin,x);...,x{n-m+1l)}, n = 0,1,... ,

or z({n+l)

1

H{nGz{n)), n= 0,1,..., we have

fH,(n) H,@) H ()
L 0O « .+ - O
0 . .

(2.36) H'i(n,x*,...,x%*) =
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where Hi(n) = 3iG{n,x*;...,x*}, i=1,...,m. The multistep process
(2.33) can then be considered a single-step method and the results
given above applied. Of course, some difficulty is carried with the
analysis of the block companion _matrix (2.36), {See Voigt [1969]
for further discussion of this problem.) Furthemore: with multi~
step processes we usually expect superlinear convergence; this will

be considered in Paxt II.



PART II
MAJCORIZATION APPROACH

Whereas in Part I the iterative process eguation was analyzed
directly and locally, here it 1s studied in teyms of madorizing
sequences oy systewns which arise from norm estimates.

We begin in Chapter 3 with several results for the type of
difference equatione which commonly occurs in this approach,
namely, the isctone {that is, in each variable monotonically

nondeoreasing) eguations:

{II":L) an_}‘l = @(an;an_lg“-yannk); n = 0;1;&'-@ ¥

with ¢ isotone. The theorems obtained deal primarily with
determining domains of initial vectors (ag,aﬁzf...,a_k} for which
the solution {én} of (IT~1) is convergent or summable. Rate of
convargence estimates are alse of interest.

In Chapier 4, principles by which difference esguations are
generated fromyitaxatiée processes through norm estimates are
diseoussed and illustrated. 2n spplication of the results of
Chapter 3 then‘yields local and semi~local convergence theorems

for the associated processes.

65



66

Chapter 3

Convergence Domains for Isotone Difference Egquations
In this chapter we consider the scalar difference eguation

{3.1) a = &{n,a_,a Y, n=0,31,...,

il PR T A+ LAah ERR LR A VS

where @{n,...}:ﬁnfé Iﬁ,«ﬂnﬂme {0, ig isotones and the sets Dn
are products of (n#m) intervals of the form {0,a), [0,al, or [0,%}).
As usual, we say that a solution {an} of (3.1) exists if
{an,...,ac,...,a_m+l) & Dn for all n and (3.1} iz satisfied.
Let i?g denote the set of all initial vectors
0 T . , -
a = {aa,a~i,...,a_m+l} & Dﬂ for which the solubtion {an} of
(3.1) exists, I?g the met of those EO for which {an} converges
to 0, and i?g the set for which {an} is guwmable. Clearly,
0 G 0
[ [
Iys & b & iyﬁ‘

The purpose of this chapter is to Ffind sufficlent conditions

for 3° to be contained in (1) L, (2 B9, or (3) HY. witn
{2) we will include the estimation of convergence rates which in
turn leads to results for (3). Anticipating the applications of
Chapter 4, we will at times use special forms of {3.1).

The first simplé lemma treats (1} and gives information about

the structure of :f?g, 0%, Here and throughout the chapter

5

a2 s b for ab € E{? refers to the natural {componentwise) partisl

ordering of RE.
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Tewna 3.1. IFf 306 ﬁg tor 32, or éf)'g} and 0 % EO %{?,

LA

then b € @'g {ox oﬁ’g, or o{f)’g}. In fact, if {bn},. {an} are the

respective solutions with initial data }30 < i{)’ then 0 ¢ b s a
for all n.
The proof follows immediately from an induction argwaent with

the insgualities

Q= h}. = ¢{G}ba;lhi}b'wm+l} s K}?iC,ao;,.“;a_m_*_l) = 8.1 ¥

< = P 3 "S o . =
0 s b ¢ {n,bn' ’bn~m+.1} ¢ {n,an, ’aﬁwm»fe.l.} Tl

We define a set & in [RP to be oxder-convex {(O-convex)

if whenever £,y € O ana X § ¥, then the order intexval
{z ¢ §Rph§, § g5 y} is contained in 7. 7The previous lemma states

. ; 0 s I
that if D, is O-convex, then each of the sets ﬁg, 00{(:-’ ”@,8 is
either empbty or it is O-convex and contains g

" ™

An important property of a nonempty, O-convex seb ¢ R

with O € & is that its intersection with any one of the 2™ coordinate
- i

subspaces (0,span (gl),...,span (gm}; span (,%lfg,z},...,fﬁ 1, called a
Eace oFf ¥ss ¢ is again O-convex and contains . A point e & willi
be called an inner point of L if it is an interior point of any one
of the faces of 4 in the relative topology of the intersection of
et = z & R™ 7 2 O} with the subspace which contains the face. Thus,

when & # @, ¢ is an inner point. It is clear then that

&= (al,._ . ,,amBT is an immer peoint of & if and only if there is a
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point b = (bl,...,bm)TE A such that a, < b, if a, # 0 and
b, = 0 if a, = 0. Of particular interest iz the following result
which will be used several times in this chapter.
Lemma 3.2. Iet &J be an O-convex set in C+ ¢ R™ with
0 € L ana {an} a sequence of nonnegative numbers which has limit

0. If Eﬁ = (an,...,a )T € Jj,for all n, then there is an

n-m+l

integer N : 0 for which gﬁ is an inner point of &

Proof: To each EP corresponds the face of & of smallest dimen-
. . . s n R

sion to which it belorngs. BSince a converges to @ and since

there are only finitely many faces, either QN = 0 for some N or
n

. s n
else there are infinitely many of the 2, say a v, v=1,2,...,;

in one face vhich are nonzerc and which converge to g. In the

first case we are finished since § 1is an inner point. In the
. n
v
second, each of the ,a = has the same zero components and no others.
n, . .
Hence 2 eventually must be in the interior of the face.

For the next several results, we restrict ourselves to the

m—th order special form of {3.1)

{(3.2a) a = ¢(n,an,...{a J, =0, .04,

i+l nmm+;

and its stationary case

{342}3} an+l = @{an;...,annm_f_l); n=f3,l;..

The following lemma and-corollary deal with the question of when the

¥ is in & g or &Y 8. The combination

o aas 0
T a = PR
initial vecto a (aq, ’a~m+l



69

of the two is a natural ‘and minor extension of Kantorovich's lemma
(see Rheinboldt [1968]) which appears to be new in this form.

Lemma 3.3. For p » 0, suppose ¢(n,...):[0,p]m <+ [Q,«} is isotone
and that ¢(+,a,b,...,c) is antitone in n, n=0,1,..., for each

)

(a,b,...,c)T € [O,QIm. If the initial values g? = (ao,...,a_m+l

i > 2 ... 3 >a, 20, $a, s
satisfy p a_ i1 2 a_y ay 20, as well as 0 g a; £ ayr

then 2? € ﬁfg and the solution {an} is nonincreasing and converges
to some b* 2 0. Thus, i1f b* = 0, then §P € £Tg.

Proof: Again we use an induction argument with the inequalities

0 £a, = ¢(l,a ,a

) 1 orh--la._m+2) g q’)(o:aora_lp---ra ) = a £ D

—m+1 1

}=a 9.

0 £a = N, 8 seas 8 eeegd
= b %n’ ’ -1 7 hem n

a1l ) s ¢(n‘1tan

n-m+1

Corollary 3.4. If ﬁO and ¢ are as in Lemma 3.3 with ¢

continucus and of the form (3.2b), then the solution {an} of (3.2)
converges to the largest mumber a* € [O,al] for which ¢{a*,...,a*) = a*,
If a* = 0, then ao € 430.

e C

For the proof, thé induction now becomes

.

a* = $(a*,...,a*) € ¢(an,...,a Yy = a

n-m+1 n+1

Since b* = ¢(b*,...,b*) by continuity,

so that a* € b* = 1lim a < a, -
nre B .
we have b* £ a* ¢ a which yields b¥* = a*.

Two examples of the type to be encountered in Chapter 4 are

1 2 3
(3.3} an+1 =3 an + 7 an_l,n—O,l,.-. ’
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a

(3.4) an+l =

B |t

(Hl'}g““)z ): nﬁo,l,... .
n

1

For (3.3), if 0 g a, < 5

3 i=-1,0, thena, £ a_. An application

1 O

of Corollary 3.4 and Lemma 3.2 gives lim a = 0, i.e.,
T

a? = (a,a 1fre gyg. The function ¢ of (3.4) is increasing
2 -

on (0, 1- V%:} with the endpoints as fixed points. Since
/5 .
a, = ¢£a9) < a, for a, € (0,1~ 5—), a, converges to 0 monoton-
ically.
We remark at this time that a result similar to Corollary 3.4

holds for 2? satisfving 0 < a € ess § ay % &, £ p provided

1

that ¢(ps.s.rn) € p. 'Then {an} is nondecreasing and converges to

~m+l

the smallest a* € [al,p] for which ¢{a*,...,a*} = a*,
We now turn to a special form of (3.2), naﬁely,

d
= Anea_s.eu,a
n-m+1 iglél(.’ n'"" " “n-m+l

{3-5} 2 = @(B,an,..‘ & } )} nmﬁ,l,... -

n+l

Here dym are positive integers and ¢i(n,...):Dn < {O,NJm = [0,=)

is isotone for i=1,2,...,d, n=0,1,... . 'The sets Dn are products of

m intervals of form [0,al, [0,a), [0,®) and are assumed to be Owconvex.
_ . . 0 o JTQ .

In order to distinguish between domaing ﬁ’E, iyc, g belonging to

$ or ¢i, we use the notation cffg(¢i), ete. 1In the following four

results, rate of convergence estimates will be obtained for solutions

{an} of {3.5)} with 3? ‘already known to be in £¥2{¢). The idea here

is to use information about the related equations
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{3.5a) b 1 = éiﬁn,bn,...,b Yy, n=0,1,...,

o+ n-mild
o T _ 0
{3¢6b} i)} = (bat’..‘,b"‘m'i‘l} = %

The first result gives an upper bound for the speed of convergence
of {an}.
Theorem 3.4. Suppose ao € &7°c¢>. Then bo & er(¢ Y and
——————— ne E ~ EL
o] 0 :
0sb_ca. Ifa e L4, then R {a } > R b} for p e [1,%.

Proof: A simple induction argument is used with

d
by = ¢ {0sbgseead ) € i§1¢i Orayrerera o) =&, s

b 1m¢it‘n’bn““'h ) = A

n+ TI~m], n+l

4
=1

We next detexrmine lower bounds on the speed of convergence of
the solution {a;J of (3.5). BAgain the component functions ¢, of
{3.8) are the means for this. In Theorem 3.5 a condition on each
@if which is sufficient for R-linear convergence of each solution
{bﬂ} of (3.6) with BO € ﬁfg, provides for linear convergence of the
selution {an} of (3.8} with 5? Eiirg. & similar approach ig used in
Theorem 3.6 and its corollary for the more difficult R-superliinear
case.

Theorem 3.5. In (3.5) suppose that to each ¢i thers corre-
sponds some li € {0,1) such that whenever 0 £ a € o, for some p > O,

we hawvs
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w1 m—2 o .
(3.7) ¢, (n,ary T, axy ,....ah) s af;, i=l,...,d; 0=0,1,...
_ 0 0 .

where E A = X ¢« 1. Then for any a & i?c(¢), wa have

1ml
(3.8 Rialsi<i,
and then
(3.9) R {$,0) s A <1 .

Proof: Let A = min li. Since lim a, = 0, we can choose an integex
Igigd oo

n, > 0 so that 2 < oA L for alln 3 ny- Then with b = cm— 7L an
for § = 0,1,...,m=1, we have
1, Y m-l.mel '
S A me=l e I
an + £ pA p{ X ¥ A < b .
0
For the induction argument assume that a4y < bkk for k = O0,1,...,2
0
where % 2 m~1. Theh
Ci .
a = ) ¢, {nth,a fomer@ o)
n0+2+l 151 i _B na+£ ne.ﬁ M+l
d 2 B2 L-m+1
A m-1 A X 0
g E¢ (no'{'&,b““n?l)\i peeny b‘“}l. kifb 0 }\i)
i=1 A, i AL
i i
Now
lﬂ*k AL Al k Az
m_.l_.k m_l }i = —— for k-—Q 1;-;:;m""l;
A Al R
i i i

£p for & z m-l. We then obtain from {3.7) with a = b(

At

P
k]

|
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A mo_ .k 241
% +2+1 D w1 My = PA ‘Z Ay = B2
0 =1 . i=
i
Hence, a ¢ bA" for all m 3 0 and so
n,+n
1/n n1+n n nl+n
lim sup a = lim sup (a +ﬂ) 07 % Limsup (A0 T = A
e n Yoo nQ femaad

For the superlinear case there is a difficulty which must be

overcome. As an illustration, consider the eguation

2 - €n+l}2 az
n+l {n+2) n

One would expect that for a E,Ifg, Rz{an} < 1l. However, if a,k = 1,

0

1 .
thenah = il and the convergence is only sublinear. The problem

0

is that solutions which do not begin at an inner point of £Yg may
behave quite differently from those which do. This should explain

the hypotheses of the following theorem, which we will discuss further
later on,

Theorem 3.6, For the functions ¢i of (3.5) suppose there is a
mumber p > 1 suech that for any » € (0,1) and any (sm_l,...,so)T £ Dn
we have

m-1 0 ™
(3.20) b ta,s 20F .8 AP ) €6 tnys eeee s AT

i=l,...,d; n=0,1,...

tf 39 is an inner point of <£¥2, then the corresponding solution {an}

of {3.5) satigfies
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(3.11}) Rp{an} <1

If all solutions of {an} are uniformly bounded, then for 2;0 to be

in ,Olg and for (3.11) to hold it is sufficient that ‘30 be an

inner point of ﬁ g

}‘I‘

: Tty - ~0 -~ ~
Proof: In either case there is an initial vector a = {ao,...,a_mﬂ

such that the corresponding sclution {an} is bounded and satisfies

1/pt .
lim sup by < 1 and such that aj < 33‘ whenever aj #F 0, j=-m+l;...,0.

n»}co
Hence we c¢an choose A &€ {0,1) so that
j+m-1
A'}\Pj

for j = -m+l,...,0. 7o use induction, assume that the above inequality

holds for j = -mitl,...,n, and compute

a Pm—mn—l n Fn
<& o »
g1 S Z d):i. (n,an?\ res ”an-m+lk )
d=1
d - pn pm—l ~ Pn po
= X d’i Eﬁran(a ) ""’an-m-i-l{A Yoo
i=1
it
d np nHm
A o p IS -
s Z ¢i (n;_an, e "an—mé-l} ) an+3.A
i=l
A OEEel
Thug, for all integers n = O, a € an?\ ;, and
1/1;:»‘n - l/pn n+m~l-n
lim sup a, £ ilim sup (anli Iim sup »P
e prgaty fowars
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For the mentioned exanple a = iﬂflli a2 n= 0,1 we
P n+l n+2 n’ Fhaee o

see that the conditions of the theorem are satisfiéd for p = 2 but

that Ay = 1 ié not an inner point of ‘ﬁfg. Netice also that here

and in the theorem we are unable to conclude rfnnything about OR(cp Q)

because we do not know the behavior of all solutions with 3? € ;yg.
Nevertheless, the following corollary shows that for the station—

ary form of (3.5) the conclusions of the theorem hold for any 3? £ &fg.

Corollary 3.7. If ¢ of (3.3) satisfies the conditions of

Theorem 3.6 and if 4 4is stationary, then
(3.12) OR(¢,O) 2 p .

Proof: Lemma 3.2 implies that if 3? E {Ig, then eventually

a® = {a a
Pl n;wu.;

T, . . 0
t = z 0.
qomei) LS an inner point of 43'5, say for n =N 2 0

Since 9 is stationary, a reindexing in which a_is replaced by
2y does not affect the proof of Theorem 3.6. The conclusion is

that Ry{an} < 1 for any solution {an} which converges to O.
Theoxem 1l yields (3.12).

This reasoning is not valid in the nonstationary case since there

it is not sufficient that in be an inner point of coj g for some n.

n . . noo
Rather, for socme n, a must be an inner point of Jj'c, the set of

L

Ik

all initial vectors ‘B .for which the solution {bk} of

{3.13) b = ¢(k, k""’b

erl Y, k= n.n+l,, ..

kel

. _ O
converges to 0. .In the stationary case, ffz = KYC for all n, hut
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otherwise JY 2 may vary and could, for example, shrink to {Q} as

. . n
n increases. Thus the mere assumpticn that a converges to g
= > —~F -

does not guarantee that EN is an inner point of £ g for any N.
R 2.0 . ) 1
In the exa}mple above with a{) =a = 1, foxr no N is a = N+l an

. . N
inner point of ¥ o
. . s . n
There are of course sufficient conditions on the domains JfJ o
; no, . . n
Aindey which a2  .is an inner point of &3" c for some n vwhenever

{an} is.convergent to 0, and we mention two of them. "First, if for

b3
some Ng 0
(3.14a) p? ¢ o™, for all n 2w
c= ¢ ! 0
N N N
1 . . . o]

then by Lemma 3.2, a is an inner point of & c c & o for some

at . .
N, z No. 3 second sufficient condition is that for some N, 2 0,

there is a vector g € {0,*)™ such that .

-~ x
{3.14b) ae N N,
=N0
In thig case, when.lim a = 0, there must be some N:L 2 NC} such that
N n>« Nl
a ~ £ 8, with no components egqual, and a ig an inner point of
N
1
8L

We should mention here that Theorems 3.4, 3.5, 3.6 and the

corollary can be significantly generalized with only minor changes in
the proofs. For example, in place of zdii wae could use g(‘bl,.. .,ti'id}

where '&p is an isotone, g-~homogeneous functional on [O,”)d; or
k Y

instead of r\k, A e might consider A k. where {‘}’k} is a nonnegatbive,
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increasing, unbounded sequence.
Theorems 3.4 through Corollary 3.7 appear to be new results.
For the special case

G, . .
i Sl Yl .
¢i(n;x;yg*..,2} = Li p.4 ¥y Py # 1"—"1:2;;-.;&} nzgfl,p..c;

where @i,ﬁi,...,yi,Li ares nonnegative, 51 =0, + Bi Fowut Y 2 i
Schmidt [1968] has proved Theorem 3.5 and stated without proof

Corollary 3.7. In the former, the assumptions are that 5i 2z 1 and
4a

) L, =L <1lwithL = A. In the latter, §, must be greater than
i=1 .
one, and p is the smallest of the dominant positive roots of the

. m m~1 . -
polynomials X ~aix SeeeTy; = 0, i=1,...,d4., Contained here are

the coaclusions of Traub [1964] for eguations of the form

m
Z c.a Ly n=0,1,...;, ¢, constant .
- J n=j i

& = 7
ntl 1}
- HH

Ly

An example o an application of Theorem 3.6 which is more general
than these will be encountered in Chapter 4 and has the fomm

G, . Y.
. i i i
@ifn,x,y,g=.,z} = 2nLi‘x VY oeee B . di=1l,...,d8: n=0,1,...,

with ﬁi > 1 for all i. In that case, p is the same as above.
We now turn to the problem of finding sufficient conditions

for f? to be contained in gifg. Although Theorems 3.5 and 3.6

provide some, we will often be interested in estimating such quanti-

n oo
ties as X a. and X a, - In certain cases,; the difference eguation

. R
3=0 J=n
possesses a structure which allows a more explicit statement akout ﬁﬁxg.
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et us consider eguations of the form

an-!-l =
(3.15a) n ngl n-m+l
Wla_, ) a7 ) 8ireeesd ;) adla__, n=0,1,...
n 4=0 37 n-1 320 i, n-m+l 320 3 n-d
o -5
(3.15b) a’ = (ao'awl""’a—m+l} > 0, j=oaj = a, for s=0,1,...m-1 ,

where ¢:10,932m + [0,®) is isotone, p > 0, and & is a fized integexr
in {0,m-1]. However, we can better appreciate the approach b& first

digcussing the special case of eguation (3.15) with d = 0, m = 1,

n
t =) =
(3.15) a,, = [, ‘Z )l a, =01, .
=0
We want to find the largest number A * Q such that for ao e (0,a]
bt n
or [0,A) we have Za.<% mtwm,za B forn=0,1,..., 80
) 3 n’, 3 n
=0 j=0
that
{3.16} a =Ba = ({18 )a. and = {EBa, .
n+l nn 4=0 Q k:oak k=0 §=0 0

Under the not unreasonable assumption that all Bj # 0, we know from

n k
the result of Hahn {see Lemma 1.16] that Z [ I Bj} is bounded if and
. k=0 =0
only if there are real numbers a 2 1, 0 < X < 1 such that
ki 2+1 :
{3.17} I8, <akr for all k,2 20 .
j=k

n

We conclude that Z a, is bounded if and only if there exists a,* such
3=0

that
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ktd L 241
(3.18) I Y(a,, % a;) g ak for all k,2 2 0
=k 7 i=0

s.}aO < axn+la and

In such an event, we havs a
n 5=0 j 4]

w1 = ¢

==

T
Lo
n k-1 n o, A i
gy ¥ kzlijzogj)ae S aQ{l+ak£ll ) s agllsalgdo ™),

for n = 0,1,... . 7"This yields a sufficient condition for aG to
. £y0 : . .
be in s namely that there ewist a3z 1, 0 < ) <« 1 with

k42 .
{3.19) T (ar’a
i=k

+1

(142210 )) ¢ ™ for a1i ke 5 0 .

0

Since (3.19) is difficult to verify, we give the alternate,
simpler condition

%
{3.20} ¢§aor i:x*} £ A< 1

which implies {3.1%9) with a = 1, i.e.,

k| ’ . k44, a 241
i, . A 3 g € A
-z}fﬁ g rag tlg(1l-A")} ¢ jlik;p (ayrg5 )

The main idea here is that since ¢ is isotone, we can find 2,

s0 small that a1 g hah for all n and some 3 € {0,1)}. 7Thus, thers

is a certain contractive relation betwaen'an+l and an which in turn

guarantees the summability of {a_}. In fact, Eaj is compared with

the geometric series le. ¥or the more general sguation (3.15), we
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extend this approach, using a condition corresponding to (3.20).
Theorem 3.8. For ¢ of (3.15) suppose there is a X ¢ {0,1)

T e 3 O
and an initial vedtor a such that

{3.21a} 0 g ai % ao g p{i-2) < p for j = -m+l,...,-1
a a A,
Q O 0 d+l
{3.21b) Mao, To% * Bp? Tox vt Bgr Toy } g A

O 0 .
Then a~ € ATS and, in fact, for n =90,i,..., we have

{3.22a) 0ca <a) sp,

n
(3.22b) E a; € 7oy -

v A
{3.22c) Z a, € oy aﬂ

Proof: The inductioh proposition is

{.3«23} a‘ i‘r )\ aj"‘&d‘l‘-l} Fi j = 3.12;'-- -

- = . d+1
For J = 1, a; = $lay,ay,a_ sa50---08_ 408508 o €17 7a_,. Assume

that {3.23) holds for § = 1,2,...,n. Then

s

.
G+l < {Aﬁ-&l 2 < {Aa+1 8

<
€A Ve pary § vt S VA sqant’

&y Ry-ta+1) ©
j=l,2, weegpliy

. ! jHm-1
aaa < . —
whore §+l £ j=-s{d+l) £ 0 ox T g 8% e Hence, we have
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{3.24a) a; < RJaO £or § = 1,2y.eesm ,
k- k.
(3. 24b) oY ayga, L A fork=0,1,...,n .
. 3 o .
§=0 3=0
Finally,
n nmzf“bl
2 =i[}{a ;Ea.rano:a_ F a.}a“
1+l n j=0 i n-m+l =0 3" n~d
a a
0 0 a+l
S YlBgr JIY eenerByr T 8 9 A B, 4

and so (3.23) holds for j = 1,2,.,. and (3.22) follows from (3.24).

For an example of the application of this theorem, consider

Aa2 + Ba a
n n n-~J

(3.25) an+1 = a g , no= 01,00, ,
1-B{ } a.+ ] a,)
3=0 3 §=0
’ n n—1
vhere A,B,C > 0 and we recguire B( }: aj+ I a,}) < 1. We wish to find

aG,J& .0 such that

¥ 1
{3.26a) :l—:)'\-' € p < ""2—B“"‘"
{A-{—B}aa
{3.26b} — £ A .
8]
1—2B("i':}r

. s s (4] ;
Since we are interested in finding the largest aO £ ﬁ/ gt we rewrite

{3.26) as
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1A
2B

{3.27a}) 2 s pll=-X}) <

o o A=Y
0 5 (a+B)+A(B-3)

{3.270)

By maximizing the right-hand sides of (3.27) for A € {0,1), we obtain

the best a, 19 Jfg available from the theorem. In any event

'Aaz + Ba &
< n nn
Bl © 1-2pB

~1

P n = 1]2;'»'.

and Corollary 3,7 gives ORk¢,0) z2p= %%ﬁg

Several remarks are in order here. First of all, the proof of
Theorem 3.8 can be adapted for use on equations of the form {3.15)
with functions ¢ depending on additional guantities such as .Ezaj,
ete. Secondly, although t@e théorem gives sufficient con&itioi; for
2? to be contained in AY:, & much more valuable piece of information
is to know the "hesg“ initial points in J?'g. These points are
actually the maximal elements of chains or totally ordered subsets
of N g, which exist by Zorn's Lemma when A& g is bounded. The
problem of actualiy&finding such points in the general case is unsolved.
However, for m = 1, & = (O, Rheinboldt [1968] has found a device whereby
guch a point is made available in certain cases. TLet us begin with an
sxample and then discugs this approagh in general.

The following difference equation arises in the proof of the Newbton-

Kantorovich theorsm (see Rheinboldt [1868]):
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1 2
3 %8y .
(3-28) an+l m"‘”’”’"’g‘"—' r D= 0;1;:-4; aO z 0.
I-x{ X a,)
j=0 7 1
% 1 2 Xy
If we apply Thecrem 3.8, we reguire = ¥ and " < X for
1-K (=
1-A

some A € {0,1). ‘The maximum g is obtained for A = ~1+V2 and is
. 203-2/2) _ 36

. Notice, however, that if we replace an by

o) K K
tn - tn-l' 24 by to, and set t—l =0 forn=0,1,..., {3.28} becones
3 Kle e )7 1
. -t = S TR S
(3.20) & . -t ey R T N AN

Moreover, the segquence {tn} satisfies (3.29) if and only if it alse

satisfies
%’Kti-tn+ﬁa 1
ey oo bt n = P Poverny
{3.30) toi v+ 1"1&;1 = X Etn,tc}, n=0,1,7.77 'I:n <%
The function X iz called a first integral for (3.29). Since
n
tn = z aj, we are interested in finding the largest tainaa} for
J=C

which the solution {tn} of {3.30) is bounded. Bukb I{t,to} is isotone

and continuous i:in t and X (twi,é:{}} = X{O,tﬂ} = te > 0 go that

fxom the remark.following Corollary 3.4, tn converges to the smallest

solution t*(t;) of X (t*{tg),t,) = t*{t,) in [t ,=). For

20
1 _ 3-v1-2a K a if O g <L then a

3 {%ﬁ(lwflwzaoK). the vonclusion is that [0, E%*‘) < iyop a signi~

8
ficant improvement over the interval (0, Q§§§-) found by Theorem 3.8.

1 1 1 .
i 3 e % = e —_
Motlce also that if t0 5K 7 then & Ltg} =X and so [0, % ) is



84

the maximal set in o ; for which } a; < %, i.e., for vhich a > 0
n=0
for all n = 0,%1,... .

We summarize the approach of thig example for the general

eguation
n

{3.31a) 8= “%’.é aj); noe=0,1,... 4
Fe=d

{3.31b) a, = 0,

o

where ¢:f0,p.l]' ® ['0,92] > [0500) for some Py ¥ Py > 0 ig isotone.
Note that (3.31) is slightly wore general than (3.15) with m=1, d=0
and that there is really no contraction principle used here.

Suppose that for each a e A g, {_a-niaaj} denotes the solution of

A{3.31) with initial values ag. Define the new variables tn{ai}) by

(3.32) o B - tn{aoj = a{l+1€aﬂ} forn = 0,1,...,
EalEg =0 glag) = ag
£
Then ﬁzkaj {aB) =‘ tgf(aﬁj - tk+1(aﬂ) and {tn(ao}} ig an increasing
o . -
seguence for each 2y The cond:.tz:n IJ::: tn{ag} + (ao} £ py
implies that a, e A g and in fact Y a, (ag) = t¥lay). Now, suppose
j=0

that there is a fuaction ) X (t,ao} for each ae € ‘Cf ;; such that

{tn(aO)} soljms
(3&333.) ) tn+l(aﬂ} = I{tniao) fao}, n o= 0;1}.;&

{3.33b} t_ &) =0
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1f and only if {tn (ao)} solves the transformed version of (3.31)

{3.34a) tn-i-—'l - tn = ‘é}(tnﬁtn—l'tn}' n=40,1,.-. ;

(3.34L) tO = agr 1:.“’}“m 0.

In this case, X is called a first integral. Notice that X is

isotone since ¢ is. If % is continueous in t for each Fixed -

3y and if t* (ao} # 0 is the smallest solution.of X (t,ao) =+t & p

{if it exists), then since X {O,ao) = X (t_l(ae);aﬂ) = tgtae)

2

a. > 0, we chtain iim tn{aoi = L# {ao} £ p,. from the remark follow-

o s 2
ing Corollary 3.4. It follows then that

o O & <
Hg = lag e H; | ertay) 0,1,
and we seek

sup {ao € .ﬁg | & (a,) s 92}

1f X (t,a) is defined only for a in a proper subset 0‘8; of ,b' g,
then this approach yields the "best” 3y in ﬁ g N 06' ;.

Of course, this idea can be used for eguations more ¢general and
of higher order’ than (3.31). However, to find the first integral is

. . G
often a more difficult problem than that of determining a@’ a*
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Chapter 4

Convergence of Iterative Proocegses: Majorization Approach

Thig chapter is diwvided into three gections, the first two of
which discuss a majorizing sequence approach to proving local and
semi-local convergence results for iterative methods. In the third,
the more general majorizing system concept is introduced and applied.
The importance of the results of Chapter 3 will become apparent as
the solution of a difference eguation emerges in the central role of
majorant. We stress at this time that the emphasis in this chapter
will be on techniques for proving convergence rather than on any

particular iterative method or class of methods.

Section l. @Local Convergence, Majorizing Sequences

We will be concerned here with local results for iterative
processes. To prové that x* ¢ ﬁlp is a point of attraction for an
m-gtep method o, we must show the existence of m neighborhoods
Uj ¢ RP of x* with the property that whenever the initial vectors
x{i) satisfy x{j) ¢ Uj for each j =-m+l,...,0, then the iterates
{x{n)} generated bg.r& exist and convexge to x%*. The following

observation describes the majorization approach of this section

which will be used to prove local convergence.

Local Majorant Principle. Let x* QIRP and Ej’ 1= =mtl,...,0;1,...,
be a3 seguence of neighborhoods of x* in iRP. Suppose that there is

a sequence of isctone functions ¢(n,...):Dn§_ [U,W)m > [0,%, n=0,1,.,..,
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such that whenever the iterates x(j), j = —m+i,...,0,...,n, obtained
from an m-step process v& exist and satisfy x({j) e Ej' then the
next iterate x(n+tl) exists in En+l and the estimate

(4.1) |z @) -2 < ¢ llxmy-=H|, ... {|x@-med) -]

holds.

A simple induction argument shows that if x{j) ¢ Ej fox

j=-m+l,...,0 and if (ao,...,a ) go e&)g((b) for a:.| satisfy-

-m+1

ing ||x (j)-x*." £ aj, j = -m+l,...,0, then the entire seguence

{xn)!} oftﬂ—iterates exists with x(j) e Efl and satisfies

(4.2) lx () —x*|| < agr 3= il 00l
where
{(4.3) &= ¢(n,an,...,an_m+l), n=0,1,... .

In this case, lim l|x(n)-x*l| g lim a_ = 0 and thus we may use
nrco nso T

Ej f\"S(x*raj)EUjf for j = -m+l,...,0

Apparently, Rp{x (n) } < Rp{an} for‘ all p ¢ [1,®). To make a
statement about Op h,x*), we must have estimates of Rp{x (ny} for
every seguence of iterates {x(n} } which converges tc x*. Generally,
there is no reason to expect that every convergent sequence eventually
enters the set for which (4.1) is satisfied. However, if t‘B\ is |
stationary, then (4.1) will hold and in that case if Rp{x n)} <1

for some p 3 1 and all convergent sequences, then by Theorem 11,
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OR (*er*) zPp

We call (4.3) a majorizing difference equation for t& and

its solution'{an} a majorizing sequence.

In practice, (4.1) is not easily verified. However, if A is

given by

(4.5) x(n+l) = Gln,x(n),...,xn-m+l)}, n = 0,1,...
n

where G{n,...}): I E, =+ [RP, then a sufficient condition is
j=n-m+l :

(4.6) ety reery )t s stafly =4, .o lly =)

for all v, € En-i' A more general condition involves a functicnal
relationship between G and ¢ which we write for the simple case

m= 1:
(4.7) e, cta-1,x))-x*]| s ¢ (nflcto-2,%)-x*), n = 0,1,... ,

for G(n-1,x) e En and G(-1,x) = =x=.
We will now discuss several examples which illustrate the

-

lecal majorant principle.

Example 4.1. Consider first the general m—~step stationary

process
{4.5a) x{n+l) = G{x{n),...,x{n-m+l)), n=0,1,... .

Assume that for some x* € X, p > 0, G: (§{x*,p))m§ i X, and
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(4.8) G(x¥%,...,X%) = x*
{4.92) HG(x,y,...,z)-x*“ £ ¢(”x-x*",“y—x*”,...,Hz—x*”)

for x,¥...,% in §(x*,p), where

S % By £
(4.10) ¢las..e) = JLa™d i,

i=1
v

and o, ,B.sesesy.s L, 2 0 ., =a, + B, te-.F+ vy, =1 .
OtJ.'BJ.' Yy Ry ! 6:|. % Bl Yi

Evidently, the majorizing egquation is

(4.11) a1 = ¢(an,an_1,...,a Y, n=0,1,...

n+ n-m+1l

which has been discussed in Chapter 3 as an application of Theorem 3.5

and Corollary 3.7. The conclusion is that if either

(4.12a) Gi >1 for i = 1,...,4

or if

(4.12b) z L, € A <1 where I is the set of indices i for

ieI

which Si =1,

then x* is a point of attraction of (4.5). If (4.12a) holds, then

ORQ&,X*) > p where p is the smallest of the dominant positive roots

of the polynomials xm—uixm—l—...—yi =0, 1i=1,2,...,d. In case

{4.12b), Rl(&x*) s A .

The convergence result has been given by Schmidt [1268]. However,

the role of the difference equation was not discussed. The problen,
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of course, is to determine the function ¢ of {4.9), and this will
be done in the next example.
Example 4.2 (Newton and Secant Type Processes). Consider m-step

processes of form,
(4.13)  x(atl) = x{n)=J{n,xM), ..., x(pmtl)) “FPxln), n = 0,1,... ,

where F: BEEX + X and J(n,...): B € X" > LX), n = 0,1,... .
Assume thait z* € B solves Fi{x) = 0. For the many known results about

this method, the usual estimate takes the form

ﬁx(n+l}wx*n S‘HJ{n,x(n},.,.,x{n-m+1))_ln

{4.14)
ez tn) <Fx*=T (0,20}, ..o x inembl)) (¢ () —x*)]

and gives rise to the following kinds of asaumptiéns.

{4.15a} F has a HSlder continuous F-derivative on the open and

convex set E with constants L2 0, 0 <@ < 1.

It

{4.15h) F*(x*)-l exigts and is bounded by 8.
(4.15c) Whenever x{i), § = n-m+l,...,n, exists in E, then
HG{n,x(n},-..,x{n—m+l}}~F‘{x{n)}ﬂ

< yifixtn) =4, ..o flx (nemdy -x

where v{n,...} is isotons.
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Then, if x{j), j = n—m+i,...,n, exists in B and if
{4,16) B[Y(n,”x(n)~x*”,...,“x(n-m+1)-x*”) + L”x(n)—x*”al <1
we have, from Banach's Lemma,

Bf'li—a I tn)—xc* [ “+y (n, | x ) —x* ||, . . )1

{4.17) = (n+1) —=*|| 2
‘ 1-BLy in, |z () —x* ||, . . ) +Llx () x> |%

Hence, the majorizing equation is

L o ’
_ B[R an""YCnfan.r---ra Yla

n-m+l n
(4.18) an+l =

[+
1 B[Lan+y (n,an, cees an-m+l) 1

This equation is of the form dealt with in Theorem 3.8 and the con-

clusion is that if there exists some a> 0 such that

L
B[I:E aa+y(n,a,a,...,a)]
(4.19) £ A<l,n=0,1,... ,

l—B{Laa+Y(n,a,...,a)]

then any initial vector_g? = (ao,.:.,a_ Y € (85ve.,a) is in J?g for

m+1
(4.18). For the process (4.13) under conditions (4.15), (4.19) it
follows from the majorant principle that x* is a point of attrac-
tion. The convergence rate is then estimated from that of {an},
applying Theorem 3.5 and Corollary 3.7.

Of course, under alternate conditions different difference equa-

tions occur. For instance, if (4,15) is replaced by

{4.15a") F has an F-derivative on the open, convex set E which is

continuous with modulus of centinuity Wy
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(4.15b') J is independent of n and Jix*,...,x*) * exists and is

bounded by B,
{(4.15¢') For any-y(j) eE, J=1,2,00,m,

ety @,y -F iy an|
< vliv @y -==ll, ... oy tm)-xxl))

where ¥: Eﬁ,ﬁim - [0,* is isotone, p > 0 ,

then in place of (4.18) we obtain

)}a
)+ml(an)]

n-mtl

] f wy {{1- t)a )dt+v(a PO
(4.18") a

n+l 1ws[y(o 0, 0,...,0)+Y(am,... -

Ist us show now how several explicit processes f£it into this

framework.

For Newton's method, ¥ ¥ 0 and under {(4.15), (4.18) is

14c
B{1+m an

-BL
1-B an

1

a -
ndlL

-

The process is stationary so that OR&&,X*} > 1+a.

4

With {(4.15) one approximate Newton process has

“J(x)—F'(x)” £ 6 +5 “x—x*” and then

L
Tog A t0otSanlay

1—8[Lan+60+61an]

Blz—

an+1 =

We reguire 850 < %~fox convergence and in that case OR&&,X*} 2 l+a
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Bdp
1 § = ES i §
if o 0 and Rlb&,X*) E:Eg;' if o # 0.

Znother approximate Newton process assumes {4.15') with {4.15a)

and again vy{a) = 60 + él(a). Then we obtain the majorizing eguation
L ¢
— a +6_+8
a - 6[1+a 20" %0 lan]an
n+i

[3 4
1-Biz 60+ 5lan+La.n]

and for convergshce we need 850 <k . OR&&,x*} 2 1+G AF 60 =0

3
850

and Ry @x®) € pope < 1if 5, # 0.
o

For the two-point secant process, we assume {4.15) with

v{a,b) < K{a+b). Then we have

ECNN N
Bgl%a an.K(an+an_l}]an
fnt1 T o ’
l—gELan+K(an+an_l)]
and OR(&’X*) a.}nin (1"1‘@, 1+2 > ).

In gteffensen's method, assume (4.15) with v {a) ¢ Ka to obtain

L o
—_—a
_(5{1 a Kanian

1—8[Laa+Ka ]
n I

.?h+l

and oR(a,x*; > min (1+40,2).
Finally., w2 can discuss the so~called combined methods as
considered for exampls by Schmidt aﬂa Schwetlick [1968]. In these

an integer n_. is given and the operator J 1is kept fixed on each

0

index setb

se,cn0+i) $ 0 (241) (n41)-1 for ¢ = 0,1,... .
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If we use the assumptions for the two-point secant process ang tne

notation

Kn’\) %x((n&-l}n-f'\)) fDI’ Vo= 0,1;-&-,“0 r

we can write the method as

(4.20a) x % va(y(n);Y(n“l))_lF(xn

n;vel = I, \))’ v o= Q'll"'rnol

?

n = g;l;--- I3

{4.20b) %00 = vin) ,

(4.20c) vyiotl) =x P vi0), v{-1) given

n,no+l

In this case
7ty ),y tn-1)) - F'{xn,v)n'g k{{ly (n) =x*{| ¥ tn-1) -] 3
1
+ tymy-x M

for v = 0'1""'n0" With B, corresponding to nxn,v"xn,vwl"' the

majorizing equation is

el

L o o
. } 6[1+a an,0+K(an,0+an—~l,0)+1'(an,0+an,'u} }éan'v)
n:\}’i'l & R Q
1 stan’0+K(an10+an“1'0)+L(an,0+an’v) i
where a Theorem 3.8 again applies to give the result

nng+l - Ontl,0°
that =* is a point of atiraction of the process, meaning that for
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v{-1}, v{0) sufficiently close to x*, lim y{n) = lim x = x*
I,y
Iy oo
for each ¢y = O,l,...,no. For the convergence rate, notice that if
i = 0, th
lim an,v ' en eventually an,v+1 < an’v and an+l,0 < an,n
Terco 0
for n=0,1,...; v = 0,...,n0. Hence, we have for a constant n > 0
o .
3 v = ‘e ici .
an,V+l (nan—l,O)an,v for 0,1, ,no and n sufficiently large
n0+l o n0+l
T = < s .
hen an+1'0 an,n0+l n (an—l,O) an,D for n sufficiently large

Hence, the sequence {a_ .} satisfies the difference equation

v,0

a(no+l)
b = §(b ) *b ,n=0,1,...,
n n

n+l -1

where © is constant, and the convergence rate according to

Corollary 3.7 is %—+Vl+4(a(n0+l))/2. Hence, if tl refers to the

process (4.20) with iterates {y{(n)}, then

o th,x*) > £?+¢1+4(a(n +1))/2. The actual iterates x have
R 2 T 0 n,v

(1+ VI+g (e tn_+1)) ) 1/{ay+l)
o 3
R 2

These examples were used for illustrative purposes and are either

known or extensions of known results (see Schmidt [1968], Ortega and

~

Rheinboldt [1970], Rheinboldt [1968]).
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Section 2. Semi-Local Convergence, Majorizing Sequences

For the proof of semi-local convergence results we will anploy
a technique similar to that of Section 1. For an m-step process,
A ;, we sesk explicit conditions for the ini%iél-vectaz$ ®x{%},
4 o= -l ... ,0, under which the iterates %x{n) converge to soume
point x*, but in this case the existence of x* is-not a priori
assumed.

The approach used here involves majorizing the numbers
{Hx{n) -X (n—l}u} by a summable seguence {an}. It gencralizes the
theory of Rheinboldt [1$68] in which the seqguence {an} is bypassed
and replaced by {tn_tnwl}' as discussed in Chapter 3. His idea
arose Ifrom the majorizing functions of Xantorovich {184%] and has
also been used by Ortega [1968].

Our techniqua*can be described generally in the following way.

Bagic Semi-Local Majorant Principle. Suppose that thexe are

sehs Ei S X, 1= ~-mbl,ee.,0:1,..., and isotone functions

?(j:--‘}=55.§ {G;w}j+EW1 + {0,®), § = 0,1,..., such that whenever

#»{i) ¢ Ei for i = -m+l, ..., n = 0, and
) -x -1, ... M@y =@, .o fxt-ae2)-x )] T e D

then xin+tl) exists, lies in E

1’ and satisfies

(4.30)  |lxaD~x @} 5 ¢ xmi~xm-D) ... . Jx w2y tmendl])

o g
Assume now that a~ = (ao,a_‘l,..”awm*_z} & ﬁsfiﬁ} and let {an}

be the corresponding solution of
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(4.31) a = ¢(n,an,...,a Jon=0,1,... .

n+tl -m+2

A gimple induction argument shows that if x(j) ¢ Ej for 4 = m+l,...,0
and if "x(j)-x{j—l)” £ aj for j = -m+2,...,0,. then the entire seguence

of iterates {x{n}} from < existe and satisfies
{4032} nxfn}“}{{n-l)u £ an; n = ”I&'?Z;..-,ﬁ;l;... -

Tn that case, the summability of {an} implies that {xi{n}} is a Cauchy
sequence in X and thus converges to some x* ¢ ¥X. Moreover, the

following estimates hold.

k+2
(4.332)  fxktix|] € J a, fork z-m#l, 231,
j=k+1 I
(4.330)  |lx*-x )| ) a, for k z -m+l .
j=k+1 -

Az before, we call (4.31) a (semi~local}) majerizing difference equation

for d and {an} a majorizing sequence.

In practice, condition (4.30) is not easily verified. However,

when & has the foxm
{4.34) ;(n+l) = Gi{n,x{n};vsayxfn~m+l)), n = 0,L,... ,
then a sufficient condition for (4.30) is

"G(n’yn""'yn-m+1) - G(n_l'ynul*""yhrm)“

< Sl ol MY eyl Al @) ey, e

A
where ¢{n,...} is isotone and hasg an appropriate domain of definition.
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In that event,
@in,ﬂx{n}mx{n—lﬁi,...,“x£~m+2}~x(—m+l}u}

A
= @{nd!x{n}—x(n-l}“,...,”x(n*m+1}-x(n-m)ﬁ,
n n-m
Lism-=a-oll .. L Ex-=s-ulh
J=1 J=1
In analogy with {4.7), a more general condition involving a functiocnal
relationship among the G's can be used, For example, in the case

m= 1, we could assume

lin+l,ein,x))-cn,xl
(4.35)
S $in+£):ﬁGin:x}—XH;KGin,x§~x€0ﬂ!Jle2i0ﬁ1§

A n n-1
Here éfn?anr---fal} = ¢(n’aﬁ’j§laj'j§laj}‘
The requirement that whenever x(j) € Ej’ 3= ntl,...,n, exist,

then x(n+l) is in E .3 Can be guaranteed by the assumption that

_ ntl
s(xgz), ) a

JEER
J=f+1 4 n+l

for at least one 2 £ {-m+l,...,0,1,...,n+l}.
Under certain conditions on the Ffunction G of {4.34), the
limit x* of the iterates is a "fixed point® of G.
Lemma 4.3. Suppose that {x(n)} is a sequence of iterates generated
by (4.34) with lim x{n) = x*, that lim Gln,x*,...,x*} = Gleo,x%*,...,x%)
e n-eo

exists, and that {G{n,...}} is equicontinuous in a neighborhood of

(x*,...,%x*%). Then
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(4.36) x*¥ = Geo,x*,...,x*} .
The proof follows from the estimate
Hx*—G(W,x*,...,X*)H g ”x*—x(n+l)”
+ “q(n,x*,...,x*)—G(n,x(n),...,x(n—m+1))”
+ ”G(n,x*,...,x*) - G(w,x*,...,x*)“ .

Under the assumptions of Lemma 4.3, it is of intexrest to know
domainsg in which x* is the unigue solution of {4.36). Of course,
such domains depend on the structure of G and have nothing intrin-
sically to do with {(4.34). However, the existence of the convergent
seqguence {x(n)} and the majorizing function ¢ can in certain cases
give enough information for the determination of uniqueness regions.
The following lemma contains the unigueness results of Rheinboeldt
[1968].

Lemma 4.4. Suppose that {x(n)} is formed by (4.34) with
x(n) € S g;rﬁ E., and lim x(n) = x*. Assume further that the

J=-m+1 n-+e
following four gonditions held: (a) {G(n,*)} is an equicontinuous
family on §m, (b} 1im G{n,2,...,2) = G{®sZ;...,2) exists for all

>
zes, (© leln,z,...,2)-G(®,z,...,2)] < Ay and  (d)

”G(n,x(n),...,x(n—m+1))wG{n,z,...,z)”
£ ¢(n,”x(n)-z“,...,Hx(n—m+l)-z”,

“x(n)—x(O)H,...,“x(n—m+l)-x(0)”,“z—x(O)“)
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for n = 0,1,... where ¥{n,...} is isotone on an appropriate domain.

If the convergence set Ifg{@) of

(4.3 By = wlbaeed ) )]s e tieme)x 0] by

n+l n-m+i
- A L - :
contains (%0""350} for some bo > 0, then x* 1is the unigue solution
0
of (4.36) in [ Stx(3),B,) -
J=-m+1 o A
Proof: . Suppose that Glwe,v¥*,...,y*} = y* ¢ [} S{xtj},bo}, and let
N S 2

Bn = HX(R)“y*" for n = -m+l,...,0,1,... . Then

8 1 = Ixei) -y < fletn,xtn) .. xtnmily) G ln,y* .y

+ e tn,y*, ooy ) Gy, Ly
s o,k -y, . e tammen) v iz () = 03 ], .. .,
“x(n-m+l)-x(0)","y*-XCO)”i

+ X .
n

) A
Define {bn} by {4.37) with bj = b, for j = -m+l,...,0. But then a

gimple induction argument shows that 8 <k for all n. Eince
n n

”

Lim |lx(n)-y*| = Lim =0,
nrw Tyeen

we have x* = y¥,

Let us now consider several examples of the semi-local majorant

principle.
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Example 4.5. We discuss first the simple one-step process
(4.38) © x{n+l) = Gln,x{n)), n = 0,1,..

when G{n,* 1B ¢ X > X%, n=20,1,... . Assume that G sabisfies
{4.35} with %{n,a,b,c} = g{n4a) = t{n}a for some non-negativs
sequence {a{j}}. This has been called an iterated contraction
condition (see Ortega and Rheinboldt [1970]1). The majorizing

equation is

= 4 = -
(4.39) an+1 = Q{n;aﬁ) - &{n}an, n o= 1;2;:». .
For any a, > 0, the selution of (4.39) is summable If and only if
: . 3
{4.40) YOOL atk))
j=1 k=1

is bounded for all n. If this is true Ffor some bound ¥ > 0,

then we have ghe conclusion that for any x{0) € B with

It

S{x(0) ,Mal} & E and a ﬂG {C,x{0})-x (G}ﬂ, the seguence {x{n)}

1
generated by (4.38) exists in E with lim x{n) = x* and
o 5 s
fxmy—x*l| < T ¢n ak))a,. If {G{n,*)} is eguicontinuous on E
J=n k=1 ‘
and if lim G{n,x*) = x*, then x* = G(e,x*),
Ty-ron

As a point of interest, in the case that {a{i}} is a positive
sequence, the boundedness of {4.40) is eguivalent to the condition
that there exist constants a 2 1, 0 § A < 1 such that

k+d 841,

I e() g ai for k,% = 0 .
Gk
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This is exactly the theorem of Hahn {see Lewma 1.16).
If uniqueness results are desired, we assume that under the

above conditions
femxmi-ci, 2l ¢ v fxmi-2f Jx ) -=< ol Jzxih

for all z ¢ S{x(0} ;b{)}a_ by > 0O $in,...} isotone. If by € 52.{;‘{;}

for
B = Mntbn.llx(n}—xcmu,ba}, Bom 0,%,.0. ,

then =x=* is the unigue solution of =% = Glw,x*} In S(x{0} ,bc}.
Example 4.6. De a sccond example we have the general approxi-
mate Newton iteration ag considered by Rheinboldt [19687 and seen in

Section J. 'The process is
(4.41)  x(ntl) = x{n) = Alxla)) Flxin)), o= 0,1,...
where B': R & X + ¥, A{x) ¢ %{X,¥}). The most common sstimate ig
fix (n+13=x (a3 ] ¢ fatetn) 3‘13}}§m {n)=Fx fne1) Atz (n~1)) felny=x tn=13) s
it predicates assumptions of the following type.

{4.42a) ¥ has a H3lder—continuous F-derivative on the open,

convex set E with constants L 3 0, O < g 1.
{4.42b) A: BEg X » Li{X,¥Y) and foxr some x{0) & Z, wy *0,n3 0

&
|2 ey -a tx 03} < wffx-x (03] 1 henever x ¢ E ,
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W
(a.420) et o -al € 8 x5 |lxxto)] %, 0, > 0, 5, 2 0,

whenever x ¢ E ,
(4.42d) A (0)) ' exists and is bounded by

w
If x(n-1), x(n) ¢ E exist and Bnllx tn)—x(0)| o 1, then x{(n+l)

exists and
“x(n+l)-x(nﬂ|

w
B(ﬁ;llx (n)—x (n—1)||“+(ao+al||xtn—l)-—x )] %9l tnd~x tn-1))]

-

“1
1-8l| % (n) -x (0)]]

Accordingly, the majorizing equation is

8 L o n-1 ®,
{4.43) an = a " T+a an+60+5l£.£laj) an .
1-8n( ] a,) ?
3=t °

This is exactly the type of difference equation treated in Theorem 3.8

and the conclusion is that a choice of a, > 0 as a solution of

- 1
: L a; @5
0 o || T a8 G300 s A
1.%1
l—Bn(E:xﬂ

for some A € {0,1), gives al € Jfg. To guarantee the existence of
ay and A we reguire 860 < 1. If a, and A are found,
a
“x(l)—x(o)" $ a and S(x(0), I:%—) ©'E, then according to the majorant

principle all x(n) of the iterative process (4.41) exist and satisfy
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lim g{n) = x*, Fx* = 0 ,
Ii—o0

Iz (n+1)=x(n)]] < Anal ‘

n

o . . %

i _ 1

l*-= )| < ay ‘Z »o= i
d=n

n-1 3 al
[[xin)=x )] < 3, 'Eo' My

Theorem 3.5 and Corollary 3.7 provide the following Reconvérgence

rate results.

] 8 31 2
Rl{ah} < —————-;——E; §0+51( i:&’) if 80+Sl # 0
1
1-Bnly—3)

Rp{an} < % where p = (l+a) if §, = 61 =0

o
Apparently, since Hx{n}-x*u < E a,, the same estimates hold for
Jen+l ¢ )
{x(n)~x*}. Since this is not a local theorem, we cannot expect to

get OR—estimates.

In certain cases, there is a firgt integral for (4.43) and

better initial wvaluds can be found. For example, if 60 = 61 =

and o = 1 = ., then {3.28) replaces {4.43). Rheinbolidt [1968] has

1
found first integrals for more general eguations than (3.28), but
not for (4.43}.

An additional example. of the semi-local majorant principle is

found in the next section.
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Section 3, Majorizing Systems

The final approach considered here is a natural generalization
of the majoraht sequence technigue of the previous two sections.
Although it also appliss to local resulis, we will be conteﬁt to
investigate ite use in proving semi~local theorems. It arose Ffxom
a futile attempt to apply the majorizing seguence approach of
Rheinboldt [1968] to processes other than approximate Newton methods.
As we have seen in Section 2, for iterates {x(n)} an estimation of
the crucial guantity “x(n+l)—x{n)”in terms of |x(n)-xn-1)]],...,
ﬁx{n-m+1}-x{6}ﬂ, etz. can yield satigfactory results in many cases.
However, in some instances either this approach is not feasible or
else it is better strategy to use estimates which take advantage of
the structure of the original system. Thus we are led to estimate
other gquantities besides "x(n+l)~x(n)n and as a result to consider
systems of difference eguations. The examples given below illustrate
the value of this approach, and it appears that 31l known conver-
gence proofs which rely on norm estimates actually use the principle
which we propo;; here. In particular, this idea has been used
implicitly by adthors including Xantorovich [1948], Schmidt {1968],
Bittner [19631, Chen [1964], and Xivistek [19611. TIts explicit formu-
lation as given here appears to be naw.

Since the choice of the guantities to be majorigzed depends on
the particular process at hand, no formal presentation of this majoriz-

ing procedure in terms of several general theorems can be given.
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However, the procedure can be described generically in the following

way.

Extended Semi-Local Majorant Principle. Let 4 be an m-step

iterative process with the following properties.
(i) There are sets Ej €SX 3 =-n+1,...,0,1,..., such that
whenever the iterates x(3) ¢ Ej exist for 3 = -m+l,...,n, then the

next iterate x(n+l) exists and lies in En+1

(ii) Let Qi(j,x(j),...,x(—m+l)), i= 1,2,...,1‘.0, be certain

selected quantities at each step J of J ’

where Qi {Jsees) =ij""XE—m+l < Xm+j + X. If the iterr?ltes x(j) e Ej’
j = -m+l,...,n exist and if the vectors a(j) in {[0,) o satisfy
(4.45) ”Qi(j,x(j),---IX(—m+1))‘|| a3, i=l,.000i0 3=0,1,...
then

"Qi(n-i-l,x(n-{-l),...,x(-—m—i—l))“ 3 ai(n+l), i= l,,...,i0
where’

(4-46) ai(n'l‘l) =—- d)i(n,g-(n),--.,é(O}), i = l'-on'io ’

{n+m) i0

and ¢i (n,...):Dn < [0,) + {0,«) is isotone for each i,n fixed.

The system (4.46} is called a majorizing system of difference

equations.
(1ii) The quantity ”x(n)—x (n—l)” is bounded by a function of ﬁ(n) ’

say
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(4.47) || ) -x(n-1)]| £ ¢{n,aln)) = dln)

Then, as in Section 2, the summability of {dn} establishes the
convergence of x(n) to some limit =x*. Hence, if there is an initial
vector a(0) 2 Q0 such that the solution {g(n)} of the system of differ-
ence equations (4.46) exists and such that {dn} is summable, then a
simple induction argument shows that whenever x{j) ¢ Ej' j=-m+l,...,0,
and (4.45) is satisfied for j = 0, we have the existence of a limit x%

of x({n) and the estimates

n+l
(4.483) hxtmt)—=m)ll € ) da,nzo0, £20,
j=n+l
{4.48b) lx*-x)l] s« ) a.,nzo0.
J=n+1

In practice, the guantities Qi(j,x(j),...,x(-m+l)) are usually
any of x{j)-x(j-1}, x{j}-x(0), P{x(j)) for some function P, etc. If
only the first one of these is needed, we obtain the majorxizing seguence
approach of Section 2 and ¥(n,a({n)) = a(n} = d(n)}. The condition

.

x(n) € En can again be guaranteed by

n
(4.49) Stx(2), } d.) CE
j=2+1 7 n

for some % € {0,1,....,n} .

As in Sections 1 and 2, the convergence proof for the iterative
process now rests with an analysis of the corresponding majorizing
system of difference equations. ILet us now illustrate the use‘of this

principle with some examples.
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Example 4.7 {Newton and Secant Type Processes). We return to

the following general method discussed in Section 1,
(4.50) 2{n+tl) = x(n) - J(n,x(n),...,x(n—m-t-l))_lF(x(n)), n=0,1,...

where F: E € X + Y and J(n,...):Em cxt + L(X,¥). There is a wide
variety of approaches to proving semi-leocal results for this process,
and so it provides a good illustration of the extended majorant
principle.

Consider first the estimgte

(4.51) |x (n+1}—=x (n)]| < ﬂJ(n,x(n),...,x(n—m+1))'lu

JFx (n) -Fx (n-1) =T {n-1,x (n-1) , . . . ,x (n-m) ) {x (n) -x (n-1))]]

which predicates cextain assumptions on ¥ and J. These might be

of the following type as used, for example, in the "consistent approxi-

mation" formulation of Ortega {(see Ortega and Rheinboldt [1970]).

(4.52a) F has a H8lder continuous F-derivative on the open,

.convex set E with constants L 2 0, 0 < o ¢ 1.

{4.52b) Whenever x{i} ¢ E, i = n-m+l,...,n, are generated by (4.50)},

then

”J(n,x(n),...,x(n—m+l))—F'(x(n))“ < nin,x(n},...,x{n-m+l)) =

where n(n,...):EFlg X [O,»).

(4.52c) F'(x(0)) " exists and is bounded by 8

n
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i

The functions Qi are in this case Fi{x{n}), F'ix(n)) ’

J(n,x(n},...,x($~m+1))“l and xin}—==x{n-1)}. If the numbers ai{j)

satisfy

“.532) | =0-Df < 2,3, 3= 1,2,..0m

(4.530)  [|Fx()| g a,(3), 3 = 0,1,... 01

(4.53¢) Iy s ”J(j,x(j),...,x{j—m+l))—1ﬂ s ag(d), 3=0,1,...02
vhenever the x{j) exist for j = =w+i,...,n, and

4.538) P oY s a {3, 3

G;l;..‘;n"'}., aé{,cj = B

then we have

(4.54) ”x(n+1)—x(n)" ES al(n+l) = az(n)ag(n) '
- L L+
{4.55) lex @l < ayln) =57 (2, )7 4+ _oa, ()
a3{n-l)
{4.58a} I % a3{n} = o
B 1—a3{n-l}{ﬁn+nn_1+zal(n}}
- " B
and aB{O} =TSR ot
(0]}
or
{4.56b) I €a,(n) = 2
1-Bin +5t ] a, (3))7]
3=1

(4
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a4(n)

(4.56¢) T £ a,{n) I g
n 3 1 aq{n)nn

a4(n~l)

a,fn) =
4 o
1—a4(n*l)bléaién}}

where the denominators of {4.56) must be positive, since Banach's

lemma ha® been used. The estimates follow from

r g y[1-T !3{n:x{n},---;x{nvm+l))-J(n—lfx{n-l);---fX(n-m}}ulul

n (rn~l n—il

$ T 0-T ) dlateeximd e xaemid)) F (= (m) ]

-
+ |7 xm))-F* fxln-1))]]

+ “J{n—l,x(n—l},...,x{n—m})-F’{x{nﬁl))ﬁ)}"l :

o
T < To[l-POHJ(n,x(n),...,x(n—m+l))~F'(x(O})”]_l
< Pﬁfl—fG(HJ{n,x(n}r...,x{n-m+l))-F‘{x{n}}ﬂ+ﬂF‘{x(n}i*F‘{follii}-l
or
|2 tetnd) Y

< 70 et 7Y [aellE (e tae29) " HllE T G tn) ) F G tme1)lf1

A majorizing system is thus defined iy {4.54), {4.55}, and one of {4.56}.
Of course, the quantity nj is still unspecified until the method

(that is, J) is defined. For instance, we have

It

{4.57a) n n'ai(n): n constant
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in the case of the secant process, and
{4.57b) nn = eaz(n), 8 constant

for Steffensen's method.
For the same estimate (4.51), (4.52) could be replaced by the

alternate conditions below which come from Schmidt's [1961] "steigung

formul;tion.

{4.58a) Whenever x(j), j = n-m,...,n, exist in E, then
Fx(n) - Fxin-1) = J{n,xn},...,z(n-m+1)) (x{n)-x{n-1})

{4.58b) and ”J(n,x(n},...,x(n-m+l))—J{n—1,x(n—l),...,x(n—m))”

€ 6(n,x{n) ;... ,x({n-m)) = Bn '

.

where 9(1’1,...):a“‘..m_lm1 c Xm+l -+ [0,%)
{4.58c) J(O,x(O),...,x(-m+l))_l exists and is bounded in norm by Y
In this case, the discussion given above leads to a system of the form

{4.59) al(n+i) = a2(n)a3(n)

{4.60) a2(n) = enal(n)
aB(n-l) a3(0) _
(4.61) a3 {n) = l—_a?;_m: or a3 {n) = r 33 {0 = v

n
1-a (0} ) ®

)
j=1 J
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Again, Bn is left unspecified, but could bes one of

Hi

{4d.62a} Bn n{alin}+al{n~l}}, n  constant (Secant method)

{4.62b) Sn

[{1]

Q(azinml}}, 8 constant {Steffensen's method}

Other norm estimates besides (4.51) can alsc be used. For

ingtance, Bittner [1963]1 has chosen

flx ey x )] < [l (43 tn 2 n), .0 xtammel) ) -F  xin) ) ) Y]
(4.63) ‘
et ety E et FF (e ta-1) Y iPs )], 0=0,1,...

In this case the basic agssumptions for ¥ and J could be

(4.64a) F has an F-derivative on the open, convex set E and for

some fixed x{0) & B
et txt-1) "2 rr o -Ft 01)] < Tyl ®
for all x,v ¢ B, .20, 0 <agl.

{4.64b) When the quantity F’{x(n}}_1(J(n,x€n),-..,x{n—m+l)—F’tx(n}))
existe, then it ig bounded in norm by ;n
We then have

{4.65a) i!x{ni-l)-xnin}!{ £ a, (atl) = a,{nla_j(nla,n),

n=0,1,..., a1€0}=al{l) 7
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(4.65b) ”tI+J(n,x(n),...,x(n-m+1)-F'{x(n))]“l”
-1
< az(n) = (l"f:n) r = 0,1,... ,
(4.650)  [|F" (x(n)) P! (x(n-1))]| ¢ [1-[I-F' (xn-1))T2F xta))||1 7
' gt 1 -1
= [1F* (x (a-1)) T F" (x (n-1))-F* (x(n) ][]
n~1 -1
< (1—[ mE' (x(3)) 7 e (5-10)[1
3=0
-1 -1
JlET tx(0)) (F'(x(n—l))—F'(x(n)))“)
n-1 o -1
< a3(n) = [~(I a3(j))L(a1(n)) 'y n=1,2,... ,
3=0
where a3(0) is given;
{4.654d) ”F'(xﬁnul})—lFx(n)”

< llF* 2 (a-2)) T B () -Fx (n=1) ! (x(n=1)) {x () = (n=2) ) 1]
+ IF tx (n-1)) T IF (= (n=1)) =3 (n=1,x {n=1) ;. + + ,x (n-m) } 1]]

{lx (n) =x (n-1)||

"

1 -
Hg F'({x(n-1)) 1[F‘(xe)~F'(x(n-1))1(x(n)—x(n-l))deu

+ cn_lal(n)
n-1 L{al(n))l+0i
S a4(n) = (j20a3 (3))__‘_1':&—"_'—'—"" Cn_lalcn).- n=l,2,... ;

where a4(0) is given, and the denominators of the guantitites in (4.65b,c)
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must be positive and an} "is unspecified.

Let us now analyze a typical system of each type {4.54)-{4.56}),
{4.593-{4.61), and {4.65), and then obtain a convergence statement
for the assocciated process.

Sample Process (4.54)-(4.56). We consider the method of Steffen-

sen
(4.66) x{n+l) = x(n) - J(x(n)3_lFx(n), no= 0,0,

for solving Fx = 0 under assumptions {4.52) with o = 1 and {4.57b).

Then we have the majorizing system

fl

{4.54%) a1(n+l} azin}aB(n}, n=0,1l;.0. &

It

(4.55)  a,tm) =% (a, N7 + payin-l)a  n), n = 1,2,...

*

{4.56a") a3(n) = aé(n~l){lma3(n*1){Gaz(n)+6a2(n-1)+L(al(n))2]}*l

B
1-B6a, (0)

aé{D) s, n=1,2,._.

The exact solution-is unknown. However, by means of the following

erude estimates the system can be simplified. et
a4(n) = (La3(n)+28)al(n+l)

Then


http:4.54)-(4.56
http:4.59)-(4.61
http:4.54)-(4.56
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a, (n) S% (.La3 (n--Il.)—:—le)a2 (n--l)a:L (n) = '32:34 (n—l)a2 {n~1)

a3 {n-1}

1
33 n) % T:é;““(m g 2a3 {n-1) when a4(n—1) < 3

a, (n) ¢ L,(2a3 (n-1)+26) (2a3 (n-l)azin))

€ L(2a3 (n—l)+26)a3 (n-l)a4(n—l)a2 (n-l)ﬁZ(a4C11*1))2 where a4(n-l) S ‘*}2:-

Thus, we have the new system

bl {n+1)

It

bz(n)bBCn), ne=0,1,...

1
bofi

bz(n) b4(n""'l)b2(n_l); n = 1’2;--¢
{4.567)

b3{n) ] 2b3(n-l), n=1,2,...

by (n) = 2(1:4(:1—1))2, n= 1,20

-

with ai(n) € bi {n) where ai(D) = bi(O)zgor i= 2,3,4, By choosing

b4 {o) s%— y We obtain b4 {n} = (2b 2(0” £ -32190 that the condition

a, {n) < %-hol&s. But then, using an induction argument, we have

al {n+ly € bl {n+l) = b2 {n}b3 {n}

n

271
= 2%p_{0) (nnl L5 (3))b.t0) <{Mi~———b {1y
375 2 g IS T 1

and
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It
La (3 s 2b,(1) = 2a,(1) ,

j=1
n 1 n+l 1
b, (n) + jzlbl (3) $ () Dy(0)+2b {0) § T a,(0)+2a, (1)
2" 2"
; a, (1) (26, (07 a (1) (2a,(0))
a. (j) ¢ =
jentl 1 b4(0) 2n a4(0) pee

For the iterative process (4.66), the conclusion derived

from the majorant principle is that if
_1 .

(4.68a) ||la(xt0)) | s azt0) ,

(4.680)  [FixOD ] < a (0 ,

(4.68c) a4(0) = (La3{0)+2e)a3(0)a2(0) < %—:

(4.68d) (0) +'2a2(0)a3(o) <r,

L
4 72
(4.68e) the domain E contains the set §(x(0),r)

then the iterates {x(n)} generated by (4.66) exist,

x{n) ¢ E, F{xn))-x{n) € E, and lim x(n) = x*. Moreover,
- N>
n

2
a,(0)a,(0) (2a,(0)1
flx ) x| € —2——2 4

;s Fx* = 0 .
a4(0) P

A similar result has been obtained by Johnson and Scholz [1968] under
the conditions (4.58). These authors did not recognize the significance

of (4.54')-(4.56a') and derived only {4.67). Of interest is the fact

that (4.67) is the same system obtained by Kantorovich [1948] in his
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proof of convergence of Newton's method. Apparently better initial
conditions could be found if it were possible to solve the system
{4.54")~{4.56a"}.

Hample Process (4.59)-{4.61l). We consider next the secant

method
{4.69) %inkl) = x{n) - J{x(n},x(n—l})mlEx(n), n=0,1,...

under the conditions {4.58) and {4.82a). The analysis given below
improves the result of Schmidt [1961] who has obtained the same

majorizing system:

al(n+1) = az(n)a3(n), n=0,lreae

it

az(n)

“

nlal(n)+a1(n*l))a1£n), ne=1,2,... ;

a,(n) = a (o) {1-a, (-1} (n) {2, (m) +a, (n-1)) 17, nel,2,...

For convenience, let 34€n} = a3(n~l}nja1{a}+a1(nml}}. Then we have
the eguivalent .system

a4(n)a1(n}
31£n+1) = —E:g;zayﬂ" s = 0,1, ...

i

{4.70) az(n) n(al(n)+al(n"l)}a1{n%, n= 1,2,

aB(nul)

a3(n) = ;1'1:1;2;:0. N

l*aéﬂn}


http:4.59)-(4.61
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Y2, 1 _ _ 3L
Iif a4(l) < (1- —-é—) < 5 and al(O) = al(l), then a1(2) = I;;"_"E‘S" a:l(].) .
and
a, (1)
(1—a4(l))

Continue by induction to chtain

a, (n) I
a(n+1)s-:-L--—--—--~--—4 : a,{n) <(l-———2)<£,
4 2 2 4 2 2

(1-a4(n))

a4(n+1) £ a4(n), n=21,2,...

By Kantorovich's Lemma (see Corollary 3.4} a4(n) decreases to 0.
a, {n)
Hence al(n) and T:EQTET-are decreasing with

a4(n) . 1= —

l—a4(n) /3

2
and finally al(n) £ Q/E——l)al(n—l) for'm=2,3,... . In fact,

n n j-1 a, (k) 1-a, (1)

a
—__-—-—)a {1) < (W)al(l)

The conclusion obtained from this analysis of (4.70) and from the

majorant principle is as follows. If
(4.71a)  J(x(0),x(1)) " exists and is bounded by a, (0)

{4.71b) max("x(l)—x(o}”,“x(O)—x(-l)") g alti) = al(D)

1-2a, (1)

42 4
(4.71¢) 2, (1) = a (0)nla; (0)+a (1)) < 1 - <= and a) (1) < (T —Ey
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{4.71d) the set E = S(x(0),r) = S

then the entire sequence of iterates {x(n)} for (4.63) under
{(4.58) and (4.62a) exists and converges to x* ¢ S. Furthermore, we

have the estimate

” " 1-a_ {1) n a4§j)
¥¥*-x(ntl)}| g —5—77) a (1) - 1 ('—'_—_"'-'-—"-")
1 2al(l) 1 4=1 1 a4Cj)
1 2, ()
where a4(n+l) =g T - Finally, Fx* = 0 from {4.60), and
(l—a4(n))
i+ /5

Rpl{x(n)}) <1 with p = =

from {4.60) and Theorem 3.6.

Sample Process (4.65). Bittner has used for (4.64b)

. 8g (n)L(alin))a

§n= 1+a ,n=0,l,--. ’
n-1
aS(n) = .H a3(j), n=1,2,...7 a5{0) given
J=0
But then
a5(n—l)
{4.72) a5(n) = a3(n—l)a5(n—l) = ,n=1,2,...

1—a5(n—l)L(al(n—l))C£

and where al(O) = al(l) is given.
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o
{l-a_(piLia (n)) } N
- 5 1 . o
(4.73) & (a4d) = %/Q T ) (1 -ag mntay ) )
a o altn}
*(ag{n}ﬁialfn)) +a5{n—1)L(al(n~1}} } ¢ Eww. Y o, n=1,2,...

The eguation can be expanded to yleld

asiﬂ)
n~1 o

1ﬂa5£0)mj£o(a1ii))

agin) = s B 1,204,

which reduces (4.72), {4.73) to a single egquation of the form of
Section 2. The initial data 31(0},31(1},§5{0),$5{1} can be detemined
from Theorenm 3.2 in such a way that {al{n}} is summable. In that case,

we have from Corellary 3.8,

1+ Vl4de
Op 2 2

For the iterative process the conclugion is that if x{0),xz(~1)

satisfy
(4.74a) et =a-ul <8, m, 3 =02,
{4.74b) ”F'(X}O))_lF'(X(“l)}U £ 35(13 ,
Bg(nta G0
(4.74e) I 3= 0,1,
(4.74d) B 2 5{x{-1), %a(j))

3=0
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then the iterates {x(n)} exist, remain in E, and converge to
some x*. The usual error estimates determined from (4.48) with
dj = al(j) hold.

We give two final examples which serve as illustrations of
further characteristics of the extended majorant principle. The
first is a semi-local theorem for the combined method of Schmidt
and Schwetlick [1968] considered in Section 1. This example, which
appears to be new, shows that a rather complicated process can be
attacked with relative ease when a majorizing system of difference
equations is used. The sacond example concerns a process for which
convergence has heen proved by Kivistek [1961].

Example 4.8. For the‘iterative process {4.20) suppose that
J,F satisfy the conditions (4.52) with ¢ = 1. If we assume that
e ) -7 (x, 7| ¢ Mx-y]| for all x,v ¢ §(y(0;r), r > 0, then we

obtain the majorizing system
(4.75a) al(n,v+l) = a2(n,v)a3(n)

{4.,75b) al(n,O) = al(n—l,k+l) forn=1,2,..., and al(D,O), al(O,l) given,

v—1

2 .
(@.73c)  aymm) =-§' (2) (V)7 + Lay (n,v) (jzlal(nrj))
k+1
+ M(jzlal(n—l,j))al(n,v) for 1=0,1,...7 v = 1,2,...,k
3L 2 k+1 .
(4.754) a,(n,0) =% (al(n—l,k+l)) + M(jzlal(n—l,j))al(n-l,k+l)

for n=1,2,... ,
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ag {0y

(4.75e)  a,(n) = KL -1 ¥l

1-a3{0}{M('Z 31{n~1,53+a1{0,0))+L{’z 'Z 2, (,3))
F=1 i=0Q j=1

hrn=lﬂuu;%W)ﬁmn

As gbove, Banach'g lemma has been used for (4.752) and the estimates

are
-1
i]xn}uﬂ"xmv}! s otyin) sy tn-1)) H}!Fxn!vl! ,

“Pxn,u” < P -Fx - {x

RV nyv-1 Xn,vuxn,v-l)ﬂ

ety T @y 0l o,

yi{n)-x

2
+ 1 ol

L
£y n,umxn,u-luﬂ

=2 “Xn,u“xn,v-ﬂl

# -y oL, xS

Iz (v 0y, v =2)) "M
1=y @) ,vd=10) "oty tn),y (n=1))~T (g (0}, y (=1))|

oty ,ytn-10) " <

5ty ta) 7 (0-1))-3 {7 (0} ;7 (-1 5 Mlflyta) -y (-]} + Il toy-yt-13h

1+4bm%ﬂmu
Tthe relations then are
Iyt vt-vll < a) 0,00, llx) -vi0)] <o 00,1,
£ al{n,u+l)

”xn,v+1ﬂxn,vu

”Fxn,v” < a,(n,v)



fotym,y-1 | 5 a; (a)

2n induction argument, based on the idea of Theorem 3.8, gives the
following conclusion for the system {4.75). TIet X € {G,1) and

chcose al{G,O),al{ﬂ,l), a3E0) such that

Lal (0:1)
o = 23(0) (Ma, (0,0)+ka, (0,1) + —F5—)< 1
ay = i el g+ Tk + Midea, (0,1} g A < by 35— s*

Then a3(n) < dg and al(n,v+1) g Aal{n,v) for n=0,1,...3 v=0,1,...,
{n,v) # (0,0). Moreover

n k+l al(O £1)

T3 atig e 2 oy,
%o 31 1 1A

-

Applied to the iterative process, this vields convergence of

vin) ¢ S(0,r) to some v* e S when v{0), v{~1) are so chosen that

lotytor,y 107 < agt0)

ly @2y -0l < a 0,00, %, ;~vtoll < a c01).
Frony
Moreover, from (4.754), Fy* = 0 and OR(J,y*)é }j*—é-%m from

Section 1, as well as

w  k+i

flrmyv*l ¢ T 1a i)
i=n j=1
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Example 4.9. A semi-local convergence theorem for the follow-

ing iterative process for solving F(x) = 0, F:X > X, has been given

by Kivistek [1961]:

{?an) rF‘ (—xin))F:g{n}} F{X{n}}# nﬂaylfﬂ" -
[l e (n) yFx (n)]

(4.76} x{n+l} = xi{n} -
Under the assumptions that F is twice F-differentiable and
(4.77a)  JjFx(O)]] 5 a,(0)

1
{O

.77 JE onenl : Il for alt h e x ,

23
t6.77¢)  JIFreoll sadlEreoll € 3 for all x e S(x(0),1) ,

the sstimates

2
2 F
el s Sy < o @l

(4.78) ezl s [rx -1+ e tn-1) ) {x ) —x (n-12 )]+ % 8 |k tn) ~x ta-1)]] 2

1/2
sl - 52—+ 35 al@lEen)em-nl]
aB{n)A . )

a, (n)

1~a2 (n) 5| (n)]

a3{n+l} £

vield the majorizing system

al(n+l) = aS(n)azln) '

1 W2y o4
aECRB = i~ ~E~*““§} S E-Basiniazfn*l) az(n—l}
aB{n)A
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a3(n-1)

ay {n) =

2
1-a3(n-l)Ba2(n—l)

Notice that the quantity al(n) which bounds “x(n)ux(n—l)ﬂ does not
appear in the last two eguations. Xivistek has shown that convergence
occurs for AzBaz(O)ag(O) < %-.

The fact that this process (4.76} is not an approximate Newton
method as well as the estimates (4.78) seem to indicate that no
improvement can be made in estimating "x(n+l)—x(n)" in terms of
Hx(n)-x(n—lﬂ', etc. as is the basis of Section 2. Hence, the claim

may be made that the methods of Section 2 cannot yvield results as

general as those of this section.



126

REFERENCES

Baluev, A., On the Method of Chaplyvagin, Dokl. akad. Navk S3SR 83
{1952}, 781-784.

N

Bellman, R., On the Boundedness of galutions of Nonlinear Differen—
tial and Difference Egquations, Trans., AMS 62 {1947},
357385,

Bitiney, L., Mehrpunktverfahren zur Aufldsung von Glelchungs-
systemen, %. Angew. Math. Mech. 43 (1963), 111-126.

Chen, K., Generaligation of Steffensen’s Method for Operxator
Equations in Banach Space, Comment. Math. Univ. Carolinae
5 {194}, &7-77.

Coffman, C., Asymptotic Behavior of Solutions of Ordinary Difference
Bguations, rans. AMS 110 {1984}, 22-51.

1
Coppel, W., Stability and Asymptotic Behavior of Differential
Equations, Heath, {1965}.

bunford, N., and Schwarts, J., Lineary Operxators I, Intersclence,
{1o58).

Hahn, W., Uber die Anwendung der Methode von Liapunov auf Differenzenw
gleichungeh, Math. annal. 136 [1858), 430-44].

Johnson, L., and Scholz, DL, On Steffensen's Method, S$IAM J. Num.
Znal. & {1968), 296-302.

Kantorovich, L., PFunctional Analvsis and Applied Mathematios (Russian),
Uspehi Mat. Nauk 3 {1948}, 8%-185; translated by ¢. REenster
as Mat. Buyr, Standards Report 1508, {1982},

Kantorovich, L., On MHewton's Method, Trudy Mat. Inst. Steklov 28
(1949), 104,

Rivistek, L., & Modification of the Minimum-Residual Tteration
Method for the Solution of Egquations Involving Nonlinear
Operators, bDokl. Akad. Nauk 136 {1981}, 22,

Ortega, J., The Newton—-Kantorovich Theorem, Zmer. Math. Monthly 75
{1968}, 6EB-650.

Ortega, J., and Rheinboldit, W., Local and Global Con%ergence of
Genaralized Lipear Iterations, in Numerical Solution of
Nonlinear Problems, J. Qrtega and W. Fheinboldt, Bditors,
STAM. {1070=) .




127

Ortega, J., and Rheinboldt, W., Iterative Solution of Nonlinear
Equations in Several Variables, in press, Academic Press,
(1970} .

Ortega, J., and Rockoff, M., Nonlinear Difference Eguations and

Gauss—-Seidel Type Iterative Methods, SIAM J. Numer. Anal.
3 (1966}, 497-513.

Ostrowski, A., Scolution of Equations and Systems of Eguatioms,
Academic Press, (1960), Second Edition {1966).

Panov, A., The Behavior of the Solutions of Difference Egquations
Near a Fixed Point (Russian), Izv. Vyss. Ucebn. Zaved.
Matematika 12 (1959), 174-183.

Panov, A., Qualitative Behavior of the Trajectories of a System of
Difference Equations in the Neighborhood of a Singularity
(Rugsian), Izv. Vyss. Ucebn. Zaved. Matematika 40 (1964),
111-115.

Perron, O., Uber Stabilitdt und Asymptotisches Verhalten der L&sungen
eines Systems endlicher Differenzengleichungen, J. Reine
Angew. Math. 161 (1929}, 41-64.

Rall, L., Convergence of the Newton Process to Multiple Solutions,
Mum. Math. 9 ({1966), 23-37. .
Rheinboldt, W., A Unified Convergence Theory for a Class of Itera-

tive Processes, SIAM J. Num. Anal. 5 (1968), %2—6%. R
». )':

L
Nan =

Schauder, J., Der Fixpunktsatz in Funktionalr#umen, Studia Math. 2
{1930), 171-180.

Schmidt, J., Eine Ubertragung der Regula Falsi auf Gleichungen in
Banach—-R8umen, Z. Angew. Math. Mech. 41 (196l1), T61-T63
and 43 (1963}, 1-8, 97-110.

Schmidt, J., Ein Konvergenzsatz fiir Tterationsverfahren, Math. Nachr.
37 (1968), 67-81.

Schmidt, J., and Schwetlick, H., Ableitungsfreie Verfahren mit
h¥herer Konvergenzgeschwindigkeit, Computing 3 (1968),
215-226.

Smith, R., sufficient Conditions for Stabilitv of a Sclution of
Difference Equations, Duke Math. J. 33 (1966}, 725-734.



128

Ta Ti, Die Stabilitétsfrage bel Differenzengleichungen, Acta Math.
63 (1934), 99-141.

Trauﬁ, J., Iterative Msthods for the Solution of Egquations, Prentice-—
Hall, (L964).

Voigt, R., Rates of Convergence for Iterative Methods for Nonlinedr
Systems of Equations, Ph.D. Thesis, University of Maryland,
{1989}.





