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ABSTRACT 

This  paper  e x p l o r e s  s e v e r a l  graph t h e o r e t i c  c l u s t e r  t echn iques  aimed 

a t  t h e  a u t o m a t i c  g e n e r a t i o n  o f  t h e s a u r i  f o r  i n f o r m a t i o n  r e t r i e v a l  sys tems .  

Exper imental  c l u s t e r  a n a l y s i s  i s  performed on a sample corpus  of 2267 documents, 

A t e r m - t e r m  s i m i l a r i t y  m a t r i x  i s  c o n s t r u c t e d  f o r  t h e  3950 unique terms used 

t o  i n d e x  t h e  documents. Various t h r e s h o l d  v a l u e s ,  T, a r e  a p p l i e d  t o  t h e  

s i m i l a r i t y  m a t r i x  t o  p rov ide  a s e r i e s  of b i n a r y  t h r e s h o l d  m a t r i c e s .  The 

cor responding  g raph  of each b i n a r y  t h r e s h o l d  m a t r i x  is used t o  o b t a i n  t h e  

term c l u s t e r s  . 
Three d e f i n i t i o n s  o f  a c l u s t e r  are ana lyzed :  

1. The connected components o f  t h e  t h r e s h o l d  m a t r i x .  

2 .  The maximal complete subgraphs  of t h e  connected components o f  
t h e  t h r e s h o l d  m a t r i x .  

3 .  A c l u s t e r  o f  t h e  maximal complete subgraphs  of t h e  t h r e s h o l d  
m a t r i x ,  a s  d e s c r i b e d  by G o t l i e b  and Kumar [ I S ] .  

Algor i thms a r e  d e s c r i b e d  and ana lyzed  f o r  o b t a i n i n g  each c l u s t e r  type .  

The a l g o r i t h m s  a r e  des igned t o  b e  u s e f u l  f o r  l a r g e  document and i n d e x  col-  

l e c t i o n s .  Two a l g o r i t h m s  have been t e s t e d  t h a t  f i n d  maximal complete  sub- 

graphs .  An a l g o r i t h m  developed by B i e r s t o n e  [ 6 ]  o f f e r s  a s i g n i f i c a n t  t i m e  

improvement o v e r  one sugges ted  by Bonner [ 7 ] .  

For t h r e s h o l d  l e v e l s ,  T 2 0.6,  b a s i c a l l y ,  t h e  same c l u s t e r s  a r e  developed 

r e g a r d l e s s  o f  t h e  c l u s t e r  d e f i n i t i o n  used.  I n  such  s i t u a t i o n s  one need only  

f i n d  t h e  connected components of t h e  graph t o  develop t h e  c l u s t e r s .  



TMLE OF CONTENTS 

Chapter 1' <+ g . 
................................................. 1 . I n t r o d u c t i o n  1 

............................. . 2  Rela ted  Work i n  C l u s t e r  A n a l y s i s  2 

2 - 1  General  C l u s t e r  Techniques .............................. 2 

.................... 2 . 2  Graph T h e o r . t i c a l  C l u s t e r  Techniques 3 

. 3  Exper imental  System ........................................ 4  

..................... 3 . 1  Overview of t h e  Exper imental  sys tem 4  

............................... 3.2 D e s c r i p t i o n  of t h e  Corpus 7 

....................... 3 . 3  S e l e c t i o n  O F  a S i m i l a r i t y  Measure 8 

........... 3.4 C r e a t i o n  of t h e  Threshold  Mat r ix  ............. 9 

3.5 C o n s t r u c t i c ?  of t h e  Connected Components ................ 9 

................ 3 .  6  Development o f  t h e  Maximal Complete S e t s  1 0  

3 .6 .1  Imp l ~ m e n t a t j o n  of t h e  B i e r s t o n e  Algorithm f o r  
P r o d ~ i c i n g  Maximal Complete Subgraphs ............. 11 

3 . 6 . 2  An A l t e r n a t i v e  Implementation of B i e r s t c n e ' s  
.............. Algorithm t o  Conserve < t o r a g e  Space 16 

3 .6 ,3  Expcr imenta t ion  w i t h  Bonner ' s  Method f o r  C l u s t e r  
 production........,^.^^.,.^^^^^.,^^,.^.......... 17  

4 . Analys i s  and Comparison of B i e r s t c n e ' s  and Bonner 's  Algorithm 2 0  

5 . Refinement o f  C l u s t e r s  v i a  G o t l i e b  and Rumas Algorithm ....... 24 

6  . Exper imental  R e s u l t s  ......................................... 26 

............. 6 . 1  S t r u c t u r a l  Composition of C l u s t e r s  ......... 2 7  

............................ 6 . 2  Summary o f  Major Conclusions  29 

APPENDIX 1 . B i e r s t c n e ' s  Algorithm f o r  F ind ing  Maximal Complete 
Subgrap5s  ....................*.....................a 34 

................. APPENDIX 2 -- Bonnerls Clus te r -Bui ld ing  Algoritlam 36 

........ APPENDIX 3 . S t r u c t u r a l  Composition of Threshold  Mat r ices  38 

BIBLIOGRAPHY ..................................................... 39 



KEY WORDS AND PHRASES 

C lus t e r  a n a l y s i s ,  g raph- theore t ic ,  connected component, maximal 

complete subgraph, c l i que ,  b ina ry  threshold  ma t r ix ,  information s t o r a g e  

and r e t r i e v a l ,  s i m i l a r i t y  ma t r ix ,  term-term matr ix.  

OR CATEGORIES : 3.71, 5.32 



1. I n t r o d u c t i o n  

One of t h e  m l j o r  problems concerning a u s e r  of p r e s e n t  d a y  in format ron  

systems is  how t o  e x t r a c t  i n f o r m a t i o n  p e r t i n e n t  t o  h i s  needs .  The r a r e  

i n d i v i d u a l  who knows e x a c t l y  what h e  wants ,  and i s  aware of what t h e  sy:;tem 

c o n t a i n s ,  w i l l  encounte r  few problems. The m a j o r i t y  of u s e r s ,  however, a r e  

u s u a l l y  unab le  t o  d e f i n e  a l l  i t e m s  of i n t e r e s t  t o  them, and a r e  n o t  in t im,  t e l y  

f a m i l i a r  w i t h  t h e i r  c o l l e c t i o n .  Even i f  an adequa te   description of t h e  t y p e  

of i n f o r m a t i o n  d e s i r e d  can b e  s p e c i f i e d ,  most u s e r s  a r e  n o t  s u f f i c i e n t l : ~  

f a m i l i a r  w i t h  t h e  document c o l l e c t i o n  t o  a s s u r e  t h e  r e t r i e v a l  of documer~ts 

r e l e v a n t  t o  t h e i r  needs .  

I n  most i n f o r m a t i o n  systems,  whether  automated o r  n o t ,  some r e l a t i o n s h i p  

can be e s t a b l i s h e d  between t h e  v a r i o u s  terms used t o  index documents. 

E x t e n s i v e  experimc.nta1 work h a s  been under taken i n  ort ler  t o  develop s t a r  i s -  

t i c a l l y  determined term a s s o c i a t i o n s .  However, work performed by Saltorl  [35 ] 

and Lesk [ 2 3 ]  on o l i m i t e d  sample document c o l l e c t i o n  i n d i c a t e s  t h a t  a  w e l l  

c o n s t r u c t e d  t h e s a u r u s  may prove t o  be  t h e  b e s t  method of  e x h i b i t i n g  term 

a s s o c i a t i o n s .  I f  t h i s  o b s e r v a t i o n ,  based on a  s m a l l  r o r p u s ,  proves  t o  E e  

t r u e ,  t h e  problem remains t h a t ,  even though a  r e l a t i o r r s h i p  between i n d e x  terms 

g e n e r a l l y  e x i s t s ,  v e r y  few t h e s a u r i  o f  i n d e x  terms arc a v a i l a b l e .  IIow, t h e n ,  

s h a l l  such  a t h e s a u r u s  be  genera ted?  

One approach i s  t o  compile a  t h e s a u r u s  manual ly ,  a s  f o r  example, t h e  

t h e s a u r u s  f o r  t h e  EURATOM n u c l e a r  energy document c o l l e c t i o n .  The r e s u l t  i s  

a w e l l  s t r u c t u r e d  thesaurus  r e p r e s e n t e d  i n  b o t h  l i s t  and g r a p h i c a l  form [ l 4 ] .  

The c o n s t r u c t i o n  of such a t h e s a u r u s  i s  a complex, t ime  consuming o p e r a t i o n .  

Highly s k i l l e d  s u b j e c t - a r e a  s p e c i a l i s t s  must be used i n  o r d e r  t o  i n s u r e  p roper  



c o n s t r u c t i o n .  For document c o l l e c t i o n s  l a r g e r  and more g e n e r a l  i n  n a t u r e  than  

t h e  EURATOM c o l l e c t i o n ,  s u b j e c t - a r e a  s p e c i a l i s t s  cover ing  a  wide v a r i e t y  of  

f i e l d s  must be used.  Problems may be  encountered i n  s u b d i v i d i n g  t h e  document 

c o l l e c t i o n  i n t o  s u b s e t s  t h a t  w i l l  b e  meaningful  t o  t h e  i n d i v i d u a l  e x p e r t s .  Tne 

use o f  such a  wide range o f  s p e c i a l i s t s  may be n o t  on ly  i m p r a c t i c a l  economica l ly ,  

bu t  p h y s i c a l l y  imposs ib le .  During t h e  t ime  r e q u i r e d  t o  c o n s t r u c t  such a 

t h e s a u r u s ,  t h e  u s e r  of t h e  i n f o r m a t i o n  system w i l l  s u f f e r  due t o  t h e  l a c k  o f  

i n f o r m a t i o n  about t h e  document c o l l e c t i o n  which is  a v a i l a b l e .  

Exper imentat ion i n  t h e  f i e l d  of c l u s t e r  a n a l y s i s  i s  aimed a t  pnoviding 

t h e  u s e r  o f  an  i n f o r m a t i o n  system w i t h  an a u t o m a t i c a l l y  g e n e r a t e d  t h e s a u r u s .  

The t h e s a u r u s  produced could  p r o v i d e  a two-fold purpose .  F i r s t ,  i t  could  

c o n s t i t u t e  a  r e a s o n a b l e  r e p r e s e n t a t i o n  of t h e  i n t e r r e l a t e d n e s s  of t h e  i n d e x  

terms t h a t  could  be  used t o  query t h e  document c o l l e c t i o n .  Second, i f  a 

b e t t e r  t h e s a u r u s  i s  d e s i r e d ,  t h e  t e rm r e l a t i o n s  e s t a b l i s h e d  by a  c l u s t e r i n g  

scheme cou ld  p rov ide  an  o r i g i n a l  p a r t i t i o n  of t h e  terms which s u b j e c t - a r e a  

s p e c i a l i s t s  could  t h e n  r e f i n e .  Many o f  t h e  t e d i o u s  and t i m e  consuming problems 

of t h e s a u r u s  c o n s t r u c t i o n  f o r  l a r g e ,  g e n e r a l ,  document c o l l e c t i o n s  the reby  

cou ld  be avoided.  

An au tomat ic ,  o r  semi-automatic g e n e r a t i o n  scheme s h o u l d  prove v a l u a b l e  

f o r  l a r g e ,  g e n e r a l ,  document c o l l e c t i o n s  about which l i t t l e  in format ion  

concerning t h e  s p e c i f i c  c o n t e n t s  i s  known. It is  t o  t h i s  problem t h a t  t h i s  

paper  i s  addressed .  

Many i n d i v i d u a l s  have made s u b s t a n t i a l  c o n t r i b u t i o n s  t o  t h e  f i e l d  of 



c l u s t e r  a n a l y s i s ,  B a l l  [4], surveys  many of t h e s e  e f f o r t s .  I n  t h i ~  s e c t i o n ,  

we b r i e f l y  n o t e  some of t h e  p rev ious  c o n t r i b u t i o n s  t o  developing c!zster;  

of terms i n  a doc~lment c o l l e c t i o n .  Tanimoto, [34, 4 3 1 ,  i n  t h e  l a t e  i r 1 j ( '  's, 

s t u d i e d  a s p e c t s  o i  t h i s  problem. We use Tanimoto's  s i m i l a r i t y  measure . n  

t h i s  s t u d y .  

I n  1960,  Borko [8] used t h e  p r i n c i p l e  o f  f a c t o r  a n a l y s i s  t o  develor 

c l u s t e r s  f o r  a 90 x 90 c o r r e l a t i o n  m a t r i x .  S t i l e s  and S a l i s b u r y  [ 4 2 ] ,  have 

developed a so-cal l e d  B-coef f i c i e n t  , t o  s u b d i v i d e  t e r r l - p r o f i l e s  i n t o  di:  t i n c t  

sets .  Baker,  [ 3 ] ,  i n  1962, sugges ted  t h e  use o f  l a t e n t  c l a s s  a n a l y s i s  t o  

develop c l u s t e r s .  

Needham [ 2 5 ] ,  h a s  exper imented w i t h  c l u s t e r  f i n d i n g  t echn iques  u s i c g  what 

h e  c a l l s  a r i t h m e t i c  cohes ion ,  and terms h i s  p r o c e s s  'clump ' f i n d i n g .  Syarck- 

Jones  [ 3 9 ] ,  a t  t h e  Cambridge Language Research Uni t  h a s  extended Needham's 

work, and h a s  exper imented w i t h  a s e t  of 641 terms. 

Recen t ly ,  D a t t o l a  [13] ,  h a s  developed a c l u s t e r  method based on an  

a d a p t a t i o n  o f  a t e c h n i q u e  sugges ted  by Doyle [14] .  D a t t o l a ' s  t echn ique  a s s u r e s  

t h a t  h i s  method w i l l  converge t o  a s e t  of c l u s t e r s ,  whereas Doyle ' s  approach 

need n o t  t e r m i n a t e .  

2.2 Graph T h e o r e t i c a l  C l u s t e r  Techniques 

The o r i g i n a l  s u g g e s t i o n  t o  use  graph t h e o r e t i c a l  d e f i n i t i o n s  o f  a c l u s t e r  

was made, p e r h a p s ,  by Kuhns [ 22 ]  i n  December 1959. Kuhns, i n  h i s  p a p e r ,  

d e f i n e s  t h e  maximal complete subgraph o f  a graph a s  a c l u s t e r .  A maximal 

complete subgraph of a graph i s  a subgraph i n  which every  p a i r  of nodes i n  

t h e  subgraph i s  connected by an edge of t h e  graph.  Ktihns does n o t  p rov ide  

e x p e r i m e n t a l  r e s u l t s  i n  h i s  paper .  



Parker-Rhodes and Needham [27,30,31]  have d e f i n e d  what is  c a l l e d  a G-R 

clump, a n  i t e r a t i v e  p rocedure  having some graph t h e o r e t i c a l  r e l a t i o n s .  Dale 

and Dale [12]  have experimented w i t h  t h i s  t echn ique .  

Sparck-Jones [37]  h a s  r e p o r t e d  on an e x t e n s i o n  o f  c l u s t e r i n g  work performed 

by h e r s e l f  and Needham. C l u s t e r s  were produced from a  d a t a  base  of 712 t e rms  

u s i n g  f o u r  d e f i n i t i o n s  o f  a c l u s t e r ,  which s h e  terms ( I )  s t r i n g s ,  ( 2 )  s tars ,  

(3 )  c l i q u e s  (which a r e  termed maximal subgraphs  i n  t h i s  p a p e r ) ,  and ( 4 )  clumps. 

G o t l i e b  and Kumar [15] a l s o  u s e  t h e  concept  of maximal complete sub- 

g raphs  f o r  d e f i n i n g  c l u s t e r s .  They employ t h e  L i b r a r y  of Congress S u b j e c t  

Heading l is t  t o  develop c l u s t e r s  of terms r a t h e r  than  a  document c o l l e c t i o n  

from which one develops  a  term-term m a t r i x .  An impor tan t  a s p e c t  of t h e i r  

work is t h e  s u g g e s t i o n  t o  form c l u s t e r s  of t h e  c l u s t e r s .  We exper iment  w i t h  

t h i s  approach i n  t h i s  paper .  

Other  work i n  c l u s t e r  a n a l y s i s  is  r e f e r e n c e d  i n  t h e  b i b l i o g r a p h y .  

3 .  Exper imental  System 

3.1  Overview of t h e  Exper imental  System 

The exper imenta l  work r e p o r t e d  on i n  t h i s  paper  is p r e s e n t e d  i n  a  more 

e x t e n s i v e  paper  [ 2 ] .  The work c o n s i s t e d  of t h e  development of a d a t a  b a s e ,  

c o n s i s t i n g  of a set of documents and a  set o f  terms used t o  i n d e x  t h e  docu- 

ments.  A s i m i l a r i t y  m a t r i x  i s  c o n s t r u c t e d  from t h e  document-term m a t r i x  

t o  show t h e  i n t e r r e l a t e d n e s s  of t h e  v a r i o u s  i n d e x  terms. The s i m i l a r i t y  

m a t r i x  h a s  e n t r i e s  between 0 and 1 i n  t h e  m a t r i x .  Various t h r e s h o l d  v a l u e s  

a r e  a p p l i e d  t o  t h e  s i m i l a r i t y  m a t r i x  t o  produce t h e  t h r e s h o l d  m a t r i c e e  upon 



which t h e  c l u s t e r i n g  p r o c e s s  is  performed. The connected o f  

t h e  t h r e s h o l d  m a t r i c e s  p r o v i d e  t h e  weakest  d e f i n i t i o n  of a c l u s t e r ;  t h e  max- 

imal  complete subg:-aphs of t h e  t h r e s h o l d  m a t r i c e s  p r o v i d e  t h e  s t r i c t e s t :  

d e f i n i t i o n  o f  a  c l u s t e r .  ( F i g .  1 i l l u s t r a t e s  a t y p i c a l  c l u s t e r  g raph ,  and 

t h e  d e f i n i t i o n s  used f o r  a  c l u s t e r . )  Some combining of t h e  maximal complete 

subgraphs  is  performed i n  o r d e r  t o  p r o v i d e  a  d e f i n i t i o n  of a  c l u s t e r  intc2r- 

m e d i a t e  between t h e  connected components of a  graph and t h e  maximal complete 

set of t h e  graph.  

A corpus  c o n s i s t i n g  of 2267 documents and 3950 unique i n d e x  t e r m s ,  ~ n d  

concern ing  a  wide r ~ a r i e t y  of t o p i c s  w a s  used f o r  t h e  s t u d y .  A term-term 

s i m i l a r i t y  m a t r i x ,  c o n s i s t i n g  of e lements  a  u s i n g  t h e  Tanimoto [ 3 4 ]  s i m -  
i j  ' 

i l a r i t y  measure,  was t h e n  c o n s t r u c t e d .  The element a of t h e  term-term 
i j  

m a t r i x  r e p r e s e n t s  t h e  degree  t o  which terms i and j of t h e  document c o l l e c t i o n  

a r e  i n t e r r e l a t e d .  A series of b i n a r y  t h r e s h o l d  m a t r i c e s  were c o n s t r u c t e d  

from t h e  r e s u l t a n t  s i m i l a r i t y  m a t r i x  f o r  v a l u e s  of T = 0.1 ,  T = 0 . 2 ,  T = 0.3 ,  

T = 0 . 4 ,  T = 0 . 5 ,  T = 0 . 6 ,  and T = 0.7 .  I f  t h e  e n t r i e s  a  of t h e  s i m i l a r i t y  
i j 

m a t r i x  were g r e a t e r  than  t h e  t h r e s h o l d  v a l u e  T, t h e n  t h e  cor responding  e n t r y  

of t h e  t h r e s h o l d  m a t r i x  was set t o  one;  o t h e r w i s e ,  i t  was s e t  t o  z e r o .  The 

b i n a r y  symmetric t h r e s h o l d  m a t r i x  i s  e q u i v a l e n t  t o  an u n d i r e c t e d  graph where 

t h e  terms are t h e  nodes o f  t h e  g raph ,  and where an edge e x i s t s  between nodes 

i and j i f  t h e  t h r e s h o l d  m a t r i x  h a s  a  one i n  t h e  ( i ,  j) th p o s i t i o n .  Algorithms 

developed by Bonner [7 ]  and B i e r s t o n e  [ 6 ]  were modif ied and implemented t o  

f i n d  t h e  maximal complete subgraphs  of t h e  connected components o f  t h e  t h r e s -  

h o l d  m a t r i c e s .  Maximal complete subgraphs  were  produced from t h r e s h o l d  

m a t r i c e s  f o r  T = 0 . 4 ,  T = 0 . 5 ,  T = 0 . 6 ,  and T = 0 .7  due t o  t h e  l a r g e  s i z e  of 

t h e  connected components found f o r  v a l u e s  of T < 0 , 4 .  

(1) A connected component of a  graph c o n s i s t s  of t h e  s e t  of nodes t h a t  a r e  
mutua l ly  r e a c h a b l e  by p roceed ing  a long  t h e  edges of t h e  graph.  



Sabot age 

Bombers 

uerrillas 

aramilitary 

Motivations 

Legend 

1. The graph has two connected components - the components: 
{Bombers, Strategic, Missiles) and 

{Legal, Sabotage, Recruitment, Propaganda, Clandestine, Guerrilla, 

Insurgency, Paramilitary and Motivations) 

2. The graph has four maximal complete sets: 

{Bombers, Missiles, Strategic), {Legal, Sabotage, Recruitment, 

Propaganda), {Propaganda, Clandestine, Guerrillas, Insurgency, 

Paramilitary), {Motivations, Clandestine, Guerrillas, Insurgency, 

Paramilitary). 

3. The graph has three grouped maximal complete sets: 

{Bombers, Strategic, Missiles), (Sabotage, Legal, Recruitment, 

Propaganda), {Propaganda, Clandestine, Guerrillas, Insurgency, 

Paramilitary, Motivations). 

Fig. 1 - Typical Clusters 
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Using t h e  procedure  s u g g e s t e d  by G o t l i e b  and Kumar [ 1 6 ] ,  those  n ~ x i m a l  

complete  subgraph,; which had a s i g n i f i c a n t  number of common terms were 

grouped t o g e t h e r  t o  form new c l u s t e r s .  These c l u s t e r s  p r o v i d e  an  i n t e r -  

media te  d e f i n i t i o n  between t h e  c l u s t e r s  d e f i n e d  by t h e  connected components 

of t h e  t h r e s h o l d  m a t r i c e s  and t h o s e  d e f i n e d  by t h e  maximal complete subgraph 

of t h e  connected components. 

The c l u s t e r s  produced from t h e  s e v e r a l  t h r e s h o l d  m a t r i c e s  and t h e  

t h r e e  c l u s t e r  d e f i - n i t i o n s  were  ana lyzed  and compared a s  t o  g e n e r a l  compnsi- 

t i o n  and c o n t e n t .  

3 . 2  D e s c r i p t i o n  o f  t h e  Corpus 

The corpus  used f o r  t h i s  s t u d y  c o n s i s t s  of 2267 documents composed 

b a s i c a l l y  of r e s e a r c h ,  development,  t e s t  and e v a l u a t i o n  i n f o r m a t i o n  from 

22 b road  s u b j e c t s  f i e l d s  of s c i e n c e  cover ing  a  f i v e  y e a r  p e r i o d  from 1903 

t o  1968. The m a j o r i t y  o f  t h e  documents a r e  from t h e  F i e l d s  o f  mathemat:cs; 

p h y s i c s ,  and communication. For  each document, t h e  a u t h o r ,  t i t l e ,  a b s t r a c t ,  

and d e s c r i p t o r s  were a v a i l a b l e ,  For t h e  work r e p o r t e d  on i n  t h i s  paper .  we 

are concerned on ly  w i t h  t h e  t i t l e  and t h e  d e s c r i p t o r s .  

Approximately 90% of  t h e  documents were ass igned  d e s c r i p t o r s  a t  compo- 

s i t i o n  t ime by t h e  a u t h o r .  The remaining documents were indexed by nonsub jec t -  

m a t t e r - o r i e n t e d  i n d i v i d u a l s  w i t h  t h e  a i d  of a  mas te r  d e s c r i p t o r  d i c t i o n a r y .  

Near ly  one-four th  of t h e  c o n t r i b u t i n g  a u t h o r s  had a c c e s s  t o  t h i s  m a s t e r  

d e s c r i p t o r  d i c t i o n a r y  w h i l e  index ing  t h e i r  own documents. Regard less  of 

who performed t h e  i n i t i a l  index ing  of t h e  documents, a l l  indexed documents 

were p o s t - e d i t e d  by l i b r a r y  p e r s o n n e l  p r i o r  t o  i n s e r t i o n  i n t o  t h e  c o l l e c t i o n  

i n  o r d e r  t o  a s s u r e  p roper  index ing .  The a u t h o r s  of t h i s  paper  were  n o t  i n -  



volved i n  t h i s  p r o c e s s ,  b u t  merely  u s e  t h e  r e s u l t s  of t h e  above e f f o r t s .  

A s  t h i s  corpus  was a l r e a d y  i n  machine r e a d a b l e  form, t h e  t e d i o u s  work 

of g a t h e r i n g  and encoding a r e p r e s e n t a t i v e  s e t  of documents was avoided.  

The corpus  i s  a s u b s e t  o f  a much l a r g e r  c o l l e c t i o n  composed of documents 

from t h e  same s u b j e c t  a r e a s .  Though no p r e v i o u s  exper imenta l  work had 

been performed on t h i s  p a r t i c u l a r  se t ,  i t  was p o s s i b l e  t o  c o n s u l t  w i t h  i n -  

d i v i d u a l s  who were  b e t t e r  acqua in ted  w i t h  t h e  c o n t e n t s  of t h e  e n t i r e  c o l l e c t i o n  

t b  de te rmine  i f  t h e  c l u s t e r s  produced were  meaningful .  

3 .3  S e l e c t i o n  of a S i m i l a r i t y  Measure 

Some measure o f  t h e  r e l a t e d n e s s  between terms used t o  index  t h e  docu- 

ments of t h e  d a t a  set must b e  e s t a b l i s h e d  i n  o r d e r  t o  perform c l u s t e r  

a n a l y s i s .  S e v e r a l  d i f f e r e n t  s i m i l a r i t y  measures have been proposed [ 7 , 1 2 ,  

18 ,21 ,41 ,43] .  S i n c e  in-depth  comparisons and e v a l u a t i o n s  concerning v a r i o u s  

s i m i l a r i t y  measures have been conducted b e f o r e  by o t h e r  a u t h o r s  [18 ,21 ,36] ,  

o n l y  one s i m i l a r i t y  measure was s t u d i e d .  Sparck-Jones [37] ,  i n  p a r t i c u l a r ,  

comments t h a t  t h e  s e v e r a l  s i m i l a r i t y  d e f i n i t i o n s  used i n  h e r  c l u s t e r  pro- 

d u c t i o n  exper iments  d i d  n o t  appear  t o  g i v e  r a d i c a l l y  d i f f e r e n t  r e s u l t s .  

The Tanimoto [34] s i m i l a r i t y  measure was used f o r  t h i s  work. Tanimoto 

d e f i n e s  t h e  s i m i l a r i t y  measure between two i n d e x  terms i and j t o  be :  

where a r e p r e s e n t s  t h e  number of documents i n  which b o t h  i and j occur  a s  
i j 

i n d e x  terms, and a r e p r e s e n t s  t h e  number o f  documents i n  which term i is  
i i 

used as an i n d e x  term. 



3.4  C r e a t i o n  of t h e  Thresho ld  M a t r i x  

To f i n d  c l u s L e r s  accord ing  t o  t h e  t h r e e  d e f i n i t i o n s  c o n s i d e r e d ,  i t  was 

n e c e s s a r y  t o  de te rmine  t o  term-term a s s o c i a t i o n  m a t r i x .  If C = [z ] rt7- 
i j 

T ( 2 )  p r e s e n t s  t h e  document-term matrix ' ' ) ,  then  C . C is  t.he term-term m a t r i x  . 
When t h e  term-tern  m a t r i x  i s  s u i t a b l y  normal ized a s ,  f o r  example, s u g g e r t e d  

by Tanimoto, t h e  r n t r i e s  of t h e  normal ized  term-term m a t r i x ( 3 )  have v a l u e s  

between 0 and 1. By a p p l y i n g  a  cu t -o f f  v a l u e  of T t o  t h e  s i m i l a r i t y  m a t r i x ,  

whereby two terms a r e  cons idered  a s s o c i a t e d  i f  t h e  e n t r i e s  i n  t h e  s i m i l a r i t y  

m a t r i x  a r e  2 T, tliis m a t r i x  i s  conver ted  i n t o  a  b i n a r y  m a t r i x ,  termed t h e  

t h r e s h o l d  m a t r i x .  

The a c t u a l  PI-oduction o f  t h e  term-term m a t r i x  wan achieved by a  s e l - i e s  

of programs which avoided t h e  problem of m u l t i p l y i n g  l a r g e  m a t r i c e s .  A 

d e s c r i p t i o n  of t h j s  program is  g iven  i n  [ Z ] .  The program is  a p p l i c a b l e  t o  

l a r g e  m a t r i c e s  and i s  u n r e s t r a i n e d  by t h e  s i z e  of t h e  d a t a  s e t .  

3.5 C o n s t r u c t i o n  of t h e  Connected Components 

I n  developing term c l u s t e r s  f o r  l a r g e  document c o l l e c t i o n ,  i t  is he lp -  

f u l  t o  f i r s t  r educe  t h e  graph i n  q u e s t i o n  t o  i t s  connected components. S i n c e  

e lements  of c l u s t e r s  must b e  i n t e r r e l a t e d  t o  one a n o t h e r ,  i t  would b e  wnste- 

f u l  t o  a t t e m p t  t o  f i n d  c l u s t e r s  between terms i n  s e p a r a t e  connected com1)onents. 

By reduc ing  a  g r a ~ j h  t o  i ts  connected components and h a n d l i n g  each component 

as a  d i s t i n c t  g raph ,  t e r n  r e l a t i o n s  of l a r g e  document c o l l e c t i o n s  can b e  

reduced t o  a  s i z e  t h a t  i s  manageable w i t h i n  t h e  c o r e  l i m i t s  of a  conven t iona l  

(1) An n x  m b i n a r y  m a t r i x  r e p r e s e n t i n g  a d a t a  s e t  of n  documents and m 
unique i n d e x  terms. I f  document i i s  indexed by term j ,  
o t h e r w i s e  C =O. 

i j 
then ' i j = 1 9  

(2)  An m x m symmetric m a t r i x  where C r e p r e s e n t s  t h e  number o f  documents 
i j 

which have been indexed by b o t h  terms i and j .  
(3) Also r e f e r r e d  t o  a s  t h e  s i m i l a r i t y  m a t r i x .  
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computer. The connected components are f u r t h e r r e q u i r e d  s i n c e  they provided 

o u r  weakest  d e f i n i t i o n  of a c l u s t e r .  

An a l g o r i t h m  was developed which produced t h e  connected components of 

an i n p u t  graph and was dependent on ly  upon t h e  number of nodes i n  t h e  i n p u t  

graph. The o u t p u t  connected components provided b o t h  r e s u l t a n t  c l u s t e r s  

and d i s t i n c t  d i v i s i o n s  of t h e  d a t a  s e t  f o r  i n p u t  t o  t h e  maximal complete 

subgraph a l g o r i t h m s .  The a l g o r i t h m  developed i s  d e s c r i b e d  i n  121. It i s  

a? a d a p t a t i o n  of t h e  a l g o r i t h m  developed by G a l l e r  and F i s h e r  and d e s c r i b e d  

i n  [ 1 9 ] ,  p.  353. The a d a p t a t i o n  p e r m i t s  one t o  f i n d  connected components 

i n  l a r g e  graphs .  A graph w i t h  2084 nodes and 6630 edges  developed 475 con- 

n e c t e d  components i n  1 .87  minu tes .  Th i s  t i m e  i n c l u d e s  t h e  t i m e  r e q u i r e d  t o  

i n p u t  t h e  graph from magne t ic  t a p e ,  and o u t p u t  t h e  connected components on to  

magnet ic  t a p e .  For  a l l  g raphs  d i s c u s s e d  i n  t h i s  paper ,  t h e  t i m e s  r e q u i r e d  

t o  f i n d  t h e  connected components i n  t h e  g raphs  are g iven  i n  Appendix 3 .  

3.6 Development of t h e  Maximal Complete S e t s  

S e v e r a l  a l g o r i t h m s  have been developed f o r  g e n e r a t i n g  maximal complete 

subgraphs  of a  graph.  These a l g o r i t h m s  were  i n t r o d u c e d  by Harary and Ross,  

B i e r s t o n e  [ 6 ] ,  and Bonner [ 7 ] .  Apparen t ly ,  t h e  Harary-Ross a l g o r i t h m  was 

t h e  f i r s t  developed;  however, i t  i n v o l v e s  t h e  computation and manipu la t ion  

of l a r g e  m a t r i c e s  f o r  l a r g e  i n p u t  graphs .  The B i e r s t o n e  and Bonner a lgo-  

r i t h m s  a r e  more a d a p t a b l e  t o  c l u s t e r  a n a l y s i s  f o r  l a r g e  d a t a  s e t s  and,  a s  

a r e s u l t ,  were implemented f o r  our  work. Both t h e  B i e r s t o n e  and t h e  Bonner 

a l g o r i t h m s  as r e p o r t e d  i n  t h e  l i t e r a t u r e  were  n o t  complete.  The a l g o r i t h m s  

are d e s c r i b e d  i n  t h i s  s e c t i o n  and p r e s e n t e d  i n  d e t a i l  i n  t h e  appendix.  I n p u t  

t o  t h e  two a l g o r i t h m s  c o n s i s t e d  o f  t h e  connected components of t h e  t h r e s h o l d  



m a t r i c e s  produced p r e v i o u s l y ,  

3 .6 .1  Implementation of t h e  B i e r s t o n e  Algorithm f o r  Producing 
Maximal C o m ~ l e t e  S u b ~ r a v h s  

The fo l lowing  a l g o r i t h m ,  developed by B i e r s t o n e  [ 6 ] ,  was used t o  pro- 

duce maximal complete subgraph c lus te r s ' ' ) .  The a l g o r i t h m  r e q u i r e d  a  minor 

m o d i f i c a t i o n  i n  o r d e r  f o r  i t  t o  work. To t h e  b e s t  of o u r  knowledge, t h e  

a l g o r i t h m  h a s  n o t  been implemented and used on an a c t u a l  d a t a  set p r e v i o u s , y .  

I t  was s e l e c t e d  a s  t h e  major  c l u s t e r  producing a l g o r i t h m  f o r  t h i s  p a p e r .  

The r e p r e s e n t a t i o n  o f  a  graph is  i n p u t  t o  t h e  a l g o r i t h m  w i t h  each of 

t h e  nodes p  ( j  = 1, ..., n ) ,  a ss igned  a  unique number used i n  a l l  o p e r a t i o n s  
j9 

i n  p l a c e  of t h e  a c t u a l  nodes .  For  each node p  t h e r e  i s  a s s o c i a t e d  a  s e t  
j ' 

M where 
j ' 

M .  = I p  I t h e  p a i r  ( p  pk) r e p r e s e n t s  an edge o f  t h e  graph 
J k  j9 

and k  > j) 

It i s  c r u c i a l  t o  t h e  o p e r a t i o n  of t h e  a l g o r i t h m  t h a t  M c o n t a i n  o n l y  nodes 
j 

p where k  > j ( i . e .  - i f  node number 7 were connected t o  nodes 3 ,  5 ,  9 ,  11, k 

and 13 ,  t h e  corresponding M e n t r y  would be  M = ( 9 ,  11, 1 3 ) )  . The sets 
j 7 

M .  correspond t o  t h e  upper  t r i a n g u l a r  farm of a  m a t r i x .  
J 

W e  f u r t h e r  n o t e  t h a t  t h e  same a l g o r i t h m  can be  used t o  f i n d  t h e  maximal 

complete se t  o f  an a c y c l i c  d i r e c t e d  graph;  t h a t  i s ,  a  d i r e c t e d  graph w i t h o u t  

c y c l e s .  One f i r s t  performs a  t o p o l o g i c a l  s o r t  ( s e e  [ 1 9 ] ,  p.  259 f o r  an a l -  

gor i thm t o  develop a  t o p o l o g i c a l  s o r t )  on t h e  d i r e c t e d  graph.  Nodes a r e  

t h e n  numbered i n  o r d e r  o f  t h e i r  appearance i n  t h e  t o p o l o g i c a l  s o r t .  

To conserve s t o r a g e  s p a c e ,  t h e  e n t r i e s ,  M a r e  r e p r e s e n t e d  i n  t h e  
j ' 

computer a s  b i n a r y  v e c t o r s  where b i t  i i s  one i n  e n t r y  M i f  t h e  i n p u t  edge  
j 

(1) The a l g o r i t h m  was developed by M r ,  E. B i e r s t o n e ,  a s t u d e n t  i n  t h e  Mathe- 
mat ics  Department a t  t h e  U n i v e r s i t y  of Toronto.  



( j  , i )  i > j , e x i s t s ;  o t h e r w i s e ,  b i t  i i s  z e r o .  The number of b i t s  r e q u i r e d  

f o r  e n t r i e s  of M i s  determined by t h e  s i z e  of t h e  l a r g e s t  connected compo- 

n e n t  i n  t h e  e n t i r e  d a t a  s e t  be ing  p rocessed .  

The a l g o r i t h m  u t i l i z e s  a s e t  o f  e lements  C (each of which i s  i n  the  

form of a b i n a r y  v e c t o r )  where t h e  maximal complete subgraphs  a r e  b u i l t  

up. During t h e  o p e r a t i o n  o f  t h e  a l g o r i t h m ,  nodes a r e  added t o  t h e  v a r i o u s  

complete subgraphs con ta ined  i n  C ,  u n t i l ,  upon t e r m i n a t i o n ,  a l l  of t h e  Ck 

( k = l ,  ..., n) r e p r e s e n t  maximal complete subgraphs  of t h e  i n p u t  set.  

The a l g o r i t h m  t a k e s  t h e  s e t  of nodes r e p r e s e n t e d  by t h e  s e t  {p.)UM 
J j 

(Mj#O) and a t t e m p t s  t o  f i n d  maximal complete subgraphs  of t h i s  s e t  which 

can be  combined w i t h  t h e  s e t  of complete subgraphs  C t h a t  have a l r e a d y  
k 

been developed,  o r  can b e  i n t r o d u c e d  a s  new unique complete subgraphs  of 

t h e  d a t a  s e t .  The f o l l o w i n g  p rov ides  a b r i e f  d e s c r i p t i o n  of t h e  a l g o r i t h m .  

O r i g i n a l l y ,  i i s  s e t  t o  ze ro  and j i s  set e q u a l  t o  t h e  number o f  nodes 

i n  t h e  i n p u t  graph. The v a l u e  o f  j is  decremented by one u n t i l  a  non-zero 

M .  i s  found. At t h i s  p o i n t ,  f o r  each p con ta ined  i n  M i is  incremented 
J k j ' 

by one and t h e  p a i r  (p j ,pk l  i s  p l a c e d  i n t o  C Th is  e s t a b l i s h e s  a set of 
i ' 

d i s t i n c t  e lements  C ( k = l ,  ..., i ) ,  each c o n s i s t i n g  of node p and one of 
k j 

t h e  nodes t o  which p is  connected,  a s  t h e  o r i g i n a l  s e t  of complete sub- 
j 

graphs  upon which t o  b u i l d .  

I t e r a t i v e  p r o c e s s i n g  b e g i n s  by decrementing j by one u n t i l  a  non-zero 

PI. i s  found, When j becomes z e r o ,  t h e  a l g o r i t h m  is  f i n i s h e d  and t h e  e lements  
J 

of  t h e  a r r a y  C r e p r e s e n t  t h e  maximal complete subgraphs of t h e  i n p u t  graph.  
k 

A temporary s t o r a g e  l o c a t i o n  W ,  used t o  keep t r a c k  of those  nodes of 

M ,  which a r e  n o t  added t o  some C i s  s e t  e q u a l  t o  M . The v a l u e  of L i s  
J k 3 j 

set e q u a l  t o  i ( t h e  number o f  complete subgraphs produced s o  f a r  by t h e  



system) and k i s  s e t  t o  z e r o  s o  i t e r a t i o n  through a l l  C can beg in .  '1.iie 
k 

v a l u e  of k  i s  i n c r e a s e d  by one,  and i f  i t  i s  g r e a t e r  t h a n  L, then  a11 c ~ i l -  

r e n t  complete subgraphs  Ck (k  = 1,. . . ,L )  have been s e a r c h e d  t o  d e t e r !  :i ni, w i l e  rc. 

e lements  of H. can be  inser ted ' ' ) .  Any nodes s t i l l  remaining i n  U have n o t  
J 

been i n s e r t e d  i n  t h e  s e t  of complete subgraphs  C .  S i n c e  p  by d e f i n i t i o n ,  
j ' 

i s  connected t o  a l l  such nodes ,  t h e  p a i r s  of i t ems  { p . , p k }  f o r  a l l  p  
J k con- 

t a i n e d  i n  W must be i n s e r t e d  i n t o  t h e  sys tem a s  complete subgraphs  of degree 

two. For each such p a i r ,  i is incremented by one and a  new complete sub- 

graph C = {pj ,pk 1 is  c o n s t r u c t e d  ( i . e .  - i f  W c o n t a i n s  nodes 10,  and 1 3 ,  

j = 4 ,  and i = 6 ,  t h e n  C = ( 4 ,  1 0 )  and C = 14 ,  1 3 ) ) .  C o n t r o l  t h e n  r e t u r n s  
7 8 

back t o  con t inue  decrement ing j i n  o r d e r  t o  i n t r o d u c e  a  new s e t  M . 
j 

I f  k  i s  n o t  g r e a t e r  t h a n  L ,  a  temporary s t o r a g e  l o c a t i o n  T i s  s e t  e q u a l  

t o  t h o s e  e lements  common t o  C and M . By d e f i n i t i o n ,  e lements  of T arc. 
k  j 

con ta ined  w i t h i n  t h e  complete subgraph C Thus, a l l  e lements  of T must be 
k  ' 

i n t e r c o n n e c t e d  and s i n c e ,  by d e f i n i t i o n ,  a l l  a r e  connected t o  p  t h e  set  of 
j ' 

nodes T l J I p .  1 form a  complete subgraph.  I f  T i s  empty, no  riieaningful match 
3 

w i t h  C o r  M .  can be  make i n  f u t u r e  s t e p s ,  s o  i t  i s  f u t i l e  t o  con t inue .  I f  
k  3 

T c o n t a i n s  o n l y  one node,  t h e  most t h a t  can be accomplished by e x e c u t i n g  t h e  

fo l lowing  s e r i e s  of complex s t e p s  would be t o  i n t r o d u c e  t h e  s e t  { p ,  T 
J 

a s  a  complete subgraph o f  degree  two. A Simple p r o c e s s ,  u t i l i z i n g  W ,  was 

d e f i n e d  p r e v i o u s l y  f o r  t h i s  purpose.  There fore ,  i f  T c o n t a i n s  fewer  than  

two nodes ,  c o n t r o l  i s  r e t u r n e d  t o  compare M w i t h  t h e  v a l u e s  of t h e  nex t  
j 

e n t r y  of C. I f  T c o n t a i n s  more t h a n  two nodes ,  t h e  nodes of T a r e  d e l e t e d  

from W as they w i l l  b e  i n s e r t e d  i n  t h e  fo l lowing  s t e p s  i n t o  t h e  set C .  

(1) The e n t r y  M .  i s  only  compared w i t h  t h e  e lements  of C f o r  k = 1,. , . ,L 
1 k - 

because  a l l  e n t r i e s  C (k = L + 1: ..., i )  w i l l  have been in t roduced  by k 



Depending upon t h e  v a l u e s  of T, M and Ck,  one o f  t h e  fo l lowing  
j ' 

t h r e e  a l t e r n a t i v e s  w i l l  be used t o  i n t r o d u c e  t h e  e lements  of T i n t o  t h e  :-ct 

of complete subgraphs  C. I f  T = i A l t e r n a t i v e  ( I )  w i l l  be t a k e n ;  if k ' 
T i Ck b u t  T = M t h e n  A l t e r n a t i v e  (11) w i l l  be  t a k e n ;  i f  T i Ck and I # 3 

j ' j ' 

t h e n  A l t e r n a t i v e  (111) w i l l  be  used. 

A l t e r n a t i v e  ( I ) .  T = C means t h a t  t h e  p r e s e n t  node under c o n s i d e r a t i r n  k 

i s  connected t o  a l l  e lements  of t h e  complete subgraph C k.  Then, p j  must be 

connected t o  a11  e lements  of C and can be added t o  t h e  complete subgraph C k k ' 

Due t o  t h e  i t e r a t i v e  n a t u r e  o f  t h e  a l g o r i t h m ,  t h e  remaining C ( q  = k C 1, . . . ,  i )  
4 

must b e  s e a r c h e d  t o  s e e  i f  any a r e  s u b s e t s  of t h e  j u s t  a l t e r e d  C I f  any 
k ' 

a r e  found, they  must b e  d e l e t e d  from t h e  set C. B i e r s t o n e  omits  t h i s  s t e p  

from h i s  a l g o r i t h m .  The c o r r e c t e d  B i e r s t o n e  a l g o r i t h m  is d e t a i l e d  i n  Ap- 

pendix 1. 

A f t e r  t h e  above p r o c e s s  is completed,  T is  compared t o  M . I f  t h e  two 
j 

a r e  e q u a l ,  t h i s  means, s i n c e  ( p . ) u ~  = Ck9 t h a t  { p . ) i / ~  = C and t h a t  any 
J J j k 

f u r t h e r  p r o c e s s i n g  f o r  t h i s  M w i l l  o n l y  produce subgraphs of t h e  j u s t  a l -  
j 

t e r e d  complete subgraph C As a r e s u l t ,  c o n t r o l  w i l l  r e t u r n  t o  t h e  p o i n t  k ' 

where a n o t h e r  i n p u t  s e t  i s  i n t r o d u c e d  by a g a i n  decrement ing j .  I f  T Z M 
j ' 

t h i s  means t h a t  t h e r e  are olementc of M .  n o t  i n  t h e  newly a l t e r e d  complete  
J 

subgraph Ck and t h e r e  may s t i l l  b e  o t h e r  C (q = k + 1,. . . ,L) which c o n t a i n s  
q 

two o r  more nodes  of M t h u s  i n t r o d u c i n g  more new complete subgraphs .  I f  
j ' 

t h i s  i s  t h e  c a s e ,  c o n t r o l  w i l l  r e t u r n  t o  increment  k t o  proceed w i t h  corn- 

p a r i n g  M w i t h  t h e  remaining C . 
j 9 

k b t e s l l a t i v e  (11) .  I f ,  a t  t h e  p o i n t  of c o n s t r u c t i n g  T = C k , l M  T is  
j ' 

found t o  b e  n o t  e q u a l  t o  C b u t  T = M t h i s  means t h a t ,  a l though  a l l  nodes k ' j ' 
of M .  a r e  con ta ined  w i t h i n  t h e  complete subgraph C t h e r e  e x i s t s  a t  l e a s t  

J k ' 



one node i n  C t o  which p is  n o t  connected.  However, a s  p r e v i o u s l y  es -  
k j 

t a b l i s h e d ,  t h e  e lements  o f  T :J{p.} form a complete subgraph and t h e r e f o r e  
J 

must b e  i n c l u d e d  i n  t h e  set  C.  As a r e s u l t ,  i is incremented by one and C 
i 

i s  s e t  e q u a l  t o  t b e  set T ' IPj} .  S i n c e  M = T,  e f f e c t i v e l y ,  t h e  s e t  
j 

i p . )  , M ,  h a s  been i n s e r t e d  a s  a complete subgraph and any f u r t h e r  p r o c e s s i n g  
J J 

of  t h i s  M .  w i l l  on ly  produce subgraphs  of t h i s  set .  T h e r e f o r e ,  c o n t r o l  w i l l  
J 

r e t u r n  t o  t h e  p o i n t  which i n t r o d u c e s  a new set M . 
j 

A l t e r n a t i v e  (111) .  It i s  p o s s i b l e  t o  have produced o r i g i n a l l y  a T 

which c o n t a i n s  two o r  more nodes b u t  i s  n o t  i d e n t i c a l  w i t h  e i t h e r  C o r  M . 
k j 

When such a s i t u a t i o n  arises, a l l  C (A = 1, ..., k - 1, k + 1, ... i )  must b e  
4 

sea rched  t o  s e e  i f  any which c o n t a i n  p a l s o  c o n t a i n  a l l  e lements  of T. I f  
j 

one i s  found, t h i s  means t h a t  t h e  p r e s e n t  set  of e lement  T '  { p . )  a l r e a d y  
J 

be longs  t o  a complete subgraph and no f u r t h e r  processj .ng i s  n e c e s s a r y .  

C o n t r o l  w i l l  b e  r e t u r n e d  t o  check M .  a g a i n s t  t h e  n e x t  e n t r y  of C. I f  no 
J 

such  C is  found, a temporary l o c a t i o n  S i s  s e t  e q u a l  t o  t h e  s e t  T { p . j .  
9 J 

I f  t h e  e lements  of some C (q  = L f 1,. . . , i )  ( I )  are con ta ined  w i t h i n  S,  t h e n  
4 

C i s  set e q u a l  t o  S. Th i s  h a s  t h e  e f f e c t  o f  i n c r e a s i n g  t h e  e lements  of t h e  
4 

complete subgraph C t o  i n c l u d e  a l l  e lements  con ta ined  i n  S. Any o t h e r  
4 

Cr ( r  = q + 1,. . . , i )  which i s  con ta ined  i n  S must b e  d e l e t e d  from t h e  set  C 

t o  avoid  a l l o w i n g  a complete  subgraph t h a t  is  a subgraph o f  t h e  complete  

subgraph S. I f  t h e r e  i s  no C which i s  t o t a l l y  con ta ined  i n  S ,  t h e n  i is  
4 

incremented by one and Ci is  set e q u a l  t o  t h e  complete subgraph S. Regard- 

l e s s  of which course  of a c t i o n  h a s  been t aken  i n  t h i s  p r o c e s s i n g  s t e p ,  a l l  

e lements  of M .  have n o t  been p laced  i n t o  t h e  same complete subgraph and c o n t r o l  
J 

must b e  r e t u r n e d  t o  p r o c e s s  M f o r  t h e  n e x t  e n t r y .  
j 

(1)  Only v a l u e s  of Ck ( k  = L + 1, ..., i )  i n t r o d u c e d  d u r i n g  p r o c e s s i n g  of t h e  

p r e s e n t  v a l u e  o f  M .  need b e  s e a r c h e d ,  a s  t h e y  are  t h e  o n l y  e n t r i e s  which 
J 

could p o s s i b l y  c o n s i s t  of s u b s e t s  of t h e  complete  subgraph S .  



3.6.2 An A l t e r n a t i v e  Implementation of B i e r s t o n e ' s  Algorithm t o  
Conserve S t o r a g e  Space 

An a l t e r a t i o n  can b e  made t o  B i e r s t o n e P s  a l g o r i t h m  which can a l l o w  one 

t o  d e a l  w i t h  i n p u t  d a t a  s e t s  q u i t e  l a r g e  i n  s i z e .  I f  t h e  i n p u t  d a t a  is  or-  

ganized such t h a t  t h e  v a l u e s  of M ( j  = 1, ..., n)  e n t e r  t h e  sys tem i n  de- 
j 

scend ing  o r d e r  (M 
n '  Mn-l'  

. . . ,M ) ,  t h e n  on ly  t h e  e lements  of M f o r  t h e  p r e s e n t  
1 

v a l u e  o f  j need b e  i n  t h e  computer a t  any one t i m e .  Th i s  l e a v e s  t h e  set C 

a s  t h e  on ly  d a t a  i t e m  r e q u i r i n g  c o r e  s t o r a g e  space .  I f  each C e n t r y  were k 

r e p r e s e n t e d  i n t e r n a l l y  a s  a b i n a r y  v e c t o r ,  s i z a b l e  i n p u t  s e t s  could b e  

hand led .  For example, t h e  i n p u t  graph r e p r e s e n t e d  by t h e  t h r e s h o l d  m a t r i x  

produced f o r  T = 0 . 3  of o u r  d a t a  s e t ,  inc luded  one connected component of 

1150 nodes.  It would have been i m p o s s i b l e  t o  o p e r a t e  t h e  a l g o r i t h m ,  a s  p re -  

s e n t e d  by B i e r s t o n e ,  on t h i s  se t ,  a s  each of t h e  1150 e n t r i e s  f o r  M .  would 
J 

hzve r e q u i r e d  t h i r t y - t w o  36 b i t  words even t o  b e  r e p r e s e n t e d  a s  a b i n a r y  

v e c t o r .  Th i s  would have exceeded t h e  c o r e  s t o r a g e  s p a c e  of t h e  IBM 7094 

w i t h o u t  hav ing  a l l o c a t e d  any s p a c e  f o r  t h e  b u i l d i n g  up of complete subgraphs  

i n  C. However, i f  o n l y  one e n t r y  of M were needed i n  c o r e  a t  any one t ime ,  

e f f e c t i v e l y  20,000 t o  25,000 s t o r a g e  l o c a t i o n s  (approximately  t h a t  amount 

of c o r e  l e f t  a f t e r  t h e  sys tem and needed programs a r e  loaded)  could  be  al-  

l o c a t e d  t o  e lements  of Ck. This  would a l l o w  f o r  approximately  600 t o  800 

e lements  of C (each b e i n g  a  b i n a r y  v e c t o r  32 words i n  l e n g t h )  t o  b e  used 
k 

t o  c r e a t e  t h e  maximal complete subgraphs.  Th is  would appear  t o  b e  s u f f i c i e n t  

space  t o  h a n d l e  t h e  d a t a  s e t .  

Such an a l t e r a t i o n  t o  t h e  a l g o r i t h m  g r e a t l y  i n c r e a s e s  t h e  s i z e  o f  &he 

d a t a  i n p u t  s e t  which can b e  p rocessed .  Space l i m i t a t i o n  problems would oc- 

c u r  o n l y  when t h e  number of nodes i n  t h e  i n p u t  connected component becomes 



s o  l a r g e  t h a t  t h e  number o f  words r e q u i r e d  t o  r e p r e s e n t  each e n t r y  of  C 
k 

( k  = 1, ..., n)  a s  a  b i n a r y  v e c t o r  becomes s o  l a r g e  t h a t  t h e  maximum :.liowabie 

v a l u e  of n  becomes s m a l l e r  t h a n  t h e  number o f  complete  subgraphs i n  t h e  

sys tem a t  any one t i m e .  It shou ld  b e  n o t e d  t h a t  i n  o u r  p a r t i c u l a r  d a t a  s e t ,  

t h i s  l i m i t a t i o n  p o i n t  approaches  q u i c k l y  once t h e  t h r e s h o l d  used t o  d e f i n e  

t h e  i n p u t  graph d rqps  below T = 0.3.  For T = 0 . 2 ,  t h e  l a r g e s t  connected 

component c o n t a i n s  2,797 nodes;  78 t h i r t y - s i x  b i t  words would be  r e q u i r e d  t o  

r e p r e s e n t  each e n t r y  of C. Th i s  would h a n d l e  approximately  300 complete 

subgraphs  of t h e  graph. S i n c e ,  by app ly ing  a  t h r e s h o l d  v a l u e  of T = 0 .4  t o  

t h e  same d a t a  se t ,  we i n t r o d u c e d  329 a d d i t i o n a l  connected components i n t o  

t h e  graph,  many of which con ta ined  s e v e r a l  maximal complete subgraphs ,  i t  

would b e  r e a l i s t i c  t o  t h i n k  t h a t  t h e  i n p u t  s e t  f o r  T = 0 .2  would c o n t a i n  

more t h a n  t h e  a l l o w a b l e  300 maximal complete subgraphs .  

Regard less  of t h e  f a c t  t h a t  t h e  above a l t e r a t i o n  t o  B i e r s t o n e ' s  a l -  

gor i thm q u i c k l y  approaches  a l i m i t i n g  p o i n t ,  t h e  a l g o r i t h m  does  d e s c r i b e  how 

t o  f i n d  t h e  maximal complete  subgraphs  of l a r g e  d a t a  s e t s .  U n f o r t u n a t e l y ,  

due t o  t h e  s t r u c t u r e  of o u r  i n p u t  d a t a ,  we d i d  n o t  exper iment  w i t h  t h e  

sugges ted  change i n  t h e  a lgor i thm.  

3 . 6 . 3  Exper imentat ion w i t h  Bonner 's  Method f o r  C l u s t e r  P r o d u c t i o n  

Bonner [7]  h a s  r e p o r t e d  on some e x t e n s i v e  r e s e a r c h  i n  term c l u s t e r i n g  

which i n c l u d e d  t h e  i n t r o d u c t i o n  of a  new a l g o r i t h m  f o r  producing t h e  max- 

imal  complete subgraphs  ( r e f e r r e d  t o  a s  ' t i g h t  c l u s t e r s '  by Bonner) of an 

i n p u t  d a t a  set.  The Bonner a l g o r i t h m  as p u b l i s h e d  i n  [ 6 ]  i s  i n c o r r e c t .  

W e  have c o r r e c t e d  t h e  a l g o r i t h m  and programmed i t  i n  FORTRAN I V  and MAP f o r  

the  I B M  7094, and a p p l i e d  i t  t o  our  corpus ,  



I n p u t  t o  Bonner ' s  a l g o r i t h m  i s  i n  t h e  form of a  t h r e s h o l d  m a t r i x  T ,  

We have a p p l i e d  t h e  Bonner a l g o r i t h m  t o  t h e  t h r e s h o l d  m a t r i x  produced by 

app ly ing  a  v a l u e  of T = 0 . 4  t o  t h e  s i m i l a r i t y  m a t r i x  of our  d a t a  b a s e .  

Bonner a s s e r t s  t h a t ,  due t o  s t o r a g e  l i m i t a t i o n s  imposed by t h e  machine 

he used (an  IBM 7090 w i t h  a  memory s i z e  of 32 K words ) ,  t h e  maximum a l -  

lowable  sample s i z e  t h e  a l g o r i t h m  can h a n d l e  is 350 i n p u t  terms.  Bonner 

does n o t  s u b d i v i d e  t h e  i n p u t  t h r e s h o l d  m a t r i x  i n t o  a s e r i e s  of d i s j o i n t  

t h r e s h o l d  m a t r i c e s ,  (Bonner ' s  examples show t h a t  t h e  'elements may b e  d i s -  

j o i n t ) ,  the reby  p e r m i t t i n g  each of t h e  d i s j o i n t  m a t r i c e s  t o  be t r e a t e d  a s  

s e p a r a t e  i n p u t  d a t a  sets. Assuming t h e r e  a r e  d i s j o i n t  s e t s ,  t h i s  could  

e n a b l e  an  a p p r e c i a b l e  i n c r e a s e  i n  t h e  maximum a l l o w a b l e  sample s i z e .  A s  an 

example, f o r  t h e  t h r e s h o l d  v a l u e  T  = 0 . 4  our  d a t a  set which c o n s i s t s  of 

2,084 unique index  t e rms ,  subdivided i n t o  475 d i s j o i n t  t h r e s h o l d  m a t r i c e s  

(each cor responding  t o  a connected component of t h e  r e p r e s e n t a t i v e  g r a p h ) .  

Each of t h e  s e t s  w a s  t h e n  used a s  i n p u t  t o  Bonner 's  a l g o r i t h m  w i t h  no problems 

a r i s i n g  concerning s t o r a g e  space .  

The Bonner a l g o r i t h m  b u i l d s  c l u s t e r s  one a t  a  t ime w h i l e  keeping s e v e r a l  

push-down l i s t s .  Index terms of t h e  document c o l l e c t i o n  a r e  a s s i g n e d  unique 

numbers which a r e  used a s  r e p r e s e n t a t i v e  forms w i t h i n  t h e  l i s t s  f o r  a l l  

o p e r a t i o n s .  The l is ts  developed dur ing  t h e  o p e r a t i o n  of t h e  a l g o r i t h m  a r e  

a s  f o l l o w s :  

L The l i s t  Ai - c o n t a i n s  i t ems  t h a t  a r e  i n  a  c l u s t e r  a t  
s t e p  i. 

2 .  The l i s t  Ci - c o n t a i n s  e lements  which could  be  added t o  
c l u s t e r  A .  a t  s t e p  i. 

1 

3 .  The l ist  Li - c o n t a i n s  t h e  number of t h e  l a s t  i t em of Ci 
t o  b e  cons idered  f o r  a d d i t i o n  t o  t h e  c l u s t e r  A . 

i 



O r i g i n a l l y ,  t h e  c a n d i d a t e  l i s t  C1 c o n t a i n s  a l l  i t e m s  of t h e  i n p u t  d a t a  s e t ,  

A is  empty, and t h e  i t e m  L1 t o  b e  c o n s i d e r e d  f o r  a d d i t i o n  t o  c l u s t e r  
1 A1 

is  set t o  1. 

The a l g o r i t h m  o p e r a t e s  as fo l lows .  C ,  i s  sea rched  t o  see i f  i t  c o n t a i n s  
1 

t h e  element r e p r e s e n t e d  by L I f  t h e  e lement  is  p r e s e n t ,  L .  is l o g i c a j . l y  
i' 1 

' o r t - e d  w i t h  t h e  e lements  of A .  and p l a c e d  i n  A 
i+l * 

C .  i s  then  l o g i c a l l y  
1 1 

'and1-ed w i t h  t h e  row of t h e  t h r e s h o l d  m a t r i x  corresponding t o  t h e  v a l u e  of 

L.  and t h e  r e s u l t  is p l a c e d  i n  C L.  i s  d e l e t e d  from C and t h e n  in- 
1 i+la 1 i+l 

cremented by 1 and p l a c e d  i n  L i+l ' 
Now, i is incremerlted by 1, and t h e  

p r o c e s s  is  r e p e a t e d  f o r  t h e  new v a l u e  o f  i. What, i n  e f f e c t ,  h a s  happened, 

i s  t h a t  t h e  term r e p r e s e n t e d  by L h a s  been added t o  t h e  c l u s t e r  A and t h e  
i i 

elements  o f  C .  have been changed t o  r e f l e c t  a l l  t h o s e  e lements  i n  t h e  d a t a  
1 

s e t  t h a t  a r e  connected t o ,  b u t  n o t  con ta ined  w i t h i n ,  t h e  c l u s t e r  A Th is  
i ' 

p r o c e s s  c o n t i n u e s  u n t i l  t h e r e  a r e  no e lements  l e f t  i n  C f o r  c o n s i d e r a t i o n  
i 

f o r  a d d i t i o n  t o  t h e  c l u s t e r  A .  which have a numer ica l  v a l u e  l a r g e r  t h a n  t h e  
1 

l a s t  element added t o  t h e  c l u s t e r .  I f  a t  any p o i n t  i n  t h e  above i t e r a t i - o n ,  

C .  i s  found n o t  t o  c o n t a i n  t h e  e lement  cor responding  t o  t h e  v a l u e  of Li, Li 
1 

i s  incremented by 1 and t h e  p r o c e s s  i s  r e p e a t e d  f o r  t h e  new v a l u e  of L i" 

When no e lement  of Ci i s  l a r g e r  than  L a c l u s t e r  h a s  been found. Due t o  i ' 
t h e  i t e r a t i v e  n a t u r e  of t h e  a l g o r i t h m ,  i f  t h e  c a n d i d a t e  l ist  C.  h a s  n o t  been 

1 

exhaus ted ,  t h e  c l u s t e r  found h a s  e i t h e r  been found b e f o r e  o r  i t  i s  a s u b s e t  

of a c l u s t e r  found before,and i t  is ignored .  I f  Ci i s  empty, t h e  c l u s t e r  

(maximal complete  subgraph) i s  unique,and i t  is  saved.  Regard less  of t h e  

c o n t e n t s  of C A .  i s  saved i n  a temporary l o c a t i o n  T.  A backwards s e a r c h  
i' 1 

of t h e  p r e v i o u s l y  s t o r e d  e lements  ( A  Ci, L . )  i s  i n i t i a t e d  by decrement ing 
i ' 1 

i u n t i l  a C i s  found which h a s  e lements  g r e a t e r  than  t h e  v a l u e  o f  t h e  cor -  
i 



responding L which do no t  form a subse t  of T.  By making t h i s  check a t  
i 

t h i s  p o i n t ,  some processing time is saved a s  some complete subgraphs o f  t h r  - 
maximal complete subgraph j u s t  found a r e  r e j e c t e d  without  having t o  regen- 

e r a t e  t h e  e n t i r e  c l u s t e r  and then r e j e c t  i t  because C is not  n u l l .  \ h e n  
i 

a C meeting the  above c r i t e r i a  is found, t h e  forward processing of the  da t a  

s e t  begins aga in  us ing  t h e  previously s t o r e d  va lues  of A ,  C ,  and L f o r  t he  

p re sen t  va lue  of i. Or ig ina l ly ,  i is s e t  t o  1 and the  algori thm w i l l  

t e rmina te  when i becomes 0. 

I f ,  a f t e r  f i nd ing  a  po in t  t o  begin forward processing fol lowing the  

product ion of a  c l u s t e r ,  t he  va lue  of L .  i s  n o t  incremented be fo re  proces- 
1 

s i n g  is  r e i n i t i a t e d ,  t h e  Bonner a lgor i thm w i l l  i n f i n i t e l y  loop producing 

over and over t he  same c l u s t e r .  Incrementing L c o r r e c t s  t h e  algori thm. The 
i 

correc ted  vers ion  of Bonner's a lgori thm appears i n  Appendix 2 .  

4 .  Analysis  and Comparison of B ie r s tone ' s  and Bonner's Algorithms 

Bonner claims t h a t  h i s  a lgor i thm o f f e r s  an improvement over previous 

methods [22,27] s i n c e  he does no t  ou tput  t he  same c l u s t e r  repea ted ly  or  

con t inua l ly  p r i n t  o u t  subse t s  of c l u s t e r s  a l ready  found. Indeed, t h i s  o f f e r s  

an improvement i n  t h e  type of ou tput  produced, b u t  i t s  saving i n  processing 

time does no t  appear t o  be t h a t  g r e a t .  I n  t h i s  s tudy ,  t he  l a r g e r  c l u s t e r s  

of t h e  d a t a  s e t s  were produced by B ie r s tone ' s  a lgori thm i n  s i g n i f i c a n t l y  

l e s s  time than i t  took f o r  Bonner's a lgori thm. An a n a l y s i s  of Bonner's a l -  

gorithm shows t h a t ,  although each c l u s t e r  is output  only once wi th  none of 

i t s  subse t s  ou tput ,  many such subse t s  and d u p l i c a t e  c l u s t e r s  a r e  found by 

the  a lgor i thm and r e j e c t e d  only when Ciwas found t o  be  no t  empty a f t e r  com- 

p l e t e  production of t h e  c l u s t e r  (Step 6 of t h e  a lgor i thm) .  



S i n c e  c l u s t e r s  a r e  b u i l t  up one i t e m  a t  a  t ime ,  beg inn ing  w i t h  t h e  

f i r s t  i n d e x  term,  t h e  p roduc t ion  of c l u s t e r s  i s  dependent upon t h e  n u m e r i c a l  

v a l u e s  o r i g i n a l l y  a s s i g n e d  t o  t h e  i n p u t  terms. The t ime invo lved  i n  r ' i ~ l t l i ~ ~ y  

a l l  c l u s t e r s  v a r i e s  accord ing  t o  t h e  l o c a t i o n  of t h e  c l u s t e r s  w i t h  r e s p e c t  

t o  t h e  numbering scheme. Th is  f a c t  was most e v i d e n t  i n  t h e  r e s u l t s  produced 

by t h i s  a l g o r i t h m  f o r  our  d a t a  b a s e .  A t iming  a l g o r i t h m  was u t i l i z e d  t o  de- 

t e rmine  how l o n g  i t  took Bonner 's  a l g o r i t h m  t o  produce t h e  r e s u l t a n t  s e t  of 

c l u s t e r s  from each i n p u t  s e t .  These r e s u l t s  were compared w i t h  t h e  t i m -  

needed by B i e r s t o n e ' s  a l g o r i t h m  t o  produce t h e  e x a c t  same c l u s t e r s .  F i g u r e  

2 shows t h e  comparat ive  r e s u l t s .  

I n  s e v e r a l  i n s t a n c e s ,  ~ o n n e r ' s  a l g o r i t h m  worked a s  f a s t  o r  f a s t e r  than 

B i e r s t o n e ' s .  However, such f i g u r e s  a r e  m i s l e a d i n g  a s  most a l l  of t h e s e  in -  

p u t  s e t s  con ta ined  o n l y  from one t o  t h r e e  small c l u s t e r s .  The most i n d l c a t i v e  

comparat ive  r e s u l t s  a r e  r e f l e c t e d  by t h o s e  i n p u t  s e t s  which con ta ined  s e v e r a l  

c l u s t e r s  o f  v a r y i ~ g  s i z e .  I n  a l l  b u t  one c a s e ,  B i e r s t o n e ' s  a l g o r i t h m  was 

a t  least t w i c e  a s  f a s t  a s  ~ o n n e r s  ' . 
I n  t h e  two l a r g e s t  i n p u t  s e t s ,  B i e r s t o n e ' s  a l g o r i t h m  proved t o  b e  much 

f a s t e r ,  One l a r g e  and h i g h l y  connected i n p u t  set  c o n s i s t i n g  o f  7 2  terms 

was found t o  have t h r e e  maximal complete subgraphs o f  64 terms each and 

f i v e  s m a l l e r  maximal complete subgraphs  of s i x  terms each.  B i e r s t o n e ' s  a l -  

gor i thm took 0.133 seconds  t o  develop t h e  c l u s t e r s .  Bonnerss  a l g o r i t h m  

needed 2.183 seconds  t o  produce t h e  same r e s u l t s .  A somewhat s m a l l e r  i n p u t  

s e t  (67 terms)  w a s  found t o  have f i v e  maximal complete subgraphs  of 47 terms 

each and s i x  a d d i t i o n a l  maximal complete subgraphs  of 3  o r  4  terms each i n  

0 ,733 seconds  by B i e r s t o n e ' s  a l g o r i t h m  ( t h i s  was t h e  most p r o c e s s i n g  t ime  

r e q u i r e d  of a l l  t h e  i n p u t  s e t s ) .  ~ o n n e r "  a l g o r i t h m ,  i n  p r o c e s s i n g  t h e  same 



Legend : 

A = Time r equ i r ed  f o r  Biersone 's  a lgor i thm t o  f i n d  t h e  maximal 
complete subgraph c l u s t e r s  i n  a n  inpu t  set. 

B = Time r equ i r ed  f o r  Bonner's a lgor i thm t o  f i n d  t h e  same maximal 
complete subgraph c l u s t e r s  i n  t h e  same d a t a  s e t .  

(1) Of these :  (2) Of  t he se :  

8 contained one c l u s t e r  
1 contained two c l u s t e r s  
2 contained t h r e e  c l u s t e r s  

15 contained one c l u s t e r  
14 contained two c l u s t e r s  

5 contained t h r e e  c l u s t e r s  

F igure  2. COMPARATIVE RESULTS OF TIME REQUIREMENTS FOR THE 

BONNER AND BIERSTONE ALGORITElMS 



d a t a  s e t ,  worked f o r  n e a r l y  two minu tes  w i t h o u t  producing f i n a l  result,, 

The a c t i v i t i e s  of Ronner ' s  a l g o r i t h m  were  c a r e f u l l y  ana lyzed  by r i c  vT, ( I 

d e t a i l e d  debug p r i n t o u t s  which r e l a t e d  t h e  c o n t e n t s  of t h e  l i s t s  A ,  r ,  I , ,  

and T a t  v a r i o u s  s t a g e s  w i t h i n  t h e  a l g o r i t h m .  It was l iscovereci  th i i i  1h1 

f i v e  l a r g e  c l u s t e r s  were found q u i c k l y  and t h e n  t h e  a l g o r i t h m  proeeecnc! L O  

spend t h e  rest of  i ts  t i m e  r e j e c t i n g  s u b s e t s  of t h e s e  c l u s t e r s  i n  an a t t e m p t  

t o  work i t s e l f  back through t h e  d a t a  set  t o  f i n d  t h e  o t h e r  c l u s t e r s .  

The f a i l u r e  o f  t h e  Bonner a l g o r i t h m  t o  produce r e s u l t s  f o r  the a b o v ~  

d a t a  s e t ,  w h i l e  h a ~ i n g  r e l a t i v e l y  l i t t l e  t r o u b l e  i n  f i n d i n g  t h e  maximal :om- 

p l e t e  subgraphs  of a  l a r g e r  and more complex i n p u t  s e t ,  demons t ra tes  t h e  

f a c t  t h a t  p r o c e s s i n g  t i m e  f o r  t h e  a l g o r i t h m  i s  h i g h l y  dependent upon t h e  

o r i g i n a l  numer ica l  v a l u e s  a s s i g n e d  t o  t h e  d a t a  terms.  I n  t h e  f i r s t  of  t ' l e  

two examples above,  t h e  o r i g i n a l  numbering scheme was such t h a t  t h e  v a s t  

m a j o r i t y  of t h e  c o ~ p l e t e  subgraphs  of t h e  l a r g e  c l u s t e r s  a l r e a d y  found were  

r e j e c t e d  w i t h o u t  having t o  complete ly  reproduce  t h e  new c l u s t e r  ( s t e p  8 of 

t h e  a l g o r i t h m ) .  However, i n  t h e  second example, due t o  t h e  l o c a t i o n  of t h e  

nodes which caused t h e  d i s t i n c t i o n  between t h e  f i v e  l a r g e  c l u s t e r s ,  a  l a r g e r  

p e r c e n t a g e  of t h e  complete subgraphs  o f  t h e  l a r g e r  maximal complete subgraphs  

had t o  b e  complete ly  produced by t h e  a l g o r i t h m  and f i n a l l y  r e j e c t e d  on ly  when 

i t  was d i s c o v e r e d  t h a t ,  upon producing t h e  c l u s t e r ,  t h e  c a n d i d a t e  l i s t  C .  was 
1 

n o t  empty ( S t e p  6 of t h e  a l g o r i t h m ) .  

For a maximal complete subgraph c o n t a i n i n g  n  nodes ,  t h e  number of com- 

p l e t e  subgraphs  con ta ined  w i t h i n  i t  becomes e x c e s s i v e  when n  i s  l a r g e .  For 

i n  ' 
any maximal complete  subgraph c o n t a i n i n g  n  nodes ,  we can producei bomplete  

1 n - l  1 

subgraphs  c o n t a i n i n g  n-1 nodes;  we a l s o  can f i n d  c2 jcomplete  subtgraphs w i t h  

n-2 nodes.  By c o n t i n u i n g  t h i s  p rocedure ,  one can s e e  t h a t  t h e  t o t a l  number 



of complete subgraphs  con ta ined  i n  any maximal complete subgraph of n t ~ : ~ , ~ - ,  

n n n 
From t h e  b inomia l  theorem, we know t h a t  2 = , 

.i=O j 
t h e  t o t a l  number of complete subgraphs  o f  a maximal complete  subgraph x r  

n n (n-1) 
g r e e  n i s  e q u a l  t o  2 - 2 - n - 7 . I n  t h e  c a s e  where n = 3 7 ,  as .~~~;ls  

11 found i n  t h e  above d a t a  s e t ,  we t h e r e f o r e  have 1 .37  x 1.0 complete subg i -n~ i , . - ,  

t h a t  may b e  t e s t e d  by Bonner 's  a l g o r i t h m .  There fore ,  any s i g n i f i c a n t  de- 

c r e a s e  i n  t h e  number of subgraphs  e l i m i n a t e d  a t  S t e p  8 of t h e  a l g o r i t h m  

could cause  t h e  p r o c e s s i n g  t i m e  of an  invo lved  i n p u t  set t o  g e t  o u t  of hand.  

This  cannot  happen w i t h  t h e  B i e r s t o n e  a lgor i thm.  

5. Refinement o f  C l u s t e r s  v i a  G o t l i e b  and Kumar Algorithm 

C l u s t e r s  formed by maximal complete  subgraphs  may o v e r l a p  f o r  h i g h l y  

connected i n p u t  s e t s .  For example, one o f  t h e  l a r g e r  d a t a  sets processed  

by B i e r s t o n e ' s  a l g o r i t h m  was found t o  have t h r e e  maximal complete subgraphs  

of 64  t e rms ,  each o f  which had 6 3  terms i n  common w i t h  t h e  o t h e r  two maximal 

complete subgraphs .  An a d d i t i o n a l  f i v e  s m a l l e r  maximal complete  subgraphs  

of t h e  same i n p u t  set  were found t o  c o n t a i n  6 terms each ,  5 o f  which were  

common t o  a l l  f i v e  maximal complete subgraphs .  A s  was p r e v i o u s l y  d i s c u s s e d ,  

t h e  maximal complete  subgraphs  form our  s t r i c t e s t  d e f i n i t i o n  of a c l u s t e r .  

It i s  e v i d e n t  from t h e  above example t h a t  such a d e f i n i t i o n  may n o t  be  de- 

s i r a b l e  i n  a sys tem whose aim i s  t o  produce a c o n c i s e  s e t  of c l u s t e r s  of 

h i g h l y  r e l a t e d  terms.  I n  t h e  above example, t h r e e  d i s t i n c t  c l u s t e r s  of 64  

terms a r e  formed due t o  t h e  f a c t  t h a t  t h r e e  nodes ,  a l l  of which a r e  connected 

t o  63 common nodes ,  have no i n t e r c o n n e c t i o n s .  I t  would seem t h a t  t h e  number 

of common connec t ions  t h e s e  nodes p o s s e s s  shou ld  o v e r r i d e  t h e  f a c t  t h a t  t he  

nodes a r e  n o t  d i r e c t l y  r e l a t e d .  



G o t l i e b  and Kumar [16] ,  have developed a  procedure  f o r  combining s u c h  

c l u s t e r s  i n t o  d i f f u s e  c l a s s e s  af  index  terms.  They for~t i  a c l u s t e r  - c l u s r c r  

s i m i l a r i t y  m a t r i x  D w i t h  e n t r i e s  d  d e f i n e d  a s  
i j 

where 1 Ci nCj 1 is  e q u a l  t o  t h e  number o f  terms t h e  two maximal complete 

s e t s  have i n  common, and I Ci i / C j  1 i s  e q u a l  t o  t h e  t o t a l  number of un ique  

terms con ta ined  i n  c l u s t e r  C and i n  c l u s t e r  C . The v a l u e s  d  r e p r e s e n t  
i j i j 

t h e  p r o p o r t i o n  of terms con ta ined  j o i n t l y  i n  t h e  two c l u s t e r s .  A s  w i t h  t h e  

tern- term s i m i l a r i t y ,  we set a  t h r e s h o l d  l e v e l  6 f o r  t h e  c l u s t e r - c l u s t e r  

s i m i l a r i t y  m a t r i x ,  t h e  r e s u l t i n g  b i n a r y  m a t r i x  a g a i n  r e p r e s e n t s  a  g raph .  

The e n t r i e s  d  a r e  e s s e n t i a l l y  t h e  s e t  t h e o r e t i c  r e p r e s e n t a t i o n  of 
i j  

t h e  Tanimoto measure. ( I t  i s  a c t u a l l y  one minus t h e  Tanimoto measure.  The 

e n t r f e s  a r e  used t o  b e  c o n s i s t e n t  w i t h  G o t l i e b  and Mumar" p a p e r , )  C l u s t e r s  

of t h e  c l u s t e r s  may now b e  found by c o n s i d e r i n g  t h e  m a t r i x  B as our  i n p u t  

g raph ,  Any of  t h e  c r i t e r i a  f o r  de te rmin ing  c l u s t e r s  o f  an i n p u t  graph can 

be  s e l e c t e d  f o r  producing c l u s t e r s  o f  t h e  i n p u t  m a i m a l  complete subgraphs .  

G o t l i e b  and Kumar s t a t e  t h a t  c l u s t e r s  shou ld  be t h e  maximal complete s e t s ,  

(1)  t h a t  is ,  t h e  same d e f i n i t i o n  as h e  u s e s  t o  form t h e  c l u s t e r s  between terms 

For o u r  a p p l i c a t i o n ,  we r e q u i r e  t h a t  t h e  e lements  o f  t h e  second g e n e r a t i o n  

c l u s t e r s  form a connected component. The c l u s t e r i n g  of c l u s t e r s  i s  r e p e a t e d ,  

w i t h  t h e  v a l u e s  of d  computed from t h e  r e s u l t a n t  c l u s t e r s  o f  t h e  p r e v i o u s  
i j 

i t e r a t i o n ,  u n t i l  a p o i n t  is  reached where no combinations of t h e  e lements  

can b e  made. 

R e s u l t s  were ob ta ined  for  t h e  t h r e s h o l d  l e v e l s  S = 0.5 and 6 = 0 . 7 .  

( I )  Although GotLieb and Kumar s t a t e  t h a t  they u s e  t h e  maximal complete  
subgraphs  o f  t h e  newly formed graph t o  develop d i f f u s e  c o n c e p t s ,  t h e  
e x p e r i m e n t a l  r e s u l t s  provided i n  t h e i r  paper  sugges t  t h a t  t h e  con- 
n e c t e d  components were used t o  f i n d  t h e  d i f f u s e  concep t s ,  



Rather than f i n d  t h e  d i f f u s e  concepts by means of a  s epa ra t e  pass on t h e  

r e s u l t a n t  maximal complete subgraphs output  by B ie r s tone ' s  a lgor i thm,  

G o t l i e b t s  combining scheme was incorporated a s  p a r t  of Biers tone ' s  a lgo-  

r i thm. This a d d i t i o n a l  processing roughly doubled the  requi red  execut ion 

time f o r  producing c l u s t e r s .  The d i f f u s e  concepts produced from the  known 

maximal complete subgraphs appear ,  on a  s u b j e c t i v e  b a s i s ,  t o  be q u i t e  good. 

For example, both of t h e  6 values  combined t h e  above sample d a t a  s e t  i n t o  

two d i f f u s e  concepts ,  one c o n s i s t i n g  of 66 nodes (conta in ing  t h e  63 common 

nodes p lus  t he  t h r e e  nodes which were not  inter-connected) and t h e  o t h e r  

c o n s i s t i n g  of s i x  nodes (conta in ing  the  f i v e  common nodes p lus  t he  f i v e  nodes 

which were connected t o  t hese  nodes i n  t h e  o r i g i n a l  maximal complete sub- 

graphs) . 

6. Experimental Resul t s  

The c l u s t e r i n g  procedure using the  Biers tone  algori thm was appl ied  t o  

s e v e r a l  d i f f e r e n t  th reshold  mat r ices  of t h e  o r i g i n a l  term-term mat r ix .  Thres- 

hold mat r ices  f o r  va lues  of T = 0.4 ,  T = 0.5 ,  T = 0.6 and T = 0.7 were 

generated.  Each of these  threshold  mat r ices  was then divided i n t o  a  s e t  of 

d i s j o i n t  th reshold  mat r ices  ( r ep re sen t ing  t h e  connected components of t he  

corresponding graph) and used a s  input  t o  the  Biers tone  algori thm. Thres- 

hold mat r ices  were cons t ruc ted  f o r  values of T = 0.1,  T = 0.2 ,  and T = 0.3  

b u t ,  s i n c e  each ma t r ix  contained one connected component of a t  l e a s t  1150 

terms, t h e  Biers tone  algori thm was n o t  appl ied .  It was found t h a t  t h e  number 

of nodes contained i n  t h e  l a r g e s t  connected component of the  graph descr ibed  

by t h e  threshold  ma t r ix  v a r i e s  t h e  g r e a t e s t  between t h e  threshold  mat r ices  

of T = 0.3  (1150 nodes) and T = 0.4 (72  nodes).  The f a c t  t h a t  t he  s i z e  of 



t h e  l a r g e s t  connected component i n  t h e  threshold  mat r ices  f o r  T = 0 . 4 ,  

T = 0 . 5  (69 nodes) ,  T = 0.6  (67 nodes) , and T = 0.7 (66 nodes) remains 

f a i r l y  cons tan t ,  whi le  t h e  same va lues  f o r  T = 0 . 1  (3,783 nodes) ,  T = 0 . 2  

(2,797 nodes) ,  and T = 0.3 v a r i e s  s o  g r e a t l y ,  tends to  i n d i c a t e  t h a t  sonic 

s t a b l i z a t i s n  of t h e  threshold  ma t r ix  occurs  around a threshold  va lue  of 

T = 0 . 4 .  

For T = 0 . 4 ,  two a d d i t i o n a l  c l u s t e r i n g  procedures were app l i ed .  IF 

these  two cases ,  maximal complete subgraphs of a connected component were 

combined v i a  t h e  c l u s t e r i n g  technique descr ibed  by Gotl ieb and Kumar. These 

grouped maximal complete subgraphs were considered a s  t he  r e s u l t a n t  c l u s t e r s .  

Threshold va lues  of 6 = 0.5  and 6 = 0.7 were used. 

6 . 1  S t r u c t u r a l  Composition of C lus t e r s  

For va lues  of T = 0.4 and T = 0 . 5 ,  t h e  average s i z e  of t h e  c l u s t e r s  de- 

f i ned  by t h e  connected components was 6.5 terms. C lus t e r s  def ined by the  

maximal complete subgraphs of t h e  connected components had an average of 

5 . 1  terms per  c l u s t e r s .  However, t h e  maximal complete subgraphs of the con- 

nected components introduced approximately 60% more c l u s t e r s .  This was t o  

be expected a s  many of t h e  connected components contained s e v e r a l  maximal 

complete subgraphs cons i s t i ng  of some of t h e  terms of t h e  connected component. 

For values of T = 0 .6  and T = 0 . 7 ,  very l i t t l e  change i n  t he  average 

s i z e  of c l u s t e r s  was de t ec t ed  between c l u s t e r s  def ined by connected cornpo- 

nents  and c l u s t e r s  def ined by maximal complete subgraphs of connected com- 

ponents.  The t o t a l  number of c l u s t e r s  def ined by maximal complete subgraphs 

was one l e s s  than those defined by connected components f o r  both T = 0.6 

and T = 0 . 7 .  The reason f o r  each of t he  preceding r e s u l t s  can b e  determined 



by c o n s i d e r i n g  t h e  composi t ion of t h e  two t h r e s h o l d  m a t r i c e s  f o r  t h e s e  va lue s  

of T. I n  each c a s e ,  a n  ex t remely  h i g h  percen tage  o f  t h e  connected compo- 

n e n t s  were a l s o  maximal complete  subgraphs  (97.3% f o r  T = 0 . 6  and 99.2% f o r  

T = 0 . 7 ) ,  and t h e  g r e a t e r  m a j o r i t y  o f  t h e  terms o f  t h e  i n p u t  d a t a  set were 

con ta ined  i n  t h o s e  maximal complete subgraphs  (91.6% f o r  T = 0.6 and 93.3% 

f o r  T = 0 . 7 ) .  Thus, v e r y  few a d d i t i o n a l  c l u s t e r s  were  produced by s e a r c h i n g  

f o r  maximal complete subgraphs  i n  t h e  s m a l l  number of connected components 

which were  n o t  themselves  maximal complete subgraphs .  Those found had very  

l i t t l e  e f f e c t  on t h e  a v e r a g e  s i z e  c l u s t e r  produced. The t o t a l  number of 

c l u s t e r s  was reduced because  fewer c l u s t e r s  were added by t h e  d i s c o v e r y  o f  

connected components which con ta ined  maximal complete subgraphs  than were  

d e l e t e d  by t h e  p r e s e n c e  o f  connected components which con ta ined  no maximal 

complete subgraphs .  

As was t o  b e  expec ted ,  when t h e  G o t l i e b  and Kumar a l g o r i t h m  was used 

t o  combine maximal complete  subgraphs  found i n  t h e  t h r e s h o l d  m a t r i x  f o r  T = 

0 . 4 ,  t h e  t o t a l  number o f  r e s u l t a n t  c l u s t e r s  was reduced. However, i n t e r e s t -  

i n g l y  enough, t h e  average  s i z e  o f  t h e  c l u s t e r s  produced decreased  on ly  

s l i g h t l y .  Th i s  a p p a r e n t l y  was due t o  t h e  f a c t  t h a t  a good number of maximal 

complete  subgraphs  of two e lements ,  p r e v i o u s l y  n o t  cons idered  as c l u s t e r s ,  

combined t o  form c l u s t e r s  o f  t h r e e  and f o n r  terms. This  same reason  cou ld  

be  g i v e n  t o  e x p l a i n  why t h e  number o f  c l u s t e r s  produced f o r  6 = 0.7 was 4% 

g r e a t e r  t h a n  t h e  number produced f o r  6 = 0.5 .  Concep tua l ly ,  i t  would s e e m  

t h a t  c l u s t e r s  produced f o r  a l a r g e r  6 v a l u e ,  which induces  more combining of 

c l u s t e r s ,  would produce fewer and l a r g e r  c l u s t e r s .  The c l u s t e r s  produced 

f o r  6 = 0.7  were s l i g h t l y  l a r g e r  on t h e  average  t h a n  t h o s e  produced f o r  6 

= 0.5 .  



One f u r t h e r  p o i n t  of i n t e r e s t  is t h a t  t h e  average  s i z e  o f  t h e  c l u s t e r s  

d e f i n e d  by maximal complete subgraphs  was approximately  c o n s t a n t  f o r  a l l  

v a l u e s  of T. (See F i g s .  3 & 4) A t  t h e  same t ime,  t h e  number of c l u s t e r s  

produced f o r  t h e  lower v a l u e s  of T was s i g n i f i c a n t l y  g r e a t e r  than  t h e  number 

produced f o r  t h e  l a r g e r  v a l u e s  o f  T, For example, f o r  T = 0 - 4 ,  402 c l u s t e r s  

were  found, n e a r l y  t h r e e  t i m e s  t h e  1 4 8  found f o r  T = 0.7, Apparen t ly ,  t h e  

t h r e s h o l d  v a l u e  a p p l i e d  does  n o t  a f f e c t  t h e  average  s i z e  o f  t h e  c l u s t e r s  

produced, b u t  more d i r e c t l y  a f f e c t s  t h e  number of c l u s t e r s  produced. Admi - 

t e d l y ,  a l l  t h e  c l u s t e r s  produced were  r e s u l t s  of t h e  same d a t a  b a s e ,  b u t  i t  

seems t h a t  t h i s  i s  a f a i r  conc lus ion  t o  make from t h e  work conducted i n  t h i s  

s t u d y .  It would l,e of i n t e r e s t  t o  app ly  t h e  t echn iques  of t h i s  s t u d y  t o  

o t h e r  d a t a  s e t s  t o  dewerrnine i f  s i m i l a r  r e s u l t s  would be  o b t a i n e d .  

The fo l lowing  l i s t  s u m a r i z e s  t h e  major conc lus ions  of t h e  s t u d y ,  

2 ,  The B i e r s t o n e  a l g o r i t h m ,  which develops  maximal complete  s u b g r l p h s  

f o r  an  i n p u t  g raph ,  appears  to b e  t h e  most e f f i c i e n t  one p r e s e n t l y  a v a i l -  

a b l e .  It  avo ids  t h e  problems of r e p e a t e d l y  o u t p u t t i n g  t h e  same maximal 

complete subgraph and o f  o u t p u t t i n g  complete subgraphs which a r e  n o t  

maximal. A t  &he same t ime,  i t  o p e r a t e s  s i g n i f i c a n t l y  f a s t e r  than  r e c e n t  

a l g o r i t h m s  proposed by Bonner [S] and Sparck-Jones [ 3 9 ] .  

2, Threshold  m a t r i c e s  produced f o r  v a l u e s  o f  T 2 0 - 6  y i e l d  b a s i c a l l y  

t h e  same c l u s t e r s  r e g a r d l e s s  o f  which of t h e  t h r e e  c l u s t e r  d e f i n i t i o n s  i s  

used.  Th is  is  s u b s % a n k i a t e d  by t h e  d a t a  i n  Appendix 3 which shows t h e  Large 

p e r c e n t a g e  o f  connected components which a r e  a l s o  maximal complete sub- 

graphs  f o r  Large values o f  T,  This o b s e r v a t i o n ,  i f  found t o  b e  valid f o r  



o t h e r  d a t a  b a s e s ,  could  s a v e  c o n s i d e r a b l e  computer t ime by p e r m i t t i n g  t h e  

u s e  o f  on ly  t h e  a l g o r i t h m  t o  f i n d  t h e  connected components of t h e  g raph .  

3. The a v e r a g e  s i z e  o f  t h e  c l u s t e r s  d e f i n e d  by t h e  maximal complete  

subgraphs  does n o t  appear  t o  b e  dependent  upon t h e  t h r e s h o l d  v a l u e  a p p l i e d .  

However, t h e  t o t a l  number of c l u s t e r s  produced i n c r e a s e s  s i g n i f i c a n t l y  as 

t h e  t h r e s h o l d  v a l u e  d e c r e a s e s .  

4 .  C l u s t e r s  d e f i n e d  by connected components of t h e  t h r e s h o l d  m a t r i x  

f o r  s m a l l  v a l u e s  o f  T I 0.5 may be  l a r g e  i n  s i z e  and c o n t a i n  h i g h l y  r e l a t e d  

subgraphs  which have l i t t l e ,  i f  any,  i n t e r r e l a t e d n e s s .  Such subgraphs  may 

become p a r t  o f  t h e  same connected component c l u s t e r  through t h e  e x i s t e n c e  

of g e n e r a l  terms which a r e  s t r o n g l y  r e l a t e d  t o  t h e  c o n t e n t  terms of s e v e r a l  

u n r e l a t e d  s u b s e t s  of t h e  connected component. 

5. C l u s t e r s  d e f i n e d  by maximal complete subgraphs of t h e  connected 

components of t h e  t h r e s h o l d  m a t r i x  f o r  v a l u e s  of T 5 0 .5 ,  t end  t o  s u b d i v i d e  

t h e  connected component i n t o  h i g h l y  r e l a t e d  and o v e r l a p p i n g  c l u s t e r s .  Such 

over lapp ing  c l u s t e r s  w i l l  g e n e r a l l y  r e f l e c t  s p e c i f i c  a s p e c t s  of t h e  same 

g e n e r a l  a r e a  of i n t e r e s t .  

6. C l u s t e r s  d e f i n e d  by grouped maximal complete  subgraphs t end  t o  com- 

b i n e  h i g h l y  o v e r l a p p i n g  c l u s t e r s  i n t o  one g e n e r a l  c l u s t e r  . Such c l u s t e r s  

u s u a l l y  are composed of t h e  e lements  con ta ined  i n  t h e  union of t h e  over lap-  

p ing  c l u s t e r s  . 
7. C l u s t e r s  produced from t h e  t h r e s h o l d  m a t r i c e s  f o r  v a l u e s  o f  T > 0 , 6  

t end  t o  d i v i d e  t h e  terms i n t o  sets of  d i s j o i n t  c l u s t e r s  which a r e  s m a l l  i n  

s i z e  and g e n e r a l  i n  n a t u r e .  For  o v e r l a p p i n g  maximal complete subgraphs  

found f o r  lower v a l u e s  of T,  t h e  r e p r e s e n t a t i v e  c l u s t e r s  f o r  h i g h e r  v a l u e s  

of T w i l l  g e n e r a l l y  correspond t o  t h e  i n t e r s e c t i o n  of t h e  elements con ta ined  

i n  t h e  o v e r l a p p i n g  maximal complete subgraphs  . 



It i s  impor tan t  t o  n o t e  t h a t  t h e  conc lus ions  and e v a l u a t i o n s  p r e s e n t e d  

i n  t h i s  paper  a r e  based on t h r e e  d i f f e r e n t  c l u s t e r  d e f i n i t i o n s  produced f r o ~ n  

f o u r  d i f f e r e n t  t h r e s h o l d  m a t r i c e s  on one d a t a  b a s e .  The e v a l u a t i o n  of a 

c l u s t e r  and t h e  d e t e r m i n a t i o n  o f  i t s  r e l e v a n c e  t o  t h e  d a t a  s e t  can be a  

f u n c t i o n  of what c l u s t e r s  a r e  c o n s i d e r e d ,  I t  i s  c l e a r  from t h i s  s t u d y  t h a t  

no s i n g l e  t h r e s h o l d  v a l u e  o r  c l u s t e r  d e f i n i t i o n  can b e  guaran teed  t o  p r o -  

duce worthwhi le  c l u s t e r s  r e g a r d l e s s  of t h e  i n p u t  d a t a  s e t .  Ra ther ,  s e v e r a l  

d i f f e r e n t  t h r e s h o l d  v a l u e s  and c l u s t e r  d e f i n i t i o n s  shou ld  b e  t e s t e d  t o  d t  

t e rmine  which produces t h e  b e s t  r e s u l t s  f o r  t h e  p a r t i c u l a r  d a t a  se t .  The 

u s e r  can g a i n  g r e a t e r  i n s i g h t  i n t o  t h e  s t r u c t u r e  of t h e  d a t a  b a s e  by viewing 

such a l t e r n a t i v e  c l u s t e r s .  The d e c i s i o n  of what pa ramete rs  t o  u s e  i n  de- 

f i n i n g  c l u s t e r s  of a  d a t a  set  shou ld  b e  dependent upon how the  c l u s t e r i ~ g  

p r o c e s s  i s  t o  be  implemented and,  i n  l i g h t  of t h i s ,  what t y p e  c l u s t e r s  w i l l  

p rov ide  t h e  most meaningful  r e s u l t s .  Th i s  w i l l  b e  e x p l o r e d  i n  a companion 

paper ,  
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APPENDIX 1 

BIERSTONE'S ALGORITHM FOR FINDING MAXIPlAE COMPLETE SUBGRAPHS 

The fol lowing n o t a t i o n  i s  used by t h e  algori thm: 

M : An a r r a y  conta in ing  those  nodes g r e a t e r  than j t h a t  t h e  j  
t h  

j node is  connected to .  

pk: The k nodes of t h e  d a t a  set.  

Ci: 
A set of a r r a y s  i n  which maximal complete subgraphs a r e  
b u i l t  up. 

W : A temporary s t o r a g e  l o c a t i o n  which con ta in s  those  nodes of 
t h e  M ,  being processed which have n o t  y e t  been put  i n t o  some 

J 
member of  C 

i' 

S,T: Temporary s t o r a g e  l o c a t i o n s .  

Operation of t h e  Algorithm 

Step  1. i = 0 

j = number of nodes i n  t h e  i n p u t  d a t a  

S tep  2.  j = j - 1 

Step  3.  I f  M = 0 -- go t o  Step 2 .  
j 

Otherwise,  cont inue  t o  S tep  4. 

S tep  4 .  For each p E M i n c r e a s e  i by 1 and put  C = {pj,pk} 
k j i 

Step  6 .  I f  j = 0 w e  a r e  f i n i s h e d  and t h e  set of a r r a y s  C repre-  
s e n t s  t h e  noda l  sets of a l l  maximal complete subgraphs 
of t h e  i npu t  set .  

I f  j # 0, cont inue t o  Step 7. 

Step 7 .  I f  M = 0 ,  go t o  S tep  5. 
j 

Otherwise,  set W = M 
j 

L = i  

and cont inue  t o  S tep  8. 



S t e p  8. k  = k + 1  
S t e p  9, I f  k = E + 1, go t o  S t e p  17. 

S t e p  PO. T - e r , ~  
k  j 

I f  T c o n t a i n s  fewer  than  2 nodes ,  go  t o  S t e p  8;  other- 
w i s e ,  d e l e t e  from W all nodes  common t o  T and W and 
c o n t i n u e  t o  S t e p  11. 

S t e p  11, I f  T = G go t o  S t e p  15 .  
k  

S t e p  12 .  I f  T = M i = i + 1  
j ' 

and go t o  S t e p  5 ;  

o t h e r w i s e ,  ~ o n t i n u e  t o  S t e p  13. 

S t e p  13. Is T a  s u b s e t  of  any C ( q  = 1 , e e . 9 k - l ~ k + 1 ~ e m ~ 9 i )  
4  

t h a t  c o n t a i n s  p  ? 
j 

I f  y e s ,  go  t o  S t e p  8; 

o t h e r w i s e ,  s e t  S  = T\?{p.)  and c o n t i n u e  t o  S t e p  14. 
3 

S t e p  1 4 ,  Is some C ( q  = L+l,  ..., i )  a  s u b s e t  of  S? 
4 

I f  so ,  p u t  G = S  and d e l e t e  any C (r  = q+l,se'9i) 
4 r 

whjch i s  a l s o  a  s u b s e t  of S;  

I f  n o t ,  set  i = i + 1  
Ci = S  

Go t o  S t e p  8, 

S t e p  15. P u t  node p .  i n t o  Ck. 
J 

D e l e t e  any C (q = k + l , , . . , i )  t h a t  is  a s u b s e t  of  t h e  
q 

a l t e r e d  G 
k  * 

Con.tinue t o  S t e p  1 6 ,  

S t e p  16.  I f  T  = M go t o  S t e p  5;  
j ' 

o t h e r w i s e ,  go t o  S t e p  8. 

S t e p  17. For  each  p  remaining i n  W ,  i n c r e a s e  i by 1  and p u t  n  
ci = { p j .  pn l :  

GO t o  S t e p  5, 



APPENDIX 2 

BONNER'S CLUSTER-BUILDING ALGORITHM 

This algori thm b u i l d s  up a  c l u s t e r  one ob jec t  a t  a  t ime, keeping t r a c k  

of i tems a t  each l e v e l  i of t he  bui ldup.  The fol lowing i tems a r e  used by 

t h e  algori thm: 

1. A - An Array r ep resen t ing  t h e  s e t  of o b j e c t s  i n  t h e  c l u s t e r  
i 

a t  t h i s  po in t .  

2. Ci - An a r r a y  r ep re sen t ing  the  s e t  of o b j e c t s  which could 
poss ib ly  b e  added t o  Ai t o  f u r t h e r  i nc rease  the  c l u s t e r .  

t h  
3 .  Li - An a r r a y  of numbers where t h e  i element r ep re sen t s  t h e  

l a s t  o b j e c t  of Ci t o  be considered f o r  add i t i on  t o  t h e  
c l u s t e r  , 

4 .  S i - The inpu t  th reshold  ma t r ix  where SL , i  r ep re sen t s  t h e  
j ' 

s e t  of a l l  members r e l a t e d  t o  o b j e c t  L.. 
1 

Elements f o r  A,  C ,  and L a r e  s t o r e d  f o r  each i which is  sma l l e r  than 

o r  equal  t o  t h e  p re sen t  i. The algori thm proceeds a s  fol lows:  

S tep  1. Se t :  i = 1 - 
'i 

= a l l  o b j e c t s  

Ai 
= no o b j e c t s  

Li = 1 

Step  2 .  Consider C f o r  t h e  presence of o b j e c t  L  : 
i i 

I f  i t  is  p re sen t  go t o  S tep  3;  

i f  n o t ,  add 1 t o  L  and go t o  Step 5. 

Step 3 .  S t o r e  o b j e c t s  common t o  C and SLY i a s  Ci+l, d e l e t i n g  
i 

L. (from Ci + 
1 

Sto re  o b j e c t s  i n  A p lus  L a s  s e t  A 
i i i + 1' 

Step  4 .  Add 1 t o  L .  and s t o r e  a s  Li + 

1 

Step 5. I f  L .  i s  g r e a t e r  than t h e  number of t h e  l a s t  poss ib l e  
1 

o b j e c t ,  go t o  Step 6; o therwise ,  go t o  Step 2 .  



S t e p  6 ,  S e t  T = A i" 
I f  6 ,  I s  empty, s t o r e  A .  a s  a c l u s t e r ,  

b 1 

I f  C i s  n o t  empty t h i s  means e i t h e r  t h e  c l u s t e r  A 
i i 

h a s  been found b e f o r e  o r  i t  i s  a  s u b s e t  of a  c l u s t e r  
found b e f o r e .  

S t e p  7 .  i = i - E 

I f  i = 0 ,  a l l  c l u s t e r s  have been found--stop; 
o t h e r w i s e ,  go on t o  S t e p  8. 

S t e p  8 ,  Form t h e  s e t  o f  a l l  o b j e c t s  i n  C w i t h  numbers g r e a t e r  
i 

than Ei; 

I f  t h e s e  a r e  n o t  a s u b s e t  of T, go t o  S t e p  9 .  

I f  they  a r e  a s u b s e t  of T ,  i t  means t h a t  t h e  c l u s t e r  found 
from t h e s e  o b j e c t s  would o n l y  b e  a s u b s e t  o f  T;  t h e r e f o r e ,  
go "c s t e p  4 .  

S t e p  9 ,  L ( i )  = &(j )  + 1 
Go t o  S t e p  2 .  



APPENDIX 3 STRUCTURAL COMPOSITION OF THRESHOLD PUTRICES 

(1) T - The threshold level. - 

(2) Nodes - The number of nodes that are connected to at least one other node. 
The total number of terms (nodes) in the data set was 3950. 

(3) of C.C. - The number of connected components in the graph. 

(4) HeN. - The number of nodes in the largest connected component. 

( 5 )  % Nodes in MCS - The percentage of nodes contained in connected components 
whlch form maximal complete subgraphs, 

(6) z e C .  on MCS - The percentage of the connected components which form 
maximal complete subgraphs. 

[7) Time - The time in minutes required t o  find a l l  connected components of 
the graph, 
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