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L I S T  OF SYMBOLS 

. l o c a l  speed of sound 

speed of sound a t  o u t e r  edge o f  boundary l a y e r  a t  
X 

0 

speed of sound a t  o u t e r  edge of boundary l a y e r  f o r  
any value of x 

s p e c i f i c  h e a t  of gas  a t  cons tan t  p ressu re  

c o e f f i c i e n t s  spec i fy ing  t h e  v e l o c i t y  p r o f i l e  of t h e  
o u t e r  flow, Equation (40) 

d e r i v a t i v e s  o f  v e l o c i t y  p r o f i l e  c o e f f i c i e n t s  with 
r e s p e c t  t o  [ 

numerical cons tan t  i n  v i s c o s i t y  r e l a t i o n s h i p ,  
w h o  = CT/TO 

s k i n - f r i c t i o n  c o e f f i c i e n t ,  z/(1/2) u  
1 1  

def ined  by Equation (A-7) 

c o e f f i c i e n t  spec i fy ing  t h e  temperature p r o f i l e  of 
t h e  o u t e r  flow, Equations (41) o r  (42) 

d e r i v a t i v e  of  temperature p r o f i l e  c o e f f i c i e n t  with 
r e s p e c t  t o  

def ined  by Equation (A-8) 

def ined  by Equation (99) 

dgn/dc8, family of d e f i n i t e  i n t e g r a l s  given by 
Equatlon (A-10) 

family of d e f i n i t e  i n t e g r a l s  given by  quat ti on (A-9) 

def ined  by Equation (A-11) 

def ined  by Equation (B-10) 

thermal conduc t iv i ty  of gas  

r e fe rence  length ,  taken equal  t o  s 
0 



l o c a l  Mach number 

Mach number p a r a l l e l  t o  6* l i n e  a t  x 
0 

Mach number p a r a l l e l  t o  6* l i n e  fo r  any value 
of x  

value of M1 a t  x  = x  j u s t  behind shock wave i 

free-stream Mach number 

index 

defined by Equation (A-12) 

P  l o c a l  s t a t i c  pressure 

p  n=2,3, - 0 .8  defined by Equations (A-13) 
n, 

l o c a l  s tagnation pressure 

s t a t i c  pressure a t  xo 

s t a t i c  pressure  a t  edge of boundary layer  f o r  any 
value of x 

family of d e f i n i t e  i n t e g r a l s  defined by Equa- 
t i o n  (A-14) 

Prandtl  number 

l o c a l  hea t - t rans fe r  r a t e  a t  the  wall 

l o c a l  hea t - t rasnfe r  r a t e  a t  the  wall  a t  x = x  
0 

q l  
l o c a l  hea t - t rans fe r  r a t e  a t  the  wall  f o r  any value 
of x 

Qn family of d e f i n i t e  i n t eg ra l s  defined by Equa- 
t i on  (A-15) 



Reynolds number, uoi?/vo 

loca l  Reynolds number, ulx/vl 

y-coordinate of u = 0 Pine between separation 
and reattachment 

temperature parameter, s = - Tt - 1 
Tto 

i n i t i a l  temperature p ro f i l e  a t  xo 

i n i t i a l  temperature p r o f i l e  a t  Xo i n  Stewartson 
plane 

i n i t i a l  temperature p ro f i l e  a t  c0 i n  Dorodnitsyn 
plane 

- 
value of S along the u = 0 l i n e  

Stanton number 

Stanton number a t  x = x 
0 

value of S a t  the wall, Sw = - -  Tw 1 
Tto 

loca l  absolute temperature 

loca l  stagnation temperature 

stagnation temperature a t  edge of boundary layer 
a t  xo 

temperature of the wall 

temperature a t  edge of boundary layer a t  xo 

- temperature a t  edge of boundary layer  a t  any value 
of x 

axial  veloclty i n  x,y plane 

u/ u 
I 
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i n i t i a l  v e l o c i t y  p r o f i l e  a t  x 
0 

i n i t i a l  v e l o c i t y  p r o f i l e  a t  4 0  i n  Dorodnitsyn 
p lane  

symbol used t o  r ep resen t  u  component of v e l o c i t y  
a t  t h e  boundary between t h e  inner  and o u t e r  flow 
regions ;  it i s  always zero,  bu t  t h e  symbol i s  used 
f o r  c l a r i t y  

value of u  a t  edge of  boundary l a y e r  a t  xo 

value of u  a t  edge of  boundary l a y e r  f o r  any value 
o f  x 

a x i a l  v e l o c i t y  i n  X , Y  p lane ,  uao/al 

i n i t i a l  v e l o c i t y  p r o f i l e  a t  Xo i n  t h e  s tewartson 
p lane  

value of U a t  edge of boundary l a y e r  a t  xo 

value of U a t  edge o f  boundary l a y e r  f o r  any X 

normal v e l o c i t y  i n  x , y  p lane  

normal v e l o c i t y  i n  4 ,  p lane ,  - u 
1 

value of v  a t  s(x) 

- 
value of v  a t  ps 

value of v  a t  t h e  edge of  boundary l a y e r  f o r  
any x 

normal v e l o c i t y  i n  X , Y  p lane  

value of V a t  Ys 

- 
value of w a t  qs 

v i i  



value of  x a t  shock wave impingement p o i n t  

value of x a t  t h e  reattachment p o i n t  

value of  x a t  t h e  separa t ion  p o i n t  

coord ina tes  of  two-dimensional flow under considera- 
t i o n  

value o f  x where separa t ion  i n t e r a c t i o n  begins 

coord ina tes  a f t e r  Stewartson t ransformat ion;  

value o f  X corresponding t o  x 
0 

value of  Y corresponding t o  s (x) 

angle  of wedge genera t ing  shock wave 

value of  dF/aq a t  qs'  

r a t i o  of s p e c i f i c  h e a t s  

boundary-layer th ickness  

displacement th ickness  i n  phys ica l  p lane  

momentum th ickness  i n  phys ica l  p lane  

displacement th ickness  of inne r  flow 

displacement th ickness  of  o u t e r  flow 

- 
7-coordinate o f  t h e  u = 0 l i n e  between separa t ion  

and reat tachment  

d e r i v a t i v e  o f  q s with r e s p e c t  t o  

absolu te  v i s c o s i t y  

absolu te  v i s c o s i t y  at o u t e r  edge of boundary l a y e r  
a% xo 

v i i i  



kinematic v i s c o s i t y ,  b/p 

kinematic v i s c o s i t y  a t  o u t e r  edge of boundary l a y e r  
, a t  xo, !J,/P, 

value of v a t  edge o f  boundary l a y e r  f o r  any x 

value of  corresponding t o  x 
0 

coordina tes  i n  Dorodnitsyn p lane ,  
-- 

l o c a l  mass d e n s i t y  

value of p a t  edge o f  boundary l a y e r  a t  xo 

value of  p a t  edge o f  boundary l a y e r  f o r  any x 

shear  s t r e s s  a t  t h e  wa l l  

s lope  of s t reaml ine  o u t s i d e  of boundary l a y e r  

i n t e g r a t i o n  cons tan t  def ined  by Equations (68) o r  (69) 

value o f  $ a t  x = x 
0 

value  of  $ f o r  any x 

va lue  of  @ a t  x = x j u s t  behind shock wave 
1 i 

mass flow i n  t h e  boundary l a y e r  

mass flow i n  t h e  boundary l a y e r  i n  Dorodnitsyn 
p lane  



CALCULATION O F  LAMINAR BOUNDARY LAYER- 
SHOCK WAVE INTERACTION ON COOLED WALLS 

BY THE METHOD OF INTEGRAL RELATIONS 

By Frederick K .  Goodwin, Jack  N. Nielsen 
and Larry L. Lynes 

Nielsen Engineering & Research, Inc , 

SUMMARY 

The p r e s e n t  r e p o r t  i s  an informal r e p o r t  submitted t o  Ames 

Research Center,  NASA, i n  accordance wi th  t h e  r e p o r t i n g  requi re-  

ments of NASA Contrac t  NAS2-4216. A complete d e s c r i p t i o n  i s  given 

o f  t h e  mathematical a n a l y s i s  of  t h e  problem. This a n a l y s i s  i s  

based on t h e  method o f  i n t e g r a l  r e l a t i o n s  a s  developed i n  p rev ious  

work by t h e  p r e s e n t  au thors  and extended t o  t h e  highly-cooled w a l l  

case  under an e x i s t i n g  c o n t r a c t  with t h e  A i r  Force F l i g h t  Dynamics 

Laboratory, Cont rac t  No. F33615-67-C-1096. I t  i s  noteworthy t h a t  

a  c r i t e r i o n  has  been developed t o  determine t h e  unique s o l u t i o n  

t o  t h e  i n t e r a c t i o n  problem f o r  a  given case .  Based on t h e  a n a l y s i s ,  

a  computer program has  been developed t o  perform t h e  c a l c u l a t i o n s .  

A complete d e s c r i p t i o n  o f  t h e  i n p u t  requirements o f  the  program i s  

included. A form t o  be used f o r  p repar ing  i n p u t  d a t a  i s  included.  

Comparisons a r e  made between c a l c u l a t e d  p r e s s u r e  d i s t r i b u t i o n s ,  

v e l o c i t y  p r o f i l e s ,  and s k i n - f r i c t i o n  c o e f f i c i e n t s  and those  obta ined  

experimental ly .  



INTRODUCTION 

I n  t h e  design of  i n l e t s  f o r  a i r -brea th ing  propuls ion  systems 

it i s  important t h a t  account be taken of  t h e  i n t e r a c t i o n  between 

any shock waves and t h e  boundary l a y e r .  I t  i s  t h e  purpose o f  t h e  

p r e s e n t  r e p o r t  t o  desc r ibe  an extens ion  of t h e  methods developed 

i n  References 1 and 2 t o  t h e  problem of  laminar boundary layer -  

shock wave i n t e r a c t i o n  f o r  h igh ly  cooled wa l l s .  In  t h e  above 

re fe rences  a method was developed f o r  t h e  c a l c u l a t i o n  o f  laminar  

sepa ra t ion  with f r e e  i n t e r a c t i o n  by t h e  method of i n t e g r a l  r e l a -  

t i o n s  f o r  a two-dimensional f l a t  p l a t e  followed by a wedge, and a 

c i r c u l a r  c y l i n d e r  followed by an axisymmetric f l a r e .  The work 

t o  be descr ibed  i n  t h i s  r e p o r t  r e l i e s  heav i ly  on work p r e s e n t l y  

being done f o r  t h e  ~ i r  Force  light Dynamics Laboratory o f  Wright- 

Pa t t e r son  A i r  Force Base under Contract  No. F33615-67-C-1096. 

This  c o n t r a c t  extends t h e  work o f  Reference 2 t o  second-order 

coupl ing between temperature and v e l o c i t y  p r o f i l e s .  Such coupl ing  

must be taken i n t o  account f o r  accura te  p ressu re  d i s t r i b u t i o n s  on 

h i g h l y  cooled wa l l s .  It  i s  a l s o  necessary i f  r e a l i s t i c  hea t -  

t r a n s f e r  r e s u l t s  a r e  t o  be obtained. 

I n  References 1 and 2,  it was found p o s s i b l e  t o  c a l c u l a t e  a 

separa ted  flow f o r  a given conf igura t ion  f o r  each assumed l o c a t i o n  

o f  t h e  beginning o f  i n t e r a c t i o n  over a wide range of  such l o c a t i o n s ,  

However, no uniqueness cond i t ion  was developed t o  determine t h e  

p o s i t i o n  of  t h e  separa t ion  p o i n t  t o  be expected i n  p r a c t i c e ,  I n  

t h e  p r e s e n t  i n v e s t i g a t i o n ,  it was p o s s i b l e  t o  extend t h e  ca lcu la -  

t i v e  method downstream of  t h e  reattachment p o i n t  and t o  develop a 

uniqueness c r i t e r i o n  based on t h e  c a l c u l a t e d  behavior of  t h e  solu- 

t i o n s  i n  t h i s - r e g i o n .  The c r i t e r i o n  i s  simply t h a t  t h e  f i n a l  pres-  

su re  a t t a i n s  a s p e c i f i e d  value and t h a t  t h e  f i r s t  and second der iv-  

a t i v e s  of  t h e  p r e s s u r e  with r e s p e c t  t o  downstream d i s t a n c e  both be 

zero  where t h i s  s p e c i f i e d  value i s  a t t a i n e d .  This  c r i t e r i o n ,  which 

a r i s e s  n a t u r a l l y  o u t  of  t h e  behavior c a l c u l a t e d  by t h e  method of 





GENERAL CONSIDERATIONS 

Descr ip t ion  o f  Problem 

The problem under cons ide ra t ion  i s  t h a t  o f  c a l c u l a t i n g  laminar 

boundary-layer flow, e i t h e r  separa ted  o r  unseparated,  on a  highly- 

cooled f l a t  p l a t e  r e s u l t i n g  from an obl ique  shock wave i n c i d e n t  on 

t h e  boundary l a y e r .  Typical p r e s s u r e  d i s t r i b u t i o n s  f o r  such an 

i n t e r a c t i o n  a r e  shown i n  Figure 1. For t h e  unseparated case  

(Fig.  l ( a ) )  t h e  e n t i r e  l eng th  of t h e  i n t e r a c t i o n  is' assumed t o  be 

governed by f r e e  i n t e r a c t i o n  between t h e  boundary l a y e r  and t h e  

supersonic  o u t e r  flow. By f r e e  i n t e r a c t i o n  we mean t h a t  t h e  pres-  

su re  d i s t r i b u t i o n  of t h e  o u t e r  flow i s  t h e  r e s u l t  of  l o c a l  mutual 

i n t e r a c t i o n  between t h e  boundary l a y e r  and t h e  o u t e r  flow indepen- 

d e n t  o f  the  downstream means i n i t i a t i n g  t h e  i n t e r a c t i o n .  

For t h e  separa ted  case  (Fig.  1 (b) ) , f r e e  i n t e r a c t i o n  i s  

assumed t o  apply from t h e  beginning o f  t h e  i n t e r a c t i o n ,  x  t o  t h e  
0' 

p o i n t  where the  f i r s t  p l a t e a u  p r e s s u r e  i s  reached (dp/dx = O), 

From t h i s  p o i n t  t o  t h e  shock impingement p o i n t  t h e  boundary condi- 

t i o n  of cons tan t  p ressu re  i s  imposed. From t h e  shock impinge&ent 

p o i n t  on downstream, f r e e  i n t e r a c t i o n  i s  again assumed. The f i n a l  

p ressu re  d i s t r i b u t i o n  culminates  i n  a second p l a t e a u  region. 

For both t h e  unseparated and separa ted  c a s e s  a  downstream 

p r e s s u r e  boundary condi t ion  s i m i l a r  t o  t h a t  used by Reyhner and 

Fliigge-Lotz i n  Reference 3 a r i s e s  n a t u r a l l y  i n  t h e  method of  i n t e -  

g r a l  r e l a t i o n s .  For a  f l a t  p l a t e ,  i f  t h e  flow i s  t o  make a  smooth 

t r a n s i t i o n  i n t o  a cons tan t  p r e s s u r e  f low downstream of  t h e  impinge- 

ment p o i n t  both dp/dx and d 2 p / d ~ 2  must approach zero  toge the r .  

When t h i s  condi t ion  i s  s p e c i f i e d ,  a  unique s o l u t i o n  can be found 

f o r  given p o s i t i o n s  of shock impingement and t h e  beginning of  

i n t e r a c t i o n .  When p  a s  we l l  a s  dp/dx and d 2 ~ / d x 2  a r e  speci-  

f i e d ,  then a  unique p o s i t i o n  of t h e  beginning o f  i n t e r a c t i o n  can 

a l s o  be found, and t h e  whole flow becomes unique. 

The p a r t i c u l a r  conf igura t ion  t r e a t e d  i n  t h e  a n a l y s i s  and t h e  

computer program i s  shown i n  Figure 2, An obl ique  shock wave of 



known s t r e n g t h  s t r i k e s  the  boundary l a y e r  on a f l a t  p l a t e  a t  impinge- 

ment p o i n t ,  xi. The beginning of  t h e  f r e e  i n t e r a c t i o n  between t h e  

boundary l a y e r  and t h e  ou te r ,  flow occurs a t  xo. A t  t h i s  p o i n t  t h e  

Mach number, Mo ' t h e  s t agna t ion  temperature,  T t o ,  and t h e  Reynolds 

number p e r  foo t ,  R ~ / x ~ ,  a t  t h e  edge of  the  boundary l a y e r  a r e  known 

and t h e  v e l o c i t y  p r o f i l e  i s  assumed t o  be of  t h e  B las ius  type.  The- 

f l a t  p l a t e  i s  a t  uniform a r b i t r a r y  temperature,  
Tw . The i n t e r a c t i o n  

causes  t h e  boundary l a y e r  t o  th icken and t o  s e p a r a t e  a t  xs. The 

boundary l a y e r  cont inues  t o  th icken u n t i l  t h e  impingement p o i n t ,  

x i s  reached. A t  t h i s  p o i n t  t h e  r a t e  of change of  t h e  d isp lace-  i ' 
ment th ickness  wi th  x, d6*/dx, i s  changed d iscont inuous ly  s o  t h a t  

t h e  boundary l a y e r  i s  turned back toward t h e  p l a t e  and r e a t t a c h e s  

a t  xr. From t h e r e  on t h e  boundary l a y e r  cont inues  t o  t h i n  u n t i l  

dd*/dx i s  zero.  

During t h e  l a s t  p a r t  o f  t h e  computation an i t e r a t i v e  ca lcu la -  

t i o n  i s  made t o  see  i f  t h e  downstream boundary condi t ion ,  

dp/dx = d2p/dx2 = 0, can be s a t i s f i e d .  I f  t h e  i n i t i a l l y  assumed 

value of  d6*/dx j u s t  behind t h e  shock wave i s  n o t  c o r r e c t ,  a 

new value i s  chosen and t h e  l a s t  p a r t  of t h e  computation, from 

xi on, i s  repeated.  This i t e r a t i o n  procedure,  which converges, 

i s  descr ibed  i n  d e t a i l  i n  a l a t e r  sec t ion .  

Assumptions 

A number o f  assumptions have been made i n  t h e  ana lys i s .  

(1) The governing equat ions  a r e  those f o r  a compressible 

f l  laminar  boundary l a y e r .  

Id ( 2 )  The Prandt l  number i s  u n i t y ,  

r 4  ( 3 )  The - f l u i d  behaves a s  an i d e a l  gas  with cons tan t  s p e c i f i c  
t 
I 

LJ h e a t s .  

(4)  The f l a t  p l a t e  i s  a t  uniform a r b i t r a r y  temperature,  
1-3 
I ,  ?a ( 5 )  The v i s c o s i t y  v a r i e s  l i n e a r l y  with temperature,  

( 6 )  The p r e s s u r e  a t  t h e  ou te r  edge of t h e  boundary l a y e r  i s  
\ 

F 3 
t governed by the Prandti-Meyer r e l a t i o n s h i p ,  
i 
i, 

(7) The.pressure a c r o s s  the  boundary l a y e r  i s  cons tan t ,  
- 1  , . 
i 
i, 



P a r t i a l  D i f f e r e n t i a l  Equations and 
Boundary Conditions 

The d i f f e r e n t i a l  equat ions  governing t h e  flow a r e  those f o r  

t h e  compressible laminar boundary l a y e r .   his compressible flow 

problem i s  f i r s t  reduced t o  an equ iva len t  incompressible flow 

problem by t h e  use of  t h e  Stewartson t ransformation.  Then a  modi- 

f i e d  form of t h e  ~ o r o d n i t s y n  t ransformat ion ,  Reference 4, i s  used 

t o  e l imina te  t h e  v i s c o s i t y  e x p l i c i t l y  and normalize t h e  a x i a l  

v e l o c i t y  component. 

Physical  plane.-  In  t h e  phys ica l  o r  compressible p lane  t h e  

laminar boundary-layer equat ions  a r e ,  from Reference 5 ,  pp. 379-381, 

If i s  assumed t h a t  t h e  P rand t l  number i s  u n i t y  and t h a t  t h e  

s p e c i f i c  h e a t  a t  cons tan t  p r e s s u r e  i s  a cons tan t  and i f  Equation (1) 

i s  mul t ip l i ed  by u and added t o  Equation ( 3 ) ,  t h e  energy equa-tion 

becomes 

where 

~ d A temperature parameter,  S ,  i s  def ined  

: 1 

!. 4 



so  t h a t  Equation (4) becomes 

The v e l o c i t y  boundary cond i t ions  a r e  

a t  y = w  f o r  a l l  x  
au 
F = O  

and t h e  temperature boundary cond i t ions  a r e  

S = O  a t  y = m  f o r a l l - x  (13) 

The i n i t i a l  p r o f i l e s ,  ui (y) and Si (y) , w i l l  be s p e c i f i e d  in 

t h e  Dorodnitsyn p lane  and w i l l  be taken a s  those  given by t h e  

p r e s e n t  soluti-on f o r  a  f l a t  p l a t e  wi th  no p ressu re  g r a d i e n t .  The 

v e l o c i t y  boundary condi t ion  a t  y = m, u  = u l ( x ) ,  w i l l  be c a l c u l a t e d  

with t h e  i n i t i a l  condi t ion  

U = U  = U  a t  x = x  and y = m  
1 0 0 (143 



~ e f e r r i n g  t o  ~ i g u r e  l ( b ) ,  u1 (x) w i l l  be c a l c u l a t e d  assuming f r e e  

i n t e r a c t i o n  from t h e  beginning of  t h e  i n t e r a c t i o n ,  xo, t o  t h e  

beginning of t h e  p l a t e a u  region and from t h e  shock impingement 

p o i n t  downstream. In  t h e  p l a t e a u  region ul (x) w i l l  be he ld  

cons tan t  a t  t h e  value a t  t h e  beginning of  t h e  p la teau .  

Stewartson plane.-  Equations ( I ) ,  ( 2 )  , and ( 7 )  a r e  now t rans -  

formed t o  an equiva lent  incompressible flow problem by means of 

t h e  Stewartson t ransformation.  The x,y-coordinates  t ransform a s  

fol lows 

and new v e l o c i t y  components a r e  def ined  by 

\ 

I t  i s  assumed t h a t  t h e  v i s c o s i t y  v a r i e s  l i n e a r l y  with temperature 

and it i s  f u r t h e r  assumed t h a t  C i s  u n i t y ,  Equations ( I ) ,  ( 2 ) ,  

and (7)  become, r e spec t ive ly ,  



The v e l o c i t y  boundary cond i t ions ,  Equations (8) through ( l o ) ,  
t ransform to 

a. u = u1 (x) = - a  u1 (4 
1 

a t  Y = w  f o r a l l  X (23) 

and t h e  temperature boundary cond i t ions ,  Equations (11) through (13) , 
become 

- Tw 
S = S w - ~ -  

1 a t  Y = 0 f o r  a l l  X 

0 

s = o a t  Y = w f o r  a l l  X (26) 

Dorodnitsyn plane.-  The Dorodnitsyn t ransformation i s  now 

used t o  e l imina te  t h e  v i s c o s i t y  and nondimensionalize t h e  a x i a l  

v e l o c i t y  component. The coordina te  t ransformat ions  a r e  

and t h e  new v e l o c i t y  components a r e  



The "dot" i n d i c a t e s  d i f f e r e n t i a t i o n  with r e s p e c t  t o  . Under 

t h i s  t ransformation Equations (18) through (20) become 

The v e l o c i t y  boundary cond i t ions  become 

- - - 
u = v = w = O  a t  q = O  f o r a l l  4 

and t h e  temperature boundary cond i t ions  become 

- Tw 
S = S w - - -  1 a t  q  = 0 f o r  a l l  4 

Tt 
0 

S = 0 a t  q  = f o r  a l l  ( 

I n t e g r a l  Rela t ions  f o r  
Momentum and Energy 

The reduct ion  o f  Equations ( 2 9 )  through (31) t o  i n t e g r a l  r e l a -  

t i o n s  i s  done i n  e x a c t l y  t h e  same manner a s  descr ibed  i n  Sect ion  3.3 

of Reference 2 .  With t h e  assumption t h a t  &/aq i s  only  a  function. - 
of u, t h e  f i r s t  four  moments of t h e  momentum equat ion a r e  



aii 
5 

and t h e  f i r s t  moment of  t h e  energy equat ion i s  

The l i m i t s  of  i n t e g r a t i o n  i n  t h e  a t tached flow regions ,  t h a t  i s ,  

ahead of t h e  separa t ion  p o i n t  and downstream of t h e  reat tachment  - 
p o i n t ,  a r e  t h e  u v e l o c i t i e s  a t  t h e  wal l  and a t  i n f i n i t y ,  and i n  - 
t h e  separa ted  region theu a r e  t h e  u v e l o c i t i e s  a t  t h e  qs l i n e  - 
( t h e  u = 0 l i n e )  and a t  i n f i n i t y ,  I n  both c a s e s  t h e  l i m i t s  a r e  



0 t o  1, The o t h e r  terms must be evalua ted  e i t h e r  a t  t h e  wal l  o r  

the ris l i n e .  The v a r i a b l e  U1 i s  made nondimensional by 
d i v i s i o n  with uo " 

Assumed Veloci ty  and 
Temperature P r o f i l e s  

Attached flow regions.-  In  t h e  a t t ached  flow regions ,  - t h a t  is ,  

ahead of  t h e  separa t ion  p o i n t  and downstream of t h e  reat tachment  

p o i n t ,  t h e  assumed v e l o c i t y  p r o f i l e  i s  t h a t  which was used i n  Ref- 

e rences  1 and 2. The form used i s  

a's; - =  
(1 - c ) q -  

The reasons f o r  t h e  choice o f  t h i s  p a r t i c u l a r  form a r e  given i n  
Sect ion  3.2 o f  Reference 1. 

For t h e  temperature p r o f i l e ,  t h e  form suggested i n  Sect ion  3,4 

of  Reference 2 has  been used. For second-order coupl ing t h e  form i s  

There a r e ,  t h e r e f o r e ,  f o u r  a r b i t r a r y  parameters i n  t h e  v e 1 o c i . t ~  

p r o f i l e ,  co, c c and c3,  and one i n  t h e  temperature p r o f i l e ,  
1' 2' 

Eo, which r e q u i r e  f i v e  d i f f e r e n t i a l  equations. These a r e  obtained 

from t h e  four  moments of  t h e  momentum equat ion,  Equation (38) , and 

one moment o f  t h e  energy equat ion,  Equation ( 3 9 ) -  The f i n a l  d i f -  

f e r e n t i a l  equat ions  a r e  obtained by s u b s t i t u t i n g .  Equa-cions (40) 

and (41) i n t o  - ~ q u a t i o n s  (38) and (39) and c a r r y i n g  out t h e  r equ i red  

i n t e g r a t i o n s  and d i f f e r e n t i a t i o n s .  The f i n a l  equat ions  a r e  summar- 

i z e d  i n  t h e  appendices of  t h i s  r e p o r t ,  

.- In  t h e  separa ted  ~ L Q W  region a distinc-. 

t i o n  must be made between t h e  inner  and outer layers, Tihe i n n e r  



- 
l a y e r  i s  t h e  reversed flow region between t h e  wal l  and t h e  u  = 0  - 
l i n e  and the  o u t e r  l a y e r  i s  t h e  region from t h e  u  = 0  l i n e  o u t  

t o  t h e  edge of  t h e  boundary l a y e r .  

I n  t h e  o u t e r  l a y e r ,  Equation (40) i s  again used f o r  t h e  

assumed v e l o c i t y  p r o f i l e ,  The temperature p r o f i l e  i s  

This  d i f f e r s  from Equation (41) only i n  t h a t  t h e  cond i t ion  i s  
- 

imposed t h a t  S  = Ss a t  t h e  u  = 0  l i n e .  

I n  t h e  i n n e r  l a y e r  t h e  v e l o c i t y  p r o f i l e  w i l l  be represented  

by a  quadra t i c  i n  7 

To eva lua te  t h e  c o n s t a n t s  t h e  following c o n d i t i o n s  a r e  imposed 

aii 
;S;i = as a t  7 = q s  I 

i' . 
s o  t h a t  t h e  i n n e r  l a y e r  v e l o c i t y  p r o f i l e  i s  given by 

L J  

- 
i 

The t o t a l  temperature p r o f i l e  i s  taken t o  be l i n e a r  i n  t h e  inner  
k .. Payer 

with t h e  cond i t ions  



Equation (46) becomes 

I t  i s  noted t h a t  t h e  next  term i n  Equation (48) would 'be a  cubic  

one. The quadra t i c  term i s  zero s i n c e  a2s/&q2 i s  zero  a t  t h e  

wal l .  

I n  t h e  separa ted  flow region  t h e r e  a r e  e i g h t  a r b i t r a r y  param- 

e t e r s  i n  t h e  assumed v e l o c i t y  and temperature p r o f i l e s .  They a r e  

Co9 C1¶ C29 CJ2  Eo¶ SSI as' 9, 
I 

Three equat ions  a r e  r equ i red  i n  add i t ion  t o  t h e  four  moments o f  
, t h e  momentum equat ion and t h e  one moment o f  t h e  energy equation. 

The t h r e e  equat ions  which w i l l  be used a r e  obtained by matching 

first and second d e r i v a t i v e s  of  t h e  v e l o c i t y  p r o f i l e s  and t h e  f irst  - 
d e r i v a t i v e  o f  t h e  temperature p r o f i l e s  a t  t h e  u  = 0 l i n e .  These 

equat ions  a r e  

To o b t a i n  t h e  d i - f f e r e n t i a l  equat ions  these  equat ions a r e  d i f f e r e n -  

t i a t e d  with r e s p e c t  t o  4 .  

Pressure Boundary Conditions 

The i n t e g r a l  r e l a t i o n s  given by E q u a t i o n s  (38) and ( 3 9 )  con-. 

a i n  a  term 6 . This  term i s  the  d e r i v a t i v e  of the v e l o c i t y  a t  
1 



t h e  edge of t h e  boundary l a y e r  wi th  r e s p e c t  t o  . To eva lua te  

t h i s  term e i t h e r  a p ressu re  d i s t r i b u t i o n  must  be p r e s c r i b e d  o r  t h e  

p ressu re  d i s t r i b u t i o n  must be c a l c u l a t e d  s imultaneously wi th  t h e  

i n t e g r a t i o n  of t h e  boundary l a y e r  equat ions .  The p r e s e n t  method 

c a l c u l a t e s  t h e  p ressu re  d i s t r i b u t i o n  assuming f r e e  i n t e r a c t i o n  

between t h e  boundary l a y e r  and t h e  i n v i s c i d  flow. I n  applying t h e  

p r i n c i p l e  o f  f r e e  i n t e r a c t i o n ,  we assume t h a t  t h e  p r e s s u r e  d i s t r i b u -  

t i o n  on a body immersed i n  a v iscous  f low is  t h e  same a s  t h a t  on 

an equiva lent  body i n  an i n v i s c i d  flow where t h e  s o l i d  boundary of  

t h e  o r i g i n a l  body has  been augmented by t h e  displacement  th ickness  

o f  t h e  boundary l a y e r .  

The p ressu re  i s  computed assuming f r e e  i n t e r a c t i o n  from t h e  

beginning o f  i n t e r a c t i o n ,  xo i n  Figure 1, t o  t h e  p o l n t  where t h e  

p l a t e a u  p r e s s u r e  i s  reached, dp/dx = 0. From t h a t  p o i n t  downstream 

t o  t h e  shock-wave impingement p o i n t ,  t h e  p l a t e a u  p r e s s u r e  boundary 

cond i t ion  i s  imposed, dp/dx = U1 = 0. Downstream of  t h e  impinge- 

ment p o i n t  f r e e  i n t e r a c t i o n  i s  again assumed. 

I n  t h e  c a l c u l a t i o n  o f  t h e  p r e s s u r e  distribution under t h e  

b assumption o f  f r e e  i n t e r a c t i o n ,  t h e  Prandtl-Meyer r e l a t i o n s h i p  

w i l l  be used. That i s  
17 

dpl  - =  
w1 

d4 
1 

(52) 
cos  (p 

1 

I 

f-? The angle d(p i s  t h e  change i n  t h e  angle  o f ' t h e  e x t e r n a l  flow due 

t o  changes i n  t h e  boundary-layer displacement t h i c k n e s s  and t o  

%" changes i n  s lope  o f  t h e  sur face .  For a f l a t  p l a t e  t h e  q u a n t i t i e s  * i 
& a r e  r e l a t e d  by 2 

- 
f- i! 
i -3 

. i r where 

da; day - + - = t a n  @ 
dx dx 

L .  
r -  1 

i 
: 

6* = displacement th ickness  of  t h e  o u t e r  l a y e r  
0 

6: = displacement th ickness  o f  t h e  i n n e r  l a y e r  
1 



In  t h e  unseparated regions  6f  i s  zero.  

For t h e  o u t e r  Payer 

- 
where s i s  t h e  y-coordinate of  t h e  u = 0 l i n e  i n  t h e  corn- 

p r e s s i b l e  p lane  ( s  = 0 i n  t h e  unseparated r e g i o n s ) .  For the  

inner  l a y e r  

The t ransformat ion  of  t h e  above equat ions  t o  t h e  Dorodnitsyn p l a n e  

y i e l d s  t h e  following i n t e g r a l  r e l a t i o n s  



where 

Mocos@ U 
m = Y -  I M ~  M = 0 1 

2 
- 

1 1 a cos  @ 
1 Us 

The express ions  f o r  t h e  displacement th ickness  a r e  found by sub- 

s t i t u t i n g  i n  t h e  v e l o c i t y  and temperature p r o f i l e s  and c a r r y i n g  

o u t  t h e  i n t e g r a t i o n s .  

Equation (53) r e q u i r e s  t h e  d e r i v a t i v e  o f  6 *  with  r e s p e c t  t o  

x. This i s  r e l a t e d  t o  t h e  d e r i v a t i v e  wi th  r e s p e c t  t o  e ,  through 

t h e  t ransformat ion ,  i n  t h e  fol lowing way 

Method o f  Trea t ing  t h e  Flow Across t h e  
Shock Impingement Poin t  

A d e f i n i t e  ques t ion  a r i s e s  a s  t o  t h e  d e f i n i t i o n  o f  t h e  shock- 

wave impingement p o i n t ;  t h a t  i s9  t h e  p o i n t  i n  t h e  boundary l a y e r  

where t h e  shock and t h e  boundary l a y e r  i n t e r a c t .  This  p o i n t  can 

range from one a t  t h e  edge o f  t h e  boundary l a y e r  t o  one a t  t h e  wal l .  

I t  i s  obvious t h a t  t h e  p o i n t  o f  i n t e r s e c t i o n  cannot l i e  beneath t h e  

sonic  l i n e  s i n c e  t h e  flow from t h e r e  t o  t h e  wa l l  i s  subsonic and con- 

sequent ly  t h e  p r e s s u r e  cannot r i s e  discont inuously.  The i n t e r a c t i o n  

model used i n  t h e  p r e s e n t  theory  assumes f o r  s i m p l i c i t y  t h a t  t h e  

shock i s  r e f l e c t e d  a t  t h e  6 *  l i n e ,  However, i n  t h e  use of  t h e  

theory  f o r  comparison wi th  d a t a  t h e  i n t e r s e c t i o n  o f  t h e  shock wave 

with t h e  "edge" o f  t h e  boundary l a y e r ,  obtained from s c h l i e r e n  p ic-  

t u r e s  would probably be used f o r  t h e  impingement p o i n t  o r  p o s s i b l y  

t h e  i n t e r s e c t i o n  of t h e  shock wave extens ion  with t h e  w a l l ,  This  

indeterminancy i n  t h e  experimental  impingement p o i n t  has  an e f f e c t  

on comparisons between experiment and theory,  

A t  t h e  impingement p o i n t  all of  t h e  v a r i a b l e s  i n  t h e  ~ o r o d n i t s y n  

p lane ,  C o 9  C19 C 2 9  C 3 9  Eel and 4,  and q, and S s  i f  t h e  boundary 



l a y e r  i s  separa ted ,  a r e  assumed t o  be cont inuous,  The e f f e c t  o f  

t h e  shock wave s t r i k i n g  t h e  boundary l a y e r  i s  t o  t u r n  t h e  boundary 

l a y e r  toward t h e  f l a t  p l a t e .  This i s  accomplished by discont inu-  

ous ly  changing t h e  angle  G1 i n  t h e  f r e e  i n t e r a c t i o n  equat ion,  

Equation (53) .  This  change i n  Q q  i s  t h e  tu rn ing  of  t h e  flow 
.I. 

caused by t h e  shock wave and t h e  r e f l e c t e d  expansion fan.  

Let  t h e  angle  @ j u s t  behind t h e  shock be G4. From Equa- 
- t i o n  (58) it i s  seen t h a t  un less  @4 - -GI a  d i s c o n t i n u i t y  i n  

Mach number r e s u l t s .  This  d i s c o n t i n u i t y  i n  Mach number r e s u l t s  i n  

d i s c o n t i n u i t i e s  i n  a l l  of  t h e  boundary-layer q u a n t i t i e s  ( i .e. ,  6, 

6*, C f ,  ..., e t c . )  i n  t h e  phys ica l ,  o r  compressible,  plane.  These 
N d i s c o n t i n u i t i e s  a r e  small  s ince  Q4 - -GI f o r  laminar boundary 

l a y e r s .  By an adjustment of  some o r  a l l  o f  t h e  r e fe rence  q u a n t i t i e s  

a t  t h e  impingement p o i n t ,  it i s  p o s s i b l e  t o  make one o r  some of t h e  

q u a n t i t i e s  cont inuous ac ross  t h e  shock, However, because o f  t h e  

way i n  which t h e  Mach number and t h e  r e fe rence  q u a n t i t i e s  e n t e r  

i n t o  t h e  t ransformat ions ,  c o n t i n u i t y  o f  a l l  t h e  v a r i a b l e s  cannot  

be achieved i n  a l l  p lanes .  I n  t h e  p r e s e n t  i n v e s t i g a t i o n  a l l  quan- 

t i t i e s  except  were made cont inuous i n  t h e  Dorodnitsyn p lane .  

An examination of  t h e  d i s c o n t i n u i t i e s  i n  t h e  phys ica l  p lane  show 

them t o  be q u i t e  small .  For a e s t h e t i c  reasons c o n t i n u i t y  of  t h e  

q u a n t i t i e s  i n  t h e  phys ica l  p lane  might be worth i n v e s t i g a t i n g ,  

I t e r a t i o n  Procedure t o  Determine 
Unique So lu t ion  

A t  t h e  shock impingement p o i n t  t h e  angle  
Q1 

i s  changed d i s -  

continuously.  With t h e  beginning o f  i n t e r a c t i o n ,  xo, and t h e  

impingement p o i n t ,  xi, f ixed  it i s  n o t  known what value of 
@4 

r i g h t  behind t h e  shock w i l l  s a t i s f y  t h e  downstream pressure  boundary 

condi t ion ,  dp/dx = d2p/dx2 = 0 -  This  value o f  must be de te r -  

mined by i t e r a t ~ o n .  The i t e r a t i o n  i s  b u i l t  i n t o  t h e  computer pro- 

gram and a  t y p i c a l  s e t  of r e s u l t s  i s  shown i n  Figure 3 ,  The pres-  

su re  r a t i o  pI/po i s  p l o t t e d  as a furrct.ion of x f o r  t h e  region 



downstream of  t h e  impingement p o i n t ,  x = 0 - Q 7 5  f t .  For c l a r i t y  i 
t h e  curves f o r  i t e r a t i o n s  3 through 8 a r e  shown s t a r t i n g  from 

t h e i r  i n t e r s e c t i o n s  with t h e  curve f o r  i t e r a t i o n  9. Upstream of 

t h e  i n t e r s e c t i o n  p o i n t s ,  t hese  curves l i e  between t h e  curves  f o r  

i t e r a t i o n s  1 and 2 .  The h igher  t h e  i t e r a t i o n  number t h e  c l o s e r  

t h e  curve i s  t o  i t e r a t i o n  9. 

The r e s u l t s  f o r  t h e  var ious  i t e r a t i o n s  show two d i s t i n c t  

behaviors .  For i t e r a t i o n s  1, 3, 5 ,  8 ,  and 9, dp/dx i s  always 

p o s i t i v e  and t h e  s o l u t i o n s ,  i f  continued, would r e s u l t  i n  second 

separa t ion  p o i n t s .  This behavior i s  unallowable because no mechan- 

i s m  t o  induce a second separa t ion  p o i n t  i s  p r e s e n t .  For t h e  o t h e r  

i t e r a t i o n s  t h e  p ressu re  reaches a maximum and then  drops i n  a 

p h y s i c a l l y  u n r e a l i s t i c  fashion.  The ends of t h e s e  l a t t e r  curves  

a r e  shown dashed s i n c e  t h e  computations were a c t u a l l y  stopped when 

dp/dx was equal  t o  zero.  A s  t h e  value o f  G4 was determined more 

accura te ly  t h e  cond i t ion  o f  dp/dx = d2p/dx2 = 0 was s a t i s f i e d  

more c l o s e l y .  A s  can be seen from t h e  cu rves  t h e  value o f  
Q4 

which would s a t i s f y  t h i s  cond i t ion  l i e s  between t h e  va lues  used 

f o r  i t e r a t i o n s  7 and 9. For i t e r a t i o n  7 a t  an x of  approximately 

0.14 f e e t  t h e  cond i t ion  o f  dp/dx = 0 was s a t i s f i e d  b u t  d2p/dx2 

was less than zero.  For i t e r a t i o n  9 a t  x " 0.15 f t . ,  t h e  cond i t ion  

o f  dZp/dx2 = 0 was s a t i s f i e d  but  dp/dx was g r e a t e r  than  zero ,  

For i t e r a t i o n  1 where g4 i s  much t o o  small  t h e  boundary l a y e r  

d i d  n o t  r e a t t a c h .  For i t e r a t i o n s  3 ,  5, 8 ,  and 9, where G4 i s  

s t i l l  too  small ,  t h e  boundary l a y e r  r e a t t a c h e d  b u t  went t o  a second 

separa t ion  p o i n t .  When @4 is  too  l a r g e ,  i t e r a t i o n s  2 ,  4, 6, and 7, 

t h e  boundary l a y e r  r e a t t a c h e s  and t h e  p r e s s u r e  reaches a maximum 

and then begins t o  decay. These c h a r a c t e r i s t i c  behaviors  were used 

f o r  s topping t'he i t e r a t i o n s .  Once values of m4 which were too  

l a r g e  and t o o  small  were known, t h e  next  guess  was made'by averaging 

t h e  bracket ing  va lues ,  I t  can be seen t h a t  by  inc reas ing  t h e  

accuracy on g4 t h e  downstream pressure  boundary cond i t ion  becomes 

more c l o s e l y  s a t i s f i e d .  I t  appears not  t o  be p o s s i b l e  t o  converge 

e x a c t l y ,  wi th  t h e  p r e s e n t  numerical i n t e g r a t i o n  scheme, because kho 

determinant  of t h e  s e t  of  d i f f e r e n t i a l  equa t ions  approaches zero  ai. 
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DIFFERENTIAL EQUATIONS 

The d i f f e r e n t i a l  equat ions  solved by t h e  computer program 

a r e  presented i n  Appendix A f o r  the  a t t ached  flow reglons  and i n  

Appendix B f o r  t h e  separa ted  flow region.  The s t e p s  i n  t h e  der iva-  

t i o n  a r e  n o t  given, only  t h e  f i n a l  equat ions.  The d e r i v a t i o n s  

fol low i n  t h e  same manner a s  those i n  References 1 and 2 .  

Attached Flow Regions 

The d i f f e r e n t i a l  equat ions  solved i n  t h e  a t tached flow regions ,  

ahead of sepa ra t ion  and downstream of reat tachment ,  a r e  given i n  

Appendix A. Equations (A-1) through (A-4) a r e  t h e  four  moments of  

t h e  momentum equat ion and a r e  obtained by s u b s t i t u t i n g  t h e  p r o f i l e s  

of Equations (40) and (41) i n t o  t h e  equat ions  given i n  Equation (38) 

and performing t h e  ind ica ted  i n t e g r a t i o n s  and d i f f e r e n t i a t i o n s .  

Equation (A-5) i s  t h e  f r e e - i n t e r a c t i o n  equat ion and i s  obtained by 

us ing  Equations (40) ,  (41) ,  (53) ,  (56) ,  (58) ,  and (59) and t h e  

Prandtl-Meyer r e l a t i o n s h i p  

In  t h e  a t tached flow regions  62 i s  zero.  This r e s u l t i n g  equat ion 

then has  Equatlon (A-1) t imes m l / ( l  + ml) sub t rac ted  from it t o  

g ive  Equation (A-5). The one moment of  t h e  energy equat ion i s  

given by Equation (A-6) . This  i s  obtained from Equation (39) using 

t h e  p r o f i l e s  of Equations (40) and (41) .  

Separated Flow Region 

The d i f f e r e n t i a l  equat ions  solved i n  t h e  separated flow region 

a r e  given i n  Appendix E3, Equations (B-l) throug'ra (B-4) are the 

four  moments of t h e  momentum equat ion and a r e  der ived  using 



Equation (38) and t h e  p r o f i l e s  s p e c i f i e d  by ~ q u a t i o n s  ( (40)  and ( 4 2 ) -  

The next  equat ion,  Equation (B-5) i s  t h e  f r e e  i n t e r a c t i o n  equat ion.  

Equation (56) and t h e  p r o f i l e s  of Equations (40) and ( 4 2 )  a r e  used 

t o  eva lua te  6:. Equation (57) and t h e  p r o f i l e s  of  Equations (45) 

and (48) a r e  used t o  determine 62. The d e r i v a t i v e s  of 6; and 

6* a r e  evaluated using Equations (58) through (60) and a re  subs t i -  
i 

t u t e d  i n t o  Equation (53) .  Equation (B-5) i s  obta ined  by t ak ing  t h e  

r e s u l t i n g  equat ion and s u b t r a c t i n g  m l / ( l  + ml)  t imes  Equation (B-1) 

from it. Equation (39) and t h e  p r o f i l e s  of Equations (40) and (42) 

a r e  used t o  determine t h e  one moment of  t h e  energy equat ion,  Equa- 

t i o n  ( B - 6 ) .  The l a s t  t h r e e  d i f f e r e n t i a l  equat ions ,  Equations (B-7) 

through (B-9) a r e  obtained by rear ranging  Equations (49) through (51) 

and d i f f e r e n t i a t i n g  with r e s p e c t  t o  e .  
I n  t h e  computer program t h i s  s e t  of n ine  equat ions  has  been 

reduced t o  a  s e t  of s i x .  Equations (B-7) through (B-9) have been 

used t o  e l imina te  6s, qS , and gs from Equations (B-1) through 

(B-6) . Equations (49) through (51) a r e  used t o  eva lua te  as, qs9  
and S . 

S 

I n i t i a l  Values of t h e  Var iables  

A t  t h e  beginning of  i n t e r a c t i o n ,  xo, it i s  necessary  t h a t  

i n i t i a l  p r o f i l e s  be s p e c i f i e d .  The v e l o c i t y  p r o f i l e ,  Equation (40) , 
con ta ins  c c c and c g .  

0' 1' 2 ,  
I n  t h e  p r e s e n t  work t h e  r e fe rence  

l eng th ,  1, w i l l  be taken equal  t o  xo so t h a t  

I t  i s  assumed t h a t  t h e  boundary l a y e r  ahead of t h e  beginning of  

i n t e r a c t i o n  behaves a s  a  zero  p ressu re  g r a d i e n t  l a y e r .  Therefore,  

from Sect ion 3.8 of  Reference 2 ,  t h e  i n i t i a l  va lues  s f  t h e  c ' s  n 
w i l l  be taken a s  those f o r  a  Blas ius  p r o f i l e  a t  4, = 1.. 



~t i s  shown t h e r e  t h a t  t h e  Blas ius  p r o f i l e  i n  t h e  incompressible 

p lane  i s  independent of wa l l  temperature f o r  no p r e s s u r e  g rad ien t .  

The temperature p r o f i l e ,  Equation (41) ,  con ta ins  t h e  q u a n t i t y  

Eo f o r  which an i n i t i a l  value must be s p e c i f i e d .  For zero pres- 

s u r e  g r a d i e n t  t h e  Crocco r e l a t i o n s h i p  

i s  v a l i d .  I f  Eo i s  s e t  t o  zero i n  Equation (41) ,  it reduces t o  

t h e  Crocco r e l a t i o n s h i p .  Since t h e  assumption has  been made t h a t  

t h e  boundary l a y e r  ahead of  t h e  beginning of i n t e r a c t i o n  behaves 

a s  a  zero  p r e s s u r e  g rad ien t  l a y e r ,  t h e  i n i t i a l  cond i t ion  on Eo 

i s  taken a s  

The i n i t i a l  cond i t ion  f o r  U1/Uo i s  obtained by pe r tu rb ing  

t h e  p ressu re  0.1 pe rcen t  from t h e  value ahead of  t h e  beginning of 

i n t e r a c t i o n ,  pl/po = 1.001. From t h e  i s e n t r o p i c  r e l a t i o n s h i p  

and s i n c e  pt, - - p t o  t h e  following expression f o r  t h e  i n i t i a l  

value of  U1/uo i s  obtained.  



U M cos @ 
1 1 

M 
- =  1 ,  - -  1 

uo M cos  @ 
0 0 Mo 

An i n i t i a l  value of  , , i s  requi red  f o r  t h e  f r e e - i n t e r a c t i o n  

equat ion.  The expression used i s  t h a t  given i n  Sect ion  3.8 of  Refer- 

ence 2.  

t a n  @o = 6 .860823  + S w ( l  + m o q  + 1.191715 mo 
6 

During t h e  computation i s  determined from t h e  i n t e g r a t e d  

Prandtl-Meyer r e l a t i o n s h i p  

- - - 1'" + tan-'-\IY - (MI2 - 1) + tan-' 
Y - 1 Y + 1 

(67 )  

where 

~t i s  t o  be noted t h a t  t h e  Mach number i n  t h e  p r e s e n t  work i s  

def ined  p a r a l l e l  t o  6* whereas t h a t  used i n  References 1 and 2 

was def ined  p a r a l l e l  t o  the  x-axis ,  

The i n t e g r a t i o n  cons tan t  
@c 

must be evaluated again a t  t h e  

shock impingement p o i n t  s i n c e  @ i s  changed d iscont inuous ly  a t  

t h i s  p o i n t .  The expression i s  





EQUATIONS FOR QUANTITIES OUTPUT BY 
COMPUTER PR0GFW.M 

id 
The equat ions  f o r  t h e  q u a n t i t i e s  output  by t h e  computer pro- 

f' gram w i l l  now be given without  d e r i v a t i o n .  The d e f i n i t i o n s  i n  t h e  
i 

EL. 
compressible p lane  w i l l  be given followed by t h e  equat ions  obta ined  

r w  by going through t h e  t ransformat ions  t o  t h e  Dorodnitsyn p lane .  
i 

r Axial Distance 
I 

Llt 

The a x i a l  d i s t ance ,  x, i n  f e e t ,  i s  obtained by i n t e g r a t i o n  

I"" of t h e  fol lowing d i f f e r e n t i a l  equat ion 
LA 

Distance from t h e  F l a t  P l a t e  t o  - 
t h e  u = 0 Line 

I n  t h e  a t t ached  flow regions  t h e  d i s t a n c e  from t h e  f l a t  p l a t e  
F ' - 
i t o  t h e  u = 0 l i n e ,  s, i n  f e e t ,  i s  
t ,  

IC i 

d so  t h a t  

s = O  

I n  t h e  separa ted  region 



Boundary-Layer Displacement Thickness 

The boundary-layer displacement th ickness ,  6*, i n  f e e t ,  i s  

given by 

I n  t h e  a t t ached  flow regions  

and i n  t h e  separa ted  region  

Boundary-Layer Momentum Thickness 

The boundary-layer momentum th ickness ,  6**,. i n  f e e t ,  i s  given 

by 

In  t h e  a t t ached  f l o w  reg-ions 



and i n  t h e  separa ted  flow region  

Local Reynolds Number 

The l o c a l  Reynolds number i s  def ined  a s  

so  t h a t  i n  a l l  r eg ions  it i s  

Mach Number a t  t h e  Edge o f  t h e  
Boundary Layer 

I n  a l l  reg ions  t h e  Mach number i s  

Mocos Go u 
M = 1 - 
1 cos  

1 uo 



Pressure,  Density,  and Veloci ty  ,Rat ios  

I n  a l l  reg ions  t h e  p ressu re  r a t i o  i s ,  

t h e  d e n s i t y  r a t i o  i s ,  

and t h e  a x i a l  v e l o c i t y  r a t i o  i s  

Stanton Number 

The Stanton number, S t ,  i s  determined from t h e  fol lowing two 

d e f i n i t i o n s  o f  h e a t - t r a n s f e r  r a t e ,  q, 

and 

s o  t h a t  

In  t h e  a t t ached  flow regions  



and i n  t h e  separa ted  region 

For an a d i a b a t i c  wal l  t h i s  q u a n t i t y  i s  n o t  c a l c u l a t e d ,  

Heat-Transfer Rate Rat io  

From Equation (87)  t h e  h e a t - t r a n s f e r  r a t e  r a t i o ,  ql/qo, i s  

For an a d i a b a t i c  w a l l -  t h i s  i s  n o t  computed, 

Skin-Frict ion Coef f:icient 

The s k i n - f r i c t i o n  c o e f f i c i e n t ,  C f ,  i s  def ined  by 

I n  . t he  a t t ached  flow regions ,  t h i s  becomes 



and i n  t h e  separated region  

Boundary-Layer P r o f i l e s  

The computer program a l s o  outputs  a  number o f  p r o f i l e s  through - 
t h e  boundary l a y e r  a s  a  funct ion  of u where 

I n  p r e s e n t i n g  t h e  equat ions  used t o  c a l c u l a t e  t h e  p r o f i l e s ,  those - 
used i n  t h e  i n n e r  l a y e r ,  from t h e  wa l l  t o  t h e  u  = 0 l i n e ,  and - 
those  used i n  t h e  o u t e r  l a y e r ,  from t h e  u  = 0 l i n e  t o  t h e  edge 

of  t h e  boundary l a y e r ,  a r e  given separa te ly .  

- 
v a r i a t i o n  of  u.- The v a r i a t i o n  i n  t n e  i n n e r  l a y e r  i s  

obta ined  by p ick ing  a  value of q and us ing  Equation (45) t o  ca l -  - 
c u l a t e  t h e  corresponding value of  u. In  t h e  o u t e r  l a y e r  t h e  - 
value of  u i s  picked. 

Var ia t ion  o f  y.- The v a r i a t i o n  of  y, t h e  d i s t a n c e  through 

t h e  boundary l a y e r  from t h e  wa l l  i n  f e e t ,  i n  t h e  i n n e r  l a y e r  i s  

given by 

- 
where q was assumed i n  o rde r  t o  c a l c u l a t e  u.  



In the outer layer the following expression is used. 

where 

and 

In the attached flow regions is zero in Equation (97) 

and Ss is replaced by Sw in the same equation, 

Dimensionless velocity derivative.- The dimensionless velocity 

derivative is evaluated using the following equation 



, -- 

I-: 

In  t h e  a t tached flow regions ,  Equations (40) and (41) a r e  used t o  

eva lua te  x / a q  and S .  For t h e  inner  l a y e r  i n  t h e  separa ted  

region,  Equation (48) i s  used t o  eva lua te  S and t h e  f i r s t  deriva- 

t i v e  of Equation (45) 

i s  used f o r  .  For t h e  o u t e r  l a y e r  i n  t h e  separa ted  region  

Equations (40) and (42) a r e  used. 

Temperature p r o f i l e s . -  Two temperature p r o f i l e s  a r e  c a l c u l a t e d ,  

They a r e  t h e  r a t i o  of t h e  l o c a l  s t agna t ion  temperature t o  t h e  stag- 

n a t i o n  temperature a t  t h e  edge o f  t h e  boundary l a y e r  and t h e  r a t i o  

of t h e  l o c a l  s t a t i c  temperature t o  t h e  l o c a l  s t agna t ion  temperature,  

The first of  these  T ~ / T ~ ,  i s  computed us ing  t h e  appropr ia t e  

assumed temperature p r o f i l e ,  e i t h e r  Equation (40) ,  (42) ,  o r  (48) ,  

f o r  S. Then 

The second r a t i o ,  T / T ~ ,  i s  given by 

Mach number.- The Mach number i s  c a l c u l a t e d  from t h e  tempera- 

t u r e  r a t i o  of  Equation (103).  The i s e n t r o p i c  reLat ionship  is 



The p l u s  s ign  i s  used i n  t h e  o u t e r  l a y e r  and t h e  minus s ign  i s  

used i n  t he  i n n e r  l a y e r  t o  r e p r e s e n t  reversed flow, 

- 
Mass flow.- A dimensionless boundary l a y e r  mass flow, Y, is 

a l s o  c a l c u l a t e d .  This  q u a n t i t y  i s  def ined  a s  

In  t h e  i n n e r  l a y e r  

and i n  t h e  o u t e r  l a y e r  

P 

The F n 1 s  a r e  obtained from Equation ( 9 9 ) .  In  t h e  a t t ached  flow - 
region,  Y i s  zero.  It  i s  evalua ted  us ing  Equation (106) i n  

"l=rls 
t h e  separa ted  region.  



I N P U T  DATA REQUIRED BY 
COMPUTER PROGRAM 

The i n p u t  d a t a  deck requi red  by t h e  c o m p ~ t e r  program c o n s i s t s  

of t h r e e  cards .  These ca rds  a r e  shown i n  Figure 4. I n  t h i s  f ig -  

u re  t h e  v a r i a b l e  i s  given a s  we l l  a s  t h e  ca rd  column i n  which t h e  

value of t h e  v a r i a b l e  i s  begun and t h e  format i n  which it i s  punched. 

A l l  o f  t h e  v a r i a b l e s  have p o s i t i v e  va lues  with t h e  except ion of t h e  

l a s t  two i n  t h e  l a s t  card  which a r e  e i t h e r  negat ive  o r  zero.  The 

c a r d  column shown f o r  t h e s e  i s  t h e  column i n  which t h e  minus s ign  

i s  t o  be punched. For a l l  of  t h e  o t h e r s  it i s  t h e  column i n  which 

t h e  f i r s t  d i g i t  i s  punched. 

The f i r s t  q u a n t i t y  i n  Card No. 1 i s  t h e  ~ e y n o l d s  number p e r  

foo t ,  R / R ,  based on cond i t ions  a t  t h e  edge of  t h e  boundary l a y e r  
0 

a t  t h e  beginning of i n t e r a c t i o n .  Since t h e  r e fe rence  l eng th ,  R ,  

i s  taken equal  t o  xo, 

Ro Ro PoUo 
T=-=-  p e r  f o o t  Xo IJ.0 

The next  q u a n t i t y  i s  t h e  Mach number, Mo, a t  t h e  edge of  t h e  

boundary l a y e r  a t  t h e  beginning of  i n t e r a c t i o n ,  ~ h e s e  two 

q u a n t r t i e s  should be known a s  accura te ly  a s  poss ib le .  The t h i r d  

q u a n t i t y  on t h e  f i r s t  ca rd  i s  t h e  r a t i o  of s p e c i f i c  h e a t s ,  y. 

The l a s t  parameter i s  TJT~,. This  i s  t h e  r a t i o  of t h e  tempera- 

t u r e  o f  t h e  f l a t  p l a t e  t o  t h e  s t agna t ion  temperature a t  t h e  edge 

of t h e  boundary l a y e r  a t  t h e  beginning of i n t e r a c t i o n .  

The next  c a r d  con ta ins  four  q u a n t i t i e s ,  The f i r s t  of t h e s e  

i s  t h e  l o c a t i o n  o f  t h e  beginning of  interaction,'^^, measured 

i n  f e e t  from t h e  l ead ing  edge of t h e  f l a t  p l a t e ,  This i s  t h e  

p o i n t  where t h e  p ressu re  i s  assumed t o  have r i s e n  0,P percen t  

from t h e  f l a t - p l a t e  value.  The next  parameter i s  t h e  shock-wave 

impingement p o i n t ,  xi, measured i n  f e e t  from t h e  leading  edge of  

t h e  f l a t  p l a t e .  This could be the  p o i n t  where t h e  shock s t r i k e s  

t h e  edge o f  t h e  boundary l a y e r ,  t h e  f l a t  p l a t e ,  o r  any p o i n t  i n  



between. No at tempt  has  been made i n  t h e  p r e s e n t  work t o  d e f i n e  

t h e  p o i n t  i n  t h e  boundary l a y e r  which should be used. The program 

w i l l  no t  use t h i s  p o i n t  e x a c t l y  a s  i n p u t .  I t  uses  a s  t h e  impinge- 

ment p o i n t  t h e  value o f  x a t  t h e  end of t h e  f i rst  i n t e g r a t i o n  

s t e p  where x  - > xi. Thus, t h e  a c t u a l  xi may be l a r g e r  than  t h e  

one which w a s  inpu t .  The t h i r d  q u a n t i t y  i n  Card No. 3 i s  t h e  

output  i n t e r v a l ,  Axprint, i n  f e e t .  Output w i l l  on ly  be p r i n t e d  

t h i s  f r equen t ly  and n o t  a t  t h e  end o f  each i n t e g r a t i o n  s t e p .  The 

l a s t  q u a n t i t y  i s  an index c o n t r o l l i n g  t h e  amount of output .  The 

s o l u t i o n  downstream of  t h e  shock-wave impingement p o i n t  r e q u i r e s  

an i t e r a t i o n  on $ u n t i l  t h e  downstream p r e s s u r e  boundary condi- 

t i o n  i s  s a t i s f i e d .  Normally t h e  ou tpu t  from t h e  l a s t  i t e r a t i o n  

would be a l l  t h a t  would be of  i n t e r e s t ,  however, i n  c e r t a i n  i n s t a n c e s  

t h e  r e s u l t s  o f  each i t e r a t i o n  may be wanted, The q u a n t i t y  NOUT 

c o n t r o l s  t h i s .  I f  NOUT = 0 then only  t h e  r e s u l t s  of  t h e  l a s t  

i t e r a t i o n  w i l l  be p r i n t e d .  If NOUT = 1 t h e  r e s u l t s  o f  a l l  i t e r a -  

t i o n s  w i l l  be p r i n t e d .  

The f i r s t  q u a n t i t y  on t h e  t h i r d  ca rd ,  PHITOL, s p e c i f i e s  how 

accura te  i s  t o  be determined and, t h e r e f o r e ,  how c l o s e  t h e  

downstream p r e s s u r e  boundary condi t ion ,  dp/dx = d 2 p / d ~ 2  = 0 ,  i s  

s a t i s f i e d ,  The range on PHITOL i s  normally from los3 t o  lo-', 

For pre l iminary  runs i s  s u f f i c i e n t  t o  determine t h e  f i n a l  

p ressu re  l e v e l  downstream of t h e  impingement p o i n t .  Since $, 

and M4 a r e  known and i f  it i s  assumed t h a t  t h e  f i n a l  $ i s  

zero, t h e  f i n a l  p ressu re  can be found from the Prandtl-Meyer angle  

and t a b l e s  such a s  Reference 6. Once t h e  d e s i r e d  f i n a l  p r e s s u r e  

has  been obta ined  t h e  computation can be r e s t a r t e d  wi th  PMCTOL 

equal  t o  loF5  and t h e  more accura te  s o l u t i o n  obtained.  For t h e  

example shown-in Figure 3, t h e  i t e r a t i o n  would have been terminated 

a t  i t e r a t i o n  8 f o r  PHITOL = The s o l u t i o n  i s  terminated a t  

t h e  end of t h e  i t e r a t i o n  where PHITOL i s  s a t i s f i e d .  

The l a s t  two q u a n t i t i e s ,  PHHI and PHLO, on Card No. 3 a r e  t h e  

bracket ing  va lues  of  G4 determined by t h e  i t e r a t i o n .  They must 

be i n p u t  as zero un less  t h e  computation i s  be ing  r e s t a r t e d  us ing  



t h e  r e s u l t s  of a  previous  run,  A s  an example,again cons ider  Fig- 

u r e  3. When t h e  computation was f i r s t  s t a r t e d ,  P H B I  and PHLO were 

i n p u t  a s  zero.  Let u s  assume PHITOL was inpu t  a s  s o  t h a t  t h e  

l a s t  i t e r a t i o n  would have been i t e r a t i o n  8. I n  o rde r  t o  determine 

t h e  s o l u t i o n  more accura te ly ,  we wish t o  r e s t a r t  t h e  computation 

with i t e r a t i o n  8 with PHITOL equal  t o  lo-'. From t h e  computer 

ou tpu t  f o r  i t e r a t i o n  8 we o b t a i n  PHHI and PHLO. PHHI i s  given a s  

-0 .I38345 and PHLO a s  -0.137095. These values a r e  then inpu t ,  

i t e r a t i o n  8 i s  repeated,  and a d d i t i o n a l  i t e r a t i o n s  computed u n t i l  

PHITOL i s  s a t i s f i e d .  This  r e s t a r t  procedure can a l s o  be used i f  

t h e  computation i s  stopped f o r  any o t h e r  reason, f o r  example, t h e  

time es t ima te  i s  exceeded. 

The q u a n t i t i e s  PHHI and PHLO a r e  given on t h e  f irst  page o f  

output  f o r  each i t e r a t i o n  which i s  i n d i c a t e d  by "Impingement p o i n t  - 
Values behind shock" p r i n t e d  a t  t h e  t o p  o f  t h e  page. I f  only  out- 

p u t  from t h e  l a s t  i t e r a t i o n  i s  requested,  NOUT = 0, and t h e  com- 

p u t a t i o n  i s  stopped because of  exceeding t h e  t ime es t ima te  o r  

some o t h e r  s i m i l a r  reason, t h e  two numbers can be obtained from 

t h e  l a s t  page o f  output  where they  a r e  t a b u l a t e d  f o r  each i t e r a t i o n ,  

The l a s t  p a i r  of  va lues  should be used, 



USE O F  COMPUTER P R O G M  AND 
COMPARISONS WITH DATA 

I n  order  t o  a s s e s s  t h e  accuracy of  t h e  theory  and a l s o  t o  

demonstrate t h e  use of  t h e  computer program, comparisons have been 

made between experiment and theory f o r  a l i m i t e d  number of  s e t s  o f  

experimental  da ta .  The r e s u l t s  of t h e s e  comparisons a r e  presented  

i n  Figures  5 through 8. In  t h e  d i scuss ion  which follows it i s  

assumed t h a t  t h e  cond i t ions  a t  t h e  edge of  t h e  boundary l a y e r  a t  

t h e  beginning of  t h e  i n t e r a c t i o n ,  R ~ / x ~ ,  Mo, and T to ,  a r e  known 

a s  we l l  a s  t h e  l o c a t i o n  of  t h e  shock-wave impingement p o i n t ,  xi, 

and t h e  temperature o f  t h e  p l a t e ,  Tw. These q u a n t i t i e s  may be 

determined by a simple i n v i s c i d  c a l c u l a t i o n  o r  by i t e r a t i n g  between 

a method o f  c h a r a c t e r i s t i c s  s o l u t i o n  and an a t t ached  boundary- 

l a y e r  so lu t ion .  The l a t t e r  method i s  d e s i r a b l e  a t  hypersonic 

speeds s i n c e  t h e  boundary-layer displacement th ickness  can have a 

s i g n i f i c a n t  e f f e c t  on Ro and M,. I t  should d e f i n i t e l y  be used 

when t h e  i n v i s c i d  flow f i e l d  i s  known t o  be nonuniform o r  c o n t a i n s  

i n t e r s e c t i n g  shock waves (i. e . ,  hypersonic i n l e t s )  s i n c e  x can i 
be s i g n i f i c a n t l y  changed by these  f a c t o r s .  

Two q u a n t i t i e s  s t i l l  remain t o  be determined, t h e  l o c a t i o n  o f  

t h e  beginning o f  i n t e r a c t i o n  and t h e  shock-wave s t r e n g t h ,  These 

two q u a n t i t i e s  a r e  n o t  independent and t h e i r  t rea tment  i n  an a c t u a l  

computation depends on whether it i s  d e s i r e d  t o  f i t  experimental  

d a t a  o r  t o  p r e d i c t  a separa ted  flow. The change i n  t h e  i n c l i n a t i o n ,  

a, of  t h e  6* l i n e  a t  shock impingement depends on t h e  shock-wave 

s t r e n g t h .  A s  t h e  program i s  now w r i t t e n ,  a value of  x i s  spec- 
0 

i f i e d  a s  inpu t  and an i t e r a t i v e  c a l c u l a t i o n  i s  made downstream of 

shock impingement t o  determine t h e  value of Q4 f o r  which t h e  

downstream p r e s s u r e  boundary cond i t ion  dp/dx = d2p/dx2 = 0 i s  

s a t i s f i e d .  This  y i e l d s  a value of t h e  downstream p l a t e a u  p r e s s u r e ,  

I f  t h i s  value o f  t h e  p l a t e a u  p ressu re  i s  no t  compatible wi th  t h e  

value f o r  a known shock s t r e n g t h ,  then xo i s  va-ried u n t i l  t h e  

f i n a l  p l a t e a u  p r e s s u r e  has  t h e  proper  value,  I f  t h e  p l a t e a u  press~-ir..c 



i s  too  low, t h e , v a l u e  of xo i s  reduced, and conversely.  T h ~ s  

procedure i s  t h e  If t h e  value of  xo and x .  
1 

a r e  known from experiment, then t h e s e  q u a n t i t i e s  a r e  used a s  i n p u t  

t o  perform a d a t a - f i t t i n g  c a l c u l a t i o n  and t o  c a l c u l a t e  t h e  downstream 

p l a t e a u  p ressu re .  This would be done i f  t h e  shock s t r e n g t h  i s  

unknown. Comparison i s  then made between t h e  t h e o r e t i c a l  and experi-  

mental p ressu re  d i s t r i b u t i o n s .  I n  p a r t i c u l a r ,  comparison would be 

made between t h e  f i n a l  p l a t e a u  p ressu res .  This  procedure i s  t h e  

d a t a - f i t t i n g  method. Examples o f  t h e  use  of  t h e  program f o r  both 

purposes a r e  given i n  t h e  fol lowing paragraphs.  

Figure 5 shows t h e  r e s u l t s  of us ing  t h e  program as a predic-  

t i o n  technique. The va lues  of  Mo and %/xo a r e  taken from 

Figure  1 8 ( a )  o f  Reference 7 a s  wel l  a s  t h e  i n v i s c i d  flow f i n a l  

p r e s s u r e  l e v e l  and t h e  impingement p o i n t ,  x i' A f i r s t  guess  of  

x = 0.0155 f t .  was made which r e s u l t e d  i n  a low f i n a l  p ressu re ,  
0 

The next  guess w a s  xo = 0.0075 f t .  The f i n a l  p ressu re  was t o o  

high. A t h i r d  guess  of x = 0.115 f t .  r e s u l t e d  i n  a f ~ n a l  pres-  
0 

s u r e  which matched t h e  i n v i s c i d  one. The experimental  d a t a  a r e  

a l s o  shown i n  Figure 5.  The c a l c u l a t e d  p r e s s u r e  d i s t r i b u t i o n  

through the  separa t ion  p o i n t  agrees  q u i t e  we l l  with t h e  da ta .  The 

c a l c u l a t e d  p l a t e a u  p r e s s u r e  ahead of  t h e  impingement p o i n t  i s  below 

t h a t  obtained experimental ly ,  p,/po = 1.37 a s  compared t o  t h e  

experimental  value of  about 1.43. Downstream of  the  impingement 

p o i n t  t h e  p r e s s u r e  g r a d i e n t  i s  somewhat s t e e p e r  than t h a t  shown 

by t h e  d a t a  when t h e  f i n a l  p ressu re  l e v e l  i s  matched, The i t e r a -  

t i o n  on xo is  n o t  b u i l t  i n t o  t h e  program. 

Figure 6 shows t h e  r e s u l t s  obtained when t h e  theory  was used 

f o r  d a t a  f i t t i n g  and compared wi th  t h e  d a t a  of Figure 8 ( c )  of Ref- 

e rence  8 .   he shock genera tor  angle was n o t  known. This c a s e  was 

s e l e c t e d  s i n c e  t h e  s k i n - f r i c t i o n  d a t a  and t h e  v e l o c i t y  p r o f i l e s  

i n d i c a t e d  t h a t  t h e  flow was laminar up t o  t h e  p o i n t  where t h e  final.  

p r e s s u r e  was reached. Figure 6 ( a )  p r e s e n t s  t h e  p ressu re  d a t a  com- 

pa r i sons ,  Two t h e o r e t i c a l  curves a r e  shown, I n  one, x = 0,115 ft,, 
0 

t h e  p ressu re  d a t a  through separa t ion  was matched, T h i s  r e s u l t s  in 



a low f i n a l  p ressu re .  I n  t h e  o the r ,  xo = 0.105 f t . ,  t h e  f i n a l  

p r e s s u r e  was matched. When t h i s  i s  done, t h e  c a l c u l a t e d  separa t ion  

p o i n t  i s  upstream of t h a t  found experimental ly .  Figure 6 (b )  shows 

t h e  s k i n - f r i c t i o n  comparisons f o r  t h e  same two cases .  Ahead of  t h e  

impingement p o i n t ,  xi, t h e  agreement i s  b e t t e r  when t h e  p r e s s u r e  

d a t a  through separa t ion  a r e  matched, xo = 0.115 f t .  Downstream of  

x t h i s  a l s o  appears t o  be t r u e .  However, t h e  d a t a  show rea t t ach-  i 
ment t ak ing  p l a c e  between x = 0.208 f t .  and 0.216 f t .  With 

Xo = 0.115 f t . ,  reat tachment  occurs  a t  0.192 f e e t ,  . When t h e  f i n a l  

p r e s s u r e  i s  matched, xo = 0.105 f t . ,  reat tachment  occurs  a t  0.208 

f e e t  which agrees  with t h e  da ta .  Figure 6 ( c )  compares t h e  c a l c u l a t e d  

v e l o c i t y  p r o f i l e s  wi th  those  measured experimental ly .  For both 

va lues  of xo, t h e  c a l c u l a t e d  p r o f i l e s  agree we l l  wi th  t h e  d a t a  

except  f o r  x = 0.184 f t .  This i s  i n  t h e  separa ted  region.  When 

t h e  separa t ion  region p r e s s u r e  i s  n o t  matched t h e  reversed  flow 

region i s  t o o  l a r g e .  This  must c l e a r l y  be t h e  case  nea r  t h e  

separa t ion  p o i n t  i f  t h e  sepa ra t ion  p o i n t  i s  n o t  p r e d i c t e d  exac t ly .  

I n  Figure 7 comparisons a r e  made wi th  t h e  d a t a  of Figure 8 ( e )  

of  Reference 8. This case  i s  one which i s  t r a n s i t i o n a l  downstream 

of  t h e  shock impingement p o i n t  a s  c l e a r l y  shown by t h e  experimental  

s k i n  f r i c t i o n  and v e l o c i t y  p r o f i l e s .  Even though t h e  theory  i s  n o t  

v a l i d  f o r  t h i s  case  downstream of  t r a n s i t i o n ,  t h e  computations were 

made t o  see  how t h e  theory  agreed wi th  experiment upstream of  t ran-  

s i t i o n .  Only one curve i s  shown, namely, t h a t  f o r  which t h e  d a t a  

through t h e  separa t ion  p o i n t  have been matched. For c u r i o u s i t y  

sake,  an at tempt  was made t o  match downstream pressure .  This  w a s  

n o t  p o s s i b l e  without  s t a r t i n g  the  i n t e r a c t i o n  c l o s e  t o  t h e  

l ead ing  edge. A computation made wi th  xo = 0.005 f t .  y i e lded  a 

f i n a l  p ressu re  r a t i o  between 1.8 and 1.9. 

I t  i s  seen i n  Figure 7 t h a t  t h e  c a l c u l a t e d  p r e s s u r e  r a t i o ,  

sk in  f r i c t i o n ,  and v e l o c i t y  p r o f i l e s  a l l  agree wel l  wi th  t h e  d a t a  

up t o  t h e  impingement p o u t .  Downstream of t h i s  p o i n t  t h e  agree- 

ment i s  very poor ,  I t  thus  appears t h a t  even though t r a n s i t i o n  



occurs  downstream of  t h e  shock impingement p o i n t  t h e  boundary l a y e r  

up t o  t h i s  p o i n t  e x h i b i t s  laminar c h a r a c t e r i s t i c s .  

Figure 8  p r e s e n t s  comparisons with two s e t s  of  unpublished 

d a t a  obtained from NASA Ames Research Center. These d a t a  were 

obta ined  on t h e  conf igura t ion  shown i n  t h e  fol lowing sketch: 

F l a t  p l a t e  

The wa l l  of t h e  f l a t  p l a t e  i s  h igh ly  cooled. The q u a n t i t i e s  %/xo 

and Mo have been obtained from a  c h a r a c t e r i s t i c s  so1ut ions . l  For 

t h e  weak shock-wave case ,  Figure 8 ( a ) ,  t h e  agreement between t h e  

t h e o r e t i c a l  curve and t h e  d a t a  i s  good over t h e  e n t i r e  i n t e r a c t i o n  

region.  The s t rong  shock c a s e  e x h i b i t s  t h e  same behavior a s  t h e  

case  shown i n  Figure 7 (a )  . The p r e s s u r e s  agree f a i r l y  we l l  up t o  

t h e  impingement p o i n t .  Downstream of  t h i s  p o i n t  t h e  t h e o r e t i c a l  

p r e s s u r e  i s  f a r  below t h e  experimental  p r e s s u r e  i n d i c a t i n g  t h a t  

t h i s  flow may a l s o  be t r a n s i t i o n a l .  

It i s  noted t h a t  t h e  c a l c u l a t e d  f i n a l  p ressu re  r i s e  i n  Fig- 

u r e  6 ( a )  f o r  t h e  case  where t h e  d a t a  through separa t ion  were 

matched was cons iderably  below tha-c obtained experimental ly .  

Where t h e  flow was known t o  be laminar ( ~ i g s .  5 and 8 ( a ) ) ,  t h i s  

p r e s s u r e  was matched when t h e  d a t a  through separa t ion  were matched, 

This  was n o t  t h e  case  f o r  t h e  s e t  of d a t a  known t o  be t r a n s i t i o n a l  

( ~ i g .  7 (a)  ) . Consequently, t h e  l ack  o f  agreement i n  Figure 6  (a)  

may be due e i t h e r  t o  inaccuracy of t h e  theory o r  t r a n s i t i o n  of t h e  

boundary l a y e r .  

l ~ h e  l a r g e  d i f f e r e n c e  between M, and M, i s  an i n d i c a t i o n  of 
t h e  nonuniformity o f  t h e  i n l e t  flow, 



CONCLUDING REMARKS 

(1) The p r e s e n t  r e p o r t  p r e s e n t s  a  method f o r  c a l c u l a t i n g  

laminar boundary layer-shock wave i n t e r a c t i o n s  by t h e  method o f  

i n t e g r a l  r e l a t i o n s .  Second-order temperature coupl ing between t h e  

temperature and v e l o c i t y  p r o f i l e s  i s  used so  t h a t  t h e  method i s  

app l i cab le  t o  highly-cooled w a l l s  of  any uniform temperature.  No 

comparable method has been publ ished t o  t h e  knowledge of  t h e  

authors .  

( 2 )  A c r i t e r i o n  has  been developed t o  determine t h e  unique 

s o l u t i o n ,  f o r  a  given Reynolds number, Mach number, wa l l  temperature,  

and shock-wave impingement p o i n t  based on c e r t a i n  p resc r ibed  down- 

s t ream p r e s s u r e  boundary cond i t ions .  These cond i t ions  a r e  t h a t  

when a  s p e c i f i e d  f i n a l  p r e s s u r e  i s  a t t a i n e d  downstream of  t h e  impinge- 

ment p o i n t ,  both the  f i r s t  and second d e r i v a t i v e s  of p r e s s u r e  wi th  

r e s p e c t  t o  d i s t a n c e  s h a l l  be zero.  

( 3 )  A computer program has  been w r i t t e n  based on t h e  theory  

f o r  a  f l a t - p l a t e  conf igura t ion .  An i t e r a t i v e  s o l u t i o n  i s  c a r r i e d  

ou t  downstream o f  t h e  shock impingement p o i n t  t o  determine t h e  

s o l u t i o n  which s a t i s f i e s  t h e  downstream p r e s s u r e  f irst  and second 

d e r i v a t i v e  boundary cond i t ions  f o r  a  p resc r ibed  p o s i t i o n  of  t h e  

beginning of  i n t e r a c t i o n .  

(4) The program can be used a s  a  p r e d i c t i o n  technique a s  we l l  

a s  a  data-matching technique. If t h e  shock-wave impingement p o i n t  

and s t r e n g t h  a r e  known, t h e  beginning o f  i n t e r a c t i o n  can be i t e r a t e d  

on, by making a  s e r i e s  of  runs with t h e  computer program, u n t i l  n o t  

only t h e  downstream p r e s s u r e  f i r s t  and second d e r i v a t i v e  boundary 

cond i t ions  a r e  s a t i s f i e d  bu t  a l s o  the  f i n a l  p ressu re  l e v e l  c o n s i s t e n t  

wi th  t h e  shock s t r e n g t h  i s  matched. 

(5 )  A l i m i t e d  number of  comparisons between experiment and 

theory  have been made f o r  p r e s s u r e  d i s t r i b u t i o n s ,  v e l o c i t y  p r o f i l e s ,  

and s k i n - f r i c t i o n  d i s t r i b u t i o n s .  For d a t a  which a r e  known t o  be 

laminar  throughout t h e  e n t i r e  i n t e r a c t i o n  region,  t h e  agreement i s  

reasonably good. For d a t a  known t o  be t r a n s i t i o n a l  downstream s f  



t h e  shock-wave impingement p o i n t ,  t h e  theory  matches t h e  d a t a  

upstream of t h i s  p o i n t  reasonably w e l l ,  

( 6 )  ~ n s u f f i c i e n t  comparisons have been made between t h e  

theory  and d a t a  known t o  be laminar throughout t h e  e n t i r e  i n t e r a c -  

t i o n  region t o  f u l l y  a s s e s s  t h e  accuracy of  t h e  theory.  

(7)  The program w i l l  y i e l d  h e a t - t r a n s f e r  r a t e s  i n  t h e  i n t e r -  

a c t i o n  region,  bu t  no comparison between experiment and theory  has  

been made t o  assess t h e  accuracy of t h e  h e a t - t r a n s f e r  p r e d i c t i o n s ,  



RECOMMENDATIONS FOR FUTURE WORK 

(1) A comparison of t h e  theory  wi th  a l l  d a t a  known t o  be 

laminar over t h e  e n t i r e  i n t e r a c t i o n  region should be made i n  o rde r  

t o  eva lua te  t h e  accuracy of t h e  theory  f u r t h e r .  

( 2 )  The p r e s e n t  method al lows small d i s c o n t i n u i t i e s  i n  

boundary-layer th ickness ,  displacement th ickness  and momentum 

th ickness ,  and o t h e r  q u a n t i t i e s  ac ross  t h e  shock impingement p o i n t .  

For s i m p l i c i t y  t h e s e  q u a n t i t i e s  have been made continuous i n  t h e  

Dorodnitsyn p lane  with t h e  r e s u l t  t h a t  they  a r e  n o t  continuous i n  

t h e  compressible p lane .  While t h e s e  d i s c o n t i n u i t i e s  a r e  small ,  

f u r t h e r  work may be p o s s i b l e  t o  improve t h e  elegance o f  t h e  p r e s e n t  

method by making some o r  p o s s i b l y  a l l  of t h e  phys ica l  q u a n t i t i e s  

continuous i n  t h e  compressible plane.  

( 3 )  The computer program should be modified t o  handle two- 

dimensional conf igura t ions  o t h e r  than f l a t  p l a t e s ,  This  modif ica-  

t i o n  r e q u i r e s  coupl ing a  p resc r ibed  p r e s s u r e  d i s t r i b u t i o n  program 

t o  t h e  e x i s t i n g  program i f  t h e  conf igura t ion  i s  n o t  a  f l a t  p l a t e  

p r i o r  t o  t h e  beginning of i n t e r a c t i o n .  

(4) For e x t e r n a l  flow f i e l d s  which a r e  nonuniform, such a s  

those  t h a t  e x i s t  i n  i n l e t s ,  it i s  necessary  t o  couple an i n v i s c i d  

flow f i e l d  program t o  t h e  boundary-layer program s o  t h a t  cond i t ions  

a t  t h e  edge of  t h e  boundary l a y e r  a t  t h e  beginning of i n t e r a c t i o n  

and t h e  shock s t r e n g t h  a t  impingement can be determined. 

(5)  The l i m i t e d  amount of  d a t a  examined i n  t h e  p r e s e n t  i n v e s t i -  

g a t i o n  i n d i c a t e s  t h a t  boundary-layer t r a n s i t i o n  a t  shock impingement 

may be s i g n i f i c a n t  f o r  t h e  shock s t r e n g t h s  t y p i c a l  of hypersonic 

i n l e t  design. Since a  method f o r  t r e a t i n g  t h i s  t r a n s i t i o n a l  case  

appears  t echno log ica l ly  important,  an a n a l y s i s  f o r  t h i s  ease  i s  

recommended. The f a c t  t h a t  t h e  laminar a n a l y s i s  appears v a l i d  up 

t o  shock impingement f o r  t h e  t r a n s i t i o n a l  cases  examined sugges ts  

an approach t o  t h e  t r a n s i t i o n a l  case ,  

(6)  There appears t o  be a  tendency i n  t h e  p r e s e n t  method 

t o  p r e d i c t  t h e  f i r s t  p l a t e a u  p r e s s u r e  somewhat Low, I t  i s  possi .bie 
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CARD NO. 1 

CARD NO. 2 

CARD NO. 3 

Figure 4,- Format of input data t o  computer program. 
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APPENDIX A 

DIFFERENTIAL EQUATIONS FOR 
ATTACHED FLOW REGIONS 

The d i f f e r e n t i a l  equat ions  which a r e  solved i n  t h e  a t t ached  

flow regions  a r e  presented i n  t h i s  appendix without d e r i v a t i o n ,  

The four  momentum equat ions a r e  

- 
g2d0 + g e + g4e2 + d2d3 + 1- (Tl 

3 1 - f 2 - 2f3) - (Ti 1 - 2E2) 

The f r e e  i n t e r a c t i o n  equat ion i s  



and t h e  energy equat ion i s  

. . 
The fol lowing n o t a t i o n  h a s  been used i n  spec i fy ing  t h e  c o e f f i c i e n t s  f +  

(A- 9) 

(A- 10) 



'n =IC:zG2 o dii 

0 
2 

Q = J iP dii c + c Ti + c*i2 
0 

0 
1 

(A- 13) 



APPENDIX B 

DIFFERENTIAL EQUATIONS FOR 
SEPARATED FLOW REGION 

The d i f f e r e n t i a l  equat ions  which a r e  solved i n  t h e  separa ted  

flow region a r e  presented  i n  t h i s  appendix without  d e r i v a t i o n .  

The four  momentum equat ions  a r e  

The f r e e - i n t e r a c t i o n  equat ion i s  



and the energy equat ion is 



The match of t h e  f i r s t  d e r i v a t i v e s  of v e l o c i t y  p r o f i l e s  (Eq. (49 ) ) ,  

a f t e r  d i f f e r e n t i a t i o n  with r e spec t  t o  4 ,  i s  

The match of  the  second d e r i v a t i v e s  o f  t h e  v e l o c i t y  p r o f i l e  

( ~ q .  (50) )  y i e l d s  

and t h e  match of  the  f i r s t  d e r i v a t i v e s  of  t h e  temperature p r o f i l e s  

(Eq. (51) )  becomes 

The n o t a t i o n  used i n  t h e  c o e f f i c i e n t s  i s  t h a t  given by Equations 

(A-7) through (A-15) o f  Appendix A and t h e  a d d i t i o n a l  q u a n t i t y  

I n  t h e  cons tant  p ressu re  region t h e  f r e e  i n t e r a c t i o n  equat ion ,  

 quat ti on ( B - 5 ) , i s  n o t  used and t h e  fJ terms i n  the o t h e r  equat ions 
P 

a r e  s e t  equal  t o  ze ro ,  




