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I. ABSTRACT OF RESFARCH TO DATE 

The general  program represents  an extension and general izat ion 

of an earlier program dealing ch ie f ly  with t e l l u r i c  gases. 

instrumentation includes th ree  Perkin-Elmer Model 112 spectrometers 

The b a s i c  

equipped with prisms t o  cover t h e  range between the  v i s i b l e  and 

40 microns, one Perkin-Elmer Model 421 g r a t i n g  instrument f o r  t he  

2- t o  18 micron region, and a Perkin-Elmer Model far- infrared 

spectrograph f o r  t h e  region 1 2  t o  330 microns; t h i s  bas i c  instrumentation 

was  supplied by Kansas S t a t e  University.  

The i n i t i a l  s t ages  of the research w e r e  involved with a test  

of Burch's l a w  of mul t ip l i ca t ive  transmittance f o r  mixed absorbing 

gases when t h e i r  l i n e s  are broadened by H and He ,  which are cons t i t uen t s  

of t h e  atmospheres of t he  major p lane ts .  The r e s u l t s ,  which have 

r e s u l t e d  i n  jou rna l  publ icat ion,  i nd ica t e  t h a t  t he  mul . t ipl icat ive l a w  
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as o r i g i n a l l y  formulated can be applied with confidence. 

The broadening of individual  l i n e s  i n  t h e  CO fundamental by 

var ious gases has been inves t iga ted .  The r e s u l t s  i nd ica t e  t h a t  t h e  

r a t i o  of t h e  "self -broadening a b i l i t y "  of CO t o  the  "line-broadening 

a b i l i t y "  of foreign gases is  g rea t e r  f o r  l i n e s  i n  the  band wings than 

f o r . l i n e s  near  t h e  band center  when t h e  molecular mass of t h e  broadener 

is  less than t h a t  of CO. The r e s u l c s  have been , in t e rp re t ed  i n  terms 

of a phenomenological theory. Studies of t h e  r e l a t i v e  l i n e  broadening 

a b i l i t i e s  of fo re ign  gases have provided information t h a t  can be used 

t o  provide o p t i c a l  c o l l i s i o n  c ross  sec t ions  f o r  individual  l i n e s  i n  

t h e  CO fundamental; t h i s  work i s  s t i l l  i n  progress,  

Other work has been done on t h e  determination of l i n e  s t r eng th  

S and half-width f o r  individual  CO l i n e s  as a funct ion of temperature. 



The r e s u l t s  a t  reduced temperatures ind ica t e  (1) t h a t  l i ne  s t r eng ths  

S can be s a t i s f a c t o r i l y  predicted by t h e  Herman-Wallis expression but  

(2) that  a t  very low temperatures the  l i n e  half-widths 

markedly from values  calculated by applying t h e  "hard-sphere" approximations 

of k i n e t i c  theory t o  values of gomeasured a t  NPT. 

continued. 

d i f f e r  

This work i s  being 

Measurements of t o t a l  band absorptancejA(y)d?l as a funct ion of 

absorber thickness w and t o t a l  effective pressure P 

a t  var ious temperatures T f o r  bands of GO and N 0. This work i s  2 

being extended t o  var ious o the r  planetary gases. 

have been made e - 

Attempts have been made t o  develop a phenomenological theory of 

l i n e  broadening t h a t  w i l l  adequately account f o r  t h e  phenomena w e  

have observed f o r  t h e  CO fundamental and those reported f o r  more highly 

po la r  gases. 

v a r i a t i o n  of l i n e  half-wdith with l i n e  number observed i n  our work 

on GO and i n  t h e  s t u d i e s  of HC1-line broadening conducted i n  o the r  

l abora to r i e s .  

completed. 

This theory has been successful  i n  accounting f o r  t h e  

A preliminary d r a f t  of a paper on the  subjec t  has been 

Laboratory measurements of n i t r i c - a c i d  vapor absorptance have 

been compared with balloon measurements a t  t h e  University of Denver 

i n  a r r i v i n g  a t  an estimate of t h e  quant i ty  of n i t r i c  ac id  vapor 

present  i n  t h e  e a r t h ' s  atmosphere i n  the  region of t h e  ozone l aye r .  

Funds from un ive r s i ty  sources have been used t o  purchase a p a r t i a l l y  

completed high r e so lu t ion  spectrograph f o r  use i n  t h e  region between 

2 microns and 5 microns. 

Kansas State  University. Preliminary tests show t h a t  r e so lu t ion  has  

The instrument has now been completed a t  

been reached nearing 50 percent of t h e  Rayleigh l i m i t  a t  amplif ier  

ga ins  and spectrograph s l i t w i d t h s  t h a t  can be employed i n  rou t ine  operation. 
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11. PROGRESS DURING THIS REPORT PERIOD 

A. Absorption-Line Broadening 

A copy of t h e  paper summarizing t h e  r e s u l t s  of our phenomenonological 

theory of l i n e  broadening i s  appended t o  t h i s  repor t .  This simple theory 

has been applied i n  d e t a i l  with su rp r i s ing  success t o  CO and H C l  l i n e  

broadening i n  t h e  inf ra red .  It a l s o  happens t o  b e  appl icable  t o  CO and 

HBr  l ine  broadening b u t  f a i l s  i n  c e r t a i n  s i g n i f i c a n t  r e spec t s  when applied 

t o  KF. 

i n  t h e  f i e l d .  
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The paper i s  now being reviewed by several people who have worked 

Some twenty years  ago Anderson's theory of l i n e  broadening w a s  pub- 

l i s h e d  and seemed t o  give " f i n a l  answers" t o  t h e  general  problem. Although 

the  Anderson theory i s  one of g r e a t  elegance and seeming gene ra l i t y ,  i t s  

complexities are such t h a t  i t  has never been applied i n  d e t a i l  t o  an 

e n t i r e  i n f r a red  band. 

approach w i l l  m e r i t  j ou rna l  publ icat ion remains t o  be  seen. It w i l l ,  how- 

Whether our readi ly  appl icable  phenomenological 

ever, se rve  as a guide t o  pe r t inen t  problems i n  our atmospheric program. 

B. Absorption of Gases at Reduced Temperatures .- 

W e  have received, a f t e r  some delay, t h e  sapphire-to-metal seals t o  

be  used on t h e  low temperature absorption cell.  A l l  o ther  p a r t s  of t h e  cells 

have been f ab r i ca t ed  i n  our departmental shop. 

t he  c e l l  have now been vacuum te s t ed  and the  ce l l  is  apparently ready 

f o r  use. 

The sepa ra t e  port ions of 

C. High-Resolution Instrumentation 

The high-resolution spectrograph has now been completed and t e s t e d  

i n  various ways. A sho r t  r epor t  on c e r t a i n  novel f ea tu re s  of t h i s  in- 



strument w a s  presented a t  t h e  sp r ing  meeting of t h e  Optical  Society 

of America. A copy of t h e  a b s t r a c t  i s  appended t o  the  present  repor t .  

Also included i n  the  present  r epor t  are f igu res  giving (1) t h e  

o p t i c a l  lay-out of the instrument, (2) c e r t a i n  design d e t a i l s ,  (3) re- 

s u l t s  obtained with CO a t  low pressure,  ( 4 )  r e s u l t s  obtained with C 0 2  

a t  low pressure,  and (5) r e s u l t s  obtained with methane at low pressure.  

On t h e  b a s i s  of t h e  s p e c t r a l  t r ac ings  known, i t  would appear t h a t  a 

resolving power of 50,000 should b e  a t t a i n a b l e  i n  rou t ine  operation. 

Work has been done on t h e  l i n e  s t r eng ths  of l i n e s  i n  t h e  v3 funda- 

mental of C 0 2  at  300' C. 

t he  development of computer programs f o r  use i n  reduction of t h e  d a t a  

obtained with the  high-resolution instrument. 

Considerable a t t e n t i o n  has been devoted t o  

D. Development of a Program f o r  t h e  New Spectropraph 

Discussions of important, r e l evan t  problems f o r  our planetary 

atmospheric program have been he ld  with D r .  B. Farmer a t  t h e  Jet 

Propulsion Laboratory and wi th  D r .  W. S. Benedict. Among t h e  problems 

se l ec t ed  have been: (1) C02 absorption and line-broadening a t  reduced 

temperatures a sub jec t  which i s  appl icable  t o  Martian s tud ie s ;  (2) broad- 

ening of CO l i n e s  by C02,  which is important i n  t h e  determination of CO 

abundances on Mars and Venus, and (3). s t u d i e s  of CH4 absorption a t  low 

temperatures, which i s  a sub jec t  t h a t  needs survey experimental work 

f 

p r i o r  t o  ana lys i s  b u t  which must b e  done f o r  i n t e r p r e t a t i o n  of t h e  observed 

s p e c t r a  of J u p i t e r  and t h e  outer  p lane ts .  
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I V .  PLANS FOR THE NEXT REPORT PERIOD 

A. The calculated and measured l i n e  s t rengths  i n  the CO fundamental and 

v3 fundamental of CO w i l l  be  compared a t  var ious temperatures. 2 

B. Measurements leading t o  a determination of l i n e  broadening of CO l i n e s  

by C02 w i l l  be  i n i t i a t e d .  

abundance i n  the atmospheres of Mars and Venus. 

This work should b e  usefu l  i n  determining CO 

C. 

trum a t  reduced temperatures. 

Preliminary work w i l l  be done on mapping the  methane absorption spec- 



D. Further work w i l l  be  done i n  developing computer programs f o r  use 

i n  d a t a  reduction. 

Submitted 1 June 1970 

Signed: 
Dudley W i l l i a m s  
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2. "A Czerny-Turner Spectrograph f o r  the Infrared" 
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A 2.2-meter Czerney-Turner spectrophotometer has  been constructed and is 

currently being operated in the 3 to 5 micro-meter wavelength range of the 

infrared. The instrument, which employs a 20-cm echelette grating with 

300 lines/mm, is operated in the double-pass mode and is equipped with an  

intermediate s l i t .  

detector a re  used with 1080-Hz beam modulation and tuned narrow-band 

A Ner!nst-cjlower source and an  indium-antimonide 

signal amplification to  record absorption spectra of gaseous samples. The 

complete optical path is evacuated to faci l i ta te  operation in regions of 

atmospheric absorption. A separate small evacuated sample chamber, which 

is separated from the main vacuum system, has  been provided. Certain novel 

features of the grating drive, s l i t  controls, and techniques used in detector 

mounting and cooling will  be  d iscussed .  Resolution of approximately 0 .05  cm-1 

at 2130 c m - l  is routinely obtained with good signal-to-noise Gtio. With 

somewhat lower signal-to-noise ratios, the resolving power approaches 

sixty percent of t h e  Rayleigh diffraction limit. Typical results obtained in 

different sp.ectra1 regions within the range of the  instrument will  be shown. 

. .  . .  

IMPORTANT NOTICE 

Papers may be presented at OSA meetings only by OSA members o r  by those non- 
members whose papers a r e  sponsored by OSA members. 
The first author should be a n  OSA member or, if he is not a member, his name should 
be followed by the words : “introduced by” followed by the  OSA-member-sponsor’s 
name. 

(....................minutes) 1 2  
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The Lorentz ha l f  widths of c o l l i s i o n a l l y  broadened l i n e s  i n  the  

ro ta t ion-v ibra t ion  bands of diatomic molecules vary with l i n e  number 

Iml i n  t he  P and R branches. The observed v a r i a t i o n  of half-width f o r  

l i n e s  i n  t h e  0 -f 1 and 0 -f 2 bands of CO and HC1 a r e  in t e rp re t ed  i n  

terms of a simple semi-classical theory. One dominant process is as- 

sumed to' cons i s t  of d i a b a t i c  hard c o l l i s i o n s  involving t r a n s i t i o n s  from 

each r o t a t i o n a l  l e v e l  t o  a l l  higher r o t a t i o n a l  l e v e l s  together  with 

inverse processes;  t h e  e f fec t iveness  of this process ,  which va r i e s  from 

l i n e  t o  l i n e ,  is described i n  terms of an empir ical ly  adjusted c o l l i s i o n  

cross  sec t ion ,  a maximum c o l l i s i o n  parameter r e l a t e d  t o  independently 

measured molecular p rope r t i e s ,  and upon the  a v a i l a b i l i t y  of the  required 

energy and angular momentum i n  molecular co l l i s ions .  The second source 

of l i n e  broadening, assumed t o  be the same f o r  a l l  l i n e s ,  includesadiaba- 

t i c  c o l l i s i o n s  and a l s o  d i aba t i c  s o f t  c o l l i s i o n s  and can be represented 

by a s i n g l e  empir ical ly  adjusted c ross  sect ion.  The simple theory is 

applied successful ly  Ize self-broadening of CO l i n e s  and t o  foreign-gas 

broadening of CO and HC1; f o r  H C 1  self-broadening an addi t iona l  cross  

sec t ion  f o r  resonant-dipole processes must be included. Possible  applica- 

t i ons  of t he  simple theory t o  H B r ,  HE', and CO are discussed. The simple 

theory presented represents  a semi-empirical approximation t h a t  may prove 

useful  pending the  development of complete theo r i e s  based on f i r s t  p r inc i -  

p les .  
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After appropriate cor rec t ions  have been made f o r  instrumental  

e f f e c t s ,  t h e  f i n i t e  widths of absorption l i n e s  i n  gas samples a t  extreme- 

l y  low pressure can be a t t r i b u t e d  t o  t h e  l imi ted  r ad ia t ive  l i f e t imes  of 

molecules i n  i n i t i a l  and f i n a l  states and t o  Doppler broadening. A t  

higher sample pressures ,  the  g rea t e r  observed widths of i n f r a red  absorp- 
I 

t i o n  l i n e s  can be a t t r i b u t e d  t o  t h e  e f f e c t s  of molecular co l l i s ions .  In  

the present  paper w e  p resent  a simple phenomenological model t h a t  s e e m s  

to account s a t i s f a c t o r i l y  f o r  c e r t a i n  aspects of t h e  observed c o l l i s i o n a l  

broadening of l i n e s  i n  t h e  fundamental and f i r s t  overtone vibrat ion-rota-  

t i o n  bands of CO and HC1. 

The s p e c t r a l  transmittance T ( v )  of a gas sample i s  given by the  

r e l a t ion :  T (v) ='exp[-k(v)wl , where k (v )  i s  the  L a m b e r t  s p e c t r a l  absorp- 

t i o n  c o e f f i c i e n t  and w is the  absorber thickness o r  o p t i c a l  dens i ty  of 

t he  sample. 

l i s i o n a l l y  broadened absorption l i n e  i s  described i n  good approximation by 

the  Lorentz expression: 

A t  pressures  of one atmosphere o r  less,  the  shape of a col- 

(1) S Y k(v)  = - . 
?r (vo-v)2+y2 

where the  l i n e  s t rength  S = 

probab i l i t i e s  f o r  r a d i a t i v e  t r a n s i t i o n s  between the  i n i t i a l  and f i n a l  s t a t e s  

and on the  populations of these  s t a t e s ;  y represents  t h e  half-width of 

k(v)dv depends on the quantum mechanical I 
the  l i n e  between frequencies a t  which k(v)  = k ( v o )  /2 .  

In t e r m s  of simple theory y = 1/21'r'r = f,/21'r, where T 
C C 

i s  t h e  mean 

t i m e  between c o l l i s i o n s  and f i s  t h e  corresponding mean c o l l i s i o n  frequency. 
C 
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The mean c o l l i s i o n  frequency i s  given by the  r e l a t i o n  

f c  = N 7 0  

! 

where N is t h e  number of molecules per  u n i t  volume and is  thus propor- 

t i o n a l  t o  the  sample pressure ,  CJ is  t h e  c o l l i s i o n  c ross  sec t ion ,  and 77 

is  an appropriate  average r e l a t i v e  speed of t h e  c o l l i d i n g  molecules; 

f o r  a gas sample a t  temperature T, it is  convenient t o  use the  most proba- 

b l e  r e l a t i v e  speed 7 = m, where k i s  Boltzmann's constant  and lJ 

i s  the  reduced m a s s  of t h e  c o l l i s i o n  p a i r .  

Extensive experimental s tud ie s  of the  half-widths of l i n e s  i n  the  

ro ta t ion-v ibra t ion  bands of  CO have been made i n  s eve ra l  l abo ra to r i e s  (1-8). 

Although t h e r e  a r e  some r e l a t i v e l y  minor disagreements between the  abso- 

l u t e  values of t he  half-widths as measured i n  d i f f e r e n t  l abora to r i e s ,  near ly  

a l l  i nves t iga to r s  r epor t  a gradual decrease of y f o r  self-broadening w i t h  

increasing l i n e  number Iml i n  both P and R branches; m = J + 1 i n  the  

R-branch and m = -J i n  t h e  P-branch, where J is  the  r o t a t i o n a l  quantum 

number of t he  i n i t i a l  l e v e l  involved i n  t h e  r a d i a t i v e  t r a n s i t i o n .  The 

values of y f o r  foreign-gas broadening show a somewhat s i m i l a r  v a r i a t i o n  

w i t h  l i n e  number Iml f o r  most fore ign  gases s tud ied ,  bu t  y values f o r  H 

D2, and H e  show l i t t l e  v a r i a t i o n  with Iml  . 
Extensive experimental work has  a l s o  been done on the  determination 

2'  

of the  half-widths of l i n e s  i n  t he  spectrum of HC1 (9-13). The r e s u l t s  

obtained ind ica t e  t h a t  t h e  value of y f o r  self-broadening f i r s t  increases  

w i t h  increas ing  Iml t o  a maximum a t  I m l  = 3 f o r  samples a t  room tempera- 

t u r e  and t h e r e a f t e r  decreases with increas ing  Iml ; the  value of Iml a t  

3 



which y is  a maximum i s  a function of temperature. The values of y 

f o r  foreign gas broadening of HC1 l i n e s  vary with l i n e  number I m ]  i n  a 

manner roughly s imi l a r  t o  the  corresponding va r i a t ions  noted above fo r  

foreign gas broadening of CO. 

Impact theor ies  (14,15, 16,  1 9 ,  20) of s p e c t r a l  

l i n e  broadening t r e a t  t he  observed half-width y as the  sum of two p a r t s .  

One p a r t  y 

t he  absorber remains i n  i t s  o r i g i n a l  energy l e v e l  following c o l l i s i o n ;  

such c o l l i s i o n s  lead t o  a broadening of the  l e v e l  by an amount AE 

is  associated with ad iaba t i c  o r  e las t ic  c o l l i s i o n s  i n  which 
A 

= h/2mA A 

where T is  the  mean t i m e  between ad iaba t ic  c o l l i s i o n s  and is  therefore  

the  t i m e  i n  which the  energy l e v e l s  of the i so l a t ed  molecule can be speci-  

f ied .  The o the r  p a r t  y is  associated with d i a b a t i c  or i n e l a s t i c  c o l l i -  

s ions  which remove t h e  absorbing molecule from i t s  o r i g i n a l  l e v e l ;  the  

l e v e l  broadening i n  t h i s  case is  given by the  r e l a t i o n  AE 

A 

D 

= h/2mD where D 

is the  average l i f e t i m e  of t h e  absorbing molecule i n  i t s  o r i g i n a l  D 

energy l eve l .  

One of t h e  most d e t a i l e d  impact theor ies  of l i n e  broadening w a s  

developed by Anderson (19) and i t s  appl ica t ion  t o  t h e  broadening of molecu- 

l a r  absorption l i n e s  has  been discussed i n  considerable d e t a i l  by Tsao 

and Curnutte (20) .  This theory implies d e f i n i t e  s e l ec t ion  r u l e s  f o r  

d i aba t i c  c o l l i s i o n s  i n  which the  d is tances  between t h e  centers  of co l l i d ing  

molecules are s u f f i c i e n t l y  g rea t  t o  permit v a l i d  descr ip t ion  of t h e  

c o l l i s i o n  i n  terms of s p e c i f i c  e lectr ic  multipole in t e rac t ions ;  however, 

several  types of i n t e rac t ions  may, of course,  be involved simultaneously. 
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For c lose r  c o l l i s i o n s  involving exchange or  "overlap" forces  t h e r e  a r e  no d e f i n i t e  

s e l ec t ion  ru l e s .  One of the  d i f f i c u l t i e s  i n  applying the  Anderson theory 

r e s u l t s  from the  f a c t  t h a t  many of t he  numerous s p e c i f i c  i n t e r a c t i o n  

parameters are not  p rec i se ly  known and must be simultaneously ad jus ted  

when experimental r e s u l t s  a r e  compared with t h e  t h e o r e t i c a l  treatment.  

Similar  d i f f i c u l t i e s  a r e  encountered i n  employing t h e  s t a t i s t i c a l  

theor ies  (17 ,  18, 21, 22) which at tempt  t o  account f o r  l i n e  broadening 

i n  terms of t he  per turba t ions  of the energy l e v e l s  of the  i s o l a t e d  absorb- 

ing molecule by the  average values of t he  f i e l d s  of neighboring molecules. 

After  v a l i a n t  bu t  l a r g e l y  unsuccessful attempts t o  account f o r  t h e i r  

experimental r e s u l t s  on broadening of  CO l i nes  i n  terms of  s t a t i s t i c a l  

theor ies  involving d ispers ion  fo rces ,  dipole-dipole fo rces ,  and dipole- 

induced d ipo le  fo rces ,  Crane-Robinson and Thompson (4) suggested t h a t  

t h e  observed v a r i a t i o n  with l i n e  number Iml may be in t e rp re t ed  on more 

general  considerat ions of t he  dominant broadening processes involved 

r a t h e r  than on t h e  d e t a i l e d  na ture  of t h e  forces  during c o l l i s i o n .  Some 

progress i n  t h i s  d i r e c t i o n  has been made by Benedict e t  a l .  (9)  i n  

t h e i r  moderately successfu l  attempt t o  account f o r  t h e  observed s e l f -  

broadening of t h e  l i n e s  of t he  H C 1  fundamental i n  terms of t he  so-cal led 

resonant-dipole-bi l l iard-bal l  (RDBB) approximation. In t h i s  approxima- 

where the  b i l l i a r d - b a l l  ha l f  width y is  t h e  same t i o n ,  y = yBB -t yRD 

f o r  a l l  l i n e s  and r e s u l t s  from a d i a b a t i c  c o l l i s i o n s  and a l l  types of 

d i aba t i c  c o l l i s i o n s  except f o r  those involving resonant-dipole i n t e r a c t i o n s ,  

i n  which l i f e t i m e s  of  molecules i n  a given r o t a t i o n a l  l e v e l  a r e  l imi t ed  

-- 

BB 
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by the direct exchange of quanta between molecules in adjacent rotational 

levels. Because of resonant-dipole interactions, the lifetimes 

of molecules in the most highly populated rotational states are shorter 

than those of molecules in other states. Benedict was able to account 

for the maximum vaXue of y in the vicinity of Iml = 3. 

between observed halfwidths and those calculated on the RDBB approximation 

The agreement 

is poorer in other'parts of the HC1 band. 

PRESENT MODEL 

The model proposed in the present paper was adopted after detailed 

examination of the experimental results for self-broadening of CO and 

foreign-gas broadening of both CO and HC1. We noted that the general 

variation of y with Im( is strongly influenced by the mass of the mole- 

cule responsible for the broadening process. Thus, the ratio of the 

self-broadening y for CO to y for N -broadening of CO is the same for 

all values of Iml; the molecular masses of CO and N 

the number of electrons in CO and N are equal, the two molecules differ 
2 

in that CO has a small dipole moment and N 

Thus, although the specific interactions in terms of electric multipoles 

2 

are equal. Although 2 

a large quadrupole moment. 2 

are quite different, the relative variations of y with Iml are nearly 

identical. Similarly, in-the CO spectrum the ratio of y for CO (M = 44) 

broadening to y for Ar (M = 40) is approximately the same for all values 

2 

of Iml , even'though the molecular structures of CO 

different. 

and Ar are greatly 
2 

A similar relationship exists for y due to He and D2 in 
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spite of t h e i r  q u i t e  d i f f e r e n t  s t ruc tu res .  Crane-Robinson and Thompson 

invest igated broadening of CO l i n e s  by a series of polyatomic hydro- 

carbon gases;  although they d i f f e r  i n  magnitude from gas t o  gas, the 

values of y f o r  a l l  these  polyatomic gases vary with [ m i  i n  s t r i k i n g l y  

s imi la r  fashion. ! 

In  view of these observat ions,  w e  have, f o r  purposes of ca lcu la t ion ,  

adopted a model involving an ad iaba t ic  broadening half-width y which 

is  t e n t a t i v e l y  assumed t o  be constant f o r  a l l  l i n e s  i n  t h e  absorption 

A 

band and i s  thus somewhat s imi l a r  t o  t h e  constant y broadening halfwidth 

proposed by Benedict ( 9 ) .  

fore  be a t t r i b u t e d  t o  va r i a t ions  i n  t h e  d i aba t i c  half-width y 

have assumed t h a t  t he  dominant Iml -dependent process cons i s t s  of d i aba t i c  

BB 

The v a r i a t i o n  of t o t a l  y with I m [  must there- 

D ,  [ m i  * We 

co l l i s ions  i n  which t r a n s l a t i o n a l  k i n e t i c  energy i s  transformed i n t o  increased 

ro t a t iona l  energy of t he  absorbing molecule and t h a t  t he  n e t  e f f e c t  of a l l  

o ther  d i aba t i c  c o l l i s i o n s  is  t o  maintain t h e  equilibrium population of each 

ro t a t iona l  energy l e v e l  i n  a manner cons is ten t  with our assumptions. I n  

view of t h e  similari t ies of t he  y-vs--ImI dependence f o r  such d i f f e r e n t  

broadeners as CO and A r ,  w e  have t e n t a t i v e l y  assumed t h a t  a l l  c o l l i s i o n s  

are close encounters i n  which no se l ec t ion  r u l e s  a r e  involved; i .e . ,  

2 

t h a t  coll ision-induced t r a n s i t i o n s  from an i n i t i a l  energy l e v e l  t o  a l l  

higher l e v e l s  a r e  equally probable provided s u f f i c i e n t  energy and angular 

momentum are ava i lab le .  

The k i n e t i c  energy i n  a binary c o l l i s i o n  ava i lab le  f o r  conversion t o  

ro t a t iona l  energy of t h e  absorber i s  (l/2)pV2, where 1-1 is  the  reduced m a s s  

7 
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of t he  c o l l i s i o n  p a i r  and V i s  t h e  r e l a t i v e  ve loc i ty ,  In  view of the  

high v ib ra t iona l  energies  of CO and HC1,  few c o l l i s i o n s  i n  samples a t  

300 K involve suff : ic ient  energy t o  produce v ib ra t iona l  energy t r a n s i -  

t i ons ;  however, near ly  every c o l l i s i o n  involves s u f f i c i e n t  t r a n s l a t i o n a l  

0 

k i n e t i c  energy t o  kause t r a n s i t i o n s  between the  more c lose ly  spaced 

lower r o t a t i o n a l  l e v e l s  i n  both ground and exc i ted  vibrational. s t a t e s .  

The m i n i m u m  r e l a t i v e  ve loc i ty  V 

t i o n  from l e v e l  r o t a t i o n a l  E ( J )  t o  a higher l e v e l  E ( J ' )  i s  given by the  

required t o  produce a r o t a t i o n a l  t r a n s i -  
E 

expression 

VE = d2[E(Jv ) -E( J ) ] /p  = e JJ' (J '+l)-J(J+l) (3 )  

where B is  the  o t a t i o n a l  constant  of the  absorbing diatomic molecule 

and cen t r i fuga l  d i s t o r t i o n  e f f e c t s  are neglected. 

I f  t h e  transformation of t r a n s l a t i o n a l  k i n e t i c  energy t o  r o t a t i o n a l  

energy were the  only cons idera t ion ,  t h e  v a r i a t i o n  of y D , l m l  with Iml a t  

a given sample temperature would be t h e  s a m e  f o r  a l l  broadening gases,  

s ince  the  Maxwellian t r a n s l a t i o n a l  k i n e t i c  energy d i s t r i b u t i o n  i s  

independent of molecular mass. However, the  conservation of angular 

momentum must a l s o  be considered. When the  absorbing molecule i s  i n  

the  r o t a t i o n a l ' s t a t e  J p r i o r  t o  c o l l i s i o n  and higher  s t a t e  J '  a f t e r  

c o l l i s i o n ,  i t s  angular momentum has increased by (J '-J)h/2n. The 

t o t a l  angular momentum involved i n  a c o l l i s i o n  is  pvb, where 1.1 i s  again 

the  reduced mass of t he  c o l l i s i o n  p a i r ,  V the  r e l a t i v e  ve loc i ty  of the  

co l l i d ing  molecules, and b is  the  impact parameter. By considering 
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t he  absorbing molecule i n  ro t a t iona l  s t a t e  J and s p a t i a l  quantum number 

M = J i n  a weak f i e l d  p a r a l l e l  to  the Z-axis, w e  note t h a t  molecules 

w i t h  components of r e l a t i v e  ve loc i ty  components parallel t o  t h e  XY plane 

can produce t r a n s i t i o n s  J -+ J '  w i t h  M 3 M' provided s u f f i c i e n t  angular 

momentum is  available. Thus, t h e  minimum veloc i ty  V required t o  pro- 

vide t h e  angular momentum required f o r  a t r a n s i t i o n  J -t J' is 

P 

Vp = (J'-J)h/2npb. (4) 

> VE f o r  s m a l l  values of 
P 

By comparison of (3) and ( 4 ) ,  w e  note  t h a t  V 

> Vp f o r  l a r g e r  values of t h i s  para- 
E 

the  impact parameter b bu t  t h a t  V 

m e t e r .  

Thus, f o r  small  values of b,  dynamical l imi t a t ions  involving conserva- 

t i o n  of angular momentum a r e  of dominant importance; these dynamical l imita-  

t i o n s . a r e  g r e a t e s t  f o r  t h e  s m a l l  values of 1-1 involved i n  c o l l i s i o n s  of t he  

absorbing molecule with l i g h t  molecules such as H 

l a rge r  values of b ,  mass-independent energy l imi t a t ions  become dominant. 

W e  note,  however, t h a t  t he  dominance of energy l imi t a t ion  occurs a t  a 

smaller value of b f o r  l a rge  values of p; thus ,  energy l imi t a t ions  

become dominant a t  small values of b i n  c o l l i s i o n s  between an absorbing 

molecule and heavy molecules such as X e ,  K r ,  o r  t h e  la rge  polyatomic 

hydrocarbons s tudied  by Crane-Robinson and Thompson (4 ) .  These d i f fe rences  

between the  e f f e c t s  of heavy broadeners and l i g h t  broadeners are qual i ta -  

t i v e l y  i n  accord with the  experimental r e s u l t s  discussed above. 

D2, and H e .  For 2' 

In order  t o  make a quan t i t a t ive  comparison with experiment, w e  have 
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assumed t h a t  the d i a b a t i c  half-width y f o r  l i n e s  involving t r ans i -  

i s  
D t ions  from i n i t i a l  l e v e l  J can be wr i t t en  y 

a constant f o r  a given absorber and broadener and $ ( / m i )  i s  a f a c t o r  

t h a t  depends on the  a v a i l a b i l i t y  of t he  energy and angular momentum f o r  

collision-induced t r a n s i t i o n s  from l e v e l  J t o  higher l e v e l s  J ' .  Since 

w e  have assumed t h a t  a l l  c o l l i s i o n s  are close c o l l i s i o n s  involving ex- 

change forces ,  no se l ec t ion  ru l e s  a r e  involved, and a l l  c o l l i s i o n s  J -+ J' 

are equally probable providing s u f f i c i e n t  energy and angular momentum 

are  ava i lab le .  Another assumption is t h a t  t he re  is  a maximum value b 

f o r  a given c o l l i s i o n  p a i r ;  s ince  only c lose  c o l l i s i o n s  a r e  involved, 

D, Iml  
= $(]ml), I where y 

D, Iml D 

0 

i s  r e l a t e d  t o  the  s i z e  f o r  the e lec t ron  clouds of t h e  co l l i d ing  molecules. 

Under these assumptions, w e  make use of t he  normalized Maxwellian 

d i s t r i b u t i o n  of r e l a t i v e  v e l o c i t i e s  

where dP is  the p robab i l i t y  that t h e  r e l a t i v e  ve loc i ty  of t he  co l l id ing  

molecules is  between V and V+dV. The p robab i l i t y  P t h a t  t h e  r e l a t i v e  

ve loc i ty  V VMin i s  

P = 4?r 

given by t h e  expression 

r m  
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Thus, f o r  a given value of b ,  w e  may determine t h e  p robab i l i t y  PJ+J,(b), 

of a c o l l i s i o n  i n  the  range b t o  b + db involving s u f f i c i e n t  r e l a t i v e  

ve loc i ty  t o  produce t r a n s i t i o n  J -t J' by using as t h e  lower l i m i t  V 

the  l a r g e r  of t he  v e l o c i t i e s  V o r  V given i n  (3) and (41, respect ively.  

The sum PJ(b) of t he  p r o b a b i l i t i e s  

Min 

E P 

where the  sum involves a l l  values of J' > J ,  can be taken as a measure of 

the e f fec t iveness  of c o l l i s i o n s  i n  t h e  conversion of t r a n s l a t i o n a l  energy 

t o  the  r o t a t i o n a l  energy of t h e  absorbing molecule. A p l o t  of P (b)-vs-b J 

f o r  c o l l i s i o n s  of CO with D and H e  is  given i n  Fig,  1 ( A ) ;  the i n i t i a l  
2 

J-value i s  indicated a t  the  end of each curve. A s  expected, a l l  curves 

s t a r t  from zero a t  b = 0 ,  s ince f o r  t h i s  value V = m. With increasing 

b,  t he  curve f o r  an i n i t i a l  value J increases  a s  long as t h e  value of 

Min 

P (b) i s  influenced by values of V imposed by t h e  angular-momentum 

l imi t a t ion  (4 ) .  For s u f f i c i e n t l y  l a rge  values of b ,  t he  values of V 

a r e  determined completely by t h e  energy l i m i t a t i o n  ( 3 ) ;  a t  these l a rge  

J Min 

Min 

values of b ,  each curve i n  Fig. 1 becomes hor izonta l  a t  a value of P (b) J 

c h a r a c t e r i s t i c  of J. A s  indicated i n  Fig.  1 ( B )  t he  energy l imi t a t ion  

becomes dominant a t  a smaller value of  b f o r  X e  broadening. 

The e f fec t iveness  P of a given broadener i n  causing coll ision-induced 

t r a n s i t i o n s  from a given r o t a t i o n a l  l e v e l  J t o  upper l e v e l s  is  proport ional  

J 

t o  the  i n t e g r a l  
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where the  upper in t eg ra t ion  l i m i t  i s  r e l a t e d  t o  the  ac tua l  molecular 

dimensions bu t  is t o  be determined u l t imate ly  by comparison with experi- 

mental data .  The inf luence of the  choice of b on the  value of P i s  

i l l u s t r a t e d  i n  Fig. 2 ,  where the  curves have been normalized t o  uni ty  

0 J 

f o r  P P l o t s  of P f o r  CO c o l l i s i o n s  with H a r e  shown i n  Fig. 2 ( A )  and 

with D2 and H e  i n  t he  Fig. 2 ( B )  panel f o r . t h r e e  d i f f e r e n t  choices of b - 
0' 

0' J 2 

f o r  these c o l l i s i o n s ,  i n  which angular-momentum l imi t a t ions  are l a rge ly  

dominant, t h e  choice of b s t rongly  inf luences t h e  shape of t he  P -vs-J 

p lo t .  Figure 2(C)  gives a s i m i l a r  p l o t  f o r  CO-Xe c o l l i s i o n s ,  i n  which 

0 J 

energy l imi t a t ions  are l a rge ly  dominant; i n  t h i s  case, t h e  P -vs-J p l o t s  

a r e  ind is t inguishable  f o r  b values of 2.0, 2.5,  and 3.0 A. Thus, f o r  

heavy broadeners t he  choice of b i s  r e l a t i v e l y  unimportant. 

J 

0 

0 

With t h e  proper choice of b curves of t he  type shown i n  Fig.  2 
O f  

give t h e  d i aba t i c  c o l l i s i o n  broadening of the  i n i t i a l  l e v e l s  of  t h e  

r ad ia t ive  t r a n s i t i o n s  involved i n  t h e  v ibra t ion- ro ta t ion  absorption 

bands. However, t he  observed absorption l i n e s  w i l l  a l so  be broadened as 

a r e s u l t  of  the  broadening of the  upper energy l e v e l s  involved i n  t h e  

r a d i a t i v e  t r a n s i t i o n s .  Since v ib ra t iona l  re laxa t ion  t i m e s  T of diatomic 

molecules are typ ica l ly  much l a r g e r  than r o t a t i o n a l  re laxa t ion  times, 

w e  have ignored t h e  inf luence of coll ision-induced v ib ra t iona l  t r a n s i t i o n s  

and have assumed t h a t  t he  c o l l i s i o n  processes involved i n  broadening the  

V 
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r o t a t i o n a l  l e v e l s  i n  the upper v ib ra t iona l  s t a t e s  a r e  the  same as those 

involved i n  broadening t h e  r o t a t i o n a l  l e v e l s  of molecules i n  the  ground 

v ib ra t iona l  s t a t e .  

r e l a t i o n  y 

where J" i s  the  quantum number J+1 o r  J-1 of the  f i n a l  r o t a t i o n a l  s t a t e  

i n  the  upper v ib ra t iona l  s t a t e .  

f o r  molecules i n  t h e  ground and exc i ted  v ib ra t iona l  s t a t e s  and r e c a l l  

t h a t  t he  values of r o t a t i o n a l  numbers a r e  the  same i n  the  +m l i n e s  (J+J+l) 

and -m l i n e s  (J+l+J) i n  t he  absorption band. 

I n  a r r i v i n g  a t  t h e  value of $ ( I m [  ) t o  be used i n  t h e  

PJl11/2; = $(lmI)y,, w e  have assumed t h a t  $( lml)  = [P, + 
D, l m l  

We thus  assume the same c o l l i s i o n  processes 

COMPARISON WITH CAWON-MONOXIDE MEASUREMENTS 

On the  b a s i s  of t he  model descr ibed above w e  have appl ied t h e  r e l a t i o n  

to the  experimental r e s u l t s  obtained by Hunt, Toth, and P ly l e r  (6) f o r  

the  self-broadening of CO l i n e s  i n  t h e  f i r s t  overtone and by Draeqert 

and W i l l i a m s  (7 )  f o r  foreign-gas broadening of CO l i n e s  i n  the  fundamental 

by ,aonatomic and diatomic gases.  In f i t t i n g  t h e  d a t a  we regard y and y 

a s  d i r e c t l y  ad jus tab le  parameters bu t  note  t h a t  t he  funct ion $ ( ] m i )  i s  

based on an ad jus tab le  impact parameter b d i r e c t l y  r e l a t e d  t o  molecular 

s i zes .  W e  found t h a t  s a t i s f a c t o r y  f i t s  t o  experimental d a t a  f o r  noble-gas 

D A 

0 
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broadening could be obtained by s e t t i n g  b approximately equal t o  one-half 

the CO in te rnuc lear  dis tance p lus  the  covalent rad ius  of the  monatomic 

broadeners; f o r  broadening by diatomic broadeners, s a t i s f a c t o r y  f i t s  t o  

experimental r e s u l t s  can be obtained with b approximately equal t o  one- 

ha l f  t he  CO in te rnuc lear  d i s tance  plus  one-half the  in te rnuc lear  dis tance 

of t he  diatomic broadener. Thus, although the  value of b is e s s e n t i a l l y  

an ad jus tab le  parameter, b can be r e l a t e d  t o  molecular da ta  obtained from 

other  sources. 

0 

0 

0 

0 

A comparison of the  r e s u l t s  ca lcu la ted  on the  b a s i s  of the  present  

model with t h e  r e s u l t s  of P ly l e r  i s  given i n  Fig. 3. The ord ina te  i n  the  

f igure  gives  

of 1 atm; i n  

w e  note t h a t  

a parameter yo numerically equal t o  y f o r  a sample pressure 

view of t he  r e l a t i o n  between y and c o l l i s i o n  frequency f , 

i n  samples a t  o the r  pressures  can be obtained by multiplying 

C 

0 
y by t h e  sample pressure  i n  atmospheres. The agreement between ca lcu la ted  

and observed values can be regarded as reasonably s a t i s f a c t o r y  f o r  a l l  

t h i r t y  l i n e s  covered i n  the  experimental study. However, w e  note  t h a t  a 

somewhat improved f i t  t o  l i n e s  near Iml = 0, where ca lcu la ted  values a r e  

low, and near  Iml = 30, where ca lcu la ted  values a r e  high, could have been 

achieved a t  the  expense of a somewhat poorer f i t  i n  t he  range Irnl = 6 t o  20, 

where experimental measurements are somewhat more r e l i a b l e .  

A comparison of observed and ca lcu la ted  values of yo f o r  for -  

eign gas broadening of carbon monoxide 

the  parameters y A, yB, and b W e  note  t h a t  

w i t h  t h e  adjustment of only these th ree  parameters w e  a r e  able t o  f i t  t he  

is given i n  Table I along with 

0 0  employed i n  each ca lcu la t ion .  
0 
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observed da ta  of Draegert and Williams ( 7 )  t o  within approximately 510 

percent  f o r  most of t he  19 r o t a t i o n a l  l i n e s  f o r  which experimental da t a  

are ava i lab le .  This agreement is remarkable i n  view of t he  fact  t h a t  

es t imates  of the  unce r t a in t i e s  i n  the  experimental values f o r  foreign-gas 

broadening are a t  l e a s t  55 percent and may be somewhat l a r g e r  f o r  weak 

l i n e s  neares t  the band center  and i n  t h e  f a r  wings of the  band. The 

corresponding experimental r e s u l t s  of Crane-Robinson and Thompson (4) 

could e a s i l y  have been employed i n  Table I; with s l i g h t l y  d i f f e r e n t  

values of and b t h e  agreement between observed and 'A' 'D, 0' 

ca lcu la ted  values would have been sa t i s f ac to ry .  In  order  t o  give a graphi- 

cal comparison between t h e  observed and ca lcu la ted  values f o r  foreign-gas 

broadening of CO l i n e s ,  w e  have p l o t t e d  i n  Fig. 4 t h e  o p t i c a l  c o l l i s i o n  

cross-sections u given by the  r e l a t i o n  0 = f c / 6  = 
0 

is  t h e  number of molecules per  u n i t  volume a t  a pressure of 1 atm. The 

0 
27~y /Nov,  where N 

values of u f o r  monatomic broadeners are p l o t t e d  i n  Fig. 4 ( A )  panel;  .we 

note  t h a t  t h e  observed and ca lcu la ted  values agree t o  within less than 

+ l o  percent  f o r  near ly  a l l  monatomic broadeners. A n  equally s a t i s f a c t o r y  

or  even b e t t e r  agreement f o r  diatomic broadeners can be noted i n  Fig. 4 ( B ) .  

Thus, w e  conclude t h a t  our  suggested model gives  a f a i r l y  s a t i s f a c t o r y  

account of t h e  DraegerCWilliams study of CO l i n e  broadening. 

I n  T a b l e  I1 w e  a l s o  present  our ana lys i s  of Crane-Robinson and 

Thompson's r e s u l t s  f o r  molecules no t  covered i n  t h e  Draegert-Williams 

study. The agreement between ca lcu la ted  and observed values of yo 

for t h e  diatomic broadeners can be regarded as sa t i s f ac to ry .  Sa t i s f ac to ry  

15 
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analyses have a l s o  been achieved f o r  t he  broadening of CO l i n e s  by polyatomic mole- 

cu les ,  f o r  which the  impact parameter i s  l a rge  and the  l imi t ing  value V 

is small; under these circumstances t h e  energy l imi t a t ions  become 

dominant and the  y-vs- [ m [  va r i a t ions  are s imi l a r  f o r  a l l  hydrocarbons 

s tudied.  The poorest  agreement between ca lcu la ted  r e s u l t s  and those 

obtained by Crane-Robinson and Thompson involve the  polar  broadeners HC1,  

NH3, and SO2, f o r  which dipole-dipole o r  dipole-induced dipole  in t e rac t ions  

with CO a r e  probably important. 

P 

COMPARISON WITH HYDROGEN CHLORIDE MEASUREMENTS 

In  applying t h e  proposed scheme t o  the  self-broadening of H C 1  l i n e s ,  

it i s  necessary t o  include an addi t iona l  parameter t o  take account of the  

resonant-dipole in t e rac t ions  t h a t  l ead  t o  a maximum i n  the y -vs- Im[  p l o t s  

based on experiment. W e  have therefore  assumed t h a t  

0 

YD + fYRD 

where f is  the  f r a c t i o n  of the  molecules i n  t h e  adjacent  r o t a t i o n a l  

s t a t e s  involved i n  r o t a t i o n a l  resonance ( 9 ) ;  thus ,  w e  make use of four  

ad jus tab le  parameters: yA, yD, b , and y 

values of the  half-widths of self-broadened HC1 l i n e s  with observed 

values f o r  the  fundamental (9) and f i r s t -over tone  (11) bands a re  given i n  

A comparison of our calculated 
RD' 0 
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Fig. 5 .  The agreement between ca lcu la ted  and observed values i s  

exce l len t  

with Benedict 's  RDBB approximation i n  which only two f i t t e d  parameters 

are employed; a comparison of t h e  two sets of values  with the  observed 

i n  a l l  p a r t s  of t he  band and is b e t t e r  than t h a t  obtained 
\ 

values is  given i n  Table 111. 

In  the  case of foreign-gas broadening of H C l  l i n e s ,  w e  have been 

ab le  t o  f i t  the  experimental r e s u l t s  of Babrov, Ameer and Benesch (11) 

f o r  l i n e s  by means of r e l a t i o n  (9)  involving th ree  ad jus tab le  parameters. 

Comparison of calculated and observed values of yo i s  given i n  Fig.  6 ,  

i n  which t h e  adopted values of b 

broadener. W e  note t h a t  agreement i s  exce l l en t  f o r  Ne and CO s a t i s -  

fac tory  f o r  H e ,  AT, CO, 0 2 r  N 2 r  and H 

of the  s a t i s f a c t o r y  agreement obtained f o r  H and H e ,  t he  poor agree- 

ment f o r  D is  d i f f i c u l t  t o  unaerstand; i n  t h e  case of broadening of 

0 yA, and yo are l i s t e d  f o r  each 
0' 

2' 

and poorest  f o r  D In  view 
2' 2' 

2 

2 

HC1 l i n e s  by HBr t he re  is  no agreement a t  a l l  between the  observed 

0 values of y and values of yo ca lcu la ted  from our model; however, s ince  

HC1 and HBr both have l a rge  d ipole  moments, t h e  lack  of agreement 

w i t h  our simple theory,  which involves only exchange forces ,  i s  not  a t  

a l l  surpr i s ing .  

In  view of the  l a rge  dipole  moment of HCL, . it' is  possibly su rp r i s ing  

t h a t  our  simple model has been appl icable  a t  a l l .  However, t h e  r e s u l t s  

shown i n  Fig. 6 ind ica t e  t h a t  w e  have met with f a i r  success f o r  foreign- 

gas broadening; the  r e s u l t s  shown i n  Fig. 5 and Table I I I i n d i c a t e  t h a t  

we  a l s o  m e e t  with su rp r i s ing  success f o r  s e l f  broadening of HC1,  provided 

w e  include an addi t iona l  resonant-dipole parameter y Thus, it would 
RD' 
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d 

0 
appear t h a t  the sharp cut-off w e  have employed a t  impact parameter b 

i n  our p l o t s  of P (b) i n  Fig. 1 can be somewhat relaxed. Translated 

i n t o  conventional cross-section terminology, such a re laxa t ion  would 

J 

involve a hard sphere of radius  r associated with exchange forces  

surrounded by a s o f t e r  sphere associated with multipole in t e rac t ions ;  

the p o t e n t i a l  V ( r )  could be regarded as very l a rge  i n  t h e  range 

r = 0 t o  r 

i n  a manner s i m i l a r  t o  t h a t  suggested by Tsao and Curnutte ( 2 0 )  f o r  t he  

phase-shift  parameter of Anderson's theory. Select ion rules would apply 

f o r  i n t e rac t ions  involving impact parameters b > r Col l i s ion  cross  sec- 

t i ons  f o r  such a p o t e n t i a l  a r e  temperature dependent. 

t i o n  of t h e  present  paper w e  i nd ica t e  t h a t  s o f t  c o l l i s i o n s  are ac tua l ly  

necessary f o r  the  success of our model. 

0 

where it would be joined smoothly t o  a p o t e n t i a l  V ( r ) -  l/rn 
0' 

0' 

In  the  f i n a l  sec- 

FURTHER APPLICATIONS 

In  view of the  inf luence of temperature on the Maxwellian d i s t r ibu -  

t i o n  of r e l a t i v e  v e l o c i t i e s ,  our model p red ic t s  t h a t  t he  halfwidths of 

l i n e s  of small  number fml r e l a t i v e  t o  those of l a rge  Iml should be 

enhanced as t h e  sample temperature is  reduced; t h i s  pred ic t ion  has been 

v e r i f i e d  by the  work of Hoover and W i l l i a m s  ( 2 3 ) .  

t he  y-vs- I m I p l o t  becomes f l a t t e r  i n  accord with expectations.  

A t  high temperatures 

However, 

it is possibly disappointing, though not su rp r i s ing ,  t h a t  d i f f e r e n t  

values of t h e  ad jus tab le  parameters, yA and yD, must be employed a t  

d i f f e r e n t  temperatures; t h i s  r e s u l t  implies t h a t  t h e  c o l l i s i o n  c ross  
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sect ions CT and CT a re  temperature dependent and therefore  ve loc i ty  

dependent. In t h e i r  s tud ie s  of H C 1  a t  various temperatures, Goldring 

and Benesch (13) note t h a t  t h e  successful  use of t h e  RDBB approximation 

a l so  requi res  a va r i a t ion  of CT with temperature; t h i s  r e s u l t  i s  i n  

accord with our r e s u l t s  f o r  CO. 

A D 

BB 

Although w e  have applied our  model i n  d e t a i l  only t o  ex i s t ing  da ta  

f o r  CO and HC1,  w e  have a l s o  considered Madden's quan t i t a t ive  study 

of C02 absorption i n  the  v i c i n i t y  of t he  v 2 

reported values of y ranging from 0.126 c m  

a t  Iml = 56. 

can readi ly  be described i n  t e r m s  of t h e  present  model. Similar ly ,  f o r  

HBr  and DC1 t he  observed va r i a t iomof  y 

gas broadeners show a gradual decrease t h a t  could be f i t t e d  by the  present  

model; f o r  l i n e s  of these absorbing gases broadened by H the  decrease 

i n  y 

fundamental (24) .  H e  has 

0 -1 -1 

with increasing Irnl 

a t  Iml = 4 t o  0.06 c m  

0 The observed gradual decrease of y 

0 with Iml  f o r  various foreign 

2 
0 with increasing Iml i s  much l a r g e r  than t h a t  f o r  CO and HC1. 

In view of t he  extremely wide spacing of i t s  r o t a t i o n a l  l e v e l s ,  HI? 

presents  a case of spec ia l  i n t e r e s t .  Our present  model, with t h e  

addi t ion of a resonant-dipole parameter can provide agreement with observed 

y values; t h e  agreement is comparable withtrhatobtained by Mason and 

Nielsen (25) i n  t h e i r  appl ica t ion  of t h e  RDBB model. The s tud ie s  of 

Smith (26) and Wiggins (27) have covered the  line-broadening e f f e c t s  of 

twenty-four foreign gases. For twenty of these gases the  r e s u l t s  a r e  

i n  accord with expectations based on our  simple model; however, t h e  

exceptions are r a the r  i n t e re s t ing .  Hydrogen-broadening 

19 
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0 
y 

is  s i m i l a r  t o  t h a t  f o r  HBr  and DC1 and, with proper choices of y and y can 

be described i n  terms of our model. However, f o r  HF broadening by t h e  

polyatomic gases UF and MoF 

decrease with Iml followed by an increase  f o r  l a r g e  Iml  values;  t h i s  

unusual r e s u l t  cannot be given a simple i n t e r p r e t a t i o n .  

show an unexpectedly l a rge  decrease with increas ing  I m ] ;  t h i s  r e s u l t  

A D ,  

Smith (26) f inds  t h a t  yo shows an i n i t i a l  
6 6' 

Wiggins' work (27) on HF broadening by A r ,  K r ,  and Xe i n  t h e  funda- 

mental (0 -+ l) and overtone (0  -f 2) bands has yielded some i n t e r e s t i n g  

and unusual r e s u l t s ;  i n  each case y f o r  l i n e s  i n  0 -+ 2 band i s  much l a r g e r  

than f o r  l i n e s  i n  the  0 -f 1 band. I n  the  case of A r ,  y decreases with 

increas ing  Iml i n  both bands i n  a manner cons i s t en t  with our p re sen t  

model, bu t  we a r e  unable t o  account f o r  t he  d i f fe rences  i n  the  magnitudes 

of yo observed i n  the  two bands. I n  the  case of K r ,  v a r i a t i o n  of y with 

Iml i n  t he  0 -f 1 band i s  what would be an t i c ipa t ed ,  bu t  i n  t h e  0 -+ 2 band, 

y shows an i n i t i a l  decrease between Iml = 1 and f r n l  = 5 and an increase  

i n  t h e  range ] m l  = 5 to For X e  broadening of HF,  y i s  near ly  

constant f o r  a l l  l i n e s  observed i n  t h e  0 -+ 1 band bu t  increases  monotonically 

with increas ing  Iml i n  t h e  0 -+ 2 band. 

i n t e rp re t ed  i n  terms of a simple model. 

0 

0 

0 

0 

0 1x11 = 8. 

These unusual e f f e c t s  cannot be 

CRITICISM OF PROPOSED MODEL 

The collision-model t h a t  we have employed cannot i n  any sense be 

regarded as a complete theory but  i s  r a t h e r  an approximation comparable 

with t h e  RDBB approximation. We have applied energy and angular-momentum 
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conservation p r inc ip l e s  t o  a s ing le  class of hard co l l i s ions .  W e  have 

assumed (1) t h a t  these  c o l l i s i o n s  provide the  only Iml -dependent contr ibut ion 

C p (  Irnl )y, t o  l i n e  broadening and (2 )  t h a t ,  except f o r  resonant d ipole  e f f e c t s ,  

a l l  o ther  types of c o l l i s i o n s  combine t o  provide an I m (  -independent contribu- 

t i o n  y to  l i n e  broadening. A 

Having v e r i f i e d  t h a t ,  i n  many cases, our model can be applied with 

f a i r  success,  w e  must now consider t he  nature  of t h e  various types of 

d i aba t i c  processes thus f a r  ignored. Simple consideration of de t a i l ed  

balance between the  r o t a t i o n a l  and t r a n s l a t i o n a l  energy d i s t r i b u t i o n s  f o r  

hard c o l l i s i o n s  ind ica t e s  t h a t  t he  rate a t  which molecules r e tu rn  t o  a 

given r o t a t i o n a l  l e v e l  J from a l l  higher  l e v e l s  J' i s  equal t o  t h e  rate 

a t  which they leave t h e  l e v e l  by the  processes considered e a r l i e r ;  these 

downward t r a n s i t i o n s  t o  l e v e l  J thus serve t o  maintain the  equilibrium 

population of t he  level aga ins t  deplet ion by the  upward t r a n s i t i o n s  considered 

thus f a r .  

t r a n s i t i o n s  between J and upper l eve l s  J' t o  match the observed values ,  

w e  must conclude t h a t  a l l  o ther  types of d i a b a t i c  c o l l i s i o n s  must combine 

t o  give the same cont r ibu t ion  t o  y f o r  a l l  l i n e s .  

Since w e  have adjusted Cp ( Iml ) and y f o r  collision-induced 
D 

Detailed-balance considerations ind ica tes  t h a t  t h i s  i s  impossible f o r  

hard c o l l i s i o n s  of t h e  type considered thus f a r .  

t r a n s i t i o n s  of t h i s  type from a given l e v e l  J t o  a l l  lower r o t a t i o n a l  l eve l s  

ranges from 0 f o r  J = 0 t o  a maximum f o r  intermediate values of J and t o  

small values f o r  l a rge  J-values. Detailed-balance considerations ind ica t e  

t h a t  the  e f f e c t  of upward t r a n s i t i o n s  from a l l  lower l e v e l s  t o  a given J 

i s  t o  maintain i t s  population. Thus, i n  order  t o  f u l f i l l  completely 

the  requirements f o r  t he  proposed model it is necessary t o  

Broadening due t o  

2 1  



P 

i 
! 

have one or more d i a b a t i c  processes t h a t  would combine with the  e f f e c t s  

of t r a n s i t i o n s  between J l e v e l s  and lower l e v e l s  produced by hard 

c o l l i s i o n s  t o  cause equal broadening for a11 l i n e s .  

Although it would be d i f f i c u l t  t o  meet t h i s  requirement exac t ly ,  it 

is poss ib l e  t h a t  s o f t  d i aba t i c  c o l l i s i o n s  involving t r a n s l a t i o n a l  

resonance phenomena producing t r a n s i t i o n s  between adjacent  o r  near ly  adjacent  

r o t a t i o n a l  states could p a r t i a l l y  m e e t  the  requirement. I n  a c o l l i s i o n  

of t h i s  type  (19,20) t h e  impact parameter is  l a r g e r  than the  rad ius  f o r  

hard c o l l i s i o n s ,  the durat ion T of t h e  c o l l i s i o n  is  such t h a t  [ E  -E 

and t h e  t o t a l  t r a n s l a t i o n a l  energy involved i n  t h e  c o l l i s i o n  is l a rge  

compared with I E -E 3 ; t r a n s i t i o n s  J -+ J' and J' -+ J a re  equally probable. 

The c ross  sec t ions  f o r  t r a n s i t i o n s  of t h i s  type are g r e a t e s t  f o r  low 

values of J and J ' .  Thus, their e f f e c t s  increase y s i g n i f i c a n t l y  f o r  

small Imf b u t  less s i g n i f i c a n t l y  f o r  intermediate [ m l  and negl ig ib ly  f o r  

la rge  values  o f  Iml . Although w e  have introduced t r a n s l a t i o n a l  resonance 

i n  an -- ad hoc fashion, it is  i n t e r e s t i n g  t o  note  t h a t  i t s  introduct ion 

would account f o r  the s l i g h t  f a i l u r e s  o f  our model i n  accounting f o r  t h e  

l a rge  observed value of y 

values of y 

on t h e  basis of l i n e s  f o r  intermediate  values of Iml. 

h/2.rr.r, 
J' J 

J J  

0 f o r  Iml = 1 and the  s l i g h t l y  low observed 

0 

D f o r  t h e  l a r g e s t  values of ]mi when w e  have es tab l i shed  y and y 
A 

I n  the l i g h t  of these considerat ions,  w e  may therefore  r e - in t e rp re t  

(9) as f o l l o w s :  

due t o  hard c o l l i s i o n s  r a i s i n g  molecules from a given r o t a t i o n a l  l e v e l  

t o  h igher  l eve l s .  The l i n e  

The tern Cp ( Iml) y gives a measure of l i n e  broadening D 
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broadening associated with the  term y includes no t  only ad iaba t ic  

c o l l i s i o n s  bu t  a l s o  (1) d i a b a t i c  hard co l l i s ions  i n  which molecules leave 

a given r o t a t i o n a l  l e v e l  f o r  lower l e v e l s  

A 

and ( 2 )  d i aba t i c  s o f t  co l l i s ions .  In order  f o r  our moc?el 

t o  work pe r fec t ly ,  y should be constant  f o r  a l l  l i n e s ;  ac tua l ly ,  the  

e f f e c t s  of  s o f t  c o l l i s i o n s  are g r e a t e s t  f o r  l i n e s  of s m a l l  [ m [  and negl igi-  

b l e  f o r  very l a rge  values of I m [ .  

ad jus t  y 

[ m [ ,  ca lcu la ted  values of y should become progressively too l a rge  a s  [ m l  

increases t o  very l a r g e  values. W e  can therefore  p red ic t  increasinglylower 

values of y as measurements are extended beyond their  present  range and 

fu r the r  i n t o  the  extreme wings of the bands. 

A 

Therefore, f o r  CO, HC1,  and CO i f  w e  
2' 

and y 
A D 

f o r  a b e s t  f i t  f o r  t h e  values of y observed f o r  intermediate 

Although the  present  model accounts f o r  near ly  a l l  of Smith's results 

(26) f o r  l i n e  broadening i n  the  HF fundamental; w e  cannot i n t e r p r e t  h i s  

r e s u l t s  f o r  UF and MoF The d i f fe rences  between y values i n  the  HF 

fundamental and overtone bands noted by Wiggins (27) would ind ica t e  a 

dependence on t h e  v ib ra t iona l  s t a t e  of the  absorbing molecule t h a t  we have 

omitted, s ince  it is not  needed f o r  CO and HC1. Even i f  w e  included such 

a v ib ra t iona l  parameter, t he  unusual proper t ies  of K r  and X e  i n  c o l l i s i o n a l  

broadening of HF l i n e s  would remain unexplained. 

0 

6 6' 

Although t h e  u l t imate  t h e o r e t i c a l  treatment of molecular c o l l i s i o n s  

i n  terms of parameters ca lcu la ted  from f i r s t  p r inc ip l e s  seems d i f f i c u l t  

of attainment , considerable t h e o r e t i c a l  progress is  being made a t  p resent  

i n  treatments of c o l l i s i o n a l  l i n e  broadening i n  terms of parameters based 
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on independent experimental measurements. Any complete theory must 

y i e ld  t h e  absolute  r a t h e r  than the  r e l a t i v e  cross  sec t ions  f o r  various 

processes. Meanwhile, it i s  poss ib le  t h a t  t he  agreement between observed 

values of y and values of y based on our adjusted parameters y A , ~ D f  and 

$ ( l m l )  may not  be e n t i r e l y  fo r tu i tous .  

s impl i f ied  treatment presented here  may, l i k e  Benedict 's  RDBB approximation, 

give some i n s i g h t  i n t o  some of the  important c o l l i s i o n  processes involved 

i n  s p e c t r a l  l i n e  broadening. 

W e  hope t h a t  t he  g rea t ly  over- 

The r e s u l t s  of t he  present  study should a l s o  emphasize t h e  importance 

of considerat ions of de t a i l ed  balance between the  quantized r o t a t i o n a l  

energy states of the  absorbing molecules and the  unquantized t r a n s l a t i o n a l  

energy s t a t e s  of t h e  mixture of gases; t o  regard the  t r a n s l a t i o n a l  s t a t e s  

as a m e r e  energy r e se rvo i r  o r  thermal bath seems inadvisable.Except f o r  

the e f f e c t s  of r o t a t i o n a l  resonance i n  self-broadening, d i r e c t  energy 

t r a n s f e r s  between the  r o t a t i o n a l  states of t he  absorbing molecules and 

the  r o t a t i o n a l  states of diatomic and polyatomic broadeners would appear 

t o  be unimportant. With the  poss ib le  exception of HF,  t he re  i s  l i t t l e  

evidence t h a t  v ib ra t iona l  re laxa t ion  contr ibutes  s i g n i f i c a n t l y  t o  c o l l i s i o n a l  

l i n e  broadening of t h e  in f r a red  l i n e s  of diatomic absorbers. 
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LEGENDS FOR F I G U R E S  

Figure 1. The funct ion P (b) expressed i n  a r b i t r a r y  u n i t s  f o r  various J 

r o t a t i o n a l  energy l e v e l s  J as a funct ion of impact parameter 

b i n  Angstrom uni t s .  Panel A appl ies  to CO c o l l i s i o n s  with 

H e  and D Panel B appl ies  t o  CO c o l l i s i o n s  with X e .  2; 

Figure 2 ,  The function P = P (b)db normalized t o  uni ty  a t  J = 0 J 

f o r  various values of b a s  a function of r o t a t i o n a l  quantum 

number J. Panel A appl ies  t o  CO-H co l l i s ions ;  Panel B appl ies  

to c o l l i s i o n s  of CO with D or H e ;  Panel C applies t o  CO-Xe 

co l l i s ions .  

0 

2 

2 

0 Figure 3. Line half-width parameter y i n  0.01 c m - l / a t m  as a funct ion 

of l i n e  number ( m l  i n  t he  CO fundamental v ibra t ion- ro ta t ion  

band. Observed values are shown as f i l l e d  circles; ca lcu la ted  

values are shown by crosses  and w e r e  computed from r e l a t i o n  (9)  

on the  b a s i s  of f i t t e d  parameters y = 3.8 c m  /am, 0 -1 
A 

0 -1 
= 4.7 cm /am, and b = 1.8 8. Y D  0 

Figure 4. Col l i s ion  cross sec t ions  f o r  broadening of CO absorption l i n e s  

by monatomic gases i n  Panel A and by diatomic gases i n  Panel B. 

The cross  sec t ions  0 f o r  various broadening gases a re  
CO,B 
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t 

-16 2 expressed i n  10 c m  and are p l o t t e d  as a funct ion of l i n e  

number I m l  i n  the  CO fundamental. 

0 -1 .Figure 5. Observed and ca lcu la ted  half-width parameters y i n  0.01 cm /atm 

f o r  HC1 'self-broadening a s  a function of l i n e  number I m l ;  observed 

values are shown as  c i r c l e s  and ca lcu la ted  values based on 

r e l a t i o n  (10) as crosses.  Panel A gives  r e s u l t s  f o r  t he  HC1 

fundamental; ca lcu la ted  values a r e  based on the  following f i t t e d  

-1 parameters expressed i n  0.01 c m  / a t m :  

0 0 0 
Y A = 6.27, y = 5.74 , y RD = 77.4. 

Panel B gives  r e su l t s  f o r  t he  f i r s t  overtone; ca lcu la ted  values are 

based on t h e  following f i t t e d  parameters expressed i n  0.01 c m  /atm: -1 

0 y A = 8.23; 0 y = 9.06; and 0 
= 61.1. y RD 

Figure 6. Comparison of observed and ca lcu la ted  values of foreign- 

gas l i n e  broadening parameters y i n  0.01 c m  /atm; 

observed values a r e  shown as circles and calculated values 

as crosses ,  and a re  p l o t t e d  as a funct ion of l i n e  number Iml 

i n  the HC1 fundamental. The observed values are those of 

Babrov, Ameer, and Benesch (11). The ca lcu la ted  values are 

based on r e l a t i o n  (9) with the  following f i t t e d  parameters 

expressed i n  0.01 c m  / a t m :  

0 -1 

-1 

c02 Ar 
O 2  

CO N2 N e  D2 Broadener H e  

0 "0 1.40 1 .72  0.64 -0 0.34 0.01 -0 -0 

7.67 0.77 4.16 1.81 10.1 1 2 . 1  0.38 5.59 17.0 

3.0 3.0 3.0 3 . 0  3.0 3.0 3.0 3.6 3.0 a 

Y A  

bo 

YOD 
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T a b l e  I 

O b s e r v e d  (0) and C a l c u l a t e d  ( C )  V a l u e s  of yo for CO Lines  

B r o a d e n e d  by V a r i o u s  G a s e s  i n  units of 0.01 c m  / a t m .  -1 
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T a b l e  I 

6 

7 

8 

9 

10 

11 

12 

1 3  

- 
E 

k 

- 

i! z 

16 

17  

18 

19 

20 
0 

yA 

VI: 

H e  

0 C 

4.79 4.75 

4.68 4.75 

4.66 4.75 

4.64 4.75 

4.60 4.75 

4.58 4.74 

4.55 4.74 

4.55 4.73 

4.55 4.73 

4.61 4.72 

4.67 4.72 

4.68 4.72 

4.66 4.72 

4.71 4.71 

4.70 4.71 

4.69 4.70 

4.67 4.70 

4.68 4.69 

4.69 4.69 

4.69 

4.61 
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1.38 

Ne 

0 C 
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3.74 3.76 

3.58 3.70 

3.54 3.63 

3.49 3.59 

3.44 3.55 
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3.46 3.44 

3.45 3.44 

3.45 3.35 
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3.26 3.26 
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3.20 3.19 
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1.13 
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Ar 

0 C 
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5.34 5.51 
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4.35 4.30 

4.31 4.22 
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4.14 4.06 
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4.00 3.93 
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3.84 

2.58 

K r  

0 C 

7.48 7.22 

6.94 6.80 

6.46 6.43 

5.92 6.13 

5.56 5.84 

5.20 5.60 

4.91 5.36 

4.72 5.12 

4.56 4.92 
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4.14 4.04 

4.07 3.93 
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0 C 
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4.65 4'.69 

4.57 4.57 

4.52 4.45 

4.50 4.36 

4.37 4.25 

3.79 3.66 4.24 4.17 

4.08 

1.91 2.05 

5.31 6.30 

2.8% 3.0a 

H2 
0 C 

7.49 7.12 

7.15 7.12 
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6.93 7.12 
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D2 
0 C 
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5.90 6.00 

5.87 5.95 

6.85 5.92 

5.84 5.88 

5.83 5.86 

5.83 5.82 

5.78 5.80 

5.74 5.76 

5.76 5.71 

5.75 5.68 

5.63 

4.83 

1.44 

-- 1 . 351 

N2 
0 C 
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T a b l e  I1 

0 
Observed (0) and Calculated (C) Values of y of CO Lines 

-1 
Broadened by Various Gases i n  units of 0.01 c m  /am. 
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Table PI 
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0 c 

10.6 10.80 

10.5 10.26 

9.89 9.60 

9.47 9.10 

9.18 8.60 
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7.79 7.81 

7.44 7.41 
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7.00 6.77 

6.35 6.48 

6.38 6.25 

6.20 6.00 

5.64 5.81 
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5.86 5.41 

4.92 5.23 

4.68 5.09 

4.64 4.91 

4.65 4.78 

1.87 

8.93 

2.08 

C 
NH3 

0 

11.00 10.50 

9.70 10.14 

8.84 9.80 ' 

8.38 9.44 

8.30 9-10 

7.62 8.E3 

7.38 8.9, - 

. -  

7.26 6.36 

7.38 8.11 

7 . 2 3  7.91 

7.27 

7.31 7.53 

7.42 7-35? 

7.29 7.24 

7.09 7.09 
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7.62 6.87 

7-27 6.74 

6.85 6.66 

6.76 6.57 
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4.43 

6.07 
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Table 111 

0 Half-Width Parameter y for Self-Broadening of the HC1 Fundamental 
0 -1 at 300°K; y is expressed cm /ab. 

Line Number 

Iml 

1 

2 

3 

4 

5 

9 

10 

11 

12 

13 

0 Observed y 

0.218 

0.223 

0.249 

0.246 

0.227 

0.186 

0.153 

0.127 

0.106 

0.090 

0.084 

0.083 

0.066 

RDBB * 

0.15 

0.20 

0.23 

0.22 

0.19 

0.15 

0.11 

0.075 

0.05 

0.035 

0.03 

0.03 

0.03 

Calculated yo 

Present Model 

0.203 

0.236 

0.255 

0.248 

0.220 

0.181 

0.146 

0.117 

0.098 

0.086 

0.079 

0.075 

0.073 

*These values were computed by Benedict on the basis of a billiard ball 

cross section based on viscosity measurements; closer agreement could be 

obtained by adjustment of this parameter. 

33 



12.c 

10.0 

cn 

z 
3 

J= 8.0 

>- 
E 6.0 
Q 
CK c - 
m 
0: 4.0 
Q 

I I I I I I I I I I I 
J 

He, D, T = 3 0 O 0 K  

Q!! 
2 .o 

12.c 

1o.c 

8.C 

6.0 

4.0 

2 .o 

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 
b ANGSTROMS 

I I I I I I I I I I I 

J 
X e  T = 3 0 0 ° K  0 

1 

2 
3 
4 

9 

14 & 

I I I I I I I I I I I 
0.2 0.4 0.G 0.8 1.0 1.2 1.4 l . G  1.8 2.0 , 2.2 

b ANGSTROMS 

4 



c 0 

A 

4 8 12 16 20 2d 28 32 36 I 

J 

I I I I I I I I I J 
4 8 12 16 20 24 28 32 36 

J 

? 4 8 12 16 20 24 28 32 36 

J 

Fig. 2 



t 

9 

8 

7 

5 

4 

3 

Fig. 3 

PLYLER’S OBSERVED VALUES 
XCALCULATED VALUES 

X 

CO SELF BROADEN I NG 

X X 

1 1 I I 1 I I 1 I I I I I I I I 
10 2 0  3 0  

L I N E  NUMBER lrnl 

- .  ................_. __-~.*  .-., ”..- -1 



90- m 

80- 

70- 

GO- 

X e 
X 

w 

e 

X 
e 

X 

Q 

X 
e 

X 

Q 

X 

e 

e 
X 

@ 

X 

X 

X 

e X 
8 

0 

X 

0 

8 

X 
e 

X 

0 
X 
6 X 

Q 

X 
e 

Y 

1 3 5 7 9 11 13 15 17 19 

Im I 

Fig. 4 



Q) 

X 

w 
X 
e 

X 
0 

X 

a 

X 
B) 

X 

€9 

X 
8 

X 
e R 

R 

8 
X 

e 
X 

Q 
X 

8 
X 

0 
X 

a, 

X 

R 
a 
X 

8 a ?? RD, 
B g g & & %  

1 3 5 7 9 11 13 15 17 19 

e 

e e l  

x x  

Im I 

Fig. 4 



I I I I I I I I I I I I I 

1 1 - 0  BAND HC1 

Q 
X 

0 
X 

I I I I I I I I I I I I I 

2 4 0 8 IO 12 
Iml 



! 

2.0- 
0 

P 
1.5- 

0 

'p 

I 
I 

4J @ H e  - 
0 * 

O Q  
@ * x  

0 -  

I I I I 

I 
6 

I I I 

2 .o- 
0 

P 

1 .o- 

Iml 

9 Ne - 
0 

- P  03 
@ @  

ts dJ6 

I I I I 

0 

'P 8- 

4-  

6 0  
3 0  - 

4 p"*o 
6 -  

- I I I I 

0 

P 
0 

P 

Iml 

r-----l 

2 4~ 8 9  

2 4 6 8  

r------ 
D2 


