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TRANSMISSION CHARACTERISTECS‘OF SPLIT-PHASE PCM CODES
ABSTRACT
Pulse code moduiation {(PCH) telemetry utilizes a
series of binary digits (ones and zeros} to describe the
analog level of a sample taken from a data channel, The
bi~phase~level or split-phase, BCM code utilizes the binary
states "10" to represent a one and the binary states "01"
to represent a zero. The terms “"bi-phase-level” and
“split-phase” apply to the code structure of the PCM
modulating séquence and not to the particular modulation
gscheme used. A split-phase PCM code may be used to
medulate the amplitude, phase, or fgequency of a carrier
signal. .

. The present work is concerned with the determination of
certain transmission characteristics of a carvier which is
amplitude-ghift-keyed (ASK), phase-shift-keyed (PSK}, or
frequency-shift-keyed (FSK} by & split-phase PCM code.
Specifically, the power spectral densi%y iz determined for
each modulation scheme. All calculations assume a random
bit pattern with equally likely ones and zerocs.

INTRODUCTION

The bi-phase~lsvel, or split-phase, PCHM code utilizes

the binary states "10" to represent a cne and the binary
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states "01" to represent a zero. One advantage offered by
split-phase coding oveyY other types of PCM code formats
{(such as NRZ and RZ} is that the transition density for a
random bit pattern ig higher for split-phase than for the
other formats. At least one binary level transition will
occur during each bit period of a split-phase code, whereas
it ig possible for the other code formats to have long
groups of consecutive “"ones" or "zeros". The greater bit
transition density for the split-phase format generally
allows more =fficient bit synchronization {recovery of the
bit rate clock frequency] to be maintained at the receiver.
Figﬁre 1 .shows the non-~return to zero (NRZ) and split-phase
{(Bi-Phase Level) PCM code formats.

A Split-phase PCM Cede can be used to modulate the
amplitude, phase or frequency of a carrier signal. The
modulation may or may not be phase coherent. The noncohexent
case is by far the simplest tc analyze, because the assump-

tion can be made that the PCM code is statistically inde-

pendent of the carrier, Since, for example, modulation by
the code is a multiplcative proceés, then this results in
multiplication of autocorrelation and, therefore in con-
volution of power spectral densities. As the individual
power spectral densities of the code are easily obtained,

the determination of the power spectral density of the



modulated carrier is straight forward.

If the code and the carrier are coherent, then the
agssumption of statistical independence is no longex
valid, and multiplication of the time signals no longer‘
result in multiplication 5f the autocorrelation function.
Thus, determiﬁation of the coherently modulated carrier
then becomes a formidable task.

The ﬁrimary objective of this report is to complete
this task for each tvpe of modulation (ASK, PSK, and FSK}.
In addition to determination of the power spectral densities
for the coherent modulation, the report presents the results
for noncoherent amplitude, phase, and frequency modulation

by Split-phase PCM codse.



1. General

Suppose y{t) is our modulated BCM signal. We assume
that y(t) only takes z finite number of states, €1r Epr ses € 4
The signals corresponding to these states are hl{t), hz(t},
h3(t) ‘e ha{t) respectively, which are defined in the
interwval {0, to).

Define: py = The probability that state e, occurs in

any interval.

{n}

Py = the probability that state £ OCCurs n periods

after the state €5 OCoUrs.

t = the period of the pulse

©
and
o Lim 1 fT (v (£0) dt .
QKT}"T+W§-T-_TY’Y T}d .
Since v(t) is bounded, the limit of (1) exists if and
only if
s Nt
éiﬂ 5@%* [ °  vie)y(e+riat exists,
o] —Nto

This can be proven as Follows:
P

Let T in equaticn (1) be egual to NE _+Eq, where
i i
i.e.
T o= -
T NtO+Ll {2)

Substituting (2) into (1}, we cobtain



.

.. (Nt _+t.) .
lim 1 o}
$ (1) = o0 wrer—rEy y (ely {k+7)at
W 23HLQ+t11 - g, )
s, Nt 4t}
Tim - L ¢ o "1
= o L y{t}y(t+r)dt
N> ?Nto ~ (Nt 4+t ) _
a 1
s -~ {N% ) Wt
= éﬁf §§%~ [f © yityyle+aat + [ © yle)y(t+rr)as
2Ny
o - {Nt _+E.) -
o Tl o
Nttty
+ y{t)y (t+r)atl
Nt

since y{t) is bounded, then |y(t) y(t+t)j<M where M

is a constant

. . =Nt Nt 4+t
1iwm. I (o] o 1
° o e b f v () y (trr) ] y(E)y(e+r)at
Fore 2R, L7 L 4ty Nt Jl
o 1 fo)
1im "~ 4 _ lim 1 . : _
EN+°’ z—ﬁ-ﬁ; {M-'{:l -+ M-tll = e -m-; 2 tl = 0
Therafore .
' (1) = lim 1 -Nta {£) {y{t+r} dt
¢ {T oo 'i—l-\]::E; J—Nt Y y {3)
o

and the prodf is complete.

I¥. Power Spectral Density
Wa let r = nto +_t1 wvhere n iz an integer and
© < ty < t,. Then equation (I) hecomes
R Nt
. y . lim 1 o . s
(,f)(nuo‘i‘tlj * Now IRE f Y(t}y{t'l'ﬂto'%‘tl)dﬁ
o -~hNt
o
= lim [jto y(;Nt +)y (~NE_dnt +E+e, ) dE
Nrw o o . o o 1

ENto



t
+ f © }f("‘(N“l}‘to-i-t)y(.—(}I_l)td+ﬁto+t+ti)dt
< ;

.t .
e n “ <
Foaue. fc y (=11t tt) y (00-1) £ _tnt ittty )dE]

or

[° vt te)y [ tmin) £ te +elat  (4)
(e

d ot rey) = S 2

‘Also, we define
1 if the state during the interval [mt_, hn+l)té}

D; {m) = is ey
H§ otherwise
Therefore during the interval Emto, (m+1)t0], v {t)
becomes

y (mt_+t} = z Dy )by () {5)

Dk{m+n) hk (t+t1) when o<ttt <to {(6)

and
] a
yilmtn)t +ip+t] =k£l Dy (mbntl) by (Bpbtet ) £ < bl (7)
Using (5}, (6) and (7} in equation {4}, we obtain
= Tim -1 =Y % 2 {to"tl
o (nt_+t,) = 7 e~ I . {p, (m}D, (m+n} |
° 1 s AWE, niw gs1 k=1 + K b
g
- n f oy

hi(t)hk(t-i ty)dt + Dy fm) Dkxm-i-“-%l) !to_tl

hy (€30 {E+e, -t )dt] (8}
Since hy (£} = o for o>t, tTrto
and hk(t+tl) = 0 for trt by, temty

Therefore n, (tih {t+t,) = o for o>t , tﬁtc-t



and
t -4

J’ v

o

2

+J

. hi(t}hk{t+tl)at

omtl

The first and third integrals are equal to 0.

t -t o

0 l - ] . Yo, -
fo hy (£)Yhy (tHtq)de = {m hy {t)hy, (trey 1 t.
Similarly

Fo
J

s hy () by (b4t -t At = {whi(t}hk(t+tlwto}dt
o -1

Now equation {8} can be written as

1m 1 N8
¢{nto+tl) g zﬂto

f| -~

¥ .
M=-N i=1 k=1

o

os

Epihﬂ}Dk(m+n}f h, (t)

0

, . g
by (t+ty)dE + Di{m)Dk(m+n+l)f“ hy (B) by (B4t 2 ) at,

=]

. a a . N1 o, {m} D, (ndn) e

R O T . [ om e
“o i=1 k=1 ' M=-N { - =
2 % % m§l - Dy Dy fndnbd) e

+ oy 2! -.n‘ o0 4
Yo izl k=1 V% me-x 2R o

Ag we can see, thereis a finite number of

form

-1 Diim}ﬁk(m+n}

2N

M=~
and these coefficients are constants as far as

m and n arse cpnoerned.

}hk{t+tl)dt

hiftlhk(t+tl—t01&t]

tarms of the

the variables

O £t ~t
* hi(tihKCt+tlldt=!_mhittzhkct+tlzdt%jo° b (e)hy (64, )t

{2}


http:tQDkifl+kn+.lY

. — . b1

where LS is defined as

&,

= g 1 when 1 = k
ik -

o otherwise

Egquation (10); is true because

during the interval [mto, (m+l}to3 only one state can
hapgen. Therefore for i#k, il Di(m}xl then Dk{m) mugt

be equal to zero; on the other hand if Dy (m) = 1 then Di(m}
must be equal to zers. In other words Di(m)Dk(m)=o whan
isfk. When i=k then Di{m) times Di(m) is itself.

The next thing we want to prove is

Noe 2w 2N 3

Note that Di(m} as we have defined is a random number, which
the value 1 or §. D, (m} and Bi{n} are stastically indepen-

dent for m¥n. Pi is the probability that Di(m) is one.

2

Lek the variance of Bi(m) be‘sim' then

o2 = EID2 1 “MEID, my 1% = ?1‘12“1*93‘.3’“2’?12
=7, -0 = (1-p,1P,
Therefore
N-1 )
Z;_,N “im ! 2 Py {1-P5) Py 1Ry
Zmy < =~ 2¥ 2N B N
in Py l17R0)
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Since the random variables are independent and

L2
. N1 T .-
lim im, ——
Nrco E T-Z_ﬁT = ¢, then
-l
- N-1 . D..{m}
Llim - i . .
N L oy 7 EDy =Py

AN

with probability egqual tc one. Ox

» N"l 6,- P.-,{m}
Iim ik i = P.&. (11)

New L o 1%ik

%ith probability equal to one. With the same reasoning we

can easily prove

N=-1
. D, {m) D, {(mtn
1im ) g ~ -{n) ”
Fow  me-N 5T == PiPik when n>o {12)
-1 5 (m)p, fmintl)
lim 7§ 3o\ 2y TR {n+1)
Now L 7T =P Pix
m=—-N - -
and
. N"'l :D ., (I‘l} D {Iﬂ'}"n)
1im 3 k o {-n} ) .
Koo 5N = PkPki when n<o (i3}
m==-
-1
lim Dy mbyln+d] L = (a=1)
1§-ron — 2N kK ki
with probability egual to one.
Again we define {P. 3. ifn=o
i Lk{n)
aik{n) =3P, Pik ifn>o {14)
I (""11} B .
M?k Fik it n <« o
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and
1% Fe o
Rt} = R(nt +ty) = & Zw a, . {n) f h, (€} (E+t,)dt
o i,k=1 -0
+ ayy (a+l) j_m hy (B)h, (bbt -t )t (15}

then we have

¢{t} = R{r) with probability equal to one.

Bince

T T
) = 320 5 [ yley@eoa, (16)
-

li

the power spectrum S{u) of v{t) would be just the Fourier
transform of R(nto+t);

We can separvate R({r) intc a pericdic component and an
aperiodic component. The first part corresponds to'jumps in
S{w}, and the second part corresponds to a part of S{w) which
is the integral of a spectral éensity.: )

Fote that the probability that gy occurs during a
pariod is statistically independent of the other period.

(n) = Tl it
Therefore Pik = Pk‘ We can write R{nto+t} as

o0
., P, 6,y A0 f hy (&) (b4t )dEy

-1

R{nt +t} =
o

Ho-am

L
t .
o}

=y



~1 t
+ § op Py slmin) L By (b 10y B+t 1aE

R e O,

-3 o+

+ ; p; By Su-nl [ hyCtqg)hy (bt ddiy
m=1 - :
e

+ By &gy §(ntl) im hi(tlEflk{tl—%t-»to}dtl {17}
+ é._m P, P, §(m-n) “jm hi{t1} hy {£y+t-t }dty

@ . +
+ méo P; Py § (m-n} im hi‘tl) hk(tl+t—co}at1}

* The Periodic Paxt

To see what the perlodic parit of R{nto + £} isg, the
eagiest way is to let nse, Thant = wt, + toe and R{f)-*RP{'c}
where Rp(T) is the pexiodic part of R{r}.

If e do %his for equation {7, we obtair

- 3 +eo
- - s . .
Ry (ntgl=g— (B Py [ by (eg) g (breybdey
a .'.‘.;R“l —
. oo
+ By Py {m By (tq) By (ty+e-t )dt ]
= = ) Ry () By (eey ddig+f by (B 1B (b4t -t )dE,]
3_'};_.":-..1 [, - i

(18}
with period t,-

The power spectrum of a pericdic function with period

t, is by definition
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n=u . )
G?Cw} = 'n=§m anvaf_wwnmol where EIAO = -': {19}

t

a . ro:“ﬂeﬂm%t

1
— _1 dt
T LO &

Accordingly in our case

a . PP A
itk i o 1
a = 7 == = [ ¥ | R, {t,)h, {t+t,)e
n =1 to to 0 mw  * _1 % 1

i
. {20)
~3i2wnt/t

- £t 4w
i A o N .
+ " Io {m hi{tl}ﬁk(t+tl-t0)e

fo) dtldt}

rt

By letting ' = Tt ar o= t’+to then when

t =0, £! = »to, when £ = to’ t' = o, and dt' = dt, the

T
second integral of eguation §H$ becomes

ooy . vy )
1 © . . , ~32un {E1+E Yt
= g { { h, {ty)h, (t +ty)e 3 & o dt,at’

L . , ~4Zant' /t -
= i j f N hing)hkgt‘+tl)e 3 fbo leat'

ghanging the dummy variable t° +0 t, we have
e} o .

21 " . -jZwnt/t

S f~t I h; (£q)hy (B )e o

= -t

<

at,df

Therefore

a L BLP . t o0 o i
a, = 1 E e b en (b)) e T % aeiar
k=l (8 [w) o) - e - n



4

- y i
+ %~u [ By (g Ly (t4E; Lo j2mt/ty dt,dt] {21}
o ~to - :
ox +
g P.p, Pt . S

a = I B W P A S R e
- £ -F i1k i . . i
l;k""l to o"‘m - .

Since hi{tllhk(t+tl) = O for a>tl, ?1>towt

egquation (22) can be writtan as
a P.F Fw 4o i
. . k — ,t
ag = 1 BR[O h e tereg)e BT S
- i,k=1 t, e 0o )

ﬁtldt(ES}

‘Integrating with respect to t first and then with respect to

tes equation {23} gives

a = % fiiﬁ u {EEE} H (Eﬂﬂ
“n T, L p; i VECY Sk \E
ikl to o G
1 ! 2 .27?!1 2 7
= ““E | igi P, H, {to 3 (24)
tO

vhere H, (v} and H?(m) are the fourier transform of hi{t} and
{£) respectively. Therefore the pawer spectral dJdensity

of the periodic part is
nse | a 2
G (Wl = § = | 7 m.E EE| s %EE - (23]

P - t2 §=] o e}
<O

The Nonperiodic Part

To find the power spectral density of the nonperiodic

part of the auvtocorrelation, Rs(nto+t}r we observe that
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Rs(nto+t) == R(ntc+t} - Rp(nto+t}
1 f : f“
= e {[a., {(n)-2,2 1 h,(t,)h, (£+t, }dL
Lo
p 3 - b R
‘& fa;q (n+l) PP ] f; ﬂi(tl}hk(tl+L to)dtl} _ (26)

The integral which gives:the Fourier transform may be
split into intervals to give

a8 t 2 ) ST Fooz i .
£~ I (B tm)-p,p 1e"30% [ 10 (o)

- &
Sgl0) = g~
1 =4 - D

o i,
; N 12X
hi(tl)ﬂk(t+t1;& gt Qtl

. e ) '
+la;, (n+l) -2 P Je Jont, [ ° hi{ti}hk(t+t

_ oty
Py I tc}e dt

1

at,}

By letting n' = n+l and &t = t’+t0 in the second integral

of eguaticon (27} , we have
: te O : . \
= - ~Ju{n’-1)t ot ~Fo (14 )
fag (n')-2 Py le o {w [“t hy {00, (ET+E,)e o
o

atct dtl

= LI, "'j{ﬂn"{:_ . i “jfﬂt’ 1
[aik(n )] PiPk]e o {m f“t hi{zl}hk(t‘*tl)e dttdt,
o .

Changing the dummy vaxiables n' to n and t' to t we have

- ~ ~Junt & -jwt
fag, (n) - ByP Je 40 zm 7 meepmy e et oy
] |



Therefore
Ss(m} = 3_}.'.-.
‘o

a
)
1,k=1

n==ca

T

eIty dty}

Using the same argument as we used in finding a, we have

SS(m) = I

e*jnwt

a
-~ z
1;]{:1

The second term is a train of negative impulses located

2an

t
o

at w =

O3

t

~E

o

16

. +eo
7oAl aik(n)—PiPk}eﬁjmnto f [ ° hi(tl)hk(t+tl)

(28)

a 0 _a N
5 1;;—1 n.};, [agy (n)-PPy Te™ "% Bk (u)H (0)  (29)
r B T e O

¥ v ~ijnwt

-

ir}};=l n—‘};—-m aik(n)e © Hi {m)Hk(m)

¢ v —inwet :
3 %—1 D P LN

Faoa e OO

g ~1 ("n) . o (n)

t

by Y e ™o airps,, + [ PP
i,=1 nZ-e F K i%ik T 4,7i7dk
o MH,* (w)H (w)

v _ Zmn *

n.émmPiPk 5 (w TS) H, % () Hy ()

Therefore Ss(w) can be written as follows

it

Ss(m)

-1
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1 ? ‘ v {n}  jnwto on (n) =Anwte
= Ee {.7 pp_, e +P. 8.+ | PP, e INUNE)
to i,k=1 n=1 kK ki i ik ami > ik
*®
Hi (m)Hk{m) (30)
S ? {e, [P, . (e39F0y4p, 6., 42, |B,, (™ T%6) 3H. % () B, (w)
T s by R FRi 1% PPk g At
Jut _ v (n} Jnet
where  |P,_; (e”’“ o) ngl Prg e o
Jut - (n) —-jnet
]Pik(e o) nzl Pip @ o)
when w F Zzn
o
and
s'® T g0 2
Z2an .
for v = —— £or all integer values of n.
o
As we can see
- 3 %
PP, e770) = (2, P, (e%%0)]
Then
1 a 2 2 a ™, -jmt
Ss {w) = Z Piin(w)l + Z— Rel X PiHi* (w}Hk(m).IPik(e 0) ]
o i=1 o i=1,k
when a # 2mn
£y
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Sg el = {ig ) (31)
for w = E%E s
[»]

Therefore the power spectral density is given by

S(w)

i

5 (w) 4+ Ss(m}

P

R a o . &

2_1.2_ L. ¥ 'PiHi(w}{z ¥ ostu- Z%.EH% y Pi|Hi(m}]2
o =1 R S o i=1
2 a a % ot

g Re 1 1 IRE (0)H (a){py, (77 0)] (32)
o i=1 i=k

A signal y{t) is called NEP (negative equally probable) process
if (1) fox each element h,{t) of the modulating set'{hi{t}}
of a Markov process, -hi(t) is alse in the set and (2) the
stationary probabilities of hi(t)-and —hijt) are egqual. Also
the transitional properties of hi{t} are the same as those
of —hi{t); that is ij = Prs whenever hj(t) = i'hr(t) and
hk(t) ='ihs{t). Then the first and third termsof S{w} turn
to zero and §(w) becones

1 a

S(w) = £~ ..31 Pilﬁi(m}lz
o 1=

We will apply this to our problem.

I1r., Amplitude Modulation

An expression for a sinusoidal carrier amplitude modulated
by a split-phase code is

eAM(t) = A{l + svm(t)}cos(mct +4) {(33)
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where
A - carrier peak amplitude

2 -~ modulation index

Vv — voltage level of split-phase code

-

-,

=z
!

split-phase code switching function "(+1)

w  ~ carrier angular freguency

"8 - initial phase of the carrier
Observe for 8V = 1, we have the special case of
"on~-off" keying.
Egquation {33)can be written as

eAM{t} = [A + Bm(t)]cos(wct + 74
where B = ARV,
The autocorrelation of eAM(t} is
R{ty,ty+7) = E

eAMgtl)eAM(tl+r}}

E{{A+Bm(t1}]cos(mct1+¢)-{A+Bm(tl+ri}cos(mc(tl+¢}+¢)}

i

E{{A2+§Bm(tl)+ABm{tl+T)+Bzm{tl+r}}cos(mctl+@)cos(mc{tl+T)+¢)}

I

- 2 P - . :

B{a +ABm(tl)+ABm(tl+f)+B m{tl}m(t1+1}}cos(wc(tl+T}T¢}cos(mctlf¢}
since ¢ is congtant in the coherent case .

Since the E{m(tl}} = E{m(t1+r)} = o, then we have

2

R{tpt 1) = {A3+E{B m(tl)m{tl+r}1}cos{mctl+¢}cosimc(t1+1)+¢)

= A cos (u ty+$)A COS(mc(tl+T)+¢)+E{Bm{tl)COS{wct1+¢}
Bm{t1+r)cos€wc(tl+f}} (34)

From the equation(34 we can see that the autocorrelation
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h({)
B
— x Cos (Wct+d)
=1 ]
h (i) B '
——1 x Cos (uSt+¢)
“B

Fig. 2:The Two States
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of eAM(t) is egual to the sum of the auvtocorrelation of the
deterministic signal A cos(mct +¢)} and the autocorrelation of |
the random signal Bm(t) cos (mct+¢).
Since

FLEy (E)1+E, (E)] = FLE, (£} ]+FIE,(E)].
{(where ¥ denotes the Fourier Transform), the power spectral density
of EAM(t) is equal to the sum of the power spectral density
of A cos{w t +¢) and the power spectral density of Bm{t) cos
(mct +4) .

It is well known that the power spectral density of
the deterministic signal A cos (mct + ¢4}, is equal to
a2 2
%—-— 5{wc-—w} + %—-— G(wc+w}
or

2 . 2
%—- 6((;;-(%‘) + %—-—- 5(m+mc) .

The autocorrelation of the random signal Bﬁ(t) cos(wct+¢)
is the main thing we have to find in orxder to find the power

spectrum of e, {t}.

AM
During the interval o<t<to, Bm{t} c<os (wct+@) has only

two possible states which are as shown in Figure 2.
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and hl(t) = ~h2(t}
We can see that hI{t3 and hz{ﬁ) have the following

properties

_ 1 (n)  (n)  ({n) () 1
Py =Py = 3+ Pyy T Fyp T Pp1 TPy~ 3

Therefore the random signal Bm{t) cos (w_t+¢) is a NEP {2]
process, and therefore the first term and the third term of the
general form of S(a) of eguation 31 are egual to zero. The
power spectrum of Bm Cos (mct+¢) ig simply given by equation (32)
Clearly Hi(w) = —Hz(w), where Hl(w) and Hztw) are the Fourier

Transforms of hy (&) and h, {t) respectively.

Therefore
2 -
1 2 _1 .1 (12, 1 2
st) == 1 mln@]t= %;{5,; [y (03 1+ F]Hy () [
. 1=
or
1 2
S(e) = & |[H,{w)] (35)
£,

Calculation of Hy(u)

t

o) - .

- -~ L _! _t
Hy {w) = ]2 B cos{e t+éle 3wtdt~f° B cos(u ttéle 9 gt

o . t /2

o
‘to i
_ 2 ej(mct+¢}+e~j(ucth¢} ~jut t, gj(mct+¢{fe—j(mct+¢)
= [ B 5 e at-| B >
o] +/2
e Jutgy
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_ to/é : o t /2

Bedt  oJ(w ~wit . e3¢ . o LW tult

2 j(mc-w) o 2 "jlwc+w)

€ _ ' s

Bed? Iilu -w)t _ g0 - o~iletu)t

2 j(mc~m) 'to/Z 2 ~j(mc+m) tO/Z
Bal? ej(wc-mJtO/E E Bal® oy “.emjjmc+m}tof2

2 j{wc~m} 2 jimcﬂw) j{wc+m}

.Berj¢ _ Bej¢ej(wc—m)to . Bej¢ej(wc—w}t6/2 +.Be~j¢e—j(mc+m)to

27w tu) 25w ~w) 27w ~w) 273 {w tw)

Be“j¢e"j(wc+m)to/2

2j(mc+m)
e~ J% _ Bal® . Bei¥d Lo mw) £ /2 _ Be~d¢ad (v )t _/2
2j{wc+m} 2j{mc~w) j(mc~w) j{wc+m)

L A I T L
73 (o) 2T T6,=w)

~j3{mc-m)efj¢+j3(mc+m)ej¢

2m§w%

I;“
w_~w)

erej¢(mc+w}ej(mc—M}tqf2+jBe:j¢é—j£9q+m)to/2( c

{wiwm}z

.ije"3¢(mc~m}efj(wc+w3to+jBejéejﬁwCHM}to(gc%m)

Z(mi—mz)
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For o = 227 when n is an integer, then

c tb
. 3B (e? ?_e~39) +3Be_ (e P re ™ 3

H, (u} = .
1 z(wcz_wz}

~3Be3® (u_ruyed 19670 Fo/ P gme 00T Feem) o/ 2 (u_-u)

- e ‘ol -
~jBe 3®{mc*w)ej‘kc L)to+j393?d9(?c W)t
20w %0

o(mé+m)

~Bewcsin¢+ijcos¢

Z2_ 2
w

o
-Bed (e /215 (0 o) eti5 (u ) T3P
+ TS

[ )

P lw -wlt f } =394
Be:’ {i’“c _w' L_O/l?'[--j (mc+{ﬁ)f§3¢+j {mc-ﬂ‘\*}e j?j

Z{mc**w )

~Bmcsin¢+j8wces ~chsin¢#j3mcos¢

N I
C [

e (wgmw)t /2

i.mb651n¢+3Bmcos¢ej{wc_m}to
wnz;wz

o

*Bmcsin¢+j3wcos¢ ) t

- o0 e
m= \ 2;&2 il-2a cC

U3
C

~wt /2 + od (Wm0l E

. ~Bw_sing+iBucosé . _
. el s {l—ejgmc m}tO/Z)Z
g

"
C

. “Bu_sing+iBypcos¢ . _~Flu,~w)t /4. Jle.-w)t /4 .
- C — [ i o 2@ i o zjej{mi-w)to/43
3
b W

~Bw _siné+jBuwcoss Aw ~a)t
¢ , 2
= 5 ~» (~4)- (sin —n£%r~wla}
g =W

ej{wc—w)to/2
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.ercsin¢+ijcos¢ o gmw
= 77 + 4 « [sin £ )
<

<!, G
}to}2 il m1t0/2

The Peower Spectral Density of the Coherent BM Signal

By substitution in equation (35), we have the power

spectral density for the coherent case, il.e.

2 . 2 2
T Bzmc 81n2$+B?w 0052@ 4
S.lw) = ¢ 5 5 « 16 - (51n(m~wc}t0/4}
o) (e~w )
5
1 Bgmczsin2¢+B2mgcosf¢ 4
= T ~ 16 * (sin{w-w Yt /4)
Y {w+o )2 {g~w 32 ¢ °
v Wl
Agin{p-u It /4}2 Iy %sin2¢+mgcos%¢
- th [ c 0 1 [ o 3
© {m—mc)to (w+yﬁ)2
—-«-—-——-»—4—:-——— J':‘:
\ 22 sin2¢+ffw02c052¢
5 {sinl{w~w Yt /4] i Yo 1
= B t_ | L1t 8 2
o {w-w 1% QLI S
c O mc
4
Therefore the power spectrum of Egg(t) is
A2 A2 . (sinluuglt /4)7 1 4
g
sin2¢¥(%—)2cosz¢
[ < ] (36)
W 42
(l—r;-—}
c

BEquation(36)is plotted in Figure 3 for the values of ¢

i
%
dal =
“
e
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Figure 3. Power Spectral Density of Amplitude Modulated Signat
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Sc(w) can bhe written as 27

\ = .4 — ._E).
Sc(w] = S@nv{w) sin (w mc} 7
where
2 w 2 sin2¢ + wz c052¢
o (wc - )

Intpeation of Lg. {(37) reveals the following:

5., I1f ¢ is zero or a muliiple of i, the envelope reduces to

1638 )
() = =07
to (w0 2. w2)2

)
env

and:, for lore: o,

K
oy A A
”env(w) 2

Thus for lavage = the powar spectral density falls off at
6dB/octave.  This corresponds to the case of coherent modula-
tion of the carrier, wilh bit transjitions occuring at the peaks
of thie carrier. Intuitively, it would be expected that this

is the maximum bancéwidth case (see Figure 4).

T . .
B. If ¢ = K 3 where K is an odd integer, then

2
s (w) = 16 B2 © e
env to (w 2 _ m2)2
c
and for large u
!
Senv (21~ 3

w
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Thus for large w, the power spectral density falls off at

12 dB/qctave. This corresponds to the case of coherent
modulation of the carrier, with bit transitions occuring at the
zero crossings of the carrier. Intuitively, it would be
expectéd that this is the minimum bandwidth case, because

the modulated signal is never discontinuous.

C. If ¢ is equal to y
2 A 2 + wz
senv(m) = EB g 2,2
O {w —w, }

and for large w, the:power spectral density falls off at
approximately 6 dB/octave. Intuitively, this would be expected

to be an average bandwidth case. See Fiqured.
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The Power Spectral Density of the Nongoherent AM Signal

The autocorrelation function of the aAM signal of
equation (33} is given by
Roylt} = E lepp {8q) "ep (e +7l ] (38)
where t, and t+t are the times at which the members of the
ensemble: arse sampled.
Equation ‘38 may be further expressed as
RAM(Ti = R {{A+Bm(ﬁ1)1cos(wctl+¢){AﬁBm{tl+r)]dos(mc(tl+r)+¢)}
or
RAM(T) = B {{A+Bm(tl)}{A+Bm(tl+%}]cos{mct1+¢}cos(mc(tl+T)+¢)}
8ince the modulation process is noncoherent, the PCM signal
and the carrier may bhe agsumed to be mtatistically indepen-
&ent{ﬁgsince the expectad value of the product of two
statistically independent random variables is equal to the
product of their expected values, then

RHM(T) = B {{AﬁBm(tlEf&&Bm(tl+rﬂ}E[ccs{mct +t}cos(mc{tl+r}+¢}}

1
But {39}

-k ! , -
cos{mct1+¢ )cos{wctl+wcr+¢ )~§CQS(mcr}+§cos(2act1.wct+2¢ )
Then eguation (39) becomes

- 2 2ot A fn
RAM(T} = B{A +ABm{tll+ABm(tl+r)+B m\tlfmibl+f)}

1
-E{%-cc}swc'r-%--é-cos (chtl+mc'r+2é }

=[a%+aB E{m(t,)}+AB E{m(tl-i-'c}’}-%-BzE{m(tl)m(tl+'r) 1

- % (cos MH3E (cos (2ot +u_t+2¢ )1 (40)
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If be is assumed to he a random variable, uniformly
distributed over the range Q to 2w, then

Efcos (2wct +mc1:+2¢ 31 =0

1
It can also be noted that the assumption of a random
PCM code with'equally~likely ones and zeros resulis in

E[m(tl)] = E[m(t1+t)}=z= 0

Also since Wt is constant for a given value of 1, then
E{cos(mcr)] = cos(mcr)

Therefore equation {(40)becomes

2 2 _
RRM(T)_= %—coswcr+§—-E{m(tl)m(tl+r)}c03mcz

or
Az nzvzsz :
RAM{T) = Emcosmcr+——§—--E{m(tl)ﬁ(t1+T)]}cosmcr (41)

Several observations can be made regarding equation (41).
First, the temm %3 cos(wctlis recognized as being the
atitocorrelation function of the carrier, Acés(mct+¢ )
Second, the temm Vz E{m(tl)m(tl+:)] is recognized as being
an expression for the autocorxelation function of the binarxy

sequence {split-phase PCM code} under consideration. Thus, -

2 {7)IR {r)
RM(-:) = RCARRIER("Hﬁ RBiqS-L CARRIER (42)

And since )
S} = 3= [ R(r)e I¥Tas (43)
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-an@ multiplication of autocorrelation functions results in

convolution of power spectra, we have

2,8 .
Bpuie) = Seppprpg (w1167 T RLe-L

(o) *s

carrier (“1) {49)

The auteocorrelation function for the splitphase code

has been found to be as shown in Figure 5[3} with the

corresponding spectral density,

2 . i‘:
B (8) = —e® s:.n T
Blsé-L 2w 2
(——%)
Clearly Soppprpg(®

The \sac;,o_nd term of equation‘ {44) can be calculated easily to be

a2,

(45)

Bz ;
) = g—-[ﬁ (w'*‘wc)‘i'é (m-mc} 1

C (ure e Ko=)t
2.2 2 o' o
. AV 8 to sin --——---4-—--— +. 's'iné" o
’ . Bw 2 2
. i(m-i-mc)to (.m.—mc).to :
& S
.32
Zherefore, Sgﬁ(“’l = -‘5——&3 (w-—wc) 48 (u-%-wc} }-
L wtay) (st
2,22, wro 1 e, o, lgredE,
o L AVETE, siné “"_"E—“”' +'ainé"’"fﬁrr"
LE (v )t (o 0 )T 02
—---T—-] . ! {46)
L“ = ol

A indicated in Figure “0

this expxéesaian clearly

consists of discrete carrier components plus sidebands



&
RBip L.

I;‘ .

é

o
Cost ‘

o2 j

-ty

"y

R
ol
<2
e

T

2]

[+

Tk eF

Eaa

RS

g

BT

A

N4

‘RIS



EVERN

PiC.G ~POuiBR.  GPOCTRAL DOMSITY @F MEN-COXTESMY ASR  SIGNAL.

ve



35
rasulting from the split-phase bageband gpectrun baing
tranglaoted to appear cbhout plus and minus the caxi:::iez
Treguency. Naninus gideband power cceurc £ox V@ = fl,
and ao noted previcusly thig @@smﬁgws‘mﬁa‘ o “on-o£L"
keying of Che cazricr by ¢he spiit-phasc cofe.

2% ¢he corrler SRCoMDRCy. &0 i related to ¢the
frosuoncy of tho modulating deguenca, cguation @6 can

ba gaduced to & single tema, Specifically, A%

Be o £~ ¢ B s integer, then
) )
pin’ éﬁwﬁgg Q@} - pind { 29 e 4 Bl
& Q4 o a
ﬁ. m.mm
o gin é-«-éa» t@ & na}
a =0 ‘i\
o gin é % %g}
‘ﬁ. @F’m@
= §in é’”’&?" ﬁa}
Thous -
. .2 .2 2, §.,.&%% . a4 B8
B, (0} = %_ 556%@$¥+%-6 e .;9 ABART s Lo R AR e &
{oame ) S, - m-m@).t o
i 4 g

g g

2 1n® carmg - [ feeeg ¢ %
. e LB, ceint L e B e -
= B 51&%‘?@@3'*%"5(@“&5@3 4 2 2 gl-i- . 2
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Assuma mc =l 21;‘“‘
b s 2 A ({é_“wd!t . 2.
() A 32 B | BINT D S Lumw )
not®1 = Frdlwte gl 4 ptlumeg) 4y TGet 2 |57 2
& e o} (m-i-mc)
4
Aw-w JE
" AZ . AZ . Ezz.tg ; Siné . e .dc‘ 2 ;-20&2%-219(2:
= gilotugh + g-dlomu,) 4 {o=w _JE . 2 PR
{ < 0} ’(w:mc}
4
‘ {w—w )t 2
2 o o' o 2,
zﬁ25£w+w } J.E2 (m_m ) . B, tO.SJ.n..:'-"‘E—"”:"——' . (ﬂ'ﬁﬂ!cvj
g <L I c T2 f_m—-m.c}to 2 2
A TR
or " {o-w )t w |2
Z L& e O l+(—~—}
8. fw) = AES {wtw }+A2- {w-w } + 5 to S S - mc~—
nc 4 ol T4 o] 2 : {w~w YT _ 2 o, 2
{ o4 0) {1'}‘ ‘(;'-"-
4 c J
{47)

The easiest way to find the power -spectrum of the noncoherent
case is by finding the expected value of the power spectrum of

the coherent case with respect to the random number ¢, that is
2
v — — - ‘B____"‘ Y — A I i
Snc(tl,) = E{Sc(_w}} = R ) 5 {w mc} -+ Tﬁ(.ﬂ"i‘&g}

sinzr,'; + -(9——-} 20052‘?;“
o . {w.—.w;:ZtQ {l+—$——)2
4 Tel

2, ' 2
. tain” fw-w 7% /a4
& 32 . ¢’ o

i

AZ AZ
= -a--ﬁ (m-—mc)ﬁl—-ﬁ (w+wc)+3 =




Lo 3 e (- 2
) ?2 .AZ E?t .[Sin.é.' ,,___éf_,,,_i ] A4 .'“.+.(‘.m_ c}
= 38 (w—w )+ (etu )+ o S N {48}

which agrees with eguation {(45).

IV, Phase-Shift Keying

The expression for a Binusoidal carrier-which is
phase~shift-keyed (BSX} bv a Bplit-Phase Code is

QPSK(t} = A cosimct{¢ +pvm{t}] (;9}
when A, ¢ , mi{t), V are as defined before and § is the

modulation index.
Equation {49 can be expanded to give

EPsK{t} = B cos(mct+¢ } cos VB-A mit) sin{mct+¢ }sinve

Let B = A cos VB and (50
C = A sin ¥R
Then é&quation (50} becomes
QPSK{t} = B Cos{wct+¢ J~Cm{t)} szn(mct+¢ } 31

The auvtocorrelaticn of this signal is
T = i 4 I
R{t, 1) EaaPsﬁxt}ePSK\t+13}

= E{[Bcos (u_t+¢ }-Cm(t)sinlw t+s }].

[Boos (u_ (t+7) +4 }~Cm(t+%}sin{wc(t+é}+¢‘)}}

i

Bzcos{mct+¢}cosiwc(t+%}+¢ } o+

B{Cm(t) sin (w t+é- JCm{t+e) sinlu_(t+r)+¢ )} G2)
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“The Power Spectral Density of the Coherent Case

The power spectral denmsity of ep. (t} is the
power spectral density of the deterministic signal B cos(mct+¢1
and the power spectral density of the random signal Cm(t}sin{mct+¢L

The power spectryal density of B ch(mct+¢) is

%—2- ﬂim-—wc);%—fé {m+mc)
We can find the power spectrum of the random signal Cm{t)sin{met+¢3
as folloﬁs:
Let § = ¢, + %
Then Cm(t}sin(mct+¢}= Cm{t}sin(mct+¢l+%a=8m(t)cos(mct+¢l}
The powar spectrum of Cm{t) ccs(mct+¢l} has been found before

for the case of amplitude modulation to be

4 lw-w )ty

5 sin® sin2¢£+(%gl2ccsggl_
€ty GooTENz LYY ]
{ C U\ {14 —-
. .%.“"7:'—-—'—"; wf:
and for ¢, = ¢ - %; it becomes
siné {m—wclto C:0524, +{§w)‘sin2¢
Czt - ¥ . 4 ") .{- R » C ) }
© (w-w. 3t AY {1+ -‘:——} 2
0} .

The power spectral density of the phase-shift keyed sgignal

by split-phase is
q2 .32
1 Ky = fe} H H{ (t
Spag-olwl = gS{u-usd + Emﬂ‘9+uc

St
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g (wmold cosp (2 2sin’s
5in t w
+ ¢ 2, f s ]
© (o-w )t (1+2)
[ & o
—u—.—....ﬁ,_m- c

which can be writiten as

2 2 .
Y = myg. & - - l\ 1
SPSK—C(w} = ) [6{w mG} i S(m.uc),

g e B o0s?g w8y Zein®s
¢
5 -t

(m-me > (1 + {’3-)2
e o1 e
4 T

The power spectral density of the phase-modulated signal

2sinve 1 (53)

+ toA sSin

of eqguation (53) resembles the power spectral density of the
amplitude-modulated signal of eguation (36) except as the
sideband power is meximized, the carrier compenents tend to

vanish, and indeed at gV = ¥&, K = odd integer, the carvier

'2":
does wanish and the sideband power is a maximum.

The Power Spectral Density of the Wonocherent Case

For finding the power spectral density ¢f the
noncoherent case, we take the expected value of the
pover spactral-density of the coherent case and consider
the phase‘¢ to be a random variable uniformly distributed

Between 0§ and 2+. Thus we find that

2

_ A Z s
Spegene = F— 008 VR {6 {n wc) +-§{m+mc,]
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Similar conclusions can be made regarding the noncoherent

case as for the ccherent case,

V. ' Frequency-Shift Reving

From equations £5) and 29} we can write the genaral

formula of the powexr spectral density as

S(w) = ;E---;*—

.I b

-+

ot

O

{
whers aik‘n)

1, |

I g

&

O 1=l

a o
i%?zl ﬂgﬁé
5

Piix
k Pipik?n)
ykPki§“n)

-

2
Piﬂi(m}!

L]

)

IiES—cn

In our present case, we have only

probability, therefore Py = P, =

period we assume they

&
a4y 0l

1
Piaik -7

_ o
i L S
- 1-‘

PPy S0

RTINS T
f=C1
4
o

if

n

n

1

Y SR
‘“ikin} PiPk}e

lij

O, * (0) By {w)
F ISy

(55)

two states and with egual

Y,

S
are statistically independent, conseguently

=

=

Moreover in every

{56}
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We substitute a;, (n) of equation (56} into s(u) of equation (55)

we immediately get

o A . 2
1 . -
se 2 11 2t & T b
. ‘o n=ee o o i,k=1
L. L *
1 2 v 2rn, 1
= [H, le) + By ()} ] sle— £ + 2
i+ Z L 2 A e to Co
% i . & 1 2 % ’
[H, (0) Hy(w) + Hy(w) Hy (@})] ~ 5 _Z _ #, (w)H (o)
o 1rk“l
1 2 7 2nn 1, 2
= TH, (o) + H, () |% ) 6{u— 7~ + 55— |, (0)~H, (0) ]
4%2 1 2 S T T, M1 2
(57}
Now for frequency-shift keying (FSK) .
o
F:y ccs(mlt + ¢l) o<t < 5
hl () = . .
o 0
gA cos{wz(t 5-} 4 ¢2} 5 <t < to
LW
and
s
A cos{mzt r q‘;z} o <t < 5=
h,(t) =
2 . to ; to
A cos{ml(t'~ §~) + ¢1J' 7 2 £ < t0
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where ¢, and o, are the carrier frequencies. We have

t _
El{w) = [° hj(tzeﬁ3mtdt

o
. .to
i t '
s ~Jut -0 P ~Jut
= f A cosiwlt+¢1)e ac+f A cosimz{tM§}+¢23e AT ey
o . t
el
2

The first integral is

o
2 -
[ & cos {wyt+¢yle 77 at
o}
t
)
2 . . ., .
- f ‘% Iej{mlmw)t+3¢1 + ehj\ml+w}t~3¢l}dt
o &
s e
e e | O ) N PRI B =)
A 3 o (o.l wii 5 A -34. e jgmlﬁ-u)t 3
= = 2 l Q3 < i + —xe 1 ¥ - .
Flw,mw} 2 "Jim1+m)
- P o O.
To e
2 | ml"m) 3luy=w)” 2 N ~3(wl+m) =3 {ugt
4me .
For simplicity, we assume wy :,inﬁ ¢y = éﬂl-where n, n are integers.
o o
£, 4 -5 . s
S B dlme)s® p et e a0y eI
2 Filoymel o Flugtelt T 2 e -w) 3ty o)
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t

| L R I
iej(wlu@}ig_hlji{ml+m}e 1 (m} wle 1

F(ey-a] (o, ¥a)

3

t t S P L S |
. o . [a N O o, e." }..""8 . l)
B i loguldg= ol logmudg™ oI luy~ulym le(

2

5 tug=ul -

+m(ej¢l+ej¢i}
(wl+w)

t .
. PR} £ 23w, sing, + 2wcoss.
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Therafore
_ j{wluwztc/é :ZjdlSin$i%25§da¢i
(Hl‘{m) = Ae sin (ﬂil‘“wlto/'@,‘ Ty
_ W™=
j{w2~w13t /4 ’ © 2Jeo8ing LA 2ucosd
c . ¥ . 2 2 2 {58}
+hAg ‘ 31n(m2 ﬂz_o/é 55
: W
£1
We can.see that Hi{w) is simplys simply:
: 3wy}t /4 .zjﬁQSihngémcqs¢2
ﬁz{w) = Ae s1n(w2~m)t0;4' 5
. 3] =={
2
j{mlum)3tof4 .Ej@isinﬁlﬁzmcasél
+Ae Sin(wlnm}toﬁé- G (59}
. Ba -
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j(mi—m)to/d j{wl~w)3to/4
El(m) -+ Hz(w} = Afe + e }sin{wlwm)tofé

Qjmlsin¢1+2mcos¢i

-

2--
ml 1]
Jluo~wlt /4 3(ue,~w)3t /4 . 23w, 8iné ., +20c086
+ afe” 2 9 e 2 " Jsinle,-wlt fhee b 2 2
2 O Zz 2
4] a3
2
j(m1«w2t0f2 .Ejmlsin¢1+2mcos¢1
= R2Ae ZCGS{mlug}tof4 sin(wl~w}tgf4‘ 5y
B, T~
kS
- j{m7uw)t0/2 . ,Ejmzsin¢2¢2mcﬂs¢2
+ 2Ae cos{mzmm}tefé smn(mznw}te/é* 5>
. £1J2 et (1]
(60}

Since sin2X=2sinXcosX, equation {60) becomes
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w810 {uwy u}L081n¢l mcos.{m1 m}togoa¢l wCos$,

. +£

.mzsin{mzrmjtosinézmmgosjwzwm}tbpes¢3+mcoa¢2

1 PRIV IS J
“a
. - 2 ., 2 .
.sing{mi~m}tﬁim?goszil&mismnn@l}ﬁcos?(mlrmltetmisln.élﬁw?ccszél}
= 22,2

}

{_(ﬂ} 1"“05



48

Jﬁ&iﬁiﬂ2¢l+m?COS%¢Iﬁ%COS(wlfwi?o?ﬂiﬁiﬂ%@lﬁwgﬂongI]

i

4

i

. 2 -
.sxnzimzﬂmLtOLm goﬁ?@Q&w351nE¢2]$ﬂQs?{pzrmiﬁﬁ{m251n?¢2ﬁm?cos?¢2}

¥ SR A
™)

{m2
2 .2 2 2. L L2 .2 2 -2
. Fus8in® ¢, tu"cos ¢212£08{m2ﬁwlyd{m231ﬂ.¢2fm aos.¢2}
i

2 . - » . a e R 4 —~
_m.51n1m1 m}iGSlnLMQ.m}t0$08¢icos¢2ﬂmm281n{wx.m)iOCQn(wz m}to

+
2 2 2 2
w3 - } (wz-g 1

‘nos¢lsin¢2~mmzsin{m1~m}tbcos@lsin¢2+wmlsin(mgrm)tocos(mlrm}to
j -

r 51 : - a4 =i ) Py g ig - gy
s1n¢lccs¢2+wlmzcos£m1 U)tdCOS{uz-L)IOSln415¢n¢2 w1m2003(§ )
) 1

-l

ft051n¢lsxn¢2—wlmsiﬁ¢rcos¢291n{mzuw}tonwlm251n¢151n¢2cos(mz-m)to

4

i1
s

+mlm25xn¢151n¢2+wlw251n(wl—m)tosln(mz—m}t051n¢191g§2
4
‘mmlmsin(ml-w)tocos(m2~m}tbsinﬁlcos¢2+wwlsin¢lcos¢zsin{ml~w}to‘
1
. . 2
.rmw251n(m2rm}tocsséml~m)tgcos¢131n¢2+m cos{wlrm}idcos(mzww]to

- i

ncos@ieos¢2

i
By .5
.A_sin?lriﬁédxoimisinzgi&mz
= 2}2

.Eosz¢qf]

{wiﬁm



49
, 2 Mo~ Z . 2 2 2
4 gin” 72 £t [wZain™¢ +u“cos™d.,]
':,w§-102 2 ’2.

imiﬂmziz

........ 3‘ . oo . . 2 . )
" (0% m0?) oo Lo"cosd; coss,{1+cos (uy~u 1t
@y ){wzub )

Lwa-uqdt {w,Fw,~2a}t
~ 2c0s ng—féu~9-cos ~E»~§ ey

Gincwedt. (e bug~2u) t
+wlmzsin¢lsin¢2{l+cos{m2ﬂml}tOHZCgs 22 : Pcos 12 ©

BEETIE AN
' » ‘; ‘u * " ‘l 2"2%
+awzcos¢181n¢2{s“n(ml m25t0+4cos€ +

. }uosin{wgzmm}t6;

. .w,l_-i-.m 3.2 iy —~w

A - L] y }- 2 a3
4 - s ds -
mm151n¢lcoa¢2{31n(m2 Ll}pcf2cos(~wm§a*_»3tosLn( > )tof}
8ince u, = E%E s oty = 5%1 n and m are positive integers then
- o o -
e
W, =, = i;ir- {n-m) = iﬂ-{- wheyre k = n-m and
i 72 t T
o o
v s - drk FA a -
cos (v, uz)to = CQS*EE b, = caogdkw= 1
e T T .
sinluy mglto = min m%;- to = gin 4ky = o
. — et 2k e -
smn(ul wg)to = gin “E; to = ginZks = o
cégltm ~.1t = @os 2kn t = gosZkn = 1
21 2 o ™ o

[



50

t 5
Elh (ulfm122~£m231n ¢l+mj¢os b 3
IH {w}+E, (ol | 12 =
{ml-vw 1"

Accordingly-

L2 : ‘tc; -
S dsin .{wg."w}-m Jw
+

- T S 2
2sin2¢2+m?cos.¢gl

2 2.2

(e meT)

2020084, 0086420, 0 e iiil, F1ab -2 565D E050 yc0s [umg (uyFu,)E

+
' (wiﬂéz}{mgwwz)

. . © 1 ey e e
.r2m1m281n$151n¢2C08jwr§&mlﬁm2}}tO/Z

.2
, sin e ) /2 Z sin ¢l}("I’.F9?.§1
. i
: ‘tO ¢ (nu *m};. ,f?.} {l+—_~32
. i

1

L

sin{w.,~w)t /2 z _?}?_§£+€—m} cos™ ¢2

2 3 .y o 2

+ 4 i e s
O (032 o} LC}/Q {1+N }
“2

m‘ccs¢1cgs¢é{lwcps{wr%{m1+w?}}t0/2}+mlwzsin¢lsin¢2-
+ 2 = :

(miwmz}{mgﬂmz}

-1
*{cos{uﬂ§(m1+m2)}taf2}

. z.sintw
= %a [ {w -u.\It /"} { .. —]




2
+ to {

(mzwm}tofﬁl

. 3 )
fw COS¢q COSP 5t 0

. . 2
éuﬁiﬁzrmlﬁo/2

- P S -
sin@lsin¢23E251n.[m£%£m1+m2)1to/4

51

éin?$2+f%~9?cos%¢2
o gy 2,
(1l
Wa

-
+ 172

{w§~m2?{m§—m2

(61}
!

From equaticn{sgyand (539)}we have
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Continuing simplification, we ohktain
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. 2 W42
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; to to
{s@n@lsigiglfg}ig_ fz§p§¢lcos(w }§7§151n¢2gps(m§w}t0/2
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- ﬁ«cos¢?cas(wéww}taf21
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A . )
The first term of equation (57} after substituting equatlion

{é}) becomes
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Since w, = Aun and, w. = —% and wy # w,, then the above
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l -h “‘"51-‘15}
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and the third temm of equation 64} is zero.
Adding eguation B3 to {65) the expression for the power

spectral density of the F8X signal is
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(148 (142 -
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i

Assuming byr by +o be two independent random variables,

each uniformly distributed between ¢ and 2w, and taking the
o i * i LS - *

expected value of SFSK~C(”} with respect to &1 gné ¢2,_we get
the power spectrim of the nonccherent case. This can be-

done easily b¥ inspecticoh to shtain
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The power spectral density of the FSK signal of equation (66)

is shown an Figure 7, for bo = 2@1 and for the following cases:

{a} (fbl:g‘ @2=9
{b)

N
fumt

ki)
:‘..—;1-‘, ¢2=Q

™

(ed 4y = 8: 4y =~ 7.

The FEK signal correspdnéing té case {(a) will have the
smallest ban@width and thiz should be expected because there
are no disgontinuities in the signal. The mawimun bandwidth
will corfé5pond to the cage where @l =g, and ¢2 = 180 oxr
visa versa. Cases (b} and {¢) will correspond to the average
bandwidth.

The power spectral density fﬁx the noncoherent ¥FSK

signal of eguaticn (67) is plotted in Figure 8.
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VI. SUMMARY AND CONCLUSIONS

This repcrt presents the power spectral density calculations
for a carrier which iz modulated in amplitude, phase or frequency

by a split-phase PCM code. Such modulation can, in general, be

either phase coherent or phase- ingoherent; both cases have been
investigated in detail. ‘

"Equation (326) gives the expression for the power spectral
density for the coherent cage of anplitude modulation. It was
shown that when the transitions occur at the peaks of the car-
rier, maximun bandwidth is required for transmitting the signal,
This corresponds to ¢ equal to zero or multiple of . hMinimum
bandwidth is reguired when ¢ is an odd multiple of %,

Equation {48) gives the expression of the power spectral
density for the noncoherent case of amplitude modulation.

The calculation of the power spectral density of the phase-
shift Keyed {PSK} by a split~phase has been summarized on pages
37 through 40. Eguations (52) and (54) give the expressicns Ffor
the power spectral density for the coherent case and the non-
coherent case, respectively. It should be cbserved that the

sideband power can be maximized by letting gV egual to X

b=
M

where XK is an odd integer, g is the medulating index and V is
the amplitude of the split-phase code., Also, maximum bandwidth
corresponds to the case when ¢ is an odd multiple of %, and
minimum bandwidth corresponds to the cas2 when ¢ is a multiple

of 7.
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The power speciral density of the FSK signal has been
calculated on pages 40 through 60. EBguation (66} gives the
expression for the power spectral density of the coherent
case of FSK signal and eguation {67) gives the expression for
the noncoherent case. It should be observed that minimum
bandwidth will correspond to the case when %, and ¢

1
o nr, where n is gero or an even integer. Maximum bandwidth

2 egual

will result when @1 = aw and @2 = me where n ig8 zero or an

even integer and m is an odd integer.
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