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CHAPTER I
INTRODUCTION

The purpose of this report is to present a detailed analysis
of a special case of the Galerkin method known as the method of
moments. The ideas herein are not new but represent a compilation
of methods and techniques for which proofs and explaination are
given in detail. The report is essentially self-contained and
should serve not only as a useful introduction to ome area of
approximation theory but also as a guide to effective use of the
method in the solution of applied preblems.

Chapter II contains definitions and results which are assumed.
Practically all of the theorems in the remaining Chapters are proved
in detail, not only for completeness but also since many of the
algorithms hinge on the ideas in the proofs.

The method of moments is described in general in Chapter III. It
is also shown there how this method can be used to solve the
eigenvalue problem and problems of the first and second kind in a
finite dimensional space.

When the operator in question is completely continuous certain
stronger results can be obtained and these are given in Chapter IV.
These relate to problem solutions as well as convergence theorems.

In addition it is shown how this method can be used to speed

convergence in the classical Tiouville-Neumann method of successive



approximations.

In Chapter V results are given for self-adjoint operators
in which‘case certain of the algorithms can be simplified.

Various types of problems frequently encountered are discussed
in Chapter VI. Certain time dependent problems and problems with
unbounded operators are considered.

Throughout the report following each algorthim a summary is

given pointing out the necessary steps to apply the results.



CHAPIER 1I
PRELIMINARIES
In this section terms will be defined, special notation will
be developed and theorems that will be assumed will be stated.

Definition 1 A set R of functions forms a linear space over the

field of complex numbers, C, if

(a) there is an operation called addition and denoted by the
symbol "+'" with respect to which R is an abelian group and

(b} multiplication of functions £, g in R by complex numbers,

a, B, is defined so that

(1) o(f +g) =of + og
(2) (0 +BYf = of + BE
(3) a(BE) = (@B)E

(4) 1 - £=fF

(5) 0 - £=0

Definition 2 The scalar product (inner product) on a linear space

R is a mapping from R x R onto C, denoted by (£, g), such that
(a) (g, £) = (£, g), where the bar denotes conjugation.
(®) (o £+, £, 8) =a; (£, 8) + az(f?, g)
(c) (£, £) = 0, with equality only if £ = 0.

In this case, R is called an inner product space.

Definition 3 A linear space R is a metric space if there exists

a function, p, defined on R x R such that



(a) p(f, g) = 0 and equality holds only if £ = g,
(b) p(f, 8 =p(g, D)
(c) p(f, g) < p(£, h) + p(h, g) for any h in R,

Definition 4 A linear space R is said to be normed if for each

f in R there is amal number, demoted by ||£|], called the norm

of £, such that

@ [}£]] =0
(®) |1£]] = 0 implies £ =0
@ |eg || =i [l£li

(d) ‘lfl + le‘ < llflll + l‘lel (triangle inequality)

Definition 5 A Hilbert space, H, is an inner product space in

which the norm of amn element x is defined by

Hxll =655,
and a distance function, p, is defined by

pGx,y) = ||x - yll,
so that H becomes a metric space, 1In the following, the letter
H will be used exclusively to denote a Hilbert space.

Definition 6 Two functions f and g in an inner product space are

orthogonal if
(£, g) =0

Theorem 2,1 Schwarz's inequality holds for all functions in H,

namely

L o)) < 11gl] - el

Definition 7 For the functions , {Zl 22,...,%1}, the following

determinant is known as the Gramian, or Gram determinant, of the




functions:
(Zl’ Zl) (Zl, ZZ) ceamssnan (Zl’ Zn)
(ZZ’ Zl) (ZZ’ Zz) cesessans (22, Zn)

I I R R I I A I I A R A I I N N N B e

(Zn, Zl) (Zn’ 22) veceeanee (Zn, Zn)
Theorem 2,2 A necessary and sufficient condition for the linear
independence of a set of functions is the non-vanishing of their

Gram determinant.

Pefinition 9 The sequence of elements {xn} in H is said to converge

strongly to x if = € H and
I\xn -x[| -0, n>w
The .element, x, is called the limit of the sequence. The convergence
of the sequence {xn} to % will be denoted by
X_ X,
n

Theorem 2.3 1In a Hilbert space, if X X then

(5 ¥) = G5, 9)

for any function y € H, and

Wl = Hxl.

Definition 10 A sequence {xk} in a Hilbert space is called a

fundamental sequence if for any given € > 0 there exists a number

N such that for m, n > N
x, - = 1] < e.
Theorem 2.4 If xn-d x then {xn} is a fundamental sequence.

Definitjon 11 A Hilbert space is complete if every fundamental

sequence converges to an element of the space. Unless otherwise

stated, we will consider only complete Hilbert spaces.
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Theorem 2.5 Any metric space can be embedded in a complete
metric space; in particular, any Hilbert space can be embedded in
a complete Hilbert space. The new space is called the closure or

completion of the old space.

Definition 12 If the Hilbert space H' is not complete and is

embedded in the complete Hilbert space H, and if the sequence
{xk} of elements of H' is fundamental but does not converge

- i
to an element of H', its limit in H will be called an ideal element

of the sequence {xk}.

Definition 13 A subset L of a linear space R is called a linear

manifold if £, g € L. implies that of + Bg € L for arbitrary

numbers «, B.

Definition 14 If a linear manifold contains all its ideal elements;

i.e, is closed, then it is called a subspace.
Theorem 2.5 If I is a subspace of the Hilbert space H then every
element ¥ in H can be represented unique1§ in the form

X=y+ z

where vy € I, and z is orthogonal to every element of L, zl_L.

The element y is called the orthogonal projection of x on L.

Definition 15 An operator, A, on H is a correspondence that assigns

to every element X in H another specific element y in H, denoted
y = Ax

Definition 16 The operator A is linear if «f + Bg € H implies

Algf + Bg) = wAf + B Ag.

Definition 17 The operator A is bounded if there exists a positive




number M such that

[a =] < u |||
for all x € H. The smallest such M is called.the norm of A and
is denoted by IIA!I.

Definition 18 The operations of addition and multiplication of

bounded linear operatorsare defined as follows

(0A) x = o(Ax)
(A +B) x = Ax + Bx
(AB) x = A(Bx)

Definition 19 TIf A is a bounded linear operator, the édjoint

operator, A%, is defined by the requirement that
operator q

(A%, y) = (x, A*y)

for all x, y in the space. The operator A is called self-adjoint

if A = A%,
Theorem 2.7 For bounded linear operators the following are true
(2) {leal] = o] [{a}]
() |{a + || < [{A}] + |]B}]
() {1aB{] = ||a}} |lz}]
(d) (A%)* = A
(e) |{a]l = |lax]|

Definition 20 An operatorAis continuous if x, X implies

Ax_ — Ax,

n
Theorem 2.8 Every bounded linear operator is continuous, and
every continuous linear operator is bounded,

Definition 21 A linear operator A has a bounded inverse if there




exists a bounded operator B such ‘that
AB = BA = 1
where I is the identity operator,

Definition 22 The following is called an equation of the first kind

Ax = vy,

and if A has a bounded inverse, A-l, then the solution is given by

Definition 23 The problem of finding a A such that

AX = Ax

for some x # 0 is called an eigenvalue problem. The number ) is’

calledan eigenvalue of A and the corresponding functioms, x, are called

eigenfunctions of A corresponding to }.

Definition 25 A sequence {Ak} of bounded linear operators is said to

converge strongly to the operator A, denoted by

A —A
n
if for every x € H, the sequence {Anx} converges to Ax.

Definition 26 A sequence {An} of bounded linear operators is said to

converge uniformly to A if

lim ||a - A ]l =o.
n — w
This is also known as norm convergence.

Definition 27 If L is subspace of H, then the operator mapping any

X € H onto its orthogonal projection in L is called the orthogonal

projection onto the space L and will be denoted by EL.
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Theorem 2.9 The operator EL has the following properties

@ [|e || =1
2

(b) Ef =E

(c) Ef = EL

@ |1 - gl=1

Definition 28 If A is an operator on H and L is a subspace of

H with the property that x € L. implies Ax € L, then L is said to

reduce the operator A.

Definition 29 Suppose the operator A' is defined on the subspace

L of H and A is an operator on H such that Ax = A'x for x in L.

Then A is called an extension of A'., The operator A' is called the

restriction of A to L.

Definition 30 An operator A is completely continuous if and only

if every infinite sequence of functions, {xk}, whose norms are

uniformly bounded contains a sequence, {xk }, for which the
n
sequence {Axk } is convergent.
n

Theorem 2.10 A completely continuous operator is bounded.

Definition 31 The following is an equation of the second kind

x = udx + f,
where u is a number, f is a prescribed function in H, and A is
an operator on H.

Theorem 2,11 For an equation of the second kindin which the

operator A is completely continuous, the Fredholm alternative is

valid, namely: either the equation has a unique solution for each

prescribed £, or it cannot be solved for a given f and the
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associated homogeneous equation (£ = 0) then has non-trivial
solutions. The first part of the alternative holds if u is a

regular value, and the second if u is a reciprocal eigenvalue,.

If u is a regular value, there exists a bounded inverse operator,
(1 - uA)-l, and the unique 'solution is given by
x = (I - ub) ‘£,

Definition 32 The bounds of a self-adjoint operator, A, are,

respectively, the smallest number M and the largest number m for
which
m(x,x) £ (Ax,x) = M(x,x)

for every x € H. If m > 0, then A is positive definite,

Definition 33 The elements of the sequence, @’1,E'2,...}, in H

are mutually orthogonal if

(Pj, Pk) = 0’ j #'k—

and if, in addition,

1

Py, B =1, § =k
then the sequence is called orthonormal ,

Theorem 2.12 The eigenvalues of a self-adjoint operator A are

real numbers.,

Definition 34 If A is an operator on H and Z_ in an element of

0
H, then the linear monifold LA is defined as
Z
0
L, ={yen:y=q@zy,
z0

where Q(t) is any arbitrary poloynomial with real coefficients.
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The linear manifold LA will also be denoted by LZ' Tha -
Z
0

subspace LZ will be denoted by H,.

Definition 35 If A is an operator on H, ZO is an element of H

and m is a positive integer, then the linear manifold 'LA (m)
Z

is defined as 0

L, o ={yeH:y=am@az)

%o

where Qm(t) is an arbitrary polynomial of degree m with real

coefficients, The closure of I.A (m) is a subspace of H and
Z
will be denoted by HA (m) . 0
ZO

Definition 36 The statement that the sequence {xk} is q - convergen

to x means that there is a number N such that for n > N,

e - = |] <q® N

for any previously assigned number g>0. Similarly, we say a

sequence {an} of numbers is q - convergent to a if

n+ 1
la - a | <q .

Theorem 2.13 Weierstrass Approximation Theorem): 1If f is a

continuous function oh the non-degenerate interval I, then there
exists a sequence {Pn(t)} of polynomials converging uniformly to
£ on I.

Theorem 2,14 (Rouche's Theorem) Suppose f is analytic in the

region R, which is bounded by the simple closed curve C and

f can be written as

£(2) = g(2) + h(2),
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where ig(Z)\ > ‘h(Z)l on C.

Then the number of zeros of g in R is the same as the number of
zeros of £ in R.

Definition 37 If the operator A is defined on a subset K of H

and for all x and v in K

(Ax, y) = (x, Ay)

then A is calleda symmetric operator.

Theorem 2.15 If A is a symmetric operator defined on all of H

then A is self-adjoint.

Theorem 2.16 If A is a positive definite operator them A has a

bounded inverse,

Definition 38 Suppose AO is.a positive definite self-adjoint

operator defined on a linear manifold LA which is dense in H,

then a new scalar product defined by

[X:Y:l = (ons Y)

converts
Ly

be denoted by HO'

into a Hilbert space. The closure of this space will

Definition 39 If A is an operator on a subset K of H we define

A , the closure of A, as follows: for x € K, Ax = Ax, and for x

an ideal element of K corresponding to the sequence {xn}, we
define

Ax = 1lim Ax
n

n-—
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Definition 40 TIf A is an operator then the set of all complex

-1
numbers o such that (A - oI).  fails to exist as a bounded operator

defined on H is the spectrum of A, and will be denoted by g (A).



CHAPTER I1I
THE METHOD OF MOMENTS IN HILBERT SPACGE
It is the purpose of this section to define the moment problem,
to.show how its solution can be used to solve problems of the first
and second kind and to approximate any arbitrary bounded linear
operator.
A, The-Problem of Moments
Suppose ZO, Zl,...Zn are distinct linearly independént elements
of a Hilbert space H. Denote by Hn the subspace generated by
{ZO, Zyuse,s anl}' Then Hn has dimension n. The following problem
will be called the problem of moments:
Find a linear operator An defined on Hn such that
AnZO = Zl
A1 =2
(3.1)
Anzn-2 = Zn-l

Anzn-l = EnZ

n
where Enzn is the orthogonal projection of Zn on Hn'

Actually, An’ the solution to the moments problem is already
formulated. This is clear since all that is necessary to completely
describe any linear operator is to determine its actiom on a basis.
This is exactly how An was defined.

B. Determination of Eigenvalues of An.

Suppose that A is an eigenvalue and x is an eigenfunction of
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the operator Anﬂ that is,
Ahx = AxX. - (3.2)
Let x = BOZO + 51;1 +...+Bn_1, where the Bk are scalars.

Substituting this expression for x in (3.2) yields

n-1’ n-1

A 0 Z0 B ) = MO Z B2 ),
or

n-2 n-1

120 Pifrrr t BpapEnZ) = A Z, 87 ).
Let " n-1

Eln = = 2 %5 (3.3)
Then, ’ .

n=-2 n-1 n-1

180 Pufiar ~ Boa1CiZo A ) = MO Ep By )
or, combining terms,

n~1

=1 (.2

- o 20 B2y

1-1Pn-1 %01

UPn-1fo * Bo m By PP HeF B,

Since the Zk are linearly independent, coefficients of 1ike terms

can be equated to obtain the following system of equations for A and

the Bk:
“oPn.1 = My
Bo = B =By
ceteseransos (3.4)
Bn-2 - an-len-l - th-l'

In order fox this system to have a non-trivial solution for the
Bk’ the determinant of the coefficients, Pn(h), must be equal to zero,
Therefore, the eigenvalues of An are the roots of

Al s+, = 0. ’3.5)

_ n
Pn(h) =1 + o 0

-1
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A system of equations can be obtained to determine the coefficients,

o in Pn(h) as follows:
From (3.1) and (3.3) it follows that
P Az = W o AT 44w T)Z. =0 (3.6)
n n’70 n n-1 “mn U0 0 *
The equation (Enzn’ Zj) = (Zn, Zj) becomes
n-1
kio (Zj, Zk)ozk + (Zj, Zn) =0 -. 3.7

The determinant of the coefficients of (3.7) is the Gramiam of ZO""Zn-l’
and so does not vanish by virtue of their linear independence. Thus (3.7)

»
has a unique solution, Throughout the following, the @, will denote

k
the solution of system (3.7).

The coefficient, Bn—l’ in (3.4) must differ from zZero, otherwise
ail Bk Wouid vanish and yield only the trivial solution., 8ince an
eigenfunction is determined only to within a constant multiple, we can
set 5h-1= 1 and, using (3.4), find the other Bk recursively from:

By =My togy, i=0,1, ..., n-3
Bn_é.= Ao g (3.8)
C. Problems of the First Kind in Hn'
Theorem 3.1 Suppose

A x =1 (3.9

where x and £ are in I-I.n and f has the representation

. n-1
£E= ¥ bZ,
k=0 k™k
Then, if zerc is not an eigenvalue of An,
b b b
0 0 0

= (b, =~ = )Z_ +...+ (b — - .
A Sl Cng * 5, %1502 @, ~n-1
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Proof:
Define
n-1 &
Fn_l(An)Z0 = Eo bkAn ZO =‘f and
: n-1 n-2
Fn_l(t) = bn-l t + bn_2 t U o bO'

By taking the scalar product of f successively with ZO’zl""’Zn-l

the following system is obtained for the coefficients of the polynomial

F (r):
n-1 n-1

b¥ (Z‘: Z )b - (Z-: f) = 0: j = 0: ]-s '-°:n"l (3'11)
k=0 4 Kk 3
Since x is in Hh, it may be expressed in terms of a polynomial

of degree (n-1) in An,

X = Qn-l (An)ZO. (3.12)
The substitution of (3.12) into (3.9) yields

An[Qn-l(An)ZO] B Fn-l(An)ZO = %

or

[AnQn-l(An) - Fn—l(A'n)]ZO = 0.

Thus, [AnQn-l(An) - Fn-l(Ah)] is an n-th degree polynomial in A which

annihilates Z_.. Therefore it can differ from any other n-th degree

0

polynomial which annihilates Z_ by only a constant factor, C. To see

0
this, let
Tn(An)ZO = Rn(An)ZO =0,
where
_ o n-1
Tn(An) = tnAn + tn_1 An + ...+ tOI
and
_ n n-1
Rn(An) = ynAn *+ Y1 A]n e R 'YOI'



Thus,
fa-1 Ya-1) T fo Yo
T - An 2 R 'E'—--—ZO
n Yn n Yn
or
(tn-l - Yn—l) 7 ; +(Eg _ 12}2
t Y, n-1 tn Yq 0
Hence, by the linear independence of the Zk’
tn-l _ Yn-l tO _ Yo
= aeeey T T s
tn Y ) tn Yn
or .
ﬁﬂgi: _ Yy _
C o S SR Eo = Yo,

18.

and it follows that Tn and Rn differ by a constant factor as claimed.

Therefore
AnQn—l(An) - Fn-l(An) = CPn(An)’
and
’ c = —Fn-l(o) - th
Pn(o) O{:0

Thus, combining (3.13) and (3.14)

Py

&—Pn (Atj ?

_ .1
Qn—l(An) - Ah [%n-l(An) h 0

and thys the required solution of (3.9) is

b
- Al _0
x =4 [anl(An) B % PG| 2,

(3.13)

(3.14)

(3.15)

Substituting the above expression for Fn_l(An) and Pn(An)

into (3.15),

n-1 b
< = A—l[ 5 b Ak ) -E(An +o An—l

n 20 "k n Qg B n-1"n "'WOIJ Z0

b

A +b A§+...+b

IT™n 2 A

-1
X = An [(b0+b -1

0

0, .n
E“(An'l'c . -"I'C!DI)] ZO
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b b b
-1 0 0 n-1 "0,n
X = An [(bl-a—ﬂl)An'i‘...'i'(bn-l- a"—an_l)An i An] ZO
0 0 0
b b b
= (b- - )Z 4euk(b .~ 3z . -0z
1 gy 1770 " Yn-1 N 1'%n-2 @, n-1

This completes the proof.

Notice that te solve problem (3.9) in H_n it is necessary to
calculate the inner products, (Zi’zj)’ to solve (3.11) by inverting
an nxXn matrix and to solve system (3.7) by using this same inverse.
D. Equations of the Second Kind in Hn'

Theorem 3.2 Suppose
X = HAHX + £ ' - (3.16)

where x and f are in Hn and | is not a reciprocal eigenvalue of

A . Then
n

X = an_lzn_l + an-Zzn-Z +...+a0 0’ (3.17)
where

a.=b - Fn-l(llu) o

0 0 Pn(17u) 0?
F o1

a = ua + bk - Pn(l ™) ak’ k = 1,2,..:,n-1.

and where

Fn-l(An)ZO =f
and Pn(t) is as in equation (3.3).
Proof:
Substituting x = Qn-l(An)ZO and £ = Fn_l(An)ZO into (3.16)
yields

‘ Qn-chn)ZO = uAnQn-l(An)ZO * Fn—l(Ah)ZO’

o [Qn—l(An) - I‘l’AnQn-I(An) - Fn-chni] Z0 = 0.
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The bracketed expression can differ from Pn(An) by only a constant
multiple, C. Hence,
Qn-l(An) - “AnQn-l(An) B Fn~1(An) - CPn(An)’

and thus

(L -pt)Q () - F () =cCp (£). (3.18)
Letting t = 1/y it is clear that

cC=" Fn—l(lﬁi)

Pn(l?p,) '

Therefore

- -1 F_ . (1/u)
Q.14) = @ -pa) _[fn_l(A ) - n-1 ]
R N YT

>

and the solution to (3.16) is given by

x = (T - uAn)-l [?n-l(An) _ Fn_l(llp)

w— ZO. (3.19)

The sclutioncan be written in terms of the basis elements.

The substitution of

_nzl k
Q18 = 12 gt
Cn=l. K
F_1(t) = “§0 bt
K
Pn(t) - £=l'0 ot
into (3.18) yields
n
n=l .k n=l, k _ k
(1 - ut) (Fg ot - [ £5 byt C 1 Zo ot s
or,
-1 .k =1 k¥l _n=1, k n k
N 2o b = 2o bt + € Fg ot
However n
-1kl Kk
o apt kBl k-1t >

and therafore
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=1 k n_
(ay - b, = Cog) + 12);1 (a, - pay_q - b - Cy)t - (a4 +C)t = 0.

0

If the coefficients of like powers of t are equated to zero
and the value of C is inserted, the following recursion formulas

for the coefficients ak are obtained:

a. =b - Fn-l(lAi)

° 0 FTamyT %
n
a + b, - Fn—l(lhi)

= W = -
k k-1 Tk 6/ @ k=1,2,...n-1.

The coefficient of t is zero by our choice of C., Thus,

X = Qn—chn)Zo = aOZO + alzl +'°'+an-lzn-1,

with a, as defined above. This proves the theorem,

Motice that to solve this problem in Hn it is necessary to
calcuiate the inner products, (Zi,Zj), to solve systems (3.7) and
{(3.11) by inverting a single nXn matrix and, using the @ and bk
thus determined, compute Fn—l(lh&) and Pn(l/p).

E. Approximation of Bounded Linear Qperators.

In this section it will be shown that a sequence of operators
may be selected by the method of moments so as te converge é}éongly
to a preassigned bounded linear operator.

Suppose that A is a bounded linear operator in a Hilbert space

H. Choosing an element Z_, # 0, the following sequence of iterations

0
is formed using the operator A:
7,2, =AZ; Z. = AZ, = A’z Z =AZ ., =A"Z
0° 71 0’ “2 1 0*°*"*"n "~ ""n-1 1

which will be assumed to be linearly independent.

By solving the moment problem, a sequence of operators {An}
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is determined, each defined on its own subspace Hn generated by
{ZO’ Zl’ cees Zn 1}. The spaces increase in dimension with increasing

n, and Hn+1 contains Hn. Then(3.1) assumes the form
k [

<
K A ZO = AnZ

E A"z
I

™
|

o k=0,1,...,n1

- Ay (3.20)
n

=
]
I

0 0°
Theorem 3.3 TFor each n, A x = E AE x for x € H_.
—— n non n
Proof:
Suppose € H . Then x = nﬁl a, %z , and, by definition, E x = x,
n k=0 "K'k’ i * Tn

Therefore

or AE x = nil a Ak+12 = Eg

Tﬂen

B
=]
o]
?I\TES
Q™
~
Lo’
=]
'

]
s}
<

> - E;é a Ak+1Z

which was to be snown,
This theorem allows the domain of the operator An to be extended
to the whole space H. That is, EnAEn ig defined on all of H, and

its restriction to H_n is An.

Corollary 3.1 The sequence of operators {An} defined above is
uniformly bounded with ||A || = []a[l].
Proof:

By Theorem 3.3, A =E AE , hence
n n n

Ha b =1z 2z o< L 1T LHall TEJT = Tlall-
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Theorem 3,5 The subgpsace Hg(see Definition 34) reduces the
operator A.
Proof:

Suppose x iz in Hz. Then sither x is in Lz or % is an ideal
slament of Lz. 1£ x is in Lg then

x o= ?{A]zg

for some polynemial P(£) with real coefficients. Therefofe

Az = APCA)ZQ

iz in Hg because tP{t) is also a polynomial with real cosfficients.
Suppose x is an ideal element of L_. Then a sequence {xn}
of elements of Lz exists so that
fix = xn\iﬂ‘ﬁ, B @,
But then
[ - a1 = L) L - =} o,
and since Axn is in Lz, this implies that Ax, ths limit of slements
of Lz’ must belong to Hz. Thus, in either case, if x is in HZ then
ax ig im HB. Therefore, Bz reduces the operator A, and the theorem
is provead,
Thecrem 3.5 If A is a bounded linear operator an&.{én} a sequence
of solutions of the problem of moments (3,20}, then the sequence
{Aﬁ} converges strongly to A in the subspace B,
Proof:
Ifx = Q(A)EO £ Lz’ then Ax = Anx for every n exceeding the

dagree of the polynomial Q(t) by twe. To see this suppose
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_ k k-1
X = (akA. + ak-lA + ...+ aOI)ZO
where
n=zk+ 2, Then
_ k+1 k
Ax = (akA + ak-lA + ...+ aOA)ZO
= akAk+1 + ak_le + ...+ aOZI.
However,

z =AYz =AY Zys ¥ = 0, 1, ..uy n-1

v 0 n
and since k € n-2 it is assured that
oLk _ .k _
Bpr = Bq g0 By T AL Zgs eesZy = A Z.
Hence Anx = aka+1 + ak_lzk + ... + aOZ1 also. That is Ax = Anx
So, for each x £ LZ there exists an integer m such that Amx = Ax,

Thus‘as n o, ‘lAnx - Axl‘ - 0 for any x € LZ'

Now suppose x is an ideal element of 1., and let {xm} be a sequence

Z

of elements of LZ converging to x. Then

Hax - & x|} < lax - s )]+ Jlae- A |+ | ax - A x|

by the triangle inequality.
Thus, since llAnll = i]A‘l,
Hax - a x|] < 2[{al] 1= - = | + [lax - ax {].

The first term on the right approaches zero as m increases because

X, 7 X, and since X is in L_,, the second term is identically zero for

Z.’

sufficiently large n.

Hence, lle - Anx‘| =+ 0, n = « and the theorem is proved,

Thus far it has been assumed that the elements, Z%, are linearly
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independent. Theorem 3.5 remains valid in the linearly dependent

case. To see this, suppose that Z is dependent on {ZO, “ees Zn-l}'

By definition, Azn—l = Zn and AnZ

E Z =2 , hence AZ = A Z . This implies that for any x in H
nn n n-1 n n-1 n

=K Z ., But in this case
n-1 nn

-

Ax = Anx, or, in other words, Hn reduceé the operator A. 1t is also

clear that Q(A)Z0 is in Hrl for every polynomial Q(t) with real coefficients
Also, Zk = Gk(A)ZO, k=20,1, ..., n-1, where Gk(t) is a polynomial

of degree k, namely, tk. Since Hn is closed, HZ = Hn' Theorem 3.5

states that l\Ax - Akxi\ = 0,k # = », and in this case for k = n we have

| lax - Akxll =0,

Therefore, Theorem 3.5 remains valid.



CHAPTER IV
COMfLETELY CONTINUOUS OFERATORS
In this section, the method of moments will be used to solve

problems of the second kind and the eigenvalue problem, each invelving
a completely continuous operator,
A. Approximation of a Completely Continuocus Operator
Theorem 4,1 If A is a completely continuous operator, then the sequence
of operators, {An}, solving the problem of moments, (3.20), converges
in norm to A in the subspace HZ;

HA-AnH -0, n-— o,
Proof:

The theorem will be proved by contradiction. Suppose ‘lA - Ahll¥ o,

n — o, Then, for each n, llA - Anl‘ > 0. Let gq= glb{llA - An\l}

Then there exists a sequence, {fn}, which may be chosen so that \lfn‘\ =1
for each n, such that for arbitrarily large n,
- , = N
ll@a-a)if]zq>0
Since A 1is completely continuous, a convergent subsequence,
{Afn }, may be chosen from the sequence {Afn}. The sequence

J
Therefore, a convergent subsequence may again be selected from the

3
f@a - En)fn.} igs uniformly bounded, i.e., “(I - En)fnjl‘ < “fnjll =1,

sequence {‘lA(I - E)fn \i}. Let {fn} also denote this convergent
J

subsequence and

o9
i

lim {Afn} s

2
Il

lim {A(T - En)fn}.
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Note that
A - An = A - EnAEn = (I - En)A + EnA(I - En).
Since
Na-epae |l < {la-e) el +]1a - 58l
< fag -g|] + || eEzell »0
and
e aa - e)E || < {la@ - 2)e [ - |[n]]
and

||a]|® = 1anfacT - E ) £ ,h] = Lin(£ , (1 - E_)A"A]

< Lm||(x - E)A'R]| =0
it follows that '
e - sl o
This is a contradiction and the theorem is proved.
B. ’Equations of the Second Kind
Consider the equation
X = pAx + £ 4.1)
with £ a given element of H, A a completely continuous operator, and
W a number.
The Fredholm alternative [Theorem 2.11] applies in this case, and
the following theorem of Baﬁach holds.

Theorem 4.2 (Banach's Theorem)

1f lul < \\Al|-1, then i is a regular value for equation (4.1).
Proof:
Consider the series,

£ 4+ pAf + wlale 4+ ...
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()

and let x denote its n-~th partial sum.

Then since |u| ||al| <1,

Hx(n) - X(m)” = HumAmf + }.]..m+1 A“H-l 1 I]-]_f

£ 4o AT ]|
sol™ Hal™ + Tul™ TAl™ + oo+ W)™ Hal™ bl
—+(

when n and m approach infinity., But H is complete, and so the sequence,

{x(n?}, has a limit, x, in H.

Then,
2,2
pAX = pAf + A E 4+ ... =x - £
and hence
x = plAx + £.
Note that Theorem 4.2 is valid for any bounded operator.
The procedure for solving (4,1) is to set ZO = f and form the

sequence of iterations

Z, =Af, ., Z =Af. .

The solution of the approzimate equation -

x = uAnxn + f (4.2)
is then
n-1
X, = - akAkZ0
k=0
= af+alAf+...+a AVTE
= a, a; “a a1 s
where the a, are determined recursively by means of the formulas
o
0 B (1A},

, k=1,2, ..., n-l,

fa}

.dk
ORISR
EART
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where Pn(t) and o

, are as in (3.5) and (3.7).

The convergence of this method is assured by the next theorem,

Theorem 4.3 TIf a solution to (4.1) exists for each f in H and if A

is completely continuous then for n sufficiently large equation (4.2)
has a solution and the sequence {xn} converges to the solution of (4.1).
Proof:
" Equation (4.2) can be expressed as

X - prn + p(% - Ah)xn = f,
By assumption, y is a regular value of the equation, hence the Fredholm
alternative insures the existence of the- bounded inverse operator,
(I - p.A)_l. Applying it to both sides of the equation yields

x - (- p,A)"l (o - M)x_ = (I - I.LA)'lf = x (&4.3)
According to Banach's theorem, a solution to (4.3) exists if

e - )™ a_ - a)}] < 1. 4.4)
But,

He@ - ud™ @, - o1 = fol Ha - w0 ™) 11a - a)

- 0, n—w,
Therefore, condition (4.4) will be satisfied if n is sufficiently large.
The existence of a solution to (4.2) is thus proved.
To prove the convergence, we start with the following representation

of the inverse operator,

@ - )T = -t e -1 a -
Expanding in powers of y, we obtain

(1-pa-w e -1 = 2 e -w e - ok
k=0

This is a convergent series since for sufficiently large n
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Hu@ - pay™? @A - m) <1,

The sequence of operators, {(I - pAnfl}, is uniformly bounded

for a sufficiently large n since
[20]

Ha - )™ < fla - ™) 2 wl® 1la - |1a - a1

) a - pa) Y]

TR S T TTT

and by Theorem 4,1

1A= 4]l - 0rn-o.
-1 -1
Therefore || (T - pA ) Il =[]l @ - pay -}
The sequence { (I - uAn)—l} convexrges uniformly to (T - pA):l
in the subspace HZ' To see this, consider the relation

(- pa) " - @ -pn) = (e - w) e, - 01T T - a7
- Zefta - e, - o a e

Then
@ -pap™ - a -]

< [Ha-w s S Ha - w0 s - all®

I Y1 I A e Y S

1= ful Ha -w o ] Ja - 4]

Ha - a |l ~o,

since |1A - Anl[ H.O in HZ as n > ®, BSince £ is in HZ the sequence
{a@ - uAn)-lf} converges to x = (I - pA)-lf. This completes the
proof of the theorem.

Notice that to solve (4.2) for fixed n, it is necessary to invert an

n x n matrix from (3.7) to find the quantities « As n increases, this

%"
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becomes more difficult and, mofe important, less accurate since the
determinant of the system decreases rapidly: It wiﬁf now be shown
how the method of moments can be used to speed the convergence of the
well-known Liouville-Neumann method of successive approximations.
One advantage will be that n is fixed throughout.

On the basis of the sequence of iterations
ZO =f,Z, = Af,...,Zn =A'f
and with fixed n we construct the operator An.
Equation (4.1) can be expressed as
X - pAnX + u(An - A)x = £,
The operator (I - uAn)-l exists when n is sufficiently large. Hence,

applying it to both sides of the last equation, we obtain

x = p(T - pa )t - A%+ (T - ua) s (4.1

Equation (4.1') will be solved by the Liouville-Neumann method., Define
n-1
% = (I - pa yle= 5 a9 g,
n j=0 3 h

The element xo can be found by the methods of Chapter III. The
successive approximations are obtained by the formula

U R T R A

To compute x(k+1) from x(k)

D D)

it is required to solve the equation
WA - An)x(k) + £ 4 .8)
Applying the operator En to both sides yields

D g D 2 a - a = g, %.9)

n n o
(kt1) of this equation, denoted by xn(k+1), can be

E

The solution Enx
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found by the methods of Chapter III.

Substracting (4.9) from (4.8} yields
X(k+l) . Xn(k—H.) - u(A-EnA)X(k)

3
o)

(1) (D)

(k)
n + w(a - EnA)X . (4.10)

[n obtaining (4.9) and (4.10) we made use of the Ffacts that Enf = f

and
E A =E2AE = A =EAE2=AE.
nn n n n n on nn
Assume that x(k) has the form
nt+k-1
x(k) = 3 d.(k)z..
j=0 J J
Then
' (k) _- 5 _ (k)
(A - An)x =" (A EnAEn)x
ntk-1 n-2 ntk-1
= ;0 d.(k) Z 41 by d.(k) Z’+l - X dgk) EnAEnz'
J J §=0 J J j=n-1 ]
k-1
z 4 @ -EsE2).
j=n-1 J J ]
Jow let
n=1 .
EZ. = T réJ) Z
] s=0

the réj) being determined from the system of equations

@, Zo)réj)+“"+(zp’ z_ e - @ 2,)

p=0, 1,..., n-1.
Then

n-1 ..
sz, =5 g
n j e=g © s+1

and

n-2 . .
EAEZ. = ¢ vz 4+ B gy
n nj =0 S s+1 n-1 "nn


http:A)x(4.10
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s=1 s 1 s n 1 =0 cgszs
n-1
- (1 (1
= SEo(rs_1 - T as)ZS. (4.11)
L)
¥y =0
Thus
et (1) _ @)
(A An) j=n-1 dj [Zj+l - Séo(r Tn-1 0zs)zs]
nt+k-1
(k)
'.=§_1 47 @y By
ntk-1
(k) (J+1) LD (1)
+_§ 1c‘{ [ SEO( 01 T oes)zs].

Applying En to both sides of this last equation yields

) T e TR OGHD | _(3) @
(EnA ) — j [ SEO(rS relptr e )z ]
_rh, [n+§ 1d(k) GD_ D), D), g
s=0 ° S j=n-1 j Ts Te-1 @

and subtracting this from (A - An)x(k) above yields

n+k-1
a-58)x® - 5 a® @ Bz )
n j=n-1 n j+l
+k-1 -1 . -+l
T a® @41 - e 5y U (e
j - s s _ s s’
j=n-1 s=0 s=0
where
n+k 1
h§k+1) _ é i+ gk) s=0, 1, . n-1
j=n—1 J
and
hék‘i'l) = dél‘fi 5N, seuy n+k

It still remains to solve (4.9),



34,

(ktl k+1 ks
X ) . U'Anxr(l ) = p,(EnA - An)x( ) 4+ £, (4.12)
Putting,
M NN C O
n 0 e=0 ° s

we can find the coefficients a§k+l) by the methods of Chapter III.

This yields

(k+l)
nt+k-1 . )
DT W (D @) Gy T B
N n-1 O G‘) 0
J n i
Get1) | I 0o G L) L, ()
s _E 1 j (r Te-1 + Tn-1 qs)
(k+1) .1
F &)
+ a1 oo L s @, s=1, 2, ..., n-1
s-1 P s
n(ﬁ)
where
n-1  nt+k-1 :
s=0  j=n-1 ® Yo

Thus, from (4.10) we have that

nt+k
7 d
s=0

NG (kt1),,

with

aletD) | D) (k+1)

s d(o) + pa

s=0, 1, ..., n-1
d(k+1) = h(k+1). s=n, ..., otk
s Bitg

(0)

In summary, we first must find x , Wwhich involives inverting the

n x n matrix from (3.7). Finding the quantities, réJ), in (4.8)

involves the same inverse, Finding the quantities, s also involves

this same inverse. Hence, this method has the advantage of keeping
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n fixed, so that computational errors introduced by increasing n are

avoided,

The convergence of the method is assured because it is the
Liou ville-Neumann method.

We now investigate the speed of convergence. Consider the basic

formula

(k) -1

X(k+1)= W - uAn)nl(A - An)x + (I - “An) £, (4.7)

Let B denote the operatox
-1
B=p(I-pA) " (&-A)
so that (4.7) can be written in the form

LD (), (0)

(&.7")
Since the operators (I - uAn)ﬁl are uniformly bounded for sufficien
large n and since ‘\A - An“ - {0, given any arbitrarily small positive
quantity, q, we can find an n such that (
Hel] = ol Tha - wa) ™ 118 - 801 < a
Choose such a value of n,

From (4,7') it follows that

® _ 5 3.0

=0

X

If x dEHQtES the exact solution of ('{-I-.]_'}, CLSLL @uLULULILE W uaudChIS

Theorem, we have

2

Bjx(o) .

g

X=
3=0

Subtraction then yields

- =01 211890 5 83O < (e {ix),
=0
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k k+1
[l - =M1 < & ). (4.13)
Thus, the sequence {x(k)} is q;convergent to X.
Since x(k) is a polynomial in A of the form
(k) _ '
x B Gn+k-1(A)f’

we have the following lemma.

Lemma 4,1 If x is a solution of

x = pax + £
with p a regular value and A a completely continuous operator, then
there exists a sequence of polynomials {Gm_l(t)} such that the sequence
{Gm_l(A)ZO} is ¢-convergent to X.
Proof:
Consider Gm_l(A)f = X(m—n). Then inequality (4.13) implies that
Hx - 6 @el] = [1x = =@ )] < @™ x| = o,
where C = ||xi‘ql-n is independent of m. Thus {Gm_l(A)ZO} is g-convergent

to x as claimed,

. C, The Eigenvalue Problem

Theorem 4,4  Suppose

X - pAx =0 (&.14)

where A is a completely continuous operator and y is a reciprocal

L

eigenvalue; that is (4.14) has a nom-trivial solution in HZ. Then

each such solutiom is unique, that is, to each eigenvalue there corresponds
but one eigenfunction in Hz. The sequences, {pn] and {xn}, of solutions

to

x -pAx =0 (4.15)
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are g-convergent to the reciprocal eigenvalues and eigenfunctions,
respectively.
First, we express (4.,14) in the form
X - pAx = x - (A - An)x - pAnx =0 (4.15")
By Banach's theorem, all values of p in the circular region

lnl < A - ATl (4.16)

are régular for the operator I - p(A - An) or, in other words, the
inverse operator [I - p(A - An)]-l exists. The fulfillment of condition
(4.16) can always be assured since with increasing n, ||4 - Anll - 0.
Equation (4.14) may be expressed in the form
[T -u(a -An)]{l -plI - w(A -An)lnlAn}x = 0,
ﬁhich can be verified immediately by carrying out the indicated

multiplication. Applying [I - n(A - An)]_l to both sides yields

x=ulI - pC - An)]TlAnx &.17)
Now, Anx € Hn and hence is representable as
-l P
Ax= g Wz

n k

k=0

with certain constant coefficients b, .,

k
Let
. -1
g =[I-p@-4)]1"2. (4.18)
Thus, from (4.17) and (4.18) it is seen that
n-1
x= T b § (4.19)
k=0 k “k

The §k are linearly independent since if there exist numbers Ck

ot all zero such that
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n-1
kzockgkzo
then
n-1 -1 n-1
kio Ck §k =1 - u(A-An)] kio ckgk = 0.

Hence, the last sum vanishes, contradicting the Ilinear independence of

the Zk'

The equation defining §k is equivalent to

gk-“'(A—An) §k=zk'

Therefore,
8 =%, k=0,1, ..., n-2
. and
n-2
AnX = I bkzk—l-l + bn-lAngn—l
k=0
-1 n-2 -1
[I-p@A-a)1" ax =k§0 BBy * Pl - m@ - ATTAE L.
(4.20)
Let
AE . =-"ly w2
n"n-1 g20 Fg\W/%ge
Then
-1 n-1
(1 -p@- 8T8 ) == T o @S, (4.21)
From (4.17)
-1
x =p[I - pca-a)] A X
substituting (4.20) into this yields
n-2
- -1
x= u{kEO bk§k+l + bn-l [T - (A - An):l Angn-l}

then substituting (4.21) into this yields


http:t)~(4.21
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n-2 n-1
x =l kz BySipr ~ Py 2 2 WIS
=0 s=0

Substituting (4.19) into this yields

n-1 n-1 n-1

b €& =ul & b E -b Z oo (WE ]

k=0 k k k=0 k-1"k n-1 k=0 k k
and hence,

n-1

kzo [bk = p'bk-l + u‘bn-lak(u')]gk=0’ b—l =0

In viéw of the linear independence of the §k,
bk - ubk—l + pak(p) bn-l =0 k=0,1, ..., n-1 (4.22)
Equating to zero the determinant of this system of homogeneous
linear equations, we arrive at the following equation for the reciprocal

eigenvalues, u;

o L) o, )
Ap) = L ,-al + ..+ —l'r~+a0(u)=0

n n-1
i H
(4.23)

After finding an eigenvalue, the corresponding eigenfunction is
found by means of (4.6), the coefficients bk being calculated by use

of the recursion formula

b = p[bk_1 - akQ¢)], k=0,1, ... n-2 b . =1
4.221)

But, since the b, are uniquely determined, it follows that to each

k
reciprocal eigenvalue there corresponds but one eigenfunction determined
of course to within a constant multiple. This completes the first -
part of the proof.
For sufficiently large m (m > n), the equation
X - p‘Amxm =0

can be transformed as before into x = plI - |_1,(A.n - An)]-lAnx. (4.17")
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(m)

Similarly, we let %k =[1 - p(Am - An)]—lzk and seeka olution

x of the form:
m

5 b<“‘) g(“‘) ; gli“‘) =z,, k=0, 1

s , 1y vewy, =27
k=0 K

X =
m
This gives

™ - ™ 4 por™ @) 5 = 0,%=0, 1, ..., n-1

(4.22")
where the quantities aim) () are determined by the relation
n-1
8 S
s=0

The elements E -1 and g ( ) are respective solutions of
gn-l - - An)gn-l = Zn—l

™ e -ag P -z

Since the sequence {AEJ converges in norm to A by Lemma 4.1,

there exists a polynomial.ES(A - An)Zn_1 such that

l\gn-l_ BE(A ) An)zn-lH = C.qs

with q some positive number. But'QS(A - An)Zs = (A)ZO, so that

Qs—+n--1

form=n -+ s

e, -q @zl scd " =ca (4.24)
Now let Y- (m) Qm 1(A)Z Then
(m) - - A )y( = = B [yf_ni - wla - A )Y(m) IE
and
™ _p -aps™ oz =EfE e a)E 0

Substracting these last two relations gives



41,

NI AL T (g(m) SENCD

m

D - A ™)1

Hence,

He™ - v s 1w, - 401N 1T - wea - a)i] [1e, -+

Thus, there exists a constant 02 such that

@) _ _(m) m
llgn-l yn_lll = C,q
or, equivalently,

&) - e8] < cpq” (.25)

Adding (4.24) and (4.25) and applying the triangle inequality yields

801 &1 = (4.26)
Since
n-1
AS,1 =~ I oWz,
nn-1 k=0
(m) (m)
A_§ = E o W)z, ,
n"n-1 k=0 k k
it follows that a similar kind of estimate holds for deL) and aém) s
namely,
k m
oy - o™ @] < ¢ - g
where C(k) is a constant independent of m.

Now let A (p) denote the characteristic polynomial for the operator A :

(m)
_ (1)
Am(u) = lJ‘n +__;—-I_1-:]-.— + . +a(§m) W)

From the estimate for akﬁx), it then follows that
8w - 8 @] < cq"

Suppose that By is a root of the equation A(ﬁ) 0 of multiplicity
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p satisfying condition (3). Then for sufficiently small vy = lp - MO"‘

la@)} = ¢ P

.

For vy = (C'/C“)l/p qm/p’ we further have

[aw) - a @ = o < Ja@)].
Therefore, by Rouche's Theorem, (Theorem214), Am(p) = A(p) + Amﬂi)
(1) ©)

- A(u)has exactly p roots p "7, ..., b’ in the region lw

bl =¥
which satisfy the inequalities

m )

Ip,o—y.ngk)‘saa » k=1, «.. p,

where

Hence, in view of the arbitrariness of q, the eigenvalues of the
approximate equation (4.15) are g-convergent to the eigenvalues of (4.14]
The estimate for the eigenvalues and the equations (4.22), (4,22")
and (4.22") in turn imply the same sort of convergence for the eigen-
functions., This completes the proof of the theorem,

Thus, to obtain the approximate solutions, one must solve the
equation (4.15). This can be done by the methods of Chapter TII.
Recall, however, that in order to determine the eigenvalues of An,
it is necessary to invert an n ¥ n matrix (3.7). This may be difficult
for large values on n and may involve considerable loss of accuracy.
The Liouville-Neumann method should be used in such cases. The
quantities, ak(u), involved are, in general, difficult te calculate.
Keeping n fixed, it will now be shown how power series may be obtained
for the coefficients ak(p) in equations (4.22) and (4.23) determining

the reciprocal eigenvalues and eigenfunctions.
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The coefficients as(g) were defined by the relation

n-1
Angn-l =- X Ols(l'l') Zs’
5=0
in which
— - _ -1 _ _ 3
€ =[IT-p@a-4)1"2 ,= 'z: wda sz .

j=0
We first derive recursion formulas for the coefficients of the

latter power series., Let

. ntj-1 iy
a-adz . =% d(J)Z.
n n-1 s=0 5
Then
. nt+j-1 n+j-1 .
A - Aty z aPz o2 al® 4
n n- 5=0 5 s+l e=0 S n s
+i-1 . s :
5 s+l s n s.
s=n-1 s=n-1
From{&.ll)we have
_ (s) (s)
Anzs kEO @ Tn-1 ak)zk’
so that
. nt-j .
n n-1 =0 ° s
ntj-1 . n-1 ntj-1
(3 _ (N (S) (S)
2 oda Nz .- % 2 [ % 47 (5 roo1 o))
=n-1 =0 s=n-1
Thus,
déj-}-l) = dégg_ s =10, .y D]
. nt+j-1 :
G B 1 ) o e o N, S R |
] k=n~1 k s-1 n i k

(4. 24)
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and
@ . . © . n+ji-1 .
- ey o J - J (i)
gn—1 .% wo (A An) Zn-l .% H ? ds Zs'
j=0 3i=0 5=
Next, Angn_l will be computed.
o ., n+j-1 .
_ i (3>
An'c;n_l .Ep.[ T dg AnZS]
j=0 s=0
e R O BN O j
=z L ozd : T N
=0 s=0 k=0
n-1 ® i n+j-1
=zz {zp[ = d(']) (r(s) (Si o)1}
k—O j=0 s=0
" n-1
=-Z oW 2
k=0
Therefore, the linear independence of the Zk implies
o nt+j-1 )
g @ =- 2 [ £ a - annd @)
j=0  s=0

Equation (4.25) expresses .the coefficients deL) as a power series,

Recall equation (4.23),

o 10 o, ()
Ay = M+ B —1r~ + @) = 0,
1

for finding the reciprocal eigenvalues, p. At first glance, it seems
that (4.23) implies the existence of at most n reciprocal éigenvalues.
This can not be the case, since we are working in an infinite
dimensional space H. This problem is resolved by observing that the
coefficients dk(p) in (4.23) depend on p alsoc. Thus, it is true that
each reciprocal eigenvalue, p, satisfies some n-th degree polynomial

but not all of them .satisfy the same n-th degree polynomial,
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Thus, to approximate the reciprocal eigenvalues of the operator
A, first obtain an approximation for the quantities, ak(p), by
truncating the p_ower series expression for the o,.rk(p,), given in (4.25),
at some integer vy. That is, let
o W) = - g [n-'%-ldéj) (réfi - réf)l cvk)] u,j. (4.26
Y i=0 =0
Then use (4.26) in (4.23) to determine the approximate reciproéal
eigenvalues. Then, to obtain further, possibly more accurate
approximations, one could increase v and repeat the procedure.
After an approximate eigenvalue is found, say p, then the
corresponding approximate eigenfunction is found by useof (4.19)

where the bk are defined as follows :

bk = p’[bk_l - Q'ky('li')], k=0, 1, ey n-2



CHAPTER V
SELF-ADJOINT OPERATORS
A, The Eigenvalue Problem in a Finite Dimensional Space
Let A be a self-adjoint operator on a Hilbert space, H, of
dimension n. Let {yl,yz, oy yn} be an orthonormal basis for H.
Consider the eigenvalue problem
Ax = Ax, (5.1)

Let

©ox =yt oayy, +‘:.. tay - (5.2)
Taking the scalar product of (5.1) with the respective basis vectors

yields the following system of linear homogenéous equations:

al(Ayl, ¥y) + a4y, , yl) .o t+oa Ay, yl) = Aa;

a; Ay y,) + ay(Ay,y, vo) + .. 4+ a2 By, ¥,) = La,
---------------- L I N R I L I I B Y (5-3)
a Ay, v ) + a,(Ay,, y )+ ...+ a (Ay . v ) = ha
Equating to zero the.determinant of the system, we obtain the
characteristic equation for the eigenvalues,
(Ay1s v9) = A Ay, 1) ... Ay 5 ¥y)
(Ay1sY5) (Ayys ¥,) =X ... Ay . 9,) | =0

LI R A L LR BRI L N (5.4)

Ay >y) Ayys v)) ov. (Ay > ¥ ) = A

After finding an eigenvalue, hk’ the corresponding eigenfunction,
X, can be found by solving (5.3) for the coefficients, 2y to be used
in (5.2). 1t follows that Xy is defined to within a constant multiple

which may be chosen so that “xk|] = 1.

Lo
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Notice that the above process is valid for am arbitrary linear
operator,
Elgenfunctions corresponding to distinct eigenvalues are
mutually orthogonal. To see this, suppose ‘
Axe = hy

Ax., = A.X,.
i i

Then
(Axk, xi) = hk(xk, xi)

(Ax XY = A, (x X

Hence, by the self-adjointness cof A, we see that
0‘_(AXk,X)- (AX,Xk) (kk: Xi)- O\X,Xk)
= (Kk - li) (Xk_’ Xi)

Therefore, when hk # hi’ it follows that
(xk,xi) =0,

Thus, the set of eigenfunctions of A can be taken to be an
orthonormal basis for a subspace' K of H, and then if x € K we
have that

k

X = .E (x, xi) .
i=1

Note that k = n implies K = H. That is, if there are n distinct
eigenvalues of A, then the set, {xk}z=l’ is an orthonormal basis for
.
B. Spectral Theory for Self-Adjoint QOperators

This section is important because it provides the tool by
which convergemnce can be proved for several iterative methods
which follow.

Suppose the operator A has n distinct eigenvalues, which we



list in increasing order,

}‘_1<}\2<._,<)L

n’
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The spectral function of A, denoted by §l, is defined by

0

(x, xl) X,

for any element x in H.

To see this, suppose we wish to calculate (ghx,x) where hk =A< lk+

Then

The real valued function (Ehx,x) is

(ghx,x) = [(x,xl)gl + (xlxz)x2 + ...

= (x,xl) (x,xl) + (x,xz) (x,xz) + ...

0

| G, 2
n-1 l

z (=, %)
=1 k l
x|}

-----

= LGo= )=z %] + CGxpxdx,,x) + Lo,

A< Rl

----------------------

A=A,
n

‘

+ (X:xk)xk: X}

+ Llex )%, x]

(x,xl) (xl,x) + (x,xz) (xz,x) + ...+ (x,xk) (xk, XY

+ (x,xk) (x,xk)

[(x,xl)]2 + |(x,x2)|2 F o F I(x,xk)l2

k
p¥

i=

1 | Ge,x, |2

1
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Thus, (§hx,x) is constant for those values of ) where A has
no eigenvalues and increases by jumps at each eigenvalue, hk’ by

the amount, ‘(x,xk)lz. Now, let

Akgkx = (x,xk)xk.

Then the expression

Ax = Rl(x, xl)xl +-h2(x,x2)x2 F o +-hn(x,xn)xn (5.5)
becomes
n
Ax = L AA x.
IR

Therefore, since (Elx,x) is a step function with jumps at the
hk’ we have that
A
Ax = fln ?\dF}AX,
1
by definition of the Riemann - Stieltjes integral.
Applying A to both sides of (5.5) yields

2
ATx = A[hl(x,xl)xl + hz(x,xz)x2 + ...+ kn(x,xn)xn]

hl(x,xl)Axl + hz(x,xz)sz + ...+ hn(x,xn)Axn

It

2 2 2
ll (x,xl)x1 + hz (x,xz)x2 + ... + hn (x,xn)xn.
Similarly

m__.m m ‘m
Ax = hl (x,xl)xl + hz (x,x )xz + oo F hn (X,xn)xn.

This formula may be extended to any function of A by defining
fA)x = f(hl) (x,xl)x1 + ... 4 f(ln)(x,xn)xn (5.6)

n

= Z £, )47 E x.
ARSI

Then
n
fl(A) fz(A) X = kzl fl(hk) fz(hk) Akgkx. (5.7)
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Notice that in the definition of f(A), only the values of f(t)
at the points, lk’ are involved and so g(A) = f{A) whenever g(hk)
= f(hk), for each eigenvalue hk'
In a similar way, a continuous function of any bounded
self-adjoint operator, B, can be defined by
— M -
£(8) = [ £Q) 4§ ; (5.8)
that is, for x € H,
_ M
£(B)x = J‘m £0\) g x,
where m and M are the bounds of the operator,and in which the only
values of f that effect the result are those at the points of the
spectrum of the operator, where dgh # 0. Also, we have
_ M
£(A) £,(8) -jm £.00 £,00) dg, . (5.9)
The norm of the operator f(A) can be estimated as follows. Suppose

|£0)) < C. Then
He@sll= 11 ¥ covag =] < | [ 200] ag x|
s || f¥ cag x|
=c || foagx|| = clfxl|,

and therefore
i) = c. (5.10)
Notice that if A isabounded self-adjoint operator which has

an inverse, that the inverse operator can be expressed as

1w 1
A -Jm = dE . (5.11)

This is clear since

a1 =Il“n4 agx = x,
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Theorem5,1 ThEBDmfdeéE-adjoint operator A has a bounded inverse if
and only if there exists an interval [ - o, o] containing no part
of the spectrum of A.
Proof:

Suppose the spectrum of A lies outside the interval [ - o, o].
Then since zero is not an eigenvalue of A, the inverse operator,

A 7, exists., If A is an eigenvalue of A, it follows that
\h'l[ <ol

To see this, suppose

Ih-lt >—0_1.

Then either

which implies that
0<A<gor O0>pr>-0
However, in either case, these inequalities imply that
»el -o,0 1],
which is a contradiction to the hypothesis that no part of the spectrum
of A lies in [- o, o].
Thus,- if no part of the spectrum of A lies in [ - 0, o], then
(5.11) and (5.10) together imply
[la™}] = o7
We will now show that if A-l is a boundéd operator, then an
interval [- o, o] exists containing no part of the spectrum of A.
This will be proved by contradiction.

1

Suppose that A"~ is a bounded operator and every given interval
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[~ 5, 6] contains part of the spectrum of A. Thus, zero is a limit

point of the spectrum of A. By (5.11) we can express A_l as

-1=M -1-

m A dgh’

A
which implies that
Ly _ M1
el = 15 Lag ).
However, since A — O,
M 1
IR AT
which implies that A-l is not bounded. This is a contradiction, and
therefore an interval [~ g, o] exists containing no part of the spectrum

of A, This completes the proof of the theorem.

Theorem5,2 TfAis a bounded self-adjoint operator with inverse and {An}
a sequencé of solutions of the moment problem, then the sequence of
spectral functions {gk(“)} of the operators, A , converges strongly
to the spectral function of A in the subspace HZ'

Proof:

The proof is based on the fact that the sequence {An} converges
strongly to A, The first consequence of the strong convergence of
these operators is the strong convergence of polynomials of An'
That is, if P(t) is any polynémial, then

P(An) = P(A), n — o,
To see this , suppese
k-1

k
P(t) = akt + ak-lt + oee. Fott+ o

and consider

. s [ k-1
lim P(An) = lim (C‘t’kAn + ak-—lAn + ... o

n— o n — <« .

1An+ 0[O)
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s k . k-1 . .
= 1im kaAn) + lim (o.lk__lAn Y+ ool + lim GylAn) + lim (do}

n -=to n = o n =« n — o
co lim A 4o o 1im @5 Y+ L+ lim A 4o
K n t%g n e T Oy n T %
n - n — o n -

Il

03

. k . k-1
k( lim An) + ak'l(iéf in) + s b+ o

1 0
n-— o

k-1

_ k =
= akA + ak_lA I alA + @, = P(A).

By means of the Weierstrass Approximation Theorem this result
may be extended to any function p() continuous on the interval
ol < 11al1-

In particular, let

pl) =& (- 1),

where

$1 for p =i
% (W) "{o for u > \.

_ (@
Then, p(An) = '§?L An,
and
pla) = 5 A,
and since P () is continuous,

t:l(“) A, = G A.

Now

g™Max = g x| < [1£™ @ - a)xl] + (1778 x - € axl|

< [j@-a)x|] + Hg)f“)Anx - §ax|| ~ o0,

and this implies convergence in HZ.

Also
1x = £ x
A

for each x in the domain of A-l. Since the domain of A-l is dense in

;fn)x = §£H)AAP1X — §KAA—
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U and the spectral functionms, §£ﬁ> are uniformly bounded, it follows

that
50 g
in HZ as claimed,
C. The EBigeavalue Problems
Now consider the eigenvalue problem,
Ax = Ax, (5.12})
where A is a bounded self-adjeint operator. To solve (5.12) by the

method of moments select an arbitrary ZG € H and form the sequence

of iterations,

1 0
_ .2

22 = A ZG
- AR

Zn = A ZO

Then 7or rixeu n, solve the corresponding aigenvalue problem,
- )
Aﬁxn = Rnxn' {(5,12")
The convergence of this method is assurad by Theorem 5,2,

Notice that problem (5.12') can be solved by the methods of
Chapter IIT. Hoﬁaver, sines En = EnAEn’ we sag that A? is self-
adjoint, and it will now be shown how the self-adiointness of An
simplifies the solution of (5.12%).

Let pﬁ = ZG
and ibteratively

ey = (A - a Doy - b 10y 4
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where
2
a = Apyp) /1 (pspy) = Boy 01/ Fieyl |
and
2 2
by = e 1™ 7 e, (1
The elements, p , are mutually orthogonal, i.e., (Pj,pk)* 0, j#k,and
Py = Pkié)zg (5.13)
withaﬁé(A) a k-th degree polynomial in A. The polynomials §£(t)
each have leading coefficient unity and satisfy the recursion relations:-
Pk+l(t) = {t - ak) Pk(t) - bk«-l }?k_z(t} (5.14)
B.=20,P

-1 0
Notice that p, = “ifk(A}zO = 'fk(gn)zo € B for k=0, 1, ..., n-L.

% 1.

Thus the elements, {po, Bys vers pn—l}’ form an orthogonal set in

Hn. it is clear that

?ﬂ(Aﬂ)ZO = EnPnCA)ZG = Eggn’

but since p,, is orthogonal to each element of the set {pO, sy pn-l}’

which is a complete orthogonal set in the subspace Hn’

_Po b1
Ep, = ©s ey W?- + {pysPyqd W[,Z

+ + {p 0 _4) ol g
: T WPt T =0,

and therefore

Pnﬁén)zo = 0 , ) (5.15)
Thusg, §£(t) is an n-th degree polynomial annihilating ZG and

can therefore differ from the polyntmial Pn{t} cbtained in Chapter IIT
by only a constant multiple. However, since §£(t} and P, (t) have

leading coefficient unity, they are equal. 'Thus, the roots of
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are the eigenvalues of the operator An'
The corresponding eigenfunctions could be obtained as in

Chapter III, however they may be expressed directly in terms of

po: p]_’ ey Pn_l-

Let
A = Mo
with hk a root of 5;(}). We look for an Xy of the form
X = nil uik’ Pj) p
k - . ] 2 a®
3=0 lipjll J

Since An is self-adjoint, its eigenfunctionsform a complete
orthonormal set in Hn' Expanding pj in terms of the eigenfunction:
we obtain

n-1
pj - Pj(An)ZO = kio Pj(kk) (ZO, Xk)xk'
Therefore
n-1 _

Thus, x can be expressed as
k n-1
X, = C jEO Pj(kk)pj

The constant C must be chosen so as to insure normalization. That

is, we must choose € so that

5 n-1 5
ldi® =11 e % % aell? - 2
Therefore,
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n-1 n-1
(¢ = P \ ) P C Z P (n )p y=1
j=0 =0
2 n-1 n-1
=C(Z P.(\ z P.( .
53 LI 2, B30
9 n-1
= C Z P P. - k]
.0 )p J(hk)pj)

=0

due to the orthogonality of the elements, pk’ and so

9 n-1
c E P (}l)H =1
j=0
or
C= 1
- n-1
=2 2
o PS .
and therefore
< = 1 n-1 _
kO . Z P.Q)p.
e R,
by P () | P
§=0 (5.18)

Notice that in order to obtain the eigenvalues and corresponding
eigenfunctions of An by the above method, the following steps must
be taken: (1) Form the sequence, {Zk}, (2) orthogonalize to find
the sequence {pk}, (3) determine all the polynomials, Ft(h), 0<t<n,
(4) find the eigenvalues as roots of §£(K) = 0, (5) substitute each
eigenvalue, hk’ into equation (5.16) to find the corresponding
eigenfunction. Observe that in contrast to the method presented in
Chapter III, this method does not require inverting any matrix at
all,

A  procedure will now be developeq by which the polynomials

§£(t) can be found up to and including k = 2n-2, without having
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Ec incrsase n, Assume bChat the pelynomials, §%<t)° have been
determined up o and dncluding § {£}, and let
2 8= By o s (5.17)
with wé“) = 1.

Wa first expand Zﬁ in texms of the eigenfunctions of An*

= 5

0 k=) k I
Consider the funciion
2> ) ag
4] -1
CP(t) :"“':"" + coreat e ¥
£ hU ) Anui

where hﬂ’hl"“’ln~1.are the esigenvalues of 5ﬁ. We look for

an expansion of ©(t) in inverse powers of t of the form

CO C-l CS o c
{?(t} = e o e +'..+m—-‘- +u;; = g . {5.18}
. tz ts+i s=0 ts+1

We formally determine the coefficients in the series. We first

write
2 2
f—k..mu Eo -Einli‘:-— ?(EKS
[ t os=0 ¢ 77
k !
and hence 2
sl %k e gl 20 L
P =& T, = 2o Lo % Mg 4 5T
Therefore
_nsl 2.8
¢ = 150 % Mg -
Also we hawve that
- =1 s
Zy = A% = 1&g Mdpxe
and 1 2=

{Z 30) = nz{} k}\ = cS, $‘-‘=Ugl,...n~1.

In getteral, for any i and k,

Cip = R Akz
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since
i k&, o itk
ZO, ATZ Yy = CAn

(A n

n Zg2%0) = C4ip0

due to the self-adjointness of Ah'
The problem of moments also provides a way of computing

the coefficients ¢y up to ¢ inclusive, namely

2n-2

c itk £ 2n~2.

sk~ %)
This is true because
= (aty Ko v o
(23920 = A 2R 20) = 5
for 0 < i,k =< n-1, Hence 0 < ¥k < 2n-2.
We now find §n(t). Since the lk are its roots, and since
its leading coefficient is unity, we can write

2
=1 a G ) c c
o) =2 %% _ “ne1t’ S 71
k=0 Py _— T +'E'z_+or.,
k Pn(t)

in which Qq-l(t} is some polynomial of degree (n-1).

Multiplying by §h(t) yields

- 0, %1
Qn-l(t) ‘—“?n(t)(t—‘*-;—z—“l'-u).
Subgtituting (5.17) yields
E w(ﬂ}tﬁ.E iin— = 3 “E;m {c a<n)+ +c d(n) + ¢ )
520 “s j=0 tj+1 j=-n tj+1 i;’0 "7 T j4n-1n-1 I

i

Q-1 (8

Equating to zero the coefficients of negative powers of t
we obtain
(n) (n) (n} - —
cjag + cj o +"'cj+n~1an—1 F c§+n G, i =0.

Only n of these equations corresponding to j = 0,1,...n-1

are linearly independent, the others being linear combinations
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of them. This system corresponds exactly to system (3.7).

We now obtain recursion formulas for the coefficients of

fn(t). In the equality

_—_— ¢y ©q c,
Qk(t) = Pk—l‘l(t)( -;" +;—2— +eaet "—’L'*'tj_]_l Faee)s

we replace §k+1(t) by the recurrence relation obtained in (5.14)

to cobtain

Q (8 = (- ) B(6) G2+ b o)
k k Tk t tﬁ k+1 i
c c ¢
= 0 1 k

- bk_lPk_l(t)('E—'l‘;T'i'...'l'T;I'l‘. )
Now using

5 (k) i L,

P () = %0 J . 1‘%.

. -k
and then equating to zero the coefficient of A , we obtain

(k) (k) (k)
g T Cpp® Tt %1 T Sk
5 &1 (k-1) (e 1)
- bpqle g R e ety 3% o Tt Cor2y=0
A similar operation of the coefficient of b yields
(k) (k) ( )
1% T Cprs® Tt ®ear T Co
_ (k) (k) (k)
a (ckcz0 + ck+1a1 +...+c2k 1 k-1 + c )
LD, e ) LD _
by 1 Gy F GOy et Sy g0 o e )
Let
(k) (k) . (k)
B = 608 T Cpp® et Cop 1% T Cox
(k) (k) (k)
bers =S¥  F Cko®n Tt Sl T Can?
we have hk
bee1 T %
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h
Lol Py Moy B

k hk k-1 hk ’ hk hk‘l
Thus the recurrence relation for fk+1(t)'shows
k+1 : k k
= o (kt+1) s _ (k) _s+1 (k) s
P (8) = &g o BT gZg % by b
b k-1 d(k+l)ts
k-1 8=0 "s :

Hence, upon equating coefficients of like powers we arrive at

recurrence relations for the coefficients of fk+1(t):
ey = ) =1
oZlgk—l) -
o) 20 ® e @ oD (5.19)

s = 0,1,...,k.

?

These formulas express the coeffiecients of §k+1(t) in terms

of the scalar products »C; = A Z

k)'

Let Eh denote, as before, the spectral function of A, so that

v = Jore

With m and M the glb and lub of the spectrum of A, respectively.

i-k?

Then _ a -
Py = P (A2, = tfm P A8 2,
and, since the elements, Py > are mutually orthogonal, we have
. o - _ .
(b, p)) = ‘fm B )F M)A(EZ,2,) = 0 (5.20)
i#k

Thus the polynomials ﬁn(t) are orthogonal on the interval
[m,M] with respect to the non-deéreasing function (§AZO’ZO) in
the sense of (5.20). Hence, it can be shown that

(1) the polynomialé fn(t) form a Sturm series. That is,

their roots, which are the eigenvalues of A, are real, distinct,
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and separate one another,
(ﬁ) the roots all lie in the interval [m,M],

(3) on any portion of the range of A where (EAZO’ZO) is a
constant, ﬁn(h) can have no more than one root for each value of n.
It can be shown that when the method of moments is used to

approximate the spectrum of a self-adjoint operator, as in this
section, the eigenvalues which are largest in absolute value are
determined most accurately. Suppose we wish to fine the eigenvalues
which lie in a certain interval [a,b]. This can be doné with the
help of the ﬁext theorem,
Theorem 5.3 1If A is an operator and P is a polynomial, then

o(P(A)) = P(c(a)) = {PO): X € o(8)}.
Proof:

For any complex number A  there exists a polynomial Q such

0
that PA) - POy = O - RO)Q(A). It follows that P(A) - P(hol) =
(A - AOI) Q{A). Thus, if 10 € c(A) then B = (A -hOI)Q(A) is not
invertible, To see this, suppose B is invertible, Then
A - hOI)Q(A)B-l -t =1 =388
= B7M A - AgDQ) = BT (4 - AgD).

Therefore if B is invertible then (A - ROI) is invertible, which
is a contradiction. Thus P(A) - P(AOI) is not invertible and we
hawe proved that P(RO) E‘G(P(A)) and hence P{o(4)) € o(P(A)).

Now suppose hO € o(P(A)) and let hl,hz,...hn be the roots of

the equation

PQA) = A,
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Thus,
PC(A - A I = - - =
(A) 0 oA 7&11) veeess (A A D) 0

for some non-zero complex number . Thus {A—Ajl) must fail to
be invertible for at least one number j, 1 < j < n. For such

a value of j we have hj € o(A) and P(kj) =% so that KO € P(c(A)).

0°
Therefore o(P(A)) S P(c(A)) and thus o(P(A)) = P(c(A)). This
completes the proof of the theorem.

Thus, to determine the eigenvalues of A in [a,b] we find
a polynomial S(t) such that S(a+b/2) = 1, 5(&) assumes its maximum
value in [a,b], and §(t) deviates from zero by as little as possible
outside [a,b]. Then, in view of Theorem (5.3), it is clear that
the numerically largest eigenvalues of S(t) correspond exactly
to those eigenvalues of A in {a,b]. 1In other words, if vy is an

eigenvalue of S(4) then the number, or numbers, o such that S(@) = v

and o ¢ [a,b] are the desired eigenvalues of A.

D. Problems of the First Kind.

In this section, the solution of the problem of moments will
be used to construct a sequence of operators converging to an
inverse operator A-l. Throughout this section it will be assumed
that A-1 is bounded, thus there exists an interval [-0,0] containing
no part of the spectrum of A.

Consider a problem of the first kind,

Ax = £, » (5.21)

with A a bounded, self-adjoint operator and f an element of HZ'

To solve this problem, select a function, ¢@(t), continucus on
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the interval ltl < ||A‘| and equal to t-'1 outside [-0,0]. Since
the spectrum of A falls outside [-o,0] it follows that @(4) = Aul.
Now, since A — A in Hz it follows that
n
oy - At
n
in Hz(see Theorem 5.2)., Therefore, the sequence {xn}, where
x_ j co()\,)dghn)f (5.22)
converges strongly to the solution of (5.21).
Let kéé) and xin)denote the eigenvalues and eigenfunctions
of A . Then
o
%En)z -3 @ x(n)) (n)

where the summation extends over all k for which hk < A.

Thus, formula (5.22) becomes

xS oy (£,x ), (5.23)
Equation (5.23) can be used to obtain the approximate solution,
X regardless of the spectral distribution., To obtain X it
is necessary to determine the spectrum of An. This can be avoided
if the spectral distribution of A is known.
Consider the case where A is a positive definite self-adjoint
operator, and let its spectrum lie in the interval [m,M], with

m > 0. Then the eigenvalues of An are all positive and lie in

the interval [m,M], in which @(t) = t-l. Therefore

x 4 tp(h)dg)fn)f =fin dg)fn)f.

n

Now A.n is an operator on the subspace Hn and §{n) projects

each element of Hz into Hn. Thus, if fn dencotes the projection
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of £ on Hn’ then.,

™ - gl
n

and
- (M (), _ ,-1
x, = Jo A ag™e = arts .
Thus, x satisfies the equation
Anxn_= fn (5.24)

whose solution according to Chapter III is given by

_ -1 n-1
x = An [ Fn_l(An) PéAn)]Z
with

Fn-l(An)ZO = fn', But x is a polynomial of degree

(n-1) in An:

0 T n-chn)ZO’

where
Fn_l(O)

Q.1 (&) = 1/t [Fn_l(t) - _ﬁgfﬁf P ().

Thus, from the way in which An is constructed,

Q-1@p)%g = Q,_, B)Z,

) F__(0)
x = AT F_L @) - L P @z, (5.25)
n

and
n
It can be shown that the approximation, X _, can be determined
in the case of a positive definite self-adjoint operator by the

foliowing algorithm;

X1l T 5 T hnFn(o)gn (5.26)
where I l‘Z
_ 1B
gn - rn + 1n—lgn-l 1 = B
e =t -h A N PRIk
n Tn-1" Ma-1%8ao1 n Eix )
2 _ 'n
h 4= Hrn-lH Fn(o) B Fn-lco) + e 112
(Ag_ .8 ) o H (£,2,.)
n-1°%n-1 ro = go = ZO FO(O) _ 0

1Al
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We summarize the above results as
Theorem 5.4 Let A be a bounded self-adjoint positive(negative)

definite operator on the Hilbert space H, and let Z_ be any element

0
of H, Then a sequence {xn} exists, obtainable by (5.25), or,
equivalently, (5.26), which converges strongly to the solution

of (5.21), provided f is in the subspace H,.

Z
If we let Z0 = £, then (5.25) simplifies to
-1 P (&) '
Xn—A [I-w]f (5.25")

and the algorithm described by (5.26) becomes

X1 = X + hngn (5.26")

where 9

g =r +1 .g _ lirn|l

n n n-1n-1 1n—1 =5

Y
rn B rn—l - hn-lAgn--l
1 I
h n-1
n-1 e 158 ) £-Ax =T,

The advantage that the more general formulas (5.25) and
(5.26) have over (5.25') and (5.26') is that if an approximate
solution has been found for one right-hand side, f, then the §olution
for any other f can be determined directly without having to
recompute the polynomials Pn(A), g, and ro.

SBuppose that A is a bounded self-adjoint operator having
a spectrum with the property that on the left side of the origin
is consists of a finite number of eigenvalues which we let be

hl < lzﬁ een < kk < -g.
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Concerning the right side of the origin, nothing further is
assumed,

Since none of the spectrum of A lies in [-0,0], the function
(EKZO’ZO) is constant in this interval. Thusg for each n, no
more than one root of Pn(t) can lie in [-0,0], and with increasing
n this root will tend to Xk < -o. Hence, from some value of
n‘onward, this root will lie outside [ -o,0]. Thus, for such values
of n, the approximate solution, X,s of equation' (5.21) will be
given by (5.22):

= Jooee®s - 1 a®e -,
Therefore X also satisfies

Anxn = fn

and can be computed as before by means of (5.25) and (5.25'").

Thus we have proved the following:

Theorem 5.5 Let A be a bounded self-adjoint operator defined

on the Hilbert space H and let A have a bounded inverse. TIf

on one side of the origin, the spéctrum of A consists of omnly

a finite number of eigenvalues and on the other side it is bounded,

then beginning with some value of n, the X defined by (5.25)

and (5.25') exists and,:with increasing n, the sequence {xn}

converges strongly to the solution of equation (5.21) provided

its right-hand side, £, is in the subspace H,.
Notice that the algorithms defined by (5.26) and (5.26%)

are not valid if A is-not positive definite, because for certain

values of n the approximate solution, X > need not exist, since


http:equation-(5.21
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for some n it could be that Pn(O) = 0, resulting in the coefficient
hn becoming infinite.
MNow, suppose that A is a bounded self-adjoint operator having
an infinite number of points in its spectrum to the left and to

the right of the origin. ILet

X
n

cP(An)fn

where

fn N En + én
with En an element of ﬁn’ the subspace generated by the eigénfunctions
of An corresponding to eigenvalues lying outside [-o,0], and én
is an element of the subspace of eigenfunctions of An corresponding
to its eigenvalues lying inside [-0,0]. The approximate solution,

X, can be found as follows. Let én be an eigenvalue of An lying

in [-0,0), and let

n

1l

-1 = -1
An L fn + C(An - GnI) Pn(A)ZO] (5.27)

Also let

n Fn—l(An)zO
where F_ . (t) is a polynomial of degree (n-1). Choose C so that
n-1 P (0)
- n "
Fn_l(o) - C 6n = 0,
Thus, An may be replaced by A in (5.27) because it involves

a polynomial of degree (n-1) in An’ and by the way An is constructed

k k,
AnZO = A ZO for k= 0,1,...n-1,

This leads to
nFnulco)
EEXCE

This formula need be used only if one of the roots of ﬁn(t)

-

G -1
x =A [Fn_}_(A) + (A - 6n1) }z»n(A)]z0 (5.28)

falls in [-o,0].
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We now consider an equation of the second kind,

X = Ax + f

where A is a bounded self-adjoint operator,

(5.29)

and £ € H. We also

require that the operator (I - A) is positive-definite, which

will be true if ||A]] < 1.

Then the approximate solutions,

Kk,

can be obtained by methods entirely analogous to the last section.

The resulting algorithm isj

o+l Tn + Fn--l(l)hngn (5.30)
where
&y < rn + ln—lgn—l rn = rn-l hn-lcgn-l- Agn-l)
2 2
[z, ol
n-1 “n-1 2
(gn 1 - Agn 1,gn 1) l‘rn..l‘ll
F (L) = F,_ (D) + (£,x) -
2
HERY
(£,2y)
Fo(l) = —_—
NENE

Convergence has been proved only if A is a completely contin-

uous self-adjoint operator, (I - A) is positive definite, and w

(r - A)-l is bounded,

if Z0 = f, then (5.30) becomes
¥n+1 = Xn + hngn
where

gn= rn + 1n-lgn--l r =7r

n=1
e o112
h - n-1 1
n-1 n-1

(gn-l-Agn—l’gn—l)



rO = go = f rn = f - X + Axn.

However, if I - A is not positive definite but satisfies

the conditions of Theorem 5.4, an approximate solution to equation

(5.29) can be obtained in the form

_ _1 .
%, = 150 ByPy
where the Bk are determined from the system of equations:
. (£,p,)
Pt - adBy - BBy T ——-——-15--2-— ,
[lo, |1

(5.31)



CHAPTER VI
OTHER APPLICATIONS
In this section we will show how the method of moments can
be used to solve various time-dependent problems, and we will
consider the difficulties involved when an attempt is made to
apply the method of moments to problems involving unbounded

operators.,

A, Time-Dependent Problems
Theorem 6.1  Suppose A is a symmetric positive definite
1

linear operator defined on a dense subset of H, and that A"~ is

defined on H. Then the problem

OX _ —
St Ax, x(0) = X € H, (6.1)
can be solved by finding the sequence of solutioms of
ox
A

n
- = = 6.2

n sy tE 0, xn(O) %, (6.2)

where An is the solution to a certain moment problem. The seguence

{xn} converges strongly to x.

Proof:

We write equation (6.1) in the form

13 L :
A St 4+ x 0 (6.1")
Setting
%0 = %o_,
Z1 = ZO
z =41z

n n-1

48 s s es rr v
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we construct the sequence {Am} of solutions of problems of moments.

Notice that is not necessary to use Anl to find Zk+lfrom Zk

we could solve the corresponding problems of the first kind, namely,

; instead

A Zk+ =2

1 k”
Now, we replace (6.1') by the equation
oxr
n = =
An 5T + X 0, xn(O) X5 {(6.3)

and show that Xn -+ X.

If we let gh denote the spectral function of the inverse operator
the required solution is given by
M _~t/2
x—joe d%}m
with M the lub of the spectrum of A-l, and thus M = |4A_1||.

To see this, note that

LT B (e s Fe R s,

“1 e ~t/A M -t/)
A fG - e dgxxo]+joe e

M M -t/n M -t/
AEL J-1/a e d€ x . ] + e d€. x
f, el 5%l + Ao
- J‘Mx(-l/x) et ag x +jMe‘t/7L a8 %, = 0.
0 0 Y% 0

It is clear that this solution satisfies the initial condition

x(0)

X

0
since
x(0) = SM 1 dghxo = Xy
0
Sincee -t/ is continuous for } > 0 for all t = 0 and since the

strong convergence of a sequence of operators implies the strong
convergence of a continuous function of them, it follows that the

sequence {xn} of solutions of (6.3) converges strongly to x.
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This completes the proof of the theorem.
We will now show how the approximate solution, X » can be
computed., Set
X = No(t)Z0 + Nl(t)Z1 + ... + Nn-l(t)zn—l’

and substitute this in (6.3). Using t?.l) we obtain
’ aN du

0 n-2
Np(0)Zg + (M + =2y + een b (@, b =502
dyy, _
t_A-l g oo,
dt nn

Now, substituting the expression given in (3.3) for Enzn’ we obtain

dNn-l dNO dNn—l
(NO - C{O E—t-"-—) ZO + (Nl + E-E'— - Oll E-E'——'—)Zl B T
dn dnN
n-2 n-1 ~
. + (Nn-l +EE—_— - Cfn_l T )Zn—l = 0.

The elements, Zk are, by assumption, linearly independent;
otherwise, as indicated in the last paragraph of Chapter III, the
approximation procedure would terminate earlier and yield the exact

solution. Therefore, we can equate their coefficients to zero,

yielding
dn
n-1
NO - ao It =0
dN dN
0 + Nl - oy n-l _ 1]
dt de
dN dN
D2 .y R n-l _ o, (6.4)
dt n L g

with corresponding initial conditions

Ny(0) = 1, Ny(0) = N,(0) = ... =N__,(0) =0,

Equations (6.4) may be solved by a classical method or by
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means of Laplace transforms. Let

& = g M () e M ge .
Then

S0 " Y81 T O

Mg+ 8 -apf ;=0

and hence

P, -1/
£.= “53'1( AN
AT e -1/
o
€= ———
APn(-I/)\)

where Pn(h) is as in (3.5).

The solution to (6.4) is thus given by
JU 4+ 1 @ Pn_j_l("l/‘l'\.)e ?\-td

N.(t) = 1/2;mi i e A, j=z1
ki ag i 7\2131'1(_1/?‘)
o+ 1 ® C(Oeht
N = e a 6.5)
AP (-1/2)

where ¢ is any number not in the spectrum of A.
Therefore, to construct X it is necessary to solve the
equations

82, =%, k=0,1, ..., n-1

then use the Zk thus determined to solve syétém (3.7) repeatedly

to find the polynimials Pk(h), k=0,1, ..., n, and then use

these in (6.5) to determine the coefficients,.
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Theorem 6.2 Suppose A satisfies the conditions of Theorem
6.1 and

X - i+ gf(®), %(0) = 0, (6.6)

with g € H and £ (t) a scalar function. Then the sequence {xn}
of solutions of

A axn -1 ‘

n gE—-+ X = A~ gf(t), (6.7)

with An the solution to the problem of moments defined by

Zo = 8,
-1
Z1 = A "g,
Y |
Zo=ATZ s e,

converges strongly to x.
Proof:

The solution to (6.6) is

M t
- -(t - w)/A
x = So [jo £ (e I 4] ag, (6.8)
and since € (& - W/ is continuous for A > 0 the same argument
as used in Theorem 6.1 verifies that the sequence {Xn} converges
strongly to x. This completes the proof of the theorem.

To see that x is actually the solution note that x(0) =

and

1 aX - IO ?\-dgh {IM[ It £@w) © - (&~ W)/KdW]dg)\g}

J ldih {jM [ Jt o (w)® " (e W)/hd ]dghg}
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Sl G I -1 swe” D w4 slage]

- (t=w) /A

=J“§ Al jg -1/n fGw)e dw + £(£)]dE g

=JI§ r jg cpwye” D gy 4 AE(£)1dg 8

- floi [.f; f(W)e—(t-W)/ldw]dghg + ﬁ.{ ME(£)dE, &

It

- x + J'I(*)I Rdf';/\[gf(t)]

Il

- x + A TgE(E)

Therefore

-1 3x
ot

We now show how the approximate solution, X, can be found.

A +x = A bgr(e).
Let

x, = No(t)zO + Nl(t)Zl, + ...+ Nn-l(t)zn—l'

The substitution of this in equation (6.7) yields,

an__
No = % &t =0

- 1 1 Tn-1 = £(t)

dt 3t

dNn-Z + N _ dNn-l =0
dt n-1 %n-1"dt ?

which can be solved as above by Laplace transforms, yielding

FO) B, LAY

g+ 1=
= 7 e 1
AL
. o e*TF )
. g+ iw 0
N, = emi JOT OO d,

B (-1/2)
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where
FO) = ° £(e) e Mhae
P -
Notice that constructing the approximate solution, X s involves
calculating the integral F(\) and determining the polynomials
Pn(l), as above, to be used in calculating the elements, Nj'
As an example of the above consider the tempervature distribution

in a rod. The temperature distribution satisfies the equation

2
3¢ 2°¢
2L = a(x) &2, (6.9)
ot sz

and we will consider the case where
a(x) = 1/(14x7),
the initial temperature is
#(x,0) = (1 - x7)/2,
and at the ends of the rod
g(-1,t) = @(1,t) = 0.

Thus, if we let

2
aj o oL 2%

1+ x2 3 %2

then we can write (6.9) as

3¢ _ '
FY il Ag. (6.9")

It can be shown that A is positive definite. The sequence of

functions, {Zk} is calculated from the formula

2o() = Bx,0) = (1-x)/2,
z, (x) = a”l Z,_q
or
) = - (1+ xz)Zk_l(x), 7 (-1)= 2z (1) = 0,
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Integrating the squations, we obtain

2o(x) = 1/2(1 - x*)
5 .2
Zl(x) = L/60(x" - 15x° + 14)
Z,Ge) = -1/3360G° - 70 x* 4 392 x” - 323)

We define the scalar product
= * 1 i
{z,, 2] -jﬂl Z () 2, (x) dx.
A@plyiné the formulas {(6.4) and {6.5) we can write down the
equation leading to the first approximation:

no= 1 f,0x,t) = N(0Z,(x),

an,,

Ny - oy —qe— = 0, Ng(0) = 1,
iz, 2,1

@y = —L 9T pusT,
(2, 2,)

and those for the second approximabion:

n = 2: ﬁzgx,t} = ﬁott)zoﬁx) +-§1{t)21(x},

an,

Bg —ogge— =9

any, N
TR T w0

H(0) = 1, W (0) = 0,

a, = 10722, 1783, ay = - 0.50674,

On solving the resalting differential eguations, we find that

ﬁix,t} - ZG(X3 e-Z.lﬁ?t

and

0y (x,t) = [2.4282, () ~ 0.11512, ()] e~ 21778

~2,.10%
- {2,42821{x) - i.llﬁlzﬂix}}e .
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B. Unbounded Operators
Suppose A is an unbounded symmetric linear operator defined on
a linear manifold, L,, dense in H. To formulate the problem of

moments, we first must find an element Z. € H on which all powers

0
of A are defined. There may not be such an element, but we will

suppose there is one. By solving the moments problem, we can

construct a sequence {Ah} of operators such that

z, = AkZO =A1;ZO, k=0, 1, ..., n-1
EZ =A'Z.
on n 0
The linear manifold LZ (Definition 35) is clearly a subset
0 (m)

of the domain of H. Furthermore, the sequence {An} converges strongly

to A on L since for n = mtl

b4
20 (m)
AxX = A X,
0
for % € Lz .
0 (m)
Thus,
Al = 1lim A
n
n-— ©
coincides with A on the linear manifold Lz .
O(m)

If K; the closure of A', is self-adjoint as is the closure of A,
then it can be shown that the sequence of spectral functions
{§§n)}, corresponding to the operators An converges strongly to
the spectral function of A.
In this case, the problem of moments is said to be determinate,
Thus, in attempting to apply the method of moments in this case

we may be stopped immediately if no element ZO exists on which all
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'powers of A are defined. Then, even if such an element exists,
the problem of moments may not be determinate.
We now consider one case invelving an unbounded operator
which can be solved by the method of moments by reducing it to a

linear problem with a bounded operator.

Theorem 6,3 Suppose A is an unbounded linear operator defined

on &2 linear manifold, LA’ which is dense in H, and

where AO is a positive definite self-adjoint operator defined on
LA and K is such that
-1

T = AO K (6.10)

is completely continuous in HO’ or can be extended to be completely

continuous in HO' Then the equation

Ax = f (6.11)

can be converted to a linear equation involving the bounded operator
T and can thus be solved by the method of moments,
Proof:

The linear manifold LA is dense in HO and all elements of HO
also belong to H. Thus equation (6.11) can be replaced by its
equivalent

X - Tx = AO £, (6.12)
which is already sslvable by the method of moments [see (4,1)].
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Next we will work one example problem using the method of

moments,

Consider the problem

y = [T K, D)y (©)aE +x, (6.13)
where
5(1"}{): E< x
K(x,8) =
x(l-8), § = x,
Let

Ay = [§ K(x,9)y (B)de.
Then the problem can be written as
v = Ay + x.
The operator A is completely continuous and self-adjoint, therefore

the method given in Chapter IV, Section B, may be used in solving

(6.13).
Let

ZO = x

Z.=AZ_ = 1/6 x (1-x2)

1 4%
2 4
2, = AZ, = 1/360 x (7-10x" + 3x°)
Z. = 1/15120 x (31 - 49%° + 21z - 3x%)

The imner product is defined by

(Zi, Zj) =Ié Zi(x)zj (x)dx,

The resulting inner products are:

(ZO, Zo) .33333333

@y, 2,)

102222222 = (2., Z,)
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(Zgs Z5) = 00211640 = (Z,, Zy) = 2y, Z,)

(Zys Z3) = 00021164 = (24, Z0) = (2}, Z,) = (Zy, Z)
2y, Z4) = .00002137 = (Z,, Z;) = (Z,, Z,)
(z,, Z;) = .00000216

Then these inner products are used in system (3.7) to

determine the numbers Ug> Qs Uye They are
@y = .00002038
@ = - .00019413
oy = ~-.10117292

Thus the number P3(1) as defined by (3.5) becomes

P3(l) =1+ oy + @y +a, =,89865333

The coefficients 2> &i, a, defined by (3.17) are

ay = .99997733
a; = 1.00019335
a, = 1.11277616

Therefore the third approximation as defined by (3.17) becomes

3 = aOZO + alzl + a222

= .00927313x° - .19760932x° + 1.18831351x. (6.14)

X

The following table indicates how this solution compares with the

exact solution, which is sin x/Sin 1.
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p: 4 X
0 0 0
.1 .1190 .1186
.2 .2361 .2360
.3 .3512 .3512
A 4628 4628
.5 .5697 .5697
.6 .6710 .6710
7 .7656 .7655
.8 .8525 .8525
.9 .9309 .9309
1.0 1.0000 1.0000
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