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Firsl Quartierly Progress Reporil, Contract NAS-9- 10386
INTRODUCTION

This quarterly repori to the lechnical monitor of ihe relerenced

contract 1s organized as follows

Chapier I The ability to make large plane changes during escape
maneéuvers can greally increase the operational [lexibility of
interplanetary or lunar missions The fuel penalties for large
plane changes can be kept small by going to long duration,
multi-burn escape maneuvers This chapter conlains an
analytic solution for the minimum fuel trajectory for circular
mmifral orbits and fixed maneuver durations The oplimum
solution 15 shown to require either three or four burns
This section will constitule the major part of a paper io be
presenied ai the ATAA- AAS Astrodynamics Conlerence 1n
Santa Barbara in August 1970 The remainder of the paper

will appear in the next quarierly progress report -

Chapler [T A complele set of varialional egqualiong in universal
form wnvolving classical orbilal elements 1s dermived In pariicular,
a uniwversal form of the variational equalions for the time of
nodal passage 1s derived which 1s free of singularifies and in
umversal form It 15 further shown how all maixed secular
{erms can be avoided (in the spirit of Born and Chrisiensen) in
the use of variational equations via the true anomaly diﬁe{enc‘e

rather than the eccentric anomaly difference 3

Chapter III  The conservative nature of the proposed filter algomfhm
requires thal the spacecrafl equalions of motion be written 1n
such a way that the perturbing gravilalional spceific {force

along the trgjectory does nol appecar This chapier discusses



the general ¢ limnation process which replaces as a driving
term. one of the componenis of ihe periurbing specific force
with a term depending on the periurbing specific potential
energy A method 1s presented which allows computlations Lo
be done in the omgmalqcmrdmate sysiem and precludes the
necessily for the energy-adjomned siale veclor used 1n previous

work

Chapter IV This chapler presents preliminary numer:ical results
of 1the comparalive performance in the salellile problem of
the proposed oplimal filter, a standard Kalman filter, and a

particularly simple suboptimal filter



The following people have contributed o the effort gummarized
in this First Quarterly Frogess Report
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I Optimal Nonplanar Escape from Circular Orbiis

~

ABSTRACT
“y )

An approxumale analytical soluiion 18 obtamned for Lrpmtmum 1mpulse
transfeg} beiween a given circular orbit and a given hyperbolic velocily
vecior at infunity The transfer tume between the first and last impulses
1s assumed fixed and much larger than the period of the circular orbil
A mmimum allowable periapsis radius 1s prescribed The solufion 1is
developed as the initial terms 1n an asymptotic expansion in wmverse powers
of the transfer time Below a critical inclhination the optimal solution
requires three wumpulses, while above this inclination four impulses are

required

INTRODUCTION

The problem of nonplanar escape(f_rom circular Orblté‘ am;,es
when the plane of a circular parking orbit does not conlain the desired
hyperbolic departure asymptote An execllent summary of previous
work on this subject 18 confamned in Ref 1 The following brief summary

18 based on this Reference



Single impulse iransfer 1s discussed in Refs 2 and 3 The oplimal
one and two tmpulse transfers are derwed inRef 3 A suboptimal
three impulse transfer is described 1n Ref 4 The basic 1dea of the
absolute oplimal lransfer which requires infiniie time 18 discussed
in Ref 5

The fuel regquirements of the one and two impulse transfler
become prohibitively large unless the inclination of the hyperbolic
asymptoie to lthe circular orbit plane 1s quite small These fuel
requirements can be reduced to reasonable levels for any wclination
if sufficient time 1s allowed for the transfer The present paper is
mtended to provide an approximate analytic solution {o this problem
for large fransfer times

The transfer time will be defined to be the time between the first
and last impulses The solufion 1s developed as an asymptotic expansion
m powers of this transfer time to the minus one third power The zero
order term 1n the asymptotic expansion for the required impulse 1s
that for the absolute minimum solution requiring infinite tume This
term 1s the sum of two finite unpulses and one or more infinitesiumal

umpulses at wnfumty (Ref 6) —

The first impulse 1s the difference between circular and escape

velocity in the mmifial circular orbit

7 1
Elmoo AV, = \/Zpt _\/u (1)
’ R R
0 )

The lasi impulse 1s the difference between the hyperbolic periapsis

velocity and eccape velocily al the mumimum allowable periapsis radwus

Iim _ 20 2 2u
o0 AVp F T Ve -\ (2)

R R

P p




The minimum allowable periapsis radius i1s assumed to be less than or

equal to the radwus of ihe circular orbit

The opthrr—lal transfer will reguire either three or four impulses

(e)

depending upon the eccentricity of the final escape hyperbola and

the muumum angle between {he hyperbolic agymptote and the plane of
the circular orbit (#) The final escape hyperbola will always have
its periapsis at the mimimum allowable radius Ifs eccentricily 1s

given by equalion (3}

The limiting value of true anomaly for this hyperbola 1s given by
equation {4)

Iim

R_hoof = cos } (i)

e

i1
H’

r

2

<fpsw

[E—

If the direciion of the hyperbolic asymptote 1s assumed {o pierce ihe
celestiial sphere at the norih pole, the locus of allowable periapsides
will correspond to a small circle of latitude in the southern hemisphere
The optitnal transfer will be a {hree 1mpulse transfer if the plane of
the circular orbit cuts this small circle (9< #-£ ) and will be a four
impulse transfer 1f 1t does not cut the small circle (% > >7- foo)
The zero order term in the asyn;ptottc expansion of the required
total impulse 1s given by the sum of eqs (1) and (2) for both the three
and four umpulse transfers The order of the next term deponds upon
whelher the transfer uses three or four tmpulses For the four impulse

case the next term 1s of the order of {ransfler time to the minus one

third power Tor the three impulse case the next term 15 of the order of

transfer time to the minus two thirds power Ii is necessary to use much

(3)

(4)



longer times for lhe four umpulse case than for the ihree impulse case
{o oblain close to the absolute minimum tolal umpulse

Three Impulse Transfer

The projecticn of the circular orbil plane on the celestial sphere
w1f1 cul the periapsides locus of the escape hyperbola wn iwo pownts
The position of the firsi and third impulses on the celestial sphere 1s
at the point where ihe velocity in the circular orbil 1s direcled away
from ihe periapsides locus The posifion of the second impulse on the
celesiial sphere ts diametrically opposite the position of the other two
impulses -

The transfer 1s of the coaxial type which has been extensively
studied for ellipse to ellipse transfer 1n the time open case (Ref 1)
The primer veclor solution for the current problem will be the same
as for the tume open case except for higher order correciion terms
The order of these correction terms will be estiumated laier in this
section

The original orbit plane will have to be rotated through an angle 1
into a plane specified by the location of the ithird impulse and the hyperbolic
asymptole This angle 1 1s giwven by spherical irigonometry as eq (5)

S51n
sm i = o

(5)

sinf
0<1< X
- = 2

The first impulse 15 used to m;jeEt the vehicle onto a highly
ecceniric ellipse with the same periapsis radius as the circular orbit
Thig ellipse will be specified by i1ts apoapsis radius Ra and 1ts small
inciination to the circular orbit plane 1 1 The first impulse has no
radial componeni and only a small oul of plane componeni Its magmiude
1s given by eq  (6)



o 2R 2 R
AV, =, [H 1+ 2 .2 2 cost )
1 \'R 1
a

2y

R
2Hop- L2 2 ye 0w,
2

R
o a

The oplumal inclination angle 1, 18 gwven by eq (7)

(W2'- DR R, s

sni+ 0 (Ra ) (1)

1 R

1 =

i

B _ a
\/Ro + Rp 2 \/RoRpl cos 1

The second impulse 1s applied at apoapsis of this firsi transfer
ellipse and is used for two purposes, to produce most of the plane
change and {0 lower the periapsis to Rp Its magntitude 1s given by
eq (8).

L3

1 T
R R R R
AV, = 2u _° +__.__B_..-2\/ o_p 00812J (8)

Ra RO+R3. Rp+ Ra (RO+Ra) (Rp+ Ra) ,

it

;
\/2,u (RO-I- Rp -2 .RoRp cos 1) 9

+ O(Ra' )

R
a

The inchination change of this maneuver 18 given by eq (9)
= t-1 -1 (9)

,The third unpulse is given at periapsis of the second transfer
ellipse and njects the vehicle onto the final escape hyperbola at 1fs periapsis
The magnitude of this umpulse 1s given by eq (10)



R !

, R
\/..?_‘ff_ +V2 + 24 2 —2\/(2’{1 +V°§)( 2u 2) cos ig
Rp-{-Ra R

AV, =
3 R ® R +R_R R
P - p a Tp p
(10)
24 2 2u 1 Rp -2
= ==+ V) -\ — (- )+ O(Ra)
R - R 2 R
p~ P a
The small mnclmation change of this th1ré impulse 1s given by
eq (11)
2!
R_V
\[—I \/1 —i—.___p__f_o_ -1
R 9 R -9
g = 0 | s - P giny+ O(Ra ) (11)
VR, + R, -2/R R cos1 \A . Fp Voo R,
2u
The total time for the maneuver 1s given by eq (12)
_ 3/2 3/2
tyg = -8— {(Ro-l‘ Ra) + (Rp-i— Ra) ] (1?)
L J
R 3 R R
= g\ 1+ 3 _0 + 3 _.F’_—!-O(Ra'z)
2u 4 R 4 R
a a
The total AV for the maneuver 1s given by eqs (13) and (14)
%)

——

-l JR. VR 1

- 2u p o - -

2 AV = AV o ¥ o ) - + \/R0+Rp 2 RoRp cos 1|+ 0 (Ry
a

"

2AV = AV, +

R
1/6(77)2/3 g

VR, ‘lo-2/3
____+\/R+R—2RR cost1 |t + 0 (t
2 o p o p i3

(Z2u)

(13)

—4/3)

(14) --



The effect of the {ime consiramnt on the solulion for the primer
veclor can be estimaled from the value of the Hamiltonian H and the
Lagrange multipher for the mean anomaly RI\{E {(Ref )

) o=\ 25 o =__,QA_V_=0({L 5l3=0(R 5/2 (15)
v "M at
< 13
For ihe fime open problem both ¥ and ?\M wi1ll be zero For the
fime fixed problem they will introduce radial components A, inlo the

R
primer veclor The order of these radial componcents can be estimated

from eq (15)

g = VA, (e =om M (16)
i e ”

Ap 4Fx (”‘3) = O(Ra"'”z) (17)
2

_— \f_':\ (-e) e) =0 (R, -11/2, (18)
3

ALl of these radial components of the primer vecior are of high enough

order to be neglecied

Four Impulse Transfer

-

In the four-impulse case 1t 18 no longer possible to use a coaxial
transfer where the highly eccentric ellipses are rotated around their
commonmajor axis In the four impulse cage the major axis iself musi
be changed in orientation The rotation of the major axi1s requires a

larger AV of order Ra" 1/2 /3 To a first approximation, the
minimum AV four immpulse transfer will be that transfer that minimizes

the rotation of the major axis

The minumum possible rotation of the major axis 1s through an
angle 2 ¢ defined by eq (19)

2= g +f -7 (19)



This angle 18 the mimimum angle between the plane of the circular
orbii and the periaps.des locus It falls within ihe luimiis given by
equaiion (20),

: (20)

In the following analysis, botlh ¢ and f , Wil be assumed to be of order
umily The cases where either or both of these ang}es are small requires

separale inveshigation

The first of the four 1mpulses 15 a tangential impulse which is

used 1o leave the inithal circular orbit

R
2u 1 1 o) ~2
AV, =\ 2 (-__-._ -—-->+D(R ) 21)
1 R, Ve 2 R a

This impulse 1s applied al a point almost opposite the point of closest
approach of the trace of the circular orbit and the periapsides locus on
the celestial sphere It 1s applied beyond the diametrically opposite
pownt by an angle fl gwen by equation (22),

/R
f1= O 1+ZCOS¢+0(R;1) (22)

Ra V 1+ sm2¢

This angle positions the second impulse at the optimal location on the

celestial sphere

The, second impulse 1s applied at a radius given by eq (23)

2
1+ sm"d, g ®," 1)} (23)

R:R.
2 a{ 9 .

The magnitude of the second impulse 1s given by equation (24)



(24)

a VIt 81132(5

1+ sin

] 2
2 Vg R 2
a ¢

de(l+ smzq’))

+ 0@ 32
a

)

The ecceniriciiy e 1s that of the final hyperbola, eq (3) This second
impulse has no radial component and 1s applied al almost righl angles to
the plane of the circular orbit and the first transfer ellipse The angle
with the imitial plane 15 given by eq (25) Note that this impulsc removes
half of the circumferential velocity of the first transfer ellipse

=T Ro 1 + 0@ 1 25
By =X+ ®, " (25)

Ra s VIt smzqﬁ

The second impulse transfers the vehicle onto an ellipse which 1s almost
at right angles to the plane of the original orbit This ellipse 1s entered
at 1ts semuimnor axis The vehicle coasis past apoapsis and the third
unpulse 18 applied when the other end of the minor axis is reached

The radius will then be the same as given by eq {23) The magnitude
of the third impulse 18 given by equation (26)

2V2u R

AVg = AV, + P (26)

~ Ra (1 + s’ P )

The third 1mpulse has no radial component and 1s directed almost opposite

to the circumferential velocity 1n the second transfer ellipse

By =1 [ - 1 *o®, T | @D
R

: a swm gﬁU 1+ 81n2¢

This impulse changes ihe orbit plane by almost 180 degrecs It orients
the third transfer ellipse so that 1l 1s coplanar with the hyperbolic
asymptote
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The final impulse 1s given just before periapsis of the third transfer -

ellipse The true anomaly at which this impulse 1s applied 1s given by

eq 28
o Rp cos ¢ o
f4: = -2 (28)

Ra U1+sm2¢

This impulse is coplanar but has a small radial component directed

towards the planet The angle with the local horizontal 18 given by eq (29
f

) .
@, T ——— (29}
4 4

The magnitude of the fourth impulse 1s given by eq (30)

1
AV4=\[———2“ +Vm2 _y[2H
R
p RP :
2
2u R cos ¢ PR ' _
+ — P |1+ 3e-1-V2 @t |, o) %) (30)
(1+ sin® q5)3 a
2Ra

Following the fourth impulse the vehic’e 1s injected onto the correct

escape hyperbola shightly before 1ts periapsis

The time spent on the three transfer ellipses 18 given by eqgs (31),
(32) and (33) '
3

W\ R
1:12: a [ﬂ'" cosul(sulqu)-\/l- smé‘qb + 0 (Ra-l)] (31)
8 u
R_° 2 3/2 . -1
t23= a (1+ swn” ¢} (7 + 2 cos ¢)+0(Ra ) {32)
8u
i = £

34~ 12 (33)
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The total AV for the transfer is given by eq (34)

+/2u 2 sm @ u?‘“Ro
R

ZAV = AV,E;O? > 2LR
a Vi+ smn® ¢ a
* ?“Rp A 2 - coszqﬁ o prd_ Se-1- Va (e + 1)
R, 2 1+ sm?¢  (1+ sm?é )2 16 e {1+ sw?¢)

_3/2 (34)

+0(Ra )
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Four Impulse Transfer-Derivation of the Lower Crder Terms

1/2 and L -1/3

14
correspond to transfer between two equal unit eccentricity ellipges

The terms of order Ra" mn the four umpulse case
These are degenerate ellipses having a finite major axis but zero angular
momentum and no definable orbit plane The transfer problem 1s to
change the orientation of the major axis so that the fourth impulse may
be placed at an optimal position in space The dep‘&afrtures of these
ellipses from unit eccentricity contribute higher order terms which will

be congidered wn a later section

The transfer 1s assumed to start with an infinitesimal unpulse at
periapsis which produces the optimal apoapsis radius for the given trans-
fer ttme A second impulse 1s used to transfer from the first unit eccentricity
ellipse to an intermediate ellipse A third umpulse 1s then used to transfer
onto the second unit eccentricity ellipse An mfinitesimal impulse at
periapsis 1s assumed to end the fixed time maneuver The maneuver 18

assumed to he symmeirical

An approximate analytic solution will be obtained and compared
with an exact numerical solution of this problem The assumption used
to obtain the approximate solution 1s that the radial component of the
primer vector 1s of highér order and may be neglecied For this problem
the order of the Hamiltonian may be found from eq 35
a = .95 AV

8= o mY (36)
“ gt

= Oy,

14

On the unit eccentricity ellipse the radial component of the primer vector

hY

18 given by eq 37

\/“a‘l 3EsnE
Ao S\/—= A -5~ cos B
R I M 1-cosE

_ -3
- o@®. (37)
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This term 15 of higher order and may be neglecied to the order of ihe
rest of the analysis

The circumferential component of the primer vector on the unit
eccentricity ellipse 1s independent of the magnitude of the Hamiltonian
As a result the fixed-time problem is reduced to a mmimum AV time-open

transfer with circumferential 1mpulses

The latter problem can be solved by the following procedure On
the intermediate transfer ellipse, the radial and citcumferential velocities

are given by egs (38) and (39)

R = /-* esmt (38)
p
=\/—”-(1+ecosf) (39)
p

The semti-latus rectum and eccentricity are given by eqs {40) and (41)

4 .2
p = B 0 (40)
U
2 . 2
R Ra - R39 -l (41)
L SNV [ COSV

-

Combining these four equations yields eq (42) for the circumferential

velocity as a funciion of radius, radial velocity and true anomaly

-

1
Ré - Rcotf \/R cot i L M (42)
R

On the unit ecceniricity ellipses, the radxus and radial velocity are connecied
by eq (43)

2
L

M L3 (43)
R 2 R,
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As a circumferential unpulse will not change radial velocity, eq (43)
may be subsiuuted 1n*0 eq (42) o yield eq  (44)

- ¢ 2 2 + 2
RO = Rcotf + \/R cot” T + R . (44)
2 4 2 R

a

This equation may be differentiated with regpect to R to find the stationary
minimum value of circumferential velocity The optimum value of R that
'

yields this stationary minimum s given by eq (45)

R = 2u + cosft

(45)
Ra 1+ smz f
The radius corresponding to this radial velocity 1s given by eq (46)
1+ sm2 f
R = R —7—— {46)
a2

"This optimum radius 1s always between the semiminor axis and the
apopapsis and 1s consistent with the necessary condifions on the primer
vector for unit eccentricity ellipses The true anomaly f will always fall
in the second quadrant so that the radial velocity will be positive at entry
onto the transfer ellipse The half-angle of rotafion of the major axis

1S gwven by eq (47) and always lies in the first quadrant

¢ = 7 -f (47)

By taking careful note of quadrants and signs eq ({48) for the

cwecumferential velocity may be obtained from eq (44)

Ro =\/2- S AV, = AV, (48)

Ra Vi + sin 2¢

_ The eccentricity and sem1 ~major axig of the transfer ellipse is
given by egs (49) and (50}
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e = cos ¢ (49)

2
a= R = R {50}

Swnce the semi-major axis 1s equal to the radws, the transfer
ellipse 18 entered at 1ts semi-minor axis The time required for these

iransfers is given by the order Ra3l2 term of egqs (31), (32) and (33)

The transfer ellipse of this approximate solution 1s compared with

the transfer ellipse of an exact numerical solution infig 1 The numer:ical

solution was found by miunmimizing the cost function AV (—5’-— )1/3 by an

accelerated gradient method The figure 1s drawn for the maximum rotation
angle that can occur with circular 1imitial orbits For smaller rotation
angles the differences between the exact and approximate solutions will

be smaller

Fig 2 1llustrates the diufference in the cost function between the
exact and approximate solution For values of ¢up to 45° the difference
in cost 1s negligible For larger values of ¢, which become of interest for
elliptic 1mtial orbits, the difference wn cost 1s still quite small, reaching
a maximum of 2 3% at ¢ = 90° As this difference occurs in a first
order correction term, 1t would usually represent a neghigible portion
of the zero order AV

f
For a gwen apeapsis radius of the unit eccentricity ellipses thg

approximate solution has a lower AV and a longer transfer time Fig g‘L
18 drawn for the same apoapsis radwus rather than the same transfer time
The AV requirements of the two solutions 1s 1llusirated infig 3 The
AV of the approximate analytic solution 1s within 0 4% of the absolute
mimmum AV two tmpulse transfer between unit eccentricity ellipses

The latter transfer has not been treated 1n detail because it requires

longer transfer times than the approximate analytic solution
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The time for the two transfer modes 1s 1llusirated inHig 4 The
approximate solution takes somewhat longer for large rotation angles
because the radial velocity afler the impulse i1s always posilive The
numer:ical solution has negafive radial velocities after the impulse for

values of ¢ wn the vicinity of 90°

I1g 5 and 6 show the radn of the impulses and the angle of the
impulses with the horizontal for the two solutions TFor the approximate
solution, the impulse 1s always circumferential
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I1 Varmalion of Paramciers

The posilion and velocity vectors r and v can he expressed in

terms of theiwr” values rg and ¥y &t some cpoch time 7 as follows

T T o T
L o E G Lq
. W = (1)
T VT F G _\ig‘

v

where the scalar quantities ¥, G, Ft', Gt are defined by

F=1——[~T—2-—1(rU - g U,) (2)
r, "fg 0 1
Vu G = rqUp + 0qUy =20y - 0Ty = Vi (t-1)- Ug (3)
_ Vi
F, = - w0 Uy (4)
0
Uy 1
Gt = -] - ""IT- = }"(I‘O UO + 0'0 Ul) (5)
with the notation
¢ =t rev (6)
Vi

introduced for convenience, The following relations also cbtamn



19

r=rOUO+UOU1+U2 ro = ruy - cUy + Uy (N
¢ = 05U, + (1~ar0)~U1 0y = o Uy~ (1~-ar)l, (8)
Vi G-7) = xg Uy + 04 Uy + Uy =xr Uy - 0T, + T, (9)

The variable x 1s the generalized anomaly difference and ¢, the

reciprocal of the semimajor ax1s, 15 given by

2
Lo

- =

2

v 2

= 8 Y
o 0 m (10)

=N

Variafions in the specral transcendental funciions

The special transcendental functions UO’ Ul’ . . . are defined by

2
2 2

_.n 1 ox (ox")
Un(X’a) =X [‘1_1—3- - n+2)! * (o + 4)1 —‘":I (11)

and can be shown to be related by the 1dentilies

L
o x
U+ QU = A (12)
W o+ U2 = 1 Ur - U U, = U
0 1 1 0 Uz 2
. ., a9
UOU3‘U1U2*U3"XU2 U1U3—U2'~-2U4:—XU3'I

We may also show ihat
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3 U

oxX

Ul’ .

r as constant and replacing d v/ di by a4 and dz/dl by d¢ / dt, where 24

- oyd

= U

n-1

-~
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The procedure for deriving the varational equations for UO’

. . 18 s1umply Lo calculate the derivalives using Eq. (14), irealing

18 the disturbing accelerailion veclor and £ represents the change i x

arising solely from changes in the orbital elements, The rfollowmg

relationg result

where

d UO
dt

i

-euy ($ ¢
Yg (%F.;g ‘
Uy (4 +
v, ¢

8] 10
l
1
=]
P
s

3T,
55 - "~ 5% U;

(14)
5T
“n o _ 1
s - o Uy - x Upyy)

1 do\_ 142 do
5 Us EF) 9 U1 ar
1 de\ 1 do
5 Ysar) "Y1 Vaar
(15)
1 do\ 1.2 do
7 Us 'HF) 3 Uy o
1 de
78Uy ~xTy) 5
(16)



Varialions m r(}, 0‘D and 7

Varalional equations for rO}UO and T+ may be calculaied from
Egs, {7) - (9) by formal differenliation trealing i as a constan! and

using Egs (1b)., We find

~ -~

drg do do

e df i der ~ i _
T %(aT t g Us 3¢ g +rd Uy o -~ Uy

[y

do
0 _ _ . d¢ , 1. da 1 do
e (1 0.'1‘0) ("(:'1'1':— +’§U371T)+‘2“(r+r0)U1?1T+U
dr _ dé 1 dey | 1 do do
b S - (Fr3u ) - s ru, Y

where, for convenience, we have defined

e =30 - xU, - Uy Wult-m)

The perturbation derivative of ¢ 18 found using Eqg. (6). Thus

Variation in the {rue anomaly difference

¢

21

d

aQ .

(17)

|

ja X

£

(18)

(19)

(20)

(21)

The functions Un are also related to the true anomaly difference -

8 1n the following manner
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o rr
U0=1~ (1 -cosg)
ro
U1 = -f. sm 6 - Ton (1 - cos 8)
Ve -
(22)
rry
U2 = -—-ﬁ-(l-—cos 8)
YTy
U3 = Ww{t-1) - —2 sin B
Vo
We w1ll now relate the variation § in the generalized anomaly
difference x and the varialion d in the true anomaly difference 6.
Formal differentiation of U1 and Uz, replacing d8/dt by d6/dt, yields
a4y ro U, do
1 T 0 )dé‘ i ( r )dp 2 0
= |—~~cos 8~ —Zs5m18 J)ur -~ = U, =~~~ 51M8F |5~ ~ ==
at ( di p 1 2\p dt To dt
a7, ) rry - ao U, dr, i U, dp
at dt ro di p at
Now we substitute from Egs, (17) and (18) and then compare with Eqs (15)

to obtain the following relationships between £ and 0

a dor
T * ElT)

-

o

-

1
7 Us

I‘O‘O

ad
—ﬁ—n sin 8

at

(_:g_'_ cos B

T~

(Ul - X am 9) %%

1
r 2\&)

do do

U
T(%’rUlat—+ Uom—)

0
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Vuc fat , 1 .. doy\ . “Fo 5 Yo ap
(e r30n%) - 5 Sl g - v &

where F and G are defined m Egs. (2) and (3).

If we multiply the firsi of these equations by GJc and the second

by F,, subtract and use the idenfity

FGt - FtG = 1 (23}
we obiamn
dg¢ |, 1. da\ _ 9% e 2 ro s
V[“"(T+§U3_c'ﬁ;_) [V:U Gt(»—cose ——smF)) Ft sin A ar
r. U \u G
+[Ft 0.2 . t(Ul—w—L‘ sinf %1
P P 2\p
-\ 52— U,U do V;U'U(Jc‘ +0U)dc
2r0 172 dl rr 270 i dE
) 2
Now p = 2r0 - arg - O,
cos B = 1—%'02
0
sm 8 = —V:P—(r U, + 0 UZ)

so that, after symplification, we find
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d¢ , 1. da _ S0 ds _ 171 1 dp
= Tz w B E ‘2‘?[?3 UpUp + 35U 4 9 U |
U
T do 2 do
BRI R: =L T

Finally, substituting from Fgs. (16), (21) and

dp _ 1,2 .
~ B(r v -\[,u, o r) ay (24)

o] ==

we obtain the relalion

Wi r
d§+1U dee 0 ds \r,u(_ggx_r—_f_

2
& T3 Vs At T TR P r)’a (25)

Variation 1n the orbital elements

Five of the six orbital elements are contained 1 the veclor

expressions for angular momentum and eccentricity.

E:

A
=

v (26)

b

ke = ¥ h - Zr (2°7)

2]} =

Applymg the formal differeniialion ruie, the following varational

equations are obtained

(28)

el &
1]
-4
>
vl

B = 28g X Xy, Xrixy . !(29)
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In order 1o compute r and v, we may use thc inslanianeous
ascending node as a reference pownt  This 15 1o be preferred over ihe
choice of pericenier since the lailer pownt does nol exisi for circular

orhiis,

From the vectors h and e the following calculations will produce

~

_{0 and -Y-O

L3 = Unat (—1~z X h) (30)
2
- h
Lo © ¥ el in (31)
n
1
Yo h—g{uh x 2 +pe X[ x 1 )x1 13 (32)
Then the veclors r and v are calculated from Eq. (1) by first solving
the universal form of Kepler's equalion for the generalized anomaly
difference x
- = {
Vo t-1) = ryU xe) + o) Uylx,o) 4 Uglx,a) (33)
where
_ - p? “
r .

0 a*pe-1y

1 o
o =-——(r-v0)=—2————pe-1 X h
0 V:u-o iy T -
= M 2
o -—g(l—e)
h

The sixth orbital element 1s 7 and a varialional equation for il
must be oblained., Indeed, Egs (19) and (25) are appropriaie for ihis
purpose. Since 8 = w F [, 1t follows thal
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jo R
<
(o8
2
0
=3
)

'—d—[:="COS].'—'—E-'=“ h inX£°§d (34')
Hence,
2
ar g G oy Uz
= | sy (cot + s} —— £ e
T I:hZ,‘( 11 o b x£+(1 r) 7 £+uz] 23 (35)
or, alternately,
r2 (1 h) @G Xh)
G IR 2 1w
h (}_ZXE)-(}_ZXE) rro = -
r U
0 2 c
H(1rR) e vk g oo

Although somewhat in violation of the spirif of the varialional
method, we may avoid the problem of the sixth orbital element by solving
the following differential equation directly for §

g _ b 1
9 2 hian: In*L * 3y (37)

-

The vectors r and v are then readily calculated from

LS

h2
N T u_e_a_o_l_ﬂcose+pgo_1_ms1ng
_Jg':rcose‘l_n-*-rsmeg_m (38)
v o= ! h X u "}-(Slngl - cos B 1)
~ ;f— el h -n —m

where
=}-hX1
—m h -~ -n



Varialion in the mmibwal conditions

Eqguation (1) may be solved for £y and ¥ simply by replacing
t -7 by -{t - T} and x by -x and wlerchanging the roles of Tgs Yo and

r, v. We have therefore, -

VaRini T T
LS r Gy G x
= ¢l = ’ (39)
T T T
Yo v "Ft ¥ v

where the delerminant of the matrix ¥ 1s unmty.

We may now calculate the perturbation derivatives of Iy and Yo
by formal differentiation of Eg (39) and using relahions previously

derived We have

- - = = i - — [ e e

rOT rT 0
r 1 r hd
d dvr -1
0 @ T
T T
Y ¥ 24

where
r
-1 iUzi 24 "—Q(g%*%Us%g
dv # Vie 7l
T \fu,(dg+_1_U g_a_) L S
TN\ Td g Y37 dt A 12, .
r
0 N
- }-U vTa lU rTa
L 2L 24 L 2= Zg
+
r, T T
0 o oalyg - ¥ ag
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If we require lhal the ttme 7 associaled wiih lhe epoch remain

Tixed, then we have

d& 1 de _ 1 dog i do
t g U S e f(v, 40 Ly C

E

fram Eq. (19) Inihis case, we obtain
“Lo _ 1 L T R
SR {[Uz(ﬁo ¥ -ey, ]1’- Upl¥p - ¥ }Ed T Gag 0)

dy 1 T T r i T
q T 3 UpZph” texgvilay v vy - vi(yy - W) Tay tFay (41)

T

With appropriate mnitial conditions specified for r. and Yo

Egs. (40) and (41) may be mtegrated by any appropriate numerical
method, For each time step, the corresponding value of x 1s
determined by soluiion of Kepler's equation (33). The instanlaneous

position and velocity vectors are then determaned from BEq., (1).

On the other hand, T may be permiited to vary in such a way

that i

at

1 dao _
aw teUsg—g = O

Then the variational equations take the form

dr J
____0 _ 1 . T T —
x @ Ug {(rg-n) ¥ +v r ]?:d Gay (42)
dv
-0 _ r W - T 1
i ﬁ (XO X,) (EO .Y..) Ed + P—ald (43)
dr 1
: = 'ﬁ (CK L U2 £) . Ed (4:4:)



29
We may, of course, avoid solving Kepler's equalion, as well as lhe

mntegralion of Bg (44), by mnstead solving 1the followmmg differentiial
equation for x

U

dx _ W 3
o A Pl A ! (45)

As pomted out by Born and Christensen, this eliminales the mixed

secular term ¢ from the egualions,

Fmally, we nole still the presence of a2 mixed secular term U,
m Eq (45), This may be eliminated by solving the following differential

equation for 6 mstead of x

df

~—af=—1—‘%+-§é-[smep_ xr + hil-cosBirl-a, (46)
which 18 obtained from Eg., (25), The vectors r and v are calculated
from Eq. (1) where
rr
e 1% 41 - 0
b _‘- 1 -_[5{1 COSG) G —*H—Slne
(47)
Vi o r
_ 0. - =719 -
Ft = P (1 - cos B) "%E sm 8§ Gt 1 5 {1 - cos 8)
and
r = 3 e : (48)
1+(—&—1 cos B - s 8
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III  Perturbwg Force Component Elvmination {rom the Equations of Molion

This chapler discusses the elimnation process which replaces one
of the componenls of perturbing L{rawiahonal specific force (1 e force
per unil mass)driving the spacecraft equations of motion with a driving
term depending on the perturbing gravitational speciic polential energy
{1+ e polential energy per unil mass) This substitdlion of one driving
term for another in the equations of motion would have no effecti on the
solutions of the equations if the perturbmng gravitational field were exactly
known However, 1f only the orders of magnitude of the perturbing
guanlities are known (as bas been assumed i the earlier work on the
approximation of the estimalion error covariance malrix), it 1s advantageous
to employ potential energy information rather than force information
when possible The reason for this 1s that two body orbital energy
varialions are proportional to the integral of the velocily tunes the per-
turbing force component along the lrajectory and, based on a worst case
analysis, the two body energy uncertainiy could increase monotonically
wtth fime Because 1t 1s assumed that only the magnitude and not the
direction of the perturbing force 1s available, the stafistical calculations
are m effect a worst case analysis and a two body energy uncertainty
accumulation does occcur Since energy uncertainties are equivalent {o
orbit period uncertainties, they cause secular position and velocity
uncertamnfies which also grc;w monotonically with time If the perturbing
specific force component which drives the spacecrafl two body energy
18 replaced by the perturbing grawvitational specific polential energy as
a driving term n the equations of motion, the two body energy uncertainty
ts,in effect limited to the perturbing specific potential energy uncertainty

and remains small for all time N

In the first seciion of this chapter, the elimination process is ap-
plied o the nonlinear spacecraft equations of motion so that the exact
nonlinear equations of motion are oblawncd 1in a form n which they are
driven by two components of the perturbing specific force and the

perturbing specific poientia) energy This 1s done io 1llustrate the
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eliminalion process in a siraightforward problem  The results obiaiwned
i this section are not practically uscful for iwo reasons First, the
equations of moilion musi be written mn a rather inconvenienl coordinate
system, called elunwnation coordinates Second, the nonlinear eguations
of motion driven by the unknown perturbing specific forces are never used
explicitly in navigation calculations This i1s because the nominal or
estumated trajeclory 1s computed between navigalion measuremenls by
assuming that que perturbing forces are zero,and the stalistical [iltering
calculations employ only the linearized equations of motion What 18
needed 15 a set of linearized equations of motion expressed in a convenient
coordinate system with one perturbing specific force replaced by the )
perturbing specific potential energy _ i

The general elimination problem 18 discussed wn the second seclion,
and a method 18 developed for carrying oul the elimination process on the

linearized equations of motion in any coordinate system

The third section presents an example 1n which the relevant equations
are derived for the case in which the velocity magnitude 1s replaced as

a state variable

A Elimination of a Force Component from the Nonlinear Equations of

Motion
The spacecraft equations of motion about a planet are

r = Vv

ur

Ve o- =4t

3
x|~

where r and v are the position and velocity cf the vehicle, f 1s the perturbing
specific force, and ¢ 1S the gravitational constant of the planet Since f
1s a gravitational force, it may be expressed in terms of a perturbing

gravitational specific polential energy u(r, t),
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fe-yu

The specifie poteniial energy depends expliciily on time because of the
rotalion of the planet, and thus the total specific energy of the vehicle

kS LY’Z - H e we, )

2 (r|

1s not constanl However, another energy-like integral of the vehicle
motion may be obtained by writing the Hamilionian funclhion for the vehicle
equations of molion expresgsed in coordinates which rolate with the planet

When wrilien in non-rotating coordinates this Hamiltonian iakes the form

h = —i—lvlz—-”-e— +ulr, th-w (EXvVv) (1)
5 - L 2 NEAY

ir|
where © 18 the rotation rate of the planet It was verified 1n Reference 1
that it 1s indeed true that
dh
dt

= 0

Employing this integral of the motion, h, one of the components
of f can be eliminated from the equations of motion while infroducing the
perturbing specific potential energy as a new driving variable If h, the
vehicle posifion r, and two éomponents of the vehicle velocity, say vy
and v,, are known 1t should be possible to solve for thé third velocity
component Vg Thus

v, = W(h,E,V, u)

3 1 Vo
Note that i1t 1s necessary to know u fo solve for Vg
Defining the vehicle state vector 10 be

T
X = [E’ h, T Vz]
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ihe vehicle equalions of motion lake the form

1 ° V1

.
L]

Vg = - +f2

Iz
H Yy
I_Jt_'l3
Since the differential equation for Vg 1O longer appears 1n the set of equalions

of motion, f3 no longer appears as a driving variable However, a new

variable u has appeared to replace i‘S

A shightly more complex approach must be taken since 1t 18 desired
to eliminate the component of force which lies along the vehicle trajectory
at each given mstant rather ithan elimwmnating a force component 1n a
fixed direction 1 space (The along-irack force componenti 1s to be
eliminated since 1t 1s the component which drives the vehicle itwo body
energy )- To accomplish this, let 8 and ¢ be {wo angular coordinates
which detérmine the direction of the velocity vector,

v o= |vie, (g, ¢)

where the unit vector e, s gwen by
= T
e, (8, ¢) = [cosg cos ¢, sing cos ¢, s ¢]

In addition, two orthogonal unil vectors e, and Eqﬁ perpendicular 1o Ly

i 6
will be defined at this powntl by
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. .
8y ¢ [-swng, cose, O]T = 3 -V,
. . cosd 988
: e
E¢ = [-cos0smé, - sinh smn¢g, cos ¢] = Y
3 ¢

~

Now, given h, r, 8 and ¢, 1t should be possible to solve for v|,

vl = v, r, 0, ¢, 0

Carrywng out the calculations yields

[}

v 2w [rxXe (8 ¢)]+ \/{_w_ i_r_XgV (0, ¢)] }2 + 2(h+!“—l—u) (2)
r

Since the along-track component of perturbing specific force drives the
magnitude of the velocity, i analogy with the preceeding example the
magnitude of the velocity should be eluminated from the staie vector to
eliminate the along-track specific force component Thus, let the new

state vector be

~y = [r.0. 6, 0] "

This set of state variables is called the elimninalion coordinate system

To find the vehicle equations of motion in this coordinate system,
differentiate the expression

v = vgv_(e, ¢)

yielding
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Bev E)eV
v=ove +v0 4+
- - 9 g 3 ¢
vo= ve +v9cos¢go+ V¢e¢

Since e, €
follows that

0 and e, form an orthogonal set of unmi vectors, 1t

. e, v e, V
g = =2 -

v cos ¢ v -

and the equalions of motion m the new coordinale sysiem become

P vk o0, ¢ b we (6, ¢)

g = + f /cos ¢ v (x, 8, ¢, h, u)

. [-ueyte. ) x
§ = - w140 [z, 0, ¢, b W)
x|
h = 0
where vfe =_§ 36,f¢=_£ Eqﬁ

Thug the component of periurbing specific force, fv =TI ey along
the velocity vector has been eliminated as a driving variable, but the

equations of motion now depend on the perturbing potential energy u

B Force Component Elunmation for Innearized Equations of Motion

1) NWonlinear Change of Coordinales

~

Consider a conservative dynamical sysiem whose equations of mobion arc

1
i
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x = g+ G

where x 18 the slale vecior consisting of the sysiem position and velocity
n some coordinale system and the vector f represenis the components
of a conservalive specific force derived from a conservalive specific
poteniial energy u which acts on the sysiem (Note that if the functions
g and G depend explicitly on time, the veclor ¥ can be augmentied by

adding a siate variable x salisfying the differential equatlion

nk1

Xn+1 = ]

With the applicaiion of the proper inilial condition,

*ar1 T t
and the Lime dependence of g and G can be replaced by dependence on
X1 The purpose of this transformation 18 to show that explicii tume
dependence of g and G has no eifect on the form of the resulting equations,
hence the transformaiion need not be employed in actual navigation computa-
{ions )

I{ 18 assumed that the system has an integral

H(, u) = H+u

-

that 18, "at any poini on any trajectory of the system

4" _ g (3}
dt
It will also be assumed that =t
o~ i
0x

for every x This means that H (x, u) 1s also an wmtegral of the sysiem
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when { and u are wdentically zcro  Further, consider a nonhnear change
of siale variables which depends on the valuc of the specific polential energy u,

-

x = my,u

where y represents the sel of transformed state variables

In the remawnder of this section il will be shown, withouli making
use, of the explicit form of the specific force f, that the transformed stale
vector y satisfies a dulfereniial equation

y = wluwi

in which the specific polential energy u appears as a driving variable i
as well as the conservative specilic force f Ry the proper chowce of the
transformation m, 1t may be possible to make the flihciion wn the
differential equation above independent of one of the components of ihe
specific force f, thus substituling the specific polential energy ufor

one of the specific force componentis as a driving variable In order io

derive the differeniial equation for y 1t will be necessary to assume ihatl
o m -
0¥
should not be considered a gsevere restriction for most problems

the mairmx

is nonsingular along ilhe trajeciories of mnterest This

To derwe the differeniial equation for y, note that

where

My, w) =
0¥
dm (y, u
e (y, u) =- —
- 9u

Now, since H 1s an integral of the forced system, evaluation of Eq (3)

gwes

aﬁ(x)
O:dH: - [§§)*G(E)El+%

di 5 x



38

and uswmg the fact ithat H {x) 18 an ntegral of the unforced system, 1 ¢
Faq. (4), il follows that

9 H (x)
L. 2 G (5)
3_}5 -
or
Herewt
where
T 5 H (x)
roy, ws - —— . G (x) (8)
R -

Thus y salisfies the differential equation

¥ = wiy u f)

where

wiy, u, ) = M (g, u {_g( 7, W) + Glm(y, uh{

: tely, Wwrl (y, u)_f] (7)

2) Transformalion of Coordinates for Linearized

_’E‘;quatlons of Moion

~

Let %y (t) be a trajeclory of the system compuied with the specific

“®
-

force f set equal {0 zero, 1 e X, (1) satislied

d351 {t)

—ar 7 &y

Then {o first order, devialions from {his trajectory due to mnilial condilion
variations and the conservative specific force f satisly the linear differential

equation
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sx M= F (1) 6x M)+ GUILQM (8)
wilh ithe milial condilion
5X(t)=>_c(to)~§1(to)

and

X=X (t)

G () = G, 1)
Solving the equation
= Yy 0)
X, = my, @), 0)
for y {t) yields a sysiem irajectory in y coordinates, and to firsi order
deviations from this iragjeclory due to initi1al condition variations and the
conservative specific force f satisfy the linear differeniial equation
6y () =W sy {t)+ta@®u)+ta (£)1()
with the Initial condilion delermined from the eguation
& x () =M (t) 6y @) - et )u (k)

where

Wi(i) =
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o w (y, u, 1)
a (1) = M —
- 2 u

Y=y W u=01=0

3wy, u, )

) = — it
o f
B Y=y, u=0,1=0

M (5) = M (y, w o= x @)

_3_r=_311(t),u=0

Since the y coordmale sysiem was empiéyed io eliminate the influence
of one of the components of the specific force f as a control variable,

this effecl should be seen in the variational equation for y, specifically
in the matrix 2 (1) !

Now from Eg (7) 1l follows thal

2w -wlolc (m (y, Wit e (y, Wre(y, u)} (9)
y=y, @ u=20
and since "h
miy, w | = x, (®)
y=94 1), a =0
it follows'that
G (m (y, uh) = G()
y=34 (t), uw=20
and from Eq (6)
T 8 H (x)
r iy w = - G (10)
yey, @, u=0 02 x = xg ()
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Thus

where

e(t)= ey, u

y = _Xl(t),u=0

The mairix in brackets above has the form of a projeciion malrix
and by proper manipulaiion of the vecior e, which depends upon the Coordinale
transformation m (_31, u), 1t 1s possible 1o reduce the rank of ?(1) to one
less than the rank of G (t) provided that

CH(x) g £ 0
851

For example, if the effect of a particula? specific force vector_fl 18

to be eliminated, the transformation m (y, 1) must be chosen so 1lhat

e (t) =

_ G ® 1 ©
3 H (x4)
G ®) £, ()

X1

The examples 1n the preceeding section show that 1l 18 ndeed possible

to do this for the along-irack componeni of specific force

Because the y coordinate syslem was choscn i a special way to
eliminate the effeci of a particular specific force component, 1t may not
be a particularly convenient coordinate sysiem to use for numerical

wmtegration of the varialional equations Coasider a linear transformation

z () =K1 6y (1)



42

employed to transform .he varmational equation lo a more convenient
coordinate sysiem for compulation The transformed variation z (t)

satisfies the hinear differential equation -

CEE) =KD Y )+ K W) oy ()

=K (1) [w (®) 63 () + a (L) u (&) + Q) £ (t)] K (1) 8y ()

or

z (t) = [K () W (1) K™ Xo+K (1) K l(t):l z (1) + K(t) a(l) ult) + K (t) Q) £ (1)
If the effect of a specific force component { f has been eliminated in y
coordinates, 1t will still be eliminated 1n 2 coordmates since 2 fl =0
implies that K € £ 0

A particularly convenient choice for the iransformation matrix
K (t) 1s M (i) since this transforms 6y back to the original X state space
In this case the fransformed y Vamatlon w11l be denoted 6}: , Where

-

6% (5) = M (t) 6y (1)

Using the following 1dentities which will be proved later,

-

M) W ML) + M M ® = T (11)
M(t) a(t) = elt) - Ft) e(®) (12)
"o H (x)
M(t) 2 (&) = [I-E(t) - :|G(_>§) (13)
8 x x = % (t)

1t follows that 63": satisfies the differeniial equation
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. . BH(x,)
() +[ e(t) - F(t) e(®)] ult) + [T~ elt)—=] G (x,)L (1)

3351

63'_{* (t) = F(t) éx

(14)
Transforming the nitial condition for the 0y equation gives
X - /
6x (to) = 6_;:: (to) +e (to) u(to)

Since there 1s nothing special in a physical sense about the inifial time
to’ one 1s led to hypothesize that

~

I

6x (t) = 6x (t) - e(t) u(t) (15)
to first order for all times t To show that this 1s indeed correct, 1t

will be shown that 6x (t) as defined in Eq (15) satisfies the correct dii-
ferential equation, BEq (8), to first order Differentiating Eq (15)

gives

S%(t) = 6% (1) - e(®) u(t) - e () u(t)

and substituiing Eq (14)yields

. - ) B?I(xl)
B0 = F @ ox 0+ COIM - e [80) + —— 6 &x)f @]
X
=1

Thus 6x satisfies the correct differential equation except for the term

T 9 H &)
- [ﬁ(tH [__"“ G(g_{)] _g(t)] elt)

9 x

- »

X = El(t)

However, by Eq (5)

N
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l

, 8 Hx)
W) = - ——— G
B % -
Thus the error_ term becomes
9 H (x) 9H (x.)
et) | ———— Gx) - - G(Xl) f{)
- o x B 851 - -

which 1 the produet of an x deviation and f (£} and 1s therefore second
order Thus éx as defined 1n Eq (15) satisfies the correct differential

equation to first order and has the correct initial condition and therefore

e

Eq (15) 1s correct to first order

Derivation of Egs (11) - (13) follows (it should be remembered
that the partial derivatives are evaluaied along the reference frajeclory,
1e u=0,{=0) Eq (13)follows direcily from Egs (9) and (10)

To derive Eq (11), note that

wiy, 0,0=M"'( 0)g@my o

Then, using simplified notation,

5w oM 5 m
— «nw - Mlgrwlr——
oy, 8y, ) 8y,
Now
oM, M 8M  dy
M _gz__.._.. E:
Z oPm(y, 0)  dy,
) 8y 8 dt
7 %Y
a 8 m




Thus

gw 1

- W= --min+mlirwm

0y

and Eq (11)follows

The proof of Eq (12) 1s gwen below By defwution

8wy, u, )
a(t) = ——— -

& u

and when—_f_ = 0,

w (y, u 0} = M—I(z,u)g(l_l_l(z, u))

Then
o w oM
= = mtlg-wmliFe
2u au - -
or
oM
Ma: - _'VK “'Fe
= ou =
Now -
oM oM
T wo. Z R VI
{81.1 ] . du J
L J -~
2
o m,
= —_ w
dy. ou J
o Z 381 dyJ
) dt
] 7
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Since u 1s 1dentically zero along the reference irajeclory, we have

0 dt
] Y

J
and thus
[EM } . de
w = -
9
1 . dt
and finally
de
Ma = —— - Fe
o dt

C Velocity Magmitude Ehrminatnon Exampie

In this section we calculate the relevant quantities associated with
the velocity magnitude elimination example presented iz Section A 1n

order to convey a feeling for the procedure involved in utilizing the
elimination technmgque,

1} Necessary partial derivatives

'h=-1— vz--‘f-vm (rXe )+ u (18
2 r - - v

a) Calculations of -g-1—7:

~

Because his an integral of the system, total differentiation of‘Eq (18)
with respect to u yields

Y
au — = -—v 8u

+ 1



Thus

ov -1
du  v-w Xe)
or
Y - 1y
du  [v (v- wXz)]
b) Calculation of 2 Y
er
Differentiation of Eq (16) with respect to r gives
0=w L+ MSI‘T-OJ (rXeV)-a—z+(w><lr)T
dr qr|®*~ T T Tl ar T
Thus
-1 L£3 _‘T-l-(w)(j_/’)T] [v]
3 v [x ]
or [v - eXz1)]

>

B8 -
T3
T2
m =
== r3
EV (63 Q") v (_:_f'_, a, QS, b, u)
e (J
T
Z - [rla rz: I'3, 9, ¢, h]



Thus

: . 0
e =
- [y -exn)

3} Calculation of M

(<

Note that

. — ot s s e e

det (M) = v cos¢—a~ﬁ2 det[e

dEt[EB, E¢’EV] = (EQXE(#)‘EV: 1

Thus

- v e -
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3
~ v] cos
2_8v cos ¢ = v ¢
2 h [v 7-wxn)]

det (M) =

Note that the condition that M be singular corresponds lo ¢ = 7 /2
which implies gimbal lock of the g, ¢ coordinale system

4) Calculation of a

®
E:
=
[+

o5}
=

£
f

VT

)
H

o
!
®
o]
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5) Calculation of M a

. Defineb = Ma

Evj
b o= 2V
. g u
<
L. )
where
c= e (2 e)—i[e(e-g)+e(e 2]
= =V or —v , —0—8 = —¢—¢ =
v 1 T
= g (—— e )-=1|I-e
=V g =v y[ ——v-—v]—g
(g v)e
= Y -l g-e eT)g
, “v=v ‘%
[v r-oxx]
1 v (2v-wXr)
= - gtV — M {v g)
vl ]z]zv v-w Xr) -
Substiituting the equation for % gives
-y
E = ._.j; ___________________
. et v g vy
g - (
N Ta v 12
L" —
v {(v-wXr)

where o =



v Simulation Resulls Using Position Measur=ments

In Reference 3, the necessary conditions for the oplimal linear
incorporation of posilion measurements into the proposed Hilter algorithm
were derived, In this chapter, preliminary simulation resulis are pre-
sented 1n which the periormance of the new algerithm 1s compared with a !
standard Kalman fHilter and a suboptimal scheme which will be discussed

Y

A Review of Necessary Condilions

Recall that the estimaiion error i1s made up of two components, only
one of which 1s correlated with the driving noise d which drives the actual ~

stale x,
x=Fx+d

The covariance of the correlated component of the estimation error is
defined {io be P a’ while the covariance matrix of the uncorrelaled compo-
nant 1s Pn. The covariance of the total estimalion error, P, is thus the
sum of P d and Pn .

The differential eguation for Pn used by the filter 1s exact and 1s

given by
P = FP_+ P F" , P_(0) given
while the differential equation for P g roust be conservatively approximated
1n the hilter by
P, = FPy+ PyFL +XPy + Q2 , P4(0) given

where Q = _Ei_(t) _clT(t) and X 18 a positive scal%z: variable to be chosen as

Ay

the control variable 1n a matrix optimal contrtl problem

Now consider a scalar posibion-type meisurement m, given by

m=P_Tx+n

where n 1s white measurement noige and i{he wly nonzero elements of b
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correspond to position componenis of x The measurement i1s incorpor-

A
aled 1into the state estimate, X, using the linear equaiion

+wim-pTH)

>
1
[n>

where a caret over a quantity indicates the estimate of that quantity, a ™
prime denoles the value of a variable just afler measurement incorporation,

and w 1s the measurement weighiing vector to be chosen later

We now formulate the following optimal conirol problem

Choaose the ! weighting vectors Wi and a(t) such thal the cost
function )
J = trace [L P(t}] (1)
18 mimimized, where L = LT > 0, P(t) 1s the filter estimate of the esti-

mation error covariance matrix at T, £ 1s the number of measurements
between 0 and T, and T 1s some given final time of interest The neces-

sary condilions for the optimality of w, and A(t) are the following

Wi = Py * Py Byc/ [By ey Pay ¥ Prgd By * %] 2
T _

= (s} d 3

. exp[téI (s) S] (3)

A= \/‘crace (CQ)/ trace (CPd) (4)

C=-CF-F'C , CT) = L (5)

= (1~ bw, ) Cf (1= 3w b,T) T (e,

P, = FPd-!-PdFT-i-)LPd-FQ/)L (1)

P = FP 4+ P FL (8)
n n n



~ _ T _ T T
PLos (L= b) P = bw) + wwy gy 6
- - T _ T
CFg  Lm by ) Py (- By ) (0)
s o -

whe‘re q = Dy, Pnk = Pn(tk), ete , Pd(O), Pn(O), Q) s L, T, Q)
and -}-)-k are given.
B Numerical Optimization Procedure

Assume thai we have stored a guess of the op;c“un-al ilnn_’le_hlstory A1)
The cost, given by Eq (1), will be less using Eqs (2), (3), and (7)-(10} to
compute the weighting vectors w; ithan using any olher values of Wy with the

stored X history Using these computed values of w; and P d(t)_, “{the cosl
will be further reduced by using Eqs (4)-(8) to compute a new A{l) fume
hlst’ory.

C. A Simple Suboptimal Technique

In Reference 3 the global optimum so’ution to the problem of min-
1mizang Eq. (1) without measurement incorporation was presented Those
results are reproduced here for completeness. —

Gaven the matrix differential equations

5 T
. Pn = FPn + PnF s Pn(O) given (11)
ot T
Pd = FPd + Pd + APy t+ Q/x , Pd(O) given (12}
the control constraint A > 0, and the cost funciion *
J = trace {L[P (T) + Pd(T)]} (13)

The globally oplimum A{i) 1s given by

A = \irace[ K Q) / trace[ K P (14)

al



where
K = -KF - FIK R(T)

n

L (15)

The proposed subopiinal scheme is as follows Belween the (k ~ 1)st and
k measurcments, use Eqs (12), {14), and (15) to compute A(t) without
iteration, with the boundary condition on K given at {“k’ 1 e K(‘Lk) = L, .
Use for Wi the standard Kalman weighling veclor to minimize P(tk)’ 1€,

1

i} T
Wi (Pt Pyl Bp/IRy (P + Pydby + qy]

,

This scheme 1s suboptimal for ihe cosi funciion given by Bg (1) when there

are one or more measurements between 0 and the given final time T

D, Error Analysis

This section contains an analysis which leads to formulas for the direct
computation of the true esgtimation error covariance matrix for a pariicular
nomuinal trajectory Recall that the differential equation for the uncorrelated
eslimation error covariance matrix is given exactly by

P = FP +PFT : P_(0} given

n n n : 1 B
Thus with the correct imitial condition, Pn 1£ known exactly as a function
& the

only remaining task 1s to determaine the actual Pd(t), which will be desig-

of time. Since ihe true covamance matrix 18 the sum of Pn and P

nated here as P da(t)

Recall that the differential equation for the correlated estimation error
is gwven by

e, = Fe - d (186)
and e q 18 updated at the measurement times by

1
eq = @~ wD e, (17)
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where w is the measurement weighting vector used by the paiiicular

filter of interesi.

Now, for a simulation using any particuiar nomainal trajectory, ihe
true irajeciory, x(t), will be computed using the actual nonhnear equalions
of motion For this aclual trajectory, the disturbance vecior g(t) arising
from gravitational sources s a determimstic funclion of {ume, and ihus
€ d(t)‘ 1s a determimsiic function of ttme This means that P da(1.) 1s deter-
mimstic and given by

. T '
Poad = et ey (18)
In order to compute P da{’s) without the direct integration of Biqg (16), we
introduce the vector g We define the imtial condition of _SE as

() = x(0) + e, (0) (19)
We define the differential equation for X to be
X = FXx (20)

and the update equation at the measurement times fo be

~' f v g
¥ = (- wbDE+wh'x (21)
where w 1s the measurement weighting vector used in updating the state
estaimate of the filter. (Note that if ithe uncorrelated estimalion error 1s
zero al the-imlial time, '_:_E'_(t) corresponds to the state estimale of the filier
if perfect measurements are incorporated )

Subtracting the true state differential equation from Eq. (20} and the
true state from both sides of Eq (20) gives .

X-x%x=FE-x-4 (22)

1

cx) = - whbHE - % (23)

e~
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Comparing Bqs (22) and (23) with (16) and (17) and notang the imiial con-
dition gwven by Bq (19), we see that

(E - x = &3
and thus for all {1me
L RN, T
Pog = E-20E-x

E. Numerical Results

In this seclion we present ihe numerical resulls of a single compuler
run which compares the performance of a standard Kalman filter with the
optimal filter derived numerically as outlined in Section B and the subopti-

mal scheme discussed 1n Section C

The environment used 1s a tenth order harmomece earth gravitational
model with the J, term set to zero The equations used by the filters to
propagate the state estumates are oblained from ithe correcl inverse square
component of the above environment Thus the driving noise d 1s a deter-
manistic veclor which arigses from all but the inverse sguare compounent of
the environment, and the reference trajectory, which is compuled from the
true equations of motion with d identically zero, 1s a comic  The particular

conic used on this run 1s a 500, 000 foot circular orbit, 1° from. polar

The state vector used by the oplimal and suboptimal filters is the
adjomed vector in rotating coordinates discussed in Reference 1 con-
sisting of deviations from the nomainal position, two components of the
deviation in velocity and the deviation in specific energy The state vector
used by the Kalman filter consists of deviations from the nominal position

and velocity in inertial coordinates

S

Measurements are taken every 200 seconds and the same rmeasure-
ment 1s incorporated into each of the three filters (Transformation equa-
tions relating the measurement geometry veclor for the oplimal filter siate
vector to the Kalman filter state veclor were developed 1n Reference 2 )
Since the period of the nominal trajectory is roughly 5, 200 seconds, ihis
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corresponds io measurements at 14° increments in {rue apomaly Two
measuremenl types are used planci center {o star and planci diameter
measuremenis The * zquence of measurements mne planet cenler

to slar measurements, one planet diameter meagurcment, mne planeti
center 1o star measurements, one planel diameier measurcment, elc, Tn~
ltlal\ly, the following realistic gaussian errors were assumed to corrupi

the measurements .

~

Quantily Sianda}:‘d deviation
Earih phenomena uncertainty .5 km (light side)
Earth phenomena uncertainty 1 5 km (dark side)
Pointing error, visible sensor 10 arc-seconds
Pownting error, I R sensor i arc-minute

The possible stars to be sighted on were limiled to the 37 stars used in the
Apollo program  Of these 37, the star sighted on ai a particular measure-
ment time was visible and maximized the ratio of the square of the in-plane
component of the geometry vector to the variance of the noise on the mea-~

surement.

Because of the relatively high ratio of phenomena uncertainty to
altitude of the nomainal orbit, a one sigma measurement noise was roughly
equivalent 1o 2 position error of 15, 000 feet 'Thus the aclunal measurementis
were of poor quality and the resulting estimation errors were nol sigmficantly
different from the no-measurement results presented in Reference 3. In
order to provide betler measurements while maintaimng compatibility with
existing software, the variance of the measurement noise, computed using
standard techmgues and the error sources above, 1s artificially set to

one percent of the computed value

-~

Y

The simulation begins with zero position and velocily errors In
order io allow the Kalman filter to incorporate measurements, it 1is given
2 non-zero imtial covariance matrix. This mairix 18 diagonal wilh elements

6 ﬁz in each posilion

corresponding to mcan square estumation errors of 10
component and 100 f’r;zjsec2 in each velocily component The choice of these

numbers 1s arbitrary and no effort was made to optirmize them  However,
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the RMS position error as reflecied by this covariance mairix 1s the same
order of magmtude as the aciual RSS position deviation from the noma-
nal at ithe end of the run

The value of Q used 1n Bq (12) 15 computed using mean square
values of ithe specific periurbing force and specific potential energy averaged
along the enlire aclual irajectory All cross correlations belween ithe com-
ponents of the perturbmng specific force and the periurbing specific poiential
energy are get 1o zero, For beoilh the optimal and subopiimal Nlters, the
mtial values of ihe elements of Pn are zero, while the only non-zero
element of P 4 s the mean square uncertainty in specific energy which
1s set equal to ihe actual mean square uncertainty in specific potential
energy It 18 imnporiani to note that these 1mtial conditions }eflc-:ct the {rue
initaal stalistics and are nol chosen arbitrarily

For both ithe opiimal and suboplimal fillers, the malrix L. 1s diag-
onal with ones corresponding to position components and zeros elsewhere
Thus the cost function given by Eq (1) is the estimated RMS posilion estima-
tion error al the final lime T.

The numerical results are summarized in Figures 1 - 4 Figures
1 - 3 show the actual and estimated RMS position estimation errors for the
Kalman, suboplimal and optimal filters The actual estimation error is
ithe square root of the sum of the position componenis of Pn, wlhich 18 known
exactly m the filter and P da’ which wasg shown in Section D 1o be

-

' E-0E-2"

The estimated RMS position estimation error i1s the square rool of the sum
of the diagonal position components of the filter covariance matrix Figure
4 presents the time hislories of A for the oplumal and suboplimal filters

. Discussion and Conclusions -

r

Because of ihe nature of _c_l_, 1 e the disturbances arising from a
{enth order harmome earth model wiih a zero J 9 term, it would seem lhat
the statistical behavior of the filiers should not be greally affecled by the

orienialion of the nominal trajectory wilh respect to the model
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Thus, allhough these resulis arc prelimainary and mey be regarded

as a single Monle Carlo simulalion with respect 1o the process noise d,

1t would slill scem appropriale io make a fow observations at this point

(It should be remembered, however, {hat ihe behavior of the Kalman filier
for a fixed measurement schedule 1s complelely deiermined by the inii:al
filter covariance mairix., Since ihis matrix was chosen somewhai arbilrarily,

there 15 possible room for improvement in the Kalman filter performance )

~

There are three criieria on which the various filters may be judged.

Fl

-

1) Conservaiism -- Is the RMS estimaiion error, as reflecled by ithe
filter covariance matrix, less than or equal io the aclual RMS esti-

malion erroxr? ~

2) How close is the RMS estimation error, as reflected by the {iller
covariance mairix, to the actual RMS estimation error?

3) Accuracy ~-- How do the actual RMS estimation errors of the

three filters compare® .

The Kalman filter remains conservaiive for less than one orbit The
divergence belween the estimated and aclual posilion eslimalion errors
becomes pronounced ai the end of 1 1/2 orbits  The actual RMS estimation
error 1s large for ihe first 1/2 orbit, due to the large imiial filter covariance
matrix, but then settles down to a level cloge to that of the subopilimal filter

The suboptimal filter 18 always conservative and iracks the {rue RMS
estimatlion error quite closely The actual RMS estimation error scems 1o
be less than or very near the actual RMS estimation error of both ithe Kalman
and oplimym Hliers for the entire trajectory The estimaled RMS eslimation
error 18 less than the estimaied error for the oplimum fHilter up io the final
1/2 orbit, and does not differ from it substantially for the remainder of the
trajectory After an imtlial {ransienl, the suboplimal A oscillates closely

aboul an average value E -

The optimal filter 1s always conservative and tracks the irue RMS
estimalion error closely, with excellent accuracy after the first orbit  On
the average, lhe aclual RMS estimation error hegins high and drops off
slowly thrcughout the trajeciory Laitle can be said about the resuliing
oplimal )L hstory
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11 would appear thal the subopiimal filler coffers performance superior
1o the siandard Kalman filter wihile having the advaniages of a closed form
A1) solution between me .surements Tt also appears 1o have a A hisiory
wlhich may be closely approximated by a conslant Needless to say, these
possibililies must be explored i further symulations

+  The relalively poor behavior of ithe optimal filter in regard to the
actual RMS esiumation error over the cntire trajeclory can be atiribuled
to the fact that the cost function given by Eq (1) penalizes the filter co-
variance matrix only at the final tume  Better overall performance could
be attained 1f the cosl function were defined o be the inlegral of some
linear combination of the elements of ihe filter covariance matrix over the
entire trajectory The necessary condilions for this cost function are
easily derived and will be discussed 1n a future report Unfortunately, these
necessary condilions do not yreld an analytic soluilion for even the no-
measurement case Thus, when measuremenis are incorporated there is
not an explicit formula for the oplimum. A(t} as a function of the staie and
costate, and the mumerical oplimaizalion scheme outlined in Section B 1s
nol applicable This would seem tc necessiiaie the use of a gradieni-type

search algorithmn to find the oplimal A{i) for an iniegral cost.
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