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METHODS FOR DETERMINING THE ORBITAL TRANSFE] 

REQUIBL....FOR NEAR-EARTH ORBITS
 

BySamuel L. Miller and David J. Griffil 

SUMMARY AND INTRODUCTION 

The Apollo C mission has several SPS test objectives that depend on
 

both fixed and variable burn durations for the rendezvous and deorbit 
In the process of defining the mission, the rendezvous
maneuvers. 


are thus alteringmaneuvers and the duration of SPS burns subject to change, 

all planned maneuvers. This suggests a need for a method that quickly 
and accurately estimates the changed maneuver. This document provides 

both a graphical (plots) and an analytical method (Olivetti programs) for
 

estimating the delta V requirements for the orbital transfer maneuvers.
 

In addition to the total delta V requirements, the components of.delta V
 

in the external delta V system can be determined.
 

With the exception of those for the rendezvous, the parametric data
 

presented can be used to determine the orbital maneuver requirements. The
 

use of the parametric data should thus reduce considerably the numbers 

of eomputer runs required to obtain an exact solution. Both the Olivetti 

programs and the plotted data assume impulsive maneuvers; however, a good
 

comparison of results with a finite burn can be obtained by placing 
the center of the btirn are at the impulsive point. 

-Use of both methods indicates that either gives comparatively
 

accurate external delta V components. Thus, the mission planner has
 

two independent sources of determining the orbital trans'fer requirements.
 

Although this document was designed using the Apollo C mission
 
profile, the data presented may be used for general mission planning.
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ABBREVIATIONS
 

Symbols
 

a semimajor axis
 

e eccentricity
 

h altitude, n. mi.
 

r radius
 

X inertial velocity, fps
 

AVtt 
total AV magnitude, fps
 

-

.AVx 

AlV 	 components of AV in the external AV system, f'l
 

pitch, i.e., the angle between the velocity vector and th'
 

thrust vector measured in the orbital plane. nositive u-p, deg
 

yinertial flight-path angle, deg
 

orbital central angle between perigee and vehicle position, deE
0 


-

V" earth's gravitational constant, 1.407648 x lo 6 ft3/sec

2
 

ne projec-
Ih 	 yaw, i.e., the angle between the orbital plane ani 


tion'6f the thrust vector in a plane normal to the orbit plane.
 

positive to the Tight, deg
 

Subscripts
 

a apogee
 

E earth
 

p perigee
 

1 initial
 

2 	 desired
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DISCUSSION OF METHODS 

The following parameters will beavailable for any specified
'ground elapsed time: 
h, ha hp6, V, y. 

With the preceding parameters available, the targets for a particular
burn may be obtained either by the plotted data or by the Olivetti analytic
 
programs. 

Figures 

The ..... 
 .
 asing analytic equations.
 

Figure 1 presents the total velocity magnitude, AVt 
 as a function
 
of spacecraft weight and burn time. 
Also included in figure 1 is'pitch

as aifunetion of AV and AVZ
t .
 

Figure 2 preents the inertial velcbity and inertial flight-p&th
angle as a function of hp , ha, and 6 for various spacecraft altitudes
 
ranging from 75 n. mi. to 265 n. mi., in increments of 10 n. 
mi.
 

Figure 3 presents several nomograms giving the Z component of velo,
ity as a function of present-inertial velocity and flight-path angle;
figure 4 gives the X component of velocity as a function of the same
 
parameters.
 

Figure 5 presents the lateral .velocitycomponent, AVy, as a functi(

of yaw and pitch for various Vt 's and longitudinal velocity components,

AVx's. The magnitudes of AV
t presented are representative of those assc
 
elated with the SPS burns for the 205/101 mission
 

uivetti Programs 
The following Olivetti programs may be used to obtain targets fora particular SPS burn without reference to plotted data. 
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Programs 1 and 2 calculate the velocity components in the orbital
 

plane required for a particular transfer. Program 1 uses both altitude
 

and velocity vector inputs. Program.2 uses.only altitude inputs.
 

Program 3 calculates the lateral velocity component and the yaw ana
 

pitch attitudes using the total velocity component and the in-plane veloc­

ity components as input.
 

Program 4 calculates the pitch orientation using the total velocity
 

magnitude and the vertical velocity component as input.
 

Program 5 uses the pitch attitude, the total velocity magnitude,
 

and the in-plane velocity component .to calculate the lateral-velocity
 

component and the yaw attitude.
 

These programs are presented in-appendices A through B, respectively.
 

The appendices provide instruction listings, input and output,-equatiois
 

used in each program, and the restrictions on the use of each program.
 

Some equations given are not exact, but they do yield an accurate approx­

imationvof the true value.
 

Typical Example
 

-To-illustrate the use of the plotted data and the Olivetti programs, 

an example problem is presehted. - Suppose the following is knowl 

Present position Transfer ellipse and
 
and ellipse position desired
 

° =i:5 n. mi. h =175 n. mi. 

h = 114 n. mi. h 121 n. mi 
P1 P2 

h = 228 n. mi. h =277 n. mi
 a, aP_
 

Q=970 oo < e2 <I 0P 

AVt = 230 fps 

V1 25 291 fps 

=
 YI .8989246
 

Find AVX , AVy, AVz , 6, and 4. 
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Graphical solution,- The following method uses plotted,:data only:
 

Step 1 - The inertial velocity and inertial flight-path angle on each 
ellipse is obtained from figure 2(k). (These values are 
then used to determine AVx and AVZ.) 

25 296 fps = 25 395 fps
V1 = V2 

Yi = .910 Y2 = 1.150 

;:Gep e-	 Figures 3(c) and (a) are used to determine the velocity
 

components in the Z direction, while figures 4(b) and (c)
 
give the velocity components in the X direction.
 

V 400 fps V = 25 286 fps
 

VZ= 510 fps = 25 391 fps
 
2 2
 

AVZ VI-V2 	 X
=V 1 	 = X2 - V1 = 105 fps
 

= "100 fps 

Step 3 - The absolute value of pitch associated with the above AVz
 

and AVt can be obtained from figure 1.
 

11= 290
 

Step 4 - From figure 5(a), the AVy component and subsequently the 

yaw magnitude can be determined. 

•IAvYI = lT3 fps
 

= 59* 


Analytic solution.- The following method uses Olivetti programs 1
 
and 2 to calculate a solution.
 

Programs 1 and 2 (appendices A and B) can be used to determine the
 

AVX and AV2 components directly from-the data availablp from the initial
 

conditions.
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Program 1 Program 2 

Input: h 175 n. mi,' -Input: h l_75,n.-mt. 

h =121 n. mi. h = l14 n. mi 

h = 277 n. mi. h- = 228-n. mi
 
a2 a1
 

A=l h = 121 n. mi
 

Y= .8989240 ha 277 n. mi 

VI = 25 291 fps' 

Output: AV, 98.6026 fps Oqtput: V1 = 25 296 fps 

AV = -120.9121 fps Isin Yll 0.0157384 

V2 = 25 392 fps 

-1sin y2 1 = 0.0203887 

AVX = 96 fps
 

AVz = -120 fps
 

Using AVx and AVZ from program 1 as input, program 3 (appendix C)
 

can now determine LVy pitch and yaw magnitudes.
 

Input; AV,'= 230 fps
 

AVx = 98.6026 fps
 

AVz = -120.9121 fps
 

Output: IAVyI =,168.9906 fps 

1*1 = 59.72740 

1 = 31.7158 -

Comparison with numerical integration.- The example problem was
 
solved using numerical integration, and a comparison,with both plotted
 
data and Olivetti programs is presented below.
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,COMPARISIONOF THE THREE METHODS
 

[h = 175 n. mi.; h = 114 n. mi.;P1
 

228 n. mi.; h = 121 n. mi.; ha = 277 n. mi.] 
aP2 


Methods
 

Parameter Olivetti
 
Integration Figures programs
 

e, deg 96.6 95.
 

V1 25 291 25 296
I, fps 25 29.
 

l" deg 0.898924 0.91 0.898924 

S deg 74.3 73. 

V2 ' fps 25 388 25 395 25 391 

Y2' deg 1.17905 1.15 1.16818 

AVx, fps 98 105 98.6 

AVy, fps 166.346 173 168.99 

AVz, fps -125 -108 -120.9 

I/tN fps 230 230 230
 

@, deg 59.4 59. 59.7
 

5, deg 32.8 28. 31.7
 



APPENDIX A 

PROGRAM 1 - TRANSFER VELOCITY COMPONENTS REQUIRED BASED ON 

BOTH ALTITUDE M VELOCITY VECTOR INPUTS 

,0v a.m 
Pprr-voG 



APPENDIX 'A 

PROGRAM 1 - TRANSFER VELOCITY COMPONENTS REQUIRED BASED ON 

BOTH ALTITUDE AND-YELOCITY VECTOR INPUTS 

A program is presented that calculates the velocity change necessary
 
in the X and Z direction, to transfer- impulsively from the present ellipse
 
(h, V-, y1 ) to the desired ellipse (h , hp.) at some altitude h.
 

This program requires a decimal wheel setting of 7 with V being the entry
 
point of the program. The order'of the irnput and outnut quantities is as
 
indicated.
 

Input: h, h , ha , A (explained below), y{, V1
 

The quantity A takes on the values of +1 or -1. If A- i.,
 
then the sign of y on the desired ellipse will be positive
 
(-i,.e.; th'e vehicle will be on the.upleg. of the desired.
 
ellipse aftei the impulsive maneuver). -If A =--l,'then the
 
sign of y on the desired ellipse will be negative (ie., the
 
vehicle will be on the downleg of the desired ellipse after
 
the impulsive maneuver).
 

.Output: 11V X , AVE 

Equations:
 

r =h + 3 

r + r 
a 

2 

r 

a 
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e2 )
sii a2 (l ­
sin y r(2a - r)
 

Cos 0a2(lFiEr2a -


AVX v2 Cos Y2 - v1 cos'Y]
 

A 1 sin"'yl - V2 sin y2 

Restrictions:
 

1. Neither the present ellipse nor the desired ellipse can be
 

circular.
 

2. This program should not be u~ed when the flight-path angle of
 

either ellipse'-exceeds 50 at the point of'transfer, since a small angle
 

approximation is used for toth the sine,and cosine of y,
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INSTRUCTION LISTING OF PROGRAM 1
 

AV b$ 

a b-
RI A4 


r A-

R+ A" 


R+. Ci 

Dt b­

bt c$ 

S Be 

+ 

b+ a+ 

B$ -r+ 

S R-

+ R, 

b+ Bf 

b$ DX 

S x 

+ A/ 
b+ $ 

at AX 

dt A--


ct ­

c. bX 

bX 


B. 
b$ 


A+ 


B-


b 


b-


A4 


b+ 

A/ 

CX 

S 

X 

bt 


A/ 

Cx 

C$ 

s 


+ 


at 

R+ 

R-

R* R 

R- R+ 
R R-

R- R-

R* R4 

R+ rX 

R+ 

D- RS 

I DX 

AX c+ 

B+ c 

a+ C$ 

el+ C­

cx 
A. 

-A/ b4 

BT oX 

S B$ 

x B­

B$t A 

X V 

at 

RX 
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PROGRAM 2 - TRANSFER VELOCITY COMPONENTS REQUIRED
 

BASED ON ALTITUDE INPUTS
 

RrC-)DING PAGE BLANK NOT, FLED_ 
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APPENDIX B
 

PROGRAM 2 - TRANSFER VELOCITY COMPONENTS REQUIRED
 

BASED ON ALTITUDE INPUTS
 

This program calculates the velocity change necessary in-the X.and Z
 
h ')ltb the desired
direction to transfer from the present ellipse (h 
r1 a1
 

ellipse (hp2, ha2 ) at an altitude h. A decimal wheel setting of 7-is
 

required for this program with V being the entry point of the program.
 

The order of the input and output quantities is as given.
 

Input:. hi,h ha ,,1 h P2, h a
 

output: V1,j1sin yj,. V., Isin yoj, AV-,,. A-V
 

Equations:
 

r =h +r E
 

rp E
 

r h +r E
 

a 
 a E
 

r 
e 1 ­ a
 

• a
 

;in yj = -2(1 -e2) 

. F)L iAEP

.DN pAGE BLANK
M g G
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AVz.= ViI sin'y - V2 1sin *21 

Restrictions:
 

1. Neither the present ellipse nor the desired ellipse can be
 

circular ,
 

.2. The tr&nsfer from the present to the desired ellipse must occur
 

on the same side of-the line of apsides.
 

3. AV will have the correct sign, but will have an.error in its x 
magnitude. The error in the magnitude of AVX will increase as y increases
 

is not used in the calculation.
in absolute value, since the cosine of y 

4. AVzwill have the correct magnitude and sign on the ascending
 

side of the ellipse. On the descending side of the ellipse, the magnitude
 

of AVZ will be correct but its sign should be negated.
 

5. This program should not be used when the flight-path angle of
 

either ellipse exceeds 50 at the point of transfer, since a small angle
 

approximation is used for the sine of y.
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INSTRUCTION LISTING OF PROGRAM 2
 

AV + b4 X Co 

D4 b+ c A/ A­

a+ B+ A' d+ D6 

RI a+ Ro -

r+ dt A/ R+ A 

'C4 R-

R+ b+ /Z -R4 bX 

Dt B$ b+ R+ D$ 

b+ B' /W rX CX 

/Y A+ aZ R DI 

S - b RS D­

+ AX aW DX Ao 

b+ A Be X c* 

c$ - c D C* 

aY b$ a+ /V D* 

S BX rt V V 

+ c- R- aV 

b+ b$ R Ao 

B$ BX Rt b-

S X DX DO 
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APPENDIX C 

LATERAL VELOCITY COMPONENT AND THE YAW AND
PROGRAM 3 -

PITCH ORIENTATIONS USING THE IN-PLANE VELOCITY
 

VELOCITY COMPONENT AS INPUTAND THE TOTALCOMPONENTS 

Eot 5KMD'BR FeDiNG pAGE BLIb1 
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APPENTDIX C 

PROGRAM 3 - LATERAL VELOCITY COMPONENT AND THE YAW AND 

PITCH ORIENTATIONS USING THE IN-PLA4E VELOCITY
 

COMPONENTS AND THE TOTAL VELOCITY COMPONENT AS INPUT 

The AVy and the yaw and pitch are calculated from AVt. AVX , and AVza 

This program requires a decimal wheel setting of 9 with V being the entry 
point of-the program. The ordei' of the input and output quantities is 
as given. 

Inpzuat: AVt, AVx , AVz 

Output IAVy, 1,
 

Equations:
 

-AV~
hVY1=~ 

AY
H=sin-1
H=..


estrietion!
 

+ AV2 2AVt > AV2 If AVt < + SV2 
, then the program will 

t XX z t- IC Z 
% L a negative number and return to the beginning. 

2. It must be noted that the AVy, yaw and pitch output are absolute
 

values. This requires the user to place the proper sign on these values.
 
Also, the yaw and pitch output takes on the following range of values:
 
0 < < 90, 0 < $ < 90. As an example, if the yaw was output as 830, but
 
a retrograde component of velocity is desired, then the user knows the yaw
 

.
desired is 970 . A similar situation holds true for pitch.
 

" ir " " 



24
 

INSTRUCTION LISTING OF PROGRAM 3
 

kv 

af 


RO. 

R+ 


R-


RT 


.R4 -i 

rX 

R 


RS 


DX 


b+ 


S 


+ 

b 


Bt 

S 

Y, 


AX 


c4 
S 


-b 

AX 


C+ 


c+ 


B$ 


AX. 

dt 

B-


/Z 


Ao 

v 


aZ 


A/ 

bX 


A0 


b 


AX 


c+" 


A/ 


b$ 


b 
'af 


4S 


c+ 


AW 


a+ 


d4 


Bt 

AX 


B-


A/ 


a+ 


d+ 


Bt 

A+ 


B+ 


A/ 

B+ 


B+ 


A/ 


B+ 


A/ R-

B+- R*
 

A/ R-


A+ R
 

A+ R-


A+ R*
 

+ R-­

a+ X­

rt D-

D+ X 

+ AO 

A/ C$ 

a+ /V 

lx_ C+ 

- d 

A/ W 

a+ aV 

r+ c*
 

X
 

a+ 

R+
 



25
 

APPENDIX D 

ON THE TOTAL VELOCITY
4 - PITCH ORIENTATION BASEDPROGHAM 

COMPONENTMAGNITUDE AND THE VERTICAL VELOCITY 
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APPENDIX D 

PROGRAM 4 - PITCH ORIENTATION BASED ON THE TOTAL VELOCITY 

MAGNITUDE AND THE VERTICAL VELOCITY COMPONENT 

This program calculates pitch and the sine of the pitch as a function
 
of AV and AVZ . A decimal wheel setting of 9 is required for this program 

with V being the entry point of the program. The order of the input and 

output is as given. 

Input: 6Vt, AV

t 

z 

Output: 1sin 1, W81 

Equations:
 

AV\Lt
 

Restrictions:
 

1. AVz < Avt 

2. The proper sign must be placed on the pitch.
 

3. The range of values taken on by pitch are: 0 < 8 < 90. As an 
example, if the pitch is output as 830, but a retrograde component of
 
velocity is desired then the user knows that the pitch desired is 970.
 

IW-CEDING PAGE BLANK NOT FILMEC
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INSTRUCTION LISTING-OF PROGRAM h 

AV B 

at C$ 

RX S 

4-

f- B 

R- C+ 

Rl AO, 

R+ at 

rX d 

R= B+ 

ES AX 

DX B-

Bt AV 

S at 

d 

Bt 

'A+ 


B+ 


AV. 


.B+ 


AV 


Bt 


A/ 


B+ 


AV 


Bt 


AV 


A+ 


A+ 


A+ 


+ R+ 

a+ 
rt 

R-
R* 

D+ 

+ 

f 
R 

A/ 
at 

R-

R* 

dX Rt 

- r 

AV D­

at 

r+ 

Dt 

X 

X 

AO 

/0 

V 

a+ 
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APPENDIX E
 

PROGRAM 5 - LATERAL VELOCITY COMPONENT AND ORIENTATION
 

BASED ON IN-PLANE VELOCITY COMPONENT AND THE
 

TOTAL VELOCITY COMPONENT AS INPUT
 



APPENDIX E 

?ROGRAM 5 - LATERAL VELOCITY'OMF OIN T AND ORIENTATION 

BASED ON IN-PLANE VELOCITY COMPONENT ANI' THE
 

TOTAL VELOCITY COMPONENT AS INPUT
 

The AVy, sin i and i are calculated from the sin 8, V, 'x . This 

program requires a decimal wheel setting of 9 with V being the entry point
 
of the program. The order of the input and output quantities is as given.
 

Input: Isin 4 AN., AVx 

d4 WIOutput: IAN+ hsin ' 
.Equations:
 

AVZ = AVt sin 8 

t Z 

]Isin 'j AV 
2
 

NV2 + AVx_- Y..-

s'AVY
 

Restrictions :
 

1. AV2 > AV2 + AV2 sin 2g. If this condition is violated then the
 

program will output a negative number and return to the beginning.
 

2. The user should note that AVY, sin , and yaw are output as abso­

lute values, so this requires that he place the proper sign onto the com­

puted value. The range of the value output for yaw-is 0 < $ < 90. As an 

example, if the yaw was output as 830, but a retrograde component of veloc­

ity is desired, then the user knows the yaw desired is 97'
 

R4.IU1D1G PAGE BLANK NOT FILMED. 
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INSTRUCTION LISTING OF PROGRAM 5
 

-AY 

S 

+' 


S 

b+ 


i4 
a+ 


RX 


RO 
R+ 


R-


R+ 

R 


rX --

R. 

RS 

DX 


C+ 


C+ 


AX 


B$ 


4 

bX 

AX 

j 


S 


+ 

C 


AX 


B 


b-


B-


/V 

Ao 

V--

aV 

AV 


CX 


Ao 

C 

AX 

bt 


B+. 


A/ 

bt 


b* 


BO 

A0 


a+ 


d-

B+ 


AX 


B-

AV 


at--

dt 

B+ 

A+ 


3+ 

A/ 

B+ Dj.
 

AV X 

B+ a+ 

AV R4' 

B+ R­

lAV- * 

A+ R"
 

A+ R-


A+ R­

+ N*
 

a+ R+
 

r+ r
 

D$ D­

+ x 

AV Al 

a+ /0 

dX V 

-

Al 

3-B+' at' 

AV. r+ 



AV total,
 
fps
 

70 60 40 30 20 10 0 0 _d0 

Burn time, sec Pitch. deg 

Figure 1.- Total velocity magnitude asafunctofi of burn time and spacecraft meight: pitch attitude as a functiorn of V!arid AV 2. 
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