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METHODS FOR DETERMINING THE ORBITAL TRANSFE]

REQUIRFMlu ... FOR NEAR-EARTH CRBITS
By Samuel L. Miller and David J. Griffi:

SUMMARY AND INTRODUCTION

The Apollo C mission has several SPS test chjectives that depend on
both fixed and variable burn durations for the rendezvous and deorbit
maneuvers. In the process of defining the mission, the rendezvous
maneuvers and the duration of SPS burns are subject to chenge, thus altering
2ll planned maneuvers. This suggests a need for a method that quiekly
and accurately estimates the changed maneuver. This document provides
both a graphical (plots) and an analytical method (0livetti programs) for
estimating the delta V requirements for the orbital transfer maneuvers.

In addition to the total delta V reguirements, the components of. delta V
in the external delta V system can be determined. ’

With the exception of those for the rendezvous, the parametric data
presented can be used to determine the orbital maneuver requirements. The
use of the parametric data should thus reduce considerably the numbers
of computer runs required to obtain an exact solution. Both the Olivettl
programs and the plotted data assume impulsive maneuvers; however, a good
comparison of results with a finite burn can be obtained by placing
the center of the burn arc at the impulsive point.

-Use of both_méthodq indicates that either gives comparatively
accurate external delta V components. Thus, the mission planner has
two independent sources of determining the orbital transfer requirements.

Although this document was designed using the Apollo C mission
profile, the date presented may be used for general mission planning.



ABBREVIATIONS
Symbols

a semimajor axis

e eccentricity

h a,l'ti‘tl-lde, n. mi.

T radius

Vo ineytigl velocity, fps

AVt tbﬁal AV magnitude, fps‘

_m'fx .

AVYr _components of AV in the external AV systen, s

;W'Z".'

B pitch, i.e., the angle between the velocity vector and the

) thrust vector measurgd in the ogbital plane. vpositive up, deg
vy inertial flight-path angle, deg

6 orbital central angle between perigee and vehiele position, deg

W earth's gravitationsl constant, 1.40T648 x 10%€ £t3/sec*

] yaw, Ll.e., the angle between the orbiﬁal plane and the projec-
tion of the thrust vector in a plane normal to the orbit plane,
positive to the right, deg

Supscripts

a apogee

E earth

P perigee

1 initial

2 desired



DISCUSSION OF METHODS

The foiluwing parameters will Be’available for any specified
ground elapsed time: h, ha, hp’ 8, V, v. ’ '

With the preceding parasmeters available, the taigets for a particular
burn may be obtained either by the plotted data or by the Olivetii analytie
programs.

Figures
" The v ner e munes cusu using analytic equations.

Figure 1 presents the total velocity magnitude, avt, as a function

of $paceérafﬁ weight and burn time. Also included in Tigure 1 is pitch

&3 a-function of ﬁ¥£ and ﬁVZ.

Figure 2 presents the inertial velodity and inertial flight-path -
angle as a function of hp, ha, and 6 for various spacecraft altitudes

ranging from 75 n. mi. to 265 n. mi., in increments of 10 n. mi.

Figure 3 presents several nomograms giving the Z component of velo
ity as a function of present.inertial veloeity and flight-path angle;
figure I gives the ¥ component of velocity as a function of the same
parametbers.

Figure 5 presents the laberal wvelocity eamponeni, Avy, 28 a functic
of yaw and pitch for various AVi‘s and longitudinal velocity components,
&Vx's‘ The magnitudes of AV% presented are represantabive of those assc
ciated with the 8PS burns for the 205/101 mission

uiivetti Programs

The following Olivetti programs may be used to obtain targets for
a particular SPS burn without rsference to plotted data.



Programs 1 and 2 calculate the velocity components in the orbital
plane reguired for a particular transfer.,K Program 1 uses both altitude
and velocity wector inputs. Program 2 uses only altitude inputs.

) Program 3 calculates the lateral velocity component and the yaw and
pltch aitltudes using the total velocity component and the in-plane veloc-
ity components as input.

Program 4 calculates the pitch orientation using the total velocity
magnitude and the vertical velocity component as input.

Program 5 uses the pitch attitude, the total velocity magnitude,
and the in-plane velocity component .to calculate the lateral: velocity
component and the yaw attitude.

These programs are presented in-appendices A through b, respectively.
The appendices provide instruction listings, input and output, -equations
used in each program, and the restrictions on the use of each program.
Some ~equations given are not exact, but they do yleld an accurate approx-
imation-of the true value.

Typical Example

- -illudtrate the use of thée plotted data and the Olivetti programs,
an example problem is presented. . Suppose the following is know

Present position Transfer ellipse and
and ellipse * . position desired

h = 175 n. mi. " h =175 n. mi.

n. = 11% n. mi. h. =121 n. mi

h = 228 n. mi. ha = 277 n. mi
*1 ‘ 2]

g = 97° 0° < 6, < 180°

AVt = 230 fps

v, = 25 291 fps

v, = .89892h°

Find AV AV?, ﬂVZ, B, and .



Graphical solution.— The following method uses plotted.data only:

Shtep 1 — The inertial velocity and inertial flight-path angle on each
ellipse is obtained from figure 2(k). (These values are
then used to determine AVX and AVZ,)

25 296 fps v, 25 395 fps

\f}

Ty, = .91° Yo = 1.25°

STep 2 - Flgures 3(c) and (4) are used to determine the velocity
components in the Z direction, while figures 4(b) and (c)
give the velocity components in the X direction.

V., = 400 fps V., = 25 286 fps
2 X
1 1
V. = 510 fpe v, = 25 391 fps
Z X
-T2 2
AV, =V, =V AV, =V -V 105 fps
Z Zl 22 X X2 Xl
= w100 fps

Step 3 ~ The absolute value of pitch associated with the above AVZ

and AVt can be obtained from figure 1.
8} = 29°

Step 4 - From figure 5(a), the AV, component and subsequently the

yvaw magnitude can be determined.

- |avy] =173 fps

ly] = 59°

Analytic solution.- The following method uses Olivetti programs 1
and 2 to caleulate a solution.

Programs 1 and 2 (appendices A and B} can be used to determlne the

AVX and AVZ components directly from the data available  from the ‘initial

conditions.



Program 1
Input: h = 175 n. mi, -
h - =121 n. mi.
P2 * !
h .= 277 n. mi.
2
A=1

Yy = .898oz2h°
?i = 25 291‘?§§

Output: AV, = 98.6026 fps

AVZ = ~120.9121 fps

Program 2
-Toput: ko= 375 n. mi,
b= 11k n. wmi
1 T
h.- = 228 'n. mi
- a":}"”
h. =121 n. ni
Py
1:212 = 277 n. ni

Output: V, = 25 206 fps

|sin v | = 0.015738k

Va = 25 392 fps

“isin v,| = 0.0203887
AVX = 06 fps
AVZ = 120 fps

Using AV,, and AYZ from program 1 as input, program 3 {appendix C)

X

ean now debermine avz, piteh and yaw magnitudes.

Inpub: &Vt‘x 230 fps
AV, = 98.6026 fps
'8V, = -120,9121 fps

Qutput: [AVY| =.168.9906 fps

i3

i

8]

59-727h°
31.7158°.

Comparison with numerical integration.- The example problem was

solved using numerical inbtegration, and a comparison with both plobied
data and Olivetti programs is presented below.



‘COMPARISION OF THE THREE METHCDS

h=1 n. mi.; h
[ 75 -

=228 n. mi.; h
b

Parameter

8, deg

Vl,

Tps
Y,» deg
62, deg

V2, ips .
Yy deg

AVX, Ips
Avy, fps
AVZ,

Avt, fps

v, deg

ips

g, deg

= 114 n. mi.;
L
=121 n. mi.3 h 277 n. mi.]
2 82
Methods
Olivetti
Integration Figures  programs
96.6 a5.
25 201 25 296 25 29.
0.898924 0.91 0.898924
Ts.3 73.
25 388 25 395 25 391
1.17905 1.15 1.16818
98 105 98.6
166.346 173 168.99
-125 -108 -120.9
230 230 230
59.k N 59. 59.7
32.8 28. 31.7



APPENDIX A
PROGRAM 1 ~ TRANSFER VELOCITY COMPONENTS REQUIRED BASED ON

BOTH ALTITUDE AND VELOCITY VECTOR INFUTS
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APPENDIX A

PROGRAM 1 - TRANSFER VELOCITY COMRONENTS REQUIRED BASED ON

BOTH ALTITUDE AND -VELOCITY VECTOR INPUTS

A program is presented that calculates the velocity change necessary
in the X and Z direction, to transfer  impilsively from the present ellipse
(h, V., y.) to the desired ellipse (h , h_ ) at some altitude h.

1’ "1 2y’ Py
This program requires a decimal wheel setting of 7 with V being the entry
point of the program. .The order of the input and outvut quantities is as
indicated. .

Input: "k, hpg, hag, A (explained below), Yi» ¥y

The quantity A takes on the values of +1 or -1. If A= 1,
then the sign of y on the desired ellipse will be positive
“{d.e., the vehicle will be on the. upleg of the desired .
ellipse after the impulsive maneuver). - If A =.-1, then the
gsign of v on the desired ellipse will be negative (i.e., the
vehicle will be on the downleg of the desired ellipse after
the impulsive maneuver).

Qutput: AVy, AV

Equations:

r=h+ rE

I“a’—"ha"f'I'E

r =h +r

3 ) B

r +r

g = 8 b
2
T

e =1 - -
a
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X _ aZ(l - e?)
8in f:m\k.- (%a - 1)

cos = a?{l - e2)

Y r(2a - r)
BV .=V, COS Y, = Vp COS.Yy
AV, =¥y sinly; -V, sin vy,

Regtricitions:

1. Neither the present ellipse nor the desired ellipse can be
circular. ’ ’

2. This program should not be used when the flight-path angle of
either ellipse-exceeds 5° at the point of transfer, since a small angle

approximation is used for both the sine .and ‘cosine of v.
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INSTRUCTION LISTING OF PROGRAM 1

AV b bX R¥ R¢
a4 bt B: R+ R+
;2 A CR %) R+ R-
r+ - A+ R- R¢
R+ A% B- R¥ Ry
R+ . Ct bl R+ rX
p}  b: bs r+ Rt
bt c] A+ D= RS
S B+ bt 3 DX
4 c- - AX ct
bt at A B4 et
Bi ri CX at Ci
S R- S a+ c-
¥ R+ X i cX
bt R+ b} - A
b DX AV AV b¥
S X CX B} eX
+ o ol s B}
b el S X B-
at AX ¥ B} A
as A+ at X v
ct - R¥ at

o+ bX R- RX
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APPRNDIX B
PROGRAM 2 -~ TRANSFER VELOCITY COMPONENTS REQUIRED

BASED ON ALTITUDE INPUTS

HREEEDING PAGE BLAKK NOT. FIbMED,
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APPENDIX B

PROGRAM 2 - TRANSFER VELOCITY COMPOﬁENTS REQUIRED

BASED ON ALTITUDE INPUTS

This program calculates the velocity change necessary in-the X and Z

direction to transfer from the present ellipse (h

ellipse (hp . by ) at an altitude h.

2 2

1 1

> b ) to the desired

A decimal wheel sebting of T-is

required for this program with V being the entry point of the program.
The order of the input and cutput quantities is as given.

InEut:.

h, h b

1

 Output: ¥y, [sin Y]J,. v, lsin v, AV, AV

i Egﬁations:

‘o
n

-
[

n
g
+
H

i
g
o+
]
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AVZ"= Vl sin Yﬂ - V2 sin val

Restrictions:

L. Neither the present ellipse nor the desired ellipse can be
circular: ‘

.2. The transfer from the present to the desired ellipse must occur
on the same side of:the line of apsides.

3. AVX will have the correct sign, but will have an.error in iits

magniﬁude. The error in the magnitude of AVX will increase as ¥y increases

in absolute value, since the cosine of vy 1s not used in the caleulgtion.

k. AVZ will have the correct magnitude and sign on the ascending
side of the ellipse. On the descending side of the ellipse, the magnitude
of AVZ will be correct but its sign should be negated.

5. This program should not be used when the flight-path angle of
either ellipse exceeds 5° at the point of transfer, since a small angle

approximation is used for the sine of vy.
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INSTRUCTION LISTING OF PROGRAM 2

AV
Dy
at
R}
rt
R
R+
i
bt
/Y

8

¥
bt
cl
aYy

S

+
bt
B}

S

b+
B+
at
d+

cd
A
D

AQ
1

bX

D}
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APPENDIX C
PROGRAM 3 -~ LATERAL VELOCITY COMPONENT AND TﬁE YAW AND
PITCH ORIENTATIONS USING THE IN-PLANE VELOCITY

COMPONENTS AND THE TOQTAL VELOCITY COMPONENT AS INPUT

AT,
PREGEDING PAGE BLANK SIOT: FILAED.
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APPENDIX C
PROGRAM 3 - TATERAL VELOCITY COMPONENT AND THE YAW AND
PITCH ORIENTATTIONS USING THE IN-PLANE VELOCITY

COMPONENTS AND THE TOTAL VELOCITY COMPONENT AS INPUT

The AV and the yav and pltch are calculated from AV s AV » and AV .

This program requires a de01ma1 wheel settlng of § with V he1ng the entry

" point of-the program. The order of the input and output quantities is
as given.

Tnput: A\Tt, AVX, AV’Z

output: |avy| vl, ]|

Bguations:
= fav2 _ mr2 _ au2
[AVYI \f AVZ - 72 - V2
T . AV_\
: Z
|B|= sin -1 ( )
A‘{t
_ AVy
plm o™ =t
- t_ﬂfx + AVY
estriction:

Z 2 2 2 =
Avt >,,AV£ + AVZ It AVt < AVX + AVZ » Then the program will
vawvpav 8 negative number and return to the beginning.

2. It must be noted that the AV » Yaw and.pltch output are absolute

values. Th1s requires the user to place the proper sign on these values.
Also, the yaw and pitch ocutput takes on the following range of wvalues:

0 < <90, 0<B < 90. As an example, if the yaw was output as 83°, but
g retrograde component of velocity is desired, then the user knows the yaw
desired is 97°. A .similar situation holds true for pitch.

pG®
?&EC"DQ\&G *
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INSTRUCTION LISTING OF PROGRAM 3

AV

at

R(}h X

R+
R~
RY
‘Reb
rZ
R+
RS
DX
bt

b+
‘at

as

.c+

AW
at
a+
B+
AX
B—
AV
at
4+
Bt

e
B+

Y
B+
A/
Bt
A/
B+

CaY

B¥

o

A+
At
At

+
a+t
rt
D+

+
AY
a+t
ax
A/
at
rt
n!

X
ak
R¢

e \
R¥
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APPENDIX D
PROGRAM b ~ PITCH ORTENTATION BASED ON THE TOTAL VELOCITY

MAGWITUDE, AND THE VERTICAL YELOCITY COMPONENT



27

APPENDIX D
PROGRAM 4 - PITCH ORIENTATION BASED ON THE TOTAL VELOCITY
MAGNITUDE AND THE VERTICAL VELOCITY COMPONENT

This program calculates pitch and the sine of the pitch as a function

of Avt and AVZ A decimal wheel setting of 9 is required for this program

with V being the entry point of the program. The order of the input and
output is as given.
Input: AV s AV

Qutput: |51n d

Equations: )
AV
- VA
|sin B| = 5=
.-AV{
AV
.- A
F|= sin 1 -——v)
(+
Regtrictions:
1. AVZ_i AVt

2. The proper sign must be placed on the pitch.
3. The range of values taken on by pitch are: 0 < 8 < 90, As an

example, if the pitch is output as 83°, but a retrograde component of
velocity is desired then the user knows that the pltch desired is 97°.

BREGEDING PAGE BLANK NOT FILMET



TNSTRUCTION LISTING 'OF PROGRAM b

AV
at

R_Q

R+

R¢
Rt
rX

R3
DX
B+

28

B4

ax

B+
AV,

B+

A
Bt
A/
B+
A/
Bt
AV
A
A+
A+

at
rt
Dt

Y

at

AY
at

r+

at
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- APPENDIX E
PROGRAM 5 - LATERAL VELOCITY COMPONENT AND ORIENTATION
BASED ON IN~-FPLANE VELOCITY COMPONENT AND THE

TOTAT, VELOCITY COMPONENT AS INPUT
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APPENDIX E
’ROGRAM 5 — LATERAL VELOCITY' COMPONENT AND ORIENTATION
BASED ON IN-PLANE VELOCITY COMPONENT AND' THE

TOTAL VELOCITY COMPONENT AS INPUT

The AV, sin §, and § are ca}culaﬁed from‘the's%h B, AV,, AVy. This

program requires a decimal wheel setting of 9 with V‘being the entry point
of the program. The order of the input and output quantities is as given.

Input} Fin‘BL AVi, AVX

Output: avq, sin w%i
- Equations:
AVZ = AVt‘51n 3]
R e R A
1AVY|| NGRS
) T Av,*
1sin ¢|=%——-—;z—*“j; [
AﬁX'f AVY..
’ AV
|¢l= sin—l __.._...,_I._._._.__.
- 2 2
AVX + AVY

Restrictions:

1. AV% > AV% + AV% sin2g. If this condition is violated then the

program will output a negative number and return to the beginning.

2. The user should note that Avy, sin ¢, and yaw are output‘a§ abso=

lute values, so this requires that he place the proper sign onto the ‘com-
puted value. The range of the value output for yaw-is 0 < ¥ < 90. As an
example, if the yaw was output as 83°, but a retrograde component of veloc-
ity is desired, then the user knows the yaw desired is 97°

FREGEDING PAGE 81 ANK NOT FILFED.
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INSTRUCTION LISTING OF PROGRAM 5

-AV

=3

AV
v}

b+

bE
B¥ .

AQ
a+t
d+
B4
AX
B-
AY
at
d+
Bt
AF
B+

IV
B
A

B+
A/
B+
Ay
B+

AV

A+
A+
At

4
at
T
D¥

+
A/
at

“dx

AV

at
h rt

n}

X

at

R¢

H R_

R*
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Burn time, sec . Pitch, deg

Figure 1. - Total velocity magnitude as a function of burn time and spacecraft weight; pitch attitude as a function of A\It and AV
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A0 T 5 O Dt R 1
| ———————— True anomaly, 8, deg (I
H —— —— —— Altitude of perigee, hyy . mi
Altitude of apogee, ha' n. mi,

1 i ‘ i3 i

R 4
1'2 7._ B il

Inertial flight-path angle, v deg

i i i & 1 3 :
600 25640 25680 25720 25760 25800 25840 25 880
Inertial velocity, Vi' fps

L6 L R
2% 5920 2590 26000 26040 26080

(@ Altitude = 75 n. mi.

Figure 2. - True anomaly, apogee altitude, and perigee altitude as a function of inertial velocity and
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Figure 5. - Continued,
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Figure 5. - Continued,
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Figure 5, - Concluded.




