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TECHNICAL MEMORANDUM X-64503

GRAVITY GRADIENT MEASUREMENTS WITH A LASER
ABSOLUTE GRAVIMETER

SUMMARY

This study presents the derivation of a technique for measuring gravity gradient, as well as
absolute gravity, by modification of an existing laser absolute gravimeter. The technique has the addi-
tional advantage of identifying a point in space corresponding to the obtained value of g.

The method of error analysis used to predict the effect on performance resulting from known sources
of measurement error is outlined. This analysis, as employed by the authors, indicates that expected
accuracy is equal to that obtainable with the present state of the art.

Brief consideration is given to the modifications which would be necessary to make the existing
gravimeter compatible with the proposed technique.

INTRODUCTION

This study proposes an experiment designed to measure the rate of change of the acceleration
caused by gravity (hereafter called “gradient” or “K”) through the employment of a laser interferometry
technique. Such a technique is presently being utilized in a device for the measurement of the absolute
acceleration caused by gravity. In essence, extensions of the theory employed in such a gravimeter are
put forth, and modifications to its configuration which would render it amenable to gradient measure-
ment are suggested.

BACKGROUND MATERIAL

Subsequent discussion relies heavily upon an article concerning laser absolute gravimetry
which appeared in Laser Focus [1].

A laser system for measuring absolute gravity is shown in Figure 1. The instrument is
in the form of a Michelson interferometer in which mirror M1 is fixed and mirror
M2 is a freely-falling body in the gravitational field g. Interference fringes are
detected by the photodetector. Let x be the distance fallen along the gravitational
field vector by the mirror M2 . . . ; then, at the photodetector, interference maxima
are observed for:

2x = 0,0, 20,37, .. ,NA



Figure 1. Basic relationship of primary components in laser interferometry
system for measuring absolute gravity.

The number of maxima, N, observed in a distance x is:

2x = NA
N=lx
A

Lambda is the wavelength of the illumination in a hard vacuum. If the light falling on
M2 happens to make a small angle 6 with the gravity vector (remember that M2
always falls parallel with the gravity vector), then the component of displacement
parallel to g is x cos 0, and the expression becomes:

N = lxcos&
A

Differentiating this expression twice with respect to time, we obtain a relation for g:

AR
2cos@

.gE)z:

[Note here that displacements downward along the gravity vector are considered
positive and that the quantity g is inherently negative.] Subject to the initial con-
ditions: N=0,N =N, at t=0 and integrating, one finds:

N = ;gc;se t2+Not



In the author’s experiment, time is determined by counting the number of oscillations
of a standard oscillator of frequency f (hereafter called “the clock™). If n is the
clock pulse number, then time is determined from:

t

n= fdt

°w,

6))

t=__l:l_
f

Two electronic counters are used, one to record waves from the standard frequency
oscillator and the other to record interference maxima from the photodetector. In
this article, only integral values of n are considered. It should be noted that the
higher the clock frequency f, the less time is associated with the integer n (see
Equation 1). In an actual experiment, n is not really an integer, so the less time an
integer represents, the less error it can introduce. The equation may now be written:

o o (1)

In Equation 2, the unknowns which must be experimentally computed are g and No-
To compute g, the quantity of interest, two equations are required to permit a simul-
taneous solution. Hence, two measurements must be made for each experiment. Let
us designate these measurementsas A and B. Then, eliminating No we find:

N, np-Npn
g=(f2>\( A% T ) 3)
cos 0 nAnB(nA nB)

DISCUSSION OF INITIAL PROBLEM OF INTEREST

This study was initiated by the problem of determining the point along the path of M2 at
which the computed g value is applicable. This question arises from the fact that g is in reality not
constant over the interval of the drop path. Its value is continuously increasing as M2 approaches the
end of the drop. This can be seen from the Universal Law of Gravitation:

F=.G &
I.2
’ !
m'g = -G ML
r
=.GL
& 2



where m is the mass of the earth; m’ is the mass of M2; G is the gravitational constant; r is the
distance from earth’s center of mass; and g is the acceleration due to the earth. Thus, as M2 falls,
it decreases the value of r which in turn causes an increase in the value of g. Differentiating the last
expression above with respect to distance yields:

dr 1

This quantity —gﬂ is the gravity gradient, K. It constitutes the basis for the free-air correction
T

utilized in geodesy to reduce gravity measurements to the surface of the accepted reference ellipsoid
or spheroid. The universally accepted normal value of K utilized for this purpose is 3.08 X 10™¢ gal/cm.!

It can be seen that g is assumed to be congtant throughout the drop path of M2 [1]. From
the preceding discussion, it is evident that the value obtained is merely representative of those values
existing along the path. Then, to what point along the path does this representative vatue correspond?

The effective length of the drop path utilized by the device discussed in Reference 1 is taken to
be 16.593492 cm. Therefore, the difference between the g values at the beginning and the end of the
path is of the order of 5 X 10”5 gal. Thus, if g measurements are made to seven figures or less, the

value obtained is essentially representative of the entire path since the gradient effects do not enter until
the eighth figure.

Because advancing the state of the art will necessitate exiending the accuracy of g measure-
ments beyond the seventh figure, the problem of gradient effects is definitely of interest. So the
problem of determining to what point along the path the measured g value corresporids becomes
real.

DERIVING A NEW EQUATION OF MOTION

Since the whole problem centers around the assumption that g is constant over intervals of
vertical displacement, the derivation of a new equation of motion in which g varies with distance is in
order. In this derivation the gravity gradient, K, will be the constant of motion. First, however, it
seemns advisable to determine whether K can be considered constant over sufficiently large intervals
that the problem incurred by considering g to be constant does not occur again. If we refer to
equation (1) and differentiate once with respect to distance, we find

4K - 6 M = .1.445X 1071 gal/em?
dr r

1. 1gal = 1 cm/sec?.



where

Gm = 3.986032 X 10?® ¢m3/sec?

and

r = 6.378165 X 10% cm

Thus, over a 1-m interval, K is seen to change only on the order of about 0.5 ppm.

Taking K to be constant and displacement downward along the gravity vector to be negative,
we begin our derivation.

By definition
- d%*x
X =
g(x) pTo
Then
de(x) - d_ dzx)
dx de?

- d (ﬁ) dt
dt \dt?/ dx

= {&x) dt
dt3 dx



We have previously defined Qﬁﬁ)_ as K; thus
X

K= @)

PRI

The solution proposed for equation (2) is

x = AVt VKt ¢
Differentiating this expression to obtain its first three derivatives yields:

AvEeVKt g K VKL

> .
it

% = Ak VKtipg VK
X = AK3/2 eﬁt_BK3/2 e-\/K—t

Substituting the first and third derivatives into equation (2) shows that the solution satisfies the
differential equation. Subjecting the solution and its derivatives to the initial conditions xo =0,
KXo = Xo, and Xp =go at t=0, the resulting system can be solved for the constants A, B, and C.
This results in the following equation of motion:

VKxo
K

X =

[smh\/f(t)J + !‘i-(‘-’. [cosh\/ﬁ(t)- 1] 3)
A similar result was derived by A. H. Cook [2].
EXPERIMENTAL SOLUTION FOR QUANTITIES OF INTEREST

In equation (3), the unknowns to be computed from experimental data are Xq, g9, and K.
Three equations are needed to afford simultaneous solution. Thus, three measurements must be made
for each experiment instead of two as employed in the experiment discussed in Reference 1. Designating
these measurements as A, B, and C, one then arrives at the following system of equations:



Xp = [IS;—%— [sinh\/IZ(tA):l + glg—A [coshx/lz(tA)- 111

xg = *VKI’:OA [sinh VR(tp * tg) - sinh \/K(tA)] + gﬁ—“" [cosh VE(ty * tg) - cosh \/K(tA)]
xc = \_/I(R@_A_ [sinh VK@ A Tigtte)-sinh VKt At tB):‘
+ g_gé [cosh VR(ty + tg+ to) - cosh VR(t + tp) ] *

(The complete mathematical derivation of equations (4) may be found in Appendix A} Asthe nature
of the system makes any explicit solution for the unknowns impossible, one is forced to employ
iterative techniques for solution. Solving the first equation for ’.(0 A and substituting this value into

the second and third equations results in:

gOA cosh \/I—((tA) + gOA
K [sinh VR(t, + tp) - sinh V/E(t) ]

XA-
- K
XB = -

sinh v/K(ty)

+ g—%“— [cosh VEK(t A tig)-cosh VK(t A)]

8QA cOsh VEK(t A) 20A
_| AT K "X

l:sinh\/K(tA +tg + to) - sinh /K(tp + tB)]
+ —g-QKA l:cosh\/l_{(tA +ptto)- cosh\/I"{(tA + tB):I

Solving both expressions for g;, and subtracting one from the other, one obtains

XB - _.___E_A___— A’ XC - XA CI
0-K sinh /K(t A) X sinh /K (t n;
B A"tanhﬁ(—;— tA> D-ClanhvE (1 A)




where
A’ = sinh/K(tp + tp) - sinh /R(t )
B'= cosh+/K(t, + tp) - cosh VK(ty)
C'= sinhv/K(ty + tg + tc) - sinh VK(tp +tp)
D = cosh \/K(tA +tipt tC) - cosh \/K(tA +tp)

Thus, there results a function ¢(K,t As tp> to XA - Xp> xC) = (. This immediately lends itself to an

iterative solution for K when values for the six measured parameters are substituted. The value of
8o s readily calculated from the results of that computation.

Thus, one has obtained the values for two fundamental quantities, the absolute acceleration
caused by gravity and the gravity gradient. In addition to this multiplicity of function, the value of
8o Isassigned to a particular point in space, X(,, the starting point of the first measured interval

of distance.
PERFORMANCE ANALYSIS

To predict the performance of this experiment, and thus determine its feasibility, one must
estimate the effect of measurement errors. This analysis must be performed on equations (4). The
technique employed, the detailed explanation of which is found in Appendix B, was suggested by
Charles Dalton of Aero-Astrodynamics Laboratory, Marshall Space Flight Center. Equations (4) are
first put in the following form:

F= [I%QA _sinh\/K(tA)] + -g—%é [cosh\/ﬁ(tA)-l:l X, =0
o - YRxoa [ o : 20A [
i L.S VK(ty + tp) - sinh /K(t,) +—I—(— [cosh\[K(t AT tR)

-cosh\/I_((tA):l -xg =0



H = [I%).A_[sm\/ﬁ(tA+ tg + to) - sinh VK(tp + tB)]

+ gOTAI:cosh\/I_((tA+tB+tC)-c0sh\/K(tA+tB)] -xc =0

where F,G,and H are all functions of K, ’.‘0 A 80A> XA> XB> X B U and to. One then obtains
the partial derivatives of the three dependent variables K, x5, and gy, with respect to any particular

independent variable by setting up a system of linear equations:

Letting ue XA, Xg. X0o T Is tc} s

_OF _ OF 3K, oF %A . oF 9%0A
ou 0K 9u 9xg, Ou agOA. du

3G - 3G K , 9G %A , _aG 9%A

du oK du 9xgp  Ou dggp Ou

JoH _ 8 9K , oH %%0a, oH 9%0a
du K odu 93xpp du 0gpp  Ou

(Expressions for the coefficients and constant terms involved may be found in Appendix C.) Thus, in
matrix notation one has the following equation:

_ 4 - _ _
& o oF | [aK | oF
oK 0XgA 9goA’ Ju du
3G 3G 3G 9XgA . | 8c
aH oH oH 9%0A . oH



Solving one such system for each of the independent variables will yield values for the partials of each
dependent variable with respect to each independent variable. To obtain the probable error (P.E.) in
any one of the three dependent variables, one needs only to substitute the values of the partials into the
following equation:

Letting ve {K’ ’;OA" £0A }

- v \? 2 w\foe \° w Ve V D;V ? ,-_-V 2; 'bv-_: oy Vo f w\Yer YV
R A R A L R GO T R CA YN R Y S ER Y S ©

The above technique may be used to predict performance, provided one has the values for all
nine variables involved. As it is not possible to obtain the time values associated with each drop segment
without constructing an apparatus to do so, solution of equations (4) for the dependent variables
K, 20 A> and gga was out of the question for generating values to be used in the error analysis.

Therefore, the values for x A XB> X0 Ks Xga» and gp were substituted into equations (4) and solved
for times t A>tp, and to. The displacements x4, xg, and X~ were each taken to be -10 cm (roughly
the length of segments used in the apparatus discussed in Reference 1). The value of 8oa Was taken

as -979.6395 gal, the value on a base plate in a nearby laboratory. The normal value 3.086 X 1076 gal/cm
was used for K; and for purposes of simplification, xgA Was taken to be zero. Substituting these

values into equations (4) and solving for the time values, one then has values for all nine variables suitable
for purposes of error analysis.

For the probable errors associated with the measured parameters x A XB X0 tAs B and tes

we suppose the errors imposed by the limitations of the measuring devices employed in the apparatus
discussed in Reference 1. For the distance measurements, one is, therefore, dependent upon the output
of a gas laser of wavelength 6329.9147 A, which has a long-term stability of 10”8, and upon a fringe
counter which is accurate to one-hundredth of a fringe. The time measurements will be derived from
electronic counting of wave numbers (accurate to within one count) from a 100-Mc oscillator having a
stability of 10™ 8.

With values for all nine variables and the necessary information concerning probable errors in
the measured parameters, one has the data for computing the partials and P.E.’s contained on the right
side of equation (5). The accuracy of these computations is admittedly limited by that of the extended
precision mode of the IBM 1130 computer that was employed.- The data obtained from the analysis
indicate that the performance will be well within required limits.

RESULTS OF PERFORMANCE ANALYSIS

It appears that a six-figure repeatability can be expected in the goa Values obtained, which is

the state of the art as attained by H. Preston-Thomas [3] and D. R. Tate {4]. In addition, five-figure
repeatability in gradient values can be expected. (Sources known to the writers indicate that this would
constitute a one-figure advance over present state of the art.)

10



To check the effect of varying values of K, gy, and x (x=xp =x A= xC) in generating

time values and the resulting effect on the performance analysis, trials were made for every possible
combination of the following terms:

K = 2.8X 10 ¢ gal/em, 2.9 X 10" ¢ gal/cm, 3.0 X 1076 gal/fcm, 3.1 X 107° gal/cm
goA = 977 gal, 978 gal ,-979 gal , -980 gal
x = -5 cm,-10 cm, -15 ¢cm, -20 cm

The results for the probable error inherent to g, values remained the same as in the first analysis.

However, it was found that in some worst case conditions, the probable error inherent to X reduced
the number of repeatable figures in gradient by one, to four repeatable figures.

CONCLUSIONS

This study indicates that the apparatus discussed in Reference 1 can be modified to make both
gravity and gravity gradient measurements to state-of-the-art accuracies. The modification entailed
would consist of little more than the incorporation of an additional segment of drop path and an
additional counter. It would, however, also be of concern to determine the point at which the effective
drop path begins, as the gy, value measured would correspond to that point in space. Location of this
point within a millimeter seems to be possible by mechanical means.

11



APPENDIX A

DERIVATION OF EQUATIONS (4)

By definition
= d%x
x) = =22
8(x) pro
then
dg(x) - d [d%
dx dx \ dt®
=4 (dx\ dt
dt a2 ) dax
“(&£x ) at
dt dx
=x L
X
= X = K
X
The proposed solution of the above differential equation is
X =Ae\/-K-t+Be"/—t+C
Differentiating,

A K1/2 e‘\/th -B KlIZ e-\/ﬁt

5.
1]

X =AKe\/Kt+BKe'\/Kt
X = AK3” e\/Kt_BKz,/z e-\/—Kt

12

(A-1)

(A-2)



Initiai conditions at t=0 are xo =0, KXo = Xo, and X, =go. Imposing them on equations (A-1) and
(A-2), one has

0=A+B+C

K)'io = AK3?.B K372

go = AK+BK

Setting up the augmented matrix for this system and reducing, one finds:

' T '
F 1 1 0 |, o (1 O T o TR : 0
i
! [ 1
32 .3 P ! b xx0 - go
K”? kK*” o | Kxo , o 2k o | Kxo- K"g| 01 0 I K
i |
t ‘ ]
i | |
| £0
L K K 0 . £0 K K 4] I g0 1 1 0 | X
1 . - | = - l
- , - B | . .
! 0 W . ! ] | K%xo+go
i 0 ——
: ! 1 0 0 R
. ]
I I !
n; tooan .
6 10 | K™%0 -20 | K x0-20 b k"x0- g0
' 2K 0o -y 1 ! 3K
| I
1 1
| | I
! g0 i g0 !
go
0 0 -1 I — 00 1§ - 0 ! - —
K
L : L 1 K | K |
which yields:
VKx, + g0
A= —
2K

13



_ _\/K)'(O - 8o
2K

c=-2
K

The original system of equations thus becomes

- <\/K§<o+go) SR <\/I_<>'<o-go> e.wa_(g»_)

2K 2K K

.
|

_ (Kxo +\fK'go\) e\/Kt+(K>io-\/fgo> <

2K 2K
i - (\/-K).io"'go) e\/Kt- <\/—K).40'go> e'\/—t
2 2

- (K).(O"' \/ITg0> e\/Kt+ <KX0 'ﬂg0> e.\/—t
2

2

They may be simplified to the following equations:

o

. = VK (eﬁt_e-m>+ & (e«kt”-\/m).&

2K 2K K
Kx
= \/_Ko sinh(v/Kt) + Elz- cosh(r/Kt) - EI%

X = Kxo <e\/Kt+ e'\/Kt> + VReo ( VKt . e‘\/Kt>
2K

2K
= xo cosh(y/Kt) + \/Kl;go sinh(x/Kt)

14



X = —\/:Kz(-f— (e‘/Kt-e'\/Kt)Jrﬂ (e\/Kt+e'\/f(t>

2 2

= /Kxo sinh(v/Kt) + go cosh(v/Kt)

2

2
= Kxq cosh(x/Kt) ++/Kgo sinh(/Kt)
The equation of motion of an object during the first of three contiguous intervals would thus
be

_ VExpp
K

. g g
XA Slnh(\/EtA) + IO<A COSh(\/KtA) - %

The equation of motion during the second of the three contiguous intervals is

SR

X,
Xg = YTO0B sinh(\/I—(tB)+ goB cosh(\/KtB) _EoB
K K K
where
X0B = XA = XQA cosh(+/Kt At £§£A— sinh(y/Kt A)

15



Thus, the equation for xp is

Xg = 3% sinh(\/I_(—tB) l:io A cosh(x/Kt A+ \/'K—IiOA sinh(y/Kt A) :I

cosh(\fKtB)l: VEKx A Sinh(VKt) + g0 4 cosh(v/Kt A):I

s 1
K

- _Il( |: \/I_Z)'(O A sinh(v/Kt At 80A cosh(v/Kt A)]

= [_IEXI;()_A sinh(v/Ktp) cosh(v/Kt ) + §(I)—(A— sinh(v/Ktp) sinh(v/Kt,)
N f%%_ cosh(y/Ktp) sinh(y/Kt ) + gOTA cosh(y/Ktp) cosh/Rt )
-ﬁé_%_ sinh(\/I?tA)-E—QK—A cosh{v/Kt,)

= _\[K% [Sinh(\/KtB) cosh(v/Kt, ) + cosh(v/Ktp) sinh(v/Kt, ) - sinh(v/Kt, ) }

+ g—%A [sinh(\/KtB) sinh(v/Kt, ) + cosh(y/Ktp) cosh(y/Kt ) - cosh(y/Kt A)]

This results in the following equation:

xg = \/__KI;_OA [smh(\/Kt A +VKip) - sinh(/Kt A)]

+ EQI% [ cosh(v/Kt, ++/Ktp) - cosh(/Kt ) ]
The equaﬁon of motion during the last of the three intervals is

VKxge 8 8
Xc = ———K—Qg— smh(\/KtC)+ —%C— cosh(\/KtC)- %C

16



where

I

} ; } VKg )
Xoc = Xg = Xop cosh(mB)+ —K—OB smh(\/IztB)

However,

).(OB = ).( A = XO A COSh(\/Kt A) + smh(\/Kt A)

\/Kgo A
K

gOB = ).(A = \/K).(OA smh(\/-KtA) + gOA COSh(\/—KtA)

Thus,
Xoc = II: XA Cosh(V/Ki, )+ iK_IiQA sinh(v/Kt A)} cosh(y/Ktp)
+ sinh(yv/Ktp) \/Kxg A sinh(v/Kt At oA cosh(/Kt 2)
and

\/Kgo A
K

goc = VK sinh(/Kip) [’30 A cosh(v/Kty) + sinh(V/Kt A)]

+ cosh(v/Ktg) [\/I—{xo A Sinh(V/Kt ) +ggp cosh(/Kty) ]

Reducing, one finds that

. . VKg
Xoc = Xga cosh(VKt,) cosh(v/Kip) + __T(-Q_A sinh(v/Kt ) cosh(v/Ktp)

+ )';0 A Sinh(V/Kt A) sinh(/Ktp) +

@ sinh(v/Ktg) cosh(v/Kt )

17



5(0(: = 5(0 A [cosh(\/l—(t A) cosh(\/KtB) + sinh(\/I—(tB) sinh(+/Kt A)]

+ \[K———g——KOA [:sinh(\/Kt A) cosh(\fKtB) + sinh(\/T(_tB) cosh(\/Kt A)]

: VKgopr .
= xgp cosh(v/Kiy ++/Ktp) + KOA sinh(v/Kt ++/Ktp)

and

goc = VERxqy sinh(vKtp) cosh(y/Kt ) + gg sinh(y/Kip) sinh(v/Kt )

+v/Kxgp cosh(y/Kip) sinh(v/Kt ) +gg, cosh(/Kip) cosh(y/Kt )

= Vg [sinh(\/mg> cosh(y/Rt) + coshiyRp) sinhy/K) ]
+50a [ Snh(/Rig) sinh(VRty) + cosh/Rig) coshVRt N

= VKx sinh(y/Kty ++/Kip) + gy p cosh(y/Key +Kip)

Substituting these values in the original equation for x, one finds that

-

+ 'IIZ cosh(v/Ktc) -\/_Kxo A Sinh(/Kt, + \/I_(.t];) +goa cosh(VKt, + \/KtB)]

. ‘Il(‘ [\/I—c&o A Sinh(/Kt At \/KtB) +80A cosh(v/Kt At \/KtB) :|

18



VExpp
K

sinh(v/Ktc) cosh(v/Kt + \/IZtB) + g_(;? sinh(\fKtC) sinh(\/Kt At \/T(_tB)

+ —\/:K%O-A— cosh(\/KtC) sinh(v/Kt At \/KtB) + E%A cosh(\/KtC) cosh(v/Kt At \/KtB)

VExgpa g
. ———ﬁ% sinh(/Kt 5 ++/Ktp) - —I%A cosh(v/Kt, +vKip)

Further simplifying, one finds that

_ VExg,

Xc [sinh(\/'lztc) cosh(+/Kt At \/T(-tB) + cosh(\/IZtC) sinh(\/I_(-t At V’KtB)

-sinh(v/Kt, + \/IZtB)J

+ E(I)ZA— l:sinh(\/lztc) sinh(v/Kt, + \/I_{-tB) + cosh(\,/—KtC) cosh(v/Ktp + \/IztB)
- cosh(v/Kt, + \/—IZtB)jI

_ VRon

[sinh(\/it A+ VKig +VKie) - sinh(V/Kt, +v/Ktp) ]

+ §?—<A- [COSh(\/KtA + \/KtB + \/K—tc) - COSh(\/IaA + ‘/IZtB) j] :

Thus, the resulting system is

%, = \/KX()A [sinh\/I—(_(tA)] + gLKA l:cosh\fK—(tA)-l ]
xg = VRxga [sinh\/IZ‘(tA+tB)-sinh\/IZ(tA)] +§% [cosh\/K(tAHB)

- coshV/K(tp) ]

19



20

XC:

VExpa
K

[sinh\/K(tA+ tp+ to) - sinh VR(ty + tp) ]

+ §0E‘Ai I: coshv/K(ty +tg+1tc) - cosh\/K(tA + tB)]



APPENDIX B

MEMORANDUM CONCERNING ERROR ANALYSIS TECHNIQUE

The following is the text of a memorandum by Charles C. Dalton on the subject “Error
Propagation in Gravimetry Experiments.” This information was provided in response to a specific
request by the authors of this paper for technical assistance.

The mathematical aspects of the problem, as it now is, is that three parameters to be
calculated, say x,y, and z for initial velocity, gravity value at t =0 and gravity
gradient, are related to six measured parameters, say a, b, c,d, e, and f by three
simultaneous equations of some considerable complication, say

F(X5 y7 z, a9b7 c, dy e,f) = O (1)
G(X) y.2Z,4, b: C, d, e, f) =0 (2)
H(x,y,2,3,b,c,d,e,f) = 0 ?)

You want to solve the equations for x,y, and z and to compute the random error
of each propagated from the measured parameters.

An explicit solution for x,y, and z might be complicated and difficult to find or
even not possible. But the given implicit equations can be programmed for a numeri-
cal solution to whatever accuracy is required; e.g., geometrically each of the equations
can be considered a surface in the three dimensions x,y, and z. The solution, which
for physical reasons is known to exist, must be one of the possibly several points of
intersection of the three surfaces. Calculating the propagated error does not require
the solution to be explicit.

The six measured parameters are three measurements of time and three measurements
of distance in terms of wavelengths of the laser light. So far as [ can tell. . . the random
errors of the six measured parameters can be considered effectively both statistically
independent and all normally distributed. . . . [Some further thought should be given
to this point.]

The formulation for the propagation of error parallels that of the total differential; ie.,

dx = 9X ga+ X gp+ 08X ge+ X gq4
da ob oc od
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where an acceptable approximation is to replace each of the differentials by corre-
sponding small finite “delta” increments. But this presupposes that both the
(arithmetic) magnitude and the algebraic sign of the increments of the independent
parameters are known, whereas the random errors in specific measurements are
unknown in both aspects. Therefore, with statistical independence, the different
terms of the total differential are added like orthogonal vector components by
squaring each component; and the finite “delta” increments can each be expressed as
the same small fraction A of the corresponding standard deviation ¢, say Ao 2’
Aoy, etc. Then, by multiplying both sides of the equation by A™? ,

0,2 = (8x/32)’0, + (0x/3b)* oy, + (3x/0c)* 0 > + . .. (€Y

and similarly for y and z. But without statistical independence there would also
be other terms involving correlation factors. The result, rigorous only for linear
functions, is an approximation which omits, usually, smaller terms with higher
derivatives.

In principle, the six partial derivatives in equation (4) could be evaluated by

giving small increments alternately to the six independent measured parameters and
noting the change to the solution for x,y, and z by the given simultaneous
equations (1) through (3). Undoubtedly this would require special double precision
programming and more computation than would be required by solving for each of
the six measured parameters a, b, ... aset of three linear equations relating the
partial derivatives of the three dependent variables x,y, and z with respect to the
particular dependent variable, e.g., a; i.e., by partial differentiation of equation (1),

.............................................

9F 4 aFjay) &Y + (3F/oz) 02
0a 0a oa

da oF

0X

If the correctness of this manner of differentiation of an implicit function is not
obvious, it may be helpful to rewrite the same result in symmetric form; i.e.,

(9F/ax) 9% + (aF/ay) OY + (aF/oz) 92 + 9F - ¢
da da da da



By differentiating equations (2) and (3) similarly and switching to subscripts to
denote partial differentiation, say

oF ox
Fx for = and X, for =2

ox da

one gets three linear equations for the partial derivatives of the three variables x,y,
and z with respect to the measured parameter a; i.e., in matrix notation

q - .
Fx Fy FZ X, Fa
Gy Gy G, Ya =- G, ®)
HX Hy HZ J z, Ha
L L | i

and similarly for each of the other five measured parameters b, ¢, etc., by replacing

a. Note that the coefficient matrix is the same for all of the measured parameters a,
b, etc.
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APPENDIX C

EXPRESSIONS FOR TERMS INVOLVED IN ERROR ANALYSIS

The terms involved in error analysis are as follows.

. : . X 5 8
O = K gty 'XOA] [Smh\/K(tA)] * [“‘OA tA- ——%3] [ COSh\/K(tA):, * 1(<)2A

aK 2K? 2K

.~

A
%g £2KI§ 20A A “X0A [Sinh \/K‘(tA + ?B) - sinh v/ K(tA):]

X g [
+ [2_(;? tA-_IgTA] cosh\/IZ(tA'FtB)-COSh\/.K_(tA)J

t ) VKg .
+ % [xo A coshVK(ty +tp)+ KOA sinh VK(ty + tp) ]

oH _ K T . 1
3K §KCZ [gOA(tA”B)'XOA] [Smh\/f(tA*tB“c)'Smh\/K(tA”B)

+ [%%{A (tA+tB)-§0ﬁ%:| [?osh\/—I{—(tA+tB+tC)-cosh\/IT(tA+tB)

.

tn [. VKo .
+ % [XOA cosh\/IZ(tA +tgtto)+ KOA sinh v/K(t, + tg+ tC):|

OF - /K |4
xgs K [Smh \/K(tA)}
G - VMK [ -si
B < l:smh VK(ty + tp) - sinh VK(t A)]
af;'IA = AKE [sinh\/R‘(tA+ tg +to) - sinh /K(ty + tB)jl



oF

38oA

aG

GERYN

oH
980A

aXA

oG
aXA

oH
aXA

JF _

otp

9G
oty

oH
oty

= | = =

7 |

—cosh VEK(tp) - 1]

oF

aXB

aG
aXB

oH

aXB

E:osh VK(t A T tg) - cosh VK(t A):l

=0

—cosh VK A ttg) - cosh VK(t A)] +

coshv/K(ty + tg+ te) - cosh VK(ty + tB)]

I VKg .
cosh/K(t A):] + ———-Ii—o—‘i ,:smh VK(t A) :'

\/Kgo A
K

= ’;OA [cosh \/I_(_(tA ttgt f[C) - cosh \/K(tA + tB)]

VKgoa

+
K

9F _

axc

9G - ¢

axc

oH _ 4

dxc
[sinh VK(ty +tp)
- sinh /R(t A) :l

[sinh VK(ty + tg + to) - sinh V/K(t + tB)]
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_OF

otp

_9G

otg

oH

otp

JoF

ote

aG

ot

_OH

dtc

: VKg :
= XgA [cosh \/T(—(tA + tB)] + _K%. I:smh \/IT(tA + tB):I

).(OA [Cosh \/K(tA + tB + tc) - cosh \/K(tA + tB)]

K
+ _\/%O—A- |:sinh\/K(tA+ tp + tc) - sinh V/K(ty + tB):,

. \/KgOA
= X cosh/K(ty +tp+t +——2 | sinh+/K(ty +tp+t
0A [ VE(tp +ig c)] < (tytig*ic)



REFERENCES
Hudson, O. K.: A Laser Interferometer for Measuring Absolute Gravity. Laser Focus,
November 1967, pp. 32-35.

Cook, A. H.: The Absolute Determination of the Acceleration due to Gravity. Metrologia,
vol. 1, no. 3, 1965, pp. 84-114.

Preston-Thomas, H., et al.: An Absolute Measurement of the Acceleration due to Gravity at
Ottowa. Canadian Journal of Physics, vol. 38, 1960, pp. 824-852.

Tate, D. R.: Acceleration Due to Gravity at the National Bureau of Standards. Journal of

Research of the NBS — C. Engineering and Instrumentation, vol. 72C, no. 1, January-March
1968, pp. 1-20.

27



APPROVAL NASA TM X-64503

GRAVITY GRADIENT MEASUREMENTS WITH A LASER
ABSOLUTE GRAVIMETER

By R. C. Borden and O. K. Hudson

The information in this report has been reviewed for security classification. Review of any
information concerning Department of Defense or Atomic Energy Commission programs has been made
by the MSFC Security Classification Officer. This report, in its entirety, has been determined to be

unclassified.

This document has also been reviewed and approved for technical accuracy.

W. H. SIEBER
Chief, Scientific Engineering Division

4. B [lelle

G. é/ HELLER
Director, Space Sciences Laboratory

28



INTERNAL
DIR
DEP-T

AD-S
Dr. Ernst Stuhlinger

A&TS-PAT
Mr. L. D. Wofford, Jr.

PMPRM
A&TS-MS-H
A&TS-MS-IP (2)
A&TS-MS-IL (8)
A&TS-TU (6)
PD-AP-DIR

PD-MP-DIR
Mr. James Downey
Mr. Herman Gierow

PD-DO-ME
Mi. Richard Borden (25)

S&E-R-DIR
Dr. W. G. Johnson

S&E-SSL-DIR
Mr. Gerhard B. Heller

S&E-SSL-C
Reserve (20)

S&E-SSL-S
Dr. Werner H. Sieber
Dr. 0. K. Hudson (30)
Mr. W. M. Greene

_ S&E-AERO-YR
Mr. Otha H. Vaughn, Jr.

DISTRIBUTION NASA T™ X-64503

EXTERNAL

Scientific and Technical Information Facility (25)
P.0.Box 33

College Park, Maryland 20740

Attn: NASA Representative (S-AK/RKT)

United States Geological Survey
Surface & Planetary Exploration
601 E. Cedar
Flagstaff, Arizona 86001
Attn: Dr. Al Chidister

Dr. Dave Dahlem

Dr. Gordon Swann

Dr. George Ulrich

Mr. Robert D. Regan

United States Geological Survey
345 Middlefield Road

Menlo Park, California 94025
Attn: Dr. Henry Moore

Jet Propulsion Laboratory
4800 Oak Grove Drive
Pasadena, California 91103
Attn: Dr. Roy Brereton

Electroradiation Section

U. S. Army Metrology Center
Redstone Arsenal, Alabama 35812
Attn: Mr. Donald B. Cook

Atlantic Richfield Company

North American Products Division
Research and Development Department
P. 0. Box 2819

Plano, Texas 75221

Attn: Dr. H. F. Dunlap

Pan American Petroleum Corp.
P. 0. Box 3092

Houston, Texas 77001
713-CA7-4371 X366

Attn: Mr. G. Keith Sirrine

29



DISTRIBUTION (Concluded)

EXTERNAL (Concluded)

NASA Headquarters
L’enfant Plaza, North
Washington, D. C.
Attn: Dr. Deonald U. Wise
Dr. Richard J. Allenby, Jr.
Mr. Robert P. Bryson
Mr. Edward Davin
Mr. Elmer Christianson

ESSA/U. S. Coast & Geodetic Survey
Code C-111 '
Rockville, Maryland 20852

Attn: Mr. Bernard Chovitz

Prof. R. A. Lyttleton, F. R. S.
Institute of Theoretical Astronomy
Cambridge, England

Dr. Charles Mankin, Director
School of Geology/Geophysics
University of Oklahoma
Norman, Oklahoma

30

NASA TM X-64503

MSFC—RSA, Ala



