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ELECTROSTATIC GYROSCOPE DRIFT CAUSED BY ROTOR ASPHLEF!ICITY

(Ukhody elektrostaticheskogo giroskopa vyzyvayemyye nespherichnost'yu
rotora)

Yu. G. Martynenko
(Moscow)

Expressions are derived for the moments acting on an electiostatic gyro-
scope rotor, the axisymmetric surface of which is symmetrical with respect
to the equatorial plane. With certain assumptions the drift of the gyro-
scope is determined, the spherical (up to torsion) rotor of which has a
finite rigidity. =

We note that one of the reasons of the drift of the electrcstatic gyroscope
is the noncoincidence of the rotor figure [shape] caused by errors in
manufacture, by deformations during rotation, or thermal e:pansion.

Ordinarily, [ref.#1-3], the electrostatic gyroscope rotor s enclosed in a
spherical housing which has a vacuum. There is a system of electrodes on the
inside surface S of the housing. The position of the rotor with respect to
the housing is measured by special sensors as a function of the readings of
which a servo suspension system changes the potentials of the electrodes

and assures electrostatic suspension of the rotor [ref. #4].

Six suspension electrodes represent spherical segments or bands S (k = 1,
.» 5) of the surface of sphere S located at the apexes of a right octahedron

Let 11T

In order to determine the moments acting on the rotor, it is necessary to
find the electrostatic field created by the electrodes Sk. In the suspension
devices of the electrostatic gyroscope, the distance between the rotor and
the electrodes is small in comparison to the linear dimensions, ;herefore,
the field and the gap of the k-th electrode-rotor can be considered coinci -
dent with the corresponding part of the field in the space between the rotor
surface 5, and the conducting sphere S the potential of which is equal to
the potential of the k-th electrode [ref.#4].

1. Furthermore, it is necessary to determine the potential of the field U |
which satisfies the basic equation of eleccrostatics between S, and S—the
Laplace equation

VU =0 (1.1)
and the following boundary conditions on S, and S:

Ul = Ty Uls = U, (1.2)

Here Uy is the potential of the rotor, Uz is the potential of the k-th
electrode. We shall write the equation of the surface S, and S. Let us

introduce the following system of coordinates:
’ - 7
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0E,6£,E3 - with the origin at the center 0 of sphere 5 and the axes directed
along the axes of symmetry of th: electrodes;

0ininzns - with the origin at the geometri: center 0; of rotor Sy, and the
axes parallel to the axes 0£1£:£3 (01 is the point of intersection
of the axis of symmetry of the rotor and its equatorial plane);

Ojxixz2x¢3 — with axis 0,x3 directed along the axis of symmetry of the rotor;

O1y1y2y3 - with axis 01y3 directed along 0:0 and plane 0Oi1yi1y3 containing 0iz;

2 In addition, the systems of the spherical coordinates are: r, 9, ¢, and r,,
g 91, ¢ with the common origin at point 0; and the polar axes respectively
£ O1x3 and O1y3, 0 < 3, 9, < n and 0 < ¢, ¢; < 21.

Let the surface of rotor Sy be the surface of rotation symmetric with respcct
to the equatorial plane 0 z,x,. In the spherical coordinates 9, ¢ the
equation of &y has the form

g

r oz IlU’—h(Z) ‘:i'.- . £} . (1.3)

Let h(z) be the continuous function on [-1, +1]. Expanding h(z) into a series
by Legendre polynomials P,(z) and using the properties of parity P,(z), we
obtain :

N
= N i
resal i 2veu i ! (1.4)
= {1t

Here N is the number of terms in the series in the expansion of %Z(z) by the
Legendre polynomials which assure that the necessary accuracy at a given
rotor shape

AESE

- . { f '
: fop == ———— | 'I_.";).‘,,__ =5

The value « is naturally called the "radius" of the rotor since the surface
of an electrostatic gyroscope rotor is nearly spherical and €7 < 1 are small
parameters.

Let us assume that the geometric center of rotor 0; is near 0, i.e.,

===ia '5ijf\$i {n -~y b is the radius of spheres
The equation of the surface S in coordinates r;, %1, ¢1 is found by means
of the formula of the counter [reverse] distance [ref. #5]

1 |3 { 2
_ur)_ fer

-

= L E T "i;
In this equation and below we shal’' disregard terms of higher than the first
order of smallness for the small parameters 6, €2, ... €2p-

If x is the angle between the axes 0 x3 and 0,ys, then the bond [coupling]
between the coordinates %, ¢ and 9; and ¢; have the following form:

iAo - « oy sty Ay aies it NG S : X inn b« o
BILTT; COS ) == COS YN VEOS G — 3in g cos ¥, SR SR Q) == SR UV Eiul

==

- e oF A A4S H ey mr = : . 1% 27
Ceo U = conpens U~ a2t eas §

Using the summation theorem for Legendre polynomials [ref. #6], we obtain
~an eguation of the surface of sphere S5 in the coordinates r, %, ¢
{ J‘/ /eu/lg j-am/:zlionj P. O. BOX 2214 — GARDENA, CA 90247 — (213) 532:.748I/635-5755 (714) 523-8955
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r==0[4 4 S{cos zf’{3) -} smyuPy i3)c0sq i (1.6)

Here P(l)(~) is an associate Legendre function of the first kind.

Considering the structure of expressions (l1.4) and (1.6) for the surfaces
S and S where the boundary conditions of (l1.2) are given, we shall seek
a solution of equations (1l.1) in the form

U= (A1 Bu1) - (Air-f- Byr—2){Ps(z) ( Y (Creos g -)- Dysine) -

5
(B
-1

(An, B,, C1, D1 &re arbitrary constants)

Let us substitute in (1.7) the formulas (1.4) and (1.6), the setting the

coefficients at identical Legendre polynomials by taking into consideration

(1.2) in the obtained eguations, we shall find

1 / “‘J",' - {10 \
U Ao -t ali o ! ] A
- " “
i i/‘ a’ \ .‘)I'/
= . R
Agvon @) f smpl' (G ros o,
= [ — gl TR ER F IS 3 1
=== =i e —— == E L
- | ~:-‘:,f~::~— — - i e -“ -:' e ] " T } ¥ordd 2.(..] (1- 8)
- L...; T : eri :\‘j 1 — \ )

Ee=tth ('ln)/”' =

The intensity of the electrostatic field E = - grad U.

Differenticting (1.8) and using (1.4), we count the components of the field

intensity on the surface of the rotor S,

\‘.f/ i Z «'.1;;;’ i)
— = ~-..-,.___ e T P e e L e
: j = UL (COR 5821 (2 ) ~F &Sy 7 cos 1) {253}
or tg !' = ( A ( 1 A =t}
g BLE =B @l e
S == STl 3]
= a (b — auty -
] 7 -~ ] 4 =
i g}.] ; <1 7) == — i [,.(rlr |
e | T Lotk (€6 9) i ), e |2 {]
rodu g a Ein O I g,

= dral

The density of the pondermotive forces on the rotor surface [ref. #7] is

1= B =
il (1'9)
1 (&8 R = : U
e e 5 B eos P (3) A win g cos 92 (44
87 \ & b3 — = .

== /i
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The pondermotive forces are directed along external normals n to the rotor
surface 5,

=1In

The components of the unit vector of the normal to the surface (1.3) are:

7 { .\;'; J {n) T U
)l” {4 i
(d)4={r i)}
~—pr = SooR 9 - rl)ysin D
A RIS 20
i, e ==t

(1.10)

The density of the moment of the pondarmotive forces with respect to point
O; is

mo==g X I = flr X n|
Uy () sing ; () (0 )cus . EEESE]
= e —] = — '

rEn - U (03 P (o) 1 (9) 7

e

Differentiating (1.4) and substituting r'(%) in (1.11), we find

\
V

Mmy, - —af :"j v Py (cos ) in G sin g E
(0 | .
a-312)
=0 : «‘"r-”;f'(':'nfl I i freos g
{men ¥
The moment M, with which the k-th eleccrocde acts on the rotor is

Mo A\ med (1.13)

Sy =

Here 59} is a part of the surface 5¢ located below 9.

Let S3 be a spherical band of sphere S5 formed by circular cones with apexes E
at point 0 and common axes £;. We shall designate the angles between &; and

the cones formed respectively by ¢; and §, (0 < ¢; < ¢ < 1/4w). (If ¢, = 0,
then 55 is a spherical segment of sphere (.)

Initially we shall examine the case when (; lies on the axis £; which is the
axis of symmetry of the k-th electrode. Ecuation 9, in this case in coor-
dinates r;, 91, 91 has the form

g
3
=3
=
= #
a1 :
LA /\/;://; fZan:/izhom P. 0. BOX 2214 - GARDENA, CA 90247 — (213) 532-7481/655-5755 — (714) 523-8955
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o vortm =S e, OSSqu<2n, 7= b[1 48P (cos O ]
= il —
T Sl s e ~4) 8511 Ly =i,
Y1 == 20 i+ of
Passing, in agreement with (1.5), to the coordinates 9;, ¢:1 in the formulas
of (1.9), 1.12) and substituting the obtained expressions in (1.13), we find
— N
ry = “ “ \ "
gy == === v - ~_' .\i ‘:,:I Ca ,":-J’(l‘l‘.'- o COBvy=~. TSI ':f‘-' (M) ',,'}‘: 25
= Y1 O et
# sin U 8in Qi risin U1 oqy din
';g -t ¥
= — t ;3 l. ‘,. = ——— = § : =
=] \ _\l eulla) (cosz cos &y Fpiny zindcos Q) < (1.14)
$i @ bt
A {cos yin &y eon g — gin g cos 0;) 2 sin &g dg dU
Since Py7'(s) is a polynomial of degree 27 - 1 of z, then it is easy to see H
from (1.14) that #3,, = 0 at any N, and
! : — :
| A
iy yy = ——;——abﬁ‘_”' PR 1_1
alt i
o (1.15) :
Y=\ |\ feosysinircos gy —aingeanth) X
% O
= N0y — ! ' : N g = P
A .":1 \‘,\)5“‘.0\_';)' Vi ol Sadh .(_"\'.L v SUS \)‘l)u FE R CR I
If ¥ = 1, then from (1.15)
Wy, == Ve NBE S sin 25 {sin o sin 20 — siny ~ia 21y) (1.16) :
Here A = -3/2ae, is the "asphericity" of the rotor—the difference between
the largest and smallest radii of the rotor.
Using the recurrent formulas for Legendre polynomials [ref. #6], the
summation theorem, and the property of orthogonality cos n?; on [0, 2m], E
we find

-f'A.' = 1;',: 2 = -"!

1 \\'“'l,
=l sing| Pu'teosz) \ slu-(2)de—
{ ! = cos

= |
cony Pyqiensg) ) Pu-elzicil

GCa

With tangible vlues of £y; this formula makes it possible to estimate the

effect of "higher harmonics" in the form [shape] of the rotor on the value
of the moment My,

It is possible to show that in the general case, when the disposition of

)

) Billy Fanshot "
"’)‘. Sel 9 L Srany uhom P O. BOX 2214 GARDENA, CA %0247
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0y is arbitrary in a fairly small vicinity of 0, the expression ‘or M, will
differ from (1.14) in values of the second order of smallness fo:r the small

parameters 6, €£g7.

2. If the spherical rotor of the ulectrostatic gyroscope has a finite
rigidity, then under the action of centrifugal forces that arise during

the rotation of the rotor its surface will be deformed. According to [ref.
#8], the equation of the surface of a rotating elastic sphere ha: the form

of (1.4), in which # = 1. Let us consider the moment acting on the deformed
rotor from the side of the suspension electrodes. Let the intens .ty on the

2i = 1)=th, 27i-th electrodes having a common axis of symmetry {; be regulated
by the i-th channel of the servo suspensicn system (Z = 1, 2, 3). From

(1.16) it follows that the vector of the moment M,, is created by electrodes
of the 7-th channel = i

N W — ] - o
Mg == Mysin 2y (Fa—, 4 Fsf) ——1
i P4 & 44 § ) !':1:~‘§'-‘-_',! (2.1)
g = AL {Sin o 51 29 — sin by sin 24 )
\ 0 i i vi/

¢ .

Here £;,Xjare unit vectors directed along the axis £; and x3; X is the

angle between £. and x3;. E

(=

The position of the system of coordinates 0,x;x,x3 with respect %o 0i1ninzn;

is defined by the angles o, B. (The system of coordinates zix,x3 is obtained
from £,0,C5 by rotation through angle B about axis 7,, the system of coor-
dinates 7;C,Z3is oktained trom n;n,n; by rotation through angle a about

axis n;.) Projecting (2.1) on the axis £,£,£3, we find E

7 O3 ’ — ==
P -:ﬁ--‘.(-f 7 JEIN G s 1 cos |
= o 7 N = Eoe <] »
VgL as "4.:',xe:f<([|..l,l,|(|~\‘. (2 2)
.

| 1 3 '+ - n
SHGUL S = B R sinesia feos b

-

B . 3 o= 2 ' AR
g o= Mg, | = Mg, == ieme

~ Ciea .

Let us examine the case when the base of the electrostatic gyrcscope moves
with a constant acceleration. The resulting vector of tlie forces of =
gravitation and inertia of the transfer motion applied to the center of mass 3
of the rotor we shall designate mwe (m is the mass of the rotor, € is the

unit vector having the projrction e; on axis £;). Let us assume that the -
geometric center of the rotor coincides with the center of mass, that the =
servo suspension system linearly changes in field intensitv below the =
electrodes as a function of the shift of the ceometric center of the rotor =
and assures a fairly rapid deformation of tlhe oscillations of the rotor. Here :
it is possible to consider than in the mection of a base with constant
acceleration, the center of mass of the rotor is immovable with respect to

the housing and , ,%H
Haiay ji\,(‘. . /‘.Op.,')‘ 1’.",( = ]"'U(.E !- .".‘,,"3.“) {1s=}, 2. 1) (2.3) e
and a projection of the shift of the center of mass Py ; under the action
of the mwe forces are equal to ' =
Pr e, | s (2.4) £

Here ky is the coefficient of amplification of the servo suspension system, :
'y is the field intensity below the electrodes with the absence of rotor shift
/~ £
gl' /\/)w//y .iatxj alions —P.O.B)X 2214 GARDENA, CA 90247 — (213) 532-7461/635-5755  (714) 523-8955
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K is the rigidity of the -suspension. Subsiituting (2.3) and (2.4) into
(2.2), we obtain

’ , = >
‘Ix_“ — ’\“IJ((..,Z == (7").\1 FAVIERF RN RR ¥
Mye == ==2L{e# — e5") o8 wain iees (2.5)
e -
yp, == 2L (s — €%)si - asii €03 0

(e2
L == QMo (FEokomw | 1)?
From (2.5) it follows that the suspension will have no perturbing effect
on the motion of the rotor about its centcr of mass if
leyf=jeo| ==]eal= 'y (2.6)

i.e., if the vector mwe is colinear to onc of the four different directions
determined by (2.6). .

The moment My also returns to zerw in the cases when
(@==20.f=0), (u=, f=0j, (0= H'fom, f==0), (b= £lpn) (2:7)

i.e., when the axis of rotation of rotor :3; is colinear to one of the axes
of symmetry of electrode £;. (Below it will be shown that each of the
positions of (2.7) may be both stable and unstable.)

Let us examine the common case when the ccndition of (2.6) is not fulfilled.
We shall write the motion equations of the¢ rotor with respect to the center
of the mass 0; in projections on axis z;x.x3; in the Euler-Bulgakov form

d [ dul—— .o au-df éfi _ ay
Fi—— CORf == | +({C—A)sinf = ——— A4 ——=C— = My,
dt dt ) i dt et dt
(& ‘ —— 7 du \® da _ dy =
4 -f_,j‘r—}-(/l = L )cos [} 51t ]‘i‘-—;—‘) — (03 i}*‘,—‘(, ==X £l yx, (2.8)
{'L,.‘ . ut \"t -
74 E Gt ( 1
e
it | dt t i

Here / is the equatorial, ¢ the polar moment of inertia of the rotor, y is
the angle of inherent rotation, M.;; is the projection of vector My on

axis x;. By virtue of the symmetry of the shape of the rotor ¥ 5 =0y
therefore, from the last equation (2.8) tle first integral folEo&s

Cay/!d +Csinfidufec: == (2.9)

Excluding y from (2.8) by means of (2.9) ¢nd substituting on the right sides
of (2.8) the pojection values of My we oltain

12 I=——7n e
- — (1 = = = (il lj!'- e e - 5 Wy o 5 ~
.!('h.a:o = ...i ‘l“l.""" | 'I""I‘ . az t2 ‘l‘l'll.( =SS E ;‘
s i di di
af tig \=- di
' = { P #
A--—+ Acus jiziu Ay —-} = Hcosp——r=
dtt dl / dl

" ; : - i
== .lL(L’;;' — =) ('}’ *r' COs U Sti ii Cons .':
i PaN i J < s
* /(ei/’tj Jans‘zliom P. 0. BOX 2214  GARDENA,CA 9( 247 — (213) 532-7481/635-5755  [714) 523-8955
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Following [ref. #9], we introduce into equations (2.10) a smill parameter.
We do this to change the time T = At and we select )X so that \H/L = 1,
Passing in (2.10) to a dimensionless time T and considering “hat the moments
of the first parts of (2.10) have a force function*, we find

Ha : (’{2 £

i - 74
4 i

it Cus ) - ')Q\“[ f == : e ‘U
b ;
U '." i GT (1': ,'j“hi; a2
A ! ¢ - 17
{ -"- i - G = 18 =
ft*——w-llcﬂip'uﬂ \‘ ——) '—m]’,_....‘., e =z ) (2.11)
3 .
i [" B ' C ‘,}:‘
/ 2 27 -
A" i = :
Eas e R e '7{;1! 3)—:- (cd" - 3:_2) (x _‘,_ ('U-"zr’,);'ﬁ!\zﬂ

Multiplying the first equation of (2.11) by cos Bda/dt, the segcond by
dB/dt and adding, we obtain still another first integral—th: integral of
energy, the existence of which is obvious by virtue of the potentiality of
the moments and independence of the connection on time.

+ Via, £} == const (2:.12)

.
(| e=cost | —= -2--,. ———
at ¢ AN

= / Qo \. 7 A\ }
twy /7

Wwith the fast acting gyroscope p € 1 and in the projectile ajproximation
by u, the motion equation of the axis of s;ymmetry of the rotorr along the
sphere of unit radius with the center at »oint 0; will have :-he form

(% + cast ajeos® = (% 4 (05? Gg)eos® |, {(2213)

Here oy, Bo a‘e the initial values of the angles a, B.

As a func:ion of the value of param=ter x, the trajectories >f (2.13)
(figure) represent the intersection of the sphere and

(1) (x» = + ») a plane parallel to the plane of 0inzns;

(2) (== < x < =1) an elliptical cylinder o>blated along axis :;
(3) (x = =-1) a circular cylinder;

(4) (-1 < x < 0) an elliptical cylinder extended along axis );;
(5) (x = 0) a plane parallel to plane 0;nin;;

(6) (0 < 2x < «») a hyperbolic cylinder.

All cylinders have generatrices parallel o the axis n;.
The stability of the position of (2.7) on the figure is obvious.

We shall limit ourselves to the investiga:ion of the first two cases since
all other easily lead to them by an appropriate chang: in the enumeration
of the axes of the coordinate system 0£;£,£3.

In case (1) when 9V/da = 0, from the first equation of (2.11) the integral
follows associated with the cylindrical coordinate a

*This case was pointed out to the author by A.I. Kobrin

s

+ f *
: pﬂ/” j’dﬂl/ﬂt‘ﬂl’ -~ P, 0. BOX 2214 — GARDENA, CA 91247 — (213) 532-7481/635-575% — (714) 523-8955
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<o i fidr - sin § == const (2.14)

Excluding rfrom (2.12) by means of (2.14) da/dt, we oktain the system

—aiie " - = du ti
“‘\—;T') = i (1= u?) (hy 4= equ?) = (hy — u)® == -
LS “A'n
— =% - — (2.15)
= SH P, AR TR A i;;-,((lp = '((l- ) ¢

A —3 ’ ; E
A2 == (LCus’ Pottg” == 1y, Wy = sy, o Y, e

Here ag', By'! are values of the velocities da/dt, dB/dt «nd the initial
moment of time. From the first equation of (2.15) we find

u

.' ‘” (lll'

Jiy - egit) — (e — a1y s

L
After reversing the elliptical integral of (2.16), the calculation of a leads
to the-quadrature. .

From the condition of the non-negativeness of the radicand expression in
(2.16), we obtain

- tig] <t cos Pof oo’ [ Tpfee] - it eos oty 0t
i.e., at a fairly small u the motion of the axis of symmetry of the rotor

will take place in just as small a vicinity of the plotted, previously
approximated trajectory (2.13) as desired. .

One may expect that in the case (2) the exact solution of equation (2.11) is
found near (2.13), i.e., taking into consideration in (2.12) the terms with
small parameters leads to a superposition of the precessional motion of
(2.13) and a certain continuous nutational motion with fairly small amplitude
and frequeucy p~! (in time 71).

The time of the precessional motion along trajectory (2.13) in case (2) is
determined by the integral =

Vol /?,,//, 3.;,.,/‘41.'”; P.O.BOX 2214 — GARDENA, CA 90247 — (213) 532-7481/635-5755 — {714) 523-8955
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E=enTE = 1 s e -

. e T i -

&332 ) = "/ L R T fesy \e "1 Ajwy (2.17)
3 . T =1 - N == ; 4 : =Ty
Fin == COS* (a COS™ g — ¥ SiH° 2, fis—+ 9 B e ; E et

I1f, for example, A3 > 1, then from (2.17) we find

!
1 T, = = = - ll \’l’“! ") = /A.‘\‘( L /.. |
2(est = ef) =ty (1 | %) i

Here F(g,k) is an elliptical integral of the first order

4 e x®) (%) [ har A N\
o == un:sm(-— — e =y k-=1{- = -
hy--» h(l-F7)

. y \

To 7 YC SN COS G| - -

io e

3. The examined motion of the electrostatic gyroscope rotor is analogous

to the motion of the dynamically symmetrical solid body about a fixed point
of three Newtonian attracting centers in the case when the center of masses
of the body coincides with the fixed point 0;, and the attracting centers
are located fairly far from the body on three mutually orthogonal axes

Nir N2, N3

Actually, the force function W of the described field has the form
T T w P o
| /‘:l" = M.’n' * E ; " ¢ e f

(3.1)

and the expression for the potential energy V(o, B) from (2.11l) can be
presented in the form

V= e’yif - e’y 4 eays’ (3.2)

Here ¢, A are polar .ad equatorial moments of inertia of the solid body, u;
is the graviational constant, R; is the distance to the attracting center
located on axis n;, y; are the controlling cosines of the axis of symmetry
of the body in the coordinate system n;, nz, ns.

In the integrated cases (1), (3), (5) the field (3.2) degenerates into a
field of one attracting center located respectively at the axes ni, nz, ni;.
Here the equations of (2.15) with an accuracy to the designations coincide
with the equations investigated by V. V. Baletsky in the problem cf the;
motion of a solid body about a fixed point in a Newtonian force field [ref.10]

The authors thanks I. V. Novozhilov for his aid in the work as well as
Z. G. Bryushkov for discussion of the article.
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