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APPLICATION OF IMPERFECT, REDUCED-STATE RELAY CONTROL

TO MODEL-REFERENCE SYSTEMS

Thomas Martin Taylor

The University of Connecticut, Storrs, Connecticut

A new design is proposed for model-reference controllers. In
contrast to others, it leads to a controlled system in which the effects
of several forms of imperfection may be evaluated. It is shown that
the choice pfalinear model that has at least one real- eigenvalue,
facilitates the use of what is termed a natural switching function.
Such a switching function is shown to guarantee that the error state
vector will monotonically approach the switching plane until it enters
a certain planar neighborhood of the switching plane, termed the region
of imperfect control. Upon entering this region, the state vector
is forced by the natural switching function design to remain in the
region for all subsequent time.

Width of the region of imperfect control is shown to be directly
proporticnal to the degree of imperfection. This width is affected
additively by all forms of imperfection considered. Such forms include
relay dead-zone and hysteresis, saturation, additive noise in the
switching function or filtered noise, transducer error and error caused
by neglecting transducer dynamics, and error caused by using filtered
forms of measured states in place of states that cannot be measured.

The effects of these imperfections on plant-model offset error is
evaluated in terms of the reachable set of a linear constant system
of order one less than that of plant and model. The input to this
system is proportiocnal to the width of the afore-mentioned region of
imperfect control. A calculation scheme is developed for the general
calculation of such sets.

It is shown that, for purposes of comparing different imperfections,

the state bound need not be obtained. Rather, the width of the region

of imperfect control may be used. It 1s demonstrated that this width

can be used to evaluate the trade-offs in a reduced-state control
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situation. The results support intuition in that a wide band-width
filter gives small filter error but accentuates the effects due to noise.
Predicted bounds are compared with those that occur in a digital simul-
ation of a model-reference reoll-attitude controller. The simulation
shows the results to be realistic in the case of a reduced-state
controller. In the case of a hysteresis-type imperfection, predicted
bounds agree essentially with those that occur.

As an outgrowth of the main development, it is shown that a
reduced-state switching function can be shown to yileld a practical
type of stability for relay control systems. This stability is
characterized by a Liapunov function which may decrease in a non-

monotone fashion.
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I. INTRODUCTION

In the early part of the last decade a considerable amount of
effort was focused on the general problem of designing controllers
for systems exhibiting large parameter uncertainty. This problem was
motivated in part by the development of such complex systems in almost
all branches of science and it was augmented by the fact that tech-
nology of the day demanded tolerances which simply could not be met
by extending the classical techniques. Alternative solutions can be
summarized in three major categories.

For the case of linear systems, and for some nonlinear systems,
the problem was attacked in terms of obtaining a design that was
least sensitive to the variable parameters. However, the cost of
obtaining a least sensitive design had to be weighed relative to other
performance criteria. This led to the optimal formulation which at
this time is an unsolved problem inasmuch as it requires measurement
of the sensitivity and this is usually not possible.

The fact that, with few exceptions, optimal controllers for
linear systems are nonlinear, led many researchers to investigate non-
linear controllers. Most studies focused on particular forms of non-
linearifies. This was due in part to the lack of a gensral nonlinear
theory. The learning system was one approach which was not so limited
by form. This is a challenging approach to the problem but at this
time investigations have not ylelded results of any generality.

The third category, which encompasses the work of this disserta-
tion, is identified as adaptive control. There are two general types
of adaptation: input adaptation and plant adaptation. The latter
involves real-time adjustment of system parameters and although very
effective in some cases, no general techniques are available. The
former involves adjustment of only the input variable. In particular,
attention is directed to a very general design technique attributed
to R. W. Bass [13]. The basic idea is to force the input tc the
time-varying and/or imperfectly specified plant to cause plant states
to respond like the respective states of a known linear, time-invariant
model, in response to the command input. This scheme is termed model-

reference control.




The design proposed by Bass was popularized by L.P. Grayson [1]
and further engineered by R, V. Monopoli [2]. A major contribution
was made by D. P. Lindorff [3] who modified the design to meet plant
saturation constraints. This enhanced the practicality of the technique
but two problems remain.

One practical limitastion of the technique is that instrumentation
of the resulting control requires measurement of all plant states. A
related problem is that in order to include transducer dynamics in
the design the system order must be augmented, thus requiring the
measurement of even more states that most probably cannot be obtained
through primary measurements.

Another limitation is that all developments assume an ideal
switching element in the generation of the control law. However, no
such element exists. In any practical design, one is forced to use
an imperfect element which may exhibit deadzone, hysteresis or sat-
uration. A related problem is caused by measurement noise and trans-

ducer error.

Organization of Thesis

Chapter II provides the mathematical background for the entire
dissertation. This structufe provides for continuity of later sections
with no loss of rigor:

Chapter III contains some interesting results that pertain to the
design of relay controllers but not necessarily to model-reference
controllers. It is shown that by means of parallel compensation, a
practical type of stability can be guaranteed for a relay control
system which does not satisfy the Kalman Positive-Real Test [6 1. This
enables one to design relay controllers for phase variable linear
plants without using highest-order states in the switching function.

The primary results of the dissertation are found in Chapter IV.
It is shown that in the case of model-reference controllers the effects
of switching function imperfection can be evaluated in a similar
fashion. Both contribute to the size of a'regionof imperfect control',
the width of which is used in Chapter V to determine a state bound

on the tracking error.




The state bound is formulated as the reachable set of a constant
linear system. A general means of calculating the boundary of this set.
is developed in Chapter V and is regarded by the author as one of the
major contributions of the thesis. It represents a new method of

obtaining the reachable set boundary.

A Note to the Reader

The material in Chapter II could have been included in an
appendix. Its importance to the entire development of the thesis
merited its inclusion in the main body of the dissertation. The
author suggests, however, that the reader omit this chapter in the Ffirst
reading. It should be used only for referral in sections where a

comprehensive understanding is desired.







II Mathematical Formulations

In this section several theorems basic to the thesis are developed.
This is done to provide for better continuity of later sections where the
train of thought might be obscured by frequent interruptions for theorem
statements and proofs.

For the most part, the proofs are informal and consist of demon-
strations. In some cases those statements being proved do not deserve
the stature of a theorem. For these reasons, and also to avoid a
cumbersome structure of theorems and corollaries the statements will

be referred to by numbers.

System Models

The first statement is basic to’ the motivation of the entire
thesis investigation for it establishes the relevance of state bounds
obtained in Chapter IV to error bounds in equivalent model-reference
control systems. In Chapter V the concept is again used to find a
system which represents motion of ‘another system confined to a certain
region of its state space. It is the following.

Consider the system y = f}z;gy(t),t) which has r

unknown parameters expressed in the form of vector

Ey(t) constrained to a region R_ in r space. Con- (2.1)
sider a second system % = Eﬁg)gz(t),t) which has »

unknown parameters constrained by p, € RZ. Then if

RZ:D Ry it follows that any property that may be

implied for all solutions z{t; z ,to) applies to all

H

solutions y(t; ,to) where Y,

Yo =

In essence, this says that the second system is capable of every motion
that can be achieved by the first. This results from the fact that
since R D Ry then it is possible to have e, (t) = B, (t) in which

case the solutions would be identical. Therefore the set of solutions
of the second contains all solutions of the first. Thus any property
common to the former applies to the latter. In this sense, the

system z = iﬂ%ﬁEZ(t)’t) serves as a model for the system i{=~§ﬁz}py(t),t).
The model is usually conservative since RZ does not usually equal Ry
but this is overshadowed by the fact that one can use (2.1) to obtain
properties of the system y = f(y, Ey(t),t) that could not otherwise

be determined.




Liapunov's Direct Method for Relay Systems

The following gives a sufficient condition for asymptotic stability
of the origin of the nth—order vector differential equation
X = Ax -b(t) Sgn (ngg) (2.2)
where A is a stability matrix, having all eigenvalues with negative

real parts, b(t) has all terms bounded.

Sgn(y)
S
+1
B Y
~1
Signum Func¢tion of (2.3)
Figure 2.1
The signum function is defined to be
+1 5 vy >0
Sgn(y) =40 ; vy =0 (2.3)
-l y <0

as graphed in Figure 2.1. The following is to be proved:
The origin of (2.2) is an asymptotically stable
equilibrium point if for some positive definite
symmetric nxn matrix Q there exists a matrix P as
solution toT (2.6)
A" P+ P A=-Q (2.4)
such that

%' P b(t) Sgn (x'a) > 0. (2.5)

for all x, t.




That the origin x = 0 is an equilibrium point of (2.2) is easily demon-
strated by noting that X = 0 at x = 0. Asymptotic stability is
guaranteed by the Second Method of Liapunov [5]. The function

v = _>3TP§ (2.7)

has total time derivative
V= -§TQ_>5 —2§_TP§_(t) Sgn (gTy- (2.8)

Inasmuch as Q is positive definite (2.5) implies that V is negative
definite. Furthermore, V is positive definite due to a theorem of
Liapunov's that applies to this case where Q is positive definite, A
is a stability matrix and P, Q and A are related as in 2.4 [5 1. The
function V is therefore a Liapunov function for (2.2) thereby guaran-
teeing asymptotic stability of (2.2)

The sufficient conditions for asymptotic stability given by (2.6)
are somewhat cumbersome because of (2.5). However, for the case when
b(t) can be represented as the product of a time-varying gain B(t) and

a constant vector c where B(t) is bounded and positive, that is if

b(t) = B(t) ¢ (2.9)

and Bo < B(t) < By then (2.5) is satisfied if and only if

Pc = ko (2.10)

for some positive number k. It should be mentioned that (2,9) is
always true of any system that is in phase-variable form and it will be
assumed that the resulting B8(t) is of one sign. The condition (2.10)
is useful in searching for a switching functidn that guarantees asymp-
totic stability of (2.2). Starting with any positive definite Q and
solving (2.4) for P, such a switching function is given by (2.10) to

bex' Pc=xa

Positive Real Test

For analysis purposes (2.6) is practically useless.
Given a switching function ETE) to determine whether it will provide
for asymptotic stability of (2.2) by using (2.6) it is necessary to
ascertain the existence of a P satisfying (2.10) which is positive
definite and which yields through (2.4) a positive definite Q. This

involves an extensive search which is usually impractical. However,




for purposes of analysis the following is quite useful. This is a lemma
to a theorem of Kalman's [6] presented by Meyer [7]. It pertains to
"(2.2) with the further condition (2.9), i.e. to

% = Ax -B(t) ¢ Sgn (,gT;g). (2.11)

Meyer's lemma is tailored to the particular case of (2.11) where A

is a stability matrix. It gives necessary and sufficient conditions
on o which guarantee the existence of positive definite P and Q and
therefore provides equivalent sufficient conditions for asymptotic
stability of the origin of (2.11) that are useful for analysis pur-
poses.

The equilibrium state x = 0 1s asymptotically stable

if the transfer function

H(s) = g? [IS—A]_l c (2.12)
satisfies the condition (2.1n)
Re[H(s)] > 0 for Re [s1> 0. (2.13)

The transfer function H(s) is that relating the nodes u and y in the
signal flow representation of (2.11) found in Figure (2.2). The condi-
tion (2.14%) will be helpful in eliminating a certain class of switching

function candidates.

u &

H(s) For a Phase Variable System

Figure 2.2



Geometrical Relations of Ellipsoids

The following geometrical relations are used throughout the

thesis. Let the matrices M and N be positive definite.

The smallest value of §?M§>that occurs on

. . T. _ L1
the ellipsoid x Nx = n, is n n, where n_

is the lavrgest eigenvalue of M—lN.

The largest value of §?M§Athat occurs on §?N§?no

.1
is = n,. where n
ny 0 1

My,

The smallest value of E?Mg_that occurs on the plane

T
0 n 0

n
of MblBE?'

These are all proved in the following way. The conditions for an

is the smallest eigenvalue of

. 2 . .
Xp =n, 1is ES n. where n, is the largest eigenvalue

(2.15)

(2.186)

(2.17)

extremum of §?M§_subject to the constraint §?N§,: n, is the following;

0

a T 1 T _
3% [xMr - - (x'Nx - ng)l = 0.

This implies that Mx = %—Nx rewritten as
we = M

implying in turn that ¢ is an eigenvalue of M’lN.

The extreme value is
1

2 Mx = %M (M UNX ) = 1

0"

=

(2.18)

(2.19)

(2.20)

Therefore in the case of (2.15) and (2.16) p must be the largest and

smallest eigenvalue of M"lN respectively. The proof for (2.17) follows

from symmetry of the quadratic form and noting that planes 5?3

and §?E.: n, are described by the relation (§FB)2 = ng
T T 2
X pp X = 0y

0

or equivalently



For the case of M and N positive definite, (2.15) determines the

largest ellipsoid §?M§>: %- n, that is completely contained in the

0
n
ellipsoid E?N§A: ng-. Likewise, (2.16) gives the smallest ellipsoid
XTMX = %-no which contains the ellipsoid §?N§_= ng-. The third rela-
- 1
tion gives the largest ellipsoid E?ME_: n2 which can be contained

= |-
(e}

n

H

between the two planes 5?9‘: n, and §?Q_ -n,- These relations

are illustrated in Figure 2.3 a, b, and c¢. They will be used in the

following which in essence was first proved by Monopoli [2 ].

Illustrations of (2.15), (2.16) and (2.17)
Figure 2.3

Monopoli's Bound

Regardless of what switching function is used, solutions

of (2.11) will eventually enter and remain in the region (2.22)
where
T M1
X Px < -—=— (2.21)
SRS oW

10




where my is the largest eigenvalue of [46? QMlP c E?P]

and m, is the smallest eigenvalue of [P~lQ]. The term
By is the least upper bound of B8(t).
This is reasonable because V for the case of (2.11) is
V= —§_TQ§ =28(t) §_TP c SGN (ng). (2.23)
The first term has magnitude which generally increases according to ‘IXI‘Q

as evidenced by the relation [ 11]

a 1217 < xfox < q | Ix}1* (2.21)
where 9 and q, are the smallest and largest eigenvalues of Q respectively.
Inasmuch as the second term in (2.23) increases linearly with ||x|| it
follows that for ‘igj[ sufficiently large the gradratic term will
dominate.

In the proof the largest value of g(t) is used so that the results
apply for any value within its range of variation. On any plane
the smallest value of §?Q§_that occurs is given by (2.17)
1

T, _
281§_Pg~- ml

be be mi/nn where ny is the largest eigenvalue of [46? Q_ PE_S?P] since

T

P" = P. As my increases from zero this resulting smallest value of

§?Q§_increases from zero until at some point it is equal to m, . That
is to say mi/nn =m, implying that the critical value is mo= .

For any larger value of m_, the corresponding smallest value of

l)

§TQ§ is greater than m Therefore the region where the linear term

1
in (2.23) could dominate the quadratic is limited to the region where

T .
% Qx < m, where m, = n Thus for E?Q§_> m, we guarantee V < 0. The

1 1 1

resulting state bound is given in terms of the smallest V = E?Px
contour that encloses the ellipsoid §?Q§_= m, . By (2.16)this is

T . . ~
X Px = ml/m2 where m, is the smallest eigenvalue of P lQ. The eventual

2
bound is then the region where §?P§_§_ml/m2. Figure 2.4 illustrates

the various regions of interest.

Conditions for Monotonic Switching Plane Approachment

The next statement is useful in establishing a bound for solutions
of (2.11).

i1




Once the state vector enters the region where §?P§A§.ml/m2

it will for all subsequent time approach the switching

plane vy (x) = g?§~= 0 monotonically provided (2.26)
T .2
(8,0 el imlmg/mg o (%.25)
where m, is the largest eigenvalue of [P "A"oo Al.
%
J\Q

To
281§_P27ml

T, _
QBlE.PE._ —ml

Illustration of the Regions of (2.22)
. Figure 2.4
If x is approaching the switching plane it must be that the magnitude
of y is decreasing. That is, if v > 0 (< 0) it must be that

¥ < 0(> 0). This can be expressed by the condition
Sgn (y) = -Sgn(y) (2.27)

where from (2.11)

i = oThx -8()alc sen (@Tx0). (2.28)

12




The condition (2.27) is satisfied at all points in RSPA, the region

of switching plane approachment where

| o x| f,lBOE?EJ- (2.29)

An example of such a region is sketched in Figure 2.5.

Switching

Line
S

RSPA

Illustration of the Regions of (2.26) for the Case
[BOng]2 > m mg/m,
Figure 2.5

The trajectory T illustrates that while x is in RSPA it is approaching
the switching plane, but if it leaves RSPA this need not be true. For
monotonic approachment there must be found a subset RMSPA of RSPA which
is invariant in the sense that once x enters RMSPA it remains for all
subsequent time. Such a region would be a region of monotonic switch-
ing plane approachment.

The invariant nature of RMSPA, which is where §?P§_i>ml/m2, is

guaranteed by (2.22). The condition (2.25) simply guarantees that

13




§?P§_= ml/m2 is entirely contained in RSPA given by (2.29). To show
this (2.17) is used to find the minimum value of §?P§_that occurs

on g?A§_= BOE?E? where B. is used as a worst case of B{(t). The min-

0]
imum value is X Px = %»KBOETE)QJ which must be greater than ml/m2 if
RMSPA is to be containéd in RSPA. This inequality is expressed in

(2.25) and the proof of (2.26) is complete.

Natural Switching Function

In Chapter IV it will be shown to be desirable to have RMSPA
equal to RSPA. This necessitates the use of a positive semidefinite
Liapunov function. The mathematical basis for such a Liapunov function
is provided by LaSalle [8 ]. Paraphrasing LaSalle's theorem, it is
possible to obtain asymptotic stability with the use of a positive
semidefinite Liapunov function providing that the function approaches
zero monotonically and that motion on the zero manifold is asymptotic

to the origin. This will be applied to the system

1l

% = Ax -8(t)c Sgn (v(x)) (2.30)
where as before A is a stability matrix but furthermore is assumed to
have at deast one real eigenvalue -\ and is assumed to be in phase

variable form as follows

0 1
o 1 O
1
A= O - (2.31)
. 1
B

The input vector is also in phase variable form thus
T. (2.32)
B(t) f_Bl. The signum function is defined

c = [0.....1]

As before we have 0 < BO

A

more generally to be

+1 : Yy > 0
Sgn (y) = o Yy = 03]0] < 1. (2.33)
-1 Yy <0




Linear switching is again assumed thus
Y = 5?2‘ (2.34)
With these assumptions there results the following:
The origin of (2.30) is asymptotically stable if the switch-
ing function coefficient vector o is chosen to be the eigen-
vector of AT corresponding to the real distinct (2.85)
eigenvalue ~A where with no loss in generality we
assume o = 1.
To prove this we employ the positive semidefinite function
V() = 5 v ). (2.36)
This function will decrease monotonically if and only if |y| decreases
monotonically. To establish that |y| decreases monotonically consider
the derivative
Yy = §?AT g‘-anB(t) Sgn(y). (2.37)
Since o is an eigenvector of AT with -\ corresponding eigenvalue,
it results that
§?AT2_: —A§? o = =AY (2.38)
and therefore
Y = -y —anB(t) Sgn(y). (2.39)
Here -\ is a negative number since it is a real eigenvalue of AT and
therefore of A and all eigenvalues of A have negative real part,

The symbol o is carried in (2.39) to emphasize the importance of
having o, > 0. To show that no generality is lost in setting a = 1
it is necessary to show that this choice results in all elements of o
being finite. The n eguations represented by

Aig}= -Aa (2.40)
are

~-a., o = -AQ
1 n 1 (2.41)

o. -a. o = =;a.; i=2,...n.
i-1 i n 1’ ?

Assuming o = 1, leads to the solutions

_ -1
al = alk
. (2.42)
: j+l =3
o, = jil(—l) ai_j+lx 5 i=2,...n.

Inasmuch as each a; is finite and X is finite it follows that each oy

15




is finite.
Returning to the proof, (2.39) is rewritten with o = 1
v = =ky - 8(t) Sgn (y) (2.13)
With B(t) nonnegative both terms on the right have sign opposite to that
of y. Therefore when vy is positive it is decreasing, and when it is
negative it is increasing. This guarantees that y and consequently
V(§) approach zero monotonically. To guarantee asymptotic stability
it only remains to show that motion of (2.30) on the switching plane
y=0 is asymptotic to the origin.
This can be proved by first noting that motion of the system
X = Ax (2.44)
on the switching plane

Y = §?g‘= 0 (2.45)

is invariant meaning that if a trajectory is initiated on y=0 it remains
on the switching plane for all subsequent time. Consider any initial

condition x,. on y=0 so that

2y
xT o = 0. (2.46)
__0_..
In view of (2.40) and (2.44) it follows that at L
. _ T T _ T _
Y = X, A" o = A§O o = 0. (2.47)

Therefore subsequent motion of (2.44) is confined to the switching
plane which must therefore be a manifold of (2.44). Inasmuch as A is

a stability matrix (2.44) can only have asymptotically stable manifolds,
Motion of (2.30) on y=0 is therefore asymptotic to the origin and by
LaSalle's theorem (2.30) is asymptotically stable. It should be added
that (2.44) is particulérly useful because motion of (2.30) on y=0 is

represented by the following (n‘l)St—order differential equation

0 1
= O * (2.48)

\‘ .ﬁl

ke
i

which is the exact same equation that represents motion of (2.44) on
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the switching plane y=0.

An interesting point arises when in the definition of the signum
function (2.33) ¢ is nonzero. In this case the origin of (2.30) is
not an equilibrium state because X is not identically zero at x=0
unless 0=0. This is the reason that the origin of (2.30) has not
been termed an equilibrium point. However, (2.35) shows that it has
every other property of an asymptotically stable equilibrium point.
This is explained by the fact that at x=0 the signum function with
0#0 is changing its state from +1 to -1 at an infinite frequency in
such a way that its average value over any infinitessimally small
interval is zero. But strictly speaking the function is not ident-
ically zero. This behavior is due to the idealization of the relay
that is employed here; the signum function. The point is that the
fact that the origin of (2.30) is not an equilibrium point is of

little or no consequence to the physical system.

Monotonic Decreasing Upper Bound for the Liapunov Function

The next theorem applies to the case wherein a positive definite

quadratic Liapunov function

V= §TP§ (2.49)
having derivative negative definite has been found for an nth-order
system. The following implies a condition on a positive definite
quadratic function

Vr(gr) = §3 R x (2.50)
of a collection X, of the original states.

The function Vr(zr) must satisfy

Pn
Vr(§) < V(x) (2.51)
where p is the l%rgest eigenvalue of R and Ny (2.52)
is the smallest eigenvalue of P.
Using (2.24) gives
ny Hxl1? < % e (2.53)
and
T 5 _
x Rx <o [zl (2.54)




The first implies {léJ‘Z f.%A g?pé_and the second implies

§i R’Br e {\zj‘2 since lkﬂlz j_|l§j{2. Together this implies

n
%, R X, i_;—-g_p§_ (2.55)

which is the same as (2.51). This result gives an upper bound on Vr
which approaches zero monotonically. This will be used in the next
chapter to guarantee a practical type of stability on a reduced-order

system.,

Extreme Projection of the Reachable Set

The following pertains to a stable constant linear filter having

an output e(t) and an input ult) constrained according to
Ju(t)| < 2L. (2.56)

The filter is completely described by its impulse response h(t). It is
assumed that e(0) = 0.
The smallest number that ‘e] cannot exceed in any amount of time
is o
(2.58)
2L |h(t)|dr (2.57)

0

el =

To prove this it must be shown that (2.57) is the least upper bound

on lei. It can be readily shown that this is an upper bound because
e(t) is given by .
e(t) = h(t)u(t-1)dr. (2.58)
0
Thus ft
le(t)] < |h(t)| |ult-1)|ar (2.59)
0

which for any t < « becomes in light of (2.56)

@

le] < 2L [h(t)|dr (2.60)

‘0

Therefore [el given by (2.57) is indeed an upper bound. To prove

lub
that it is a least upper bound it must be proved that no smaller number

'n-—‘
Qo



would qualify as aleast upper bound. This is shown by the following

constructive proof.

Consider the positive nondecreasing sequence [tn]=£n]+w, the

sequence of controls [un(t)] defined over O<t<t where

un(t) = 2L Sgn [thiet)]

and the sequence of resultant outputs

rt
n
en(tn) = 2L h{t) Sgn [h(t)ldt
0
t
= 2L [h(t)|dr.
0

It follows that as t »=, e (t )-E where
n n' n

el

[n}
1"

2L [h(r)|dt.
0
Notice that
E =

‘ellub
as given by (2.57).

Any smaller candidate, E-e, for a least upper bound of the filter

(2.61)

(2.62)

(2.63)

(2.64)

output must be ruled out since 2.63 guarantees that for some sufficiently

large n(e), it results that

e (t ) >E - €.
n n
Thus (2.57) is proved.

(2.65)







II1 Relay Control System: The Constant Case

The analysis of vrelay control systems has posed a serious
challenge to the engineer ever since he began to realize the advan-
tages of On-Off control. This challenge was augmented with the later
appearance of optimal controllers, some of which were essentially
relay controllers. Up to this point, the major effort had been dir-
ected at the investigation of conditions for the existence of limit
cycles. Only approximate stability conditions were derived by means
of inexact techniques such as the Describing Function. The exact
analysis was confounded by the fact that even local linearization
failed to give in-the-small stability vesults due to the discontinuous
nature of the relay's idealization: the signum function. What was
needed was an exact analysis technique for non-linear systems.

This presented itself in the rediscovery and popularization of
the Second Method of Liapunov [ 5 ] which for the case at hand provides
sufficient conditions for asymptotic stability. However, as it will
be shown, these conditions require that the relay switching function
involve generally all states of the system and necessarily the highest-
order-derivative state for the case of phase-variable system. This

requirement has limited the practicality of the technique.

) Y
Linear Part H(S)

B8 : Relay

Figure 3.1
Relay Control System




In this chapter, the Liapunov analysis is extended to facilitate
the design of relay controllers which do not use highest-derivative
state information. The method pertains té the constant parameter case
_ wherein relay feedback is applied to'a linear plant having no zeroes.
A practical type of stability is guaranteed. The affects of imper-

fection are evaluated.

Conventional Liapunov Design

The system under investigation is depicted in Figure 3.1. The
linear portion is assumed stable and the gain B is a positive number.

An equivalent representation is

% = Ax - BcSgny (3.1)

where A is a constant n x n stability matrix,

R
YT AR S B 0% (3.2)
and

c=r00...13". (3.3)

The signum function is defined as

+1 vy > 0
Sgn (y) =€ 0 : y =0 (3.5)
-1 : vy <0
and
0 1
o+ O
0 1
A = [N © (3.5)
i 0 1
-a, = man_17ay

Elements of A are constant and it is assumed that A is a stability

matrix. Relating (3.1) to Figure (3.1) it follows that

H(s) = o [Is - A1 e, (3.6)

22



which may be expressed as

n-1 n-2
hl(s) : o_s + o 8 + . . .+ 0,8 + oy
hQ(S) I P2y +a.s +a
n n-1 T 2 1

H(s) = (3.7)

a

because of the phase-variable structure, Theovem (2.14) gives a sufficient

condition for asymptotic stability of the origin of (3.1). It is that

Re[H(s)] > 0 for Rel{s] > 0. (3.8)

The point to be made here is that (3.8) can not be satisfied if o = 0.

This can be seen when |s| is large. Let s = sed® and to keep Re(s)>0
we restrict \6[ < 90°. H(s) is approximated by an~l/82. Thus,
o
Re[H(s) n;l Cos26 which can be negative for the permissable range of
S

6. This illustrates that the Second Method as applied to the design of
the relay control system (3.1) requires that the highest-order state,
X, must be involved in the switching function. In terms of the anal-
ysis of (3.1) this means that the Second Method fails to give stability
information when the switching function does not contain X In the
next section it will be shown that a design modification will guarantee

a practical type of stability.

Augmented System Design

At this point the absence of a sufficient condition that does
not require the highest-order state or collection of states for
implementation of the switching function forces a design modification
which results in a practical type of stability. Sketched in Figure
(3.2) the augmented design maintains the same plant-relay configuration
but utilizes new states which are generated from the relay output for
use in the switching function. If the rth~order filter is represented

as

n+r-1 ntr-2
bla - fl(s) :[an+rs + O 1S +...t un+l] (5.9)
f2(s) [Sn+r +a Sn+r—l+ ta ] :
n+r U o4l

then the following vector equation describes the augmented system

x' = A'x' B ¢! Sgn(@'T§f) (3.10)
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where

01
.‘.‘O
odviy O
_al__.wan
- + -
| -
A' = 01 (3.11)
o 0
O 4 O 01
T4l %4
L
e [alOQ n %n+1cce n+r]
and (3.12)
¢ =[00....1 0 ..... ko]
Initial
Conditions
r=0 + v + +
~)(;;> Linear Part H(S)
u 1
B - Relay !
Bk ~ilFilter F(S)
Figure 3.2

Augmented System
For asymptotic stability of (3.10) theorem (2.14) requires that

Re H'(s) > 0 for Re[s]> 0 (3.13)
where in this case
H'(s) = _a'T[:fs—A'] "lg'. (3.14)
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From the diagrams of Figure 3.3 which are equivalent to that of
Figure 3.2 it becomes apparent that the transfer function H'(s) is
simply

H'(s) = H(s) +k F(s) (3.15)
therefore the function

H'(s) = [hl(s)fz(s) + kfl(s)hQ(s)]/fz(s)hQ(s), (3.16)

=¥ H(S) + kF(S)

Relay

+

Figure 3.3
Equivalent Diagram of (3.10)
which has a numerator of order one less than the denominator
regardless of the term o s must satisfy (3.13) for asymptotic
stability of (3.10). That is to say, given hl(s), hz(s) and B then
to achieve asymptotic stability of (3.10) without using the states

{xn, X1 Koo tee Xn—q} one sets o = o =0 o= ...an_q =
and seeks coefficients an«q—l’ an—q—l’ e al’an+r’an+r~l’ v
) R
%1 g1 Fne2® 00 Pnap? K and r that make H'(s) satisfy (3.13).

The conditions imposed by (3.13) on H' are not simple to evaluate.
Inasmuch as this is a condition for positive realness of H' there
are some simplifications that can be made using theorems from the area
of network synthesis. This is beyond the scope of this thesis. It
suffices to illustrate that for some cases the constants can be found

to satisfy the conditions. This is accomplished by the following

example.

25




Example 3.1

The second-order system in the form of

0
% = x - sgn(x,) (3.17)
-1 -1 1
is to be stabilized with parallel feedback as described above.

In this. case H(s) = l/(82+s+l) and B = 1. The filter F(s)=2/(s+1)

2 :
with k =-1 results in H'(s) = (25" + s+ 1) which. is positive

(s +232+ 2s + 1)

real. Therefore the augmented system

0 1 0 0
x''= |-1 -1 o x'- 1 Sgn(xl+2X3) (3.18)
0 0 -1 1

is asymptotically stable. This can be substantiated by means of

theorm (2.6) with the choice of positive definite Liapunov function

1 1/2 0
vi=x'Tl 12 2 -2 (3/19)
0 -2 3
for which
1 3/2 -2
1
T
- ! - L
vV o= -x 3/2 3 holox (xl+2x3) Sgn(xl+2x3) (3.20)
-2 b 6

which is negative definite. Thus the origin of (3.18) is asymptotically
stable.
Having demonstrated the feasibility of the technique it is
appropriate to investigate the implications of asymptotic stability
of the augmented system (3.10) on the original system (3.1).
It should be observed that the existence of a Liapunov function

V'(§ﬁ) = E}T P'Eﬁ (3'21)

for the system (3.10),does mot guarantee that the function

V(x) = X Px, (3.22)

is a Liapunov function for the system (3.1) where P is derived from P'
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by the relation Pij:p i,j < n. That is to say, the fact that the

i3’
positive definite function V' has derivative negative definite does
not imply that the positive definite function V has derivative nega-

tive definite. One important property that is implied is that

°n

V (%) < == V'(x) (3.23)

T, =
1

where o is the largest eigenvalue of P and ny is the smallest

eigenvalue of P'. This is an application of theorem (2.52). As

illustrated in Figure 3.4. (3.23) implies that V(x) is bounded

Figure 3.4
Implications of Practical Stability on V(x)

above by a monotonic decreasing function which approaches zero in
the limit as time gets large. This implies that V(x) approaches
zero but allows Ffor this to happen oscillatingly. This guarantees
a practical type of stability for (3.1) because it implies that
||x|]+0 as t> . This is further illustrated by the following

example.
Example 3.2
Continuing with Example 3.1 we have
1 1/2 0 1 1/2
P! =|1/2 2 -2 and P=s
0 -9 3 1/2 2

for which ny (P') = 0.284 and pn(P) = ,793. The system (3.18) was

simulated by computer with initial condition x' = [5 5 2,5]T, In
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200. 4

100.

P
Figure (3.5) RE»V'(Ef) which is QQ,g)z}TP'§f is plotted along with Vx)
1
given by §?P§, The results bear out (3.23)

2.8 V'(x)

-
N

Figure 3.5
Demonstration of (3.23) for (3.18)

To complete this discussion of the augmented system design the
sensitivity to imperfection should be evaluated. Imperfection can
result in practice from the use of a non-ideal relay that may better
be characterized by a deadzone element, a hysteresis element, or
possibly a saturating linear element, all of which are sketched in
Figure (3.6). It may also occur due to transducer error or measure-
ment noise bound in magnitude by some number L. Common to all such
imperfections is the fact that if the magnitude of the switching
function y is greater that L the imperfection has no effect. That is
to say, in the case of the imperfect elements of Figure 3.6, the out-
puts are identical to that of the Signum function if IY] > L and in the
case of transducer error or measurement noise bounded in magnitude by
L, the sign of the sum vy * L is the same as that of y. For this
reason, the affects of imperfection are only of consequence in the state

space region Q' given by
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o = [x's ]y (x")]<L] (3.24)

where

1 :ngz(—' (3.25)

v
This is termed the 'vegion of imperfect control'. It consists of
the region between the hyperplanes ¢EL and ;= -L which are parallel
to and equidistant from the switching plane y’= 0.

In this thesis the affects of imperfection are evaluated in

terms of an estimate of the state bound that would result. Calcula-

tion of this bound is treated in Chapter V. That discussion relies

Ded(y}) Hys (y) Sat(y) Sgn(y)
A & y
+1 & — +l +1 ]
+1
~L -L
> =P Y + 4 3y s
e _ -1
1 ) 1
Figure 3.6

The Signum Function and Some Imperfect Approximations

on the property that the state vector x' will eventually enter Q' and
remain there for all subsequent time. This must be the case even in
the presence of imperfection.

Theorem (2.22) gives a result which is useful here because it
applies to the augmented system even with unlimited imperfection, that
is, unbounded L. In this case (2.22) implies that for any amount of

imperfection, solutions of (3.10) will eventually enter the region A
defined by

A={x';x‘TP'x' <M1/M“} (5.26)
- - — L
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where Ml is the largest eigenvalue of [HBQQ‘"l

smallest eigenvalue of [P'—lQ’] and Q' = -~ [A'TP' + P'AY].

P‘QLC‘TP‘], M2 is the

A critical point is dependent on whether or not A is contained in
the region of switching plane approachment (RSPA) given according to
(2.29) for (3.10) as

By
RSPA = {x':fa"A'x'| < B ac ). (3.27)

If A is contained in RSPA as sketched in Figure 3.7 then once a

Figure 3.7
The Case A Contained in RSPA

trajectory T, enters A it must approach Q'monotonically until it enters
Q'. Once it enters ' it must not necessarily approach the switching

plane y = 0 monotonically because in ' imperfection can destroy the

property of RSPA. Paramount is the fact that once the trajectory enters

[
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the portion of @' contained in A, indicated by the shaded region in
Figure 3.7, it remains in @' for all subsequent time. The bound
calculation scheme of Chapter V therefore applies to (3.10) if A,
(3.26), is contained in RSPA (3.27). The condition that guarantees
this is given in (2.28) to be

T 92
[Ba'"c'1" > MM /M, (3.28)

where Ml and M2 are as in (3.26) and M

farattarl,

3 is the largest eigenvalue of

[P'ﬂlA'
The importance of (3.28) is best appreciated by considering the
situation that results when A is not entirely contained in RSPA as

sketched in Figure 3.8. The trajectory, T, demonstrates that at

A2

Figure 3.8
The Case A Not Contained in RSPA

points in A not in RSPA, T can move away from the switching plane and




thus destroy the property of monotonic approachment of Q'. For the
bound calculation, a much larger region Q" would have to be used, for
this is the smallest invariant region of imperfect control. This would
lead to a larger bound estimate which would not approach zero in the
absence of imperfection.

It should be emphasized that (3.28) is only important because of
a bound calculation technique that will be used to evaluate the affects
of imperfection. Specifically, it guarantees that the technique
results in a bound that approaches zero in the limit as imperfection,
or equivalently, L goes to zero.

The augmented system design is completed with the development of
Chapter V.



IV The Model-Reference Control Problem

When confronted with the problem of controlling a plant which
is imperfectly identified, it is often necessary to employ extensive
simulation studies in order that desired performance is guaranteed.
Although many approaches to solving this problem have been made, in
particular along the lines of adaptive control, a well defined
synthesis procedure cannot be saild to have been defined. One approach
to solving this problem involves the application of identification
techniques. However, these methods require expenditure of time, and
in many cases, if not ruled out by cost factors alone, are not reliable
because the stability is not guaranteed due to the computation lag
involved.

An alternative to this approach is to develop a control which
guarantees stability over the range of parameter uncertainty involved.
Although this solution to the problem will not be the most efficient,
it may be justified in terms of cost, or simply because no other method
is available. This method of control which has been discussed by
several authors [ 1], [2 1, [ 3] depends upon the synthesis of a
control law which guarantees stability by application of Liapunov's
direct method. This is accomplished by means of a model-reference

control system as characterized in Figure 4.1.

PLANT

v

NONLINEAR
CONTROLLER

MODEL

Model~Reference Controller

Figure 4.1




The object of the modelwreference control scheme is to force
the states, Py of a singlexinput, single-output, nonlinear, time-
varying, nt <order plant to track the States,fmi, of a linear, time-
invariant nth~order model as the model responds to some input. The
‘main requirement on the control is one of stability. Stated in general
terms, this requires that some measure of the offsets, X between
plant and model states, the tracking error, must either tend to zero
in the limit with time (Asymptotic Stability) or eventually be contained
within some small calculable bound (Lagrange Stability).

The main contribution of this thesis is an extension of previous
work to allow filter states to be used in formulating the control
law, thereby reducing noise content in the general design and moreover
providing the designer with the opportunity to use filtered derivatives
of measureable signals to approximate states that cannot be measured.
In addition, it facilitates the evaluation of the affects of transducer

dynamics which heretofore have been neglected.

Justification of the Relay Model

The essential problem can be related to.an equation of the form
% = Ax -B(t) ¢ sgn (y(x)) (4.1)

where the stability matrix A and the input vector c are in phase

variable form

0

o1 O
0 1
5 N T
A= O R ,C = [Ovenunnns 11 (8.3)
o« 1
—al - - - —an
0 < B(t) < 2L (4.u)

The signum function is defined to be
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Sgn (v )= o :y=0;<l<0x<1 (4.5)
le iy <0
and the linear switching function is
T n
= = . K3 3 ul £
¥ Lz 1§l alxl (4.6)

where with no loss in generality we assume o = 1. In (3.1) x
represents the vector difference m - p, A could represent the linear
model dynamics and B(t) is equal to a sum of nonlinear, time~varying
terms which, as a result of the relay controller, is always positive
and as a consequence of the relay output level L is bounded by 2L.

That (4.1) is a proper representation of the controlled model-
reference system can be seen by the following example. Figure 4.2
is the signal flow graph of a third-order nonlinear, time-varying
plant having states Py that are to track those of the stable linear,
time invariant model veference m, respectively. Ignorance of the
plant is expressed in g(p,t) and cp(t). The former contains non-
linear terms and coefficients known only within bounds; the latter
is bounded away from zero and known only within bounds.

The sign of the control, u, is that of the switching function
y(x). The gain M(x,p,r,t) in the designs of references [11and [ o]
is generated in the nonlinear controller to form the magnitude part
of the control. To satisfy plant saturation constraints it must be
shown that M is less than some number L. In so doing, one guarantees
that substitution of the constant L or M would give the same stability
results. This is the motivation for the design of reference [3 ]
where M = L and the nonlinear controller is essentially a relay.

The relevance of (4.1) to the system of Figure 4.2 becomes
apparent through the equivalent signal flow represented in Figure 3.

A property of the synthesis techniques of references [1 1, [21, [3]
is that the signal at node a has the sign of -y and a magnitude bounded
by 2L. Inasmuch as stability of the tracking is based on stability

of the error states Xy then stability of the controlled model-reference

system may be based on (4.1). This is in the spirit of theorem (2.1)

Ca2
(&3]




Before going further several points should be made concerning
(4.1) and its relevance to the model-reference controlled system,

inasmuch as the remainder of this chapter is based entirely on (%.1)

Cp(t) 1 Py P,
U g- . O 8 - _), & [ .. s D
1 L4 L4 ?
s /s 7L s, *
¥ ~ ~
/ 1
s XL«
g(p,t) Y-1 Y-1 Y-1
4 _M(Epgarat)
3 >
Xq X, Xy
1 o, o
Sgn(y)lg % Y /
(Relay) & &1 &
r(t) n 1 Vs | 1/s 1/s
& S S PN P -3

Third-Order Model Reference Controller
Figure 4.2
First, this relation is not the only one that could have been
chosen. The important gqualities that must be preserved by the second
term on the right of (4.1) are that it must be bounded in magnitude

and must take the sign of -y. Another valid representation, for

<2
D



example, would be the expression c(t)y(x) where 0 < c(t) < . The
reason for the unboundedness of the time-variable gain c(t), is

explained by the second point.

—M(E,R,P >t)

(Rélay)

Mﬁz)gpr,t)b (t)
r(t) ' P

Equivalent Third-Order Model Reéference Controller

Figure 4.3

Although the node a is bounded and takes the sign of -y(x), it
is not necessarily zero when y is zero. Thus, if a linear gain is to
relate the two it must have infinite range. (Notice also that this
property is present in (4.1) in the infinite slope of the Signum

Function). It is this property which makes the stability analysis
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of (4.1) so difficult.

The third point to be made is that, due to the presence of non-
linear terms and time<xvariable coefficients known only within bounds
very little can be implied about the signal a. This ignorance is tran-
slated to B(t) in (4.1). Consequently, no definite statement can be
made concerning the time derivative of B(t). This also confounds
the analysis problemn.

Ancther point is that due to the ignorance in B(t) the relay
system (4.1) is capable of motions that may not be possible in the
actual controlled system. This is due to parameter ignorance. OF
paramount importance, however, is the fact that all éossible motions
of the controlled system are motions of (4.1), and therefore any
properties that can be attributed to solutions of (4.1) apply also to
those of the model-reference controlled system. Therefore, (2.1)
applies here.

The last point is that having assumed stability conditions to
be satisfied by the relay output level, L, or varying gain M(p,x,r,t),
the only design freedom that remains is the choice of the switching
function y(x) = g?ﬁf

The relevance of (4.1) to the controlled model-reference system
has been demonstrated graphically. At the end of this chapter this
is born out by a numerical example. The problem that remains is to
obtain a design criteria for the case wherein the highest-order
state, X is not available for implementation of the switching

function y(x).

Derivation of Filtered System

It was pointed out in Chapter III that the conventional Liapunov
synthesis technique fails to give conditions for asymptotic stability
of (4.1) that result in a y which is independent of the highest-order
state X The technique of Chapter III cannot be applied to (4.1)
because the augmented system transfer function would have time-varying
zero locations and the Kalman theorem [ g ] used to derive theorem
(2.14%) would not apply. In the time domain this is born out by the
fact that the (4.1) counterpart of (3.10) could not have a separable
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gain B(t) as is required by (2.14). This is a consequence of the
ignorance of B(t) in (4.1). Thus a new approach is required.

The solution proposed here is to pass the noisy measurements
of the highest-order available states through filtered-derivative
circuits to be used in place of the unavailable states. This is
considered equivalent to passing the unavailable states along with the
differentiated noise through the respective filters. This equivalence
makes the analysis also apply to the transducer dynamics problem,
inasmuch as transducers act as filters for the measured states.

In what follows, the case X unavailable is treated, for it is
the elimination of this particular state that presents the greatest
challenge. This is due to the fact that it can only be obtained by
differentiating a lower-order-derivative state. The problem of
eliminatingany other state is synthetic in the sense that it could
be obtained by integrating another state. Extension to the case of
r unavailable highest-order states is straightforward.

In a situation where the highest-order-derivative state ® is
not accessible but is required for asymptotic stability, a reasonable

solution is to use a filtered derivative of x in place of X .

Choice of filter dynamics would be based on somi knowledge of measure-
ment noise statistics. In this case, the filter transfer function
would have a denominator polynomial of order two or higher to provide
adequate low pass filtering of white noise encountered in the

measurement of Xn 1 In the case of colored noise a first-order

filter might suffice but for generality we consider a second order
filter. For purposes of this discussion such a filter will be represented
by

C2Xn+l * 1 %n+1 * 1 T Fnoa (.7

This can also be expressed as

X : = .8
2%+l T C1%n+1 T e T %no (4.8)
because in the phase-variable structure, in—l = X . However,(4.7) is

written to indicate that the state X is the input to the filter

-1
rather than x as indicated in (4.8). Accordingly the derivative of

noise encountered in the measurement of X1 would appear on the right
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side of (4.8).

An augmented system results when the filter (4.8 is incorporated
into the original system (4.1), that is, when the state LS is used
in place of X in the switching function (4.6). It can easily be
shown that the stability analysis of this augmented system is hindered
in much the same manner as was that of (4.1).

Even though asymptotic stability cannot be guaranteed in the
augmented system it is reasonable to expect that the filter could be

chosen so as to minimize the ultimate state bound that may result.

Toward this end we consider the term

e = Xn = Xn+l' (4.9)

It is this filter error that distinguishes the augmented system from
the original system (4.1). In fact, for the following discussion

it is convenient to express the augmented system as
% = Ax - B(t) ¢ Sgn (g?§~— une). (4.10)

The problem that remains is to choose the switching function coefficients

..a and filter constants c to minimize the ultimate bound

R R 12 %2
on solutions of (4.10).

One solution is to choose o so that (4.10) is asymptotically
stable for the case e = 0. Then treating the term o e as switching
function imperfection, a realistic bound can be determined by means
of the development of Chapter V., Such a bound would only be valid
if motion of the imperfect system were confined to the region of
imperfect control. Since this is not true in general, an alternate
design is desirable.

In the following section a new design technique is developed
for which the technique of Chapter V applies to any initial condition.
A natural switching function is shown to guarantee that solutions of
(4.10) will monotonically approach a hyperplanar region, 9, parallel
to and centered about the switching plane. By nature of the fact
that x will eventually enter © and will remain there for all sub-
sequent time, the bound technique of . Chapter V applies directly. This
bound is proportional to the width of @ or equivalently the eventual

bound on |y| which in turn is based on worst-case magnitudes of filter
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error and filtered measurement noise. The trade-off that exists be-
tween the effects of these two bounds is discussed in the example which

concludes this chapter,

Natural Switching Function Design

Paraphasing a theorem of Lasalle's [ 8], it is possible to obtain
asymptotic stability with the use of a semidefinite Liapunov function
providing: a) that the function approaches zero asymptotically and
b) that motion on the zero manifold is asymptotically stable to the
origin. In terms of the problem at hand where linear switching is
employed, asymptotic stability could be achieved if sufficient conditions
could be found to guarantee that the switching function approaches zero
monotonically and that motion on the switching hyperplane is asymptotic
to the origin. It has been shown in (2.35) that choice of what is called
a natural switching function guarantees both conditions.

Thus according to (2.35) asymptotic stability of (4.1) will result
if A has at least one real, distinct eigenvalue -X and the switching
function coefficient vector o is chosen as the corresponding eigen-
vect or of AT. That is, a satisfies the relation

aTa = - (4.11)

The natural switching function design for the case of an nth—order
system is only possible when AT and equivalently A has at least one
distinct real eigenvalue. For the case of m < n simple roots there are
m possible natural switching functions. This design has several merits.
The most important will now be demonstrated.

Having established asymptotic stability in the absence of filter
error, the problem remains to obtain a realistic estimate of the bound
on x due to a given filter. The method to be employed here is to show
that the state vector is confined to a certain neighborhood of the
switching plane. Then the bound estimation technique may be employed.
The problem therefore is to obtain a realistic bound on y(§), thus
guaranteeing that x is contained in a hyperplanar region centered about
and parallel to the switching plane. The system with filter error is

represented by
v = -Ay -8(t) - Sgn (y - e). (1.12)
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The following discussion is based on the fact that magnitude of vy will

be decreasing as long as

]Y[ijel. (4.13)
It becomes apparent that the bound on ]e| becomes an upper bound on ]y[e
Minimization of the bound is therefore simply based on the minimization
of ]e[. The object then in obtaining an upper bound on [el is to
determine the largest value of Iy] that can result.
The natural switching-function system is described by the follow~
ing set of equations and corresponding flow graph, Figure 4.4. This

is a collection of equations (4.6), (4.9), (4.10) and (4.12).

1 2
x2 = x3

n-1
Xn_l = Xn = —.Z aix. + Y

i=1

(4.14)
Xn—l - Xn+2
n-1

C2Xn+2 . n+l _Clxn+2 Zl Oi% Ty
Y = -ay -B{t) Sgn (y-e)

€= Xn _Xn+l
The filter error responds to initial conditions of all integrator out-
puts and to the relay output. However it is the driven response that
is of interest here for it is this response that prevails to possibly
affect an eventual bound. To find an upper bound on the largest ]el
. that can be reached, the system is initiated at x = 0 and the relay
is allowed to switch, regardless of its switching function, so that

Ie(t)' is maximized. Note that the system in Figure 4.4 does not
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-b (t) 1
n

(Relay) -1

Natural Switching Function System

Figure 4.4

involve piant parameters.
To achieve the optimization, it is convenient to use the trans-
fer function relating the nodes u and e in the absence of the non-

linear feedback path. This takes the form

(4.15)

+ ClS +1)

n
E(S) _ ) — i S (028 + cl)
ues) (S+A)(Sn—l+an_l SR a8 + al)(c232

for which the inverse transform h(t) obviously exists. It is important

to note that the term l/(SfA)(Sn_l + a1 SnN2 + - ul) relates u
to Xy and therefore the roots of this polynomial are identical with
the eigenvalues of A. That is to say
(s+1) (8™t + o SR 0,8 + a)) = det (IS-A) (k.16)

Also in (4.15) the SnT'l art of the numerator relates x. to x_. The
b 1 n

remaining term relates ® toe by the filter equation (4.9) and the

relation e = x_ - X .
n n+l

E(S) s(c8 + )
xnCS)

(4.17)

5 K
(CQS + SlS + 1)
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According to (2.58) the largest |e(t)| that can result for
Iu(t)lf_ 2L is

= 2L [h(r)] ar. (4.18)
0

e

With this result, the minimization of |e| and consequently of |y| and
of the eventual bound on X can be discussed,

One method of reducing e beyond the result of (4.18) involves
the fact that the behavior required of B(t) and of the relay, or
equivalently, of u(t), to produce the maximum Iel would most likely
produce a y that is larger than e in magnitude. If a second interation
were performed wherein this constraint were placed on y or equivalently
on u(t) it is certain that a smaller |e| would vesult. This could
possibly converge through several interations to a much smaller value
and possibly zero. However, the optimal problem involves a state-space
constraint and its solution has not been determined.

It might be thought possible to apply the optimal technique used
in obtaining (4.18) to the transfer function relating the transforms
of v and e, namely, (S+A) H(S). However inasmuch as this has numerator
and demoninator of equal order it will never occur that |e| would be
less that ly|.

It will now be shown for the case when A has a large negative
eigenvalue that lelmax will be correspondingly small. When this is
not the case it is shown that the filter (4.8) can be chosen to make
[e]max in (4.18) arbitrarily small at the expense of admitting noise
encountered in the measurement of X1 into the switching function.
The trade-off of y-bound due to filter error and filtered noise will

also be pointed out.

Bound on |y

With the help of Figure 4.4 it is seen, since \ulj?L, that the
largest Iy] which can occur is 2L/A. Clearly, if A were to have a
real eigenvalue with very large negative value, the hyperplane
perpendicular to its corresponding eigenvector could be chosen as a

natural switching plane. This situtation offers two advantages.
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The resulting bound on y would be very small and, by nature of the
solution of (%#.12) |y| would tend to converge faster from some initial
condition to the bound 2L/A than would be the case with smaller values
of A. This result agrees with intuition in that the lack of highest
derivative information should not be so serious in a system which
could be approximately represented by a lower-order system.

It will now be shown that when A does not have this property, the
filter can be chosen so that the bound on |e| and therefore on |y|
can be designed to be arbitrarily small. If the transfer function of
the general filter in (4.8) is replaced by a second-order filter with

simple real poles so that

o1t = (4.19)
= . .
xn(S) (Tl S + l)(TQS + 1)
that is if C2 = TlT2 and Cl = Tl + Tyo then the transfer function rel-

ating L, to e is

E(S) s[s + (Tl + 72)/1112]

= (4.20)
xn(s) (s + 1/11)(8 + l/T2)

If Tl is chosen much less than T, we have
E(S) . S <<, (4.21)

x(5) "5+ 77, 1%

In light of this the transfer function relating u and e from (%4.9)
becomes

n
(4.22)

E(S) _ S
u(s). H(S) det(Is - A)(8 + 1/12) >

which can be expressed as shown in Figure 4.5,

A consequence of the magnitude constraint |u| < 2L and the constraint

12 << Tl is that

lg] < 2t,L (4,23)

Inasmuch as e is the output of a realizable filter having all roots

with negative vreal parts it follows that e is bounded in proportion to
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the filter input &. Thus e approaches zero with Tye However, to reduce

the bound on Ie] and lyl in this way, 1, must be made small and as a

result S = l/"f2 becomes a far-out pole.2 Furthermore, the filter pole
at S = l/Tl is even farther out by the assumption Tl << Ty These
far-out poles admit high frequency measurement noise to the switching
function. Treating this noise as an additive signal in the switdhing
function and assuming a magnitude constraint on the noise |n(t)| < N
it follows that the sign of y and therefore the relay‘output cannot be

affected if |y| > N. Thus Sgn v # Sgn (y - e) only if |y| < N.

1 £ s e

v 5+ 1/t det(is - &) pP——

Equivalent Expression of (4.22)
Figure 4.5

Due to the fact that the switching line is approached monotonically in
absence of switching function imperfection, and since n(t) can only
cause imperfection when ﬁy‘ < N, it follows that a bound on lyl results
due to noise alone. This bound is |y| < N

It becomes apparent that the cost of choosing a wide-bandwidth
filter to decrease the bound on Iy] caused by filter error is that a
greater bound on ly[ due to the presence of high frequency noise may
result. The filter would have to be based on some knowledge of the
measurement noise in any particular application. To further evaluate
the trade-off that exists in the absence of information about the number
N, statistical properties of the bound on |y| due to noise could be used

rather than absolute maximum values as were used in this instance.




A further advantage of the natural switching function design
that becomes apparent here is that the bound on |y| due to both filter
error and filtered noise is simply the sum of the bounds due to each
acting separately. The reason is that each is based upon imperfection
in the switching function and this is an additive quantity. That is
to say, if filtered noise n(t) bounded in magnitude by N, and filter
error e bounded in magnitude by E, are both present in the implemented
signal vy, imperfect control can result only in the state space region

denoted by
Q= (xtly (0 ]< N+ E} o (u.2u)

This is termed the "region of imperfect control'. This region for the

case of filter error or filtered noise acting alone is

9 = {x:|y(x)]| <E}. (4.25)
and
9 x|y (] < wl (4.26)
respectively.
Having established the region of imperfect control for (4.10)
and thus for (4.1), and having guaranteed by the natural switching

function design that once x enters 9 _ it will remain in this region

NE
for all subsequent time, it is possible to determine an eventual
bound on the states X by employing a technique reported in [4 J.

This is the subject of the next chapter.

Design Example

The concepts developed above will now be applied to the roll
attitude control of the aircraft sketched in Figure 4.6a. In accord-
ance with the block diagram representation of the plant given by
Figure 4.6b, the control signal u(t) is integrated through the aileron
hydraulics to produce an aileron deflection §(t). This deflection,
by nature of the constant velocity of the aircraft in a uniform medium,
results in a roll rate ¢(t) which is related to the integral of &(t)
by the coefficient a. The roll rate is dampened according to the

parameter ¢ due to the wings rolling through the medium. Geometry then
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gives ¢(t) as the integral of é(t).

a) Pictorial

HYDRAULICS AIRCRAFT GEOMETRY
U é. A a ) i. _2___
S S + c S

b) Block Diagram
Roll Attitude Control Example

Figure 4.6

At this point, control of the roll angle would be straightforward if
the parameters a and ¢ were known. However, both are inversely related
to Jr’ the moment of inertia of the aircraft about its roll axis. For
a typical aircraft with fuel stored in the wings, or in the case of a
more modern aircraft which has the capability of changing wing angle
relative to the fuselage, Jr is a time-variable quantity. Furthermore,
the affects of sloshing could possibly cause Jr to be known only within
bounds. It is this sort of parameter ignorance that motivates the
designer to consider the model-reference technique. However, to use

this technique, the plant must first be transformed into phase-variable
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form.

The equivalent phase-variable form of the plant is given in
Figure 4.7 along with that of the desired model. The object is to
develop a bounded control u(t) which will make the plant states follow
the respective model-states as the latter respond to the roll angle

command r(t).

c p P2 P,=9¢
u e . 3 Fal & ol
r 17s 17s 1/s
-a
a) Plant

b) model

Phase-Variable Representation of Plant and Model
Figure 4.7

Before preceeding with the design it is interesting to note that
this example illustrates an important point commonly found in practical
designs. The highest-order plant state P is not obtainable from a
primary measurement. Unlike the states Py and Py which can be measured
with an angular gyro and an angular rate gyro respectively, p, can only
be obtained as a linear combination of &(t) and $(t). However, the
relative weighting is determined by the coefficients a(t) and c(t) which
are not known. For this reason, the state Pq is assumed to be unavail-

able and this necessitates the use of the reduced-state model-reference




design developed in this chapter.
Proceeding with the example, the plant and model are expressed

in the state equations

Py 7P

Py = Pg

Py = -alt) py + clt)u (4.27)
n, = m,

M, = m, (4.28)
hy = -22%m, - 9k.4m, - 19.6m, + 2307,

At this point, ranges for the unknown parameters are assumed to be
0.5 f,a(t) < 1.0

50.0 < c(t) < 100.0 - (1.29)

and it 1s assumed that plant saturation constraints demand that

lul< 1. (4.30)
By defining the error states
X, = me-p., i=1,2,3 (4.31)

the error state equations are

X, = x

1 2
%y T %3
2y = —Qzuxl - 9u.ux2 - l9.6x3 -f (4.32)

where

£ = 22up. + 94.4p, + (19.6-a(t)p,-230r + c(t)ult))
1 2 3 (4.33)

Employing the relay design philosophy of Lindorff [ 3 ] the plant input
constraint (4.30) is met by assuming

u(t) = Sgn [y(x)] (4.33)

where
y(x) = o X toogX, X, (4.34)
Choice of this control makes it possible for the sign of u(t)
to determine the sign of f(t). Corresponding to the magnitude con-

straint on u(t) and a class of command inputs, a region of initial



conditions on p and m can be found such that for all subsequent time
u dominates the sign of f. Calculation of this region is somewhat
tedious and is the subject of other research [12]. Paramount is the
fact that its existence is dependent on asymptotic stability of (4.32),

It will now be convenient to express f(t) in a different form.
The fact that f(t) has the sign of u(t), and thus of y(x), implies the
inequalities

c(t) ult) > £(r) - r(t) u(t), u= +1

(4.35)
c(t) ult) < £(t) - r(t) ult); u=-1

which together imply

[£(t)] < 2]e(t)]. (4.36)
This information concerning the magnitude and sign of f(t) permits it to
be represented as

£(t) = bg(t) Sgn v (4.37)

where in view of the limits assumed on c(t), (4.29), the variable bs(t)
is bounded according to

0< bgy(t) < 200. (4.38)
As a consequence of (4.37), the model-reference control system (4.32)

can be investigated by the system

% = Ax + b(t) Sgn y(x) (4.39)
where
0 1 0 0
A=]| 0. 0 1 , b(t) = | ©
-224% -94.4 -19.6 b3(t)

The system (4.39) will now be used as a model for (4.32) in the sense
of the modelling theorem (2.1). This development illustrates alge-
braically what was illustrated graphically in Figures 4.2 and 4.3;
that is that (4.1) represents the general model-reference control
system.

To continue with the design example, a switching function must
be chosen so as to guarantee asymptotic stability of (4.39). This is
essential to the development because bounds on the solution of (4.39)

due to various types of imperfection will be established and used
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according to (2.1) as bounds on solutions of the model-reference control
system (%.32). Inasmuch as A has one real eigenvalue, A=ll4, a natural
switching function may be chosen as a solution to the equation (4.11).

rewritten here as

Ao = - 1na. (4.40)

This results in o) = 16 and a, = 5.65, thus

vy= 16 %, + 5.65 X, t X (4.41)

As shown earlier, the fact ihat A is a staiility matrix guarantees
that this natural switching function will cause (4.39)to be asymptoti-
cally stable.

What remains is to determine estimates of bounds that will occur
due to

(a) the use of a filtered derivative of %, in place of Xq in
the switching function,

(b) magnitude-limited, filtered, additive noise in the switching

funetion and

(c) the use of an imperfect switching element in place of the
ideal signum function.
In all cases a second-order filter having transfer function

1/(tS+1)(101S+1) (4,42}

will be used, and comparisens will be made between estimated bounds

based on (4.39) and actual bounds measured on (4.32). All three cases

are illustrated in Figure 4.8.

Case (a)
In case (a) the filter error e, defined as the difference between
x, and the filtered derivative of %55 is related to the node u(t) by

3 «
(4.15) which in this case becomes

3) 82(10T28 4+ 117)

2x2/- g (S) = 5 (4.43)
@ (S+14)(tS+1)(10tS+1)(S"+5.65+16)

E (
u(s)
Inasmuch as u(t) < 200, a bound on Ie] can be obtained by use of (2.58)

rewritten here as &

le | (1) < 200 J |h_(o)|do (4.u4)
a - a
max 0
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S
(t5+1)(107S+1) F(S) #

Relay
a) Filter Error

n(t) Gaussian White Noise S/(tS+1)(101S+1)

Mean: O.
Variance: 1.

n(t)

5 v+n

Relay
b) Filtered Noise

1 o Hys(y)

Hysteresis Function

¢) Imperfect Switching Element

Three Cases of Imperfection Considered

Figure 4,8
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where ha(t) is the impulse response of Ha(S). The calculation of (4.44)
was carried out digitally for a range of values of 1. Results are
tabulated in Figure 4.9. These values provide the estimate of the width
of the region of imperfect control as defined by (4.25).

T .01 0.1 1. 10.

le_| 15.8 1.58 .158 . 0158
a'max

e, |max 8.32 | 11.4 | 10.38 | 10.34

Bounds Estimated For Systems of
Figures 4.8a and b.

Figure 4.9

Case (b)

In this case switching function error, e(t), is defined simply as
the filtered noise, assuming the noise n(t) is limited by 1 in

magnitude. The filter relating the two is

E(S) _ _ g

N(S) ~ Hb(s) T (rS+1){(10TS+1) (4.45)
and corresponding to case (a),

leblmax (1) = ]hb(O)Idc. (4.u6)

0
These values were computed and are tabulated in Figure 4.9. At this
peint, Figure 4.9 could be used to choose a best filter in terms of

the predicted bounds on [yl.

Case (c)
As pointed out earlier, the hysteresis element depicted in Figure
4.8 gives perfect control for the case in which |y| > 1. Therefore

the estimated region of imperfect control is given by lyl < 1.

Computer Simulation

Digital computer simulation of (4.32) was made with
~t/5

%-(l + e t/ )

100 a(t)

a(t)
b(t)
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b) Filtered Noise

Simulation Results for Cases a and b

Figure 4.10
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r(t)
xz(0)

1
0. (4.17)

1l

[1IN

In many separate runs the same imperfections used in cases (a) and (b)
were built into (4.32), and data was taken for several values of T,
The width of the region of imperfect control was determined from the
data by determining the largest value of y that was achieved in each
computer run. These values are plotted in Figure 4.9 for purposes of
comparison. Using the IBM Continuous System Modelling Program, data
was' taken for the three cases represented in Figure 4.8. One example
of Case a is plotted in Figure 4.10a. The peak value of |y| that
occurred for v = 0.01 was 4.03 and the maximum predicted was 8.32.
This result is realistic. However, it is important to note that after
transient affects subsided, the actual Iy] was much less +han the
predicted bound. This is to be expected since the bound was based on
a worst case situation.

Simulation of Case b is illustrated in Figure 4.10b for the case
T = 0,1. After transients, Iyl was less than .75 whereas the predicted
bound was 1.58. The initial transient exceeded this bound for a short
time due to the fact that the relay output was not sufficiently large

to guarantee that u dominate the sign of f as assumed. This illustrates

. 0225 ot

Limit Cycle of y(t) for Case c

Figure 4,11
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the importance of the previously mentioned research concerning stability
regions of model-reference controlled systems [12]. The fact that this
wasg not considered in this design allowed for the possibility of this
overshoot.

Simulation of Case c¢ gave the least conservative results. The
estimated |y| was 1 and that which occurred was 0.997. A limit cycle
occurred. This resulted in y{(t) as plotted in Figure 4.11. This figure
illustrates the power of the natural switching function design. It
illustrates that the state vector was trapped in the region of imperfect
control.

It is convenient to use the state-bound calculation scheme of
Chapter 5 to complete this example. Up to this point, the bounds have
been compared in terms of predicted and éctual widths of the regions
of imperfect control, that is, in terms of |y|. The comparison is
not complete until it is illustrated that this predicted bound on [v]
can be used to find a realistic state bound that compares to that
which actually occurs. The technique of Chapter 5 applied to Case c
for {Yl = 1, gives the (Xl’X2> bound plotted in Figure 4.12.
Superimposed on this is the (xl,x2) projection of the actual limit

cycle that occurred. The result is found to be quite realistic.

(1]
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V. Determination of Bound on State Vector

The designs of Chapters III and IV were carried through to the
determination of an invariant region of imperfect control. For the
case of the augmented system design, this was . a subset of the region
of imperfect control which is the shaded part of Figure 3.7. In
Chapter IV the characteristic of the natural switching function design
guaranteed that the entire region of imperfect control was invariant.
In this chapter the previous designs will be completed by calculating
a state bound that results due to eventual confinement of the state

vector to the region of imperfect control Q.

Reduced-order System

It will now be shown that by nature of the fact that x will

eventually be confined to the region of imperfect control

2= {x: |[vy&) | <D} (5.1)
a reasonable bound can be determined for x by representing motion
confined to @ by a reduced-order system. The fact that x ¢ Q implies.

n

-D < & o,x. <D. (5.2)
—_ 11—
i=1

Followingfthrough with the earlier assumption that o = 1, the con-

straint implies

n-1 n-1
-D-% 0a.X, <x <D -I a.,x, (5.3)
.. i"i — "n — - ivi
i=1 i=1
which is satisfied if
n-1
x, = - .Z ag%, + m(t) (5.4)
i=1
where
Im(t)]| < D. (5.5)

In light of (5.5) it is possible to represent motion of (3.1) or
(4.1) confined to Q by the (n-1)5%_order system

X, = Ar§r + grm(t) (5.6)

where Ar is an (n-1) x (n-1) matrix of the form
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and <, is an (n-1) x 1 vector of the form

e, = [0 - 17", (5.8)

The reduced-order system (5.6) serves as a model that represents motion
confined to © in that any solution of the latter is a solution of the
former. Therefore, a bound on solutions of (5.6) is a bound on sol-
utions of (3.1) or (4.1) confined to Q. This represents another
application of theorem (2.1).

It is important to note in (5.6) that the case m = 0 represents
motion confined to the switching hyperplane y=0, and as pointed out
earlier, the natural switching function design guarantees that this
motion is asymptotically stable. Thus Ar is a stability matrix. Cal-
culation of the bound on x confined to @ is now accomplished by deter-
mination of the reachable set [ 1@ of the linear time invariant stable
reduced-order system. The term reachable set in this thesis denotes
the set of points in (n-1) space that can be reached by trajectories
of (5.6) starting at the origin and responding to the control m(t)
which satisfies the convex constraint (5.5). No time limit is im-
plied by this definition. To relate this to standard definitions

this is the infinite time reachable set.

Reachable Set Calculation - Second-order Example

A computer estimation technique is available [ 9] whereby a
piecewise-planar figure which bounds the reachable set, every facet
of which touches the reachable set at one point, is obtained. A
different method has been developed in this thesis. This method in-
volves a computer simulation of (5.6) in which the impulse response
is computed once during which time any number of points on the reach-
able set can be calculated. This scheme saves on computation time
relative to the former method which requires a two-point-boundary-

value problem solution for each facet of the approximation.




The method will first be illustrated for the second-order case.
Extension is then made to the general case for which a digital computer
program is outlined.

Consider the second-order system

%X = Ax + cm(t) (5.9)
where
0 1 0
A= s C 7 and }m}f_l.
-1 =1 1

The problem is to find the boundary of this system's reachable set.
Several important properties are known about the set [10]. It is
bounded since A is a stability matrix, it is convex since the input
constraint is convex, it includes the origin and it is symmetric with
respect to the origin.

The reachable set of (5.9) is sketched in Figure 5.1. Convexity
of this set implies that each point on the boundary such as the point
p, must be an extremum of some variable such as y. That is to say,
of all points on the boundary of the reachable set, p has the largest

y component.

&

Calculated Points s ¢ s @ E—
French Curve Figure 5.1

Reachable Set of (5.9)
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The value of this largest y component My can be calculated by

means of (2.58)to be

My = Jo lhy(r)!dt. (5.10)

Here hy(t) is the inverse Laplace transform of Hy(s), the filter

Figure 5.2

The Filter that Generates y
which relates the nodes m and y in Figure 5.2. Assuming

y =% —82x2 (5.11)
it results that

v(s) 1788

M(s) ~ 2

Hy(s) = (5.12)

+ s+ 1
Although the computation of (5.10) involves an infinite-time integration
an arbitrarily-close approximation may be obtained in finite time since
Hy(s) is stable.

It should be pointed out that this method only gives the y
component of p. There is no direct method known for the calculation
of the corresponding w component. However it will now be shown that
this component can be calculated with the aid of another variable z

the axis of which is closely aligned with that of y.
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As shown in Figure 5.3 the point g of extreme z occurs close to

p. The z component of q is given by

oo

Moo= ]hz('r)ld't (5.13)
x,~(B,+e)x,=M \ _ -
1 2 2 'z \ Xl 62X2 M
1
Figure 5.3
Calculation of a Point p on Reachable Set
where
z = ¥ 5(82 + €) %, (5.14)
and correspondingly hZ(t) is the inverse Laplace transform of
(
1-(B, + €) s
H (s) = ____2________ (5.15)
Z 2
s +s + 1
With the aid of the lines
X, - Byx, = M (5.16)

17 "% T Ty
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and

®) - (‘82 + e) %, = M, (5.17)

which pass through the points p and q respectively and are parallel

to the lines y = 0 and z = 0 respectively, both cooridnates of p

- will be calculated.

The intersection of (5.16) and (5.17) occurs at the point r which

has coordinates

8
x. = (1 +Ble)M -2M
1 y &z (5.18)
x, = %~[M - M1
. y

In the limit as e»0 it must be that p*q and therefore r»>p. The

coordinates of p are

ST =
r
(5.19)

%, = 4B %
r

In the computer calculation of these coordi.ates, & is chosen to
be small in comparison to 82. Extremely small values are not used due
to computer round-off error being significant. The numbers My and Mz
are calculated by starting the system (5.9) at the initial condition

X, = 0, x, = 1 and setting m(t)z0. This is equivalent to applying

1 2
an impulse at m(t). The signals y(t) and z(t), generated according
to (5.11) and (5.14), are then the impulse responses hy(t) and hz(t)
respectively. Their absolute integrals are calculated to give My and

MZ according to (5.10) and (5.13) with the upper time limit set to be

large in comparison with the largest time constants of the filters Hy(s)

and Hz(s). In this manner the point p is calculated by solving the
system dynamics only once. The same is true of the following method
of calculating any number of points on the reachable set boundary.
The variables y and z are defined in terms of 62. By varying 82
over a number of discrete values between - = and + « the same number
of variables y; and z; will be defined. The system dynamics are then

solved once to give My and MZ for all i. For each set of these
i i

64



values a point on the boundary is calculated. Each point is reflected
through the origin to complete the picture. For the system of (5.9)

this technique gave the points indicated in Figure 5.1.

Reachable Set -~ General Case

The preceding discussion will now be generalized to obtain a

point on the boundary of the reachable set of the (n~l)8t—order

system (5.6}, Define y to be now

T n-1
vy =8 X, :.Z Bixi (5.20)
i=1
where we assume Bl = 1. It is now necessary to define (n-2) axes

whose direction are close to that of y. They are denoted by

zj =y + ijj; 3=2,3,...(n-1). (5.21)

The variable y(t) and the (n-2) variables zj(t) are generated from
the (n-1) states X, as they respond to the initital condition Xy =%, =
= D in accordance with (5.6) with m(t)=0. Once

= =0, x

e E R, nel
again, this is equivalent to applying an impulse input m(t) with area
D. The absolute values are integrated for a sufficient long time to

give ®

M= ly(t)|ar (5.22)

and

r o]

4
i,

M= lzj(r)idr 3=2,3,...(n-1). (5.23)

The resulting point on the reachable set is then the solution of the

following set of (n-1) equations in the (n-1) unknowns

n-1

LooByx; =M (5.24)
i=1 y
n-1

Y OB.x, + e.x, = M 3 §=2,3,...(n-1).

jop HH 375 zj

This can be achieved by solving (5.6) only once. This is again true



also of the case wherein any number of points on the reachable set
boundary are to be calculated. In this case, a set of variables is
defined for each set of values of each Si and the calculations
corresponding to (5.22), (5.23) and (5.24) could all be made simulta-
neously.

This completes the treatment of reachable set calculations that
are used in this thesis to evaluate state bounds that result due to
motion of the state vector confined to the regions of imperfect con-

trol derived in Chapters III and IV.
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VI. CONCLUSIONS

A new design was proposed for model-reference controllers. In
contrast to others, it led to a controlled system in which the affects
of several forms of imperfection could be evaluated. It was shown that
the choice of a linear model that had at least one real eigenvalue,
facilitated the use of what was termed a natural switching function.
Such a switching function was shown to guarantee that the error state
vector would monotonically approach the switching plane until it entered
a certaln planar neighborhood of the switching plane, termed the region
of imperfect control, Upon entering this region, the state vector was
forced by the natural switching function design to remain in the region
for all subsequent time. It was this property that enabled the state
bound to be calculated.

The results concerning model-reference controllers were developed
in Chapter IV. At the onset, one very important conclusion was conven-
iently made by use of the Kalman-Meyer lemma represented in 2.14. That
is that asymptotic stability of a phase-variable model-reference con-
troller cannot be guaranteed for the case wherein the highest-order
state does not appear in the switching function. A considerable effort
was spenf investigating the converse before the lemma appeared in the
literature. The problem stemmed from the very cumbersome Liapunov
equation (2.4#). This result led to the need for developing a Lagrange
type bound.

The relevance of the natural switching function design cannot be
overemphasized. It was‘this design which facilitated the subsequent
bound development.

Two intuitive results concerning the bound are proved in Chapter
IV. The first is that in the case of a system with a far-out pole,
the highest-order state may be eliminated from the control law with
very small resultant error bound. The second is that in the absence
of measurement noise, the highest-order state may be replaced with
the derivative of the next-highest-order state with very small result-
ant error bound.

By far the most important result of Chapter IV was represented
by the simulation data from the example. The data tabulated in Figure
4.9 was based solely on the relay control system model (4.38) and (4.39)
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of the model-reference control system (4.32). The conservativeness of
the results was fherefore affected by the degree to which the parameter
bs(i) in actuality approached the worst case. Figures 4.10 and 4.11
demonstrated that the bounds predicted by Figure 4.9 were realistic.
These results demonstrated the relevance of the modelling theorem (2.1).

One question left unanswered by the development of Chapter V
pertained to the degree to which the reachable set bound compared to
an actual bound that would occur. The result in Figure 4.12 showed
that this could be quite realistic.

The primary result of Chapter V was the development which led to
the numerical technique generalized at the end of the chapter. This
provides an area for future research. The geometrical approach to the
reachable set calculation shows some promise of leading to new results
concerning properties of these sets and possibly closed-form expressions
of their boundaries.

The results of Chapter III, though tangential to the main o¢bject
of the thesis, are considered to be of theoretical importance. This
material involved a new concept; that of allowing the Liapunov function
to decrease in a non-monotone fashion. This idea is interesting in
that it offers a practical alternative to asymptotic stability. The
design example illustrated the utility of the concept and suggests two
areas for future research. The fact that the actual Liapunov function
of the original system was monotonic nonincreasing implies that per-
haps this could be guaranteed analytically. Secondly, there is a need
to simplify the associated algebra required to guarantee positive real-

ness of the augmented transfer function G'(S).
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