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ABSTRACT 

A comparison i s  made between exper imenta l  data and 
t h e o r e t i c a l  c a l c u l a t i o n s  u s i n g  a l i f t i n g  s u r f a c e  t h e o r y  s o l u t i o n  
f o r  the  loads  induced by  a free v o r t e x  on a s ingle-b laded  r o t o r  
o p e r a t i n g  at  high advance r a t i o .  Good c o r r e l a t i o n  between exper f -  
ment and theo ry  i s  ob ta ined  when the  v o r t e x  i s  n o t  close t o  the 
r o t o r  hub e 
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I N T R O D U C T I O N  

A l i f t i n g  s u r f a c e  theo ry  s o l u t i o n  has been developed f o r  
a model problem f o r  vo r t ex  induced a i r l o a d s  ( R e f .  1). The model 
c o n s i s t s  of an i n f i n i t e  a spec t  r a t i o  wing i n  a subsonic  compressible  
f ree  stream, and a s t r a i g h t ,  i n f i n i t e  v o r t e x  a t  an a rb i t ra ry  
angle  wi th  the wing (F ig .  1). 
t h e  p lane  o f  t he  wing and i s  convected p a s t  the  blade by  the f ree  
stream, Using t h e  exac t  numerical  r e s u l t s  from l i n e a r  l f f t i n g  
s u r f a c e  theo ry ,  an approximate,  c losed  form s o l u t i o n  f o r  the  
vo r t ex  induced loads  was ob ta ined ,  The s o l u t i o n  i n  t h i s  form i s  
s u i t a b l e  f o r  a p p l i c a t i o n  t o  t h e  c a l c u l a t i o n  of r o t a r y  wing a i r -  
loads ;  procedures  f o r  t h i s  a p p l i c a t i o n  were developed i n  R e f ,  1. 
I n  o r d e r  t o  e v a l u a t e  t h e  l i f t i n g  s u r f a c e  s o l u t i o n ,  i t  was compared 
w i t h  l i f t i n g  l i n e  theo ry  i n  the c a l c u l a t i o n  of the  loads  i n  a 
s i m p l i f i e d  v o r t e x l b l a d e  c o n f i g u r a t i o n  ( F i g .  2 )  a This  configura-  
t i o n  i s  a s ingle-b laded  r o t o r  encounter ing  a f ree  vor t ex  from an 
upstream wing. T h i s  comparison showed t h a t  the  l i f t i n g  s u r f a c e  
theory  r e s u l t s  d i f fered s u b s t a n t i a l l y  from the l i f t i n g  l i n e  
r e s u l t s ;  i t  was concluded tha t  t h e  l i f t i n g  s u r f a c e  theo ry  s o l u t i o n  
should be used f o r  any v o r t i c e s  c l o s e r  t h a n  about f i v e  chord 
l e n g t h s  t o  t h e  blade. 

The v o r t e x  i s  a d i s t a n c e  h below 

Experimental  data has become a v a i l a b l e  f o r  t h e  r o t o r / v o r t e x  
c o n f i g u r a t i o n  shown i n  F ig .  2 (Ref. 2 ) .  T h i s  r e p o r t  compares 
t ha t  exper imenta l  data wi th  t h e  loads  c a l c u l a t e d  us ing  t h e  l i f t i n g  
s u r f a c e  theo ry  s o l u t i o n .  

I n  what fo l lows  a l l  q u a n t i t i e s  are nondimensional,  based 
on t h e  f l u i d  d e n s i t y ,  the  r o t o r  r a d i u s ,  and the  r o t o r  r o t a t i o n a l  
speed ( P ,  R,  a ) .  

DESCRIPTION OF THE EXPERIMENT AND THE THEORETICAL MODEL 

The experiment of R e f .  2 c o n s i s t e d  of a s ingle-b laded  r o t o r  
at  high advance r a t i o  encounter ing  a f ree  v o r t e x  from a f i x e d  
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upstream a i r f o i l  (F ig .  2 ) .  The r o t o r  had no f l a p p i n g  o r  l agg ing  
h inges  and ope ra t ed  at ze ro  c o l l e c t i v e  p i t c h .  The blade r a d i u s  
was twelve inches  and the  r o t o r  hub was covered wi th  a s p i n n e r  
about 2 .5  i nches  i n  diameter. 

For  t h e  t h e o r e t i c a l  model t h e  blade was considered t o  have 
no f l a p p i n g  o r  t o r s i o n a l  freedom of motion, s o  t h e  t i p - p a t h  p lane  
remained u n d i s t o r t e d .  The v o r t e x  was cons idered  an u n d i s t o r t e d  
s t r a i g h t  l i n e  para l le l  t o  t h e  r o t o r  t i p -pa th  p l ane ,  at  a d i s t a n c e  
yG from t h e  r o t o r  hub ( i n  the  n o t a t i o n  of R e f .  2 ,  yG E Z ) ,  and 
at  a d i s t a n c e  h below the t i p -pa th  p lane .  The l o c a t i o n  of t h e  
vo r t ex  g e n e r a t o r  t i p  ( t h e  upstream end of the v o r t e x  -- see 
Fig .  2 )  was g iven  by 

4 

rG = x G i '  + y G p  + h k' 

The parameters d e s c r i b i n g  the b lade ,  the v o r t e x ,  and t h e  c a l c u l a -  
t i o n  procedures  are given below. 

r o t o r  r o t a t i o n a l  speed: 

advance r a t i o :  

advancing t i p  Mach number- 

f ree  v o r t e x  s t r e n g t h :  
t h u s  

blade semichord t o  r a d i u s  

52 = 1500 RPM and 2000 RPM 

. T O O  (Q = 1500) 
1J. = E  .526 (52 = 2000) 

. 2 4 1  (52 = 1500)  
M1.0,90 .288 (52 = 2000) 

2 roo = -15.25 ft /sec  

-.0972 (52 = 1500) 
-.0730 (52 = 2000) c I',/S1R2 = 

r a t i o :  b = .08333 

v o r t e x  g e n e r a t o r  p o s i t i o n :  
I* 4 a 
rG = -1.5 i '  + yGjl + h ?  

yG = -0.75 t o  0.0 

h/c = -1.5 t o  1.0 
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g)  c o l l e c t i v e  p i t c h :  eo = 0 

t i p -pa th  p lane  i n c l i n a t i o n  ang le :  i = 0 

h )  azimuth increment i n  t h e  c a l c u l a t i o n  procedure:  A$ = 1 0  degrees 
number of  t r a i l e r s  i n  the  v o r t e x  n e t  r e p r e s e n t i n g  t h e  wake: N = 4 
e x t e n t  of  blade wake: A +  = 220 degrees 

TREATMENT OF EFFECT OF VORTEX CORE 

I n  o r d e r  t o  c a l c u l a t e  t he  loads  f o r  small va lues  of  t h e  
vor tex /b lade  v e r t i c a l  s e p a r a t i o n ,  h ,  i t  i s  necessary  t o  cons ide r  
t h e  v iscous  core  of  t h e  vo r t ex .  
induced t a n g e n t i a l  v e l o c i t y  o f  t h e  v o r t e x  dec reases  due t o  
v i s c o s i t y ,  rather t h a n  con t inu ing  t o  i n c r e a s e  as i n  t h e  p o t e n t i a l  
flow model. The downwash ( t h e  component of t h e  induced v e l o c i t y  
normal t o  t h e  wqng s u r f a c e )  a t  a b l ade  a d i s t a n c e  h above t h e  
v o r t e x  u s u a l l y  has peaks l o c a t e d  a d i s t a n c e  h e i t h e r  s ide  of t h e  
v o r t e x  l i n e ,  and the  presence  of t h e  co re  has l i t t l e  o r  no e f f e c t  
on t h e  v a r i a t i o n  of t h e  downwash a long  t h e  span,  However, i f  

h < r t h e n  t h e  downwash peaks are l o c a t e d  at  t h e  edge of 
t h e  v i scous  c o r e ,  and t h e  magnitude of t h e  peak downwash i s  less 
than  t h a t  of  t h e  p o t e n t i a l  f low model, Without t h e  e f fec t  of 
t h e  core  t h e  downwash induced by  t h e  v o r t e x  at  t h e  blade i s  
given by  : 

I n s i d e  a core  r a d i u s  rcp t h e  

C ’  

where d i s  t h e  pe rpend icu la r  d i s t a n c e  from t h e  p r o j e c t i o n  of t h e  
vo r t ex  on t h e - p l a n e  of  t h e  blade.  It i s  convenient  t o  use  t h i s  
same a n a l y t i c  expres s ion  f o r  t h e  downwash a l s o  when co re  e f f e c t s  
are inc luded ,  T h i s  i s  accomplished by  r e p l a c i n g  the  v o r t e x  by  
an equ iva len t  v o r t e x ,  o f  s t r e n g t h  r and a t  a d i s t a n c e  h 4 

r e q u i r i n g  t ha t  t h e  p o s i t i o n s  and magnitudes of  the.  downwash peaks 
b e  t h e  same g ives :  

eq eq 
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which are used i f  6-z h < rc. 
i s  given i n  Ref e 1. 

The d e r i v a t i o n  of these expres s ions  

The above argument i s  only v a l i d  when there i s  a d e f i n i t e  
boundary between the  v i s c o u s  and p o t e n t i a l  r e g i o n s  of t h e  v o r t e x .  
The d i s t r i b u t i o n  of v o r t i c i t y  a c t u a l l y  found i n  a vo r t ex  dec reases  
t h e  magnitude of  the  downwash peaks as h decreases t o  zero .  The 
p o t e n t i a l  f low formula (Eq .  1) f o r  t he  downwash g i v e s  t h e  peak 
downwash : 

- v  
For  h = 0, Eq. 3 g i v e s  heq = rc s o  t h e n  a t d = h  

r w  c max' 
vo r t ex  s t r e n g t h  t ha t  should be used when h = 0 t o  match bo th  t h e  
p o s i t i o n  and magnitude of t h e  peaks of t h e  measured downwash 
d i s t r i b u t i o n .  These q u a n t i t i e s  are a v a i l a b l e  from exper imenta l  
measurements of t h e  t a n g e n t i a l  v e l o c i t y  of v o r t i c e s  (which i s  
e x a c t l y  t he  downwash a t  the  blade when h = 0 ) ;  t h e  r e s u l t s  are 
given i n  t he  t ab le  below. Note t h a t  Eq. 2 g i v e s  r = 2rO3 when 

= 4v 

Thus t h e  q u a n t i t i e s  wmax and rc g ive  t h e  e q u i v a l e n t  
eq' eq 

eq 
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Thus t h e  fo l lowing  expres s ion  should  a c t u a l l y  be used f o r  t h e  
equ iva len t  v o r t e x  s t r e n g t h :  

T h i s  i s  the  expres s ion  t h a t  was used f o r  t h e  t h e o r e t i c a l  
c a l c u l a t i o n  t o  be d i scussed  below. The data of R e f .  2 a l s o  g i v e  
a core  r a d i u s  of rc = 0.031 (rc/b = 0.375).  The use of t h e  core  
c o r r e c t i o n  g i v e s  good agreement w i t h  t h e  exper imenta l  r e s u l t s  
even down t o  h/b = 0 .  It i s  of  course  l i k e l y  t h a t  t h e  v o r t e x  i s  
a c t u a l l y  pushed aside by  t h e  blade,  ra ther  than  e x a c t l y  cu t  by  

i t  when h = 0 ,  b u t  t h e  accuracy of t h e  exper imenta l  data i s  not  
s u f f i c i e n t  t o  a l low t h i s  f e a t u r e  t o  be separated from t h e  r e s u l t s .  

COMPARISON OF THE EXPERIMENTAL AND THEORETICAL RESULTS 

F igu res  3 t o  1 0  compare t he  exper imenta l  data and t h e  
l i f t i n g  s u r f a c e  theo ry  p r e d i c t i o n  of t h e  peak-to-peak l i f t  
c o e f f i c i e n t  f o r  t h e  v o r t e x b l a d e  i n t e r s e c t i o n  on t h e  rear half 
of t he  d i s k ,  These f i g u r e s  show t h e  v a r i a t f o n  of t h e  loads  w i t h  

h / C  at a r o t o r  radial  s t a t i o n  of  r = 995. The s e c t i o n  l i f t  
c o e f f i c i e n t ,  c l ,  i s  based on the l o c a l  v e l o c i t y  r e l a t i v e  t o  t h e  
blade : 

The f i g u r e s  are f o r  yG = 0 . 0 ,  -.25, - .50,  and -.75, and 52 = 1500 
and 2000 RPM (IJ = . T O O  and .526).  F igu res  6 and 1 0  i n c l u d e  f o r  
comparison t h e  r e s u l t s  of a l i f t i n g  l i n e  c a l c u l a t i o n .  

Good agreement i s  shown between t h e  exper imenta l  data and 
t h e  l i f t i n g  s u r f a c e  theo ry  r e s u l t s  when t h e  v o r t e x  i s  away from 
t h e  r o t o r  hub, p a r t i c u l a r l y  f o r  yG = -.75 and -.5O. When t h e  
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v o r t e x  i s  nominal ly  pas s ing  through the rotor hub, yG = 0 .0 ,  
poor agreement i s  shown between t h e  experiment and the t h e o r y ,  
t he  theo ry  o v e r p r e d i c t i n g  the  a c t u a l  l o a d s .  It i s  b e l i e v e d  t h a t  
t h i s  d i screpancy  i s  due t o  i n t e r f e r e n c e  between the v o r t e x  and 
the hub w i t h  i t s  large s p i n n e r .  The v o r t e x  cannot pass through 
hub, so- its p o s i t i o n  i s  n o t  a c t u a l l y  known f o r  t h i s  ca se .  
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