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ABSTRACT

It is shown how the Green's function for any inhomogeneous
Sturm-Liouville (S-L) problem can be constructed once two independent
solutions of the homogeneous problem are known. The general technique
is illustrated by considering two specific S~L problems. When the
parameter appearing in the S~L equation is equal to an eigenvalue of
the homogeneous S~L problem an added difficulty arises. The methed
of constructing a generalized Green's function which deals with this

difficult case is also treated by example.



I. General Sturm-Liouville Theory

The inhomogeneous Sturm-Liouville (S-L) problem can be written

in the following forml

SO —gVrapy=—f azxzh o

with the boundary conditions
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The known functions p(x), q(x), p(x), and £(x) are restricted only
in that

(1) p(x) >0, ox) >0 for a <x <b

(ii) p(x) is differentiable for a < x <b .
The constant A is a parameter of the problem; & and B are constants
which serve to make the boundary conditions as general as possible
for the S~L problem.

The Green's function G(x,y) is introduced by seeking a solution

of Eq. (1) having the specific form given below:
b

Yix)= lvm { SG(x v)Fay)dy + (GCx,y)F(y)o/y},
X+

N>04
For convenience Eq. (3) is written in shorthand as follows
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Substituting the expression for f£(y) given in Eq. (1) into Eq. (4) results

in
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After integratxon by parts Eq. (5) becomes
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" Based on Eq. (6) we now present four conditions whiech the correct
Green's function must satisfy for the right hand side of Eq. (3) to
correctly yield the function ¥(x). We take as the first pyoperty of

the Green's function that it satisfies the homogeneous S~L equation

d /. dc _

§OPF)-96+ApG6 =0 &
in the intervals a <y <x <b, a<x<y<b, i.e. everwvhere except
at the point x = y. With this the integral term in Eq. (6) vanishes
identically., The second property is that G(x,y) satisfies the same
boundary conditions (Eq. (2) ) as ¥ at y = a and y = b, This implies

that two of the boundary terms appearing in Eq. (6) are equal to zero:
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Equation (6) is therefore reduced to the following simple form:

bexy= -t Lp ( 5[’):{
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Use has been made of the facts that p(x) and ¥(x) are continuous
functions in the range a < x < b.

The remaining two restrictions on G(x,y) are easily inferred
from Eq. (9). Clearly if G(x,y) is a continuous function of y for

all x and y in the interval [a,b], and if dG(x,y) is a continuous

dy
function of y except for a jump dlscontinulty of magnitude - 1 at
p(x)
the point y = x:
dG </ /
Lima (Iy” (= 55 X xm ) - /7)00 \ (10)
nro4

then the right hand side of Eq. (9) will yield the desired function

Y(x).



In review then, we see that the correct Green's function G(x,y),
which when substituted into Eq. (3) gives the solution ¥(x) to the
S~L problem, exhibits the following four properties:

(i) G(x,y) obeys the homogeneous S-L equation, Eq. (7)
(ii) G(x,y) obeys the same boundary condition as ¥(y) (i.e.
Eq. (2) )
(iii) G(x,y) is continuous for all x and v in [a,b]
(iv) d6 (x,y) is continuous for all x and y in [a,b] except
. dy ,
”for a jump discontinuity of magnitude ~-1/p(x) at the
point vy ='x; (Eq. (10) ).
As we will soon demonstrate by example, these four properties are
sufficient to determine G(x,y) unless the parameter A is an eigenvalue
of the homogeneous S-L equation. This more difficult case will be

treated after we discuss two illustrative examples.
IT. Two Simple Examples

To understand how the four properties (i) —~ (iv) can be used to
determine the Green's function G(x,y), let us consider a sPecific

S-L problem

d n’ «
L) -4 4= -foo, ocxeh
with boundary conditions

V()= o
%’(0) #[n/¥<ﬂ .

In the interval o <y < x <b G(x,y) should satisfy

d JCy) : + 8% -
Y (\/ m-&—\/f—-)w{—”/g«G»Cxi\/H“ﬁ Yy Gy =o0.

(11)



Therefore G(x,y) can be expanded in terms of the two independent

golutions of the homogeneous differential equation:

Gyl= AW Jn thy) + D) YV\ (ky), 0£y4Xeh (1)

The functions A(x) and D(x) are to be determined by using the four

properties of G(x,y). Jn(ky) and Yn(ky) are the twp independent

solutions of the Bessel equation

d* dw _ n |
SIWEtZ T THEWrwW=o (13)

for z = ky. Likewise for the interval o < x <y < b, G(x,y) can bg

written as

GCxly): BoxJ I/‘(ﬁg)+ C (X Yn(//zg)} 0 £X<yéh. (18

The boundary condition that G(x,0) be finite implies that
D(x) = o because Yn(ky) is not finite at y = o. The second boundary

condition G(x,b) = o takes the form

Boo Tulhb) + ) Yaldbl=o . a5

Because G(x,y) is continuous everywhere in [a,b] it must be continuous
at the point y = x for all x in [a,b]. This property is easily written

as

Ax)In (4X) = B Tulkx) +Ccx) Yy, (£X) . (16)



The condition that dG have a jump discontinuity at y = x leads to the

dy
equation

d /
B o Ta (4x) +C &) Ym (hx) ~Ax) Ty (4x)

- o/ (17)
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Equations (15) - (17) can be solved simultansously for the three

T

functions A(x), B(x), and C(x). The resulting solutions are given by:

A (x) = X L T (bx) Yn thb) = T Chb) Yo )]
L3 66) Yo (40T 0 (k)= T () T (200 Yoo k%)) 1)

: -1
Bon = K T (k1) Yn (k) ,

LT k) Yo (RO 6 0 = Tn ko) Tk Yo (42)] @
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ByauSing various properties of the Jn(kx) and Yn(kx) these expressions
can be simplified considerablyl. Once this is done the Green's function

G(x,y) given in Eqs. (12) and (l4) can be written as follows:

T In(hy)
GO T 33w [ Jn hx Yo Cht) = Yo k) Ty (46)]



for 04YLX4b and (22)

T S (hx) _ -
G ay= = T2 [ 30 thy) Yuckid =Xotey) Tnth0)] (5,

for 04x<2v£40b
provided that Jn(kb) # 0. That is, provided that kz is not an
eigenvalue of the homogeneous Bessel equation.

Thus we see that the four properties of G(x,y) discussed above
can be used to calculate the Green's function once we know two inde-
pendent solutions of the homogeneous S-~L differential equation. Notice
that nothing is said about boundary conditions, until G(x,y) is con-
sidered, that is the two independent solutions of the homogeneous
equation will not, in general, satisfy all the boundary conditions
of the problem.

As a second example of the general method let us congider the

following S-L pr‘oblem2

%‘% ~ B XY e = —f (24)

with boundary conditions

Y(teo) =0,

If we define the real parameter n by

m= Shs — =

then two independent solutions of the homogeneousg equation are given

by3 Dn(xi 28) and,D~n_l(ixl 2B). These Weber functions can be

expressed in terms of the confluent hypergeometric functions of the



third kind (Vl and Vz) as3:
- L 2% Lnm
mh Ty € g 25
Dmizl=2 e’ e "\, 2/8/5)
and
. 2
—flmir) LT/ 7 Z T
Doy (w2)= 2 c e \4/’2“/2}"'—;) . (25)

Because G(x,y) must also be a solution of the homogeneous equation

for y < x and for x <y, we can immediately write

G (xy)= A D, (\/fiﬁ) T+ Bx ;P)w {,c\/ﬁf;) , YRX (26)

and
G (Xzy): C Cxi Dm(\//?(é) + E (x) P“_I (,éyf;_/—;) L, XY L @n

The conditions that G(x, +oo) be zero imply that E(x) = 0 and A(x) = 0
because D_n_l(i oo {28} and Dn( - o0 d 28) are un-
bounded. Continuity of G(x,y) at the point y = x (for all x in

(- o© , 20 ) ) requires

B(X)Ph_z (axlzp) = Cx7D, (X/?)/,“’@Q““’ (28)

The equation for the jump discontinuity of dG at y = x reads as
dy
follows:

Cwy D, (xhp) ~B&ID, (xR = -1

Jmae<X<’o<9. (29)

By solving Egs. (28) and (29) we arrive at the following expression

for B(x) and C(x):
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/ ~/
B =D, (X[sz)[D,,, (xfp) D_ Exfzp)=D_(cxlp) D, /x/zF)] (30)

/ 7 -]
Cex) = D_ Luxfp) [D, (xRE)D_Cixfp) = D, (ixfzp) D) wip ] e

Defining A(x) as the denominator appearing in Eqs. (30) and (31), the

final expression for G(x,y) can be written as
-]
G &y)= Do xR D Giylp) &7 00 Y <X (32)

~1
G (x¥) =_Q‘~'(,cx[z~ﬁ)ph(yﬁ73) A X<y (33)

ITI, The Case When A is an Eigenvalue

The treatment given above is only valid if the parameter € is
not an eigenvalue of the homogeneous differential equation with the
same boundary conditions as the original S-L problem. If & is equal
to some eigenvalue, say Ej, where j is a non-negative integer then a
generalized Green's function4, which can still be used in Eq. (2) to
give a solution ¥(x) of the inhomogeneous equation, can be constructed
if the inhomogeneity £(x) is orthogonal to the normalized solution
Uj(x) of the homogeneous S-L problem belonging to the eigenvalue Ej,

i.e.

b
S\Ué (X)%"(X)Q[X = 0. (34)
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Assuming that Eq. (34) is true for the specific case of interest,
we then proceed to construct G(x,y) by using the same four properties
discussed above with one modification. The requirement that G(x,y)
satisfy the homogeneous S-L differential equation for x < y and for

y < x is replaced by the following property:

d* 2 2 A (35)
TGN =PY Gt E G =Ge Howp)g Ha'cyr‘ﬁ)_

where

| s
Cc]‘ = Ligl (&) (36)

is the normalization constant for the harmonic oscillator eigenfunction,

and
. EFZZJ 9‘ "2?2
Hy )=’ e S e

is the jth Hermite polynomial. The function
3

C ‘ﬁéu (x @)
re . .
J A
is just the Weber function Dj(x ( 2F) normalized to unity.
To gsee that the quantity
oz
5 G x,y) Fen dy
is an accéb?;ble solution ¥(x) of the S-L problem, we use the following
identiy for f(y):
Ls !
2,2
2 - V/ E, Q= — £y)
dy g + JCP Y (38)
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to write

oo 2
\ad d ¢' 2 2
- -1 - &y d
§ Gy fondy = LG(K,;N[W Y W+ JP] y. @9
Integrating by parts and using both Eq. (35) and the boundary conditions
on G(x,y) and ¥(y), we obtain

chx,v {:C\/}JY f e HJ (y )(/)Ly)dy 7‘-5000 (40)

That ¥Y(x) can, without loss of generality, be chosen to be orthogonal
to Uj(x) is easily shown:

~ Replace ¥(x) by ¥(x) - ch(x); then

L(‘/’~ ) =pyY (P-cup) + 5 (¥-cYp)

?_"U"/
~fepy - LR/7 0 Y + €5 7]

i

)

- {C(y) (41)

Thus W—ch is an equally wvalid solution of the inhomogeneous

equation. Hence we can choose the constant ¢ such that

_fw(LP-— c V)@ U dx= o, (42)

i.e. we can choose to find a solution of the inhomogeneous S-L equation

which is orthogonal to Uj'
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With Y(x) orthogonal to Uj(x), Eq. (40) reads

Jf Gog ey = vy “3)

which is the desired identity. To assure that the function Y(x) is
orthogonal to Uj(x) it is sufficient to constrain the Green's function

G(x,y) to be orthogonal to Uj(x):

SG(x,g)Uj (Ndy=o0 . “

This constraint will shortly be used along with the other four
properties of G(x,y) to construct the generalized Green's function
G(x,y).

Before we can write the form of G(x,y) we must know the general

solution of the differential equation given below:

* '"IEZ}
d - 2 F =< ° =
351': gty F+€JF~ G e HJ (yﬁ;)“\lg(\/)~ (45)

The solution of Eq. (45) requires the knowledge of two independent

solutions of the corresponding homogeneous equation

4= 2.2
Jy T =Y P g P =0 (46)
Clearly one solution is given by

2
U’&'. y) = CJ' HJ(Y[‘F) (47)

which is proportional to the Weber function Dj(y l 2B).

2
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A second solution Tj(y i 2B) of Eq. (46) can be constructed as follows:

TB‘ (ylzg) = lim (& (yiz5)— (=07 D, (-ylF) (48)
m->4 4’1«-;’

Because both Dn(y [ 2B) and Dn(—yl 2f) are solutions of the equation

d <

the particular combination given by

Do tyizg) — -0’ D, (-vfz5)
N-4

must also be a solution of Eq. (49). Therefore as we allow n to approach
the integer j, the solution Tj(y'7‘535 obeys the limiting value'of
Eq. (49), i.e. Eq. (46).
To simplify the expression for Tj(y'ﬂ\EEB given in Eq. (48) let
us expand the "n-dependence'" of the two Weber functions Dn(y7r_§§3 and

Dn(—y 28) in a Taylor series about the point n = ji:

Q/D,ﬂ/zz) e

D}'\ (z)= D ({2) +(Y) ‘"g) 7 (50)
d n=j
JDV,{'Z/
Dy -z = DJ (-2) 4 (Yha') dn /n‘:a. v o

Using the fact that for n equal to a non-negative integer Dn(-z) =

(-1)"D_(2), we easily obtain from Eqs. (50) and (51) that

N N cry ] T B N vy
B(Y@)z “TJELﬁ/n:d. 1) jn /nz{ . G2
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These derrivatives are assumed to be known functions.
Given the two solutions Dj(y T 28) and Tj(y V 2B) of Eq. (46) we

can immediately5 write down the general solution of Eq. (45)

Fiy)l= «, %f(yf,f@“)+ o> 7;()//275) +ﬂw Aaéw)
BW

[0/ ) Ty i) =T i Dy R G e = i) O

where C}/, and O(z are arbitrary constants and
d T,
A= By Guirg) dw 5 W) = T urm) L D whp) (54)

The integral appearing in Eq. (53) is an indefinite integral. For

breéity we will refer to this integral as Fj(y).
Knowing the general solution of Eq. (45), we can now write the

form which G(x,y) must have if it is to be a solution of Eq. (35):

+ V7 O F o) for Yy <X (33)

/
and

G Chog) = CX) Dy GyI3p) + EC) Ty (yfep)

+Ung) FJ(\/} o fer X<Y. (56)

The conditions that G(x, + ©9) be zero imply that
Bo= -1 @ Lim (5 &0/ T; Cifep))
Y=

= -b Uy &/ (57)
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and
E(x)= -U; x) Lim < FJ»(;) /73 (yfz‘,;))
Y e
=-e Vs . (58)
Continuity of G(x,y) at the point y = x for all x in (- <0 , <0 )
requires

A ¥ D2 (wp) ~bVy () 73 (xfop) = CCX0 Oy (xfip) —< VUr 0 I (fap)

for — o { X £ oo ('59)

The equation for the jump discontinuity of dG at y = x reads as follows:
dy

I ! /
CO0 D (xfip) = e Vi W Ty (xkp/ ~A (7 Dy (x3f)

Notice that Eqs. (59) and (60) can not be solved for both unknown
functions A(x) and C(x): the difference A(x) - C(x) arises in both
equations.

By using Eqs. (57) - (59) we can write the previous expression

for G(x,y) as:
G (xy) =< ) Dd‘ Cyfzp) + (h-¢) (Ug Ty (xﬁ?z)/%'(x@)) Dg'(Y@)

= b Vi Ty Ghrp) + Vy o Fpon ) fee yax O

J
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Gy =C) Dy yfap) =<V 0 Ty (yp)

+,“U; (x) Fg'(y)) For X<y - (62)

The remaining unknown C(x) is to be determined from Eq. (44):

X co
= 44
_500@ CX;g)?)aT (\/)Ja—f- J}; G-Cx,g)’?ja‘,(y)elSL o, (44)

and the requirement4 that G(x,y) be symmetric

G (xyl = Gy, . (63)

From Eqs. (61) and (62) it is clear that the proper choice of C(x)
is

C = 5 (Foo~bTy (xizp) + Iy Dy xip)

where the constant oqg arlses from the fact that U (x) is proportional

i
to DJ(x ¥ 28)
gy ML
-U;(X)z- (£) [T Dy (x[:p) = oy Dy (xf2p) ) (64)

and c{; can be determined from Eq. (44).

The final expression for G(x,y) is then given by

G (ny) = ; [ Fy GD; CYEP) 4Dy (xlip) B ) +dy Dy (kIR Dy Gyfep)

- T I9) D Gyiap) ~b Dy xfop) Ty Gl for g <x (65)
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Gxy) = O(J, [ 5 (x/ DJ'(;( 5/ 1-173- (x{iﬁ)g’(}fz}) .}.{1. DJ (X/?ﬁ)]zf(a"/?ﬁ)

~b Ty (1) Oy g fap) =< Dy (Rp) T3 (y ;;7;)]} For x2y. (6

Hence the most general solution of Eq. (24) which vanishes at

x=+o00 (e= ej) can be written as follows:

LP(X): Q. Da (XfTP) + :S‘aoGC?(,y} f(g) tla_ ) (67)

The constant a; is arbitrary.



19

ACKNOWLEDGMENTS

The author thanks Professors Saul T. Epstein and Joseph 0. Hirsch-

felder for helpful discussions.



20

REFERENCES AND NOTES

The treatment presented here is taken largely from Dettman's book

Mathematical Methods in Physies and Engineering, McGraw-Hill, 1962.

This is not original research.

This equation arises in a quantum-mechanical treatment of the one-
dimensional harmonic oscillator.

For a discussion of Weber functions and confluent hypergeometric
functions of the third kind see Morse and Feshbach's book Methods

of Theoretical Physics, McGraw-Hill, 1953.

See page 198 of Reference 1 for the logical development of the
theory of generalized Green's functions.

See page 529 of Vol. I of Reference 3.



