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I INTROBDUCTION

The analysis of non-uniform flows having chemical reactio
is considered. Both combustion and diffusive effects can
significantly alter the wave pattern in a sunersonic ficw
field, and hence, generate significant pressure gradients
in both the axial and radial directions. The induced pre
sure field, in turn, can substantially influence ignition

delay and reaction times as well as the velocity distribu
tion. In analyzing such Tlow fields, the effects of fini
rate chemistry, mixing and wave propagation must be intim
coupled. The overall pressure distribution in the flow f
results from both pfessures induced locally by mixing and

combustion as well as pressures induced by boundary effec

such as wall curvature.
A technicue had been proposed (Reference (1)) where flows
analyzed taking.into account pressure gradients both alon

normal to streamlines, while of transport

d

be

(93]

nerties are assumed to function only of gradients no

This type of approach has been appli

to the streamlines.

to the analyses of combustion phenomena controlled by

References {2) and (3), and to the analyses of viscous
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Only supersonic flow Tields will be considered in the analy-

sis This allows us to use a modified charactevistic calcu-
oo s - FRRCEC £ Ly oA e s T - 4l I
itation accounting 7oy diffusion normal to the streamiines and

o

finite rate chemistry along them, with pressure variations

both along and normal to the streamiines. The vesulting
system of equations as presented in Section II, exhibits a
tual mathematical natuvre. That is, the system is oFf a ny-
perbolic-parabolic nature. Were the flow to contain im-

i~

bedded subsonic regions, the distinctive feature of hyper-
bolic or parabolic equations, namely the lack of upstream
influence, would be lost and a marching type scheme could
not be employed. |

A numerical program has been generatad which calcuiates non-

uniform supersonic flows with diffusive and dissipative ef-
fects within two dimensional or axisymmetric nozzies. Thne

chemistry is either frozen or fTinite-rate, Tor the hydrogen-
air system based on the method and scheme described in Refer-
ences (8) and (9).
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axis and constant pressure at the exit section may deviate
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substantially from a contour whose design is based on a uni-
Ernwvm mvynFa e T?“:\ dae ooy oo twn dimpnad = y ooy ST
ToYvm o prorTiie 0 estgn 07T a TwWo rmensional oY axisy
metric nozzle, based on a non-uniform incoming flow has




! = { ¢ L2 Das ~ [ le n =

peen pervormea as daescrvibed noRevevence (b)) Use oT sucn
Lo L = K ~F - ~

a4 CcontTour enabies tne aistinguisning ©f viscous and cnem-

ical effects from those effects due solely to the rotation-
ality of the flow.
The analysis performed is applicable to all viscous, reacting

flow Tields bounded ovr unbounded, if the flow remains supar-

)
I

sonic and shock free in the domain considered. The viscous

!

Characteristics approach has been employed in the study of

1

hypersonic viscous interaction {Reference (4)), where the
Jt \ ]

supersonic povrtion of the boundary layer and roctational shock
layer are solved by the viscous chavacteristics techniaue

The supersonic region is bounded below by the subsonic portion

f the viscous character-

3

istic method Ties in the area of fTuel injector and combustor

analysis and design. To anal , whevre a large

amount of heat 1s releasec over a relatively small region,
the current program wou or
the possibility (or more T1ikely, probability) of enclosed sub-

sonic regions and imbedded shock waves.
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anc along a C_ characteristic (BL),
Ve
+f v‘d _
L = M, (19b)
AX

ized calculation), all coefficients appearing in the character-

.
wy

tic relations are evaluated at t

he initial station, while
in subsecuent iterations they are averaged across the character-
istics. To achieve this in the numerical scheme, o is set

equal to one and B8 to zero in the first iteration, while both

[}
&3]
e
[o8
(&3]
[a}]
-3

re set equal to one-half in subsequent iterations.

Let
{ i i U i1 - O I‘
8y = o gs.n U. CCS u¥ L g | 8in u>vos pﬁ (20a)
- \ Yp IA \ h ]L
['sin u cos .t l'sin u.cos !
B o= o | 1o+ g - i (20b)
1 | YDp - \ ! j
8 L
First and second devrivatives, with respect to y, Tor the vari-
ables o, T and a:, are calculatec at all the mesn points K on
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tions ave concerned. The chemistry calculation first pro-

ceeds from K to K*5 yielding Aaic . and ATCK—K
K-K

New properties (induced by chemistry) are then calculated

at K*, the pressure being fixed as that at K. Marching

in this manner, ATCK_ and AaTCK,L induced by chemistry are

obtained, as well as the production rates WiK and wiL, which

will be required in the characteristic calculation. The

details of the chemistry have been described in Reference (8)

and (9). The ca]culation.described above is performed for

all streamlines K-L in the grid, the values Aaica ATes wiK

and wiL, being stored at the mesh points, as their values

will be required in the subsequent calculations.

Points A and B are located by interpolating between the mesh

points at station I using relations

-
<
{

Yp =Y -y
yB = yL - M2 Ax

where

XB - Xi

Ap

Properties (including the first and second derivatives of q, T
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and Qi) are obtained at A and B by interpolation and hence
the forcing function terms (Equations (23) through (25)) can

be calculated.

Solving Equations (29) and (30), we obtain

Pc = (AqPp+ByPp+8p-0p-(Ag+Bg)xc+tAgx+Bgxp)/ (Aq+87)
where

A5 = (A2+A3+£—Eiﬁﬂ3)A4 and 85 = (82+83+3a5§ﬂ—3)34
and

0c = 8 - Ap(Pg-Pp)-Ag(xc-xp)

Evaluating the forcing Functions along the streamline K-L,

S =0 Sq + B S
L VS )
S = g S + B S
2K-L 2x 2.
and
§n = 0S4 + B S
3. 3 3.
TK-L TK T

(35)
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we obtain g, T and o, at L as follows:

From the S-momentum equation (Equation (2))

Sq Ax/ (o cos & + B cos 8 )=-(P -P )
KL - K L L K

= +
LT % a(pq)y + 8(pq),

from the energy equation (Equation (4))

2 Ax + + P -P
T Ty 4 (Y= 1M SzKL (acosbg+pcosf) ) (aqK BqL)( L
L = K
, a(oqCp)K+B(qup)L
+ AT
Cki

and from the species-diffusion equation (Equation (5))

AX

3iKL (acoseK+BcoseL) b fas
o . = 0. + OC]C
L Tk OL(DO.)K + B(QQ)L

=S

KL

The remaining properties at L can then be evaluated as follows:

The average molecular weight is expressed by

(39)
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hence the mwmixtures gas constant is

R = -2 ‘ (41)

From the equation of state, the density is

Wp Vol

= P 42
The specific heat (frozen)is expressed by
Bhi(T)
Cp = 3 Cpi(T)ai = ¥ O T (43)
Where Cp (T) is a specified function of temperature, thermodynamic
.i
data being tabulated from Reference (7).
The ratio of specific heats is
C
V€T T R/C (44)
pR/tp,, |

the Mach number is given by
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and hence the Mach angle is

M= sinal{l ) - (46)

(cy Axis Point Calcualtion. In axisymmetric flows,

special consideration must be given to the compatibility re-

lation in the vicinity of the axis, due to the indeterminacy

of the term s1ne_

/

Consider the case indicated in Figure (5) where L is on the

axis, anqAEijs midway bgtween B and L.

K=2 ¢

1/

FIGURE 5. AXIS POINT CALCULATION

Note that at an axis point the expressions for first and second

derivatives take the simple form
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{%£§ - 0
19Y [k
and
/aZF) 2(Fy, ,-Fy)
2] 2
ay K (AY)

where K is on the axis and Ay

The compatibility

equalling zero is:

Jsin®d
Bl(PL—PB) T, + (5
Consider‘the term Jsinb B,(x, -
y 4\ L

d sind sinul _
{y cos(e—uQ}E (XL XB)

Near the axis sinb ~ 8

X[ =Xp 2(xL—xB)

Page 28

T Yke1 T Yk

relation along BL rewritten here with eL

+ BZ+BB> 84(x - X = 0

L B)

xg) which, upon,éxpanding is

4

-2

YE g

E




TR 152

hence we obtain

20 JE S”‘“ﬁ --00, {____S_mk_.}
s1n(e—p¥E sin(6-y) e

hence the compatibility relation takes the form

Page 29

By (P -Pg) + 6g(B,) + (B,+B3) 84(xL-gB) =0

where

1 = 1. Sinye sin
! By 1 J{Ob(m)g + B(m‘%@)c]

(47)
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(d) Wall Point Calculation.

o L+1

%"L f(K+1)=F(K-1)
K-1 <t:::::::::; L-1

FIGURE 65;>WALL POINT CALCULATIQN

The diffusive terms at the wall are evaluated by using a re-
flection principle, the effects of a wall boundary layer being

neglected. This implies that the wail has no shear and is adi-

abatic and impermeable: =
39 =0
Wy
oT
9. =9
oy y
3@1
v 0 i=1, NSP

In difference form the wall conditions are obtained by setting.

properties (q, T and ai) at K+1 equal to those of K-1, when K

oy

(48)
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is at the wall, and using the standard difference formulas

for derivatives

With the wall contour specified, GC is known, hence the pressure

P
is obtained from Equation (30)

Jsind
o b a8 F (Aprhgt=m=) Ay (xc-xp) (49)
C A A .

with the coefficients»Al, AZ,'A3 and /—\4 obtained as previously

discussed.

Having obtained all the properties at point L, the characteris-
tic calculation cannot at this point be repeated with averaged
coefficients since the diffusive terms are not known at L. The
procedure is to repeat the above set of calculations for all
points at station II. Then the first and second derivatives’
can be obtained at all points. The ca1cu1a%jbh can then be re-
peated for all L points with properties avéraged (o = L, B = L),
The pressures obtained in this second iteration are compared
with the first set of pressures. If the change between the two
iterations is substantial, the entire calculation is once more
repeated until the change in pressures between two successive
iterations is neg]ib]e.' Several iterations may be necessary

in regions of severe gradients, although in general, just two
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iterations are required, as in an ordinary characteristic

calcultation.
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V. SAMPLE CALCULATIONS

To demonstrate the method developed in this report, a nozzle
contour was generated for the nonuniform entrance conditions
depicted in Figure (7). This initial profile consists of

a central core of hot HZO and N, surrounded by an outer core

2
of cooler air, the velocity and static pressure being uniform.
The contour was obtained by the techniques developed in Ref-
erence (5) while the program generated based on this tech-

nique is described in Reference (10).‘

The initial profile was expanded through the designed nozzle
using the viscous characteristic technique with frozen chem-
istry. The profiles at the exit plane are compared With those
of the inviscid calculation, in Figure (8) the differences
being due solely to diffusive and dissipative effects.

The free stream conditions in this calculation correspond

to a Mach 8 air stream at an altitude of 100,000 feet. The
free stream Reynolds number per unit 1ength‘ﬁs 870,000 and
both the Prandtl and Lewis numbers were taken as 1. The
throat has a one inch radius and the turbulent viscosity

was chosen as a constant equal to 1000 times the 1am1nar‘

* . . ‘ .
value at the entrance section. The velocity and temperature

*)
= 1.35x10°% 1b-sec
(u = 1.35x1 o2 )
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FIGURE 7. INITIAL PROFILES
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at the exit are essentially constant in the viscous case
due to mixing, while the exit pressure is no longer uniform

having the rather slight variation indicated.

The nozzle contour obtained is depicted in Figure (9) along
with several streamlines and Mach lines from the viscous
calculation. The dotted lines indicate the down-ruhning
characteristic yielding design pressure on fhe axis and the.
up-running characteristic downstream of which the pressure

is uniform, obtained in the inviscid design calculation. The
axial wall and axis Mach number distributions are shown in
Figure (10) for the inviscid and viscous cases, while the
corresponding pressure distributions ére presentéd in Figure

(11).

An additional viscous characteristics calculation was performed.
to show the viscous scaling effect of the throat radius on the
problem. The radiuskwas chosen as 12 inches in this case as
compared to one inch in the previous case; therefore the mag-
nitude of the vfscous-terms in this mildly viscous case i;
diminished by a factor of 12 as compared to the previous very
viscous case. As expected, the resulting axial wall pressure
distribution falls between that of the inviscid and very vis-
cous calculation over the central portion of the nozz]é, these

results being depicted in Figure (12).
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Thrust computations for the above three cases were performed
by integration of the wall pressure distribution, the thrust

being computed using Equation (50).

Xexit(

J
P-P,) sin 8, (yy) dx (50)
0

Thrust = (Zﬂ)dg

The very viscous case (rthroatzl inch) had approximately a

- six percent loss in thrust as compared to the inviscid case,

while the mildly viscous case had about a four percent loss.
These losses are solely due to viscous dissipation resulting
from nonuniformities at the nozzle entrance and do not in-

clude the effects of skin friction at the nozzle wall.

vFor a sample calculation with finite rate hydrogen-air chem-
istry, tnhe same initial profile and nozzle were chosen with
H, added (aHZ = ,007) in the central core. zTo‘speed up the
occurrence of combustion, small amounts of’OQ H and OH* were
included in thelinita] profile, thereby reducing ignition
delay time. Pressure and temperature profiles are presented
in Figure (13) for both the frozen and finite rate viscous
calculations at an axial station just under 2 tnroat radii

downstream of the initial station. The higher temperature

* (ag = ay = agy v 8x10“4)
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profile in the finite rate case reflects the heat generated
by the combustion process and the correspondingly higher
pressure is a result of tne streamline deflections induced

1

by the chemistry.

The axial pressure distributions are presented in Figure (14)
for the wall and axis streamlines. Note that at the wall
combustion begins almost immediately with a consequent de-
viation 1in pressure from the frozen case quite apparent at

x = .1. Since the chemistry»geﬁerates a temperature rise

at thémw31i, the Mach number therériér16Wéﬁ, hénéé,”31gnaT§'m"”“
reacn the axis earlier. This is evident in Figure (20) by
noting that the axis pressure feels the expansion earlier

in the finite rate. case. Hote that there are two opposing
effects; namely, the expansion generated by the wall turn-
ing and the compression generated by the chemistry. The wall

expansion evidently dominates the overall pressure variation.

The sample calculations performed demonstrate the capability

of the viscous-characteristic program to determine internal
supersonic flow fields<faking into account the effects of

shear, conduction and diffusion, as well as finite rate hydrogen-
air combustion. The results of these calculations indicate sig-

nificant differences in thrust between the viscous and inviscid

cases, due basically to the Targe value assumed for the turbu-
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lent viscosity, which was chosen to magnify this difference.
In using this program for the analysis of an actual nozzle the
choice of an appropriate viscosity model must be made by the
user, as must the choice in size of the numerical grid, the
latter based on a compromise between running time and trunca-

tion error,

Regarding the finite rate chemicé] calculation, the ability

of the viscous characteristic program to predict a temperature
rise and a corresponding pressure rise induced by chemistry in
the presence of a large inviscidly created'pressure field, has
been demonstrated. It is generally quite difficult to obtain
san initial profile and a viscosify model which will simulate
actual conditions when finite rate chemistry is involved. The
ignition delay time is dependent on both the concentration of
radiCaTSV(O,H and OH) in the initial profile as well as on the
rate of diffusion of Hy into the air stream. In addition, the
size and shape of the combustion zone and accoﬁpanying stream-
line pattern are quite sensitive to the Visébsity model em-
ployed. For a fixed initial profile, the value of viscosity
regulates the amount of fuel diffusihg into the combustion
zone, as well as the amount,ofvheat conducted away from the
flame. The varying‘pressure across‘the combustion zone, due
to the induced streamline deflections, further coﬁp]icates

the situation, since the chemical rate constants are related
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to the pressure level in a non-linear fashion. It is felt that

using the viscous characteristics program in conjunction with

an experimental program would greatly extend its usefulness and

should lTead to a greater understanding of the complex interplay

between chemistry and mixing in a nonuniform wave field.
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APPENDIX-I

CHARACTERISTIC DERIVATION

The continuity equation, expanded, takes the form:

089 + 22 4+ 5g38 + 929 sine = 0
3s 0s an y

By use of the s-momentum equation, the term pég may be replaced
3s .

by

-1 3p S
L
q

~

q 3s

Differentiating the equation of state with respect to s yields

S0,
30 Wy ME 8p [~ o aT
- 22 T Wz |8 S
55 MWe T  3s mi

90 ,
8s . ! [S34+5)
mi nq \_ mi }

and from the energy equation

(1.3)°




Page Al-2

R 152
o7 (Y,-1)ME T ap 1 . :
—= —— i g— + Sy - TW.h. 1.5
3s oqCp L 9s 2 (Ym—l)MoZo T ( )

g

Replacing the terms p%% and o%% appearing in the continuity
equation (Equation (I.1)) with the expressions in Equations

(I.2) - (I.5), the resulting equation takes the form:

ap [ g2 (Y -1)nMe 36
— =Y ME - e g% - 1| + pg® — = (I1.6)
3s | W_ T CpT an
~Jpglsine a(Y -1)M2s [ S, +W,

+S1+ < © 2 i 1

+ qus K
¥ CpT mi

=9 zw.h
C,1

By algebraic manipulation, the bracketed term on the Teft hand
side of Equation (I.6) can be reduced to M%-l:ﬁ Letting F* equal
the sum of all the terms on the right hand side of Equation (I.6)

. . 2¢5
with the exception of the axisymmetric term JRAZSING  paya-
Y

tion (I1.6) takes the form

: 2, |
(112-1) 22+ oq# 88 - 29pas1NG 4 fx (1.7
, S n Y
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With pqd = pr , Equation (I.7) and the normal momentum

equation are written:

2
(M_,:"’l) ap % .
~;L-§~ — + 20 o 9 i+ 5 (I.8)

pr oS on y Ypr

12 9p . 36 | 0 (1.9)
Ypr an 3s

The total derivatives of p and 6 may be expressed by

ap ap - .
v ds + o dn = dp (1.10)
9% 4s + 28 4n = do (1.11)
3s on ,
Written in matrix form, the above systém (quation (1.8).
through (I1.11)) becomes Z
2 2
/(Mf'l)/Ypr 0 0 1, %%‘ - = sin6 + >
fg 0 1/vMp 1 0 ap 0
| T on |
| = (1.12)
i ds dn o o || & dp
| ’ 9s '

de

o
o
[
v
o
> .
\\“\M__‘W—-—
o
S |@
—
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The characteristic directions of this system of equations are

obtained by setting the determinant of the coefficient matrix

equal to zero,

(M2-1)/YHép 0 0 1
2
0 1/Ypr 1 0
=0 (1.13)
ds dn 0 0
0 0 ds dn
N /dn\z 1 . . .
obtaining —-% = -, Hence the characteristics are lines
A
\dy (Me-1)
whose slape is .given by
dn 1
_—= 4 = tanu (1.14)
ds VM%-I) f
or expressed in cartesian coordinates
dy '
= = tan (eiuf) (I~15>
dx ' ‘

The compatibility relation along the characteristics is obtained




R 152 Page Al-5

by replacing any column of the coefficient matrix with the vec-
tor on the right hand side of Egquation (I1.12) and setting the

determinant of this matrix equal to zero.

_dsing + F* 0 0 1
y YePile
0 <_l_?.' 1 0 .
nyfp =0 (1.16)
dp dn 0 0
do 0 ds dn

Expanding the determinant and using Equation (I.14) we obtain

the compatibility relation

dx = 0 (1.17)

anquOSUf g +de+[dsin8 F¥* sinuf
p__

Y£P Y Ypr% COS(Giuf)’
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