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I 
A - -. I p;'ri?Onuc-fi -- 

- 9 , . 
I ne a n a l y s i s  o f  n o n - u n i f o r n  f l o w s  h a v i n g  c h e m j c a l  r ? a c - ~ : c n s  

i s  c o n s i d e r e d .  Both c o n b u s t f o f i  ascj  ( j j - , fFus ive  e f f e c t s  c c n  

r :  s i g n i f i c a n t l y  a l t e r  t h e  wave p a t t e r n  i n  a  s u g e r s o ~ i c  r ! z v :  

f i e l d ,  and  h e n c ? ,  g e n e r a t e  s i g n i f ? c a n t  p r e s s u r e  a r a d i e f d s  

7 ,  i n  b o t h  t h e  a x i a l  and r a d i a l  d i r e c t i o n s .  1 ne j n d u c ? <  > r e s -  

s u r e  f i e l d ,  i n  tu rn ,  c a n  s u b s t a n t i a l l y  i n f l u e n c e  i s n f t f o n  

d e l a y  and  r e a c t i o n  t i m e s  a s  w e l l  a s  - the v e l o c i t y  d ? s t r i b u -  

t i o n ,  i n  a n a l y z i n g  s u c h  f l o w  f i e l d s ,  t h e  e f f e c t s  of  f i n i t e  

r a t e  c h e i n i s t r y ,  m i x i n g  and wave p r o p a g a t i o n  mus t  be i i ? t j ; n a t e ?  Y 

- - -, - .  c o u p l e d .  I he o v e r a l l  p r e s s u r e  d i s t r f 5 u t i o n  i n  t h e  r [ o w  y i e l d  

r e s g l t s  f r o m  b o t h  p r e s s u r e s  i n d u c e d  l o c a l ? y  9y n i x i n g  a c d  

C G l ~ ~ l b ~ ~ t i ~ n  a s  w e l l  a s  p r e s s u r e s  i n d u c e d  by b o u n d a r y  e f f e c t s  

suc : i  a s  w a l l  c u r v a t u r e .  

A t e c h n i q u e  had been  p r o p o s e d  ( R e f e r e n c e  ( I ) )  where  f l o w s  a r e  

a n a l y z e d  t a k i n g  - i n t o  a c c o u n t  p r e s s u r e  g r a d ?  e n t s  b o t h  a! oiig 

and  normai  t o  s t r e a m l i n e s ,  w h f  l e  t h e  e f f e c t s  of  -- I r a n s p o r t  p r c -  

? e r t i e s  a r e  assu:ned t o  be a  f u i ~ c t i o n  o n l y  o f  ~ r a d i e n t s  noriaa! 

t o  t h e  s t r e a m l i n e s .  T h i s  t y p e  o f  a p p r o a c h  h a s  been  a p p l i e d  

co  t h e  a n a l y s e s  o f  c o n b u s t i o n  phenomena c o n t r o i ! e d  by m i x i n s  

i n  R ~ f e r e n c e s  ( 2 )  and  ( 3 ) ,  and t o  s h e  a n a l y s e s  0°F v i s c o u s  -?low 



. ,  ji;:j, s:;!;d,cson.ic - f l o w  r je ' ic i s  ~ l - i ] ]  iie c c i i s - ! ~ ~ ~ ~ ~ ~  j n  'f;!;;? k c ; : ] ; / - .  

- ,  57:s. G ] ) ~ \ ~ > , ( s  U S  .to z s , ~  a i?;oC-: .~z+c~i , L u  ~-)~)-~r-~~~~~-i~-~ , , y l C  ' C L : C I ; -  

l a t - l o n  a c c o u n t i n g  -;-'or d l ; f f u s j c n  normal -to t h e  streai;.!; r , c  

. , .  f j  n j  t e  r a t e  chenli s t r y  a ;  ofig them I,,/< ti-! p r e s s ~ l r e  \ , jar-[  2 - c j  oiP,s 

- ,  b o t h  a l o n g  and normal  t o  t h e  s t r e z n : : i n e s ,  r ne r e s u ?  t i n ;  

s y s t e m  o f  e q u a t i o n s  a s  p r e s e n t e d  i n  S e c t i o n  1 1 ,  e x h i b i t s  a  

6 1 ~ ~ 1  . $  - m a t h e m a t i c a l  n a t u r e .  T h a t  i s :  t h e  s y s t e f i ~  i s  o f  6 hy - 

9 e r S o I i c - p a r a b o l i c  n a t u r e .  Were t h e  f l o w  t o  c o n t a i n  i n -  

jzdder j  s u b s o n i c  r e g i o n s ,  t h e  d j s t j n c t i v e  f e a t u r e  of  h y 2 ~ ; ~ -  

S o l i c  o r  p a r a b o l i c  e q u a t i o n s ,  namely  t h e  l a c k  of  u p s t r e a 1 7  

f n f l u e n z e ,  would be l o s t  and a  m a r c h i n g  t y p e  scheme c o u l d  

n o t  be empl oyed . 

A n u m e r i c a l  p rogram h a s  been  g e n e r a t e d  which c ; ! c ~ : - '  , d L s s  non-  

uniForn1 s u p e r s o n i c  f l o w s  w i t h  d i f f u s i v e  and d i s s i p a t i v e  e f -  

-- I f e c t s  w i t h i n  two dimensions? o r  a x i s y m m e t r i c  n o z z l e s .   in^ 

c h e m i s t r y  i s  e i t h e r  f r o z e n  o r  ";inf t e - r a t e ,  f o r  tins h y d r c g e n - '  

a i r  s y s t s r n  b a s e d  on t h e  n e t h o d  and scheme d e s c r i b e d  i n  R e f e r -  

e n c e s  ( 8 )  and ( 9 ) .  

S i n c e  t h e  p r o f i l e  t o  be e x p a n d e d  t h r o u g h  t h e  n o z z l e  i s  non-  

u n i f o r m ,  t h e  n o z z l e  c o n t o u r  y i e ? d f n g  f l o w  p a r z l i e l  t o  t h e  

a x i s  and c o n s t a n t  p r e s s u r e  a t  t h e  e x i t  s e c t i o n  may d e v i a t e  

. - -  S t i h s +  L O ~ ~  - ' < - ? a /  .. i t , j  f r o ~  a  c o c t o u -  ~ t h o s e  b e s f g s  j s  b a s e ~  on a  inn,-  

. ? - .- -- . . r u i  ! , !  P r o f < ] ? ,  ~h~ d e s i g n  a -":.lo ~r ;. c ; j ; ! - e c s i o n a  o r  axis:;r.:- 

m e t r i c  n o z z l e ,  b a s e d  on a nor~-k,-ii-Fc;;~m -incoming f l o w  hc l s  



-- 
3 :? IS', 

T~A,:! a r , a : \ / s j s  p e r f o r m e d  7s a p p l  j c ~ b l e  to 5.1 1 \ j i s c o u s ,  r e a c t i r i s  

P .  f l o w  r ~ e j d s  bounded o r  u n b o u n d e d ,  Z f  t h e  f l e w  yemajj-;s s u ~ e r -  

s o n r c  and s h o c k  -Free i n  t h e  d o a a i n  c o n s i d e r e d ,  The v i s c o u s  

c h ~ r a c t e \ y f s t f c s  ap ;2 roach  h a s  bee\*, e j p , p ] ~ y e d  i n  t h e  s t u d l /  6-f 
d 

h y p 2 r s o n - j  c  v i s c o u s  j nt-ractjo~ ( 2 e f e r e n c e  (4) ) ,  w h e i ~ e  tile 

s u g e r s a n i c  p o r - t i o n  o f  t h e  b o c f i d f i r y  I ; y e r  and r o t a + i o ~ - 7  , i , i  s h o c k  

l a y e r  a r e  s o l v e d  by v \ i f scous  c / - i a r a c t e r j s t i c s  - t e c h n j a ~ : e ,  

8 - The s u p e r s o n i c  r e g i o n  i s  bounded a e i o w  by t h e  s u b s o n i c  p o r t i o n  

of  t h e  b o u n d a r y  7 a y e r  and a b o v e  by a s h o c k ,  No c h e n i c a l  

e f f e c t s  h a v e  been  c o n s i d e r e o  i n  t h a t  a n a l y s i s ,  

A v e r y  i m ~ o r t a n t  f u t u r e  a p p f f c a t j s n  c f  t ; ~ e  ~ j j ~ ~ ~ ~ ~  c h a r a c t e - F -  

a n a l y s i s  and d e s i g n ,  To a n z l y z e  t h e s e  a r e a s ,  w h e r e  a  l a r ~ e  

a n o u n t  o f  h e a t  i s  r e l e a s e d  o v e r  a  r e i a - c i v e ; y  s n a l i  r e s s o n ,  

t h e  c u r r e n t  - p r o g r a m  would r e q u i r e  m o d i f i c a t i o n s  t o  a i l o l v  f o r  

t h e  p o s s i b i l i t y  ( c r  more i - i k e l y ,  p r o b a b f ? i t y )  of e n c l o s e d  s u b -  

s o n i c  r e g i o n s  and imbedded s t ; o c k  w a v e s ,  



.. . . - 
i ; ; ? ; :  I '; i?::{-e':c;>\-< ' - . , 

. ,  . a  , , , y $ 1  , - , # U L  - - > C S , , / ? 5  -;s;- -t;,c c . , s i  

. . 0 ; -  1 i : j e c t ;  i CF! . d , ! ;  c %  c - , ;  r, -t f' :? 1 2, 2 d , ; . ;o j ;; < -- 0 - 
, si. C: 

, " j a n - i  f j . c a t i t  st"e;!?!l j nc e e - f ]  ~ c ; !  el-, < s c ; e n e r i t e d ,  9 j j - j  ci; j 3 7 . n~ . - 
d 

" I  7 -  . . L l a  i jy of -kl;e o r d e l -  of  2 0 " ~ ~  22'  f o r  tl;/(j;-cj3an-zj r c ~ : - ~ k ; ~ . ; - ~ o f i .  

ir;e i,4acn nurnbeiAs o f  b 0 j - h  -" - If " '  1 ~ 2 j  end a j y  a r c  s ~ f f f c i g . n t ] y  h j r ~  > > ,  5 

, . t h j s  d e f  1 e c t j o n  eats o';);e for;-,-,-,- ,,,c b ]  6-i 0 b J  i 0 1 . 0  s ~ G ~ : < s  
i , U L  G r. 

? j t ! l? r  s i d e  o f  the c o m b u s t i  o n  zoiqe p ; - o ? ; ; ~ t j  r ; ~  j n-i-0 bo-tii - - '  L. !"I 2 

,. 7 f u e l  a n d  a i r  s t r e a n ; s ,  wj " ; i - l  s u p e y s o n j c  T ; c \ , !  b e ~ j f i a  

) , ~ a t ~ e s .  F o r  lop ie r  -fuel o r  z $ % c  ;,iach n c ; n b e r s ,  t i ; j s  j f i j t j a - 1  [G A -  c - 

. .  . 
! oiPis o f  ~ ~ ; b ~ ' j n $  c  f 7 o\$; bei1-j f l e c t i o n  can p r o d u c e  l o c a l  r e - ;  

-- L a t L b e  1. - s i j a c k s .  I n  z - ~ d i i - '  L i o n ,  r s g j c n s  of s u b s o g j c  -r lo\ , ;  ,. - w'l? 2 ; -  

. . - - ways b e  etlcouiqt-red when 2 n d  -;tie? ; n j t j a  1 [ y  come toga- , -  
L L!?2r5  

d ~ ! ?  t o  t h e  2.; r 2nd f i l e ?  Soundayy a y e y s  e x f  s t f  f ig  ofi c i t k e ; -  

-- s j c e  o f  t h e  s p l j . t t e r  p l a t e .  . ! \ - , e  f ! ?c j  u s : ~ n  of  t h i s  \//&i;e b 7 -  . c -  

.-ion i s  q u i t e  i n p o r t a n t  s i n c e  t F i 2  l o b /  \ / ? i o c j t y  $9 t h e  c c r e  

, , ~ r ? a t ] y  j n c r c a s e s  t h e  r e s f d e f i c c  w h j - l e  - ~ n e  h j < ; h  c o y ?  

, . tei:;pera-Lu:*e pyoduced by b 0 ~ ! 1 : d ~ y \ ;  Z J / ~ T  f r e e x i  nc'; ?-l-y a !  c 5 , -  i j ~ i  - ,- ! ,  i\ : 1 2 -  

In d e s i ~ n i n g  a c o m b u s t o r  f o r  s u 9 e r s c n i c  c o m b u s t i o n ,  u s ?  d , .? 

. " , . ,  p;ri ;boi  j c  217 n g  ;il:a:ys-is w ; ~ ; ?  chef;;< c z ]  in2ac.;-, , . o p s  C O ! ~ ?  - , -  i 2 ~ 2  ; y  

. , . , j s n o r e s  coi.11 ex p i c v e  ? a ~ - c e : - n  ~ ~ ~ 1 ; r y - j  n :2  ii;j tc;. ii ; n e  cor;..3zs - 

- 8 t~ %? ' 1 5 3  v i  s c o z s  c i - , a racce ; - j  s t i  c  a u s ; - o a c h  c-n ts -j ! ; t e 7  , ' : 2 , g: !;.:] \ ~ /  



- "  - .  c a l  cu! a t i  0 3 s  o f  j i p l j e c , s ; r  cncj: b > r n e , l -  f 7 31;) 7; 5 ,  (25 

t h e  v i s c o u s  c h a r a c t e r < s t i c s  ;?j;rosra:n nlust ~e c x p ~ r ~ d e ~  t 5 ,I c, ;-, - 

a ] ?  l o c a l  j n b e d d e ~  s u b s o n j c  ; o e g i o ; , s  6s  w e j - 1  2 s  s / - )ock fcr:,-,,- 

t i o n  - $ -  / p i  o p z ~ a c j c s  i n  r e s < o n s  of'  high;^ \ j <  s c o s s  aip,d ,peat_- 

j n g  f ; o w .  ,q prograr[ l  c a p a b ]  e 0.;: ?;?-  . , G l y z i  n g  s ~ l c ; ;  co:?:-,; . E ' 2:: f j ;;.! 

, , s < t g a - ; < o f i s  would  a p p e a r  ^;to b 2  of s j g n j f i c z n - ;  u s e  j f i  ;pe 6 ~ 2 ; -  

y s j s  3-r b o t h  s c r a m j e t  2 n d  r o c k e t  i n t e r i o r  -:?ow f j e ' t s .  

, ~ - ,  p l o y e o  ? n  t h e  n z m 2 r i c a i  s c h e z e .  i n ~ s e  i i n i  t z t i o n s  a r e  ? r e -  

- .- - - 1  s s n t e d  i n  S e c t i o n  l i i .  ; f i e  over.)j nuxe;njca!  c n a l y s i s  j s  

z r e  d e s c r i b e d  iu; S e c t i o i !  !:, i n c ' : u d ; ' n 2  t k  coomp;rjscn of  2 n o n -  
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8 a .  i i a p  n 0 89, : ' 
, L- 1 1  , ; L C !  aa 1 = ?- P9 - .  T - -  i Ki c o s  6 :, - ,  R, j a n  \\P, y P, 

L !  a : i  



. , s k n  and f j n l . c e - r a t e  c l l e [ : l j s t ry  5 ~ 1  j - y e a t i f i g  j-he d < . F - f u s j v e  
6 I 

and c h e n i : s t r y  "ceiiis a s  f o r c j n g  - ' f u n c t i o n s  - in  t h e  con :pa t i -  

6 . 7  

9 1  j s t y  i n e l a t i o n  a l o n g  c h a r c c t , y < s t j c s .  

F ;.. c o f i v ~ n j c n c e ;  1 e t  us d e n o - ~ e  " '  ii22 d i f f u s i v e  terilis a p p e a r -  

( 2 )  > ( 4 )  and ( 5 )  j n g  i n  *k / je  r i g h t  hand s j d e s  ~f Equat-ioiqs 

a s  F o l l o w s :  



- , I r '  
i i ? ~  s y s t e m  0: E q u a t i o n s  (I), ( 3 ) ,  ( 1 3 ) ,  (11) an6 (I?) 

. . - ?  2-i,,3-t^ .':cO;; "c,e flofl-r?"" ' . . 
I L a , i l n g  < : - j v j s c < d  f l c i > /  e q u a x ; o r , s  ~ n l y  

by ihs t e r m s  a ~ p ~ e z r i n g  o n  ;he r i j h t  o f  E q u a t i o n s  (LC), (11) 

Gi7t  f - 9 1  g ' -  - 
i i ~ i  . ~ , e a t - i n g  t h c s e  t e r i n s  ac f o r c i n g  f u n p -  , l i o n s ,  

ti:? c h a r - - . ' a t - i s t < c  ~ L L L I  i d i i - e c - k j o g s  re/llz i n  t ," iose o f  the j n v j s c j d  

syst-I;:, i-,ai!ie]y - the f r o z e ! ?  pV,ac/i ' I i i l e s  (c?) 
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j c I.:, s 0 f -~ I n I ,  + i . ~ .  2 ,P e s '  L P < I 2 n d  i,; 1 ,  h r i l c s  the s p e c i e s  c o n s e v  'r - 'C - t v 2 -  

t i o ; ?  c q c ; c . k j c ? ~  d i  c j - a t e s  i;he s t 2 7  s j z ?  c r j . > e : ~ - i c j ! ? ,  I n  sc-l?,,;- 
L .  

?;;yijoyed, -k;-:e s , s s ~ l g p t j o n  i s  m a d e  k;c:i-> . U  d e r j  v6-c.; \ j e s  :lar;;la] t o  
, , 

.c ; -i 3 c .#- 
- .  

i l - . ; r ? & n ; - [ n s s  i--,ay ; ? , J y o x j m a t z d  j;/ d e r j \ ~ a t f v e s  L n e  



,- - .  . .  - 3 ) "  2~ 2x13 I ;  CI'L sci;cs;e, C s - " :  L i l l  a ;t;;day-.d 4 7 ,- io:r+ ,. 6 . b .$- - y r~ : . T ' 2 

. r. ,- ,.< - .- -a - . .  . , , , .. , , , c lAcsce  - ~ ~ ; - ~ u  ; c - ~ - ~ o : ;  1;i;c;; ; i ; ~ c , " . ; ~ ?  s j ~ : ~  j c i  .;fie y 

<! .: , A  ,, 3- z (, ,< " - , , . - .  - i :  L L L i d i : 5  ti;-,? 5 -@3 i .  c P 2 2  AS,, 7 5  1 i r , ~ j t e d  jy t h e  5 ~ 5 s -  -<;, 
A- i 

~ , A  r r~ e,,.,k 0 . , - ; ( T ,-n e , , , L , , ;  ,q 7 (5) ) * 

- 3 . -  >? ,- , ,. , e s  ~ c ~ ~ ~ ' ~ * \ / a ; - i o n  E C ; I I - ~ . '  
,,,.," j-r~,; t j ) e  sr3ecS , a ~ : O n ,  - 1 ti 'L, ie  

, . SC;l ' i l?E G C  S@G 1 
. , $ 1 ;  t { - ! j s  ana7; is ;s  .ti-,? j - ; ~ s h  .,;c-!;';.;s :( a > - c  . u fiat 

3 .  , . . ~ e q i ; a i ? y  5 ~ ; c e c  1 8  t h ?  t j  " + r ~ - , - : c ; q  L. 1 i .Lv i t i  I, ! - i 2 ~ ~ z  C J ~ ~ ~ ~  ~ ~ y ~ e ~ ~ ~ t j v ~  

. , - ; , le s g a > ] e y  ny i s  u s r i ,  I ;; e 5 .t C! ,, .- s i z e  A X  :; - ; o , , b ? . i  u , , u  ‘ 2;l 
p c; l'' 

C>cos<b-,. ,,, - '  ~ l ~ t ?  7 ; i n j \ 2 , ' , ~ m  AS), . .:c;o a j  7 s - - r c a p , ]  j f ies  x-i baszd  0,-, 
i \ -  L 

i ~ r ~ ~ 2 y - ; - ~ ~ j  a t  s t a - L j o n  1 a n d  b ~ i - ~ c c  

_I____-_____.___-________- . - _ -_____---.-A , , .  - . . -I _,. r .L ' 

~ ~ i ; ; 3 ! y i ~ . ~ - , ~ ~ ~  2;,-ia-c .;i?e e - ;  i;,e 
- .- 2 ; , 2 D  s l z z  c ; - j - L e r ; ~ r ,  j!? E c t r ; . L j r -  , '"\' . . I  j S t  "" 

c a s e s  .. 2 s e  ~f 
- , .  . - . - .p ,L  - -  
- /  !! .... X - .  * ,,,, <, L ;2e  c c ; > y - k & t - i c >  5 t ~ , \ , i  2 .  

J C ,  



( a )  3<.,?-?0\-2)7,-? ri;;~!:; - - r  
L~ L L  i c h c . i n a c t e r j s t j c  E q u a t i o n s  - -- I 

? e f s : - r i  i-;? t o  F j  ( 3 )  j c - t  
d J 

?4? = a t a n  ( B + ; Q , ) ~ ;  + 6 t i n  ( ^ '  , -? 2,:) , 
- i i 

h4 - - u im ( o -  + 3 t a r ,  ( o - ~ ) ~  



The t e r i i ~ ~  a a n d  8 a r e  u s e d  a s  s l r t i f i c e s  i n  a v e r a g i c g  p r o ? e r t i e s  

? c r o s s  t h e  c h a r a c t e r i s t i c s ,  I n  - the f i r s t  i t e r a t i o n  ( a  1 f n e a r -  

{ z e d  c a l c u l a t i o n ) ,  a12 c o c f f < c i e n t s  a p p e a r i n g  i n  t h e  c h a r a c t e r -  

i s t j c  r e l a t i o n s  a r e  e v a l u a t e d  a t  t h e  i n i t i a l  s t a t i o n ,  w h i l e  

f n  s u b s e q u e n t  i t e r a t i o n s  t h e y  a r c  a v e r a g e d  a c r o s s  t h e  c h a r a c t e r -  

- 
f s t i c s .  i o  a c h - i e v e  t h i s  i n  -the n u m e r i c a l  sc!?eme,  o: i s  s e t  

? q u a :  t o  o n e  and @ t o  z e r o  i n  ti?? f i r s t  - i t e r a t i o n ,  w h i l e  b o t h  

c a c d  S ~ 1 1 ~ 2  s e "  e q u a l  t o  o n e - ! ~ & ? $  i n  s u b s e q u e n t  i t e r a t i o n s .  

! * 
iet 

I .  1 
S:l? L C O S  p -  

= a j- s i n  11-cos ~ i '  
A 2 \ Y P 1 A Y $ I  1 L 

I 

r s i i ?  J c o s  1 : 1 s i n  L c o s  L, 
I + ; 3 !  

1. = a \  Y P i s  I Y P i L 

F i r s t  a n d  s e c o n d  d e r i v a t i v e s ,  w < t h  r e s p e c t  t o  y ,  f o r  t h e  v a r i -  

7- ;;:;]es o , ,  a n d  a i 3  6'" C C ~ C G ] ~ ~ L  ~t 231 - the - - - . I  , . i c s n  F O ~ ~ ~ L S  \< O,?I 

# ,  .-,-,C" 'p'"i&^i - , . 
,,,,.. , , I  I L i ~ s < r , ~  t h e  s t a r , d a , , ~ d  f'nita a 3 f f e r e n c e  c g u a t i o r , s  





- 
I h e  a b o v e  d i f f u s i \ i e  t e r m s ,  a p p e a ~ i n g  i n  t h e  c : r a r a c . t e i - i s i '  L I C  

c o s r p a t i b i l  i t y  r e l a t i o n  ( E q u a t f  o n  (15)) c o n s i s t s  of c m h i n a t i o n s  

of - ? j r s t  a n d  s e c o n d  d e r i v a t i v e s  of - I and  u i  a s  i n  E q u s -  

.,. ~ i o n s  l ;7), (8) and  ( 3 ) .  

C o c s i d e r  t h e  t e r m  
1'4 

a p p e a r i n g  i n  E . ; u a t i o n  ( 2 3 a ) .  E x p a n d i n g  

E q u a t i o n  (7), we o b t a i n  

7 r 3 - L ! !  - - , 2-0 \, al,l a , J - - a f i  l 
'i, R~ 1,p  ~ 7 - j ~  I c o s  a p - - - ' !  

r, L o Y a n i  A 

p r o p e r t i e s  and d e r i v a t i v e s  r e q u i r e d  i t  p o i n t  4, a r e  f o ~ n d  by 

l i n e a r l y  i n i e r p o i a i i n g  be tween  t h e  v a l u e s  s t o r e d  a t  t h e  mesh 

- ,  p o i n t s  K-1 and K .  ! n e  t e r m  S -  y e p r e s e n t s  t h e  a v e r a g e  v a l u e  - p, L 



The a b o v e  r e r ~ a r k s  p e r t a i n  t o  a l i  t h e  d i f f u s i v e  terms ( E q u a -  

t i o n s  ( 2 3 )  - (25)) w h e r e  t h e  a v - w - .  L i  a g i n g  used  i s  i c d i c a t e d  by 

u s e  o f  o, and  6 c o e f - f i c - i e n t s .  



' 7 I? i s ,  - ,  s f 2 -:I 

-, C35 i 5 - .  \' 
:- 3 -- 

\ I-,: / :os(S-. id-{ I 
3 i 

-- 8 1 inn" i L , ,  a ]  C k  c ~ a j ~ ~ ~ . ~ ~ i f i j ~ t j c -  
~t E t h e  c o x p a t j b f  1 -it:/ e q u a t i o n s  

i n  d i f T e r e n c e  F o r m ,  ;nay  be w r i  t - t en  

r 
/ 

I 

A i  - \ 2 C - ~ A )  + B C - B A  + i L -77 J s i n  8 + A - + A , '  h L ( x C - x A )  ' = 3 L Jj , (29) 
A C  

a l o n g  ( A L )  



. -. C~ ( jj 1 F! tj (> -; c; t; 1 :.I 'fn c; c: (: (,' L: \n ,, ! -/ sr cj ,> :- ,p .;- .: , ~ - a . . 
~ . b t ,L .A 4. 1; :; t, 0 - 

, " - -  - 
. I ; ;; ;, I a 'P c s l, e c -; f f e d ; .t - ,  :-; c: r; ;, s -, l; j ;; -e ; ( >  .k;)c s; ;dcj : ! f ;  ~ 2 -  

.,. . . -* L \ j Q > n  L ~ ~ C S ?  ~ / O ' i i ? t S  i 7 O t  n e c e s ~ a r - ~  I;/ b e j j l ~  ~ f i j F 0 y n - 1 .  

. > ;oj n t  i ; s  ! ~ c a . t e d ,  2 - .  \ j n e z i -  -. 2 , T t - , ~ -  ;, ; J . o x . i m 7 ~ <  , % 

I , ' "  L > o n  :, b!/ x ; i 3  

s t r e a n ]  f nc re] a - t i o -  - - +- ( t a n  6 , , j  ~x afiu ) ,  ; l a n c e  
" 

4 I /  , ,  a s  .,, = 
I\ I \  i \  i 

A X / C O S  B i ( .  

- P 

i a e n  t h e  s p e c i e s  c o ' f i s e r v a t - i o n  t q u z t i o n  may b e  s p i  i t  i n t o  t h e  

f o i  l o w i n g  t w o  e q u a t i o n s :  



. ------ a:; - ------- q '  

8 J i  

. - s ' t s i j  s f z f :  ; s  iimi-c-d by 6 t j j n c  st?? c ~ f t e r j o i i  a:;, This js 

i r ~ i i l a t e d  i n t o  a c h e m i c a l  s t e ?  s i z e  A s c h e a 7  Cy Lh? r e - l a - t i o n  
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a n d  u i )  a r e  o b t a i n e d  a t  A a n d  3 by i n t e r p o l a t i o n  and  h e n c e  

t h e  f o r c i n g  f u n c t i o n  t e r m s  ( ~ q u a t i o n s  ( 2 3 )  t h r o u g h  ( 2 5 ) )  c a n  

be  c a l c u l a t e d .  

S o l v i n g  E q u a t i o n s  ( 2 9 )  a n d  ( 3 0 ) ,  we o b t a i n  

P C  = ( A ~ P ~ + B ~ P ~ + ~ ~ - ~ ~ - ( A ~ + ~ ~ ) x ~ + A ~ x ~ ~  B 5 x B ) /  ( A ~ + B ~ )  ( 3 5 )  

J s i n  8 
A5 = (A2+A3+ ) A 4  a n d  B 5  = ( B ~ + B ~ + .  J s i n  8 

Y Y ) B4 

a n d  

E v a l u a t i n g  t h e  f o r c i n g  f u n c t i o n s  a l o n g  t h e  s t r e a m l i n e  K - L ,  

a n d  



w e  o b t a i n  q ,  T and a a t  L a s  f o l l o w s :  
i 

From t h e  S-momentum e q u a t i o n  ( E q u a t i o n  ( 2 ) )  

Ax / (a  cos 8 + B cos 8 ) - ( P  - p  ) 
- K L L K q L  - c i K  + 

+ 6 ( p q I L  ( 3 7 )  

from t h e  energy  e q u a t i o n  ( E q u a t i o n  ( 4 ) )  

and from t h e  s p e c i e s - d i f f u s i o n  e q u a t i o n  ( E q u a t i o n  ( 5 ' ) )  

The remaining  p r o p e r t i e s  a t  L can then  be e v a l u a t e d  a s  f o l l o w s :  

The a v e r a g e  m o l e c u l a r  we igh t  i s  e x p r e s s e d  by 



hence t h e  mix tu res  gas c o n s t a n t  i s  

From t h e  e q u a t i o n  of s t a t e ,  t h e  d e n s i t y  i s  

The s p e c i f i c  h e a t  ( f rozen)  i s  e x p r e s s e d  by 

Where C ( T )  is a s p e c i f i e d  f u n c t i o n  of  t e m p e r a t u r e ,  thermodynamic 
i  

d a t a  being t a b u l a t e d  from Refe rence  C7) .  

The r a t i o  o f  s p e c i f i c  h e a t s  i s  

t h e  Mach number i s  g iven  by 



Page 2 7  

and hence t h e  Mach a n g l e  i s  

p f =  s i n  

( c )  Axis P o i n t  C a l c u a l t i o n .  In ax i symmet r i c  f l o w s ,  

s p e c i a l  c o n s i d e r a t i o n  must be g iven  t o  t h e  c o m p a t i b i l i t y  r e -  

l a t i o n  i n  t h e  v i c i n i t y  of t h e  a x i s ,  due t o  t h e  i n d e t e r m i n a c y  

s i n e  of t h e  term -. 
Y 

Cons ide r  t h e  c a s e  i n d i c a t e d  i n  F i g u r e  ( 5 )  where L i s  on t h e  

a x i s ,  and E i s  midway between B and 
- -- - .  --. .  

FIGURE 5 .  AXIS POINT CALCULATION 

Note t h a t  a t  an a x i s  p o i n t  t h e  e x p r e s s i o n s  f o r  f i r s t  and second 

d e r i v a t i v e s  t a k e  t h e  s imple  form 



and 

where K i s  on t h e  a x i s  and Ay = y 
K + l  - Y K  

The c o m p a t i b i l i t y  r e l a t i o n  along B L  r e w r i t t e n  h e r e  wi th  B L  

e q u a l l i n g  z e r o  i s :  

Consider  t h e  te rm J s i n e  B 4 ( x L - x B )  which ,  upon, expanding  
Y 

Near t h e  a x i s  s i n 0  Q, 0 



hence  we o b t a i n  
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h e c c e  t h e  c o r n p a t i b i l  i t y  r e l a t i o n  t a k e s  t h e  f o r m  

where  
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( d )  Wall P o i n t  C a l c u l a t i o n .  

F I G U R E  6. W A L L  P O I N T  C A L C U L A T I O N  
- .  

The d i f f u s i v e  t e r m s  a t  t h e  w a l l  a r e  e v a l u a t e d  by u s i n g  a  r e -  

f l e c t i o n  pr 

n e g l e c t e d .  

a b a t i c  and 

i n c i p l  

T h i s  

imperm 

e ,  t h e  e  

i m p l i e s  

e a b l e :  

f f e c t s  o  

t h a t  t h e  

I 

f a  w a l l  boundary  l a y e r  

w a l l  h a s  no s h e a r  and 

i = l ,  NSP 

b e i n g  

i s  a d i -  

In d i f f e r e n c e  form t h e  w a l l  c o n d i t i o n s  a r e  o b t a i n e d  by s e t t i n g .  

p r o p e r t i e s  ( q ,  T and o i )  a t  K+1 e q u a l  t o  t h o s e  o f  K - 1 ,  when K 
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i s  a t  t h e  w a l l ,  and us ing  t h e  s t a n d a r d  d i f f e r e n c e  f o r m u l a s  

f o r  d e r i v a t i v e s  

With t h e  wall  c o n t o u r  s p e c i f i e d ,  B C  i s  known, hence t h e  p r e s s u r e  

' C  i s  o b t a i n e d  from Equat ion  ( 3 0 )  

wi th  t h e  c o e f f i c i e n t s  A1, A ? ,  A 3  and A 4  o b t a i n e d  a s  p r e v i o u s l y  

d i s c u s s e d .  

Having o b t a i n e d  a l l  t h e  p r o p e r t i e s  a t  p o i n t  L ,  t h e  c h a r a c t e r i s -  

t i c  c a l c u l a t i o n  canno t  a t  t h i s  p o i n t  be r e p e a t e d  w i t h  ave raged  

c o e f f i c i e n t s  s i n c e  t h e  d i f f u s i v e  te rms a r e  no t  known a t  L .  The 

p r o c e d u r e  i s  t o  r e p e a t  t h e  above s e t  of c a l c u l a t i o n s  f o r  a l l  

p o i n t s  a t  s t a t i o n  1 1 .  Then t h e  f i r s t  and second d e r i v a t i v e s '  

can be o b t a i n e d  a t  a l l  p o i n t s .  The c a l c u 1 a " t i o n  can then  be r e -  

pea ted  f o r  a l l  L p o i n t s  wi th  p r o p e r t i e s  averaged  ( a  = % ,  6 = % ) .  

The p r e s s u r e s  o b t a i n e d  i n  t h i s  second i t e r a t i o n  a r e  compared 

wi th  t h e  f i r s t  s e t  of p r e s s u r e s .  I f  t h e  change between t h e  two 

i t e r a t i o n s  i s  s u b s t a n t i a l ,  t h e  e n t i r e  c a l c u l a t i o n  i s  once more 

r e p e a t e d  u n t i l  t h e  change i n  p r e s s u r e s  between two s u c c e s s i v e  

i t e r a t i o n s  i s  n e g l i b l e .  S e v e r a l  i t e r a t i o n s  may be n e c e s s a r y  

i n  r e g i o n s  of s e v e r e  g r a d i e n t s  a l t h o u g h  i n  g e n e r a l ,  j u s t  two 



Page  32 

i t e r a t i o n s  a r e  r e q u i r e d ,  a s  i n  an  o r d i n a r y  c h a r a c t e r i s t i c  

c a l c u l a t i o n .  
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V .  S A l q I P L E  CALCULATIOidS 

To de i i lo t i s t ra te  t h e  nlethod d e v e l o p e d  i n  t h i s  r e p o r t ,  a  n o z z l e  

c o n t o u r  was g e n e r a t e d  f o r  t h e  nonun i fo rm  e n t r a n c e  c o n d i t i o n s  

d e p i c t e d  i n  F i g u r e  ( 7 ) .  T h i s  i n i t i a l  p r o f i l e  c o n s i s t s  of  

a  c e n t r a l  c o r e  o f  h o t  ti 3 and N s u r r o u n d e d  by an o u t e r  c o r e  
2 2 

o f  c o o l e r  a i r ,  t h e  v e l o c i t y  and s t a t i c  p r e s s u r e  b e i n g  u n i f o r m .  

The c o n t o u r  was o b t a i n e d  by t h e  t e c h n i q u e s  d e v e l o p e d  i n  Re f -  

e r e n c e  ( 5 )  w h i l e  t h e  p rogram g e n e r a t e d  b a s e d  on t h i s  t e c h -  

n i q u e  i s  d e s c r i b e d  i n  R e f e r e n c e  ( 1 0 ) .  

The i n i t i a l  p r o f i l e  was expanded  t h r o u g h  t h e  d e s i g n e d  n o z z l e  

u s i n g  t h e  v i s c o u s  c h a r a c t e r i s t i c  t e c h n i q u e  w i t h  f r o z e n  chem- 

i s t r y .  The p r o f i l e s  a t  t h e  e x i t  p l a n e  a r e  compared w i t h  t h o s e  

o f  t h e  i n v i s c i d  c a l c u l a t i o n ,  i n  Figu;.e ( 8 )  t h e  d i f f e r e n c e s  

b e i n g  d u e  s o l e l y  t o  d i f f u s i v e  and d i s s i p a t i v e  e f f e c t s .  

The f r e e  s t r e a m  c o n d i t i o n s  i n  t h i s  c a l c u l a t i o n  c o r r e s p o n d  
I 

t o  a  Nach 8  a i r  s t r e a m  a t  an a l t i t u d e  o f  10,0,000 f e e t .  The 

f r e e  s t r e a m  Reynolds  number p e r  u n i t  l e n g t h  ' i s  870 ,000  and 

b o t h  t h e  P r a n d t l  and Lewis numbers were  t a k e n  a s  1 .  The 

t h r o a t  ha s  a  one  i n c h  r a d i u s  and t h e  t u r b u l e n t  v i s c o s i t y  

was c h o s e n  a s  a  c o n s t a n t  e q u a l  t o  1000 t i m e s  t h e  l a m i n a r  
* 

v a l u e  a t  t h e  e n t r a n c e  s e c t i o n .  Tile v e l o c i t y  and t e m p e r a t u r e  
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a t  t h e  e x i t  a r e  e s s e n t i a l l y  c o n s t a n t  i n  t h e  v i s c o u s  c a s e  

due t o  mixing ,  vihile t h e  e x i t  p r e s s u r e  i s  n o  l o n g e r  uniform 

ilaving t h e  r a t h e r  s l i g h t  v a r i a t i o n  i n d i c a t e d .  

The nozz le  c o n t o u r  o b t a i n e d  i s  d e p i c t e d  i n  F igure  ( 9 )  a long  

\v i th  s e v e r a l  s t r e a m l i n e s  and blach l i n e s  from t h e  v i s c o u s  

c a l c u l a t i o n .  The d o t t e d  l i n e s  i n d i c a t e  t h e  down-running 

c h a r a c t e r i s t i c  y i e l d i n g  des ign  p r e s s u r e  o n  t h e  a x i s  and t h e  

up-running  c h a r a c t e r i s t i c  downstream of which t h e  p r e s s u r e  

i s  un i fo rm,  o b t a i n e d  i n  t h e  i n v i s c i d  d e s i g n  c a l c u l a t i o n .  The 

a x i a l  wal l  and a x i s  Mach number d i s t r i b u t i o n s  a r e  shown i n  

F igure  ( 1 0 )  f o r  t h e  i n v i s c i d  and v i s c o u s  c a s e s ,  w h i l e  t h e  

c o r r e s p o n d i n g  p r e s s u r e  d i s t r i b u t i o n s  a r e  p r e s e n t e d  i n  F i g u r e  

An a d d i t i o n a l  v i s c o u s  c h a r a c t e r i s t i c s  c a l c u l a t i o n  was performed 

t o  show t h e  v i s c o u s  s c a l i n g  e f f e c t  of t h e  t h r o a t  r a d i u s  on t h e  

problem. The r a d i u s  was chosen a s  1 2  i n c h e s  i n  t h i s  c a s e  a s  

compared t o  one inch  i n  t h e  p r e v i o u s  c a s e ,  t h e r e f o r e  t h e  mag- 
- 

n i t u a e  of t h e  v i s c o u s  terms i n  t h i s  m i l d l y  v i s c o u s  c a s e  i s  

d imin i shed  by a  f a c t o r  of 1 2  a s  compared t o  t h e  p r e v i o u s  very 

v i s c o u s  c a s e .  As e x p e c t e d ,  t h e  r e s u l t i n g  a x i a l  wal l  p r e s s u r e  

d i s t r i b u t i o n  f a l l s  between t h a t  of  t h e  i n v i s c i d  and very  v i s -  

cous c a l c u l a t i o n  o v e r  t h e  c e n t r a l  p o r t i o n  of t h e  n o z z l e ,  t h e s e  

r e s u l t s  be ing  d e p i c t e d  i n  F i g u r e  ( 1 2 ) .  
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T h r u s t  computa t ions  f o r  t h e  above t h r e e  c a s e s  were performed 

by i n t e g r a t i o n  of t h e  wall  p r e s s u r e  d i s t r i b u t i o n ,  t h e  t h r u s t  

being computed us ing  Equat ion  ( 5 0 ) .  

J ' e x i t  
T h r u s t  = (Zn)  1 J 

( P - P , )  s i n  O N  ( y W )  d x  
0  

The very v i scous  c a s e  ( r t h r o a t  = 1  i n c h )  had a p p r o x i m a t e l y  a  

s i x  p e r c e n t  l o s s  i n  t h r u s t  a s  compared t o  t h e  i n v i s c i d  c a s e ,  

w h i l e  t h e  m i l d l y  v i s c o u s  c a s e  had abou t  a  f o u r  p e r c e n t  l o s s .  

- 
l h e s e  l o s s e s  a r e  s o l e l y  due t o  v i s c o u s  d i s s i p a t i o n  r e s u l t i n g  

from n o n u n i f o r m i t i e s  a t  t h e  n o z z l e  e n t r a n c e  and d o  no t  i n -  

c l u d e  t h e  e f f e c t s  of s k i n  f r i c t i o n  a t  t h e  n o z z l e  w a l l .  
- -- / 

For a  sample c a l c u l a t i o n  wi th  f i n i t e  r a t e  h y d r o g e n - a i r  chem- 

i s t r y ,  t n e  same i n i t i a l  p r o f i l e  and n o z z l e  were chosen wi th  ; 

t i 2  added (a , .  = . 007)  i n  t h e  c e n t r a l  c o r e .  : To speed  u p  t h e  
12 * 

o c c u r r e n c e  of combus t ion ,  smal l  amounts of 0 ,  H and O H  were 

i n c l  uaed in  t h e  i n i  t a l  p r o f i l e ,  t h e r e b y  r e d u c i n g  i yni t i o n  

d e l a y  t i  me. P r e s s u r e  and t e m p e r a t u r e  p r o f i l e s  a r e  p r e s e n t e d  

i n  F i g u r e  ( 1 3 )  f o r  both t h e  f r o z e n  and f i n i t e  r a t e  v i s c o u s  

c a l c u l a t i o n s  a t  an a x i a l  s t a t i o n  j u s t  under  2 t h r o a t  r a d i i  

downstream of  t n e  i n i t i a l  s t a t i o n .  The h i g h e r  t e m p e r a t u r e  
7 - -  . 1  
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FIGURE 13.  RADIAL PRESSURE AND TEMPERATURE DISTRIBUTIONS 
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p r o f i l e  i1-1 tile f i n i t e  r a t e  c a s e  r e f T e c t s  t h e  h e a t  g e n e r a t e d  

i 1 by b , ~ 2  con:bustion p r o c s s s  and tiie c o r r e s p o n d i n g l y  h i g h e r  

p r e s s u r e  i s  a  r e s u l t  of t n e  s t r e a m l i n e  d e f l e c t i o n s  induced  

by tile c h e m i s t r y .  

- Ille a x i a l  p r e s s u r e  d i s t r i b u t i o n s  a r e  p r e s e n t e d  i n  F i g u r e  ( 1 4 )  

f o r  t n e  wal l  and a x i s  s t r e a m l i n e s .  Note t h a t  a t  t h e  wal l  

combust ion beg ins  a lmos t  immedia te ly  wit11 a  consequen t  de -  

v i a t i o n  i n  p r e s s u r e  from t h e  f r o z e n  c a s e  q u i t e  a p p a r e n t  a t  

x = .1, S i n c e  t h e  c h e m i s t r y  g e n e r a t e s  a  t e m p e r a t u r e  r i s e  

a t  t h e  w a l l ,  t h e  rlach number t h e r e  i s  l o w e r ,  hence ,  s i  

reacn  t h e  a x i s  e a r l i e r .  This  i s  e v i d e n t  i n  F i g u r e  ( 2 0 )  by 

n o t i n g  t h a t  t h e  a x i s  p r e s s u r e  f e e l s  t h e  expans ion  e a r l i e r  

i n  t h e  f i n i t e  r a t e  c a s e .  i lote  t h a t  t h e r e  a r e  t w o  oppos ing  

e f f e c t s ;  namely, t h e  expans ion  g e n e r a t e d  by t h e  wall  t u r n -  

ing  and ti ie compression g e n e r a t e d  by t h e  c h e m i s t r y .  The wal l  

expans ion  e v i d e n t l y  dominates  t h e  o v e r a l l  p r e s s u r e  v a r i a t i o n .  
: 

The sample c a l c u l a t i o n s  performed d e m o n s t r a t e  t h e  c a p a b i l i t y  

of t h e  v i s c o u s - c h a r a c t e r i s t i c  program t o  de te rmine  i n t e r n a l  

s u p e r s o n i c  f low f i e l d s  . t ak ing  i n t o  accoun t  t h e  e f f e c t s  of 

s h e a r ,  conduc t ion  and d i f f u s i o n ,  a s  wel l  as  f i n i t e  r a t e  hydrogen-  

a i r  combus t ion .  The r e s u l t s  of t h e s e  c a l c u l a t i o n s  i n d i c a t e  s i g -  

n i f i c a n t  d i f f e r e n c e s  i n  t h r u s t  between t h e  v i s c o u s  and, i n v i s c i d  

c a s e s ,  due b d s i c a l l y  t o  t h e  l a r g e  v a l u e  assumed f o r  t h e  t u r b u -  
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?en;; v i s c o s i t y ,  whicll was chosen  t o  n iagnify  t h i s  d i f f e r e n c e .  

i n  u s i n g  'criis progt-an1 f o r  t h e  a n a l y s i s  o f  an a c t u a l  n o z z l e  t h e  

c i i o i ce  o f  a n  a p p r o p r i a t e  v i s c o s i t y  model must  be made by t h e  

u s e r ,  a s  niust t h e  c h o i c e  i n  s i z e  o f  t h e  n u m e r i c a l  g r i d ,  t h e  

l a t t e r  ba sed  on a  comproniise between r u n n i n g  t ime  and t r u n c a -  

t i o n  e r r o r .  

Rega rd ing  t h e  f i n i t e  r a t e  chemica l  c a l c u l a t i o n ,  t h e  a b i  1  i  t y  

o f  t h e  v i s c o u s  c h a r a c t e r i s t i c  p rogram t o  p r e d i c t  a  t e m p e r a t u r e  

r i s e  and a  c o r r e s p o n d i n g  p r e s s u r e  r i s e  i n d u c e d  by c h e m i s t r y  i n  

t h e  p r e s e n c e  o f  a  l a r g e  i n v i s c i d l y  c r e a t e d  p r e s s u r e  f i e l d ,  has  

been d e m o n s t r a t e d .  I t  i s  g e n e r a l l y  q u i t e  d i f f i c u l t  t o  o b t a i n  

an i n i t i a l  p r o f i l e  and a  v i s c o s i t y  model which w i l l  s i m u l a t e  

a c t u a l  c o n d i t i o n s  when f i n i t e  r a t e  c h e m i s t r y  i s  i n v o l v e d .  The 

i g n i t i o n  d e l a y  t i m e  i s  d e p e n d e n t  on b o t h  t h e  c o n c e n t r a t i o n  o f '  

r a a i c a l s  ( 0 , t i  and O H )  i n  t h e  i n i t i a l  p r o f i l e  a s  w e l l  a s  on t h e  

r a t e  o f  d i f f u s i o n  o f  H z  i n t o  t h e  a i r  s t r e a m ,  In a d d i t i o n ,  t h e  

s i z e  and s h a p e  o f  t h e  comb us t i on  zone  and accompanying  s t r e a m -  

l i n e  p a t t e r n  a r e  q u i t e  s e n s i t i v e  t o  t h e  v i s c o s i t y  model em- 

p l o y e d .  F o r  a  f i x e d  i n i t i a l  p r o f i l e ,  t h e  v a l u e  o f  v i s c o s i t y  

r e g u l a t e s  t h e  amount o f  f u e l  d i f f u s i n g  i n t o  t h e  combus t i on  

z o n e ,  a s  w e l l  a s  t h e  aiilount o f  h e a t  c o n d u c t e d  away frorn t i l e  
- 

f l a m e .  [ h e  v a r y i n g  p r e s s u r e  a c r o s s  t h e  combus t i on  z o n e ,  due 

t o  t h e  i n d u c e d  s t r e a m 1  i n e  d e f l e c t i o n s ,  f u r t h e r  compl i c a t e s  

t h e  s i t u a t i o n ,  s i n c e  t h e  chemica l  r a t e  c o n s t a n t s  a r e  r e l a t e d  
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t o  t h e  p r e s s u r e  l e v e l  i n  a  n o n - l i n e a r  f a s l ~ i o n .  I t  i s  f e l t  t h a t  

u s i n g  t h e  v i s c o u s  c h a r a c t e r i s t i c s  p rogram i n  c o n j u n c t i o n  w i t h  

a n  e x p e r i n i e n c a l  p rogram would g r e a t l y  e x t e n d  i t s  u s e f u l n e s s  a n d  

s h o u l d  l e a d  t o  a g r e a t e r  u n d e r s t a n d i n g  o f  t h e  complex  i n t e r p l a y  

be tween  c l ? e r n i s t r y  and m i x i n g  i n  a  n o n u n i f o r m  wave f i e l d .  
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FIGURE 14. ST R E A M L I N E  P R E S S U R E  VARIATIONS 



Page A l - l  

A P P E N D I X - I  

C H A R A C T E R I S T I C  D E R I V A T I O N  

The c o n t i n u i t y  e q u a t i o n ,  e x p a n d e d ,  t a k e s  t h e  f o r m :  

By u s e  o f  t h e  s-momentum e q u a t i o n ,  t h e  t e r m  ps may be r e p l a c e d  

by 

3 i f f e r e n t i a t i n g  t h e  e q u a t i o n  o f  s t a t ?  w i t h  r e s p e c t  t o  s  y i e l d s  

where  f r o m  t h e  c o n s e r v a t i o n  o f  s p e c i e s  e q u a t i o n  

6? ,d  f rom t h e  e n e r g y  e q u a t i o n  



R e p l a c i n g  t h e  t e r m s  p a  and qx a p p e a r i n g  i n  t h e  c o n t i n u i t y  
as  as  

e q u a t i o n  ( E q u a t i o n  ( I .  1 ) )  w i t h  t h e  e x p r e s s i o n s  i n  E q u a t i o n s  

( 1 . 2 )  - ( I . 5 ) ,  t h e  r e s u l t i n g  e q u a t i o n  t a k e s  t h e  fo rm:  

By a l g e b r a i c  m a n i p u l a t i o n ,  t h e  b r a c k e t e d  t e r m  on t h e  l e f t  hand 

2 s i d e  o f  E q u a t i o n  ( l  . G )  can  be r educed  t o  PIf-1. L e t t i n g  F* e q u a l  

t h e  sum o f  a17 t h e  t e r m s  on t h e  r i g h t  hand s i d e  o f  E q u a t i o n  ( 1 . 6 )  

w f t h  t h e  e x c e p t i o n  o f  t h e  a x i s y m m e t r i c  t e r m  ~ p q ' s i n e  ,  qua- 
Y 

t i o n  ( 1 . 6 )  t a k e s  t h e  fo rm 
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2 2 b ~ i t h  pq  = pM, , E q u a t i o n  (I.?) and t h e  normal momentum 
I 

e q u a t i o n  a r e  w r i t t e n :  

The t o t a l  d e r i v a t i v e s  o f  p and 0 may be e x p r e s s e d  by: 

!%?- d s  i d n  = d p  
a s  a n  ( I .  10.) 

W r i t t e n  i n  m a t r i x  f o r m ,  t h e  above  s y s t e m  ( E q u a t i o n  ( 1 . 8 )  

t h r o u g h  ( I .  1 1 ) )  becomes 

0 

1 

0 

cis 
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T h e  c h a r a c t e r i s t i c  d i r e c t i o n s  of t h i s  sys tem of e q u a t i o n s  a r e  

o b t a i n e d  by s e t t i n g  t h e  d e t e r m i n a n t  of t h e  c o e f f i c i e n t  ma t r ix  

equal  t o  z e r o .  

( I .  13 )  

\2 
o b t a i n i n g  id" - 1 

\T - Zqj- . Hence t h e  c h a r a c t e r i s t i c s  a r e  l i n e s  
S C 

whose s l o p e  i s  g iven  by 

( I .  14) 

o r  e x p r e s s e d  i n  c a r t e s i a n  c o o r d i n a t e s  

Q = t a n  ( s i p f )  
d x 

( I .  1 5 )  

The c o ~ n p a t i b i l i t y  r e l a t i o n  a long  t h e  c h a r a c t e r i s t i c s  i s  o b t a i n e d  
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by  r e p l z c i n g  a n y  c o l u m n  o f  t h e  c o e f f i c i e n t  m a t r i x  w i t h  t h e  v e c -  

t o r  o n  t h e  r i g h t  hand s i d e  o f  E q u a t i o n  ( 1 . 1 2 )  and s e t t i n g  t h e  
, 

d e t e r m i n a n t  o f  t h i s  m a t r i x  e q u a l  t o  z e r o .  

E x p a n d i n g  t h e  d e t e r m i n a n t  and u s i n g  E q u a t i o n  ( 1 . 1 4 )  we o b t a i n  

t h e  c o n p a t i b i l  i t y  r e l a t i o n  



F e r r i ,  A , ,  " R e v i e t , ~  o f  P r o b l e m s  i n  A p p l i c a t i o n  o f  S u p e r -  
s o n i c  Combus t ion  ," Royal A e r o .  S o c .  J . ,  S e p t e m b e r  1 9 6 4 .  

F e r r i ,  A . ,  E ' i o r e t t i ,  G . ,  and S l u t s k y ,  S . ,  "F4ixing P r o -  
c e s s e s  i n  S u p e r s o n i c  C o m b u s t i o n , "  J .  S o e .  I n d u s t .  App1.  
M a t h ,  V o l .  1 3 ,  No. 1 ,  March 1 9 6 5 .  

i . l o r e t t i ,  G . ,  " A n a l y s i s  o f  Two D i m e n s i o n a l  P r o b l e m s  o f  
S u p e r s o n i c  C o m b u s t i o n  C o n t r o l  1 ed by M i x i n g , "  AIAA Sym- 
p o s i u m ,  Mew Y o r k ,  J a n u a r y  1 9 6 4 .  

F e r r i  , A., and D a s h ,  S . ,  " V i s c o u s  Flow a t  High Mach N u m -  
b e r s  w i t h  P r e s s u r e  G r a d i e n t s , "  Symposium on V i s c o u s  I n -  
t e r a c t i  on Phenomena i n  S u p e r s o n i c  and  i l y p e r s o n i  c  F low,  
Nay 1 9 6 9 .  

D a s h ,  S . ,  "The  D e t e r m i n a t i o n  o f  N o z z l e  C o n t o u r s  f o r  Ro- 
t a t i o n a 1 , N o i . l - t i o m e n t r o p i c  Gas M i x t u r e s , "  Advanced T e c h -  
no1 ogy L a b s . ,  T e c h .  R e p t .  No. 1 4 8 ,  March 1 9 7 0  

R i c h t m y e r ,  R . ,  and  M o r t o n ,  K . ,  " D i f f e r e n c e  Methods  f o r  
I n i t i a l  V a l u e  P r o b l e m s , "  I n t e r s c i e n c e  P u b l i s h e r s ,  New 
Y o r k ,  1967 

M c B r i d e ,  B .  J . ,  H e i m e l ,  S . ,  E h l e r s ,  J .  G . ,  and G o r d o n ,  
S . ,  "Thermod.ynamic P r o p e r t i e s  t o  6000°K f o r  210 Sub-  
s t e n c e s  1 n v 0 j  v i n g  t h e  ~ i r s t  1 8  E l e m e n t s  ,," NASA S P - 3 0 0 1 ,  
1 9 6 3 .  

A b e t t ,  M. J . ,  " U s e r s  Manual f o r  t h e  3 n e  D i m e n s i o n a l  ~ l u i d  
F low,  F i n i t e  R a t e  Chemica l  K i n e t i c s  P rogram w i t h  S p e c i -  
f i e d  P r e s s u r e  o r  Area f o r  'the H y d r o g e n - A i r  S y s t e m , "  Gen- 
e r a l  A p p l i e d  S c i e n c e  L a b s . ,  I n c . ,  TR 5 9 7 ,  F e b r u a r y  1 9 6 6 .  

M o r e t t i ,  G . ,  " A  New T e c h n i q u e  f o r  t h e  N u m e r i c a l  A n a l y -  
s i s  o f  N o n e q u i i i b r i u m  F l o w s , "  AIAA J o u r n a l ,  V o l .  3 ,  No. 
2 ,  F e b r u a r y  1 9 6 5 ,  p p .  2 2 3 - 2 2 9 .  

Kal b e n ,  ? .  , " A  F o r t r a n  P r o g r a n  f o r  t h e  D e t e r m i n a t i o n  o f  
idozz le  C o n t o u r s  f o r  R o t a t i o n a l  , ?Jon-Hornent ropic  Gas Mix- 
t u r z s , "  Advanced T e c h n o l o g y  L a b s . ,  T e c h .  Mem. N o .  1 4 8 ,  
? l a rch  1 9 7 0 .  


