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ABSTRACT

The problem of determimation of best behavior strategies for a
decision makl-sar: in & twoeparson, zerow-sum, finite extended decision
orocess Ly eonslderrd,

I'n Lhis probliem, best strategles are defined to be those strat-
aples which wpxdmize a plaver’s expented return ageinst all possible
sgrategies that can be enploved by the other plaver; snd the decision
prrocess Ly Lhus conglderesd as a two-person,; zero-sum, finlte extended
RS

Tt I noted that most bwo~person, Zero-sum, finite extended
games avive in settinze which:

{1} define the maximum amomnt of infernation on previous

diternative cholees that vach plaver can gather from move
o move, but

{ii} do mot define hovw much of this informatlom actuallv will

he gathered, or how much of the actually gathered infor-

maidon will be remembered from meve to move.

Pefining any specifieation of (Li) fer a player as an informalion

wolleclion scheme, and defining the complexabty of a strategy as the




xii

mmibsr of mubers that must be stored in o conpuber to implement i,
it ie olesr thay both the effectiveness and the complexiiy of a
strabegy depend wpon the player's information collection scheme in
a criticesd mammer.

In the veport then, technigues are developed for finding best
behairior s*tra‘i:egiea on exbilrary information collection schemes. These
teckmiques melte it possible to search in anmy given geme for strabegies
whieh syt minimally complex bab aceepbobly effectlive.

A d@uter:gaﬁiau't medleal game is “"searched” using these techniques,
and tehavior pirategies srs found fopr the docbor which are more then
90% as effectlve but less than 10% as vomplex as he best strategy
which results vhen the doctor ga:bhe:rs—e.nd retalng ell the Informatlion
defiined %o be gyalletde bo him. ,

A purselt end evaslon game is also stuvdied and best behavior
strabegles are delennlned for the pursuer and the evader when both
plagurs gother and wedaln gll the informetion defined o be availshile

Ho esoh of bhems
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CHAPIER X
INTRODUCTION

1.k Geénersl Preblem

We are imberested in the deberminaticn of best sbrategles for a
decinfon wslsesy in duclsion processes whick are deseribed as follows:
Fipwh, $the albernebive choices In the processes are made by

thyee particss:

{{) & deeision makew, our protagonists

(i1} @ secepd iaa:c:!:hy; and

{131} notuve, opersting under knowm sbablsties.

Seeond, the processes are extended, in that each parby mey ameke
more thewm one declsion as the provess wnlfolds,

“Thixrd, the processes sre finibte, 1in thab cach party mey make
oniy & finike z%’ambt&r of declesions or moves, end at eachk decigion is
presebad with ;m:!;ur & Pinite nomber of alternsbives.

Flogdly, the processes will be coneidered do involve only two
persoms, dn dhet nabure will be resoved from sebive consideraticn by
&:.'nmnmrem‘mg the payof'fs to the probegoniat in tems of expected
mrbrrae under nebme’s kaown stebistics.

In e consldorations, we will comsider best strategles as those
uhidoh wanimize the probagonist?s ninfrm expected return against all
prssible declsion nbrabegles that can be emploved by bhe second parby.


http:eansider.mg

These shrategies have the appealing property that they neither require
nor imply ea estimebe of the secomd party's inbtenmiions; lhey only teke

into account hils cwpabililies,

in order to find such meyr-min strabegies for the probagomist, we
shall pose Ghe problem as a gsme in which the seecond parly is considered
0 lvge whabever reburn the probagonist wins. Spacificalliy, we will
¥

label the second party as the antagonist, and we will Lreal the decision

procasses as Pinite, bwo-person, zerg-sun extended games.

1.2 Information CGabhering

e will assuse thet as pley progresses, each pleaywr can bDocoms
avare of saue of bhe albernative cholces thet he and the olher parties
‘heye pade, ¥ Specifieally, we will zssume thalt the seitings in whieh
oy oxtended gomes arase:

(i) define the mexime smount of previocus informaiion aboub

alternabive choice thab each player gan gather, bub

{ii) do pot define how much of the thecretlenlly availsble

information cach pleyer will gether, and
(1i1) do not defiae how much of the astualiy gethercd informaiion
each player will recall from move to move,

If we cell amy specificetion of faclors (11) and (1ii) sbove, =

specificabion of thabk players information collection scheme, we can

restabe our inberestes as fMollows. We wish to consider the nroblem

Gomes in which suach 1dayer, st each wmove, kuows sll préevious alterna-
tlve cholces by all porties are commonly known as games with psrfect
Information. Such gmmes can he solved by technigques which arse far
dimpier than those which we will develop here.



of seleckbion of a deeision ateatesy Lfur the protagonist iv fso parts:
(1} the selacsicn of an inforoatlion collechion seheme for
the protagosist, asnd
(i1} the deteminstion of o mat-ndn strategy for Yhe probagonist

£
given ths eclected Informebion collechbion scheme.

:i,.?, Copslderations in Selactivn of an I'nforpabion Collechion
Scheme for the Protagoenlod

Buppose we wlopt the followloy moeeemoelabores
(1) Ay information collectiom solweme In which ony pioce of
informediion that in collected ab mmy move ip reesiled at

asch sdbisdquent move, will bo cslled a perfect-recall

yﬁmﬂmﬁgﬂp gollection schemus and

(11} eny pordect-recall scheme whiich collects ewsyy pilece
of dnformsbion defined as awailsble by the sobbings in
whieh the gase wreises, will be celled a somplete
inforpebtiion eollectlon gscheus.

1
Uslpg this nomenclaturs, we cen describe che copsiderutlons

dweolwed iy seleotlon of an lofermubion collection schems for the
vrottoonlet 28 POTLOS.

By defdmdition, any obtrabegy for o playzy is & couplete zel of
Lmstewet lens telld bag the player how to choosse slternetives in every
situatdion thet he con eneowober in the course of o gume. But what

dafines o slbentive fom the pleyerf--giuply the values theét ean be



bolten Icm. By the various colieebions of pieces of informzition on
previecus albernstive cholces $that he is defined fo know under his
Infermetion colleation scheme.
Teking the mmber of situations a ghrategy must allew for as s
wapgure of ity coamplexity, we cen meke the fcllo%rlng statenents.
(1) ¥he wmore informebion on previgue slternative choices thab
a player knows at each move, lhe more ctmplex his sbrategies
wLLL be. F
(i1} The nore complex a rlayer*s strategies wre, the move
erpansive they gre to store and implement.

LYY of uldeln soys, with respect Lo sborage and implementobion costs

of his s¥hrategy, the less informatiocn a plsyer knows at each move,
‘%h‘%ze better off be is going $o be.

{n the other hand, for any glven informetion collection scheme
for Ghe cgg,g:amsmﬁ:, the minimm expeched return guarantecd by o player's
wax-rip strategies 1s o mewinmm, when the pleyer is using fts complete

doformetion collaction scheme, This information colluckion scheme,

howrever, leedn bo the most cowplicated strategies.

En 3ight utf:‘ the shove consideraticns, we will establish the
Podlearing mzﬂw&ﬂ.e for sglecbion of the player's informetion collecw
e pehomtsd

{4} Hotirg that we ave toking the probagonistts port (hence the

Iobel), we will comservalively sssign to ¥he awbagonist a
coplede information vollectioa scheme, and
{11} we will select for the protogonist ‘axa imformation colleetion

schems vhich lesds to the slmplest possible mey-min or nearly



msi-ndn sbrategy gusrantesing a minbmm expscted reburn

Ty

wirich i3 acceptiably close’ %o thab guaranteed by &

conpiote Infommstion -colieation schemes.

1.h Types of Strotegles

Thepe are thrae basle types of strategies thet can be enployed by
the plugers

{1} the pure sbrodegy, vhich is a list of instructioms telling

dhe player vhich altermstive bo ehooge in amy sibuation he

may encovnber in o plsy of the ganes

(14} the mixed stretesy, whiech is o probability distribwbtion over
Ehe set of all pogsible pure strategies, vhich the player uses

%o rendoaly seleet & pure sbratepy when he hegins = play of
the gemas and

: (hin) the pehavior strategy, which iz a collection of probebility
distribubions, ome distribubtion for ench siftuetlion the player
can eaccunter, each distribution describinpg how the player
should randonily choose en alternzbive in thet sitvabion.

The firuad ‘t:em of %hese strategy types are relabtively well known,
and goneral bechnigues have been developed fea Finding s pure sbratepy
%m‘i‘ci:. muscindzes over o player®s set of pure stredegies its mindmuom
ratuzn, sod Por finding a zized sbrategy which muximizes over a playsr's
ﬁt:?%; of wized strafegies ite mindlmm reburn. The third strabegy is uob
s0 wall hnown, and mo geaernl tochnigues heve begn developed for finde
ing o behavior stratesy which meximizes over a playerts set of behevior
sbrategies Lbs nindouo retura.

»‘%i’e T étémmﬁe



We shall show below, however, that in all but the most trivisl
of extended games with less than perfect informetion, the determination

and use of the best of a player's pure or mixed strategies is not

practical. 5
We will, tvherefore, resirict our abttention to the problem of

determinavion of a best behavior stretegy for the protagonisit, and we

will develop some camputational technmiques for this purpose.

1.5 Organization of the Argument

In approaching the éeneral problem we have outlined gbhove, we will

orgeaize our argument as follows.
(1) We will develop a formal technique of description for genersl

extended gemes similer to that developed by Von Neumannl and later

refined by Kuhnz.

(2) We will formally define the concepts of & pure, a mixed, and
2 behavior slrategy; and we will show why attempis to find and implee
ment pure or mixed strabegy solutions in extended gemes are usually
impractical.

(3} Restricving ocurselves to behavior strategies then, we will
formally state the genersl problem that we wish o golve: Tind a
ainimelly complex, acceptably good, behavior strategy for the pro-
tagoniat.

{4) We will discuss the difficulties involved in gemerating a
complete solution to the problem, and we will outline a heuristic

technigque for cbtaining a partisl solubion.



{5) In order %o cbtain even & parbisl golubion, however, we will
need o method for finding mect-min c;r neayly wax-min bebhavior strategles
for any given information collsction scheme for the protagonist. We
will zplit this problem into two parts, considering separately the
special cas? where the protagonist employs a perfect-recall information
collection scheme, and the more general case where the protagonist mey
employ any information collection scheme,

(6) We will devalop an algoribhm for determination of maxt-min
behavior strategies for the perfect-racell informetion collection
scheme case.

(7) For the zrbitrery information collection scheme case, we will
‘ ghewr that for svery finite two-person, Zerp-summ, exitended game in
vwihich ome player has F moves and the sther pleyer has ¥ moves, there
is an agsocisted (W + M}-person, nom~cooperative geme with solution
gtrategies of 2 new type corresponding to behavior strategles ja the
original gome:

(i) which meet a szt of necessary conditions for mex-min

behavior stzategler, and which
(11} if ohe pleyers' botal s&nsiﬁivi‘sy? to forgotien informa-
$ion iz less than €, will gusraniee each player a minimm

expected reburn within € eof the minimum expected return it

can guarantee ivself by playing s mex-min mixed strategy.

*To be defined iater; roughly, & measure of the influence of the

forgotten information on the expected return,



{8) we will develop a heuristic algorithm for genereting sclutions
in the associated game, or equrvalently, for determining behavior
strategies which meet a set of necessary conditions for mex-min behevior
strategies in gewes in vhich the players may employ arbitrery informs-
tior schemes.

{9) We will demonstrate the use of the "perfectw-recall’ slgorithm
by solving seversl pursvit-evasion games.

(10) Pinally, we will employ the general algoritim in a search
for a minimally complex, aceepbadly good, behevior strategy for the
doctor in an exsmple doctor«patient mediecsl decision process. In
this example, we will first find s behavior strategy X on the doctor's
, complete informetion collection scheme. We will then carry out a
search for a minimslly complex, acceptably good, behavior strategy
for the doctor; and the search will result in a behavior strategy X*

which is more than 90% as effective as X, but less then 104 es complex.

1.6 Contribubions

The contributions made in this report agres

(i) the development of an algoritim for determinstion of max-
mnin behevior strategies in two-person, zero-sum, finite
extended games in which both players employ perfect-recall
information collection schemess

(11) a demonstration of a relationship between solutions in an
asseciated game and mex-min behsvior strategies in the

original geme; and



{1ii) the development of 2 heuristic algorichm for determination
of behavior strategies which meet a set of necessary condi-
_ tions for max~amin behavior strategiles in games in which the
players employ srbitrexry information collection schemes.
These cﬁjmtzr'ibutions are of value in that they provide, for rela-
tively complicated, f‘iai‘te? two~person, exsvended decision processes,
g meansg for determination of behavior sirategies for the decision msker
which aret
(1) relatively simple to store and implement, and
(11} come sccepbebly close to maximizing the decision meker's

minimm expected return ageinst all possible strategles

vhich can be employed by the other person.
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CHAPIER 2

DESCRIPTIONS OF FINTTE EXTENDED GAMES

2.1 Inbtroduction

In this chapter we will caryy out the first of seversl arguments
which will lead us to & precise formulation of the problem that we
wish +0 consider. Specifically,

(1) we will give a formal definition of a finite extended game
which is slightly broader than that given by Von I\Temnannl

gnd Kulmag

(ii) we will develop a form of presentation for the rules specify-
ing & finite ertended game which will 2llow considerdble
insight into the strategic properties of such a games; and,

in the process of thas development,

{1i1) we will define and examine the concept of an information

collection scheme.

2.2 HNotation and Convenbtions

In this and the following chapters, we will indicate that a
function or variasble is associsted with the protagonist, the antagonist,
or neture by superscripbting it with p, a, or n, respectively.

Further, we will esgtablish most of our definitions and notation

with respect to the protagonist only,whenever the corresponding
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definition or notation for the antagonist is clear. When the corres-
ponding deflnition or nobation is not clear, we will give it in s

separate statement, or we will indicebe in square ‘bracke’ts‘r

the changes
that must be made to the protagonistls statement to meke it true of

the antagenist,

2«3 Word Usag_gﬁ
In common usege the words game, play (as a noun), party, move,
and choice, have more or less ambiguovs meanings., From this point on,
we will use these words only in the following formal ways.
(1) A game is the totality of rules that deseribe at.
(ii) A pley is a particular instance of hov a game is played
from beginning to end.
(111) Any player or nature is a party in the game.
(iv) A move is the occassion of a choice between various alterna-
tives o be made by one of the parties under conditions which
are précisely deseribed by the rules of the game.

(v) A choice is sn alternative chosen 1n & specific instance.

2.4 Defimiblons of Finite Extended Games

As mentioned sbove, & geme is the Gobalibty of rules vwhich describe
ite The strategrc imberest of a peme, however, lies dn what is nob

directly described by the ruies.

%In the verbal portlons of the text, sguare brackets will be employed
only for this purpose,

ﬁ'c:fi, reference 1, page L9,



1z

In the definition of a finite extended game that was given by
Von Ne'tmannl and leter refined ‘t;y Kuhnz, the rules of the game inciude
a rule precisely defining the information on previous choices that
each player will know at each of 1is moves., The only things not
deseribed in the rules of the game are the strategies under vhiech the
players make thelr decisions abt each of thelr moves.

We wish to leave to each player'the additionsl problem of deciding,
within the limits of vhat 1% can know sbout previous choices at each
of its moves, which pieces of information it actually should know st
each move in order Lo play zccepbtably well. Therefore, we shall state

our definition of a finlte extended geme accordingly.

Definition 1: A finite extended game is 2 collection of four
rules:

(1) 2 rule describing all possible plays in the game;

(i1) a rule deseribing the manner in which nature chooses an
slternative at each of her moves (a statistical deseription
for nature)s

{111} a rule describing the peyoffs to each player for each possible
play; and

(iv) & rule describing the weximum amouvnt of information on slter-

native cholces by all parties, that each player can gather

at each of the moves in the game.

2.5 An Exemnple of a Flaite Extended Game

An example of a finite extended game is deseribed bhelow. The

four rules of definition 1 are completely (though perhaps not
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explieitly) specified by the given verbal description of the game,

Consider a simple card game between two players, O and 8, the

Formeyr consisting of twe persons, 41 and 02, who are not allowed to

camumicate. The game is playel as follows.

(1)

(11)

(i11)

(iv)

&l chooses & card from one of Hwo well-shuffled decks of
ca;'ds~~a deck A which hog twice as many red cards asg black
cards, or a deeck B vhich hss 4wice as many black cards as
red cards.

The esrd chosen by ¢l is given to B, and B 1s then asked fo
guess vhich deck the card came from.

QZ 18 then asked to guess which deck B's card came from.
a2 is not allowed to know @l's cholee ar to see g's card,
but 1s allowed to know B's guess, provided that @ bad planned
in advance te use this information in its strategy.

A payoff is then given to each player under the following
rule. If both guess right, o wins $1 from B3 if neither
one guesses right, © wins 30 from B3 if only 2 is right,

o wins $3 from B3 and 2f only B is right, @ wins -$3 from .

An anterpretation of how this game is played is given by the

flovw dragram of Ffigure 1.

In the next few sections, we will develop a form of presentation

for the rules describing any finibte extended game. This form of

precentation, which iz wery gimilar to the one developed by Kuhng,

allows congidersble insight into the strategic properties of finite

extended gomes. In the process of developing this form, we will
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el Chooses Deck A
or Deck B

;

. f"—— ol Chose Deck 47 _“’_‘*’1
Majure Chooses a Card Nature Chooses a Card
Under ¢ Distribution Under a Distribution
Defingd by : Defined by °
P(Red) = P (Red) =

;

B, Given the Selected Card
Guesses Which Deck ¢l Chose

é

22 Guesses Which Deck al
Chose (Knowing B's Guess
Provided That e Hod Chosen
His Strafeqy Exupecting to Know
Thts Informofion)

Payoifs Awarded

}

FIGURE L éﬁﬁ%ﬁ;&fﬁPLE OF A FINITE EXTENDED
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define and examine the concept of an informsftion collection scheme.
As we proceed, we will use tha form $o describe the exemple Finite

extended game given above,

2.6 Rules Describing All Possible Plays: Game Trees

Let us consider eny two moves as distinct 1f each one arises with
a different string of alternative choices by the parvies. With thas
convention, the rule describing all possible plays in a finite extended

gane can be easily expressed in the form of a finite tree,‘? usually
1

known as a game tree.

Defimition 2 For a given finite exbtended game [, a geme tree K
is g finlte tree such that:
(i) the nodes of ¥ are in one-vo-one correspondence with the

moves of '3

{i1) one node, called the distinguished node, O, rez;resents the
first or starting move of the game;

(iii) the branches of K represent the alternatives at each move
in I, with the conventions thot:

{a) the i branches of O are indexed 1,...,i, in counter-
clockwise order, starting with any branch;

(b} for any node X with j branches, except for 0, the
branches are indexed 1,...,j in counterclockwise order
sbarbang with the branch followang that braneh which
dots not represent sn alternavive at the move correg-

pording to X, and

?A connected greph withoubt loops.

11

Refarence Z: reference 2. nace U1+ and ol sewvhers.
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{¢) the ith branch at any node X represents the ith
alternative of the move corresponding to X.

In figure 2 we esvablish an indexing of alternatives and show
& corresponding game tree for the example game of section 2.5.

In figure 2 we have indiceted the verminataing brenches, i.e.,
those which correspond to choices which do not lead to further moves,
by ending them with squares.

Note that in 2 game tree X, drawm for a geme T with 2 gziven
indexingi of slternstives, there is a one-to-one correspondence between
‘the possible plays in I' and the uvnicursal lines from O through termin-
ating branches., In view of this one~to-one correspondence and those "

, between moves and nodes, and sltexnatives and branches, we will use

the same name for each element in I° and its correspondent in X,

2.7 Rules Describing Nature

The second rule requared in the descraiption of & finite extended
gane is & rule describing the manner in which nature chooses an slter-
native at sach of her moves. This is given by specifying a prcbability
distribution over sature's alternatives at each of her moves, Such
distributions are easily indicated in a game-tree diagram. We simply
label esch alternative at each of nature's moves with the probsbility
that it will be selected il the given move arises.

Note that if all such distributions differ at each of nature's
moves; then at every move, every previous alternative choice can be
said to "condition" or influence nature's decision. On the other hand,

if a particular previous choice does not influence nature's decigion
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O H
j A~ -j—?g- mmmmmmmmmm als move
O YR g e e e e — Noture's
! 2 ! 2 moves
v R 2T T IR T T T TRz T T T TRz T B moves
e — — ) s Qe e s () e e e e e (Y e @3 2'§ MOVES
Y CH CH CE ) N CIRE Y O  C R
(3 0 0O 0 0O 810 4 4d 1 0O O 0O.0 OO— Terminction
a's "12t* move B's moves-
Alternative Name < Alterngfive Name
| Choose deck A i Guess deck A
2 Choose deck B 2 Guess deck 8
Nature's moves a's "27" moves
Alternative Name " Alternative  Name
I Give B ared coard | Guess deck A
2 Give 8 a black card 2 Guess deck B

FIGURE 2 AN ALTERNATIVE INDEXING AND A GAME TREE FOR
THE EXAMPLE GAME
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at some move, then at every move with the same alternatives and a
choice history which is identical exceﬁt for the non-influentisl
choice, the probability distributions over nature's alternatives must
be the same.

oJIn figure 3, the game tree for the example-given in section 2.5
" is appro;priate‘ly labeled to indicate how nature chooses an alternative
at each of her moves. Note that nature's decision at each of her moves

is conditioned by the choice made by C1,

2.8 Rules Describing Payoffs

The third rule required in the description of a finite extended
game 1s a rule desc;-ﬁ.bing the payoffs to each player for each possible
play. This rule will be denoted by the funct:.on hy (w), ind:.cating the
pa,voff to the ith player when play W has been rea.l:.zed.

In a game-tree diagram, we can indicate the payoffs to each of
the N players when play W is realized by listing the vector H(}nf) =
{ny (W), 1=1,...,0} at the terminating branch of W.: In figure 3, the
payoffs to the players in the example game of sef:tion 2.5 are indicated
in this ma;;ner. Ii:cwgvér, in amy two-person, zero-sum, finite extended
gatmei" n:*e will hereafter list only the pa:yoffs to the i)la.yer wi'.to is

considered to be the protagonist.

b4 L v

2.9 Rules,Describing Maximm Gathersble Information

The fourth rule required in the description of a finite extended
geme is a rule describing the maximum smount of info?mation on dlter-

native choices that each player can gather at each move.
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(Alterna?me Indexing )
Gwen in Figure 2,

ai's move

Nature's
moves

B's moves

«2's moves

—  Termnshon

e R e v

FIGURE 3. STATISTICAL DESCRIPTION FOR NATURE AND PAYOFF
RULE FOR THE EXAMPLE GAME.




20

In order %o explaln the techhique which we ghall use to present
this rule, we must first define the concept of an information collec-

tion scheme and develop some of the properties of this-concept.

2.9.1 Informstion Collection Schemes and Induced Move Partitlions

We begin by giving formel definitions for the concepts of an
information collection scheme and an information set.

Definition 3¢+ An informabtion collection scheme for z player is

a8 rule R, defining for each move X at which the player is required to
choose an alternative, the portion of the alternative choice history
establishing X which is known to that playeér.

Definition 4: Any set of pieces of informetion that can be

known by a player at any of its moves and which consists of
(i} a list of alternatives availsble at that move, and
(i1) the pieces of informetion on previous alternative choices
vhich the player knows at thet move under its given informa-
ti‘on collection scheme R,

will be called an information set.

Clearly, zn any finite extended game, there are only a finite
mumber of information sets possible for a player under any given
information collection scheme R. TFurther, we can state the following
property.

Property 1: An information collection scheme R for a given
player induces a unique partitioning of that player's moves into a
minimm number of sets, each of which contains only moves that the

player cannot distingmash from one another.
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Proof: Consider the partitioning of a player's moves which is
defined by collecting into & single set of moves, every move corres-
ponding to a given anformation set. Since, by definition 4, a single
informacion set corresponds to each move, the property follows easily. i

Pefinition 5: The partitioning of a player's moves inbto the

minimum number of sebts, each of which contains only moves which are
indistinguishable under a given informabion collection scheme R, will

be celled the player's information partition under R and will be

denoted by IP(R).

In view of the one-to-one correspondence between the information
sets that are possible for a player under an information collection
scheme R and the sebs of indistinguishable moves of its information
pertrtion under R, we will use the same neme to refer to a sel of
moves of the player's informetion partition under R or its corves-
ponding information set.

Consilder the followlng examples of informebtion pertitions.

(1) If & player employs an information collection scheme R
such that 1t has perfect information on the previous alter-
native choices at each of its moves, then 1ts information
partition under R consists of sets, each containing &
single move; and on the other extreme,

(ii) if a player employs an informabtion collection scheme R
such that it has no information on the previous alterna-
tive choices at each of its moves, then its information
partition vnder R consists of the minimm possible number

of sets of moves with 1dentical lists of alternatives,
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2.9.2 Eguivalence of Information Collecktion Schemes -

In section 1.3 we stated thet a strategy is a complete set of
instructions telling its plesyer how to choose an alternative Vin every
situabron that he can encounter in the course of a game. From the
arguments given above, it is clesr thet a situation is simply an
information set. It follows then that the effectiveness of a strategy
for a player d.;pends upon 1ts informabion collection rule only through
the informetion partition defined by that rule.

Definition 63 Any two information collection schemes R and R’

will be considered eguivalent if the information partitions under R
and RY are idenmtical.

In view of this definition, we will henceforth consider any set
.of equivalent information collection schemes as 2 single information
scheme, Note that by means of definition 5, definition 6, and
property 1, we have established a one~to-one correspondence between
each information collection scheme possible for a player and the
information partition induced by that scheme,

p
248.,3 The Complete Information Collection Scheme

By definition 3, the number of information collectlon schemes
possible for a player is finite. Correspondingly, the mmber of
possible informavion partitions is also finite. After lsta.ting 8
few required definitions, we will establish a property of a player's
set of all possidle informstion partitions.

Definition 7: The rank r(X) of a move X is the mmber of

slternative choices made by ell parties in egtsblishing X.
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Definition 8: Let X and Y be any two moves for a given player

which fall on any common play W. Then, a perfect-recall informebion

collection scheme for this playsr 13 any information collection scheme

R such that: r(X} > »(¥) implies that R defines as known to that
player et X, any information on previous slternative choices known at
Y and the given player's choice at Y.

Definition 9: Tor a given player, the compleve information col-

lection scheme in ' is the perfect-recall informetion collection scheme
R, under which the player collechts ab each move every piece of informa~
tion on sltermative choices that is defined to be gatherable at that
move by the rules defining T.

Denoting a player's complete informetion collection scheme as C,
we can show that the set of all informsiion pertitions possible for a
player has the following property.

Property 2: A player's information partition under any informa-
tion colliection scheme R can be formed as appropriate unions of the
sets of that player's information partition under C.

Proof: Property 2 is not true only if:

(1) some information set under informetion collection scheme

R includes scme bubt not all of the moves contained in s
single information set under information collection
scheme Cj

but (1) is true only if:

(i1i) information possessed under R allows the player to
distinguish between moves vhich are not distinguishable

uwnder C.
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But (ii) is false since the amount of information known to a player
at each of hls moves is & meximum under collection scheme C. ,

We return now to our main line of argument.

2.9.14 Rules Describing Meximumn Gatherable Information

In view of the one-to-one correspondence between each infovmation
collection scheme and the informetion partition under that scheme, it
is obvious that we can represent any informetion collection scheme by
indicating in a game~tyee diagram the sels of the corresponding parti-
tion. Therefore, we will present the rule describing the maximm
amount of information on alternative choices that a player csn gather
et each move by indiceting in a game-iree diagram the sets of the
‘pla.yezl-'s information partition under its complete information collec-
tion scheme,

In figure 44 we employ this technique to present this "maximum
information rule” for the example game of section 2.5. In figure 4B
we show the move partitions which correspond 4o the information
collection schemes in which £ does not look at its card, and 2 does
not examine B's guess as to which deck B's card came from. Recalling
property 2 of the preceding subsection, nobe that the sets of the
informetion partitions of figure UB can be formed as unions of the

sets of the information partivions of Figure k4.

2,10 Summary
In the above sections we have defined the concept of a finite

extended game, and we have shown that the four rules deseribing
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| e 2 al's move
H
G &) Nature's
__________ moves
F k) .a"'\‘, ———
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FIGURE 4(a) MOVE PARTITION DEFINING MAXIMUM GATHERABLE
CHOICE INFORMATION FOR THE EXAMPLE GAME
\

al's move

Nature's
moves

B's moves

- ———

a2's moves

FIGURE 4(b) MOVE PARTITION FOR INFORMATION COLLECTION
SCHEMES IN THE EXAMPLE GAME WHICH
CORRESPOND TO. 8 DOES NOT LOOK AT ITS
CARD AND «2 DOES NOT EXAMINE B's GUESS.
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such & gome can be presented by:
{i) assuming an indexing of the players’ alternstives and
constructing a corresponding finite tree to indicate
which choice combinstions or plays are possible (rule 1);
(ii) lebeling the alternatives of nature’s moves to indicate
the probability with which each alternative is selected
when th‘e given move arises {rule 2);
(1ii) labeling each possible play W with a vector! H(W) to indicate
the payoffs to each player when that play arises (rule 3}; and
(i:{) partitioning e,a.ch vlayer's moves into sets, each of vhich
conbains only moves vwhich sre indistinguisheble when the
player is smploying its complete information collection
scheme, to indicate the meximm amount of "distinguishability"
thet a player cen achieve, or equivalently, the maximum
, amounit of alternative choice information thet it can gather
at each move.
In figure 5 we present a complete description in this form of
the example game of section 2.5. In the example game we are taking

the @ player to be the protagonist.

¥ .
Or e scalar indicating the protagonist's payoff in the two-person,
Zero-sum case.
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i Choose deck A ! Guess deck A
2 Choose dack B 2 Guess deck B
Nature's roves a's "2nd " moves
Alternahve Mame Atternative Name
{ Give B ared card § Guess deck A
2 Give B8 a bilack coard 2 Guess deck B

FIGURE 5. A COMPLETE DESCRIPTION OF THE EXAMPLE GAME.
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CHAPTER 3

STRATEGIES IN TWO-PERSON, ZERO-SUM,
FINITE EXTENDED GAMES

3.1 Introduction

In this chapter we will cerry oub the second of several arguments
which will lead us %0 a precise formulation of the problem that we
wish to consider. §Specifically,

‘ (1) we will examine the genersl concept of a strategy, snd we
will define = measure of strabtegy effectiveness

(ii) we will give formsl definitions for the concepts of &

pure, & mixed, and a behavior strategy:

(11i) we will compare these three strategy types with respect to
their effectiveness and the difficulties involved in 1‘::heir
d.eterm.ina'bion and implementationj and, in the process of
this comparison,

{iv) we w11 show why behavior strdtegies provide the only
practical means of solution to many two-pérson, zero-sum,

finite extended games.

3.2 Genersl Concept of a Strategy

A slratepy is by definition a rule telling itvs player how to
chooge an alternative in any situation that he can encounter in the

course of a game.
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In chapter 2 we defined the concepts of an information set and
an information collection scheme, and we noted that:

(2) the information collection scheme employed by a player
defines the set of information sebs which he can encounter
in the course of a game, and

(21} the defined information sets are the situations for which

the player's strategy must give instructions.

In order to define a strategy then, we must first define the
informetion collection scheme upon which 1t is based. In this chapter
we will state our definitions of the various types of strategies
assuming a gaven information collection scheme. We will defer until
the next chapter the gquestion of how to choose an information collecw-

tion scheme upon which to base a strategy.

3.3 Types of Straﬁeéies

We will consider strategies of three types:

{i) pure strategies, which are deterministic rules for selection

of an alternstive in each situstion that the player can
encouniers

(11) mixed strabegies, which are rules for random selechbion of

& deterministic rule (pure stwatepy), £o be chosen when

play begins and employed until a play has been completed;

end ) .

{i1ii) behavior strategies, which are rules for random selection

of an glternative at each move encountered in any play of

the game,
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The use of randomized strategies may be Justified by one or both
of the following two srguments.

(1) In some cases, randomized strategies can be found which
have greater effectiveness than any deterministic stra:tegy-r;
and

(i1) even in cases where deterministic strategies exist which
are as effective ag the most effective of randomized strategies,
randomized strategles of maxaimm effectiveness are usually

eagier to find than equally effective deterministic strategres,

3.4k Bases of Camparison of Strategy Types

We will compare the strategy types mentioned shove by asking the
‘following three questions sbout each one.

(1) What difficulsies are encountered in the determination of

& most effective strategy of the given type?

(31} What difficulties are encountered in the implementation of

a most effective strategy of the given type?

(1ii) How does the effectiveness of the most effective strategy

of the given type compare with the maximm effectiveness

achievable over all strategy types?

3.4.1 Difficulsy of Implementation

In implementation of a strategy, our concern is with the total
amount of compubter memory required to store the following three types

of information:

TSee Appendix A, Note 1 for comments on 2 common geme with this
property.
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(1) informotion collected on previous alternative chorces made

by the perties as the game progressess -

{11) information indicating how an albernative is to be selected
in any information set that can arise (the strategy rule
itaelf); and

(i11) informstion on how to combine the information of types (1)
end (ii) to produce alternative cholces in a given play of
the gama,

In meking comparisons of strategy types with respect to compubter
storage required in their implementation, we will assume that the
smount of type (ii1i) information is essentially the same for all three
strategy types and/or smsll with respect to the storage requirement
posed by informetion of type (11). Further, as we proceed with the
examination of the wvarious strategy tygﬁs, it will become obvious
that the storage required for information of type (ii) is vestly
greater then that required for informstion of type (i) in all but the
most trivial of games.

Therefore, we will only be concerned with the relative amounts

of computer storage required to store the strategy rules themselves.

3.4.2 Stratepgy Effectiveness

Our general. objective is to find for the probagonmist the simplest
possible strategy whiech will maximize itz minimm expected return

against all possible strategies that cen be employed by the sntagonist.

The eppealing aspect of a strategy with this property is that it
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impllies ro sgourptiens concerning the anbagonist’s intentiones 1% is

determined only by the playerst cajgabﬁi%ies,

If we wiegh to retain this fesbure in the protagonist’s sbrategies
while beiving into accomnt the arzagonlal’s frasedom o choose its infor-
pvblon collecbion scheme, we must conplder the syrategies that can be

employsd by %he antegonlist for any possible informebion collection

seheme that be con use. We therefore siwie our definivion of sbrabegy

effsctivensss, or gualibty, &5 foliows.

Definision 310': The guelity QX P 77} of eny sirategy X° for the

protegonict which is bosed on an information collecbion scheme Rp, is
defined by:
(5,8 = min (x5 FPr% R
%, 5
vhayes
{1) the minimiseiion iodicabted is over all &;ntagmist strategles
Y™ which can b8 constructed on gn Informetion collection
nehene B and over the finite set of all 2* which ere
paasible for the sussgoniss wnder the vules of Ty 2nd
i1} F{"‘* 93‘" .ga Ra‘} is the expecited payoff to the protasonist
vhen XF en B ame ¥ o R are spmioysd,
e woalivy QYT X} of eny strategy X¥ on R has the following
property.
Eropeply 3¢ IT ¢® is the complete information collection scheme

Pfor the entaponist, thewn:

'?See Apreediz A, Hote 2 for ommsnts on Gofinddions 10, 11 and 12
zs Ghey would be siabed for the antoponiat.



33

Q(x%, 8%) = mn #(xP, ®P;v%, o) .
v?

Proof: By property 2, the sets of the antagonist’s information
partition under any informstion collection scheme r® can be formed
as unions of bhe sets of the antagonist’s information partition under

8

7. It follows that any anbagonist strategy thet cen be construched

on R* can also be construcked on ¢ and, therefore, that:

min B(ZF, RP;¥% 1Y) > mn B(x®, RPs¥%, ¢*) for any RS E
a 8
Y Y

Finally, note that by means of definition 10 al;cve, we can shate
our general cobjective in the following simple form. We are interested
in finding for the probagonist, a simplest péssible shtrategy which
has the maximum possible {or acceptably close to the maximum possible)

qualrty.

3.5 Bolution Strategies

In the course of our arguments, we will he interested in strategies

for the protagonist vhich satisfy one or more of the following defini-

’

ticns.

- *
Definition 11: Any strategy x®" on an information collection

scheme R* is an €-R solubion if:

QO RE) > max O, P) - €

Xp

where the maximization over X is over all possible strategies which

can be constructed on informebion collection scheme RP.
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%
Definition 12: Any strategy " on an informetion collection

3
scheme RP is ap €-golution if:

o (2*, 7%y > mex (x5, RP) - €
%%, RP

where the maximizetion indicated is over all protagenist strategies
%¥ which can be constructed om an information collection scheme R® and
over the finite set of all R® which are possivle for the protagonist
vnder the rules of T.

Finally, strategies which satisfy definitions 11 and 12 for € = 0
will simply be called R-solubions and solubions, respectively.

In the remaining sections of this chapter, we will formally define
and examine each of the three strategy types mentioned in seetion 3.3

above. As we proceed, we will employ the following exsmple to i1lluse-

trate our arguments.

3.6 An Example Gome

Consider the following simplified wheat-market game'? in which a

single vheat-fubures trader is considered as the protagonist, and the
remainder of the whest market 18 considered $o consist of twoe parvs:
(1} a part for which the protagonist has a statistical descrip-

tion, which will be considered as nature; and

TWe will describe this geme using terms taken from the commodatby

market, but since the terms used are only alternative labels, an
understending of their technicel meanings will not be r»equired here.
However, for interest's sske, the terms used are defined in Appendix

A, Note 3.
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(i1) a part for which the protagonist does not have a statistical
deseriptlon, vhich will be considered as the anta.gonist,?

The geme 15 played asg follows.

(*) To sbart the game, the anbagonist chooses a markelt trend m
from the sebt M = {rising market, felling merket, stegnant
market].

(ii) The trhder now begins = series of N days of %trading, each
of‘hvhich proceeds as follows,

(a)- &% the beginnming of the jth day, the trader chooses
& "market position, " q(j), from the sebt Q = {long~5000
buskels, short-5000 bushels, no position].

{v) During vhe jth day, nature selects a "market change, ™
e(3)s from the set ¢ = {up 1 cent per bushel, down 1
cenl per buLhel, no chenge]l, under a probability distri-
buvion =P (o) my e{k), k=l,...,i-1)-

(1i1) Ay ﬁh; znd of the Nth dey, the geme is terminated and the
vrader is paad en amount h(e(i); a(i), i=1,...,N) which
incorporates his total gains, losses, and the commissions

he hes bad to pay to his 'broltercﬁ

(iv) At the end of each day, the trader can record {gather) his

own .arket position end mature's market change, (The

'f'See section 1.1; we are considering the "urknowm” portion of the
wheat market ag the "second parby.”

ﬁ'fhe broker, here consldered as pert of the narket, wins a commision
with every change in the trader's morket position.



36

antagonist gathers no information since it chooses an
alternative only &t the starting move,)
The initial few moves of the game tree for any "wheat-msrket”
game with N > 2 ave sghown in figure 6. Note that under its complete
information collection scheme, each of the trader's information sets

1

consist of three moves.

3.7 Pure Strategies

Definition 13: A pure strategy for the probagonist, based om

an information collection scheme RP, is awny fwction oP* which maps

each information set 12 € IP(RY) into an alternative of IF,

It is possible for two pure strategles chg on B and ch on RP
4o be equivelent in thexée—mse that the probability distribution P{W)
for the plays W € K iz identiecsl under either pure strategy, for any
given stratepy x% on R& for the antagonist, We take this possibilaty
into account in the definitions given below. In meking these defini-
tione, we assume that the probebility of any slternative at any of
nature's moves is positive.f

Definition 14: An information set I¥ & IP(RF) is realizable

under a ghtrategy %° on BP if there is same strategy x* on B for the

antsgonist such that the probsbility that .tp oceurs is posiiive.
For an illustration of the concept of realizsbility, consider

the wheat-market game with ¥ = 2 and a protagonist who is employing

e can alweys construct & simplified eguivelent game in which this

sasumpiion holds.
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Antagomist's
move
Stagnant marke?

o e,

Rising muorket

e ke e e sy e e v

Trader's
st moves

Natura's
It moves

év— Trader’s

2™ moves

Antagonist's move

Kature's moves

Alternative Mame

Alternotive Name
I Rising morket { Up - I cenf per bushal
2 Faliing market 2 Bown-~ 1 cent per bushel
3 Stagnant market 3 No change
Trader's moves
Alterntttve Home
{ Long - 5000 bushels
2 Short -~ 8000 bushels
3 o position

FIGURE & GAME TREE FOR THE WHEAT=MARKET GAME
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its complete informstion collection scheme F. Referring to the
deseription of this game which is given in figure 6, note that if the
protagonist employs a pure strategy 0P on ¥ which chooses alternative
J at the information set labeled A, then only the information sets
labeled 4, B, C and D are reelizable under o?® on &,

Definition 15: Any two pure strategies cP?_ on RP and ch on RP

are equivalent if for every information set P ¢ 1P(r®) which 28
realizeble under GP?_ on B or chg on Rp, the same alternative is
chosen under either ch’i on B or oPg on B, X
In view of this definition, we will henceforth congider any set
of eguivalent pure strstegies-as if it wer;a s single pure strategy.
. In teble 1 we show, for the wheat-market geme with N = 2, a pure
strategy for the protegonist, based on itz complete information collec-
tion scheme. Note that as a consequence of definition 15, the p;zz;e
strategy shown lists only alternative choices for realizsble informs-

tion sels.

3.7.1 Implementation of Pure Strabtezles

In order to implement a pure strategy, its player must store a
camplete 1ist of pairs,> each of whiech consishs of a realizable infore
mation set and the alternabive to be chosen when that information set
occurs. This informebion can be conveniently stored as a vector with
integer ccnnponem:—s: the first few digits of each component giving the
alternstive to be chosen when the informstion set represented by the

remaining digits of that component iz realized. We will refer %o any
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pure strategy represented in this way s a pure strategy in coded form.

Jn table 1, ve shov the exemple pure strefegy meniioned above, in a
coded form.

»

Clearly, the complexity of a pure strategy for a player depends
upon the mm:ber of information sets which are realizsble under it,
and this muiber in turn depends upon the rules of the game and the
information collection scheme he employs. In the wheatemsrket game
with axbitrary finlte ¥ and a probfagonist who 1s employing its com-
plete information collection scheme, the mmber of informetion sets

which are reslizable for the profagonist under any pure strategy is

given by: ’
N-1
n= ) 3. (3.1)
=0

Obviously, a pure strategy for the protagonist who i‘.s employing his
complete information collection scheme in the wheat-market game,
becomes quite complex for relutively small N, However, as we shall
see below, for any glven N and informsbion collection scheme R, a

pure strabegy is the simplest of the stratezy types to implement,

3e7.2 Effechiveéness of Pureg Strategies

Recall definitions 11 and 12 which esbablished the various types
of strategy solubions for a game. In terms of these definitions we
cen meke the following statements on the effectiveness of pure

strategles.
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Table 1: An Example Pure Strategy for the Trader, Using a Complete
Information Collection Scheme, in the Wheat.Market Came

With ¥ = 2
Exaxple Pure Strategy
Informntion Set Alsernative to Choose
A no informstion ‘ long on lst day
B long on let day, wkt. up lat day long on 2nd day
(] long on lst day, wkt. down lst day short on 2nd day
D long on lst day, no changs long on 2nd dsy
Coded Form Key 4o Coded Form
A 100 (i) albernatives indexed as in Pigure 6
B 111 (i1) left integer is alternative to
¢hoose
c 2lz2

(1ii) next two integers are obgerved

D 113/ choices in order of occurrences
i.e., trader's choice on 1lst day,

and nabure’s choice on lst day

{iv) "0" means no information collected
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(£} If s player can know at any move in the geme, every previous
alternative choice nmade and employs his complete informabion

?, then he has a pure strategy soluiion. T

collection scheme
{ii) In any other case, a pure strategy R-solution (or &-R-
solution for some given €) mey nobt exist.
(211} The only way io tell vhether or not & pure stretegy R-solution
(or €-R-solution) exists for any given geme and informebion
collection scheme R {execept for case (i}), is through the

success or fallure of an exheustive attempt to find such a

strabesy.

37«3 Determinatlon of Pare Strabesy R~-Solubions or €-R-Solutlons

Denote by C(R), the finite set of all possible pure strategies
for the protagonist when it is employing an information collection
scheme RP.

For eny given game I and information collection scheme R for
vhe protagoniat, the only way to find a pure stravegy €-R-solution,
if one exists, is to carry out m brute force ssarch of C(RP). Tt is
this fact which ususlily makes determination of = pure strategy G-R-
solubion impracticel even when such s strabegy exists, for even in
relatively simple gemes in which vhe protegonist employs s information
collection scheme R' under which he hes relatively little information
at each move on previcus sliernsbtive choices, ¢(RP) can contain sn

enormous mmber of pure strategles,

TIn such & situsbion, the protagonist is seid o have "perfech
information. "

fig

eference 1, page 123.
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For exemple, in the wheat-markev geme of section 3.6 above, for
*
general N and & complete information collection scheme R for the
protagoniat, the muiber of pure strategies in C(Rp*) is given by:
w= 13, (3.2)
i=0 .

In this game with ¥ = ¥, the protagonist has sz meximum of only 6 piesces
of aiteravive choice anformetion on hend in any informstion sed, yet,

in this case, p = 3ho = 10%7°3,

3.8 Mixed Strategies

We will consider here and in the next sectbion, two types of
:mnrlmnizad strategles. With the introduction of randomized strategies,
not Just nature alone, but sll of the partles in the gamé can be
“sources of rendomization.” Note, howsver, that our definitiom of
sbrategy quelity has already been steted in terms of the expected
return to the protagonist, and therefore nesed not be changed.

Definition 15: A mixed stravegy for the protagonist based on an

information collection schame R is & provabilivy distribution oM?

on the finite set ¢(R®Y or a1 pure strategies for the protagonist
vhich are baszed upon informetion collection scheme rP.

The protagonist uses a mived strategy to randoumly seleet at the
stert of any play of the game, & pure strategy to be uvaed wbil =
play has bogn completed,

Note thal any degencrate mixed strategy on an information collec-

tion meheme R, il.@., 2 mixed strategy aMD‘P agsigning prcbability 1.0

TWe will indicate degenerate mixed and behavior strategies with the
extrs letter D from now on.
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to & single pure sirabegy 6P on B, iz squivelent to 6P on R. Tiéys,
we oan may theb the st of 21l possible mixed shrategies on R "cowbains”

the set of all possible pure stravsgies on Re

3,51 Implemenbebion of Mimed Strategies

In srder bo iuplement & mixed sbrabegy o, a player must store
e pigess of infopmstion:
{1} the positive components of oif, 2xd
{11} & 1isw of all pare strategies aspigned posibive probebility
vnder i,
Thiz ctm be dons cowvenlenbly ‘Erg shoring ;{i;n.?ﬁm&%im (1) as a veclor V,
and infommation (i1} a5 an syrey ¥, in the folléring mannsr.
{i} Let the colmms of ¥ be the pure %m%égi&s asgigned
positive probebility under oM, and ]
{i1}) 1e%t the Jth component of V b vhe probebility thet the
pure stravegy represcnbed by the ji¥ ccﬂfm in ¥ will be
seloched wder ol ‘
We will re‘far to any wixed sbrabegy re;s:mseinte& in this way as

Y
o wixed stmt@_gg in =nded form. In Beble 2 ve show for the vhewb-

markel gens with ¥ = 2, an sremple mixed sirategy in eoded forn, for
+he probagonist vhen he arploys bis eonplete informetion collection
gehemns,

Note het the comlexivy of & miyed sbrabeyy ,in eoded Torm
deponia vpon two facborne

{1} the mwber of zuxe glrateglen which are asgigned positive

preoebility, and
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*
Teble 23 An Example Mized Strategy o s in Coded Form, for the
Trader Using Its Complete Informstion Collection Scheme,
in the Whest-Market Game With ¥ = 2

Coded Form

100 200 300 {i) sn arvay M, whese columns ars the
pure gbrategies given positive

1L 121 321 .
probebility under oM

212 2zz2 222

113 223 223 (ii) a vector ¥, whose components are
T T e e the positive components of cl-ip%,
«300 .525 .15 with the jth component being the

probebility that the pure strategy
rapresented by the Jth column in
M will be gelected for use
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(i1) the complexities of these individusl pure strategies,

It is possible then, that in cases vwhere the mmber of pure
strategies in C(R) is enormeous, any mixed strabegy which has maximm
auality smong the mixed strategies may heve a coded form which is
excoedingly complex. For example, in the wheat-market game with N = L,
and & cmnglett-; information collection scheme for the probagonist:

(i) the mmber of information sebs which are reslizable undér

any glven pure shbrategy for the protegonist is given by
equation {3.1) asz 37, and
(i1} the mwber of poesible pure sbrategies for the protagonist
is given by equation (3.2) as 3°° = 1007°5,
In this case then, the coded form of eny mixed strabegy which
" has maximum guality among the mixed eﬁrateg‘iéa mey congist of &
vector of real mubers of dimension }.0]'?'5 and a rechangular array

of dimension 37 x 101?"

2 with integer compopents. The storsge require-
ment of such an amount of informetion is, of course, well beyond the

eapaeity of any present-day compuber.

3.8.2 Effectiveness of Mixed Strategies

Reecalling agaln our definitions of the various types of sbtrategy
zolutions for a geme, we can make the following statement on the
effectivenaes of misxed sbrategies.

(1) For any given informetion collection scheme RP for the

probagonist, & mixed strategy R~solubion always exisis,

and Bhus,
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(i1i) for any given game, & mixed strategy solution must exist.

These fackte follow directly from Von Neumann's minimesx 'i:hf-zorema't

3.8.3 Determinstion of Mixed Strategy R-Solubions or £-R-Solutions

Humsrous methods have been developed for deﬁgmination of mixed
strabegy R-solutions or €-R-solutions in two-person, zero-sum, finite
gamas.ﬁ Howevey, only one of these metheds can be practieally zppiied
in situstions which invelve games and information collecktion schemes
which give rige to more than pe;haps 103 pure strategies for either
player. This method, called the “method of fiectitious play, " is
described in section S.l.

This method, however, has an inherewh drawback. Speceifieally,
‘i*.; inmvolves the generation of a sequence of increasingly complicated
mixed strategies which convarges for infinitely many iteretions to s
mixed strategy R-solubtion. Sinece, hovever, only finitely many itera-
vions can be carried oul, the method, in praciice, ylelds only mixed
strategy €-R-solutions, and for €'s of practical interest, often
requires so many iterations thet the mixed strategy €-Resolutions it
generates sre too complicated to implement, even in cages vhere

relatively simple miwed strategy €-~R-sclubions may exist.

3.9 Behavior Strategies

The second type of randemized stretegy that we will consider is

defined as follows.

?Reference i, section 17.

ﬁReference 2, Appendix B8; refersnce b, pages 159~193; reference 6.
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Definitioa 16: A bebavior astrategy for the protagonist, based

on an informsfion collection scheme R y o any funchion ob® whaich

-

maps cach informabion set Y¥ ¢ TP{RY) into = probeblility distribubion
on the elternstives of I, ‘

Hote the concsptunl difference bebween a mized stratezy end a
behavior s’t}a’cagys & mixed strebegy involves 4 single randomization
by its player at the begimning of any play, while a behavior strategy
involives randomizsbion at each“of its player’s moves on auy play.%

Hose aligo that any degenevate behavior stracegy oBD on an infor-
metion collection acheme R, i.e2., & behavior stravegy which chooses
stme albternative with propebility 1.0 ab every mnformation setb in
~IP{R), is equivalent to a pure strafegy. Tn fact, for every pure
s:bra%cgy gP oo B, there is an equivelant degenerate behavior strategy
o¢BD om B, so the set of £ll possible behavior sbrategies on R can
be said to "cortaln® the set of all possible pure strabegies on R.

In table 3 we show for the wheab-merkel gome with ¥ = 2, an
example behavior strstegy for the protagonisy, based on his complete

informecion eollection scheme,

3.9.1 Twmpienenbablion of Behavior Strategies

In order %o implenment & Dehavior strategy, its player must atore
8 complete 1ist of paire, esch of vhich consist of a resiizeble
informatlon sel and the probability distribubtion under which an

aliernetive is chosen vhen that informstion set occewrs, This

fﬁoﬁe that navure is considersed to employ a behavior svrabegy.
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Tzble 3: An Example Behavior Stratezy for the Trader, Using a
Complete Information Collection Scheme, in the Wheeb-
Market Gome With N = 2

b

Exemple Behavior Shrabegy

Informablon Seb Probebiliby Distribubion on Albternatives
no informstion long~. 503 short«.50; no position-.00
long on dsy 1; wkte up day 1 R+ s S Y 4+ '+ " «10

" 3 mitbe dun, day 1 T .50 Y To " «10

" 3 no change day 1 .90 Y .00 " .10
ishort on day 13 nick., wp day 1 Y 14 .50 " «10

it spkte dwme day L " W00 T .90 H «10

Lo ; no change dsy L " .00 " .90 " .10
Coded Foim

00 1» 1z I3 21 22 23 (i)} o vector V, whose compo-

nents each sre the observed

choices of a realizable

50 «H0 <50 .90 O 00 .00 informetion set in order
of coourrences

Ml i ey ey B ik S Ll i S A ki iy et W LR i by ot ke MMRL e

250 .00 B0 .00 50 90 .90
{11) 2n array ¥, whose compo-
«C0 .10 .10 .10 .10 .30 10 noats mjk are each the
- probability of selecting
alternstive j when in the
kth information set


http:position-.00
http:short-.50

ho

inTormation c&n be cowveniently stored in the form of & vecltor V and
an srray M as follows:
(i) let the components of V be descriptions of the information
aets dhich san aprise wnder o‘BP, and
(11} let the columns of M be the probebility distributions for
selectbion of alternatives in each information set wlth
the jth column in ¥ corvesponding to the jth component of V.
We will refey to any behavior strabegy represented in this way as 3

behavior strategy in coded form. In teble 3 we show the example

behavior stravegy mentionsd zbove in coded form.

Fote that the complexicy of a behavior stravegy in coded form
.depenﬁ woon Wwo factors:

(1) th;: number of information sets which can arise, and

‘ {ii) the number of alternatives in each information set.

Howvever, in most of the gawe end information collechion scheme combine-
ations thet we wish o consider, the most complicabed of behavior
strategies in coded form is at most only slightly more complicated
than the simplest of purs strabegles in coded form, and mey be vastly
less complicated than the simplest of mixed strategy R-solubions in
coded form.

For exemple, in the wheat-merket game with N = L snd a complete
infornation collection scheme for vhe protagonist, the most complex

of beshavior strategies can be represented by s vecktor of dimeneion 8201.

?Nste thet under scme behavior strategles, every informatlion set in
TP(RP} will be realizable; and in $he vheat-market game, the totel

=1 :
mumber of informavion sets is given by: & 321.

i=0
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whose conponente are integers, and s rectangulay erray of dinension
820 x 3 vhose components are real pumbers. For this case:
{i) bhe most complicated of pure strategles canm be repressnted
as a vector of dimension 10, whose coaponents are inbegers,
and a8 we stated in seetion 3.8.1,
(11} the =implest of mixed strategy Resolutions may have a

coded form veprecgentaticn invelvinz more than 1019 raal

nwnhers.

3.9.2 Effectiveness of Behayior Strategies

i In reference 2, Kubn bes established zeveral resuits which
Girectly imply thab:

{1} it is not necessarily true thel 2 behavior stretegy R-solution
or E~Be-golutlon will exist in overy game on &very informa-
tion collection scheme RE for the prctag?nist,? but

{i1) 2 behavior shretezy R-solubion will exist in any gsme on
gvery perfect~recall informaitlon collection scheme R® for
the protagonisi.

Fraw {ii) ve can state the following propesty.

Property 4: In any geme, ob least one informsticn eollection
gcheme BY exists upon which the probtegonist can construet s behevior

strategy solubion.

LY

*
Proof: By {i1) sbove, a behavior strabsgy R-solubtion o8P must
exist on the protagonist’s complete informetion collechion scheme c® s

which by definitlon iwplies theb:

¥See Appendix A, Fote & for an exemple.
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Q(e3®", c®) > max o(xF,¢P) .
=
Bot any strabogy consbructshble on any Informabion collection scheme
Rp for ths protagonist smst also be construetable on C‘P snd, therefore:
oo, ¢®) > max a(2%,0®) > mex QD EP) .
o X%, P
By definition, then, ¢B® is a solution, so C° is an anformation
collection schema vwpon which the protagonist can construct & behavior
suratesy solution. 5
In Chapuer 6 we will generelize on the sbove resulfs by demon-
gtrating that thers are games in which behevicr stravegy R-~solutions
snd €-R-solubions will exist for other than perfect-recall informetion

colleckion achemas For the protagoniat.

3:.9.3 Debermimation of Behevior Stratemy R-Solublons or &-R-Scolutions
¥

At present, no techniques’ have been develeoped for determining
behavior strategy R-solubtions and €~R-solubions, even where such
solutions do exist. However,

(1) in Chepter 5 we will devalop an algorithm for determinabion
of behevior sirabegy E~R-soluvtions in gemes in which the
protegonist cmploys a perfect-recall informastion coliection
scheme; and

(11) in Chapter 6 we will develop a heuristic slgorithm for

determination of behavior strategy €-R-solutions {(when

e rule out games which are simple encugh for algebraic techniques,



such solutions eximt) in games in which the probegomist
employs informztion collection schemes which are more
general than perfect-recaull infcrma'&ian‘ collection schemes.
Note that by property Y, the algorithm mentioned in stabement
(i1) above provides a method for determination of & behavior strategy

solution for the protegenist in any geme.

3.10 Swmery
We have compared the three basic types of sirategies which can
be employed in gemes of the type thet we wish to consider and heve
argued that in such games:
(1) pure strategy R-zolutions and €-R-solubtions, vhile easy to
implement, mey nov exist, or when they do exist, mey ba
s irpossible to determine for practical reasonss
{i1) mized strategy R-solutione and, therefore, mixed strabegy
€~R-solutions alweys exist, bub the only feasivle technique
for determining them is likely to Iead to (or there may
only exist), mized strategy €-R-solutions which ave Tar
too complex to implements
{i11) behavior strabegy R-solutions and &€-Resolubions are not
rruch more difficult than pure strabegles teo implemens, and
in every game there are informetion collecktion schemes RY
for the vrobagenist, upon which behevior sbrategy solucions
and €-solubions will exist: and finally,
{(iv) methods can be esteblished for determiniog ab least one

behavior strategy €-solubion in any game.
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From thege facts we drav the conclusion that in many games of-
the type that we wish to consider, behavior stretegles oifer the only

foangible means of solution.
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CHAPTER &4
FORMAL PROBLEM STATEMENT ARD

CONTRIBUTIONS T0 THE SOLUTION OF THE PROBLEM

4,0 Introduction

In previcous chaphers e Lave:
(i) defined the concept of an informelion collection scheme}
{ii) coneidered the guestions of determination, implementation
and effectivensss of variouns Lypes of strstegles thet can
be based on & given information c¢ollsebion schemal and
"(4ii) concluded that in meny problems of the sort that we wish
%o considey; only behavior strategles offer a feasible
means of solution.
From this point on then, we will restriet ocur atitention to
the consideration of behevior strategies for the protegonist; furbher,
we shell raise the guestion that we have =zo far suppressed: hov do

we select aan information collection scheme for the protagonisit?

4,1 Tormsl Problem Statemsnd

When considering & given behavior sirstegy for possible use in
his decision process, bthe protegomist has two guestions.

(i) vhat is the guality of the given behavior strategy?
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(1i) How @ifficult is the given behavior strategy to store end
inplement?

In compaxing behavior strategies, some rabtionale for combaning

the ansvers $o these questions must be agemmed. We will assums heras

(1) that the protagonist hes a hard lower limit on the quelity
of any bshavﬂjc? strategy that he will employ specilically,
thet the bshavior shrategy must be an €-solublon for same
presceribed €3 and

(11} thet within ¥his 1linit, the behavior strategy employed
shold heve the miwimun possible complexity.

Thege assunpbions imply the following formsl problem statement: for

o given € » 0, find for the provagonist, & behavior strategy &-

solubion of mindwmum poszible complestity.

4.2 An Approsch to a Solution of the Problem

At the present poink, any conplete search for a minimally complex

behavior gorategy €-golubion in any nonebrivial game is owb of reach

+ for the following reasons:

{1) for a given information collection scheme RY, the i;e/chniques
that we will develop, at best, find only g behavior sbrategy
€-R scludion, not necesssrily 2 ninimally cempiex behevior
girategy C-R-solubion; and

'(11) the mmber of informstion collection schemes RP which
concelvebly must be examined is likely T0© be enormous even

in a relatively simple problem,



Howeveyr, nobte that any information coliection scheme RF establishes

an upper bound on the complexity of any behavior strategy based upon

it., For sxample, in the whest-mexkel geme with N = 2, the most complex
of behavior strategies on the protagonist®s complete informetion collecw
tion scheme has a coded form consisbing of & vector with a 4otal of 10
components and a rectengular array with = vobal of 30 components.

This cbservation suggssts = partial seerch ovganized in the

fellowing manner:
{1) rather than search for the simplest possibie behavior
strategy €-sclublion on any given information eollection
scheme RS, we will simply test B® to see if & behavior
strategy €-sclubion can be constricted on it} and
(i1) rather than search over all possible informatlon collection
schemes B, we will examine an information eollection
scheme only if 1t looks "promising"; f.e., if an informa~
tiem collection scheme Rp is to be exawined, then
(a) 8® showld estabiish a bownd ou the complexity of any
behavior strategy generaled upon it which is subsbane
tielly below the complexity of any behavior strategy
€~soluvion previcusiy generated in the search; and yeb

{b) R® should seem 1ikely to provide sufficient information
so that a behavior strategy €-solution on R will
exists

For example, in the whest-market geme with fairly high N,

intuition suggests thet "very old informsklion” may be of 1itile



value 4o the trader., Thus, in locking for a simple behavior strategy
E-sclision for the brader, we mighe try the informstion collection
scheme R?%, vhichh on the last day of trading does nobt recall the
market changet end trader poplition reaglized on the fivst dasy. In
going?frﬂm the protagonist’'s complete informebtion collection schems

& to informetlon collecsion schene RP%, 2 considerable reduction in
the maximur complexibty of the protagonisc's behavior strategy €-solubion
is realized (if & behavior shtrategy €-solubtion can be generated on
Rﬁé{-). Speeifically, for H = &, the coded form of the most conplex
behavior ctratesy on ¢ is represented by o tobal of 7380 real mumbers
while She coded Porm of The mosb complex behsvior serategy on BE is

represented by ooly 1204 reel nurbers.

4.3 Conbribubions %o the Sclubion of tke Problem

In the next tvo chapters we will develop the means to carry oub
g partial search of the kind menbionsd zhove. Speeifleally,

{1} we will, develop an slgorithm for construction of behavior
strategy €-R-solublons in cases vhere the probagonist
ermloys any porfect-recall informabion eollection schemes
and

{11} we will develop a heuristic slgorithm for construction of
behavior stracegy €-Resclutions in cases in which the
prossgonist employs informavion collection schemes which
are more generel than perfect-recell information collectlon

sehsmes.
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Yhen, in the finel two chepbers we will employ these algoritims:
(1) %o find behavior strategy €-solubions on the protagonist’s
complete informetion collection scheme in several pursuit-
evaéion deciglon processsg; and
{ii) to carry out & search for a simple behavior strategy €-

3

solubion for‘the doctor in a medieal decision process.
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CHAPTER 5
DETFRMIVATION OF BEHAVIOR STRATEGY €-R-SOLUTIORS
ON FERFECT-RECALL INFORMATION COLLECTION SCHEMES

5.0 Introduction

In this chapter we will restriet ourselves o the consideration
of perfect-recall informabion collecbion schemes for the probegonist.
For this cage we will show that an algorithm for determination of
vehavior stratery G-R-golutions cen be obtained by coa-m;ining:

' {1) & trensformetion mapping eny mixed strategy on e: perfect-
recall informabion collection scheme R, into an equivalend
behavior strategy om R;

(ii) the technique for finding mixed strategy €-R-solutions in
finite two-person, zeéro-gun games, called "fictitious play”s

and

(31i) the technique of dynamic progremming.

5.1 Preliminaries

Before bsgimming our arguments, we will state formelly several
sscumpbions, and we will develop expressions for the expected payof
to the probaegonist when:

(i) the players esch employ & mixed strategy, and when

{(ii) the players each employ a behavior strategy.
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Sel.1 Assumptions

In order to facilitate the writing of simple payoff expressions,

wa mske the following non-restrictive assumptions.

Assumption 1: Any two plays ¥ and W' in a game tree X for a

game Iy comtain the same muiber of moves.

Assumption 2: Any two moves X € W and X* € W’ belong to the

same party if r{X) = »(X%).

Thege asgumpbions are not restriciive, since any game tree K
can be altered to satisfy them by the insertion of insignificant’
extra noves.

Asm‘g! ion 3t Any two moves X € W and X7 € W’ contained in the

: game information set eaye of the same rank.

. This assumption is not resirictive if we are considering only
perfect-recall information collection schemes. In this case, each
pleyer knows at any move that hes been realized, how many choices he
has previously made, and thus, by Assumpition 2, the rank of the

realized wmove.

S50l.2 An Expression for the Protg&onist’s Retupn When Mixed
Strategies Ave Emloyed

Let us assume avbitrary orderings for the members of the seis
ce(®P) and cP(R®), snd let us dencte as:
(i} cﬂ{ and cﬂﬁ, the probebilities assugned to pure stretegies
aPlp: € cr() and GPE ¢ cp(R®) by mixed strategies o} on
RP and oM" on Ra', ragpectively: and as

?A move iz ingignificant if identical play structures and payoffs

result for anmy alternative chosen at thet move.
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(31) n{8P) and n(r®), the total numbers of pure siretegies in
cP(RP) and CP(R®), respectively.
Using this notztion, we can express the ezpected rebturn to the pro-

tagonlst when a“h? on ¥ and o on &™ are erployed, as follows:

) of{&®
o D,Haa”_n( SR 8 .8 o
oM, B, B) = Z Z H(sl’i;RP;aPJ,R }w{ oMy . (5.2)
ksl  g=1

Note that this expression is linear in the componenbs of the protage
¥
onist's [entagoniztts] mixed stravegy. Thus, for any given mixed

strategy for the anbegonist [protegzonistl, e e.egener&te?

wmixed strategy
¥ on BF [2™ oa X°] can alveys be Found which matimizes [minimizes)

vihe protegonist’s expected return.

S.1s3 An Expression for the Protagonist’s Return When Behavior
Strategies Are Fmployed

For any piay W, let ve densto:

(1) vy E(k), F{k), or E*{k), the alternastive choice on W that
is estobliched by ths protezonist, the antagonist, or nature,
resgecﬁiwly, at thal party’s kith move on W) and

(i1} vy TP{x), I(k), or I™{k), the information sel conbaining
the preiagenist's, the sntagonist's, or nature’s kth move
on Wy and

(iii) by N, ¥, and L, the botal mmber of moves on W for the

k1

probagonisd; the antagonist, or nobure; respsctively.

e
1I}eg&nez*ate mixed and degenerate bshavior strategies sre introduced
in sections 3.0 and 3.9, vespectlvely.
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Further, we shall assume for each F=l, ey ML, an arblirary
ordering of the information sebs winich conbaln moves of renk X, and
we will denote by IP(k),; 1) 4o 208 Tk} ,» he ith possible infor-
mation get for the probagenist, the antegonist, and natuve, abt that
part:‘,;'s kth moves, wnder these sssumed orderings.

Proceedipg, the %gpeeted retwrn to the protagonist when o8’ on

RP ang 3}3& on R are epnloyed ig Tirst writien asa:

BoE", B308%, 8% = ) by (W) p(%) (5.3)
WEXR
vhere p{¥) iz vhe probabilivy distribubion defining the probabilities
of the plays ¥ & K, vhen oB* on R° and oB® on R” are employed, and
hl(i-f) is the prosagenisi’s payoff when W is reelized.

. By (iii} sbove, we cen uxpand {5.3) %o obtain:

187, R%508% %) = l o(FP(1), i=1,Ws 2%(3), J=i, M3 B(k),k=1,1)
Cy

iy (B2(3), 321,53 (30, 3=1, 35 B (8),%e3,1) (5.1)

vhere cw is tLe get of sll choice seguences which constilute plays
in XK. FHobting vhat the use of behavior ghrategies means that the
players maks eonditionally independent cholees at every move, we

can apwly Bayes rile to (5.B) to cbiain:

Hon®, ®308% 5%) = ) p(P(1) [P (1) )p(2(2) 112(2)) «e

Gy

p(eP 2 a)y pEM LI p(%(2)|1%(2)) ..o o(E00 %))
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p(E(D) 1)) p(E2)T(2)) oo p{EE)TE)) 1 (B(1),

11,5 F(), 5=t F(k), kel L) (5.5)
Since there wre finitely marmy choices and Finitely many infovmstion
sets, we can consbruct from hj_(i’? (1), i=1, W3 B{3), 3=1, 45 B (k),k=1,1)

a funetion g{B (1), TP(i), =1, 85 B(3), T2(3), 3=1, M3 B (k), T{k),
k=1,L) such thet B(oB®, FP563% 1%) can be written in the Pollowing form:’

H(o8®, K¥308% 8% = ) Y EPWITPR),) ..
P FP)fa),

) Y pEmiPm,). ) )
P PP, 1) Bty
p(FOI),) een ) Y p(EmI,)

) B ),

» Y pEWIIER)Y) e ), )
P BTy ™) BTy

p(EHTHIMLY; e e(FP(3), 72(3), 3=1, 15 B (), 1% (), ke, 15
B8, T(8)s 4=, 1) | _ (5.6)

where the nobabion ¥ means summation over the set of alterné.tives
}{]Y
¥ thet ere ayalleble in information seb V.

?See Appendix 4, Wote 5 for an example of this construction.
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Cerrying out the sumabions of the berm enclosed by brackets in
(5.6) (using the behavior s¥rategies given for nature in the miles of
the gamé}, we can denole the result as d{Ep{j), Ip(j), =1, N3 Ea(k),

1%(x), k=1, ), and rewrite (5.6) as:

(o8P, P08% 1) = ) ) y
1) FP)[PQ), P P |PE)

i

> Y e Y p(EPIPR),) e

1) F) ™), 0 2R )t .
- p(E ) [1P(m), ) p(ER)T¥(2)) os B(EGD)ZP00),) a(2P(s),
P, §=1, 03 B (k), 1%(k), k=1, 1) . (5.7)

Having completed the preliminsry arguments, we will now begin
the development of o elgorithm by steting the theorem and transforma-

tion wpon which the algorithm depends.

5.2 Kumm's Transformation and Theorem

In reference 2, Kuhn gives the following transformation mepping
any mixed strategy oif on R into an associsted behavior strategy 6B
o R.

Pransformation {Kulm): The bebavior strategy oB on R which is

aggocisted with a mixed stravegy oM on R, iz defined by the following

transformecions

P{viI) = [ Z c‘Mi] _:.[ }:cffil] s (5.8)
DV )}



wheras
(3} P(v]1) ie the probebility that the player of the sssocizted

behavior strabogy sclects albernative v when information
set I € IP(R) in reslized,

) {ii) D is the set of all pure stretegies oP; for the given plé,ver
under which informstion sgt I is reslizsble, and

(i31) D, is the subset of D consisting of all pure strategles

vnder which I is resllzable and v is chosen.

To intesrprev this transformetion, suppose that the protagonist
employs a mixed strategy o on B¥ ina game T°, and imagine thaet an
chaerrer watches many occurrencés of ' and collects statistics on
Jbhe relative frequencles of selection of each slternstive in any
gi?'en informetion set I¥ € IP(B.P Yo If ¥he observer watches "long
enough, ¥ it will sceumalste rejative Preguencies of selection for

sach slternative which are identicsl to the corresponding probabilities

of selection defining the behavior strategy 68° on B® which is asso=

| gisted with o on ¥,
In reference 2, Kuhn employs the transiormation glven sbove o
prove an inbterasving theorem which, in terms of our definitions and
nomepclabure, otn be sbtated as followss

Theoren (Kuhn)s In any Pinite exterded game in which the players

gach employ & pavfect.rseall informetion collection scheme, the
payoff to esch player is identical under any set of mived strategies

o the corrvssponding set of agsociated behavior strategies.

%
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The zignificance of this theorem in the casge of & two-person,
gero-gum finite exbended pame iz indicated by the following corcllary.
coroilary 17 1 ¥® is a perfect recsll information collection
scheme, end if gB° on B° is the behevior strategy ssscciated with o
2%

mived stvstegy G-R-solution oM® on BP, then 587 on B is a behavior

strotegy €-Resclubtion.

5.3 Use of the Transformation

In view of the sbove theorem and transformmtion, an obvious vay
to obiain behavior sbrately €-R-molutions when R is & perfect-recall
informstion collection scheme, is to consitruct & mixed strategy £-R-
selution on R snd %msfo;m it into an sqguivalent behavior strategy
+E=R-golubtion.

. However, in probliems of the sort thet we wish to econsider, the
wathed of Fictitious pla:v is the only Tezsible bechnique for generating
mived strategy €-R-solutions, and this technigue tends to generate
mixed strategy €-R-solutions which are so complex that the lmplied

. intermediate steps of storing these strategies will not be feagidble,

In the following sectlions, however, we will zhow that there is
a second way to ewmploy Kuhn's transforwation in conmjunction with the
wethed of fletiticus play to generate bshavior strategy €-R-sclutions

while avolding the gbove-mentionsd storage problem.

*The proof is given in Appendix B.
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5.4 The Method of Fietitions Flay'

The method of fietitious vlsy (v eguivalently, the fictitious
play aigorithm) was first asuggested by Brown,' The idea upon which
the sigorithm is based 1z pobth shroightforward and intuitively

T specirically, if we wish to find a mixed strategy €~Re

a@@a&.iﬁgﬁ
soinbion for the probagonist onm an information collection schems Rp,
we con ssEsiga o the mwiagonist its complete informetion collechion
gcheme €7, and have the players enzage in & series of fictiSious
plage (o repotitioms) of the gews s Pollowas
{1} a% the first ropotition of the gams, cuch player chooges
2n aybitrary pure shraltagy 2 on RP or ¢®° en c&, and
{ii) =t mbsaguewt repetitions, each player chooges a pure
strategy on hir given Informotion collectlien schume which
maximizes kis cupected redurn, sssuming = nmixed strategy
for the oppontnt, which weighis eash of +he opponent’s
previcusly nsed pure phrategies in proportion to the
mrbar of tines it has been weed, and then
{111) as the mober of repstitions beeomes largs, the expected
reburn b0 the protegenist ab each vepebition shamlc‘i.‘
spproach {and everdually surpass) the mindmm expected
return thet it can guersntes itself by employing o mixed
stracegy €-R-solution on w7,

?Tha moethad and ite properties will be desceribed in terms of our
definttions and notoiion.

*¥5ea Appendiz 4, Note 6, for observabions on the intuitive sppeal
of the method.
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In reference 8, Robinson proves that statement (13i), is indeed
t;uec Hote thet since the initisl pure strategles chosen by the
players are srbitrary, and since there may be meny pure strategies
which waxinize or minimive & playerfs return av any given rspetition,
the seguences of mived strateglezs generatsd by the fictitious pley
algorithm are cerlainly nob unigue. The convergence of the method
depends only on the faet thaw the mixed strstegies of the gequences
are relsved in the manwner described sbove.

To deseribe the Pickiticus play algorithm formally then, we
will state the Pollowing theorem which combines Robinson's result
with & pair of recuvsive equations deseribing the memmer ip which
Yhe mived strategies genersted in 2 sequence of fictitlous pley
rapetitions are reloted.

Theoren {Brown-Robinson}: Denocie by

(3) #P(3) on B¥ [oM™(4) on ¢®] the mived stretegy that is
genereted for the protsgonist [amvegonist] et the jth
repetition of the fictitious play slgorithm, and by

(1) smex B{6P®, B 301™(5), ¢ amin mer®(3),RP300% c*)) any
or® oF"
purs str&%gy% which meximizes [minimizes] H(o®F,RY;

a13), ) [5®(3), Fiev% ™)1
Then any paiyr of mixed strabegy seguences (st (1) on B R
a(2) on B, .es) end ({1} on ¢, at(2) on ¢%,...) which satisfies

the following pair of recwrgive equations:

?In saction S.1l.2 we argued that pure strategles exist which meximize
[minimize] this expression.



69

() (1) = () (D) amx 7o, i (3),cM ] (5.9)
o

(12) of(32) = (g (o) anin H@(y), Pser%c™ ] (5.20)
cha
(vhere the "pive” in these expressions has the obvious opsrationsl
maaiag)ﬁmt heve the following propervbies: for any given € > 0,
thore exists an integg J such thed for a1l j > J,

(1) " (5), s, 62) » max 1o, P sat(3), 0% - € for
o

any mixed strategy A en ca', and

(11} B, BP3er(3),€%) < min Bo¥P(5), P30, ¢} + € for
- gﬁa‘

eny mined stracery oM on R,

The gignificance of this theorem iz indieated by the following
corollexy.

Goreliary 2s7 e {@2(1) on 75, ot®(2) on B, .e0), (oM (1)
on ¢5 (2} on 6% ces ) 5 any palr of mixed strategy sequences

', generated by tho flebitious ploy algowithm, then for any € > O, there

exiats en intega:? J such that for a1l J > J, M(5) on & is an
EuR~golution.

5.5 Use of the Transformntion {Conbinued)

In prsctlicoy, for gawes and €7z of the sort thel we wish to
&

consider, the mived strvateglies generstbed by the fictitious play

'?'i‘he proof is given In Appendix B. -

ﬁﬁapresaﬁt the poximizing [minmimizing] pure strebtesy as a depenerate

mived svrategy and add.
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algoeithnm become too complex vo store long befors sulficlently many
repetltions have bzen carried oubt to generate a mixed gbtralegy €-R-
solution for the protagonist. As mentioned in section 5.3, this
moans thet the cobvious roube to & behavior stretegy €-R-solution,
io€e, Tind a pixed shrategy €~R-solution and transform i%, is not
feasible, '

This problem can be avcided, houwver, by transforming tha fiechi-
tious play algoritim ;;;self 56 that it generates s sequence of behavior
strategies vhich converges to a behavior sbrategy €-R-solution, rabher
than & ssquenes of nixed strategles which converges to a nixed shrategy
E-R=golution. Derobing Kum's transformation es T, this transformetion

.of the fictitious play algorithm is sccemplished by replecing equabions
(5.9) and (5.10), respachively, by equetions (5.11) end (5.12) shown
belows '

- 1
(5) 0(5+1) = () [(9)0mP(3)ex [ amex u(o?®, P108°(5), 6% || (5.10)
ot

(11) B (g+1) = (‘5%3?) [ ()83 e [amizaz #(o8%(3), &, 075, ca)]] (5.12)
oP

vhere Lhe indicafed tranmsformstions of the pure sirsvegies are

Tihe derivesion of equations (5.11) end (5.12) fram equations (5.9)
and (5,10} is given in Appendix A, Note T.

ra sone cnses, mivpler sxpressions for H(g®’, RPssB8(3), ¢%) and
?

H{o8%(3), B302%, %) may be used which reducs the smount of computas
tion required in cach repebition; see Appendix 4, Notse 8.



aceemplished by emloying equation (5.8) ind considering the puve
strategies ss depencrate mixed stretegies, and where the "plus™ in
gach of these expressions means addition of the probability distribu-
tioms at each informstion set of IP{(E®) or IP(t™).

With this replacement, however, we have not yeb achleved a
prachical mesns for finding behavior sbrategy €-R-solutions in pames
of the sort thet we wish to consider. One more diffienity remains,

and we comsider it below.

5.6 Dynemic Prograsming and Fietitious Play

In implementing the fictitious play algorithm, note thet at each
. ¥ a¥x
repetition we must determine pure sirabegies QPP on Rp and P on

'¢%, respeetively, satisfying expressions (5.13) end (5.14) belows

(e, BPen®(3), ¢%) = max w(eP®, B0308(3), ¢%) {5.13)
o

B(6B(3), B®308™, €*) = min H(oBP(5), 35005 C%) . (5.1%)
cha

Recall, however, that in section 3.7.3 we commenved theb in games of
the sort that we wish to comslider, the muber of pure strategles for

-?

each player can be enormous,  Cbviounsly then, the determimstion of

purs strategles ssbisfying (5,13) and {5.14) by means of brute force

searches of the players® pure strategy sets is not feasible.

*The protagonist in the wheat-merket geme with N = b hag 10 5

pure sbrategies vhen employing its complete information scheme.



Continning our srguments with the meximization problem (the
minimization provlem follows easily), note that any degenerate behavior

atvategy oBDY on BY which satisfies:

H{oBoE, B0308%(3), C*) = max H(oB®, KP308%(3), ¢™) {5.15)

OB

LN
alse satisfied expression (5.13)." Thus, we msy consider the meximi-
.k.
zation problem as a search for a solution 6BF . of (5.15).

Using expression (5.7), we can rewrite (5,15} as:

E(aBDy*,RP;sBa(;}), c®) = max [ Z z oee z
B By PP P

Yo p(PEIP),) wee pEW){Pm,) [ ),
B2 () | B (w), (1),

) Yo p(ER[IM),) eee
(1) fIa(l)i () B0,

p(EEO) JT2(),) + a(EP(8), TP(8), 21, M52 (), 2200), 11, 0) | | (5026)

where 1he antagonist®s probebility disbributions are spacified by
o83 on ¢*. Cerrying out the summetions of the imer brackebed
terms in (5.16) end indiceting the result as e(FF(i), 7P(4), i=1,H;

¢8%(3)), and expanding oB¥ To indicate the collections of distributions

?Reca:l.l that the set of 81l behavior strabegies on any information
eolisction schems RP contains a degenerate behavior strategy equivaw
lent to any pure strategy on B,
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specifisd for each zunk at which the protagonist has moves, we can
revwrite {S.18) as:

H(@BDP*, RP3a8%(3), %) = s max sas
p(EP(L){1P1)) p(EP(2)]P(2))
max B Y @@, )
Y sEP@)PR),) ees ) Y () Pm),)
P(2)] 17 (2) Py PP,
» o8 (), P(), =1, 8308%(3)) | « (5417)

Row, if 8 is s perfect=recall informstion coliection scheme,

then TF(3) completely specifies E(k) and IF(k) for k=l,3j-1. This
irmplies thet o different probebility distribution is chosen for every
realizable combinstion of valnes for Eo(k),IF(k),k=1, j-1, which, in

Surn, allows us to rewrite aquadion {5.17) as:
H(G'BD"%, y08%(5),c%) = z max Z

Py HEOIFOY 2oy @),

sPWIPwp [ Y e ).

p(z?(-z)[zp(z)i [ Z "Ex z
2(%) P(Ep{ﬁ)fzg(ﬁ)i) EP(E)pr(K)i



Th

(£ (W) [P ), 5 » e(EP(m), TP0)30m%(3)) | oo | (5.18)

Examining the right side of equation {5.18). we see that it can
be maximlzed sequenblally, starting with the probability distributions

p(EP() [T°()) and working backwards to the distributions p(EP(1)]
(1)), This technique of backwards sequential maximization is come
monly known as dynamic progremmi '}0’ 3L

Note that this seguentisl meximizetion cen be accomplished with

the cholice of & degenerats probebility distribution at each informe~
tion set, thus producing s depenerate behavicr st;-&tegy vhich maximizes
#(o8%, ’¥368%(53, ¢ ar B(ze?, 72 308%(3), ca}»?

. In light of these observebions, and noting thet T(oBD) = oBD
for sny degmnerats behevior strategy oBD, we will change the form of
our algorithm once more. Specificslly, in the finnl form-of the
slgorithm, instesd of equations (5.11) and (5.12), we will employ

equations (5.19) apd {5.20) given below:

05%(3+1) = (o) (9)08P(3) + amex H(B®, BP508%(3), 6% ] (5.19)

oBDY
& 1 Sy . a &
B*(341) = (Fr) Dor()+ emtn HoP(3), Pren®,¢)]  (5.20)
¢BD

vhere the max and nin operations will be accomplished using dymamic
progreanminge
In order to see the sorbt of computational adventsge bo be gained

by using the dynamle progremming technique to find e purea stratezy

TRecall thet this was owr original aims see equstion (5.13).
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mescimizing B(oP, RE168%(3), ¢*), rather them & brute force search,
consider again the vheab.market geme with ¥ = & and s probagonist who
employs his compilebe informabion collecktion scheme. Tn this game:
(1) using & brute force search to £ind a maximizing pure
strategy requires comparison of the values tsken by

©
H{oP, R 1627(3), C%) over 1075 possible pure strategles,

or 3_03‘?"5 scelar compariszons, but

{ii) using the dynamic progremming technigque to find & maxi-
mizing pure sirategy reguires comperisons of values for
3 alternatives esch, in 820 information sets, or 2460(20°°°)
gealar canmparisons.
‘ﬂlearly then, the use of the dynamic programming technique to carry
out the moximizabtion and minlmization operations reguired in fictitious

play ls essential In problems of the zort that we wish to consider.

567 Seamary
Our cbjective in this chapter wasz to consiruet an algorithm for

deberminabion of behavicr strategy €~R-sclubions when the protagonist
amploys u perfeci-recall information collection scheme. In the
preceading sections we have shown thet sueh an algorithm cén be
constructed by combindng Kulw's itrensformsbion, the method of ficti-
tlous plsy; and the technique of dynsuic programming.

We sumarize the algorithn obtained; then, in the following

theoram ,
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Thoopem 1: Leb Rl} b2 amy perfect recall information eollestion
scheme for the probagonist, it ¢® ve the complate information collec-
Siem mehase for the antsgenist, snd lst the pair of hehavieor strebegy
saquences (oB{1) on 2, e8%(2) on B eee)s (0B(L) on %, e8%(2) m

0% 000} ambiafy the recursive expressicns:

(1) e8P(1} = (;g%‘g (30658 (33 ama:;p #(ep?, 2P 508%(5), ) |
' oB

(12) o8%(3+1) = (ghy)[ (9)om™() + entn w(o8®(3),P308%, ) | 5

ZBD°

viiere oBP(1) on 7P snd 58™{1} on C* sre both arbitrery. Then the
pequonce {oB5(1) on 85, eBT{2} on 1 ... ) has the property thabs
gfw eny € > 0, there exists an inbeger J§ such that for eny J > J,
5333{3} on B is = behavior strebegy G-R-sclubion.

In the lov dlsgranm of figore 7, wo inéicataﬁ gr implementation
of this algorltlm, whdich we will henceforth refor 1o as the perfect-
roeall Tictitiowe niey sicovitio.
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Set J=1 (Note thet oBP(3) and
a
Choose € > O oB () cen be stored
% destructively)

Choose’ oBP(1) on RF and

¢B¥(1} on ¢° arbitrarily

3

Determine a degenerate behavior

strategy eBp® on RP maxirizing

Sttt
H{ea%, ’P308%(3), ¢™), using
dynamie programming

) é J=a+1
Determine = degensrate behavior E

-

strategy ¢BD” on €% mini mizing
#{onP(3), B ;08" %), using

dynamic programming

¢

o3P(3+1) = () [(9)a8®(a) + oB0P]

¥

oB*(51) = () [(2)0B"(3) + o80"]

; ,

#{oB0P, 8P5 o82(4+1), ¢*) - H(oBP(j+1), BF; oBDY, ™)

Yo

(oo
FIGURE 7 FLOW DIAGRAM -FOR THE PERFECT-RECALL
FICTITIOUS PLAY ALGORITHM.
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CHAPTER 6
DETERMINATION OF BEFAVIOR STRATEGY €~R-~SOLUTIONS
ON RELATIVELY GENERAL INFORMATION COLLECTION SCHEHMES

.0 Introduction

The determination of b behavior strategy £~-R-solution for the
vrotagonist on a generzl informavion collection scheme is ugually a
much more diffisult problem than the corresponding problem with a
perfect-recall information collection scheme. This difference in
difficulty is due to two factors:

(i) = behavior strategy €-R-soluvion does nobt necessarily exist
ont every information collection scheme thet the protagonist
can employ; and

{i1) the behavior sbtrategy that is assoclated with a given
mixed strategy €-R-solution on & general information
collection schenme Rp, is not necessarily of maxaimum quality
in the set of behavior strategies possible on ‘RP.=

In this chapter we will develop an spproach o the problem of
determining & behavior strategy €-R-solubion on & given information

ccllection scheme vwhich can be epplied for relatively general infor-

rmation eollection schemes Rp s



Our srguments will proceed as follows:

{1) We will @escribe an n-person, non-couperative game '’
which can be definsd for any given two-person, zero~-sum
findte extended game with a given informetion collection
3ch$;m ® for the probegoniss.

(ii) We will define the concept of an entity-behavior eguilibrium
point in DY, ‘and we will show that s behavior strategy on
RF is of meximm quelity in the set of behavior strategies
possible on 7P only if it corresponds to an entity-behavior
equilidriwm point in I'’.
(111) We will show that in order for a behavior strategy on X,
which corresponds to an enbity-behavior equilibrium poind

in ', %o be an R-solubion, it is sufficlent but not

necessa.m; for ®° to be a perfact-recall information collec~
tion saheme. )
{iv} On the baeis of these armments, we will conclude thet

hehavior stravegies on RP, which corregpond to enbity-

behavior equilibrium points in I'’, are promising candidates

for behavior strabegy 5—13»-35121'{;5.0:18 in T3 and we will
deseribe & Torm of the ficvlitious play slgoritim which

can be used to gonexebe such behavior sbrategles.

6.1 Preliminaries

Before begimning our arguments, we will define the class of

imperfect-recall informebion collechtion schemes that we intend to



consider, and we will develop & convenient form of expressgion for
the expected return to the protagonist when both players employ behavior

strategies,

6olel Imperfect-fecall Informetion Collechion Schemes o be Considered

We will afgaﬁn make Assumpiione 1, 2 apd 3, which were shbated in
the previous chapber in section 5.1.1. %Hobe, however, that if we are
no longer iLimited to perfeci-veeall information colleetion schemes,
thencAssumpbion 3 iz resyrictive. Specifically, in meking this
ggsumptlion we are saying:

{£) thos the protegonist has perfecterscall of the guumber of

choices that 1t has previeusly made, or equivelently,

(i1) that the protagonist Imows the rank of the move that has

been reelized vhenever he is to choose an elternabive.
In this chepver then, we will only consider informstion collection
gehemes which lodues information partitions which sabisfy Assumpbion
3.% We wiil refer 4o such informstion coliection schemes as sdmisaible

Iinformabion eollection schemes.

6.1.2 An Expression Tor the Ewpected Return to the Protagonist

Brploying the notation of section 5.1.3 and assuming for each
k=1, Bed8 L an arblirary ordering for the informmtion mets conbeining

i
moves of rark k, we define partitioned vectors Xp for k=1,N, and

ak

¥ for k=1,M as follows.

{a) Tet the fth component of X e given by:

?A 2lightly more genersl assvmption c&n be made; sed Appendix A,

Hote O.



a1
xﬁk = p(EP (k) ai}}:p(k)j) where g = §+ I n and
el

%;k iz the tobtsl nurber of alternatives of information
set TP{X) 3 and

(b} let the fth component of v pe given by Yik = p(E¥(x) = il

13 a 8
Z nmk andnmk is the totsl mmber of
=l '

slternatives of infomation set Ia(k)m..

(k) 3} whers £ = § +

In figure 8 we show how éduch vectors can be defined in the example
geme of section E.h? when each player 1z ecuploying its compleie Infor-
mabion collection scheme,
. pl _p2 N

Hote that the set of vectors (X7, X%, ce., X" ) constitutes a
behevior strategy for the protagonist with the mbh pertition of XP©
being & probability distribution on the alternatives of information

2
set I (k}m-

Conbinuing, denote by ¥V the inner product operstlon defined by
the following example of lbs use,

ZZZ aiﬁ;ﬁkﬁiakéav BYY VYA
i 3 k

N
and et 1 APl g yP2 o .. v xEN,
i1

Referring to expression {5.7) of section 5.1, we can consbruct
sn ¥ + H-dimensional array ¥ from the function a{EF(3), I8(3), J=L N;

k), I%(k), k=1, ¥) such that, by employing the notation given above,

?The "eard" game.



Iz

(1) Informetion sets A, B, O, D, B shown in figure 5
(11} Aszsumed orderings on information sets at each rank
are as follows: 1:9(1)1= A3 1“(1)1 = By I%(1), = C;
xp(z}l = p; (2), = &

¥ - (Pp(llﬁ)) s e fam)\ ;s 2= [Pain

PP(2}a} *(2|B) P(2]p)
P (1]e) PP(1[E)
*(2]c) PP(2| E)

FIGURE 8. BEHAVIOR STRATEGY VECTORS.
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we cen rewrite axpression {50‘?} in the Pfollowing simple form:

N ¥
H(cBY, R’ 508%, &%) = ( H x?i) v (m ™Yer, (6.1)
jexl o

Note thet for a particulsr geme ', the sbrucbure of this expression is
determined by the informabion coliection schemes émployed by the players.
In the following sections we will dafize s particuler (¥ + M)=-
person, non-cooperative game that is suggested by the siructure of

axpression {6.1), snd we will show thes behavior strategles which
correspond to equilibriun strategies in the defined non-cooperabive

game are promlsing candidabes for £«R-solutions in the originsl game,

6.2 The Assoeisbed Hon-Coopersbive Geme

Definition 18: The apsocinbed non-cooperadive game 'Y for &

given two-person, zero-sum, Linite extended gume I” with a given
informstion eollection scheme BF for the protagonlst, is the (% + M)~

peErson nmacaqgarative? gums defined by

(1) assigning to the anbsgonist its capleve informetion
eollection scheme Ca,
{11} considering each rank of player moves in I" wo be under

the conbrol of 2 separabe and independent antity; and

{111} considering the payoff to each entity to be identicel to

thet of the player whozne moves the enbity is conbrolling.

e Wa ﬁis'zz to congider is completely descrived in this 3_2
@ﬁn tion: it is silso = non-cooperative geme ag defined by Rash .



Denutizgt the entity comtrolling the kth wmoves of the protagonist
[antagonist] as 'the k- ~enbity {ka-entrty] ; we define the coneept of
an entity-behavim;\ strategy as follows.

Definition 19r An eatity-behavior strabepy for the kpaen{;itz

[k®-entity] is any funciion which maps each information set Ip(k)i
[1%(k),] into a probebility distribution on the alternatives of that
informetion set.

FNote that the set of all possible entity-behavior strategles for
the kp-enti*h:,r x{l{a-entity] corresponds to the set of all possibie values
for the vector ka {Y&k]e In view of this correspondence, we can
refer to the vectar 1EX [Yek] as an entity-behavior strategy for the
iP-entity [k%-entity], and we can consider any behavior strategy
{Xpi, 1=1, N} [(Yai, i=1,M)] a5 a collection of embity-behavior strategies
for the entities associsted with the protagonist [antagonist].

We will consider the assoclsted nonecoopsrative game to be player
in the following manner:

(1} esch embity X5, for k=1,N, [k° for k=1,M], emploﬁng its

behavior strategy i {Yak], simultapecusly chooses an
- ~Ba o refagy under
Lt~ romurold, ana Jhien

(i1) for the commpic. =et of cholces thus Zc.cerined, the

expected retuyn to +-- ——wan6 iz computed and ewerded
positively t0 each protagonist entity and negatively to

each anbagonist entity.



Finally, note Bhst in sny sssceisted (W + H)-"person™, none-
caoperabive gome, the esneept of lufermatcion gethering hos no cxplielis
meaaing sines cach onbity schs ounly emse.

6.3 A Heesesexy Codiibion for Behovior Sirstegies, gt on &5,
] of Hoxdmes Cuality

Wo vill boglin this section by dafining the concepbe of an egnili-
brium point in bekavior strabeghes and an equilibriwn peint in enbiiy-

wehavior stratories. We will thea show thet in oxdey for o behavior
strategy oFF on BF 4o have paximes goslity in the set of behavior
shrategios posainie in RP; it is pocsssery fov o8° on I? o correspond
to an enbity-bohovioy eguiliierium point in She asscelated none-cocperative
‘gars IO

. Definitien 20: A pafr of behevier strategies (X Fo,1=1,¥),

(%% 51,1} in & game T, with informabion collsctien schemes B° for

she protegonist and K for the antagenist, iz s ﬁ.ﬁ.ager-behaviar
eqttibedun soint 473
H

. : 2 H ol *p1) M yp
{xPi?zZ,§§(i§1 ' } ’ (331 ! } vEE (531 * ) Y (;521 ¥ )

o g
vFL min (11 x“f’i)v E‘E'&é>?1¥'.
(X", J=1, )

Pofinities 21s A seh of enbliy-behavier strategles (X B, i=l,K;

‘E’ﬁaj,%sai,ﬁ) in an sagociated (N 4 M)-porson, nonwecopsrative geme T,
iz an entiby-behevior equilibelwm poied 1f: )




z;;: (;Ei xP) v 3P v (jhzrﬂ KP%) v (1: r¥)vre
M
ECNCE R
wta {1 XY v (kl *a‘k)v'.fa‘a’ Q{}g T ¢y (6.2)
3=1 -1 e gml

fOI' izl,N &Izd ,ﬁ:'l; MG?

¥We complete this section by steting the fellowing two theorems.

T por any assoclated game I'’, there exists at least

Theorem 23
one entity-behavior equilibrivm polrt.

Theorsm 3¢ A behavior atrategy ng-é on BF is of maximmm quality
in the get of all possible behavior strategies a2F on ¥ only if it
corresponds to an entity behavior eguilibrivm point of the associated
non-cooperstive game I,

Proof: A behavior stretegy o8P on BF is of maximm possible
gquality on il oty if it corresponds to some player-behsvior eguali-
brium point based on R and the entagonist's complete information
collection scheme C but further, eny player~behavior equilibrium
point besed on 2® and ¢° must correspond to an entity-behavior
equilibriuwm point of the associsbed non-~cooperabive gams, g

Suppose, then, thet we have found an enbivy-behavior equilibrium

point in the associated non-cooperative zeme I’ corresponding to a

?A tobel of W exprassions of the form of 6.2.

1

The proof of this theorem is given in Appendix B.



) givﬁﬁ infornation collechion scheme IF and o given tyo-person, Sert-
gum, finite sxtonded goms I“g. By theoren 3, the sorvesponding behavier
stratemy ofF en B it satisfy the =ot of inegqualisies deserdbed by
sepraasion (6.8}, and theze innguwlities ere necessery conditionz for

& bobovior strafegy of mmciswe qualldy In vhe set of bshevior strsbe-
agion possible In ¥, The obvicns ensebion isr  are thoese necessary
conditions mise suffisient? The nexd mecblen glves s parfiel answer
Ho this qusehien.

Sl & Suffieient bubt Hob Necsmesry Condibion for Pabity-Behavior
Bouliibedwn Poiwbe to Correspond Lo Behavior Stvabesy R-Solutions

Iz this segbion we will defins the someept of reenll-sensiiivity,

‘znd we will esploy thin eonmeept o shoew thet: in order for o bebhavior
styabony 65° on ¥ to be om R-molntlor in & gewe I given thet 1%
corrsaponds o 5B abity-bohavicr sguilibedun polnt in the oescelated
nen~cooperative geme I7, Lt is gufficlent Bub not’ necessary thet &
be & perfect~racell informsetion eollection schems,

| 6ottl fhe Copearl of Hecoll Samsitfvity

Bensting bz: w( (2%, 12,3 Y5, F=1, )P (k) 4)» the expacted rebumn
to the prodszonisht as & foneblon of 186 bekevior strategles employsd
by the pleyers, given that information set To(k) ¢ B2s been reslized,

we dafing the covdepn of seselli-gensitivity ts follcws.
Definitien 27: ‘The peoull-sensitiviiy of the protasonist abous

& given yaly of bebavior stratozles, {xﬁpi; i=1, ¥} on RY and ('z%&j, J=1, 1)

fs3:1 R&, i8 28, wheve:



N
(a} rs = Z apk, and

(v) {6P2, 81’3,.,..,6'9??} is & smet of real mmbers defined as
follews:

Bpk(x‘x?l’ '1:1, N; Y-x—&j, ;j:‘:l, M) = may 2 [‘-!I&K s s MAX
‘ L3

ROGELR02, LB, PPN v ) (P 0)) -

1 3 *
wWin «ss min H( (XPM) XPZ, soey :{pk; X*p{k-{’l), X*:p};; Y B-j’

teag

3=1,M)i13‘-’(k))] , for k=2,H.

The recall«sensitivity of the protagonist has the following

property. '
Ptg_pr’értx 'étf The recall-sensitivity of the protsgonist sbout any
pair of :béhavigr strategies (}\{pi, 1=1,N) on R® and (Ya"j, 3=1,H) on K,
is ;era if B is & perfact-recall informstion collection scheme,
-The concept of recall-sensitivity can be interpreted as follows.
First, note that the protagoaist's expacted return, given ‘t.ha‘l;
it has reauzéa & particular information seb (k) 2 ie dependent
uz.:o;z the fuonetions X?i, i=1,%k-1 ko the extent thai témse functions
establish a probabilivy distribution on the elternative cholces he

knew in the past but cannot veeall. To see this, we will denote

7 t

1"}.‘?tw proof is given in Appendix B.



the informstion that has been forgotten by the protagonist when
P P has been reallzed, as ﬁp(k)i, and we will express 3((3:132
$=1,%; ¥, 31,12 (x),) ae follows:

B, 121,05 ¥, 5,m) [12(x) ) = ) RGP 1w
IFP (k) .
¥, 51, M) [P 0) , TP () ) ¢ PP () (7P () ) (6.3)

wWare sumation ovér IFF (k) 4 meéans sumation over ell possible values
that can be isken on by this Torgobten infomatlon.

¢
How, Tor some perfect-recall information ecllection scheme i ’

B(OFY, 100, By ¥, 321,30 [1P(x) pIFE(K),) is the sonditional expected
return when the informstion set represented by [IF(k) . I (k) .E} ix
reslized, Therefore, by definition 22 and properbty b, this conditionsl
expected return canuovt depend upon the Ifunctions }tpi, i=i, k-l. Fuorther,
by ceusality, P{IF{k) gilp(k) z)‘ is not deperndent upon eny of the
fanctions X5%, $=k, X

With these ohservsilions, we can ses thet '5?}‘:{}:*?&, =1, N3 Y?{-a’j,
J=1L,¥) is simply a bouad on the effect of forgotten information on
the protegonist’s conditional expected reburn at its ksh decision
shen (X 0%, 121, %) on 2° and (€09, §=1,M) on P® are employed, Thus,
the recall.sensitivity of the protagonlst sbout (X*Pi, 1=1, K} on 7

angd (Yﬁaj, J=LH) on R” i¢ & measure of the total effect of forgotian

information on the protagonist's expected reburn-



Examining expression (6.3), we cen slso see that under either
of the following conditions, the loss of informetion TF (k) , Wil
contribute 1ittle to 505X PF, j=1, N3 ¥ 00, =1, ).

(1) BOES X, s, ws v 0, gen, 1) (2R (K) g TP () ,) is not

strongly dependent upoh IFp(k) 2 for any given function - Pk
and any given information seb Ig(kjg, or
(2) P(aF®(x) f’flp(k) ﬁ) iz not strongly dependent upon the

functions ¥P, i=1, kw1,

6.4.2 A Sufficient but Hot Necessary Condition for
Behavior Strategy R-Solutions

By ewploying the concept of recsll-sensitivity, we can obtain
" ;?'
the theorsms and corollaries given below, i‘%g
Theorem 1&:? If o pair of behavior sirategies, O’BﬁF on RP and
4

1

G‘B%& on ca', in & twsceperson, zero-sum finite exbtended geme T is such
that:
{a} it corre‘spands t6 an entity-bshavior equilibrium point in
the associated non-cooperative game I, and .
(b) the recall-sensitivity of the protagonist sbout this pan:

of behevior strategies ls less than € then:

(o8"®, ) £ nin A(oB"®, 2%;08%, 6%) = B{oB 5, 8%508 5, ¢%) ¢
&
oB

max H(cBF, RP ;GBJ}&, ¢ < H(GB%‘Q; Rp;G_B-*a’ Y+ €.

oB?

fi‘he proof of Theorem & is given in Appendix B.



From this theortm we can obbain the follsving coroliery which
gtsbes a sufficiers condition for a be»~ wor strategy which corvespsnds
to mn embity-behavior equilibiium point In I, 40 be an “~Ressiumtion
in 7.

Corpllary v, v¢h v ~ sghrategy GB*F on Rg, in a given pair of
behavier strategies which cO.zw. ~-3- 5o an entity-beheri~r ecvdTibriwm
point in 7Y, iz ap &-Resolubica in [ xf . soncuaviey of &r

protagonist sbout this palr of behavior shravegies iz less than € .

Hobe that the suffleisnt condition of corollary 1 iz glven in
terng of the recall-gansitivity of the protegm 3t ebout 2 —~iven pair
of bensvior strategies, s guanblety Wiwui. 15 not easily evaluated in
problens of tke sort that we vish vo coasider.

Howsver, eorcilery 2 glven below, which establlighes 5 mors
regtrictive bub simpier suffieclent condivien, follows directly from
cornllaxy 1 and properiy .

Cerollary Z: A behavior si:ra:&egr 52‘6%? on B which corregponds

. $0 an ertity-behavior equilibrium point in I'Y, iz an Resolviion in T
if 15 a parfeds~recall Informstion collection scheme.

The corocllary given shove raises a question. Specifically, in
this corollary, is vhe condition "RY iz 2 pevfecti-recall informetion
coliecbion scheme” also o necessary condition? We can see thet the
snawer $o this guestion is "ao' by conmsidering vhe following evampie.

Bxiggple: In flywre § w2 describe a two-person, sero-sum,. Tinite

extended gawe T In this game, note that the moves of ranks I and 3

Tone proof of Cordllavy 1 is given in Agperdix B.



Protagonist's

Rank | move
Antagonist's
~ =G  Protogonist's

Raak 3 —-—{ T moves

FIGURE & AR EXAMPLE GAME .



aye protogonist ms;res while the moves of ravk 2 are antagonist moves.

Conzider then the imperfect-recall information collection scheme
Rp‘* mnder which the protagonist forgabs at any move of revk 3, The
cholse that he has made at his move of rank 3. The informstion pavei-
tion fnduced by RE cas be Formed Prom the sebs of the infermstion
partition induced by the probagenisc's couplets information collection
soheme, and is given by IP{R?*} = {A, CUERE DUUGI vhere A, G, b, B
and ¢ sre the information sets lebeled in Tiguve 9.

How, to lnvesiigste the recall-sensitlvity of the protagonist, we
must examine the probegoniet’s expsvted retuwns vhen Information sets
CIUJE and D {J G are realized. The first of these returns can be

" expressad ame
(@ P hieun - ) PP s ) pm) (6.8)
SlcuE % cus
whers csefc | g indicates sumnation over all pisys ¥ conbaining a
move which is a wenber of information set CUUE and CW@U p indicetes
suwmation over the sei; of all partial plays leading from O to a move
in ¢ {J B, Contimming, ws can ex'pané (6.4} Ho cbtain:
1L 2™ e U B) = p1]a) p(as) [e(ife U o) +
plzfc U B)n,1 + p{2]a) p(afn) [n(1jeU B)n, + p(2fcU E)ng]
+ p(1i) [p(2fa) + p(2]a)] = pl2fa) [p{2]c U B)n, + p(elo U E)n,]

+ p(zla) [p(1jc U B)n, + p(2fcU E)ngl (6.5)



Exemining eguation {6.5), we see that if by = ah eed b, = Bh, vhere
@ and B ars arbitrary consbants, then R{(X ,XPZ;Y yleU 8} is aot
s

dependent upon X .
The protagonist’s expected return when informetion set DIJG is

realized can be expressed as;

H(GP, X% 7% b U 6) = p(1]a) p(2]8) fe(ifp U eing +

»(2]p U 6n,l + p(2]a) p(2[B) [p(2]D U 6)n, + p(2{D U 6)ngl
+p(2f8) [p(1]a) + p(2]a)] = p(2in) [oQ1[p U G)ng + »l2]DY G}h_,;}
+ p(z|a) [p(1]p U el + p(2[D U gjngl (6.6)

Exemintng:{6.6), we sse that if By = pb7 and by = phy where p and
.are arbitrary constanbs, then B (XPl, x2 ;‘!31} o @g) 1s also not
dependent wpon ¥PT.

Therefore, by def%azitiun 22, ir h1 =0 hs, hz = {3116, h3 = oh,{
and h,* £ p,hs for erbitrary constants @, £, p, aund g, the protagonist
hes a reca:!.‘}.-ﬂensitiv;:by of value zero sboub sny peir of behavior
' s:tmtegies o8 on BY and o8 on cf‘. By coroliary 1, them, for the
givan geme and the given information collection scheme it %,ﬁ axy
behavior sbrabegy G’By* on Rpai which corresponds %o an entity-behavior
eguilibrivm poind in the assoclated geme I'Y, is an R~solution.

It is also easy Lo show that for the given game snd The glven
informatics coll“cuion seheme REF PR h‘i =0 €y P, = dag T S
h3 = ph7 + 63 LA x_., ;1,318 + €, then v® peeall-sensitivity of the

protagonist sbout any air of behavier stretegies is bounded by
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& = m&x{él,éz, 63s 'Eh}e In this case, by corollary 1, any behavior
strategy a‘EP on Bpi.' vhich corresponds +6 an enbity-behavior equilibriwm
point in I 45 an é%wﬁ—asdiu'tim.

Cembiring corclliary 2 with the cbservations made in this exemple,
we obtain the following theosran.

Theorem 5: In order for & behavior strategy Q‘BP on BF to be an
Regolution in e gawe T, given thad 53? o8 ol corresponds Bo an enbliy-

pehavior equilibrimn point in the associsted nonecooperative geme T,

ik is sufficient bubt net necescary thet 2 be & perfect-recall informa-

tion collaction zohenss

.6.5 Comstruetion of Batitv.Behevior Bouilibrium Points
Tn the preceding o sections we have shown that if we can
ge;aeraﬁe an entity-behavior egquilibsium poink (x*-?i, 1=1,¥3 ¥ 3, ]
J=1,M) in the associabed game I'', then for o given game I and a given
information collection scheme RS, the behevior strategy (X Po,i=1,N)
on 3
{1) a}.wa:ys meets a set of necesgary conditicns for a hehevior
girategy of maxinmm guality in the zev of behavior strategies
possible on RP,
{i1) is an Resclution if B is s perfect-recall information
golleckion scheme, and
(ii1) mey be an R-solubion (or €-R-svlusion) in cases where R

iz not a parfecteracall inforastlion coilection scheme.



" This reises an obvious question. “Given a parbiculer associated
honscooperative game 'Y, how can we find entity-behavier equilibrium
poinbs far ' o"

In the Following subssctlion we will give an answer to thiz
question by describg.ng an algorithm that has besn employed by the
author o generste entiby-behavior equilibrium points in & wumber of
agsociated non~cooperative gemes. We will eall this algoritim the
"extended Tictitious play algorivim" becsuse of its similarity to the

Browm-Robinson fictitious play algorithm described in section 5.4,

6.5.1 The BEcbended Fictitious Play Algorithm

Dxbended fictibious play in en sssocizted non-cooperaiive game r?
is analogous to flekiticur play in 2 game I, Spesifieally, in exbended
fictitious play we carry out a series of ficbitious plays {or repeti-
tions) of I'° in the following manmers’

" (i) at vhe first repetition of I'Y, each emtity chooses an
arbitrary degensrate behsvior strategy, and

’ {1f) &% subséquent repetitions of I, each entity chooses a
degenerate behavior strategy voich maximlzes its reburm,
sssuning for each of the other entities the antity-behevior
strategy thet can be formed by summing (and spproprishely |
normelizing) the degemerste behavior strabegies previously
employed by that other entliy,

with the expectation that, «z the number of repetitions becomes large,

the set of enbliby-behavior strategies, which at any given repetifion

e deseribed in gection 6.2, the manner In vhich an assoclated

game T’ is considered 4o be played.




are assuned for each envity by the other entitiss, will spprosch an
entity-behevior equilibriwm point in I’

In orler to describe the algorifim formally, we sziablish the

following nobation. Denshe: ‘

(1) by ¥5(3) [¥™(3)) the emvity-benevior strategy that is
produced ab the jth fteration of the sxiended Tictitious
play aigorithm, for the Krwentity [E-entityl,

{31} vy maev B [ owtar ¥4, s vector partivionsd in the ssme
. L
[

menner as Xoo [¥9-1 but having all 0.0 scapononts exeept

for & gingle 1.0 entry In each parbition in & position

corresponding to & raxisnm [mintmm] elewent of xP° [v5%]

in that perbivion,  eng

¥ .
(51) by 32 the promuet: v xP v .., v 21y
=1
753

1 !
2lEL) o g el
Using this notation, we can formally dsscribe the extended
fietibious play aigerithm by stating the following set of recursive
aquations which indicate the nenmer in which the entily-behrvior
strategzles generated by the algorithn are relsced.
B ¥
2(501) = (-.]%-f)[{g}xi’i{j} + mae|( B ) v (1 ) v F]]
=1 1 X
& i
’?In the case of several meximum [winimus] elements in a given
partition, the cholce of which one is 4o correspond to the 1.0 entry

is arbitrery, for exumpie, mexv .5 .5 bo1 .2 .8] = [1.0 0.0 § 0.0
0,6 1.0} or [0.0 1.0 { 6.0 0.0 1.0
[

THote thes this srodust yieids s veetor.
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v (51) = (L™ + Qim{(;gl x#4) v(El vz ]
Ak

for i=1,§ snd kel,M, where X2°(0) for i=1,§ and YO[0) for k=L M
are arbitrary degenerste envity-behavior strategiés.

wIn the flow di&g;;&éﬁ of Figure 10 we indicabte an Implementation
of the exiended fietitious play slgorithm. The comvergzence of the

algorithn is considered in the subaecction below,

6.5.2 Comvergence of vhe Hchended Fietitious Play Algorithm

In awy applicatie;z of the sxteaded fietitions plsy algorithm,
(1) we are interasted in the quality of the behavior stratsgy
e8® on RF which sorresponds to any enbity-behavior eguili-
briwn poins that may be generated, but
{31} sinece only & finite number of iterations can be made, only
an approximstion to an enbity<behevior equilibrium point
will be genersiéd.
Looking back to section 6.1.2, we gses that theorem & esbablishes
the quelity of anmy behavior sirategy a-B§ on RY which corresponds o .
an entity-behavior equllibrivun point. -
In light of these cbservations then, we will appropriately
regtate theorem & for the case of approximete entity-behavior eguiii-
brium points, and we will then comment on the convergence of the

slgorithm in verms of this restatement.



Set =0 {Hote that xpi(;}), i=1, ¥
8k,
Choose € > O and ¥ {3),k=1,M can be
% stored destructively)

Choose XP-(0), 1=1. 1 and

Y&k{t))i, k=1, M

i
5= (1 P09 (1 vi) v s ]

£=1
é J=J+1

KN ¥
Compute | V& (n xp’z(a}) v ( i Yaﬁ‘(a‘)) vF
for =18 =1 A=

71
¥
N . ¥ .
Compute z-;kn(g ¥ (j})?(ﬂ Y (3))?1?
for k=l,H =1 g;;

!

f
Compute | ¥P{3r1) = K}‘}‘?‘i‘) [(3 3 ¥ + maxy vi]
for i=L, ¥

Compute Yak{;}i-l) = (—5%3-} [(j) Y&k{j} + minv w}‘]

for k=3,
N . M - No
Z [(Vi)r- naxy Vo - ﬁ:] -2 [(Wi}Té minv Wt g}
=3 i=1
< €7
@D

FIGURE 10. FLOW DIAGRAM FOR THE EXTENDED
FICTITIOUS PLAY ALGORITHM.
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Theoran Jﬁ {restated): Consider s given two-person, zero-sum

finite extended game I' with a given information collection scheme RY,
and the sssociated non-coopsrative geme Y. Then, if & set of entity-
behavior strategies (X PL,1=1,1; *z"aj, 4=1,M) in T’ is such thats

i=1 *pg Fpg oY) pi
xpi(;‘zlx )vﬁc v(g_gﬂx ) (Hg )VF €

5(? X‘ZM)V(% Yﬁz)?Fatmin\ﬁ xP4) v ( i vy v
g K
M

el o v
=3l

Fag qF+€*am

for 1=1,N and j=1,M, then the corresponding behavicr strategles aﬁﬁp

on RP and aB%a' on C& in T' ave guch thats
M
[H{sB%&P; R?;aﬁwa’, ca} - Z eM] < Q(cﬁ%, RF) <
i=1 :

¥
(8™, P308", ) + z s*Pi] .

Considering convergence of the sxiended fistitious play slgorithn

thez&ﬂ the suvhor has smployed this algorithn to obbain approximate

Tonly winor modificavions bo the proof of theorem b are required to
aesbabiish this restobezent.

%?Shapley {veference 13) hes given a class of games for which the
method of fietibious piey will not converge, however, this cluss of
games cenaoct be ftransformed into a class of games of the type thet

we are considering. _
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entity-behavier egulilorivw pointe in o mouber of sssocleted non-
souperatlve ganmte and In eash case eem-e-;rg&nce was obserwed in the
Tollowing senge.

. For b= 0,05 =n inbeger ! < 200 could alweys be found such thet
ror (FPH(3), 1=2,857% (4, 11, 10)

b

u i
Y oPHs ema ) @My ereemang s (
=1 E=1

Mo,
(islﬁ' (3})@?}

) v

¥ e

L

In 'ﬁh&‘ following pection weo summrise our raguite and consider

e pracbicsl qussblon Ilmvolved in thelir usze.

4

8.6 Sumery =vd (Qosine Arcuments

In the precoding szetions we hove developsd, sf'm' twe«person,
zero-gun Finiho-erionied gomes, a heuwrdsple algorithm for génamting
eppecximations 4o bohsvior pirategies s5° on 2F vhich: o

{1} slwmys fwet s set of necessary eondidions Tor a behevier

s‘trateg; of maglemm queliby in the set of behavior
- gbretegies whiah ave pessible on R‘?, ‘svd which

(11) are R-solutions or G-Resclutions if But sob only if R

is & perfecu-rocall infermstion collection scheme.
Ha sxrgue, then, that che algoritim can be sald to produce

promising cendideten for bohevier strategy €-R-solublons on any

informntion colleshion schems.
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However, if B® ig sn imperPecterecall information collection
scheme, and, the slgoritim is thus producing behavior strategies which
are only knoyn to be promising candidabes, any cendidate that is
preduced must be verified. Bub verification reguires kmowiedge of
. the quality of an.F-solution on an, and in games of ‘the sort that we
wish to consider, there are no pracf:ical vechniques for &eﬁemiz;ﬁ:ng

4
the quality of an R-solubion when & is en imperfect-racall informa-

Id

tion collection schamsa.

K11 iz not lost lhowever, for vecall thet our primery interest
iz in €-zolubions on B s not in €-R~solwbions on B, In fact, we
set oulk to develicep sa algorithm for generzbting €~R-~zoluvions only
becauss we know that in order to be an E-sol;zticn on &, a behavior
strategy mush Cirst be an L-R-zolution on R

In light of these comments then, .we note that:

{1} ﬁha exbended Plctitious play sigorithm generates promising

cendidetas Tor €~golytions on Rp,a and, counsegusnily,

{11} *a;hs.t we are primarily Iinverested in knowing is whether ox'
not a ‘;:aﬁavior strategy profuced by vhe algerithm iz an
é-_solutiﬁn on Efg, .

The verification implied by (i1} above, howevér, only requires
knwledge of 'ﬁhe’ quality of & solution in I, and thig can be deter-
minsd by appmp:fféfte e;z@loymsniﬁ of eisher the extended fietitiouns
play algorithm o the perfect-recall fictitlious play elgorithm of

the previons chapter.
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CHAPTER T

A TURSUIT AND EVASION GAME
WETH MEASURFMENT UNCERTATHTY

4

'2’.0\ Introduction

‘In this chapier we will consider a pursuit and evasion procéss
in‘f.;e.x;ite dizcrete time and in a2 finite discrete starte space.

He will assume that the pursuer and the evader are each able to
gather perfect m;asurwfents of their own stales and wmeartaln messure-
merba of thelr oppopent's states, with the amount of uncertainty
dependent upon tha gtates of bobth pursuer and evader,

At each of the pursuer's decvision times in the process, the

" pursner either terminates the process or chooses a sbate o occuy

-

at the next time instenb. At cach of the evader's decision times,

i r

'i'.hede'vmiar detects whether or not the pursuii has been proviously-
termibhateds and if it has not besn, the evader chooses a state to

-

cecwpy st the nesyu-time instamt. ‘
Finally, when the pursuer terminates the process, which he nmsi;

do at or before some tims %f, the pursuer wins and the eva.d.er_loaes

e payoff which is determined by the state histories that have been

realized by the players st the bime of termination.
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T-0.1 Ohjectives
In concidering this problem, ocur cbjeckives will be
{1i) to give o demonstretion of the use of the perfect-recall
fietitious pley sigorithe, '

{i1) to give an cxemple of & type of problem which msy be much
meve easily Solved in behavior stratesies than in mixed
strebogies, and

{3ii1) 4o dewonstrate {by showiag thad o west plausible simple
mathod Tor generabing “subopbimel” strategles leads to
stratezies of relabively poor gualiby) thet the efford
invelived in detemuipabtion of sn €-zoiubtion mey be well

3 justifisd.
v In meating these objectives, we will find ‘behavioer sirategy
G.sadutions for tho pursusr and the eveder vhen aach is its

cceplete informabien calischion scheme. We will consider the problem

of finding minlmally cosplex behovior stratesy €-soluvions in the
egsymle of the next chapter,

7.1l @General Deseription of the Purgult-BEvasion Proctss

L)

HWe pive paler o Formal deseription of the puvsuit and avesion
process thet we are golng to conmider. In thiz desexipbion and in
the rmj‘.néer of the chapter, we will conslider the purguey as the
W in the proecues and the eveder as the aaﬁggﬁ_ﬁszt.

To beglin, we estoblish the following notation.

(1) Demobe By 8 the sheic space of n points in which the



process le considered to take plauce, and assign to the
“polnts of S8 an arbidtrary ordering.
{ii} Dencte by By 120,1,2, 00 the dizerete time instands at
which measuremenbs are nede, and decisions sre made and
© . emseubed. 7
(£13) Tenote by a(ti), ot ) z(ti}, and w{t,), respectively, the
pursuer's state at time ti’ the evader's stele ab T’i’ vhe
purguerts measurament at '1:.i af the evader’s state ab ¢ 47

" and the sveder’s meagwrement ab %, of the pursucr's state

i
ak tye
(i) Denote by @("Gi}, the set of terminabion alternatives open
to the pursuey a6 "ésf. “This set will consist of the aliey-
netives: derminete the pursuii, andfor conbinue the pursult,
which will be denoted, respeciively, by the integers 1 ani 0.
(v} Denote vy 7(t,) € ‘I‘(ti), the pursuer’s termination declsion
at time tie - ..
The pursualt and evasion process thed we will conglder, thezf, is
fornally desdribed by the following assumpbions.

Aspumpticn A:  The movenend cepabiliby of the purswer in S is

defined by & seb-Punchion §° (a('{:o), a,(tl), sess a{ti}) vwanich msps the
higbory &b ﬁi,‘ of post staves occupled by the pursuer;, inbo o subset
of S consisting of the states that cmu ba ccewpied by the pursuer

at The movement capsbility of the evader in 8 is simllarly

#+1°
" defined by the set fumetion 8%(b{% Q},a(ﬁl s ..n,'b{tijl)g snd the

pursuer and svadsy each know Both functicns.
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Asgumbiom B: The pewbership of the get T is dependent only

wpon $ine, and i2 kasm o both pursver and eveder. Furbther, the
purposy must bormissbte the pursult &t or before scre tins b3 decuy
286, = {1},

Apsuembtien Ot TFhe puzsuver apd ovader each have perfect mecsurs-~

psete of Ehelr oun sc;;a:&es* Thelr meﬁtg of thelr opponent’s
abasen ,3{%i) end w{ti} sye m&m varisghles buking velnes in 8 wder
probability dishributions, Po(s(t,}]elt,),b{(s,)) ad F(uls,)elt,),
b(ﬁi}}, which are depsndant upon the pursuer and evader states at

the dime of meapurerent, ond vwhich are keswn o bobhk povsuer and
srnder,

Assumotien D Yhe inibisl stetes, aft, ) snd b{%_), of the pursuar

..- &nd svader aye yandbm varishles teltlvrey valuss in 8 wnder probebilidy
distributions Pia(t @}E and f’ﬁ{b{tg}) which are kuown %o bobth pursuer

2

and evadar. .

Asgupebion B Tae bemporsl opder in waleh the pvreusr and evader

o Wil ba sssuwesd fo opexate ab sach bive inmstend ’si is a3 followst
{1) the yursusr and ovader each receive an wncerbein measurement
of its opponintts curvent siabe;
£i3) on the basis of the informabion it poasesses, the pursver
deaidss vhether or not $o teoninste the porsails
{334} ths swveder recsives the inforzaiien thet the zursusr has
o has nob terndnsted $he pursaits
{iv} on ths basls of the inforpation it possssses, the pursuer

sglschks snd oeounius an accezaible nowd state in 53



{v) on the basis of the inforrabion it possesses, bub without
noviedgs of the puranst’s wovehent deesislon, the evader

selects and ceouples an sccesgible newt sziate in S.

&zpumobion F: Upon terminsbion of the process, 2 payoff h{a{ti),
‘a{ti}, 1=0, 3} iz avarded posidively to the pursuer and nsgatively %o
the gvader, vhers 4 3 i&’ ?h& time of Semrinsbion.

In figure 11 we sai@mﬂze Shs shove sssumptions in o flow
dlegrem showing hov $hiz pursalt sud svasglon genpe is 50 be played
when both purster and evader szploy their coaplete informabion collecw-

tion sohewes. '

T2 Inberyrcbobion of 4he Parsuiy end Bvesion fems

Ty thin ssobiop we will isterpred The paroulld end ovasion gome
in berms of the method of descripblon thst was developed for two-
porsen, sero~gwy finlbe exbended gewes in Chapber 2.

To begly, note thet the four rlies of ocur c‘ief:i.ﬁiﬁian of & finite
extonded gome ave specified by the sssuwpbions given in $he previous
saction. In partievior,

{1) the set of =11 poseible pluys is specified by Assumpbtions

A ani By
i1} the wmewner in which pebure chooses am sltersstive ab each
- ef her poves I gpecified by Asswpbions © aad Dy
(111} the peyoffs to esch plusyer for sash poasible plsy ave
snesifiod by Azswpbion ¥, and
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Histurs ee ini’ait’sl states ait o}’ bv{% o)
wnder Pia(t}) Fv(t,))

¢

Nature chooses state meamrerants z(t ), w(s )
under P(a(t Yu(t )it ) Flels Yalt, vlt 2}

¢

Parguar weley tcrﬂin&tigq geciglon Pursuer wins:
Enowing {a(s )8t )] ¥t )= n(a(t ), vit, )
g ’f(‘hojnsﬂ

Parsucr chuases waxt stats a{ty) € (ats,))
knowing {as ba(z ), 7(s 1}

{
Evader chooses mext stato b{t,) € sT(u{s )

wmoving {ult )wit ) 7{t )}

g

Hoture chotses sints meagsurensnis ﬁ(t}_},w(tl)
wader P ({6, ) alsy ) 08,3} Pl Ha(m holsy D |

¥

Fursuer pakes tarmination dsoleion ) ?ug;ngr wing;

-

| S
towwing {ﬂ-tto)r z{tn)r "’(to}.v "-(tl)r 3(‘7‘1)} 't{tl'}"l hfa‘:‘ﬁijrb(ti}! 1=0, 1)

B ; {ty Ju0

Pursaer choosen nurk state a(tz) € Sp{a(to), s(tl})
kmoving {a{t Yy e(t ), (¢ ) alt, ) alt,), (5}

!

Bvador chovses next atets b{t,) € Sa(b(uo)yb(tl})
knewring {00t Yrule 3, vt 3,6l b w(e, )7 (5 1)

L8
Bvader chooses newt state blt,) & S (u{t, },b(5, ), -0nsblt, 1 )}

maswing (e Jawle 3o vl ), cony ity ) wley, (5,706, 4 )F

Paywusr winas h(a{ta}- b{ﬁn}: &fﬁl}f b{tl}’ Y] a{tf)i b(‘tf}:}

FIGURE 1. KETHOD OF PLAY OF "PURSUIT AND EVASION GAME
WHEN BOTH PLAVERS EMPLOY THEIR COMPLETE

INFORMATION COLLECTION SCHEMES,
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{iv} the mexisms emeunt of Information that eath player can
gather is spacified by a&mﬁim  end E.
Afteor esteblishing the follewing notation and conventions, we

will describe a spocific purovilt and ovasion game in perms of & game-

tree disgrdm.

T:2.4 ~Comvontions andiHobation

Lot us assuse the following irdexing of aliernsbives.

First, st 2uy move whore the purswer ic neking a terminstion
decision, iet bhe sltervative "terminaie the pureuis” be aliternative
1l and the alternative “conbinue the purzuit” be sliernative 2.

Rext, ab auy move where the puvsuer or the sveder s choosibg &
m ghabe, sseume in qccorxdance with bhe ordering of §, ati ordering
en the stetes of the relsvent ascemsibls stete seb, and let the ith
‘whate of the sccessibdle stade set onder this erdewing be the ith

alternstive gt the glven move,

I

For exseple, suppose thet in 5 given porsuit and svasion gane,
the pursusy iz moking a "mexbesiate” decizien ab & move vhere its
nceessiblie state set is {2,4) € 8 = {1,2,3,4]. In this case we
would 1ot stakte 2 be slisrustive 1 and sbate 4 be alternative 2.

Finally, &b any nove where pebure is choosing en alberunative,
v will azzign, in a nanney similar to thad uged To sssign lndéxings
at noyes where the players are choosing next gietes, an indexing %o
the meagurements with poslibive provebility.
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For sxeemls, supposd thed in s given pursuld and eveslon gome,
noture is saleeding & weegarerent g_{@i} &t & move whers Pa(:a{ﬁi}f
alt, Js5{%, )} gives positive provsbilivy only Yo states 2 and b in
8= {1,2,3,4} In this case we would let shade 2 be cltemmaetive L -

and steks 4 be slievastive 2.

We will adept the-following comventicn in lebaling informetion
sets.
Racall that in Chspber £ we denobed o ;.;lagﬁr*a information sob
b any move, sg the string of eltesnetive choliges rapresentiag -s‘:iza
porbion which is kuown 60 bhet nlayer of ths aliernetive cheoleoe
kistory defining thet move. Netlng then thab, uveder the given indest-
Ing of vifernsbives, €he string of posh msosurescnbe and declziong
koown to a pleyor at any given move corresponds to the player’s )
Inferpation sot ob thas move, we will a{i@‘a he ;:amniﬁnt &mtioiz
of doseribing informetion sobs in ey of their cdrresponding )
weastrenont and decision etrimgs.
Further, 1@%,155 dencte
{iY vy Zpﬁ,zé and Ig’(tz}, vespachively, the pursusris and
gveder®s informsilien ssts ab time t; bub prior fo ﬁizé
teyminekion decigsion of the pursusr; and (
{11) by T9(%,) end I7(t,), respectively, the pursuer's and the
evatier's Information sete ab Bime &, bub afber the berminas

tiom deeigion oFf the pursucr.
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oY exmeé,

) = (alleg)s el ds 7t )l )2ty )

Eﬁ{'ﬁz is {%{"’30}5 ‘5{"‘66}: T(%Q 3 %3{‘&1 2 WEHD
and
. I}?{ti} = {&{%’ﬁ}? S(ta}, '?{ta}? 36"3}‘}: 2{%1}, '5(%1})

E&{'él} B {h{ﬁg)ﬂf{'%g}r?(tajrb{‘lﬁl}:?{tl}? ':'(‘31‘)) °
Haviry astsbhlished these conventions and nobtabtion, let us

deseribe s gigpie pursialt snd cyvsslion game In tems of o gomewbrae

Flagras.

Te2s2 4 GomswTros Disgrem for g Pursuit and Evesion Gome

Considsr 3 povgelt o oamcion gome desorined ag followss
{i) Ywo shagess. %t € {v8, 13 T{tg} = {0, 1} ’.'s‘(i’.l) = f1}
$i) state gpace of two stdtes: S = {1.2}

{441} pursusy movement cspsbility: S°(1) = §°(2) = {1,2}

{iv} evager rovemsab capsbiiivy: s¥1) = {1,2}; s%(e) = {2}

{v) initlal steve eistribwiions: Z'{a(t)) = Pﬁ(b(ﬁc}} = {5 .5)

{vi) mosswyemont stebistics definad in veble L below.

{vii) payefis deseribed ss fellows:s
{2) if %he pursull terminstes with the pursuer end the
avader i3 thz sowe shede, the pursver wins and the

evader loses a payoil of 2,0 if tee bime of bermination

fﬁecm thal bolh the pursuer and the evader srg ewploying thelr
casplebe informetion collection mehsmss,



11z

Teble b: HMeasurement Stabistics

2(t) or w(t),a{%),b{t) PH(z(s) |alt), b(5)) B (w{t) la(2),b(%))

L,L,1 0.50 0.55
1,1,2 0.10 0.90
3,2,1 0,55 0.k5
1,2,2 0.45 0.10
2,1,1 0,10 0.5
2,1,2 0.90 0.10
2,2, 1 0.h5 0. 55
© 2,2, 0.55 C 0.9

iz 5, and & puyolf of 1.0 if the time of temmination
iz %1; and

{Bb} if the pursult tevminates with dhe parsuer and the evader

in different ztoves, the pursusy wing and the evader
i6ses & payoff of 0.0 regardiess of the time of berming-
wion.

In figurs 12 we show & gane-brge dlegram for the pursult and
evasion geme deseribed direetly sbove, snd in figure 13 we give &
debailed Goscription of a single pley.

T these fimurss, in ovder to clemydy indicste the memberships
of the ployers? infomatizm gets, vwe have mdica‘sa& at each move the
corresponding oheerved masuramnﬁ and declision hi‘-%ories of the
playerg. Specifically, at eamch move,
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LEGEND -

Numbers er each vartex are. '
pursuar s observahions /evader s
observanons, wih an observai-

on string aliernating - own
state, measummeni’ of

opponent 's state, ferminohion
degision, own siglie, sesves

202 HOIgHOS
2?0272 /p

mzznzua 5203&3280
210

2202 g\ 120 i HFRI0 Toidezoz

AN Typical information
v %ﬁ\;"fp seis
5 {1} evader only
£

220 knows that o 5 0

Vo soip  ONO of the circled

2201262 and connecied
R vernces swhen s
#209120  observed hustory is

i Vo S \
¥ 20WI0 (L) pursuer only o

T knows that if 5 in *
Eiqéfﬁzzo ona of the cormssied_
verfices whan s /

¥ obpaoip oObserved nisfory is

IO 1201

oz O
B (111} pursuer oniy> 120}$810 [ 9
Y knows that 18 713 [ @
5 ong of the connscled 9&22{.}1 "
7 veriices when s ¥ 220N
\ obsarvad hisfory is i
N y 120%220 Mg}
21027401 \ \
g0 i21y22) 10229\ v
2101 2102\ 120255220 Lgoslsinon

-
-
-+ v

-
Al b bt g skl o o e e e B8 2

1202¥2202

FIGURE 2. GAME TREE FOR 2-STAGE AND 2-STATE
PURSUIT AND EVASION GAME.
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. wciﬁ—z__?wursuar Payorrs}
HOI/HOt , o
' Play /V";:? +00 .

Termingtes floi/noz
:_z
f‘zi?asé?gosea_‘_w ,x%’;m Evadesy Chooses
bit "f).g; ’a" Hext Staotg -
‘ & Bl }e2
B AHD
(Pursusr Payof§ ) e Purgusr Chooses

: TS0 Moxt Stats oft,)=|
c S /N
Pursusr Dosidak : $50/ 1O

j0 Terminate i T '
{elty)=t})
! Pursuer Chocties
¢ Moxt Staia a(?;)sz
i1/ - 3
Pursusr Dacides Not
, - to Terminate {T{fy) =0}
{08} (0.65)

Nafurg Chootes
z{tglol, wiipi=l

. - {Piay is taken from Figure i2-
.2 diractly clockunse fmm 12
o'clock position)

Probabitivies) | 7

Noturs Chooses

_{08)(08) alty)el, oltyi«l

O
v%\ ?iay Starts

€

FIGURE 13. DEVAIL OF A PLAY IN EXAMPLE PURSU!T A"QD
" EVASION GAME.

"
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(1) the pursuer's wessurawent snd decision history {information
geb} is indicabed by $he striny of intspars 3¢ vhe ief% of
the siasgh, aud the evader's messurement =ud decision history
iz izdicnted by the siving of indemers to the zight of the
glash, with

{(if} the mubere im oach shring indleebing, from left to right,

the pleyexfs measusensnbs snd decisienz in the ordsr in
vhich they wefé meda.

Por oxamnls, the move which ic circuwmsoribed by o hexsgon in
Plrere 12 is lshelad with the stzings 33.&2;’220 indieating thet ad
this pove:

{1} the puveusr has chserved {a{tﬁ},z{tg}, (% e)’ a{i:l}} =

] {1, 16,27 ned

(i) the evador hes ovesrved {b{t),w(s, ), 7(s.}} = {2,2,0],

H&ﬁ that bopsther, the two sirings ab any nove cospletely svecify
the slternative choice histery defining thot move.

¥obe aldge that in the figures:

{1} & simglc elvernstive is indleatsd sb each verbex or move
wvhere the evader’s oimissible steve seb is S(2) = {2},

{i1) nature's ssiechion of inisisl sbsbtes for the players hss

heen emwbinad inte & miergle move, and

(111) psture’s selechbion of measursments For the players has
baen ecoibvined inbo & givzie nove for ea_eh giron pair of
initisl stotexn.
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., Finolly, note that the pursuit and evasion game that we have

dageribed wmoets Asswpbicas L and 3 of Chapber 5, but not Aasumption
2. . This fellure is not sigﬁif‘ieazzt, hovevey, aince Assuspbion 2 is

not restricbive and was sade in Chapter 5 :3:3}:: o allow the wrlting

of slmple general expressions for {he probegonists aspscted payoff.

7.3 Porsuit and Fvasidn Games Studied

The Pollowing exsmple pursult aud evesion games wers sbudled.
Erenmie 1z
(1) thrse ctegest © € [t,%,,5,}5 T(6.) = 7(5;) = {01},
w(t,) = {1}
(31) two stetess 8§ = {1,2]
{113) p*azéuar movament capabilitys S'?{a(%e)} = SP(a(to), a(tl}) = 8
" tor any alt ), a(%, )
{it:i} evaéer movement capsbility: S (o{t 0)} = rS for any blt o);
S(a{t )b(s,)) = 8 42 B6) = B(8)
= b{i‘.}.) obhomise
(v) imitisl stete distribubions: P(a(t ) = (1.0 0.0);
Pa(5,_)} = (0.0 1.0)
{vi) measnroment stetistics es defined im teble b
{vii) payots described s follows:
(=} if ths purselt bersinotes with the pursuer and the
" evader in the sems state, the pursuer wins and the
* evedsy 10868 a payoff of 2.0 if the vime is ¢ o
1.5 42 the time is %, and 1.0 if the timé 1k b,3 sad



(b} if the pursuit terminates with the parsver and the
evader in different smtates, the pursusr wins and the
grader leses & payoff of 0.0 regardises of khe time
of termination.

mﬁ The mwmbar of stages, novement eapabilities of the
players, ond vpo payoffs in exemmle Z are the =eme as 1w eysmple l.
We list the differences balov,
{1) three stetess: § = {1,2,3}
{11) initial siete distributions: P {alt o)) = (1.0 0.0 0.0);
PHu(t,)) = (0.0 0.0 1.0)
(iii) mweesurezont sbatistics defined as in tebls 5,
The use of the porfecierecsil} Fictibious play algorithm in the

generatlon of behavior strebegy Se-sclubions in thess examples is

dlgcussed below,

7.4 Appllcasien of the Perfect-Recall Fiebivious Play Algoritim

Ts apply the porfeche-rocell fiectitiens plaey algovithm, we rustc
{i} express the pursusr's {pretagonisi’s) supacted rewurn as a
fomeblion of the hehavier ghtrategles exmployed by the players)
and employing this =upression,
{i1) implewment an a digitel compuver;, $he flov disgram showm

in figres T

?In Aypendiy 4, Hobe 10, we commeni on how the mumbeys were chosen

in this sxsmple.
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Teble 5;: Measurément Stetistles

z(t) oz w(s),al(t),b(s) plz(t)alt), b{s)) plw(t) fa(t),b(s))
1L,1,1 0,60 0.60
1,1,2 0,20 0,90
1,1,3 0. 20 ' 0,50
1,2,1 C. 50 0.20
1,22 0.05 0,05
1,2,3 0.05 0.25
1,31 0,50 0. 20
1,3,2 0. 25 0.05
1,33 0.25 0.25
2,1,1 0,20 0.20
2,1,2 0. 60 0s05
2,13, 0.20 0.25
22,1 0,05 0, 60
2,9, 2 0. 90 0.90
2,2, 3 0.05 0s 50
2,31 0a25 0.20
2,32 0. 50 0.05
2;3,3 .25 C.25
3151 0. 20 0.20
3,12 . 0.20 0. 05
3,153 0,60 0. 25
321 0:05 0. 20
32,2 0,05 0,05
3:2,3 0.90 0.25
3,3,1 085 0.60
3:3,2 0.25 0.0

33,3 8. 5C 0. 50
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7-ks1 An Exoression for $he Pursuer’s Expected Reburn

ith the comnon payof? axpressione given above, we can write s
single expression for the pursver's expecbed payeff vhich is valid for
both of the exerples. In parbicular, denohbing by ¢P and Ca’, respectively,
the pursuer's aed the evader®s cowlets informstion collection schemes,

we ean_ beke advanbtage of the simple sbruclture of our sxamplses to write:
(o5, ¢%508% ¢%) 2 2,0 x Pla{s) = By ), (s )= 1)+
l.5x ‘f’(a(tl} = h{t.}_ b #(s)) =0, ':(tl) = 1)+ 1.0 x P{a(‘tg) =
bk}, v(8,) = 7(4) = 0) (7.1)

where the probsbilities of the three events with ron-zere peyolffs are
defined by the players' svd nsbure’s behavior sirategles.

If we dencte by u{; s0) an indiestor fumcbion having velue 1.0
vhere iis srguments ave identicsd and 0.0 ctherwise, we con expand

axpression {T.1) to write:

1(e8®, ¢P308%, ¢*) = 2 A [z.e w(a(t ),b(t,)) »
3{'{30}1 z('&g}s‘b(t‘f “-‘7(%’0)

?Ejf'r(ta}zlfa{%é},z{to)) + P?{'f{ts)zefa{tg}, -"'('39)) .

e [15 ulels),b(x)) ¢ P(x(s )]
5(‘5133 3(%}55{33‘}3 w<tl)

alt )2t )s 7(8 s 0ty 1 2(t,)) + PPele J=0falt, )y 2(s ), (5,),



120

ety ha(e)) 0 ) oo [Lo wals)ne)] )] ()
3{‘32};‘3{32}
T‘Eﬁi&?‘j&:

(1) & = Plats,) fals,), 506} * Pt ) als ), b(s,)) -
. PHalt)) ¢« Pels )
(51) B = Pt ) [al6,),008,)) = Blurlny ) alz, ) b(8,)) -
P(als, Halt Yo z{s ) 7(5_)=0) « P {b(tl);b{t )w(s,),
35 =0},

(111) ¢ = Plalsy) fals ) 2(s,) 7%, )=0, a(t, ), (%), 7(t,)=0)

+

P(olty ) ol ), wlt,), 76, )=0, it )u(t,), 7(8; J=0)

" {iv) the izzé_caaea gums are over the stabes of S,

@ Platt;) falsy )y ulty)), Plaley)faley)vlsy)), Palt,))
ond }.’a{b{t 1) oxe npaturets vehavior strategiss, N

{vi) the probebilisies suporscripbed by "p" end "s", respectively,

. ave'ehwsnbs of the purswor’s and eveder®s bsohavior strategies

=iith those slements restricted to teking values consistent
with the movemsnt and terminetion eczpebilities of the
players (for example, in & siabe space of 3 staves, if
§9(3,2) = (2), then PP(3[L, 2(3,); O 2, 2(t,), 0) = FP(1]
3, ;,t LG, 8 =it }, ) = 0 for W pair of measuremsuta

2{t, )} and 2{t;}}; axd
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{vii) :the gete of verisblss upon which the probebilities
mentioned dn {vi) ere conditionsd, correspond to the
players? inforsstion sevs in IP(FF) ama 1P{c™).

Hote theb, in splbe of ite complexity, eguation 7.2 1s much slmpler
then the sxprassicn that would have vesulted if we hed jgnored the
strochure of the pawe =nd hed abiewpbed o express the sxpected

return te 'the provegoalst in the form of eguation 5.18.

7.h.2 Bonorarien of Behevies Biratopy €-Solubions for
the Prygeer ged the Byadew

Using expression (7.2) for ths pursver's expectad return, the
perfact-recall Fistitious pley algorithm was programmed on o diglited
‘eouputer ard bebsavier strategy C-solutions wers deteymined for both
thé pursuer and the svedar,

Hote thab sinees wo are eonsiderine the expseted payofT vhen
bobth players sre aployivg their cwpl&tle iﬁfcma‘éiﬁa collection
schewmas, & behavior mirategy S-solubion iz genmsrated for both vlayers
at the szue dime.

In Botk eremplss, the velue of € that was selected was 0,02,
She gualities of the behevior strategles fomd for the players are
given in teble € balow.

Table 6: Qualities of Bohavior Stratesy £-Solutions Found for
Pursuzr and Bvades

Exmplo 1 Examle 2
Quallty of pursuer’s €-roiubtion: -5 651
Quality of svader's Se.solwbion: « 864 681



In “beble 7 we shew the bahsvior gbrobegy £-solubions determined
for the purstsr and the evader in wqﬁ.e 1.7 1me "nx' indication

in this Lnble meons thab wnder the given strebegies for the pleyers

* snd nattre, the informabion sei corresponding to vhe given mensvroment

and decigion bistery iz nob resiizabls,

Tolt.3 Observed Convergence Rabtez

The caspusation of behavier stistepy E«sclutions for the players
by peans of the pesrfackeyscalil fietitions pley &gem*m wvas carried
cut on en IBY T0SH digitel corpuiers )

) For cachk mle warenil sxd cvasioh gaxe, o general program Was
wils*ssa %o accomsdete arbibrary intiiel soate distribubions, a,r’m.ﬁvaxs
messurenant ﬁ%:s%;is%ies, apd arbilrsry novensnt capabzli%ias for tiie
glszyersa fdowecver, the p-mgrams ware alterad gligitly o %&I;e- adveniage
of vhe simple Zaibia) s a.te digtributions specifiod in ezemg,.es i and
2 sbovs. Seecifically, slternstive pmbability aSsbribubions were
oot devermized on informstion sebs that cau_}ﬁ; not be reslized umier
ke given inltiel sbade disbribwtions, ~

In tehie § we swmasize the r&levmrs information with respect
to chserved cﬁﬁ?&“g&ﬁ”e rebes of the algerivhm Zor the exor sples cone
sidorcd. In thlz teble 4l “rambar of varidbles te be &atami‘&e&"
ig the botal awmber of probabliiity dizstribviion coponents in the palr
of bvehevior svravegies to be determined for the visyers. This nusber

Goeg not teke inbo ascownd ths movement Limibations of the ;elmrs

-

Tihe g-solebions for exsmple 2 are too aowiplex o include-hers.



Teble 7: Behavior Strategy g-Solubtlons for Exomple 1

Purgver Pupsney Pupsaer Erader Eynder
Ohaerved Terwinabion Hoversnt Chaerved Hovement
Hisbory Leclsion Deelinion Hiztory Decision
=%
I (‘Bi} 2 {t;} T (‘&i), L E%i} (-ti},
: +(t, )=0) (%, )=0)
1
1 1.000 0.500 11 nr
& 1z 1.000 0.605 iz nr
= oy nr 21 0,430
22 o nr 22 0,430
11011 0.000 nr 3011 ar
1012 1,000 0.483 11012 ar
11621 0,000 ar 13021 1y
11022 0,000 nr 11022 nr
12011 0.600 nr y 12011 nr
12012 31.000 0. 479 iz¢12 nr
12023 0. G00 nr 12021 ar
6y 12022 0.006 ne 12022 ar
21011 ne ar 21011 1.G00
zioie nz = 21032 1,000
21021 nr e 21021 C. b7
21022 e nr 21022 Qo7
22011 nr ar 22011 1.000
22012 nr nr 22012 1.0C0
22021 m nr Z2021 0,17
22022 s nr #2022 Oolehe7
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or ths facht that the componente in any distribubion must sum to 1.0
gincs the prograns {es writien) 8o not c¢biein any aévéatage from these

facts.

Teble 8: Cbsexved Gonvergence Rates for Perfect-Recsll
Flekitious Flay Algoritbm

mle 1 Exemple 2

Tumbey of aliternsbive probabillty

dfstrivations to be determined 28 o0
FRewbar of voerizbiss o be

determined 56 2ho
Wenbeyr of iterstions 200 205
Total time {in ¥econds) TS 436

s 1

T«5 4 Flavsible Msthod for Generabing "Goed" Behavior Strategles
for tvhe Pleyers

Engwing the gualiiies of Se-solubicng for the pursuer and the
gvader, wS arg in a position to evaluatd plsusible heurigtic techniguas
that wight be proposed for generating "good” behavior strategies for
the glayers, The following particulariy plensible technique W‘a.ﬁ
azamined Por each of orr examples.

Firsgt, bzhavior stretesy Susélﬁ?,iﬁas vers compubed for each
pleayer in the pursnlt and evesion gere exwmples which sre cbtained
from exampies I #nd 2 by sssuning that each player har pevfeet
masserengnty of iie opponent's stetes. Cbviously, desermination of
these strategies iz much eosier than the determinstion of behavior

abrategy E-solubions in the originel gumes.
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Then, the "decision operations” for the pursuer and the &vader

@ers separated into two paris:

(1) & filtering opsration in which the pursuer or the evader

ecopuites from its measurements, the siatz history most
1ikely %o have been realirzed by its opponent {(assuming
that the opponent has perfect messurswsents and 1s employ-
ing ivs peyxfect measurement strategy compubed sbove); and

{i1) = decision operaticn in which the pursusr or the eveder

employs ibs computed perfecs measvrmﬁ:ent shrategy, treating
the opponent’s wost likely stsbe history as if it were the
opponent®s scoual state hizbory.

Finelly, the behavior strategies defined by the shove separation
were detemnined, and the guelities of vhese 'separation strategies”
ware eslculated.

In table Q below, we give the qualitiss of these separation
gtrategies and, for purposes of coaparison, the gualities of the
behevior strabtegy S-soiutions previocusly devermined.

Table 9 Qualities of "Separation” Behavior Strategies and
Behavior Stvategy €-Sclubions

Ex%le i Exsmple 2

Quality of evadsr gepsrabion streiegy 1.12 - 90
Quality of evader €~solubion 0. 86l 0. 681
Quality of pursuer €-solution 0. 85k 0. 661,

Quality of pursuer separation strategy 0.16 .56
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From these vesulis we can sees that the losses risked by employ-
ment of separatlion strabegies of this type are quite substantial for
both pursuer and the evsder.? In these examples, then, the effort
involyed in determination of behavior strategy €-soluvions for the

players zeems well justifaede

‘f.See Appendix A, Note 11, for commends on the sizes of these guelity
differences.
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CBAPTER 8

A MEDICAL DECISICR PROCESS

B.0 Introduction

Iz; thiz chepber we will consider a finite medical decision process
Informally described as follows,

A doctor encouz:zters & pabient whose general condislon is rapidly
deteriorating with the spread of & disezmaes bubk vhose relabive condi-
tion varies within & range from “relstively weak" to "relstively
strong. ”

A surgicsl operetion exists which can arvest the advance of
the disesse, bub its effectiveness

{1} 22 a Timetior of the pavient's eondition and the treatment

being adminizsered by the doctor a2t the time of the
aperatim:\, and
{11) 1¢ diminished as time goes on {and the diszease spreads),
| reaching zerc st some time &, {when the spread of tlge
diseese can no longer be halied),

The doctorts contrel over the situstion is throuvgh his choice

of = time Ffor the operasion, and his choices of preoperative treat-

mants for the patiendt. In particulsry



i
Y
@

{1} if the dector séministers trestment thet is appropriste
for the relabive condltion of the patasnt, the pavient's

reletive conditlion chenges in @ rendom but statisticelly

Inown fashioni and

{1i) if the doctor adwinisters vreabtmems that is inspprapriste

for the relative condition of the patieny, the petisnt’s
reletive condition charges in & random bub wnimown Tashion.

The donstoris information on the pabient®s velative cemditions
as bBhe proceszz unfolds is uncersain in thabt the docheyr does nm::
know ‘the asctual relstive conditions of the patient: he only hes
diagnoses vwhich are stebistically related to the patient's acbusd
‘relative condibtiong.

Finally, tht process iz verminated vhen the doctor decides
to operate, and at that time he is considered vo receive a payoff
which iss

(1) given in terms of an expecied extension of the patient’s

lifetime, and

(i1} deseribed by 2 known function of the total fime elansed

in precoperative trestatnt snd the pstierc's relative cone
divion and the treabtment he is receiving at the time of

the operation,

8.0.1 Objectives

{
We wiil consiger belowy, o forzsl version of the medical decision

3

process described zbove. In considering this process, our specific



129

chjective will We oo deverming for the docior & simplest possible
tresiment and operation bahavicr strategy which comes sccepbably
cloge to rawimizsing the doctor’s minims expecied reburn againsi ol
pogsible uonkrown probability disvribrbions wnder which the vatient®s
relafive condition may be changlne vhen the dostor admlinisiers
inappropriste ¢roeavment.

In crder 3o find such sbrategles, we will pose the problem &s
& two-parasn zara-smé gamg by considerdng thet, In situetions in
which the doecvor administers insppropriate treatment, the patient
is under the corcrol of & "devil" whose ipterests ave dismetrically

spposed Lo these of the dootor.

T gpecifle cbjisetlve, then, will be bo determine for the

docbor a bekavior strategy E-solution in this doctor (prosvagonist)-
devii {awsagoniss) pama.

Sur penersi objectlives in conaidering this problem wiil be

{1} %o zive a éemezzstm%ian o the voe of the extendsd ficktiw
bious play algorities,

{i1} to give an exmmple of & semrch {a very productive one, °
&z it beppens) for s simplest possible behevior strategy
E-solubion, snd

(131} %o give an exampls of & problem whlch can be solved
prachically in terms of behavior shrategies but which is

far tou o ex to zolve in terms of mived stratepies.
24



8.1 Yormel Descripiion of “he Dockor-Devil Game

In thils szetion we will describe thée foxmal version of the doctor-
devil game that we are going to consider, In this Yormsl version we
will malke the payofT funchion reflect the changes in the patient's
generel condition snd we will concern ocurzelves only with the patientis
relstive conditions. © For convenjence then, we will henceforth drop
the word veletive.

The pgawe what w2 will comsider, then, is described by the
Pollowing zet of assuwmpbiouns. )

.+ Assumpbion At The set T of trewcments T thet can be administered

by the doctor, and the set C of conditions ¢ thes ean be realizéd by
the petient #re both finite soets with their mesbérs in one-%to-one
torresponience, cj paived with ’fja:" ' ‘

Assvwbion By The game terminstes with ths doctor's decision
o operate, which muat be made a5 or before some bime tf.

Aszpimoblon €y The urestment and operative deeclsions made by

the doctor, and the condition changes mede by the patient occur at

ﬁiﬂﬁme 'ﬁ‘;im&s ti é {tl’tz;.ssytfui}b

Aspumption D: The patient is parbially conbtrolled by the

doctor and parbleily controlled by thes dovil es follows:
(i} if 'E(‘E;i) =To o o{t, ) = ¢, and j = k, then nature selects

the pa‘%;iezit*s condition ot ¢ under a known probebility

1
. ] ’
distribution P (e(‘f;i+1)ffk, ck}’ bud

. . )
o 5 is considersd “sppropriate trestment” for ¢ 3¢
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{31} ir ‘r(ti) - Tj’ c{ti) = ¢ and J # &, then the devil can
5
select any condltion ¢ € C as fhe pabient’s condition at
\

t’:‘iﬁ-l’

" "Assumption B: If the game terminmtes ev %ime %, the doctor

" wine and the devil loses & payoff nle(t, ), ¥(t,)) whick is given in
terms of an e:ép—ected ‘extension of the patient's lifetime.

Assumption F: At the end of each svbimtervel (t,%,); (b5,5,),

IS

owey (tfnz’%f-l}’ the doctor veceives e disgnosis, 4t ;j) € G, of the
patientts condition during that subinbervel, This disgnosis is
selected by nabure under a kvown probability distfibubion P (aft Pl
Tgtj)? c(tj})"

Assumption G: fThe informetion that the doctor cen gather as

the game progresses consists of the diagneses he mekes (receives),
“and the treatment and operation decisions thst he makes.

Assumpbion H: The informsbion thar the devil can gather an the

gans pz:cgresses consisbs of the condivions assumed by the patient,

and the trestment and operation declislons ma;ie by tne doctor.

iy

Assumption I: The temporal order in which the doctor ard the

patient {devil or nsturs} will be sssumed to opersbe ot each “pime
instand %i is a8 follows: .
(1) the docvor "recsives" an uncertain diagnosis of the

patlent's condition, -

{11) on the basis of the string of past diagnoses and Lraatments

thet he reecalls, ithe doctor decides whether or not to

. . opsrate,



{3i1)

(1v)

(v}

(vi)

.
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the devil recelves the information that the dochbor has
decided (decided not) to cperabe,

if the doctor has decided not wo operate end haz net
eyplied appropriafe treatment over the past dtime intervel,
then bthe % cn vhe bagis of the chservation history

it possesges, chooses a next eondition for the patient,

if the doctor has decided not to opersbe and has applied
sppropriste treatment over the past time intervsl; then
neture chooses a next condition for the patient, and
finaliy,

on the basiz of the string of past dizgnoses and treatments
it recalls, dubt without knowledges of the patient’s next
conditicn, the dcctor chooses a treabment to administer to

the patient over the next time interval.

The mermer Iin which the doctor-devil game described gbove is

played is summerized in the flow dlsgram oFf figure 1%, Tn this

disgram we have assumed for the anbtagenist, & corplets information

collaction schems.

8.2 Intervrebabion of the Doctor-Devil (ame

Wots thut the four rules of our dafinition of & finite extendsd

game ave

(1)

(11)

specified by the asszmmptions given sbove. In parbticular,
the set of all possible plays ig specified by Assumptions
A, B, Dand I;

the mponer iy whick nesure chooses an slvsrnative st each



[ Davil chogses initisl petient eomdition: c(tl) =y 1

¥

Doctor chooses initiel patient treatments T(t,) = < 3___i

¥

Reture shoozes & dlisgnosiz: d(tl} €¢

Dmaty Pn(d(tl}gc(tl},-r{tl)}
Loctor makes operstion decision knowing rocalled * Boctor wines
portion of {¥(s,),a(t,}] operats | | nla(t,), 1{t,))
Fad
don't cpmt"é
- E[——-l ’ ' Heture choosss pavient comdition
iag -+ g,
— Yoz a{t?) under Fu{c(tz}fzi, e
o
3

Devil chooses patient condition eft,)
knowtng {e{ty ), 1{t;}]

¥

|

Boetor chicoses T(tzl w X
portton of (¥(t,),4(t)]

i

neswing recelled

ém

Hatars cheosss a disgeoeis: a{t,} € ¢
wmder En(d{tl)iC(tz}: T(t2)

¢

portion of {'r(tl),d(tl), 'r(tz),d(ta}}

Doctor makes operntion decislon knowing recalled Doctor winz:

dard
oparate h(c(ta); T(tz))

dont dperate

=T i

17
__..._.j Yeu
ity B

it [

Devil choozes pstiant condizisn cita}
knowing {E(tl b T(H}l c(tajr L 4 tz)'}

-
3

Hature choocsee patisct condition

c{t3} nder Iﬁ(¢(¢3}f"'kr ‘:k}

S

{tg) altyh oy 78, L0 dls, 3

Doctor chooses finel trestwont T(tf l) - T

anowing retallsd portion of { Tltl}, a(tl),

¥

Doctor wing n(c(tf_l), r('.-.t__l))

FIGURE 14 METHOD OF PLAY OF DOCTOR-DEVIL GAME WHEN

THE DEVIL IS EMPLOYING ITS COWPLETE
INFORMATION COLLECTION SCHEME '
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of Ber woves is epoelfled by Assuwepilon D and ¥
(3111} the payeffs to ouch plsyer for coch peseible play are
specilied by Ascupiion B end
{iv] the mashmem ciomt of infermation thet ecach player czn
guther ia soseified by covemstions § & apd 5
ke inbtorpwotnbicn of this gawe thes, o2n be carvied seb by
esgigning oo altermabive indeming end consbrusting & tres, a8 wax

- Fa 4.

doge for the povsnid and evasion g of Chayier ?» . ‘5,: é

Furtier, 3n intorprebing this gusd we wil a@aﬁ& %ﬁfr‘-% i

ecavwwantion of welferzive Bo ivfoweiian #2is By the sorrespending
sbrings of dooorvabions for the glagars, and we will denste bp:

(3 Z?C'E‘.;} swd z"’*{f;g}s respostively, the doctar’s and ghe
Savii®s inorwedSion so%e of time 5y bk prier o the
oraration decisicn of the deeter, and by

(11) 2(6,) ana 1%(%,), respectively, the Gsctor’s and the
davil®s infozeablion ssbe ob 'E;ig.;e t, bub atter the terninge
tlon daninicn of the pursusy.

3:53. mﬁzﬁé whan both the dockor ané the dovil cnploy their

cepicte infermotion oclleciicn schemes,

xﬁg‘a;} = [7{t )y (s, }, 32,23 1o gpervation thra by}

33(‘3;} = folt, ), 5{t, ) 33,25 o opevablen thru ]
end
Plag) = {78 1402, ), 321,25 25 coevation thry £,)

I0tg) = felb,)s ¥(%, ) #21,23 no eperetion thve §,] .
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8.3 The Doctor-Devil Cene Studiad

The Pollowing exromle doctor-devil gome wes studied.
{1i) The sets of possiblie petiext conditions and trestments
are given by € = {¢; cz} aud T = {7, TyJe
{11) The gams lasts for no move than 15 days, which is cofie
sidersd %o ccmais‘t of % three day pericdss
{111) The probability distribubions under which the patient’s
conditions change when sppropriste dreatment ls administered
by the dockor {l.e.¢ "»‘{ti) = 7, vhen e{,} = ¢

d i J
2) are consbtent with fime. These distributions are given in

for J=1or

tsble 10 below.

Teble 10: Probability Distribublons for Patient’s Condition
Changer Under Froper Tresteuent

lbg) 2o elbyy)=e
Pl Melsy) = e ¥t = 7)) | 0.70 0030
P"(c(t1+, felty) = ey 7(ty) = 7,) 0,70 0.30

(iv) The peyoPffs %o the doctor wpon his decision to opersise
sre given in terms of expected sxpressions of the patlent's
Lifetime in days. Thees payoffs are duscribed by the

colleetion of mmvriess A{L) = {ali) = h(‘:(’ci) = T8

ok J

c("ai) = ck)} ligbed in dable 11 below.
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Teble 11: Expected Lifetime Extension Payoff Matrices

afL) = [1800 180) a{z) = (1620 160) A{3) = [1300 130)
_\ 7120 L0 650 485 520 390

Ay = (920 9O A(5) = [350 55
360 270 215 160

{v) Ths diagnase% recelved by che doctor at the end of each
three day perich-are chosen by nabure under probability
distributions vhich are constant with time. These distri.
bubions are miven in table 17 below. (Note that d{ti) =

¢, and ﬁ(*’ai} = 4, are complementary svents. }

Teble 12: Probabiliby Distribubtions for Diasmoses

3 1 i 2 2
k i 2 1 2

P alt,) = & [(x,) 80 .30 .70 .20

=Ty ety = o)

8.4 ‘Application of the Extended Fictitious Play Algorithm

. To apply the extended fietitious play algoriﬁ;m,_ we carry oub
the, following three gheps. ’
Step 1: We assign to the antagonist, its complete information
collection scheme C% and o the protegonist, the informstion

eonllection scheme 'R? +thet we wish to exsmine,
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Step 23 Ve idenbify the emtities of the escociated game and we
aevelop Tor theze embibles, the 2eyoff srpressions which are dencbed
in figure 10 by the vestors vi For i=1,¥ and @k for k=i,M.

In the sssoelated game 'Y, for the doetor-devil geme and sny
adulasible inforastion collection schems ?"’, the entities ares

(1) 1%, 3%, 5%, 7P and oF, who choose trestments for the

patient for ghe 388, 2nd,...; and the S5th sime per,_:::dez,
ragpeovivaely,

{31) 2%, 4®, &° ang &, who decide whether or met to operate
&b the end of the ls%, 2nd, 3rd and Uik bime pericds,
rzepectively, =nd

(113} 1% 2%, 3% 4% and 5%, who choose (shen nature does not)
patient conditions for the lst, 2nd,..., and 5th time
perlods;, »espactively.

In 4eble 13 we iish:

{1) the emtities of an associaved game and their fuoactions,

and

{15} the general deseripbion and the mumber of information
sets that cach snbity coxtrols when the doctor employs
iss camplete informstisn collesbion schene.

In writing the eintity peyoff aspressiocns vl for i=1,% and
‘ék for k=1,H, it should be noted thebe

{1} we do not carry out the lzbovicus wask of Jetermining

the srray F and forming thess expressions as indicatbed
in flgwre 10, bubt instesd,
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Entity

Entity Puncetion

choose c(tl)
choose 'r(tl)
operate &t t'z'?
choose c(tz}

choose 'c(ta)

operate at %3

choose c(ﬁg)
choose *r(i;3)
cperate ab tj;?
choose c(tb{)
choose 'r(th)
operate ab t;?
choose c(ts) -

choose T(ts)

Total muber of entities:

Total mmber of controllied inf,

gaetse

Information Set Structure for the Complete- Information Collection

Information set deseription

P(x), T(x)

10}

{o]

{r(t, ),a(t,)}
{7t Dy elty);
{=(t, ) alty )
{7ty )salty)s
{z(t;), e(ty),
{v(5y),a(t, ),
{v(t;)sa(ty),
{7(ty)ee(ty),
{7(t;),dlty )y
{v(ty), alty ),
{x{t;), (),
{7{ty )y alsy)

no operabion thru ﬁz}

no operation thru t,}

i=1,83
=1, &5
i=1, 23
i=1, 33
i=1, 33
i=1, 33
i=1, by
i=1,rs

izl, 1” ;

no operation thru ta}
no operation thru ts}
no operation thra tj}
no aperation thru ‘i‘.B}
no cperstion thru th}
no operation thru ﬁh}
no opera't'.i;:m thru t5}
no operation thru t

no operation theu t,s}

1h: 9 for doctor, 5 for devil
8523 681 for doctor, 171 for devil

5}'

Scheme Case

Ho. of
inf. seks
Yoontrolled”

S B - i

16

16

32
6k
256
256
256

geT



(i1} we fake advantage of the structure of ohe game do wrlte
payoff exwregsions which have lass ¢legent forms than
the exprespions of figure 10, bub wiich iend themselves

T b0 rore efficisnt cmmatim.?

Btep 33 We implement on 2 digiital compwuber, the Llow dlagram

of figure 10

8.5 A Search for & Sizplest Behevior Svrategy €-Solution for
ths Dochor

For the exammle docvor-devil gome described sbove, we chose the

following objective: Tind s siwvpiest pessivle breotument and cpors-
, tion Behavior ptestegy e-solution Tor the doctor, for an € = 10 v
where v 1z the quality of s solucion.

Emloying the exbended fictivicns play slgorithn and evaluabing
the qualitiss of bebavivr stratepies it produces by meens of Theorem
k? {zection 6.5.2), we procesd as follows:

(1) First, we estadlish the quality of & behevior strotegy

solvblon for the dorbor by gonerating an enﬁitym
behavior eguilibriun point in the azsocisied game corress
ponding vo the doctor's camplete informstion collection
sehang,

(1) Then we best othor sdmissible!’ informetion collection

schemes for the docter which night produce simple behavior

?As we did in the purseit and svesion games of the lash chapber.

ﬁﬁeﬂn&& in section H.ls1.
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strategy éusaluti‘?ns, ¥ by generating entity-behavior
equilibrimm points in the corresponiing zssociated games
and comparing the quilities of bebavior strategles thus
chbained with the quellby of & solution.

B.5.1 Informetlion Collechbion Schames Considered

In carrying oub four sesrch Por a simplest behavier abrategy
Gusohztim'zg‘ we exemined o tobal of 8 information colliechion schémes
for the deoctor (including his complebe Infoxmabion collection schems).

In table 1h we give the resulis of our search, spscifically,

{1} we descrive the informabion ccilection schemss examined

by listing the informetion that is forgotton by the
dochor undey oach scheme (in sach scheme conszidered, the
doctor gathers every svailsble plece of informatisén},

(1) we list the qualities of the treatment and cperation
behavior strategies thet were generated on each information
collaction schome, and

(111} for each strebegy genorated, we list the total nurber of
information sets reslizeble {or 2n upper bBound on this
nunber), a8 an indicstion of the complexity of this

pirategy.

8.5.2 Coomerison of the Behevior Strategies Generated

Comparing the sbrategies genersted on sesch infoxrmetlion eollec-

tion schemd,we see that:

%See section 4.2.



Teble 1h:

Informssion
Ceolisation
Scheme

[3v)

438

1k

Sumuary of Results of Search for & Simplest Behavior

Stravegy G-Solubtion

Tadber of Suelity of
Resiizable  Behsvior
Information Strategy

Informabion Forgoboen Sebe (in days)
cexg. infs coll. schome {none) &5 S%ﬁgb-
st t7 forgec *(t),als,) 201 893.‘:21
' t; forged T{ti}, a(gi}, 1=1,2 195 885“:23
av &, forget T(t;),alt,)s 11,2 99 885",
8% &, forget {5y b5 d(tl}

[ d < e G
sb b foxges (b}, al%; ), i=1, 3 7 8§1':38
&% tz Forged 's'{-f;l}, c&.{tl} )
eb %, forged ’;{’si}, d{ti;, i3, 3 (:53 ) ?06}1}3

- max
ut %, fovest *(ty), (%), 1=1,2
st %y forget T(ty ), alt, )
ab 4 forget T{;),als,); i=1,3 53 %Btgn
a% z:;; forget v(b,; ), 4{%, ), 11,2

- +0
at -::5 Porget (b, ), dlv, ), i<l b 1 727 4

(mex}

&% t;; Torget T(ty), d{:i}g i=1,2

Quality of Solubions Sgaﬁg deys
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(1) the strategies yenersted Por schemes 1, 2, 3, L, 5 mnd 7
.are 81l €-soluvions for &€ = (.10 v, and that,

{i1) uvnder the particular €-sclubion generabed for information
gollecticn schene 7, oply 53 information sels are
raeslizable.

In finding "sbtrebegy TV then, which is listed in table 15, we
hewve found & belhevior gtrategy E-sclubtlon which is less than &% ag
complex as the behsvior strategy C-solubion generated on the doctor's
complete informelion collaction schene.

In figure 15 we show for sach informabion ccllecbion scheme
exemined, & plov of the amovnt of informmiion recailed by the doctor
.a'ii :she boginning of each time interval., Comparing information
collection Schemss 6, 7 &and 8 in this figwre, it would seem thas the
mindmen amount of "information reeall that the doctor requires fc;r
corsbruction of o behavior strebegy E-sointion i3 not non-decrensing.

This resuiv sesmad surprising, bub uyem exemination of the
stratv?gy generated Tor informmvlion collection scheme 7, we fomd
thet the probebility of an cpsration before time "3:.1‘ is quite high
(> »90). This mskes tvhe occourrsnce of informebion sebs corresponding
to times ), end 'E;B. "rave evenbs, " which in turn makes the awpscted
payolf to the doctor insensitive to crude play in these later

situntions.
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p{'&'(‘?}l)n't]) = 40

1{% 101
a1 3
ploperate|T(t, hale,)) 9% .01
p(r(tyder, [v(e, Jale,)) .93 .26

(4 1
—:&;3 1
d{t.‘ }oo1
ale;) 1

p(operatefs(t, ), a(t,), i=1,2) .99

2
1

1y
.26

[l Sl o

«33

2
2

« Olf
<97

H o3 et e

» 99

205

0y B e jef

ot

=97

B 3 D3

03

L
2
4
1

~ 93

p(‘r(tg)#'rlIffti),d{ti),an,Z} 1.0 o35 .93 .09 .11 .90 .M

W) 1 L
d(tg) 1 2
P(operatef‘r(t3),&(t 1} .99 .99

B((t )= [1(E, ), a(t,)) 99 .02

&(th} 1 2

p{oparate f“t(th 1, d(th)} N1l
P(T(EE)WTlFT(t&L d—[th)) 93 .25

®

-

2

99
1.0

Rote thel [operste, don' operate} are
complementary events, as ave {c}_, czg} in
the game uwnder slhudy.

1 i i 2 2 2 2 2 p
2 1 ..l 4 1 2 z 2 2
2 10" P 2 1 1 2 z
2 L 2 i 2 3 2 1 2

0L .99 11 .99 .99 .99 06 .99 .11
¢99 97T 10 97 «IU 53 G7 «OL .97

Qualitys BSBtOh duys of expected patient
Lifetine extension (ecmpered with 8907y
for behevier strategy generated For com-
plete information collection scheme).

Table 15: Treatment and Operstion Behavior Strategy for Informabion Coliection Scheme 7

oL
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Information Co!iacmﬂ

ma Rumbs : & 3 4 5 6 T @&
- TS e e e e A
Gushty of Gensrotsd 0° 0" 0 0 +0 #0400 2D
Trootment ond Operaton 890 881 985 886 2891 706 888 727
Bahavior Strotogy -4 =4} ~43 =l -3 -3 -32 -7
latest 4 digghoses » Q
engd treabmsnis
miformation colleston camg:?efe wformahon

gchome numbers cotiachion sthems
latost 3 diognosss n e G 3
ghedt trsutmenis Q\

; -3
istast 2 didgnoses » /c\_‘\/*___....oﬂ.._é\lo

ond froaiments \\5
) LS, %8 W8 —
tatest | disgnoss . GM‘SBCK ,QO

and  frsatment zoro Information

collection hns

/ : /
no Informotion : o i ) L Sg.i

fi ?2 ?3 ?4 T fime

FIGURE 5. INFORMATION KNOWN BY DOCTOR FOR INFORMATION
COLLECTION SCHEMES | THRU 8.
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B.6 Obzerved Jonvergoacs of the FExberded Fisbitious Play Algordvhm

In cur sbudies of the docsor<devil problem, the ashendsd
fietitious play slaovitis was imvlemented oca = COC 6500 digibel
aopubay. ‘The porbiculer prograe thay wos vrithen was constragted
in 2 sufficiently gensrel Porm bo ellow study of el poszsibie odpisse
atite informubion collaction mehemes with s mindmm of medificacion
reguired In charging froam schane to schemes As  conssqunes, very
133ble chango in the agzmm%, of calodiation ger Storeblanm of ¥hs
gigevitin resulis ¥en ¢ shange informedion collechtion sehemes.

It iz nob swprising. therefore., thet conveyxgenoe of the slgoriiim,
in the conse indlested in sechion 6.5.% {for B = G.05), tock approxi-
é&s%a;%@* tue ssee apoant of i;izaa‘ for everyy informmiion eullecsion
sehome considsved,

In 42kl 16, wo somarize the relsrand informabion with regpect
o the shosrved copvorgenes of the exbendsd fictlitious play algoritim
in the docior-deril g witk the doctor smploying i4s coplede
Informebion cellpetion schams. In Bhis teble, the muber of variables
to be dstermines iz the totel mmber of probebility distibwiion
conponants in bt colr of bohuvior ghrategies dobermived For bozh
piayors. Tals weber dovs nob telo into asccount the fact Shal
thoze conpongnbs mued puododl.0 over bhe eltermablives of each
infermabitn s¥d, aines the propear (s writbten) does not teke

afvenbags of this Pant,
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Toble 162 Chasrvsd (onvergence for the Cowlete Informatien
Coilestion Scheme Cese (6 = G.03)

Buber of dlbtemwmbive prcbebhiliby

dlatribntlions $0 be detamdined 852
Buther of vaxieblss to be dvserminsgd Iyoh
Bafer of i%ﬁl‘:’%i@ﬁﬁ 200
Totul Hime {in gsconds) 200D

¥

sy axd Conclusions

{1} wo pave deseusbrotod the tze of the exhondsd fictiltious
+*

play algerithe, ard
{:Ei}: wo hare enwiod o & seawch foy ¢ simplest bhehavior

stratery C-solubion thet hes resulied in o belmvior
ghrstogy S=oolution which iz leas thew BF sz coumlex ea
the belbavicr sbrategy solvbion that we gopsrebed on the
doeber’s caplele Informniion colleetlion aschome. ‘
Finxlly, 'E%@, iz e trouble of gemerating & bshavior shreteyy
Gogoluiion Jusbificd in thiz puchles? We amemus, ss follows, thet it
i
Host oF the dovburs 1Rt ve knew se3m Paisly consesvabive,
anf iF Pooed with o prokism such a8 posed by cur «xommis, ve suspsed
thas they might b temmded bo wpply trostuent 2 over perded 1L and
sparate at the flvsh opportunity, aus achieving o nintmm a:gg:aaﬁeé



b

reburn of 540 deys exbenclon end sywoiding the possidility of gebting
an expeoted retwrn of oxly 180 days exkénsion,

By spplying the single breatusnt and operetion behuvior sbraobtegy
giver in Digure 15, ngg the doobor can raise his minisus expeched
yeburn o 856 days wrbenmion. This represents a 509 inprovesment over

the "eenservative policy” rembiensd above.

%Refar o A{L) dv todle 1l
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APPERDIX A
BOTES

l. Advantagss of Raudoniration

Sames can e&si;é( be construsted zueh thav for songe lnformfuion
eoileotion scheme for the vrotegonisd, randeized ptrategies exist
which gusrantee the probagonist a grester mindmm expechbed rebinn
than sny pure stratesy on the same informotlion collectisn schems.

For sn exemple of & "real life” pame vith t‘!:%a proeperty, see
reference 1, pages 186-219, vhere Von Feumenn shows theb poker is
such e geme, wnd specificelily, thab meximslly sffective strategies
in poker cadl for o randemization in bebbing vwhich is comsonly called

blufiine,

2. Guailty and Solvblon Stresepy Definitions for the Antagonist

If in 8 given game we wizh 4o redtain & given lsbeling for tha
protegoniat and the antagoaist, we can define strategy quality for
the sntagonist ag Follows.

Definition: The ouality 0{r%,B") of any strabegy ¥ for the
antagonint swhich is based on sn informabtion ¢0}ilec'bién scheme R° is
defined by:

oft® R = min [-u(@ P 8% .
& P
oy



T

-
¥
(-]

Using this definition, ths definitions of an €-R-sclubion and an
£-golution for the ambogonist ars anslogous to the corresponding

definitions for the protagonist.

3., Definitlon of Terms Used in the Wheap-Merkel (Game

O the Chicage Mercantile Mechenge, 1t is possible to buy and
sell gontracts for fybure delivery of whead.

The size of & conbract is fixed at 5000 pushels; the date of

delivery of eny contract ls fiwed: end until the dete of dalivery,
only & small deposit is required to carry out = purchese or s&le,
A %rader ln wheas-futuress conbracizs can realize profiis or
lasses by csrrying out traasectblons of the foliowing sorts.
(1) He can buy = wheat combract, and "cancel” his purchass
at or before the delivery date by 261iing o whest conbracd
with the sawe delivery dobte. This is ca%.le& taking &

"long position" mnd the trader reslizes s profit (loss)

if the value of o combrect for delivery rises (falls) while
) he is long.
(i1} He camn sell = vhest comtract, and “eancel" his purchese
at or before the delivery date by buving & vheat conbract
with the sawme delivery dste. This is cslled isking &

"short posibion” and the trader reslizes a profit {loss)

ir the value of & combract for delivery falls (rises)

while he is shord.
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. A Game With en Information Collection Scheme Upon Which o
Behavicr Strabesy Scluvion Does Not Exist

Consider the gewe shown in fisurs 16 and the informafion
collsction scheme RE in which the protogonist fails to recall at any
of 'higg Z2nd moves, whe cholez he has msade &t his first nove.

The informabion parvitlios for this informetion collection scheme
is given by IP(RP) = {4, CU D]. In %eble 17 below, we 1ist the
provegonistis pure sﬁm’ﬁegies on B aad the antsgoniet's puare stral
ggieg on ite complete information collechblon schems, In the listed
strategles;, the first integer in each entry Indleates the alvernative
to b2 chosen when the informsbion set indlcated by the lstbers in

thet enbry is realized.

-Teble 17: Pure Strategies in Coded Form

a:{&;’_u 1A oFy = {1A gzﬁg; 2 A
i1eU D \26&11} 1LcU D
=
-,_sp'ﬁ:,. z A ot} = (1 B) cPZ'=(2B}
20U D

Usin.g the notetion esteblished in section 5.1.2, we can write

the expected returnito the probagouist when mi.xecf. sbrategles c}’rp on

R and o™ on c* ave employed, as:

H{ow®, RF so1%, ¢*) = 514;‘_' (3241?_ <0 cmg < 10+ s’M‘g * 5+ 5}11?; ¢ 0)
&

+a}{:(ﬁ€'o+eﬁ'—g°§+a~b§=lo+crh{§-o). (Ak.1)
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__Protogonst's
i3t move

Antagonist's
8% moves

__ Protogonist's
2nd. moves

FIGURE 16. A GAME WITH AN INFORMATION COLLECTION SCHEME
g@g@éﬁ@;aﬁ A BEHAVIOR STRATEGY R-SOLUTION DOES
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If we eganine mpression (A1), we Pind thet the mived strategy
e on ¥ defined by 1) = m% = 0.5 bos meximm gquelity in the seb
of all possible miwed strategies on ®. The quality of this strabegy
{end therefore the gquelity of en Resclubion on R°) iz T.5.

If the players™ aploy bebavior strategies ot¥ on B and 68° on
e y vospschivelys ithe prebagonist®s supechted revurn is gliven by:

wen®, Pien®, 0%} « p(2fa) [plaf®) [pileu 23 - 0+ »lzjc U D)

10 ]+ pizls) [elilcy o) 0 ¢ pleloy by 5] |+ o(2la) [paiB)

[@{;lie U n)e 5+ plzafcu n) 0] + pfals) [-_g(:i.;c}e 10 +

s(zfe)- o] | (ak.2)

whers the probebilities indlcabed arc defined by the given behavior
Burateglien.

I7 we examine eupression {(Ak.2), we find th;t the bebavicr
strategy oB° on R defired by p(1iA) = p{ifc U D} = 0,5 hes maximm
@mli%y in The ae*!; of &1l possible behavior strateglies on B,

The e:gtz&l:z:ty of this hehevior ghrategy, howevar, is ofly 3.75

and therefore a behavier abreiogy B-solubion on R® doos not exist.

5. Construchion of s(EP(1), 1002, s=i, s B(3),101), 3=1,H;
Eﬁ {3}9 Iﬁ&k}s k”lsh}

ie foactiom oo be consbructed by listing Tor eaé:‘zz play

W& K, the corresponding strins of sliermative cholces and informi-

ticn sebs wodey the pleyerdt given imformsbion collschion schenmes.
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Then, for sach listed string, the funchbion g takes the valus of

the protagonist's payoff when the corvebponding plsy ¥ is reslized.

For ezarple, in the game shown in figure 16, when the playors eve

both enploying thelr cunplete information aclisetlon schemes, g is

defined as shown in 4eble 18 below.

Tahle 18: Definition of g for Canz of Figurs 16 ¥hen Both Players

Employ Their Complste Infovmation Collsebion Schemes

6(1,01,C0U0 Ds 3,B) = © £{241L,CU D3 LB} = 5
gil,A,2,CcUD: 2,8) = 1D el2,4:2,0U D L,Bj= O
8{1,A,1,CU D; 2,B) = 0 2{2,4,1,C U D3 2,B} = 10
g{1,42,CUD; ,B) = 5§ 2(8,8:2,C U Dy 2,3} = O

6" Tubuitive Avpeal of the Method of FPictitious Play

We quoté Brown in referspes T:

"A very simple igerative method for mmﬁm;nmg to solubions
{Regolutions in wixed strabegies) of discrete zerc-smu: games.
This method is related wo soe pavbiculsy systems of differ-
entisl equations whose sbeady ssate solubions mrrespmé to
soiubions of & @OMG.... ‘The iterzbive method in guestion can
e loosely characterized Wy the fact Shet iv rosiz on the
traditional sbabisticlans philosoriy of besing fubuze decislons
onx the relevant past hiszsory. Visuslize two atabisticiens,
perheps ignorant of mintmax theowy, playing mewy plays (engeging

in mane repstitions) of ¢he seme dlscreve Sevo-um gams. One
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might naburally expect e stedistician %o kesp track of the
opponent's pust pluys {chosen pmﬂgﬁ?a‘ézegiea} and, in the
shsence of o more sophisticated eslewlztion, perhaps to chosse
&t sach ploy {(repetition) dhe oubinel pure strsbtegy sgaiust
the wizbure repressnbed by &ll the oppoment’s pest plays

{chosen pure steategies).

s Dezlvation of Behavier Strovagy Piotitlons Play Eouetions

Starting with equation {5.9) repested balew

(31} = [ e ) [3 of () mmex 0o, Presc(3), ) | (a7.2)
o
W san soply Rulm’s tranePormabion {P) 4o both sidas of {a7.1) vo
ebbaing

es?(32) = (537 ) [3 0573) + v [amex 5GPy P30 (53, 6% ] | «

¥ (&£7.2)

Fwﬁ:'.a?, gipce the protogoniss’e expesced rsturn ie idenmtlesl for all
pors =tvabaglies et on B wnder any mixed mb=atscy € om 0% or its
ssssaisbed bekorior strasezy, ol cr ¢©) = g8% on €% we can write
{&7.2) uss

(1) = (g5 ) [3 0%) + 2 [ 0P, @022 M) ] ] -
o (47.3)

The derivetion of eguabtlon {5.12; fram (5.10}, can be cervied out

in the sare manner.
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8. Stzpler Expressioms For Uiy, Bas™(41),0%) end #ee® (1), &
sE>, ¢ :

in carrying ouwt repebibions of the Dictitious pley algoriilm on
5 Aigital computer using egustions {8.31} and (5.13) Qiveckly, mamy
multizpileation opsraticns may be reguized to gensrade u{er’, ¥

e2%(33, &%) amt E{G'B? 31, P ees® 6™,

Rote, howavar, ‘-;Eza H

3
win BEEP(3), Peo®, ™5 = min ) merP{1), Tt o™ (48.1)

f

s o =1

and 5
max B{oDo, B 1657(3), ) = wax Z #lad®, e (1), ¢™) {48.2)

il eF =1

where (1) [oF(1)] is the puse stratery selsched for the BECLEL~-
ontst [antegonist] at the ith ibersbtion of the sigerithe. Using
the3¢ sxpressions, we csn substibuts sddition operations for masy
of the smlbtiplication ?apefa%ia:as required iF {5.11) and {5.12) are
used divectly. ’?qft‘his 1seds to a fasisr Lrplemendation of the slgorid
ginoe o digited computer performs edditicn opershisns much mers

rapidly thon mulbiplication opersiions.

Gs A Lesgs Hegtrictive Asswaptlon

Assumption 3 can be replseed by any other aszunptlon which
silews the sromenta Following defintsion 18 4o be meds. A4 ninie
waily restrievive asowmpilion slicvwing these srgoatmis 1s shaved

holoy.
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Azsvumtion: No informetion 32t combaing more than one move

>

on Bhe sams play.
Tols ssswmpbion is identical 5o vher mede by Kulip ir reférsnce 2.
¥ith this ssaumpbion, definition 13 musy be abatad 2z followa:

Definttion 18 {restated): The csucelebed ncn-cooperative geme

7 ror & given two~person, zero-sem, finlie exvecded gewe I' with 2
given Inforsstion celiectian schee R° for the wrobegonieh, iz the
{# + Mi-pernon non-cooperstive gems delined by
{i} zesizing to the entagonist its coplete informabion
eciieetion scheme ca’;
(i1} considering every informstlon ses in 1(2Fy [{c®1] %o
P8 vuder vhe conbrol of & sosarabe sxd independstt endiby
such that
=) the entity combrols informstion sabs f:arraagmﬁmg
%o only onpe player, and ’
{5} the probability of eccurrencs of exsceliy ome of the
- exbity’s infoymetion sebdz is 1.0 in sny repebitiom
of i:'he game for sny strabegles sspioyed by the
enbities; and
:‘(ﬁ.i}“ considering the payoff io 2ach sniity o be idencical %o
That of the ployer whose xmoves thy enbity iz controlling.
The argaz;enta subsequent bo definddion 18 in the bex: can be
carrisd to Ldentlond conclusicns using Sefinition 18 (resvated)

zivan sboes,
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Ws waploved azsuapbion 3 in the text because 1% is only sTightly
wore reabricktive vhom the ssswmsion gi-en sbows, bud 4t mekes bhe

srguesnba Tollowing defindtion I8 selsbively sivdle Lo espiais,

316 ‘The Stabisticsl Deseription for Nasure in the Second Pursuls
and Bvasion Game Exenple

If wa exewmins teble 5, we can sog thab in stabe 2 the players
cen ohinin measursaris of bhelyr opgonsnt’s stoves whisch cxe much
botier than the wsasurements ovbsimabie i shates 1 ang 3 { dhe
parsuer's end the evederis initisd sbabes, respecsivaly).

i foroes the pursusr o weke & comromiss bisvesin:y

{i} melsction of a etete a{ﬁl} so sffech immediuve capburs, of

{31 selectics of 2 nexs state &,i-bi} 6 g2in & good mossuresent
which will be usefu)l in schievipg & labar capbure.

In exemining The solubions gémerated for this wreblen, $hs
effent of choosling these measgurensnt pistics was sleaxly visible.
Smgeifically, the gursver's sciublon bakes kiz o stebe 2 at ‘i‘v}_ with
relebively high poobabiitby (0.53), even thovgh the evader's sclubien

tekes hin So shate 2 at +, with metetively iow probebility (0.15).

1

13, EDifferences In Quallties of Seiviions and Sepsration Strategies

He conjecture theld the laree &ifferonces betwssn the gusiibies
of the genersbed solutions and $he gualities of the genecebed
asepareiiorn sbrategies are dus io the syrong dependence of vhe

messuroment stabliebics upon the plagpers’ stubes.
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In cages vhere such dependence is present, use of a separetion
strategy of this type may be p&rticulariy dengerousg, for such a
stretegy does not place a value upon a state on the basis of the

information that mmy be geined (or lost) by entering it.
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APEIRIX B
PROCES

1" Peoaf of Corsilesy i (Becbiom 5.8}

1ot i on B be en CoResciubion of T, avd 16t ¥ be the guality
of an Restlutien o 2. mien sines
{1} » Gepenmrete mizmed ztratesy &5” en % (= pure strebegy)
san slweys ¢ found vhich ninimives E{s}?\i P, ffa}";’,
and .
{33} P on 2 1p s %ﬂEﬂSE&l&ti.mi on Fs

% Pol)owe thab: thore douz nol Sxist o degestrebe miwed atrabegy

AES on € such Bk
AL
Bl e, c®l et - & . {(B1s1)

By assime r,h%i. ths Lehsvior strasbegy a:s* oo B whlch is assceleted

with e*ég on R}T’ is ush en SeBesolvbios. Then since

{1} 2 &eg@ﬁsra‘aé bstavior stravesy @E}} on ¢F {& pure stratesy)
s B ayPe
san alweys bs found which mimdmizes BiGE® ,Biiesn, 00)
&Na,
543} @BP% e ® ia nodt an E<Regoiubicn,
3
it foliows thet: thors exists = degenerate behavior strsbegy o8

?S&ﬁ axpment dn Jgetisn %5.0.8.

g5 erpnent 12 gestion 5.6,
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a0 §g s that

- T B e
a(E B om™ ,¢" 2B - €.

Bub the pure strategy coerresgonding to :_3333‘5% on & $s sgpivalant o
38 #
suns degenersye mixed strabeyy c‘i@a on ﬁe} wrd Tariler, ?{aﬁﬁs’ } =
al
$BD® whare T is Kuha'e trsnaformation {exsregsion 2.8 i3 sestion 5.2)

By Zahn's Theoren, Hhew, {Seotion 5.2}
# za.
B, B som0™, 6% = 2 o™, Y < 8 - £,

But this coniradicts our szewuapiion thsb E?Bgi on & iz not = behovior

strategy I-Rescluticn on B g

2.° DPros? of Corcllery 2 {(Sastion 504}

By ¥on Fessam®s minlses ﬁhaorem* and defizifion 11, for any

gams T and any informatien collection coheme TP, there exists & pair

o wived stretogiesn aﬁ? s B and @M& on sﬁe& thets

uin Ko, P30, 6% g vin Bl , Fiarl, 0%) =

au” it _
o= Y

uax B(od, B o, %) 2 max wlor, 18 s, 6 {B2.1}

af e

. faf ey other palr of minsed a%rategfes 63 on B sed eﬁg’ o .
But since on R-solution on RC alﬂ%;f\}‘& exieds In the set of il

possible mixed stratemies o on K5 @h g B in (32.1) smst be

&n R-uclubtion. Denobimg $he quality of &u Sezcivtien on BF as

ws ean {herefore write free {32.1)¢

?R%f%ﬁﬂté 1; aschbion 17.



T & 8 5
8 <€ max ;¢ %;Eﬁag{fﬁ“‘gij I, for amy e om O,
X *

s

{&p.2)

Fow Pron the EvrvneRsbinson Theorsn {ssedion 5.5} fer my € 50

there exists » J sesh that fer 21 § » J%

et {33, B 10ef, €53 = maw B, Fra™ (53, %
e

. = Hy . P ar e LB B %
o, 503}, &%) < min 25, S, ¢

. % 3
Tox gy suved sheiteyy gzsr‘?" o R

From {92.3) amd {8280, then, :

o mez Wle®, ™), ™ - 22 @ nin nlen®™

k3 L&
&t ez

Tor 2l 548 .
Sepbintne (82,2} zuf BE.5), e Shfsin:

a : % B > o,
B g min #el(3), ", %) + € = glaf(5), )
ra' =

By Gefindtden, hen, 85 (1) o 2 s an €-R-soludion Dor amy j 5 d.

3,6 Pise® of Thoowy £ {Sxoficn 6.3

R -
i:ﬁg;i’fgws(?}‘?

+ €

{32.%}

£/%

{82.5)

e

T opdve o grove Thturee 8, wo estubliish by following defini-

Hioans oad noksidie
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pefinition Bi: Any enbiby-vehevior strstegy B0 (Y01 wateh

, -
consizts of only zéros and & single 3.0 in esch parbiticn will be

.
collad & epplty-stve strabegy wad will Be dsmeted us X (8L

Slnee thers ave finitely masy ixfersstion 35ty end elsernshives,
thers sre finttely many entity-pore shrsbagies, ¥e shall sesisn an
sruitrary ordering $o each entily's =53 of entihynpuwrs steabegles

and denobe for tka Hleonbity k=18 [2awiite, ®s1,¥D:

{2} the itk axbipy.pure strategy 23,2.“'?‘&“ i’ir??ﬂ}_e
FL Wy s £ g i 5 e &k“
{5} The bobtal mumber of eabity-sare sbrabogise s £ i &

apd < -

{e} She sev of &l enbify-puve stretegiss &s 8 (g0

3
»

Befinition 321 TFor any enbisy kgg L E}-a;k“lﬁﬁﬁ ey

TochEbitity dlobeivution over S:g'ﬁ‘g [S:&g:i w1l ba ogilsd s ontily-
fuized stratecy ewl will be denctel ss BFC [mf 1.
; % T
Ue shall Qensse the probablility sssizesd sedse BFC (W1 to
the setityepore strabegy Xo2b [v1 as ¥ i
i i i
We stall state definitions B3, B4 asd 35 beley Ter the xf-
entities only. Tns correcponding defisitisne oy the K -enbitles
ay2 znaldgous. i
Pelinition B3 :&';ar ey entity =iged strafesny pscd E; I=1, & the
gazosiobed anbity-bshavior sirategy is the satity-behavior stoshegy
Sefinad by
P
e ) uf e xl, (83,2}
k=1




Definition Bhy For scy enbily-behawior strategy XoL,imL 3,

il i o o *?i‘ 7
Xi{ in {3 }_:z',?é {B3. 2}

2 ol .
here the 513 coopommat of T {op pe:od % iz the vosponewt corvespending

o Ene iR allsraacive in-ihs puetitlior eorvesponding to dhe juh
infommnbien sat-

At & 3roeh comsegnencs of Sefinivicnn BI o Bk, an entity-
bohavios nirateny gerersies wnder eciosbion {B3.2) sn entityacizsd
gorwbeny wilch in burr generales wnder eometion {(83.1) ths origingd

sabity-bebawior shradegy.
-3

Iefindtion 3%: A sov of endtity-adwsd siradegles (XM * ,3i=1,3;

T pEel; K} is ssiled s enbity-mived sbretsyy esuilibrium nolng i

EE .;,4&“ *,) £y S {-—,@é‘-‘ % L= E .
SR S A RNV e A N e e S

- T
BEY ny&R Peo%y % vgeIm

., e\ s s ol Al
B UL, T L EeLH) € omis B{ET,ieL 0 W S

g - Fe uoy prosesd with 4he prool of Thoopem 2 by shating ssd

proving Yhe folisving ¥v0 lesmen.
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Tewms L The expoctad rovurs wndsr auy given zob of enbity-
mixsd stretszies (65 i=1,E: TS, B=1,M) iz squsl $o the expsoved
roburn nredey the c@z?.:eépsaéiag g25 of agaceisbed sxbivy-behavior
strategios (2 10,9 ¥5, mnuh

Broofs Under (G- 5 >

g WET, 1=, Wy . B=1,M), the sxpected return
iz given Wy ‘ .

B(oF>, 121, Bywi™, 321, 8) = ) f{, g (35‘@' ‘?ﬁf) }
§§

(’z (g? = 28%) ) v %] 3.3)

o

i«%ﬁ O is the zot of all @33@}3 Integer soousness {klg‘ggs oﬂaj}-‘y
4

8y hpeuesy ) wuth Thst L €K, € # for =1, Eema i g &2 25 por

=L, Bgression (B3.3), however, can be wrivten se: 7T

Pyg8
. ¥ ;"= 3 Ly
g(ﬁi}igirﬁgﬁ‘i&;’ FLY) = ( i (_ ,{; X i-' : ki} } v
i T A 3 i
: _f—ﬁ,
K iy & ” _
(2 () m, v )ve (83.4)
5 2 kg 4
J=1 - ¥, b
,gjm.i. *

By definiticn B3, howsvew, sk of the shresegy herms in the innsr-
nost parenthsess in spression {(B3.bB} 1s i &asec%tad eaiityf
behavior stretegy for the origlmal erbigy-mized strapegy which

113

?Eaﬁa Hhat E{i iz & seslar while XE?ﬁ is & vootore
4, :‘:. .

??'.ﬁ!iﬁ o b2 veritisd by expeading Bl.ks
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corresponds $o it. Thus, we cen xewrive (B3.%} as:

: , ! o
utaf, el et e = (0 ) o (0 v
- T el
= g{fjﬁ} =1, ﬁﬁﬁj: LISy N § {83.5)
@a Z: I? smy'est of ensity-mized sitrebsgiscs is an entity-

mixed sbretery eguilibeive poiud, then the correspouding seb of

e

sssceiated subidy-behavier strebegies 8 sn entiiy-behavidy squilibrim
seints

‘ Prosf: Suppose (XM T, 4nl, B W U, Je1, M} is an ewbityemixsd

| sbgebesy eguiiivyive. By definibion BY, then, for eny =L, N and

Lol 8

T f % -‘ ‘ s . - FE N %
e - i mﬁ}ﬁ%ﬂ“””ﬁmﬁzk %}éﬁkixfﬁgﬁ&ylis asop Xﬁ&?g;
E‘g :

-
t Pt ol

B0, 30, 3) ¢ BB PY, 400, MmO, e, ) € min (83.6)
- ma.% .
* - e

w00 BE 11, mon™ w2 L, o L)t ML) Ry

Nesr, mmmsmrﬁmmﬁ -

.

qE L g2 | Foled) e ofplen) el v s
o B tan, 57 %, 3o, 1) TR

- ‘;:-’1

ety A -
where {%2', 13, HY TV L, H) ip the set of asaceinied sntity-behavior
sbratesios correspoading to the given exbliy-nixsd strebogy equili-
briva podnbe



Asplving Leesun 1 oand defindbicn 14, we omuw write Ffrosm equation

£83.7} obove, Bhsh:

T sefte, G - g 3
B P a8 o B3 e S Fp(Bd) | o %8l

- prEaY n%ﬂf ;v:é_‘s . s 'E_ ™
s = TR g SFeleR) R o) | FE R
E
. . ity 2 * . 4
L) > BEPL 0 T, o1, M) = B0 T, AL, BT O, 1, B)

{53.8)
Bzpzoesion {83.8); Bowsver, conbredicts exprossiss {(83.8) 5o 2o such
efypity-behavicor shradtegy oan seisb, aud we oes wpite:

sl 03 il %Y BT
s E(g = gﬁﬁi}“”sa_e?g £~ wjgzgkjfﬁ?(wi:} s.’yagg TE o) ',.___.15 gﬁ}

€ BEP e T, stk {83.9)

Siniiay ovyomsmes will esbeblish this zsme paguld for sny B=LE
aud Tor s&y #2018 thess

-

eyt it 5 S g { & =
min S(TPE 4oy, gy B0 FF2 | ga(8d) o0t gPalsl) | giel

2: E{g ) 2 i=1; E;ﬁwy j&l‘; 2-5-\} ? {33&1&}

b by dePinidinn, $ris fmliss Shet {:\?%?i, 4, :z;ﬁ’%a?‘g, 3=1,H) is an
entity-bokavior sguilibrive poin. §

o sompiess the prood of Thearem £, we noy note thed ks (HH)e
entity moa-coupsysbive gome TY with Yhe enbibies exploring eubitye

nized stradsgies is an "topersun nwm-teoptvative Zinite gaxe” as
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defined by Nash. 1z For such games, Nash gives the following theorem.

Theorem(Nesh): Every finite (a-person non-cooperative) game

has an equilibriuvm point (in mixed strategies).
The proof of Theorem Z of section 6.3 follows directly from

Nasht's theorem and Lmﬁa 2 gbove. §

L.0 Proof of Property 5 (Section 6.4.1)

Suppose that the protagonist is employing a perfect-recall
informstion colleétion scheme B, _
From expression (5.5) we can write for any information set

HOP, =1, w50, L [P ) = | ) o)) -
Srjzp(x),

p(EP(2)[T2(2) Yoo o p(FP(W) | TP(w)) p(2*(1) |12 (E*(2) [2%(2))0s s
p(E*0) [1%01)) p(EP(2) [T(1))p(EX(2) | T2(2)). o o (B @Y T (L)) -

(1), =L WE(3), =L (m),wen,z) |+ [ ) p(P()]
CI»T.EP(k)z

P(2))p(E%(2)7°(2))e o p(FP() |22 (x)) p(E™(1)[1°(21))n(E*(2)]
1%(2)). 0 p(E* () [ 2208, ) )p(Z (1) 77 (2) (2 (2) [7(2)). .
p(E (1) (1)) | (Bl1)
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where:

(1) chIP(k)E indicates swmmabtion over all plays W which
contain & move in TF{(k) &

(ii) C"mp‘:k)g indicates sumetion over =11 partial plays leading
to & move in TP(k),,

(i1i) ¥, is the mmber of moves for the sntagonist on any
partial play leading to a move in IF(k) p o0t

{iv) L, is the mmber of moves for nature on any partisl plsy
ieading to & move in IP (k) -

Fow, if ®Fisa perfect.recall informavion collection scheme,
‘then TP(x) s specifies BP(1), Ip(i) Por i:l,k«-l,? so we can revurite

(Bh.1) as follows:

-1
H( (8P, 21, 03%™, 3=, ) |20 ) = | [knl p(P(n)[P(n)) | -
=L

[ ) 2P0 [P0))e 0 () [22m) Jp(2(1) [2%(2))..
o)),

p(E*00) [ 20 )p(FH(D) [T2(1)) . o p(E(L) [27(0)) * n(EP(2),

i‘““l:‘ﬁ;Ea(j Ys J=3~9M;Em(m):ml:l=)] - [ [k;?:; p(Ep(n)fIF(n))] )
=

[ ) 2P P0)e(E () 1% p(E ) [1204)) -
Gl P (x),

?For every information set conbaining any move on any parbtial play

leading o & move in IZ(k) 4
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p(EY(L) [T2(1))e 0 DB (D) [T, ) | | (Bha2)

Now, nobing thet all terms defined by (2% ..., 2% L)) cancel o,

we can write:

AP, 11, 1579, 322,10 [P(1),) = B(GE P, o0, 158, o, T3

v, g1, M) | 1P (x) 4 =0 for any (P 421, WX P 41, k13

Ya'j; ;jul, 14)9

But similer arguments cen be carried oub for sny infcrm;s:bion set
(k) , for k=2,N. By definition then, 5.0 Por ke2, N and thus the
lmca:ll sensitivity of the protagonist about any pair of behavior
strotegien (Xpi, 4=1,N) on R® and (Ya’j, 3=1,M) on B® is zero 1f R® is

& perfect-recall information collection scheme. ﬁ

50 Proof of Theorem 4 (Ssetion 6.4.2)

Suppose that the pair ¢f bebavior sbrategies {x*'l”‘, 1=1,5) on B®
and. (Y%B"j, 3=1,M) on G° corresponds to an entity-behavior equilibrium
point. Teking the probagonist's part, we can then write:

max B(EPL, 51, 100 x50, 31, 1) = mase [ Z H((X P%, 4=1, K13

el K;Y*E:j, J=1,1) [Ip (), )l () 33 (X%Pi, =1, N-1 ;x*m ;Y*E"", 4=1, ) )]

< (X 2L, 121,055, 421, 10) (85.1)
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whore p(z°(x) ;3 (£, 322, 51 Py, 5 1)) 12 the provebility
that Inforenbion meb I?{fﬁ} 4 cecurs, as al funetion of the bohavior
etratogies wglioyed by ths pleyers.

By tke éefinivion of recall-gonsibivity, we can write:

g

w0 vos max  A(0PY 421,150, 3o, 1) [ (8}, - B((x' 7,
3{§1 Kgiﬁ"l}

izz,ﬂcz.gﬁg;f%, 3=1, 8P () E} < 53333/2 tor &1l 17(%) P
ent a1 377, (B5.2)

Combining (B5.1} and (85.2), end nobing thet simce X0 ig a
fFanetion sa IT(H), the swwestlen and nexiwizetion ospsracions cen be
‘interchanged, we chtaing

2, [mme oo mm w00, 30, 7™, o, (2P 3 5(2P0)
E‘ﬁ: X
()

1
(P, 4, B2 gy 9, 5e,1)) | € BOCPE, 1,259, 5o )

r &y, (5.3)

Weow, H(X%i, 70 I 'E%EJ, J=1,1) con aico Se espremsed s3 & Sun over
P}, sud by cowality p(IPk); (FL 10,85 ¥, 31,10)) Lo not
dnpentent won (7, 1=k, ¥) oz (¥, jom 1) where m, is the muder of
moves for the antagenist on awny pevbtied pley leading to & nove in
P(x), 20 (B5.3) can be remwpitten as:
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[ [ mey sse EY E( X@i L—l}ﬁ’v 5;3—1$H)i1:"(§}£} -
1 g2
I§(E) = X

B, 52, 15Y 0, 321,00 |2 ) | (P () 3 (6, e, 05

. il
% m ) | < 2 (e5.4)
g
#53 .
Bow, p{12(5) 23 {x &% ini,!%‘»lg >4 ;;:azﬁ%) } tekes s velues in (0,1}
end the fmmer brackebed fema in (35.4) is positive or s8ro o we can

write from (B%5.4)¢

L H2Z eeo msm BL(ERY, 41,057 9, gL, 1) JTRR) P n{ (x B+
Eﬁl E?ﬁ

=2, 25, 31, )| 22(), | < P2 (5.5)

mileiplying (85.5) by (2P(w) 5 (P 10,805 ¥, 31, 9) am3
sumaing over TP(N), ws obbains

2 %24
2 L e m m(OPh w0, m ™, s, [P ) ¢ 2P0 3

(1,035 mn ) 2 ) [ e my™, e 1))
I‘i’{fz}

*P{E} ) X Iy(?;;}gj (}:' PR 5.5_-@«1.“‘7' é: jﬁlsmg}}] é?ﬁ/ze {B5=5)

How, reverging thes mawimizablon and stemedion operations in (B5.0)
aitler has no effcet on this ineguelivy o “ebrangthene® it., Forthes,

by the definitien of recgili-sensitivisy, we baves
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3w B 1m0, B2 O

]

BOOCT, e, 30, 3=, ) [P )

v, 1,3 [P ) = 672 (B5.7)

Corbining (B5.6) and {B85.7), ve cvtsing

R
‘i

BET veo max B(EP, 1n1, BsY 03, 3u1, M) ¢ BOPL, 121, 515X D3
yBL BN

f‘*&ﬁ =l H) < & for sy {§ y il ®=1} . {85.8)

Starting with the ccustion correspending to {¥5.1), but for muwimize.

tion over XF (Eﬁ-l}# we cen pest the above argumsnts vo obbain:

BEX soe EUBE ﬁ( i 1, M- l“}{dg‘g,‘i’%&a, gk "1} ‘Q E(X§ 5 i=1, W23
gL e

-

B e, 1Y, 301, 1) + P gor suy (B 1e1,8-2).  (B5.9)

H
By sizdlier srguments; we can dbbain for =2, thabt:

MBI voe ax H(RPL 1=, 45X PO s e LY, o1, M) < H{ZE,
yE xi"g

";Ee

41, .éas.fnf? phe=f 5 3,3-—3_:,&) for any (¥° 5; I=1, 41} {B5.10}

¥

B, corbining the swpreesion corvesponding to expression (B5.1)
but for meximizatlon over X', with expression (B5.10) for #=2, we
optaiag

oz mox B 12" 5u3, War oY, §o1, ) < HOOLGY P, 422,13

L P2
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g % 3
Y, 42, 1) + 6 @ pux HOETGX Ty 122, M5 09, 5=, M) # oPC
L
%

< B(XPL, 10, By, e, 1) + 850 (85.11)

Fow, cexbining [B5.11) and {85.10} for i=3. we cbiaine
,’gi

A eoo mae E(RP, Y07, 7P3gx P, goh, myy o9, 4u2,2) < (X TS,
¥ 3PS

11, MY 0D, g1, 1) + 6PC & 850, (85.12)
Corbining for 2=4;.e0,5 we finelly obiein:

-g »
mEx see maz B(EY i1, BT O, 41,05 € B(X P, 41,55

£
x

Iy £ 4
Yo, p,m e ) 8 (85.13)
$op

A

Bui the swewtion term is the probegopist’s recall-sensitivity sbout
& - v
(£PE =1 0} en B2 and (T, 4=2,35) on €% Denoting this Gemn as €,

we cen welto fror (35.13):

wox  H{en® gﬁgesﬁ&g e® < H(ﬁg@, f;sf%, LI {B5.114)

-

How, osteblishing an syalogous definiticn for the recalle-sensibivily

[
i

of the sniagonist, we ecan carry oub for the euvagonish, arguents of
the sama type as thsse given shove for the probogonist, obtaining:

min #(on ¥, 7P308% 6% > alen 2, iR 5 %) - (B5.15)
23
oE
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where p is the recallessusitivity of the sphagonist shoub (f@i
ie1,H) on B® and (X 9, 3=1,%) on ¢

Finslly then, aobing that the anbagonist ls enploying & perfect-
reeell information ocllischicn sohewmo and thue shat 5 is zero by
property 5, and nobing'thet the left hand gide of (B5.15) is the
auality of asﬁ"? on B, we con combina (B5.1k) and (B5.15) to cbtaint

Qo F, B ndu 1on T, B%308% 6%) = BeB T, W38 o ¢")

G‘Ea

< max Blos®, Pmp o, %) < Wlon 5, %0508 0% + € | {85.16)
o
5"

6.0 Proof of Coxollsry 1 {Soation 6.h.2}

' Let # be the auality of am R-solubion. Let o8 © on BF and
‘53% on ¢ be = pair of bekavier stmﬁegies
{3) which correspunds o an entity-behavior aq&i_ibrim poink
in the assoclizted non-cooperavive geme 1Y, end
('ii) aboub which the protegonist hus o recall-seneitivify vhich
is 3..%33; Than € »

Trow Theore 4, then, %o beve:

YarER E{@’B? By 933 a} < %{33”? R?,G‘B » G 1 R {86.1}

¢B°

From Von Hovmomn's minmes theorem (ewpression B2.1) we have:

g < max B(er®, RpgaB%&, c® . {8602}
e
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Coadbining (86.1) end (86.2) and nobing the definition of ag B-golution,
we dbbain:

g€ %{53%,3?;53%, s AN (B6.3)

E
By dofinition, then, o3 ¢ oa B° {2 an E-Resolution, 5
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