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A PERTURBATION THEORY
IN TERMS OF REDUCED DENSITY MATRICES
by
John E. Harriman

Theoretical Chemistry Institute, University of Wisconsin
Madison, Wisconsin 53706

ABSTRACT

A simple perturbation theory has been developed for reduced
density matrices which are known to be N-representable as functions
of some set of independent parameters. Formulas are presented for
single and double perturbations through second order. Extension to
higher order would be possible, but involved. The results do not
depend explicitly on the order of the density matrix, and when the
N-particle density matrix ishused, the formulas can be reduced to
those of conventional Rayleigh-SchrBdinger theory.

Details are given for the special cases of spin-unrestricted ox
extended SCF density matrices and CI or optimized multiconfiguration

density matrices which are known to be N-representable.
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I. INTRODUCTION

Most of the physically intgresting properties of g quantum
mechanical system can be calculated from the 2-particle reduced
density matrix for the system, without reference to the full wave

function.l’2

On the other hand, one often wishes to use knowledge
about one problem to get information about closely related problems via
the techniques of perturbation theory. It would thus be desirable

to have a perturbation theory for reduced density matrices directly,
without intermediate appeal to the wave function. The major difficulty
in such a development is that of retaining N-representability of the
density matrix, i.e., assuring that there does exist an antisymmetric
wave function from which the density matrix could be derived, as it

is modified under the influence of "the perturbation;3’4 One way of
satisfying this requirement is by restricting the density matrix to be
of a particular form known to be N-representable. ¢qnventional Hartree-
Fock perturbation theory, for example, can be expressed in terms of

the Fock-Dirac density matrix.5 A somewhat more general approach will
be used here, in which the density matrix is assumed to be a function

of some set of independent parameters.

In Section II the general formulas for the density matrix
perturbation theory are developed and it is shown that if the N-particle
density matrix is used they can be made equivalent to the usual
Rayleigh-SchrBdinger formulas. TIn Section III the cases of spin-

unrestricted, spin—extended,6’7 and configuration interaction or

optimized multiconfiguration8 density matrices are discussed. Some



specific results for these cases are given in the appendices. Results

and possible applications are discussed in Section IV.

II. DEVELOPMENT OF THE THEORY

A reduced density matrix,;& s is assumed to depend on a set

of parameters Gi,
I=r( (1)

with the form of the dependence being such that the N-representability
OfWEviS retained as the parameters are independently wvaried. Several
such parametrizations are known,6"8 and others will presumably be
found in the future.

Corresponding to the reduced density matrix is a reduced

Hamiltonian, H, such that the energy of the system is given by
A

E = tr {I-H} (2)

AR
1f, as is usual, the full Hamiltonian of the system contains only one-
and two-electron operators, thenmglmust be at least the two-particle
density matrix (the 2-matrix). Higher density matrices can of course
be used, but the l-matrix will not be sufficient. The form of the
reduced Hamiltdnian depends on the normalization of the density matrix
as well as on the full Hamiltonian.

Since the N-representability °fw£,is agsured, it can be optimized,
at least for the ground state, by the variation principle, and thus

(%%i) = tr{(%%)

o] o



The subscript o refers to the fact that the derivative is to be
evaluated at the set of parameter values which lead to a minimum of
the energy. It should be noted that the derivatives of“E are still

matrices. It is convenient to define

2 (&)
o Ok
9 9L (ae,aeo
i j/o

The form of Eqn. (3) also implies that the basis set used in evaluating
the trace is fixed, i.e., does not depend on the ei. Part of the
dependence ofmg on the parameters may represent a transformation from
some other basis to the fixed basis in terms of whidn&iis expressed.
The perturbation problem can now be considered. If the reduced

Hamiltonian is of the form

o (5)

then it is natural in the usual perturbation theory approach to assume
an expansion of I' as a power series in A . The assumptions above
require that the only changes inwg_are as consequencés of changes in
the parameter values, so a series expansion is assumed for each of them:

» . (6)
6. =0 (0 4 3p (1) +'A2 5.2 4 ...
€L 1 1 L



The dependence ofv£ on the parameters, and thus on A , may be quite
complicated. It is reasonable, however, to make a Taylor serias expansion
about the values {ei(o)} which minimize the energy in the absence of

the perturbation. Then
2
r =T +aeMer+a (26 @a raesz 0 Mo (D514 ..(n
0 i e ii 1w ij 1 1 e

o J

A similar expansion for the energy then follows

2]
1

tr (L, D}

tr{zﬁ go} + k[trigox} + §6i<1) tf{aiggo}]
+ 2% 50, Depfsta b+ 6 Perar b
i1 i~<o i o

+3 5,0, Ve Do o.mm 3] + ..
ij°2 h| i j~o (8)
The various ei(m) are to be so chosen that the energy is minimized for

any value of Ao

- _ for each k and m, (9)

g~ 0

%

and thus the coefficient of each power of A in the expansion of this
expression must vanish separately. This leads to a set of equations,
many of which occur more than once, which can be used to obtain the

Gi(m), The unique equations are

tr{akzﬁo} = 0 (10)



er(a IV} + 3o, ex(a 3,0 } = 0 (10)

(1) (2)
L (8, rr{3.8, IV} + 6, tr{d,3 TH 1) (11)
t kg8, 0 {808, L Y =0 (12)
etc,

Equation (10), it is to be recalled, implies that

- ¢ofal
tr{(%i> 0=6 (o) ‘}io}

= 0 all i

(o) ‘

and can thus, in principle, be solved for the ei

(o)

Alternatively,

a scheme can be empolyed in which the %‘ are determined by some direct

minimization of the enexgy in the zero~order problEm.g—ll

Eqn. (10)
will then be satisfied by this parameter choice. It will be assumed
that thef%co)‘have been determined in one way or another in the
solution of the zero order problem. All derivatives cfgzare understood
to be evaluated at(% = %<°). The functional form of the dependence
°f\£,°n the Gi is assumed to be known, so that the derivatives are

then also known.

A commonly occuring term in the equation is tf{BinF Eo} . This

can be considered to be the i, k element of a matrix F. It is also |
s

-1

convenient to define the inverse matrix G = TF .,
WA WA



Since the parameters are chosen to minimize the energy, the determinant

of the second derivative matrix is positive and the inverse exists.
The equations for the first order changes in the parameters and the

energy corrections through second order can then be written

n _
8, : § Gij tr{8j£¥}

and
(o) '
E = tr{goﬁ }
(1) _ .
E er{l v}
E(2) =Ly, tr{3.TV} .. £r{0. TV} .

These results are readily extended to treat multiple perturbatioms.

For double perturbation

H=H°+KV1+>\V2 9

The first order parameter changes 9i<l’o> and ei(O,l) are given by
Eqn. (13) with V replaced by~zl OT.XZ' The zero order energy, now

0,0) . , .
E( ), is still given by Eqn. (l4), and the first order energies

(13)

(14)

(13),

(1)

1an

are given by Eqn. (15) with u\L replaced by ‘Xl or \KZ .

The second order energies are given by expressions similar to Eqn. (16)

(2,0) L

E = -
2 tr{ai&{l}(‘aij tr{ajEYl}

(1,1) _ _
E e tr{aigyl}cij ex {9, IV}

(092) - iz
E 52, tr{ai_gyz}cij tr{ajm(z}.

(18)



The "interchange theorem" is evident in this expression for Ecl’l).

It should be noted that the matrix G is symmetric, since it is the

inverse of a symmetric matrix.

The relationship between this method and the usual Rayleigh~-
Schr8dinger perturbation thebry can be obtained by treatment of a

special case. Letvg’be the full, N-particle density matrix

*
I = WY (19)

and introduce as a basis the eigenfunctions ef HO
Ho, = § &. N (20)

An arbitrary, normalized function can be expanded in this basis as
e iR . (21)

It will be assumed, for convenience, that all expansion coefficients
and matrix elements are real. The coefficients can be expressed in

terms of independent parameters Qj, i>o, as

~ 2. -Ya

= ) i>0.
B, giBo i>o (22)
The unique coefficient éo will be tzken to be that of the ground state
zero-order function, although this is not essential. This parametrization

and the evaluation of derivatives will be discussed in the next section

and in Appendix 2.



The matrices T and~§0 are given in this basis by

Te1 = BBy
H = §
o,k1 = % k1 (23)
and thus
Eo=wllH )= I, 5 (24)
It is found that
T,
Kk = 288, (8, - B;B) (25)
o0&,
]
so that
E 2
i BB, (g - §B 7). (26)

The parameter values corresponding to solutions of the zero-order
problem are gj = 0, all j, for the ground state or some Ej = © gand
all other Ei = 0, for an excited state. Then all of the first
derivatives do vanish since all but one of the Bk's will be zero.
Only the ground state will be considered here. For another state it
would be more convenient to pick the unique B to correspond to the
state of interest.

The density matrix derivatives required are

9501 = %41810 * 85180 (27)



and
aiajrkk = zéikéjk —ZGij Sko' (28)
Then
Fig = Tl = 284580 &
= 25:'.5 (ej ‘—Eo) (29)
and
G.. =Y4%(e - ) L6
ij 2y o ij. (30)

(Note that i, j >0). The resultant energies through the second order

in this case are

©) _
: o T = % (31)
) o
E lakoalovkl oo (32)
2
E 5008k, 111810 81100 Vi
x B g-e) 6, 1B (818 0¥8 080 Vo
3 o jm no jn mo’ '‘nm
_ 3 2,
T3>0 Vj’o /< % ej) (33)

These expressions are just those which occur in the usual Rayleigh-

SchrBdinger theory.
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IIT. SOME SPECIFIC CASES
In working with density matrices in actual caleculations it is
usually convenient to deal with their spin components, it being

assumed that the wavefunction is an eigenfunction of-éL.2’14—17

The
components to be considered here will include the charge density, or
spinless component, wp, and the spin density component, Yz, of the
l-matrix, and the charge density componentvg? of the 2-matrix, Other
components of the 2-matrix which might be of interest in particular
problems can be treated in a similar way.

The components of the l-matrix can be expanded in terms of a set

of orbitals {¢ } which are assuméd to be orthonormal
k

Vs = b ke @)
(34)

Yoz = Eleklgzk({i)(bl*@i)'

The components of the 2-matrix can be expanded in terms of products

of these orbitals. In the case of;{o, both symmetrized and anti-

symmetrized preducts occurls°

1 #+96,,
515 (E0T) = 279 R ORI LN N TN C R I EL)

R T AR ACHENCR R (36)

o]
Cross terms do not occur and‘gv can be expressed as a sum of two

partslg’zo

C=r% 4 r® (37)

L O Y
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with

s . - s * . '
IoEoZesZy ") = Bog Rar Uiy 1 S1g0F1o72) s (e '57p")
a a E3 ' . (38)

e Toe 1Y o : .
Py oE03E1 ' p") = By Rerl 111 213F10Tp) 3 (Fp'H7o")

A large class of density matrices are known to be N-representable for

any choice of the orbitals'{¢k} provided that the coefficients

s 8,9,21

[e] z na
Y kl,Y K1, r i3 k1 and T iy k1 are properly chosen. The set of

parameters'{¢i} characterizing the density matrix can thus be divided into
two subsets:

1) those in terms of which the matrix expansion coefficients
are expressed, to be denoted here by {Ei} , and

2) those characterizing a unitary transformation from a fixed
orthonormal basis set of orbitals‘{xK} to the orbital set{¢k}3.
The choice of the {Ei} and the dependence of the density matrix components
on them will be different for different types of density matrices,
SCF, multiconfiguration, etc. Possible choices of the parameters
characterizing the orbital transformation and the dependence of the
density matrix components on them will be largely independent of the
density matrix type involved. This dependence will therefore be

considerad first.

The-ﬁbk} can be expressed in terms of a fixed, orthonormal basisA{XK}

e = Bl (39)
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The matrix C must be unitary. It will be taken here to be real, and
is thus orthogonal. This restriction is usually made in actual cal-
culations and is thus not severe. There are many ways of choosing
independent parameters characterizing an orthogonal matrix. One which
is useful for present purposes is to write C as the product of a
reference orthogonal matrix‘gf and the exponential of an antisymmetric

matrix A:

paar

c =~E? exp {A} . (40)
The parameters are then taken to be the independent elements Akl,k>l, ofAﬁ:

In the present application there are clearly advantages in taking‘gi
to be the C matrix of the zero~order problem. The zero order values of
the parameters Akl are then all zero. Certain problems arise when the
size of the.set‘{xK} is much lavger than that of the orbital set {¢k}
used. These problems will not be considered here, however.

The derivatives of the density matrix components depend on the

derivatives of‘EJ which are

aC
(BAkK ) = CriSes = CpsSet (41)
15 7o K3 J

evaluated at A =0), as implied by the subscript o. This parameterization
has been discussed previouslyg_ll. Some of the density matrix and

energy derivatives of convenience in the present formulation are
summarized in Appendix 1.

If there is symmetry assoicated with the problem it is natural
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to take the orbitals {¢k} to be symmetry adapted. If the basis set

is also symmetry adapted, then C and A will be block diagonal and the
\vaag

number of parameters is reduced. Some of the symmetry aspects of this

9,11 In a

parametrization have also been discussed elsewhere.
perturbation problemégo is often higher symmetry then the perturbation.
In that case»S: may have a block structure but elements of\ﬁpwhich mix
different blocks must be included.
An alternative parametrization of C in terms of generalized
Euler angles has been treated by Raffenetti and Ruedenberg,zz They
have given expressions for first derivatives.
The other set of parameters entering the problem are the'{Ei}
characterizing the elements or expansion coefficients of the density
matrix components in the {¢k} basis. A completely general characterization
of this parametrization would require a solution of the N-representability
problem of reduced density matrix theory. A parametrization is known in
at least two cases, however, These are for density matrices corresponding
to spin~unrestricted or spin extended SCF functiensé’7 and for those
corresponding to optimized multiconfiguration or CIL wave functions.s’23
The expansion coefficients for all components of the l-matrix and
the 2-matrix corresponding to a spin-unrestricted SCF fun?tion (i.e.
a spin-polarized or different-orbitals-for-different~spins function)
and corresponding to a spin-extended function can all be expressed in

terms of a small number of parameters which are closely related to

the eigenvalues of yo for the unrestricted funetion. It is convenient
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in this case to require the'{¢k} to be the eigenfunctions of y°.

6,7

These expressions have been presented elsewhere, and the way in

. 11
which derivatives are evaluated have been dlscussed.g’

For density matrices of configuration interaction or optimized
multiconfiguration type the elements of the density matrices are

quadratic forms in the €I expansion coefficientsaz4

If @i is a single
determinant made up of the @k and spin functions, or a linear combination
of such determinants taken to have appropriate symmetry properties,

and the total wave function is

0y

Y =3B 0. (42)
141 i

The components ofig are given, for example, by

X _ X % -
Pigrl = Bu Pag, wltPe r ¥ =@ 0TS (43)

The coupling array P contains information characterizing the numbering
scheme chosen for the orbitals and configurations, and also factors
associated with the symmetry, e.g. the choice of spin eigenfunctions.
It is, however, independent of any of the yariationa; parameters of
the problem.

Derivatives would seem to be trivial in this case if the parameters
are taken to be just the expansion coefficients. It must be recalled
however, that the development has assumed independent parameters while

the expansibn coefficients are subject to the normalization constraint

e %=1 ., (44)

.
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Rather than to attempt to introduce constraints at this point it is
convenient to define the expansion coefficients in terms of a set of
independent variables {Ej}, j>o, as considered in the expansion of the
previous section; Eqn. (28). The unique coefficient B0 can be taken
to multiply the fivst configuration, which is presumably the most
important, but this is not necessary. The only essential feature in
the selection of the coefficient taken to be Bo is that it must always
be non-zero. The derivatives which result from this parametrization

are summarized in Appendix 2.

DISCUSSION

Expressions have been developed here giving first and second order
energies in terms of parametrized, reduced density matrices, and it
has been indicated that such parametrization and the required derivatives
are available in some cases.

To express the first order energy in density matrix terms is
essentially trivial, since it is just an expectation value and reduced
density matrices are designed to facilitate the evaluation of expectation
values. The second order energy expressions are of more interest.

They are also somewhat puzzling when compared with usual perturbations
in that apparently only the ground state is involved. That this
appearance is deceptive is evident in the comparison with Rayleigh-
Schr8dinger theory. The essential feature is that degrees of freedom
which do not figure significantly in the ground state can still occur

in the second derivative matrix and thus in,ﬁ; The basis set and
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parametrization must be capable of giving an adequate description of
excited states if good results are to be obtained for perturbations
for which those states are significant. Despite this requirement for
the capability of describing excited states, some advantage is gained
in the present method in that these states need never be considered
explicitly. The effect of other states is contained in the second
derivative matrix which can be evaluated in a straightforward although
lengthy process. The inverse second derivative matrix is in effect

a resolvent operator. The evaluation of some or all of the elements

of the second derivative matrix may be a part of the zero order problem.

In cases of highly flexible density matrices with many parameters,
the size of the second derivative matrix may be prohibitively large.
Frequently, however, flexibility is limited by other considerations.

In particular, in small basis set calculations the present method
provides a convenient organization. Oncengvhas been determined any
number of perturbations can be easily treated. For particular .
perturbations, not only are first derivatives sufficient, but they can
often be obtained from the l-matrix.

Suppose, for example, that a gspin-extended SCF calculation has
been done for a free radical,10 and G evaluated. The effects of
electrostatic perturbations such as those due to solvation can then be
estimated from‘ﬁhand the first derivatives of Yo and Y°. Determination
of the effect of each new perturbation requires only the evaluation of
the elements of;z'in the fixed basis. One could also consider a double
perturbation with orbital Zeeman and spin-orbit terms to estimate the

g~tensor. We expect to make such calculations in the near future.

9-11
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APPENDIX 1. Parametrization and derivatives associated with orbital

transformations.

Let Y be a component of the l-matrix expressed in the'{¢k} basis
Wpos

(again assuming for convenience everything to be real)
1y = ) {
V(L1 = 4 Y b (e an. (1)

The expansion coefficients are the matrix elements of ¥, and are assumed
VAN
known as a function of the {Ei}. Let w be the matrix of a one-electron
VA

operator in the {X.} basis:

Wy = fo(l) wlxx(l)drl. (A2)

In order to compute <Ww> as a trace it is necessary to express W

and Y in the same basis. Let Y be the equivalent of Y in the'{xK}

WA

basis. Since (from Eqn. 45))
Y10 = F 1 T i (DX (D
= & §Kl X (L)%, (17 (A3)
it is seen that

Yer = £1 k1CkeC1a

T
= %1 Cex Y1 1 = CRTIN (A4)
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and then

Pal
<w> = tr {yw}.
W ven

A
It is convenient to relate Yy for general parameter values not to 7Y
~ had W
(o)

but to , the zero-order transformed matrix:
kT

,X - E?XC = CTC?S?TYCOCOTC

A W e

@(0)

oo

= exp{jé} exp {Al (A5)

since C is given by Eqn. (46) and

Nafe
¢f = exp {-a} c°T. (A6)
LYV AN A,

The insertion ofag? SST has no effect because‘g? is orthogonal.

The parameters are the elements of A, and the derivatives of Y,
Anp an

for example, are

3X ) 1() ~(0)
[( T vér-o] o i e 125

A(O) A(O)

ok T I (A7)

Second derivative expressions become rather lengthy, and it is convenient
to deal directly with the expectation-value derivatives which are of

interest. It is found that

d<u> ~ . (A8)
("&'{5)&:0 =2 Iy~ (W44] |
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and

2 A ~
<> ) = 2 (Y., W, +Y., W,

(—-————— _ 31 7ik ik T4l
Ohgjdhyy/ A= o

”~

11%5 ~ Ykg®i1d
O [OW g + (g 1+ 8y [0 gy + (YW ]

Second derivatives involving one of these "9—paramete;§" and one of
the UEbparameters" can be obtained by using the first-derivative
expression (A8) above with the matrix (3w/3E) substituted for W.

It is clear that a change in the one-electron basis will also
produce a change in the 2-matrix components. If £f is‘E? crugf,
expressed in terms of the ¢'s as in Eqns (44) and (41) or (42), andngf
is this component in terms of symmetrized or antisymmetrized combinations

of y's, then

A
I|x - w??xfuf
- UXTUX’OFX’OUX’OTUX' (A10)

The transformation matrix‘yf is orthogonal and is given in terms of

g vy

a

Ukt.r = CCin ~ Galic

S, .+ 4
1 kl KA c

s
U, in = (»"’E) 1t Gl - (AL1)
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It should be noted that if the dimension of va and &is M, that that
of E,_a andlf is M(M+1)/2. The pair indices k,l and K,\ range only
over values k<l, K<A in the antisymmetric case or k<l, k<A in the
symmetric case.

Derivatives with respect to the elements ofémcan again be
determined. The expressions for derivatives ofMEw are quite lengthy
but those for expectation values are more compact. If & is a two-
electron operator, which we assume to be symmetric with respect to
pair-wise interchanges 912 = 921 so that it also has no non-zero

elements between symmetric and antisymmetric germinals, then

<> = <>+ <>?

= t2{T%2%} + tr {r3%}.
Wane AR W WV,

Expressions involving the symmetric and antisymmetric components can

be written together, with the help of notational convention.

(3<Q> > . .
Ohis ) Amo = 2RIV s 1y~ Wiy !

$

+ 9 ~
= - KA UV
FKA,uv (/2) PKA,uv

6K>\+ S

)

ﬁ - (‘/5) K.}\ ’u\)

KA,LV

(A12)

(A13)

(Al4)

(A15)
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In obtaining these expressions it has been assumed that Elandig’are

symmetric matrices with respect to interchange of the two pair indices,

and either symmetric or antisymmetric, depending on the component

being considered, with respect to interchange of the members of either

pair.

It should also be noted that (for the symmetric case)

s § 46 ~
D oq,es = (v2) PL7 T8 (Tgy

w="Dpg,Trs

x T Q
X S Y DPUsXY Xy,rs

8 8
(/2) paT rs

1]

5 46 5
oy pdF s B I, Py g 0
X5y PAsXY XY,rs

r Y
PAXy  XY,IS

= 1
= 3

Xy

(For the antisymmetric case Eﬁl =TO = TIQ.)

WA e

For the second derivatives

2
(37<> ) 5 T =5
= (T .., + 0)iqep, = TR0, -
(SAijBAkl) A=0 e’ ikil (Wm>311k (un)lljk
2 1 1-'imkn Qjmln + ijln Qim.kn
m,n

Fimln Qjmkn - ijkn Qimln 1

(Al6)
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- 8. I = + (TQ) _ = =
+ §,, L — + == ==
il om [ (rggmkm (Fﬂﬁmjm ]+ 6jk L (FQ>imlm + crglmim !

(A17)

The sums extend over all valueg of the index with appropriate
permutations to produce ordered pair indices, and in the antisymmetric case

associated sign change.



23

APPENDIX 2. Parametrization and derivatives associated with

configuration expansion coefficients.

The expansion of Eqn. (49) and the parametrization of (51)

lead to rather simple derivatives. It is first noted that

3B ‘Q 2 - 3/2
= -1 (1+I &y 28
SEk 2 i=1 i k
2

" ( A18)
5B .
— = 5, B+ - 980

J o J

38, dEk

T B0 (O T BB ( 419)

These equations apply for any multiconfiguration expression for wave
function as a sum of Q@ + 1 terms, with the normalization constant
réducing the numbet of independent parameters to Q. If the subscript
o is used for an expansion coefficient but nmthfor a parameter, then
expression (Al9) can be ﬁsed in all cases, inecluding j = o (sinece k
is never zero.)

If the subscripts onIELand the corresponding subscripts onv£3

and the superscripts a or s are suppressed, Eqn.(49) can be written



=) P B.B s
t,.u"‘”'tu“"'twu

T

AL _ _ ,
o5, - o [k ke ) B T RN
‘and
521 2
E L, 28, [ (4BBy = &) L+ @y

-2y I (B, ) B, - 2B I, (Plt') B,

24

(A20)

It is then found by direct computation that25

(A21)

(A22)
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