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ABSTRACT 

A simple per turba t ion  thepry &,as been developed f o r  reduced 

dens i ty  matrices which are known t o  b e  N-representable as funct ions 

of some set of independent parameters. Formulas are presented for 

s i n g l e  and d0ubJ.e per turbat ions through second order.  Extension t o  

higher  order  would b e  possible ,  b u t  involved. The r e s u l t s  do ngt  

depend e x p l i c i t l y  on t h e  order  of t h e  dens i ty  matrix,  and when t h e  

N-particle dens i ty  matr ix  is  used, t h e  formulas can be  reduced t o  

those of conventional Rayleigh-SchrkJdinger theory. 

Details are given f o r  t h e  s p e c i a l  cases of spin-unrestr ic ted or 

extended SCF densi ty  matrices and C I  or optimized mult iconfigurat lon 

densi ty  matrices which are known t o  b e  N-representable. 
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I INTRODUCTION 

Most of t h e  physical ly  i n t e r e s t i n g  proper t ies  of a quantum 

mechanical system can be ca lcu la ted  from the  & p a r t i c l e  reduced 

dens i ty  matrix f o r  t h e  system, without re ference  t o  t h e  f u l l  wave 

funct ion e 1’2 

about one problem t o  ge t  information about c lose ly  r e l a t e d  problems via  

t h e  techniques of per turba t ion  theory. It would thus be des i r ab le  

t o  have a per turba t ion  theory f o r  reduced densi ty  matr ices  d i r e c t l y ,  

without intermediate  appeal t o  t h e  wave funct ion.  

i n  such a development is t h a t  of r e t a in ing  N-representabi l i ty  of t h e  

densi ty  matrix,  i . e . ,  assur ing t h a t  t he re  does exis t  an antisynupetric 

wave funct ion from which the  densi ty  matrix could be der ived,  as it 

is modified under t h e  inf luence of the  p e r t ~ r b a t i o n . ~ ’ ~  One way of 

s a t i s f y i n g  t h i s  requirement is by r e s t r i c t i n g  t h e  densi ty  matrix t o  be 

of a p a r t i c u l a r  form known t o  be N-representable. 

On t h e  o ther  hand, one of ten  wishes t o  use knowledge 

The major d i f f i c u l t y  

Conventional Uartree- 

Fock per turba t ion  theory,  for example, can be expressed i n  terms of 

t he  Fock-Dirac densi ty  mat r ixe5  

be used here ,  i n  which t h e  densi ty  matr ix  is  assumed to be a functir;cn 

of some s e t  of independent parameters. 

A somewhat more general  approach w i l l  

I n  Section I1 t h e  general  formulas f o r  t h e  densi ty  matrix 

per turba t ion  theory are developed and i t  i s  shown t h a t  i f  t h e  N-particle 

dens i ty  matrix is  used they can be  made equivalent  Co t he  usua l  

Rayleigh-Schrudinger formulas. 

un res t r i c t ed  spin-extended ,6 ’ and conf igu ra t ioq  i n t e r a c t i o n  or 

optimized mult iconfigurat ion8 densi ty  matr ices  are d;lscussed. 

I n  Sect ion I11 the  ciaqes of sp$n- 

Some 
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s p e c i f i c  r e s u l t s  f o r  t hese  cases are given i n  t h e  appendices. Resul ts  

and poss ib l e  app l i ca t ions  are discussed i n  Sect ion IV. 

11. DEVELOPMENT OF THE THEORY 

A reduced densi ty  matr ix ,& is assumed t o  depend on a set 

of parameters 

with t h e  form of t h e  dependence being such t h a t  t h e  N-representabil i ty 

of I' is  r e t a ined  as t h e  parameters are independently var ied.  

such pararnetrizations are 

Several  
*wv 

and o the r s  w i l l  presumably be 

found i n  t h e  f u t u r e .  

Corresponding t o  t h e  reduced dens i ty  matrix i s  a reduced 

Hamiltonian, H, such t h a t  t h e  energy of t h e  system is given by 
r*M 

I f ,  as is  usual,  t h e  f u l l  Hamiltonian of t h e  system contains only one- 

and two-electron operators ,  then r must b e  at  least t h e  two-particle 

densi ty  matr ix  ( t h e  2-matrix). 

be used, bu t  t h e  1-matrix w i l l  not  b e  s u f f i c i e n t .  The form of the  

reduced Hamiltonian depends on the  normalization of t h e  dens i ty  matrix 

as w e l l  as on t h e  f u l l  Hamiltonian. 

'YWJ 

Higher dens i ty  matrices can of course 

Sihce t h e  N-representabil i ty of I? is assured, it can be optimiaed, 
Idwiu 

at least f o r  t h e  ground sixtte, by t h e  v a r i a t i o n  p r inc ip l e ,  and thus 
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The s u b s c r i p t  o r e f e r s  t o  t h e  f a c t  t h a t  t h e  d e r i v a t i v e  is 

evaluated at t h e  set of parameter values  which lead t o  a minimum of 

t o  b e  

t h e  energy. 

matrices. It is  convenient t o  de f ine  

It should be noted t h a t  t h e  d e r i v a t i v e s  of r are s t i l l  
?J&% 

The form of Eqn, (3) a l s o  implies t h a t  t h e  b a s i s  set used i n  evaluat ing 

t h e  trace is  f ixed ,  L e . ,  does not  depend on t h e  ei. 
dependence of I' on t h e  parameters may represent  a transformation from 

some o the r  b a s i s  t o  t h e  f ixed  b a s i s  i n  terms of which H is expressed. 

P a r t  of t h e  

m 

ulu 

The pe r tu rba t ion  problem can now b e  considered. I f  t he  reduced 

Hamiltonian i s  of t h e  form 

H = H J - A V  
0 ( 5 )  

then it  is  n a t u r a l  i n  t he  usua l  per turbat ion theory approach t o  assume 

an expansion o f L a s  a power series i n  h e 

r equ i r e  t h a t  t h e  only changes i n 2  are as consequences of changes i n  

t h e  parameter va luesg  so a series expansion is assumed f o r  each of them: 

The assumptions above 
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The dependence o f L  on the  parameters9 amd thus on 1 , may be q u i t e  

complicated. 

about t h e  values  Iei")) which minimize tho energy i n  the  absence of 

t he  per turba t ion .  Then 

It is reasonableg however, t o  mkke a Taylor series expansion 

The var ious 8 'm9 are t o  b e  s o  chosen t h a t  t he  energy is  minimized f o r  

any va lue  of , 
i 

f o r  each k and m, (9) 

and thus the c o e f f i c i e n t  of each power of h i n  t he  expansion of t h i s  

expression must vanish separa te ly ,  

many of which occur more than once, which can be used t o  obta in  the  

This leads t o  a set of equations,  

(m'e The unique equations a r e  'i 



etc, 

Equation (lo), i t  is  t o  be r e c a l l e d ,  implies t h a t  

a l l  i 

and can thus,  i n  p r i n c i p l e ,  b e  solved f o r  t he  ei  
a scheme can b e  empolyed i n  which the  9") are determined by some d i r e c t  

minimization of t h e  energy i n  t h e  zero-order problem. 

w i l l  then be s a t i s f i e d  by t h i s  parameter choice. 

t h a t  

s o l u t i o n  of t h e  zero order problem. 

t o  be evaluated a t  &, = 8,'"' 
o f L o n  t h e  8. is assumed t o  be known, so t h a t  t h e  d e r i v a t i v e s  are 

then also known. 

Al t e rna t ive ly  , 

Eqn. (10) 

It w i l l  be assumed 

9-11 

have been determined i n  one way o r  another i n  the 

A l l  d e r i v a t i v e s  o f i a r e  understood 

The func t iona l  form of t h e  dependence 

1 

A commonly occuring term i n  t h e  equation is tr(aiakI's) This 

can b e  considered t o  b e  the i, k element of a matr ix  F. ~t is a l s o  
zlpp 

-1 convenient t o  de f ine  ehe inverse matr ix  G = P ~ 

w @ - v Q N w  



Since t h e  parameters are chosen t o  minimize t h e  energy, t he  determinant 

of t h e  second de r iva t ive  matr ix  i s  p o s i t i v e  and the enverse exists. 

The equations fo r  t h e  first order changes i n  the parameters and the 

energy cor rec t ions  through second order can then be w r i t t e n  

and 

E"' = t r f r  H 1 
W 3 . 0 0 0  

E(') = trir VI 

~ ( 2 )  = S,C tr{a.rv) 1--w G~~ t r f a 3 ~ )  

-4- 

13 

These r e s u l t s  are r e a d i l y  extended t o  

For double per turba t ion  

H = Ho + K V l  4- XV2 

( 1 4 )  

(15>* 

treat mult ip le  per turbat ions.  

9 

The first order parameter changes 8 E (l'o' and are given by 

Eqn. (13) with ; replaced by Xl o f  x2: 
is  s t i l l  given by Eqn. (14) 

The zero order energy, now 

and ehe first order energies  

(O are given by Eqn. (15) with V replaced by XI or  27, . 
w- 

E('"' and E 

The second order  energies  are given by expressions s i m i  t o  Eqn. (16) 



( f , U  The "interchange theorem'' is evident i n  t h i s  expression f o r  E 

It should be noted t h a t  t h e  matr ix  G is  symetxfc, s i n c e  it i s  t h e  

inverse  of a symmetric matrix. 
The r e l a t ionsh fp  between t h i s  method and t h e  usua l  Rayleigh- 

Schrsdinger per turba t ion  theory can be obtained by treatment of a 

s p e c i a l  case. L e t  T" be  the  f u l l ,  N-partfcle dens i ty  matr ix  -+- 

and introduce as a b a s i s  t h e  eigenfunctfons sf Ho 

.*. 

An a r b i t r a r y ,  normalized funct ion can be expanded i n  t h i s  b a s i s  as 

It w i l l  be  assumed, f o r  eonvenience, t h a t  a l l  expansion coe f f i c i en t s  

and matr ix  elements are real, The coe f f i c i en t s  can be expressed i n  

terms of independent parameters 4 j>o, as 
4 '  

The unique c o e f f i c i e n t  Bo w i l l  be taken t o  be t h a t  of t h e  ground s ta te  

zero-order funct ion,  although t h i s  i s  not e s s e n t i a l .  This parametr izat ion 

and t h e  evaluat ion of der iva t ives  w i l l  be  discussed i n  t h e  next  s ec t ion  

and i n  Appendix 2. 
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The matr ices  I' and H are given f n  t h f s  basis by - e 0  

'kl BkB3. 

Ho,kl  = n$l 
and thus 

E = t d r H  ) = gTkks .saw 

It i s  found t h a t  

arkk = 2BoBk (6 - B B ) jk j k atj 

s o  t h a t  

The parameter values  corresponding t o  so lu t ions  of t h e  zero-order 

problem are = 0,  a l l  j, for t h e  ground s ta te  o r  some T = a and 

a l l  o ther  si = 0, f o r  an exc i ted  state.  

der iva t ives  do vanish s ince  a91 but  one of t h e  B k l s  w i l l  be zero.  

Only the  ground s ta te  w i l l  be  considered here .  

would be more convenient t o  pick t h e  unique B t o  correspond t o  the  

s ta te  of i n t e r e s t .  

3 j 
Then a l l  of t he  first 

For another s t a t e  i t  

The densi ty  matr ix  de r iva t ives  required are 



9 

and 

Then 

and 

(Note t h a t  i, j >O)* The r e s u l t a n t  energies  through the  second order 

i n  t h i s  case are 

x $( e-EJ-% i j  [C  mn (6 jm 6 no 4-6 j n  6 mo )V nm 1 
J 

These expressions are j u s t  those which occur i n  t h e  usua l  Rayleigh- 

SchrBdinger theory.  



10 

111, SOME SPECIFIC CASES 

I n  working wi th  dens i ty  matrices i n  actual ca lcu la t ions  i t  is 

usual ly  convenient t o  dea l  with t h e i r  s p i n  components,it being 

assumed t h a t  t h e  wavefunction is an  eigenfunct ion of .8,. 
components t o  be considered here  w i 1 1  include t h e  charge dens i ty ,  or 

2914-19 The 

sp in l e s s  component, yo, and t h e  spin, densi ty  component, y z , of the  

l-matrix, and the  charge densi ty  component r” 0 of t he  2-matrix. Other 
%w?% 

components of t he  %-matrix which might be of i n t e r e s t  i n  p a r t i c u l a r  

problems can be  t r ea t ed  i n  a similar way. 

The components of t he  l-matrix can be expanded i n  terms of a se t  

of o r b i t a l s  which are assumed t o  be orthonormal 

The components of t h e  2-matrix can be expanded i n  terms o f  products 

of t hese  o r b i t a l s .  

symmetrized products occur 

I n  t h e  case of Los both symmetrized and an t i -  
18 

Cross terms do not  occur andAo can be expressed as a sum of two 

p a r t s  19 20 
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* 
FS $kj Ed ran  1Jkr e 

a. 1J (r1,r2) s l ( r l '  ,r2') 

dens i ty  matrices are known t o  be  N-representable f o r  

any choice of t h e  o r b i t a l s  {$k) provided t h a t  t h e  coe f f i c i en t s  

'"kl? kl, rsij kl are properly chosen. 899121 The set of 2 and raid k l  

parameters 

two subse ts :  

charac te r iz ing  t h e  densi ty  matr ix  can thus be divided i n t o  

1) those i n  terms of which t h e  matr ix  expansion coe f f i c i en t s  

are expressed, t o  be denoted here  by (ti) , and 

2) those charaoter iz ing  a un i t a ry  transformation from a f ixed 

orthonormal b a s i s  set of o r b i t a l s  (x,) t o  t h e  o r b i t a l  set($,) . 
The choice of t h e  16,) and t h e  dependence of t h e  densi ty  matrix components 

on them w i l l  b e  d i f f e rene  for d i f f e r e n t  types of dens i ty  matr ices ,  

SCF, mul.t;iconfigu'ration, etc. Poss ib le  choices of t h e  parameters 

charac te r iz ing  t h e  o r b i t a l  transformation and t h e  dependence of t h e  

dens i ty  maerix components on them w i l l  be  l a rge ly  independent of t h e  

dens i ty  matrix type involved. This dependence w i l l  t he re fo re  be 

cons idersld first . 
The @k} can be expressed i n  terms of a f ixed ,  orthonormal b a s i s  {x,} 
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The matr ix  C must be  uni ta ry .  

is  thus orthogonal. 

It w i l l  be  taken here  t o  be real, and 

This r e s t r i c t i o n  is  usua l ly  made i n  a c t u a l  cal-  

UI 

cula t ions  and i s  thus not  severe. There are many ways of choosing 

independent parameters charac te r iz ing  an orthogonal matrix. One which 

is u s e f u l  f o r  present  purposes i s  t o  w r i t e s  as t h e  product of a 

reference orthogonal matr ix  C 

matrix A: 

0 and t h e  exponential  of an antisymmetric 
w 

- 

The parameters are then taken t o  be t h e  independent elements A 

I n  t h e  present  app l i ca t ion  the re  are c l e a r l y  advantages i n  taking Co 

t o  be t h e  C matrix of t h e  zero-order problem. 

the  parameters Akl are then all zero. 

s i ze ,  of t h e  set {xK] is much l a rge r  than t h a t  of the o r b i t a l  set I$,) 
used. These problems w i l l  not  be  considered here ,  however. 

, k> l ,  of  A .  k l  -I&.. 

- 
The zero order values of 

wr 

Certain problems arise when t h e  

The de r iva t ives  of t h e  dens i ty  matrix components depend on the  

der iva t ives  of C ,  which are 
\ru 

= c  6 k i  Kj - 'kj'ici 

evaluated a t  A =O), as implied by t h e  subscr ip t  0 .  

has been discussed previously9-". 

energy de r iva t ives  of convenience i n  t h e  present formulation are 

summarized i n  Appendix 1. 

This parameter izat ion 

Some of t he  dens i ty  matrix and 

If the re  is  symmetry assoicated with t h e  problem i t  is n a t u r a l  
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to take the orbitals {+k} to be symmetry adapted. If the basis set 

is also symmetry adapted, then C and A will be block diagonal and the 

number of parameters is reduced, Some of the symmetry aspects of this 

parametrization have also been discussed elsewhere. 9311 

- y v u ,  

In a 

perturbation problem JIo is of ten higher symmetry then the perturbation. 

In that case Co may have a block structure but elements of A which mix 

different blocks must be included. 
.w w 

An alternative parametrization of &in terms of generalized 

Euler angles has been treated by Raffanetti and Rued&nberge2’ They 

have given expressions for first derivatives. 

The other set of parameters entering the problem are the { to}  
1 

characterizing the elements or expansion coefficients of the density 

matrix components in the {+,} basis. 

of this parametrization would require a solution of the N-representability 

problem of reduced density matrix theory. 

A completely general characterization 

A parametrization is known in 

at least two cases, however. 

to spin-unrestricted or spin extended SCF functions‘ ’ 
corresponding to optimized multiconfiguration or CL wav~ functions. 

These are for density matrices corresponding 

and f o r  those 
8,23 

The expansion coefficients for all components of the 1-matrix And 

the 2-matrix corresponding to a spin-unrestricted SCF funTtion (i.e. 

a spin-polarized or different-orbitals-for-differbnt-spins function) 

and corresponding to a spin-extended function can all be expressed in 

terms of a small number of parameters which are closely related to 

the eigenvalues of yo for the unrestricted function. It is convenient 
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in this case to require the 

These expressions have been presented 

which derivatives are evaluated have been discussed. 

to be the eigenfunctions of yo. 

and the way in 
9,ll 

For density matrices of configuration interaction or optimized 

multiconfiguration type the elements of the density matrices are 

quadratic: forms in the CT expansion 

determinant made up of the Qk and spin functions, or a linear combination 

of such determinants taken to have appropriate symmetry properties, 

and the total wave function is 

If ai is a single 

Y = C B  Q .  
l i i  

The components of & are given, for example, by 

The coupling array P contains information characterizing the numbering 

scheme chosen for the orbitals and configurations, and also factors 

associated with the symmetry, e.g. the choice of spin eigenfuactions. 

It is, however, independent of any of the variationa9, parameters of 

the problem. 

UAH 

Derivatives would seem to be trivial in this case if the parameters 

are taken to be just the expansion coefficients. 

however, that the development has assumed independent parameters while 

the expansion coefficients are subject to tRe normalization constraint 

It must be recalled 

] .Bkl2 = 1 ( 4 4 )  
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Rather than t o  attempt t o  introduce eonstraines  a t  t h i s  point  i t  i s  

convenient t o  def ine  t h e  expansion coe f f i c i en t s  i n  terns of a set of 

independent va r i ab le s  { E o ] ,  340, as considered i n  the  expansion of t h e  

previous sec t ion ;  Eqn. (ZS), 

t o  mult iply the  f i r s t  configurat ion,  which i s  presumably the  most 

J 
The unique c o e f f i c i e n t  Bo can be taken 

important, but  t h i s  i s  not  necessary. The only e s s e n t i a l  f e a t u r e  i n  

t h e  s e l e c t i o n  of t h e  coe f f i c i en t  taken t o  be  Bo is  t h a t  i t  must always 

be non-zero. The de r iva t ives  which r e s u l t  from t h i s  parametr izat ion 

are summarized i n  Appendix 2.  

DISCUSSION 

Expressions have been developed here  giving first and second order 

energies  i n  terms of parametrized, reduced dens i ty  matr ices ,  and i t  

has been indicated t h a t  such parametr izat ion and the  required de r iva t ives  

are ava i l ab le  i n  some cases.  

To express t h e  f i r s t  order energy i n  dens i ty  matrix terms is 

e s s e n t i a l l y  t r i v i a l ,  s i n c e  i t  is j u s t  an expectat ion value and reduced 

densi ty  matr ices  are designed t o  f a c i l i t a t e  t h e  evaluat ion of expectat ion 

values.  

They are a l s o  somewhat puzzling when compared with usual  per turba t ions  

i n  t h a t  apparently only t h e  ground s ta te  i s  involved. 

appearance is  decept ive i s  evident i n  the  comparison with Rayleigh- 

Schrudinger theory. The essential f e a t u r e  i s  t h a t  degrees of freedom 

which do not  f i g u r e  s i g n i f i c a n t l y  i n  t h e  ground s t a t e  can s t i l l  occur 

The second order energy expressions are of more interest. 

That t h i s  

i n  the  second de r iva t ive  matrix and thus i n $  The b a s i s  set and 
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parametr izat ion must be  capable of giving an adequate descr ip t ion  of 

exci ted states i f  good r e s u l t s  are t o  be obtained f o r  per turbat ions 

fOT which those states are s i g n i f i c a n t .  Despi te  t h i s  requirement f o r  

t he  capab i l i t y  of descr ibing exci ted states, some advantage is  gained 

i n  t h e  present  method i n  t h a t  these  states need never be  considered 

e x p l i c i t l y .  The e f f e c t  of o ther  states i s  contained i n  the  second 

de r iva t ive  matr ix  which can be evaluated i n  a s t ra ightforward although 

lengthy process.  The inverse second de r iva t ive  matrix is  i n  e f f e c t  

a reso lvent  operator.  

of t h e  second de r iva t ive  matrix may be a p a r t  of t h e  zero order  problem, 

I n  cases of highly f l e x i b l e  densi ty  matrices with many parameters, 

The evaluat ion of some or a l l  of t he  elements 

9-11 

t he  s i z e  of t h e  second de r iva t ive  matrix may be prohib i t ive ly  la rge .  

Frequently,  however, f l e x i b i l i t y  is  l imi ted  by o ther  considerat ions.  

I n  p a r t i c u l a r ,  i n  small b a s i s  set ca lcu la t ions  t h e  present method 

provides a convenient organization. 

number of per turba t ions  can be e a s i l y  t r ea t ed .  For p a r t i c u l a r  

per turbat ions,  not  only are first der iva t ives  s u f f i c i e n t  , but  they can 

Once &has  been detemfned any 

of ten  be obtained from t h e  E-matrix, 

Suppose, f o r  example, t h a t  a spin-extended SCF ca lcu la t ion  has 

been done f o r  a f r e e  and 5 evaluated. The e f f e c t s  of 

e l e c t r o s t a t i c  per turba t ions  such as those due t o  so lva t ion  can then be 

estimated from G and t h e  f i r s t  der iva t ives  of 'Y 

of t h e  e f f e c t  of each new per turba t ion  requi res  only the  evaluat ion of 

0 and Yz. Determination 
w 

t he  elements of i n  t h e  f ixed  bas is .  One could a l s o  consider a double 

per turba t ion  with o r b i t a l  Zeeman and spin-orbi t  terms t o  es t imate  t h e  

g-tensor. We expect t o  make such ca l cu la t ions  i n  the  near  fu tu re .  



APPENDIX 1. Parametr izat ion and de r iva t ives  associated with o r b i t a l  

transformations e 

L e t  4( be a component of t he  1-matrix expressed i n  the  14,) b a s i s  
w- 

(again assuming for convenience everything t o  be r e a l )  

The expansion coe f f i c i en t s  are the  matr ix  elements of Y ,  and are assumed 

known as a funct ion of t he  {Si). 
w- 

L e t  w be t h e  matrix of a one-electron 

operator  i n  t h e  {x,) bas i s :  

I n  order t o  coinpute <w> as a 

L e t  Y be 
A 

and Y i n  t he  same b a s i s ,  

bas i s .  Since (from Eqn. 4 5 ) )  
rNc lhrp 

t r a c e  i t  is necessary t o  express& 

t h e  equivalent: of 2 i n  t he  (x,) 

i t  is  seen t h a t  

A 

T 
E,1 Kk 'kl = (CTyC)KA 
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and then 

A 

It i s  convenient t o  relate y for general  parameter values  not t o  Y 
v\h, yr 

but  t o  ?(’), t h e  zero-order transformed matrix:  
wp. 

n T  T o oT o oT Y = C Y C = C C C  Y C C  c 
vm. v*c-y)h * u . r y h - y r - -  

s ince  & i s  given by Eqn. (46) and 

cT = exp {-A} coT. 
%%v- - *  

The i n s e r t i o n  of cT has no e f f e c t  b e c a u s e c  i s  orthogonal,  
A 

The parameters are t h e  elements of A ,  and t h e  derivatives of Y,  - m 

fo r  example, a r e  

Second de r iva t ive  expressions become r a t h e r  lengthy, and i t  is  convenient 

t o  dea l  d i r e c t l y  with t h e  expectation-value derivatives which a r e  of 

i n t e r e s t .  It i s  found t h a t  
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and 

h A 

Second de r iva t ives  involving one of t hese  "0-parameters" and one of 

t h e  '.'E parameters" can be obtained by using t h e  f i r s t - d e r i v a t i v e  

expression (A8) above with t h e  matrix (az/ac) s u b s t i t u t e d  f o r  2. 
It i s  c l e a r  t h a t  a change i n  t h e  one-electron b a s i s  w i l l  a l s o  

. J  

produce a change i n  t h e  2-matrix components. 

expressed i n  terms of t h e  + t s  as i n  Eqns (44) and (41) or (42) ,  and Lx 
I f  rX is I'a o r  LS, 

WN. HAL 
A 

i s  t h i s  component i n  terms of symmetrized or  antisymmetrized combinations 

of X I S ,  then 

T x ,o  x,o x,oT x .  = u X u  r u u 
- u ) -  .n.s. -hu 

The transformation matr ix  zx is orthogonal 

Hc c by 

= c  c Uakl Kh klc 1 X  - 'kX% 

and is  given i n  terms of 
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It should be noted t h a t  if the  dimension of y and C i s  M, t h a t  t h a t  

of La and Us i s  M(M+l)/2. k , l  and K , X  range only 

over values  kc l ,  K<X i n  t he  antisymmetric case o r ' k e l ,  I KLX i n  t h e  

W UIC 

The pa i r  ind ices  
-a@. 

symmetric case. 

Derivat ives  with respect  t o  the  elements o f & c a n  again be  

determined. The expressions f o r  der iva t ives  of I? are q u i t e  lengthy 

but  those f o r  expectat ion values  are more compact. 

e lec t ron  operator ,  which w e  assume t o  be symmetric with respect  t o  

.uau 

If SI i s  a two- 
ku 

pair-wise interchanges 52 = SI 1 2  21 

elements hetween symmetric and antisymmetric germinals, then 

s o  t h a t  i t  a l s o  has no non-zero 

Expressions involving t h e  symmetric and antisymmetric components can 

b e  w r i t t e n  together ,  with t h e  help of n o t a t i o n a l  convention. 
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I n  obtaining these  expressions it has been assumed t h a t  €' and 52 are 

symmetric matrices wi th  r e spec t  t o  interchange of t h e  t w o  p a i r  i nd ices ,  

and e i t h e r  symmetric or antisymmetric, depending on t h e  component 

being considered, with r e spec t  t o  interchange of t h e  members of e i t h e r  

p a i r  

lvv. *Iu\. 

It should also b e  noted t h a t  (for t h e  symmetric case) 

- - 
(For t h e  antisymmetric case E = E = 

For t h e  second d e r i v a t i v e s  

m.) 
WT 
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The sums extend over a l l  values  of t h e  index with appropriate  

permutations t o  produce ordered p a i r  i nd ices ,  and i n  t h e  antisymmetric case 

assoc ia t ed  s i g n  change. 
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APPENDIX 2. Parametrization and derivatives associated with 

configuration expansion coefficients. 

The expansion of Eqn. (49) and the parametrization of (51) 

lead t o  rather simple derivatives. It is first noted that 

‘ Q  2 - 312 

i= 1 
25 - -  - - 1  ( l + C  E ) )  a Bo - 

i k 2 a ‘k 

2 - - - Bo Bk 

aBo aB 
2 a 6  B 4 - 5 , -  

J a‘k jk o 
‘k 

B o ( 6  - B B  e jk j k 

These equations apply for any multiconfiguration expression for wave 

function as a sum of Q +  1 terms, with the normalization constant 

reducing the number of independent parameters to Q. If the subscript 

o is used for an expansion coefficient but not for a parameter, then 

expression (Al9) can be used in all cases, including j = o (since k 

is never zero.) 

If the subscripts on rand the corresponding subscripts on P 
&-A urn’ 

and the superscripts a or s are suppressed, Eqn.(49) can be written 



25 It is  then found by d i r e c t  computation t h a t  

‘and 

n 2, 2 
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