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GENERALIZATION OF RATIO ESTIMATE FOR POPULATION TOTAL
John E, Walsh

Southern Methodist Un}versity”

ABSTRACT

It is desired to estimate the total Y for a finite population
(of size N) with unknown values. A population with corresponding
known values is available, Alsco, a simple random sample of size n
is éaken from the unknuivn population. Let y be the meaw of the
sample while x is the mean of the n values from the known population
that correspond to these sample values., The ratio estimate of Y is
generalized to the form NXy/[Ax + (1-A)X], where X is the mean of the
known population, Use of A = Ao suitably chosen, yields an estimate
that approximately (terms of order n"2 in n neglected) is unbiased
and has as small a variance as is attaihahle for a linear regression
estimate. When Ao is unknown in advance, it can be esstimated (denoted
by Aa). Use of A; and a mild modification yields an estimate with the
favorable properties.occurring for Ao.- An estimate is developed

5/

-5/2
(terms of order n "/ “neglected) for the standard deviation of the

estimate using AB. Also, an estimate is obtained (terms of order n'2
neglected) for the standard deviation of this estimate for the
standard deviation. Finally, some comparisons are made with the linear

regression estimate,
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1. INTRODUCTION

h The ratio estimate is well established and has a good intuitive
basis, However, its variance is (approximately) greater than or equal
to that for a suitable linear regression estimate and can be much
greater (for examp!:, see Cochran, 1963)., It would seem worthwhile
to develop an estimate which has a ratio form similar to that of the
ratio estimate and variance propertiecs that are not inferior to those
attainable with a linear regression estimate. This can be accomplished

by a suitable modifiration of the denominator,

The total Y of a finite population of size N is to be estimated.
This is done on the basis of a simple random sample (without replacement)
of size n and complete knowledge about a population of N values
that correspond to the values of the population with unknown total Y,
That is, to each value Yi of the unkuown population there corresponds
a known value X§ from the other population (i = 1, « .. N). Let
y be the arithmetic average of the sample values while X is the arithmetic
average of the X4 that correspond to the values of this sample., Then,

the ratio estimate is detérmined By the intuitively plausible relations

Y/X = Y/NX & Ny/Nx = y/x,

so that this estimate of Y equals NXy/x, where X is the total and X

is the mean of the population of the X ..
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The same kind of plausible rclations hold if X is replaced by

a quantity of the form AX + (1-A)X, and this is the basis for use of

NRy/[Ax + (1-A)X],
as the form of the generaiized ratio estimate,
Suitable choice of A yields an cstimate with a standard deviation
that (approximately) is as small as that attainable for the linear

regression estimate, Specifically, the choice is
-1
Ay = Pyy(S,/NS, /XD,
2
y
(unknown) variance of *he Yi' Pxy is the (unknown) correlation between

where Y is the (unknown) mean of the population of the Y;,S, is the
the two populations, and Si is the (known) variance of the X;. The
resulting estimate is unbiased when terms of order N/n2 are neglected

and its standard deviation equals

[N(N-n)/n]t/ 2Sy< l_px§,1/2

plus terms of order N2/n°.

Ordinarily, the value for Ao is not known in advance with sufficient
accuracy, However, it can be estimated (denoted by A;) and, with a
slight mbdification. an estimate is obtained that has the same bias and
variance properties that were stated for the case of Ao known,  The

modification consists in multiplying y'by_a quantity that should not

differ much from unity.




The standard deviation of the estimate using A; is estimated by

a statistic that is unbiased when terms of order N/n:!"/2

are¢ neglected,
The standard deviation of this statistic is estimated by another
statistic that is unbiased when terms of order N/n2 are neglected,

Sometimes a conservative estimate for the standard deviation of
the ratio estimate using Aé is desired. This can be obtained, say,
by adding twice the estimate of its own standard deviation to the
(approximately) unbiased estimate of the -standard deviation for the
ratio estimate, J

These results should ordinarily by usablé even when n is not

very large (say, n = 20). That is, the terms neglected should be

acceptably small in many cases where n is of only moderate size,

This is an advantage of developing estimates whose expectations

1 and n'3/2 in n,

include the terms that are of order n
The ratio estimate using A; can be simplified by not modifying

§. dowever, its expectation then equals Y plus terms of order N/n,

so that much larger n is needed to justify usability, The standard ,

deviation is the same as when y is modified if terms of order N/n?'/2 _ i‘ affﬁ;

are neglected. | v
The fact that the generalized ratio estimate (using Ao or Aa)

; has properties similar to those attainable with a linear regression

estimate indicates that these two kinds of estimates may be strongly

related. Examination shows that tbis is the case,




Section 2 contains a stautcment of additional notation., This
is followed by a statement of the ratio estimates using Aa and tho
two estimates of standard deviations (Section 3). Some properties
of these estimates are also considered. Section 4 is devoted to a
comparison of the generalized ratio estimete with \"e linear regression
estimate, Finally, Section 5 contains an outline pf the derivations

for the stated material (including the case of Ao known).

2, ADDITIONAL NOTATION
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3. ESTIMATES AND PROPERTLES

The generalized ratio estimate of Y that uses Aa and a

modi fication of y is

yp = Ny(1 - ) /(A + (1 - ADR].

The expected value of Yg equals Y plus terms of order N/nz. Its

standard deviation is the square root of

2 1,2 2
[%Sﬂ n)] O ”¥§Y

+ E[(xj - X)z(yj - §)2]/<n-1)sx2 + O(I/nz)].

This standard deviation is unbiasedly estimated, with terms of orders

N/n5/2 neglected, by

[ug l:-n)] 1/2( sp + eg) s

Finally, consider the standard deviation of this estimate of the

standard deviatioq. This standard deviation equals the square root of
- 20y - a2 y7-1 _ovd _c4 2,2
ﬁ%ﬁ - ?;[4sy (1 - py)] (ECy;, Bt -s, )

(1~ 29xy
2r . 22 =21,2 e 0377 2 art .
EL(x;-K)“(y;-1)°)/5y -4p, S EL(x;-R) (y;-D")/s,+ 0(1/m) ],

2
xysy
and is unbiasedly estimated by

1/2
N(N-n)

if terms of order N/n2 are néglected.

+ 4p

If a conservative estimate for the standard deviaiion of YR

J

is desired, an expression of the form

[N(N-n)] l/2( Sy +'3|Y‘ + Ks,)
n
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could be used, wherc K is specified and positive, For exumple, use
of K = 2 should be satisfactory for some purposes.

A simplified estimate of Y is obtained by setting ‘a equal to
zero. Then, the ratio estimate is not necessarily unbiased unless

ter..s of order N/n are neglected, and its standard deviation is the

square root of

2 2
[NgNn n)] {Sy (1 °xy) + 0(1/m)}.
This standard deviation is unbiasedly estimated by the square root of

n . '

£lyy -7 - Ayxy - 022 - 1,

J=1 0

if terms of order N/na/2 are neglected. The standard deviation for
this estimate of the standard deviation is of order N/n, which is the
order of terms that are being neglected. The simplified estimate is

useful for the many cases where n is large (n > > 20).

4.

OMPARISON WITH LINEAR REGRESSION ESTIMATE

First, let us“consider the form and properties of linear
regression estimates, The form is
Ny - B(x - §)].
When B is a specified constant, this estimate of Y is unbiased for all

n. Also, it has smallest standard deviation for B equal to

- and this standard deviation, for ali 'n, is the square root of

[Mﬂf"ﬂ')) Syz( 1 ;9 x.!z;)

(for example, see Cochran, 1963).
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When Bo is not known in advance, it can be estimated by

- 2
B = °xy/sx .
The estimate of Y with B = B; is unbiased if terms of order N/n are

neglected, More specifically, the bias is
-v/melex; =Dy, - D1/5.2 + o), (1)
The standard deviation of this estimate equals that occurring when Bo

is used if terms of order N/na/2 are neglected,

Now let us consider the generalize& ratio estimate with A = Ao.

This can be written as

N1+ A G - B /&)

= Ni[l - Ao(i - x)/x T Ag(i - X)a/ga ® e o o ]o

If terms with expectations of order N/n are neglected, this can be

expressed as
N[Y ~ AT/R)(E - R)] = N[§ - B(X - D],

since AO(Y/X) = Bo' Thus, to this accuracy, the two types of estimates
are the same, Also, the estimates are effectively the same with respect
to bias, since they both have standard deviations of order N//n but

the bias of the generalized ratio estimate is of order N/nz.

Next, consider the generalized ratio estimate with A = Aa and

2

the modification involving 35‘ In eh. the term cgy/nizsx has the same

expectation as the more variable quantity A;z(i - %82, Let1 - <)
be replaced by

n ‘ . .o
[1 - Ak - D220+ E - O3y - D/tn - 1)2ys§? \

whose expectation equals that of 1 - ¢, if terms of order N/n2 are
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negl' cted. The resulting ratio estimate can be expressed as
=t p020= _ 22,02 n 2 PO NP T
WL - A5G - DEATI0 e T oy - D%y - P/ siy
divided by 1 + Aj(x - ). This equals

Ny[1 - Ay(x = X)/K]

N[§ - Ay§/R(R - ]

= N[i - B;()-( - X)]

if terms of order N/n are neglected, so that the two types of
estimates are the same to this level of accuracy. 'Agreement except

for terms with expectation N/n2 occurs if the modification
n .
MF - By -0+ = (x - DAy, - Pren - D2
J=1

is made in the linear regression estimate,

Finally, consider comparison of the linear regression estimate
having B = Ba with the simplified generalized ratio estimate
(A= A; and ‘ﬁ neglected). Both estimates have standard deviations

of order N//n and bias of order N/n. In fact, examination shows that

these two estimates have biases that, effectively, are the same, since

examination shows that they are both of the, form.(1), Moreover, their

standard deviations are equal if terms of order N/na/2 are neglected,
Thus, for n large, these two estimates have approximatel& equivalent

properties.

5. OUTLINE OF DERIVATIONS

Verification of the properties stated for the various ‘estimates

ig tedious but straightforward. The method is to first clear fractions

in the expression for the ratio estimate minus Y. This yields
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N[1 + Ax - D/RIMUSF - - Ak - (/D] (2)

where y Is replaced by y - ¢h§ when A = A} and the modification

involving c; is used. Examination shows that replacement of

[1+A%=%)/%)1 by 1 - A(Xx - R)/% provides an equivalent expression
if terms with expectations of order N/n2 are to be neglected in (2).
Moreover, this expression is satisfactory for determining variances
and other of the moments that are considered (to the desired accuracy).

Thus, consideration is limited to détermlhatxon of the properties gor

M7 - € - AGG - DA/ - AR - G - DA + 4% - DAIAD]. 3
Examination shows that this quantity has zero expectation when A = Ao
and when A = AJ with y replaced by y - g&i. Its expectation is of
order N/n for the simplified estimate with A = A/,

The expectation of the square of expression (3), which is also

the variance of (3) to the accuracy considered, is fouad to be

; - 2, _ .2
[NCN n)/n][Sy(l ‘xy) + 0(1/n)]

when A = A, and is also of this form when A = Ay for the simplified

estimate, For A = Aa and eﬁ used, the expression is

2 2.2
[NN - n)/n]{Sy -[1-1/(n - 1)]°xysy

+ Elxy - D2y - D2/ - D52+ 0a/md),

The square roots of these expressions provide the corresponding
standuzd deviations, | |
For A=A  , or for A = A, and the simplified estimate, it can be

verified that, to the stated accuracy,-

Bl = [y - § - AG - D)1%n - 1)}/2
J=1 | :
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equals the corresponding standard deviation, For A = Ao and e; used,

it is first noticed that

ksy = E(EsD /2 [1 + (1/2)(s2 ~Esd)/ksE - (1/0)(s2 - EsDY2 /s, . ]
= (BsH)12 - (/ECsE - EsDZ/(EsDHY? + 0(1/0®);
also that
ep = E(sﬁ - Esﬁ)g/(Es2 3/2 | oc1/0%)

3/2] (ECy; - 94 - Sy 41 - 2 px2)2

3
[8(n - l)Sy(l 9xy

2s 2

+ 4‘xy y

[ty ~ = 2 _ 72 2
Flixg- )%y - D J/sx

- 4nysyE[("j - X')(yj - 9)3]/sx + 0(1/m)}.

These relations, combined with the fact that [N(N - n)/n]Esﬁ equals

the variance of the estimate when terms of order N/n3 are neglected,
sliows that the expectation of [N(N - n)/n]l/z(sR + ep) equuls the

standard deviation of the ratio estimate (A = AB and using eA) when

5/2

are neglected. _ _
Finally, consider the standard devxation of [N(N n)/n]l/z(sni- R)

terms of order N/n
and an ostimate of this standard deviation., The variance of Sp + eR
equals

E(sR + eh)z - (E::R + Eeﬁ)2

= 2E(spep) + 0(1/n2),

2

since (Esp + Eek)z = Bsp”™ plus terms of order l/n2 and EQ@R’)z is of

order l/nz. Thus, the standard deviatios sought equals the square

root of




h - B Eagl
!

13 ?

« 2[NN - m/nd(s, (1 - 5 2 %'+ 0a1/n®)] §

T Py R : |

|

This standard deviation, evidently, is estimated by
a1/2 |
(2NN = n)/n]sgep) ™’ <,

whose expectation equals the standard deviation plus terms of order
N/n2,

b S e S S
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