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e On the Davidon-Fletcher-Powell Method for

1
Function Minimization

2
R. P. Tewarson

Abstract. A method for improving the computations in the Davidoh4
Fletcher-Powell method for function minimization is suggested. it'?£il—
izes the doubly.relaxed generalized inverse of the matrix which is usual-
1y obtained from the gradient vectors. The method consists of simple ﬁér—

turbations in the scalar terms of the correction matrix.

l. Introduction

The Davidon—Fletchef—Powell (DFP) method (Refs. 1, 2) for fuﬁ;£i§n
minimization is one of the most popular methods. However, it ﬁas ﬁeen §b-
served that the DFP method does not always proceed smdothly. For example:
Broyden (Ref. 3) remarked that occasionally negative steps had to be taken.
McCormick (Ref. L) observed that periodic reinitialization of the matrix
lead to significant improvement. Wolfe (Ref. 5) has reported éases whére
convergence to non-stationary points had taken place. Bard (Ref. 6) had
encountered similar behavior which; he observed, was invariably the result
of the matrix turning singular. R

In this paper we shall make use of the generalized inverses to give a
téchnique for improving the DFP method. In Section 2 we will introduce the

doubly relaxed W-generalized inverse,where W is a positive definite matrix.

1Paper received July , 1969. This research was supported in part by the
National Aeronautics and Space Administration, Grant No. NGR-33-015-013.

2Professor, Applied Analysis Department, State University of New York at
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In Section 3, we will describe a modification in the DFP method and prove
that the associated matrices are positive definite.
2. The doubly relaxed W-generalized inverse
Let Bbe an m x n matrix of rank r (r < m < n). If X is a matrix sat-
isfying each of the equations
_BXB=B,. IBX=% (BX)" = BX and (x8)T = 18, (2.1)

(where T denotes the transpose), then X is unique and is called the general-

ized inverse of B, viz., X = B , (Ref. 7). If

A =388 + ¢ I, (2.2)
where Im is the identity matrix of order m and ¢ is a small po§itive number,
then B(e)*, the doubly relaxed generalized inverse of B, is defined by
Rutishauser'(Ref. 8) as

B(e)" = BY(a + ¢ A1) (2.3)
Let D = {di} be a non-singular diagonal matrix of order r with d; > 0 as its
ith diagonal element, then we have

Lemma 2.1.

1im D(D® + ¢ I, + ¢ (D® + ¢ 1)) = D, (2.
€70

Proof. Since D = {d;3, d; >0, we have

Lim D(DP +e I+ e(D? + € Tp) %) " =lim i = 1.1 =7,

= i

d +€

i
The following Theorem shows the relation between B* and B(g)*.
Theorem 2.1 (Rutishauser, Ref. 8). - “

B = 1im B(c)*. (2.5)
0.



We give a proof of the sbove theorem since, in Ref. 8 it is omitted.

Proof. There exist matrices Q and S such that (Ref. 9, p. 10)

o=’ -1, sTs-ss' -1, (@)
and
D O
QBS = ) (2.7)
10 O

where D is a non-singular, diagonal matrix of rank r. The diagonal elements
of D are greater than zero and are the non-zero singular values of B. In

view of (2.7), (2.2) and (2.6), we have

D 0
B=Q sT (2.8)
0 o
e |
= A=0qF Q+eQQ,
b o

= A=Q G (2.9)
0 € Im_r
From (279) it follows that
C O ’ (1 + e)-llfﬁ_r

and from (2.3), (2.8) and Lemma 2.1, we have

i -1}-1
B(e)* = BT(a + ¢ 47YT= 8 D(D telpte (D +el) ) °la,
, o |
ip?* o
lim B(e) =8| Q=38

e 10 0

3.



the last equality follows from direct substitution in (2.1) and using (2.8)
and (2.6) (Ref. 10). This completes the proof of the theorem.

| Rutishauser (Ref. 8) has shown theoretically and also by one numerical
example that the doubly relaxed generalized inverse B(e)+ leads to better
results on a computer‘than the direct computation of B+, if the non-singular
part of B is ill-conditioned. In order to make use of the above fact in the
DFP method, we will need the followipg. .

Since W is a positive definite matrix, there exists a non-singular low-

er triangular matrix R, such that

RRY

= W. . (2.10)
This is known as the Choleskey decomposition of W (Ref. 11, p. 229). Iet A
be an m x n matrix of rank r, such that |
B=AR. (2.11)

Then the unique solution X of the equations

AXA = A, XAX = X, (4X)T = AX ana (za)T = 3w, (2.12)
is called the W-generalized inverse of A and is denotedAby Afw. This defini-
tion of Afw was given by Herring (Ref. 12) in a slightly more general form.
For our pusposes the above definition will suffice. Let the W' norm of X be
defined by

“XHW_1= trace XTW'1X, (2.13)

then Herring (Ref. 12) has proved the following thesorem.

Theorem 2.2 (Herring). If F is a matrix with m rows, then
x=4F (2.1L)
is the least squares solution of the matrix equation
AX=TF. (2.15)

having the minimum W' norm.



. We will also need the following theorem.
Theorem 2.3. If Afw and B' are the solutions of (2.12) and (2.1) re-
_ spectively, then

At =RB". (2.16)

Proof. By direct substitution in (2.1) and using (2.8) and (2.6), it is
easy to verify that (Ref. 10)
, -1
. I 0

B =5 Q. (2.17)
0 0 ,

;s
¢

Also, from (Z.il) and (2.8), it follows that
A =pBR1 =g [é 0] sTR, (2.18)
0o o0
In view of (2.17), (2.18), (2.6) and (2.10), it is easy to check that RB’
satisfies (2.12) and therefore (2.16) holds. |
We conclude this section with the definition of A(e)’ as follows.
ae)", = BB(e)” , (2.19)
which, in view of (2.3), (2.11), (2.10) and (2.2), implies that
ae)", = RBI(A + ¢ A7) = RRIAT(A + & a™4)"2 = waT(a + & A71)"F, (2.20)
where

_ T _ T T _ T
0=BB +eI,=ARRA +¢c I =AWA" +¢ Im . (2.21)

3. A Modification in the DFP Method.
Let us consider the problem of finding ﬁhe n element column vector x
that minimizes the quadratic function
flx) =% XTC:}; +blx + ¢, (3.1)
where G is a positive definite matrix, b is an n element column vector and ¢

-a constant (Ref. 13, Chap. 3 and Ref. 1l).



Let the 18 approximation to the vector which minimizes (3.1) be denoted

by x;. Then in (3.1), the gradient of f(x) at x; is given by

g, = Gx; + b, (3.2)
which ipplies that
i ~ éi = G(x5,, - %) o (3.3)
If we let
8, ” BT yiT end x;,, - X; = o; » (3.1)

then (3.3) can be written as

yz =G s§lﬁ y; = 8; G (3.5)
Let
- Jo 6 (3.6)
Yi = ; and Si = E .
Y5 Si—l

Pearson (Ref. 1li) gives the following algorithm for the minimization of (3.1).
Mgorithm 3.1. Let P be a positive definite matrix. Given x, end H = P.

Solve for H;, the equation

I H =S (3.7)
and determine xi+1 from the relatim
f(xi+1) = 2in i‘(x,:.L + aiHigi) .

> 4

Compute g,,, and using x,  , update ¥; and §; and (3.7) as follows

1

»
i -

Y = and S = p (3.8)

£3.9)



It is proved in Ref. 1l, that the above algorithm terminates for
i £ n, if the solution of (3.7) is taken as 1

Hy = (T3)"y81 + (T - (%) 75 ) 7P ;(3'.10)_

and W=Por G’ and W=P or G . IncaseW =G> and W = P, we get the
Davidon-Fletcher-Powell method. A

We are now in a position to describe & modification to the DFP method.

To this end, let ’
Hi+_1 =H +C . B S (3.11)
In view of (3.9), (3.11), (3.8) and (3.7), we have
S Y. S, - Y. H.
Yi+1ci - Si+1Yi+1Hi -1 A Hy . tE
51 s 5; - ¥yH
o (3.12)
0
Si - yiHllo )
(’_
Iet
0 N 0 o
Y C, = and Y, C, = s - (3.13)
if1 1 1+ 1 .
85 vyl
then from (3.12), it follows that ‘
Ci = i - Ci- (301h)
Also, in view of Theorem 2.2, (3.13) implies that
_ , o . L o )
C, = (L) y and C; = (T, )7+ (3.15)

are the least squares solutions of the two equations in (3.13) with the mini-~

mum Wt and W™ norms respectively. We will need the following theorem.



Theorem 3.1l. If in (3.15), (Yi+1)TW and (Yi+1)+ﬁ are ,repl.éced by

+
+
[ . ~ :
v, (€] gand ¥ (e) 7 Tespectively and

i+1 i
T a T co :
yiW; =O0andyWY;" =0, o (3.6
then
—— _' - A ~ A a~_ -1 »
g; = W;.I:‘si(d +ea™)™? ana §, - WyiTyiHi(oz reat)T, (3.17)
where
- T ~A & ) -

Proof. From (2.20), (2.21), (3.8) and (3.16), we have

. + T -1 \~1
Y = + e nns .
i+1(e) u W’EE‘W(AJH1 € Ai+1) , | (3.19)
where .
A=YWYT+I=YiWYT eer
34 Tiaia € Yy -REARL T R Y
Iy
YWl vyl YWl + e T
§ Iy A AT 103 Y€ 4y 0
= T T + [ Ii+1= T j ]
vy Tiyy 9 yiWy; +e
and using (3.18), we get
p, O s
A = s (3.20)

where A = YiWYg tel; . ‘Now, in view of (3.8), equations (3.19) and (3.20)
o' ' % -1 -1
ELve s, 0 Ay 0
+ Eo T +
Yi+1(e:) W inlly g € . -
1ea T 0
+
por BT
= W(Yi’yi) 1
0 (¢ + e t)t



Now, from the hypothesis of theorem,(3.15) and (3.21), it follows that
= T ~14y-1
Cy = Wyisi(cv + e’a )
Replacing W by W in (3.21),we get the value of C given by (3.17). This
completes the proof of the theorem.
The following corollary to the above theorem gives the desired re-
sired result.
Corollary 3.1. If, in Theorem 3.1, W= Gt and W = H;, then
T Ty H.
H =gH*+ %181 BN . (3.22)

in 1 ysl+ew e(yisE + o) pHyl e+ e(ysiys + €)™

‘Proof: Since, in view of (3.5), Wyf = G'lyg = sg, and ﬁbrz = Hiyg; equa-

tion (3.22) follows from (3.17), (3.18), (3.1L) and (3.11).
It is easy to see that (3.16) is satisfied if W= G™ and W= K, becauss in

ll T
i

view of (3.5) and (3.7), we have in'lYi = 5;GS; and yiHinT_' = 5,650 . Therefore,

i1
in this case (3.16) implies that s;Gsi = 0, j < i, which is known to be satis-

fied (Ref. 13, Chap. 3). '
The choice of H; for T;T in Corollary 3.1 is justified provided that Hy
given by (3.22) is positive definite. It is easy to see that for e = 0,
equation (3.22) is the usual updating formula for the DFP method and Hj is
known to be positive definite (Ref. 13, Chap. 3). For ¢ > 0, we have
_Theorem 3.3. If H, = P, then the H, given by (3.22) are positive defi-

nite for all i.

Proof. Since Ho = P is positive definite, we will show that whenever
H: is positive definite H is also positive definite; then by induction the
i i+1

theorem is proved. Let H; be positive definite, then

=g+ o >0,

T
yiHiyi + ¢



By the Ceuchy-Schwartz inequality for an arbitrary n dimensional row vector

u with uTu # 0, we have

(7, BuD)? < (ryiyyD) () < (74,) + 6)(ubyu®),

which implies that

. -2 i 3
67 uT) -
i : :
-—_fiT_——'< ul. . {3.23)
BRI Yo
But, from (3.22) and (3.23) it follows that .
Ty T2
r _ (5y07) p  (3Hu0)
LY T T o oy WY -
e yi8; *+ € + e(yy8] + €) yiHyg + 8

>m1f&£+e>o;

Since ¢ > 0 and in view of (3.5) and the fact that G is positive definite

,yisi = siGsI > 03 therefore yisg + ¢ > 0, and thus we have proved thaﬁ if

H; is positive definite, then Hi+1 is also positive definite and this com-

-pletes the proof of the theorem.

-
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li. Concluding Remarks.

In this paper we have given a technique (3.22) for improving the
computation df the Hi matrix in the DFP method. In the derivation of
(3.22), we made use of the doubly relaxed W-generalized inverse Yi+1(e);.
Since R is a non-singular matrix from Bef 8, (2.16) and (2.19), it follows |
fhat, in general, Yi;l(e);v will give better results than (Yi+1)%' This
is especially true, if due to round-off errors etc., the rows of Yi+1
are not linearly independent (Ref. 6). Rutishauser (Ref. 8) observes
that the choice 10—5 Sex< lO_10 lead to good results in a computer
with 35 bit mantissa when he compuved the boubly relaxed generalized
inverse. The proper value for e will hafe to be determined on the basis
of large scale numerical experimentation.

We can also use‘the doubly relaxed W-generalized inverse in the
periodic computation of H, direcﬁly from (3.10). It is known that such
periodic direct computation of Hi improves the performance of the IFP
méthod‘(Ref. L). Thus in (3.10), replacing (Yi);_and (Yi)%_by Yi(e);
and Yi(e)% respeétively and in view of the fact that W= G and W = P

for the DFP method, we get
+ + g
Hi = Yi(e)G—l Si + (In - Yi(e)P Yi) 3 s (30211)

where, in view of (3.19) and (3.5), we have

Y.(e) o =550y + e Al (
1 € G_l =93 Ai € Ai ’ 3'25)
be = 8. T- + eI (3.26)
i Piy T ¢y 0 el
v + oL a-l.-1
Ti(e)p = PT (8, + e A5 ) (3.27)

11.



and A
F s - T
. Ai YiPYi+eIi - (3.28)

Note that (3.2l4) can be computed even if Yi does not have full row rank,
which would not be possible in Ref. 1. In view of the theoretical re-

sults in Ref. 8, equations (3.2l)-(3.28) should in general, lead to

better Hi.'
We conclude this paper with the following remarks on Hi which is
given by (3.22). The H; for the IFP method is
T . T
s, s, H.Y. ¥. H, |
_ e & TR i®i“i"i
- ¥3 84 e L]
o T_
T . S5 84 ) Hi Yi ¥5 Hi
Ity 184 is small then evidently dominates r this leads
: ,.yi Si yi Hi yi

to inaccuracy in Hj,, (Ref. 6). Let yy si‘ = o(e) = A e, where A is a

constant, then

i
5y S

° 7y 8

"—'m ¥

On the other hand

T B - - -
lim (yy s; +e+e(yy s;+e)7) =lin((A+1D e+ A+DH =+,
€0 €%0

T
The perturbation in yi Hi ¥4 can be similarly justified.

12.
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