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COULOMB CORRECTIONS TO THE BETHE-HEITLER CROSS
SECTIONS FOR ELECTRON-NUCLEUS BREMSSTRAHLUNG

SUMMARY

The electron-nucleus bremsstrahlung cross section is computed by
using the closed analytic expression for the Born approximation and a more
elaborate calculation based upon a partial wave expansion. Theoretical details
and a comparison of the results obtained by the two methods are presented.

A correction factor based upon the two methods is obtained. This
factor is then used to correct the Born approximation for Coulomb effects
that have been neglected due to the use of plane waves for the electron in the
matrix element.

The corrected Born approximation gives relatively accurate results
at the lower portion of the energy region (0.1 to 2,0 MeV) under investiga-
tion. However, because of a lack of data at the upper portion of the energy
region, the correction produces an overestimation of the cross section for
higher energies.

The correction factor may be extended to higher energies when data
from the partial wave approach become available. The limitations at the
present time are computer storage and long computation time resulting from
the involved nature of the partial wave method,

SECTION I. INTRODUCTION

Radiation protection for man and sensitive instruments in the environ-
ment of space involves two primary sources of radiation: high energy
nucleons and the radiations trapped in the earth's magnetic field. The latter
source, consisting of high energy charged particles, is often of the greatest
importance because of its abundance, spatial distribution, and energy
Spectra.

To determine the radiation that penetrates the spacecraft, one must
have a knowledge of the radiation sources and understand the interaction



of the radiation with matter. Also, among other processes, an evaluation of
the penetration and transport of the electron must be made, which requires
accurate knowledge of the basic physical processes involved. This paper is
devoted to a study of the basic process involved in the loss of electron kinetic
energy because of radiation emission in a medium.

It is well known from classical electromagnetic theory that whenever
a charge is accelerated as it passes through matter, radiation emission will
occur. This radiation is known as bremsstrahlung (braking radiation). The
acceleration, in the case of electron-nucleus bremsstrahlung, is the result
of deflecting the path of the electron as it is scattered by the repulsive
Coulomb field of the atomic nucleus.

The calculation of the electron bremsstrahlung cross section is a
problem of long standing in theoretical physics. The exact solution of the
nonrelativistic bremsstrahlung problem has been obtained by Sommerfeld
[1]. Bethe and Heitler [2] first formulated the relativistic theory by using
Dirac's electron theory and the Born approximation. (Throughout the
literature, the synonymous terms Bethe-Heitler theory and Born approxima-
tion for bremsstrahlung production are used. The same convention will be
followed in this paper.) Schiff [3] developed a theory that included screening
effects due to the atomic electrons, but this theory is only valid for high
energies and small-to-moderate angles of deflection. Bethe and Maximon [4]
have presented a theory, exclusive of the Born approximation, that is valid
only in the extreme relativistic region above 20 MeV. Subsequent develop-
ments have included various corrections to the Born approximation, valid in
specialized energy ranges, that account for atomic screening and Coulomb
effects not included in the Bethe-Heitler theory [5].

For incident electron energies below approximately 10 MeV, the
Bethe-Heitler theory gives incorrect results for the cross section over the
entire photon energy spectrum [5]. This inaccuracy can be attributed almost
entirely to the use of plane waves in the Born approximation, since for low-
to-moderate energies, the plane wave is distorted by the Coulomb field of the
nucleus. For example, in the region near 0.1 to about 2.0 MeV, the
accuracy, when theory is compared with experiment, is only within + 20
percent [56]. For incident electron energy from 0.5 to 1.0 MeV [6] and at
1.7 MeV [71, the experimental data are higher than the theory predicts,
while at 2.72 MeV [8] the theoretical results are higher than the experi-
mental results. This would suggest that a "transition region'' exists between
the latter two energies.



Elwert [9] has developed an analytical Coulomb correction factor,
valid up to approximately 0.1 MeV, on the basis of a comparison between the
nonrelativistic Sommerfeld theory and the nonrelativistic Born approximation.
However, in the energy range from 0.1 to 2.0 MeV, Coulomb corrections to
the Bethe-Heitler theory are not available in analytical form [5,10] and are
presently estimated by using a corrective multiplicative factor. This factor
is the ratio between the experimental total radiation cross section and the
calculated one using the Born approximation. Interpolation and extrapolation
techniques are then used when experimental data are not available for specific
energy regions and/or materials.

Exact results using the relativistic theory for bremsstrahlung cross
sections are nonexistent. However, Brysk, Zerby, and Penny [11] have
attempted a formulation of the problem using exact Coulomb wave functions
instead of the plane waves used for calculating the matrix elements in the
Born approximation. This formulation essentially involves a partial wave
expansion for the incident and scattered electron and for the photon. Since
the incident electron energy dictates the number of matrix elements required
for a solution of the problem, computer precision and storage limitations
become limiting factors for higher energies. Therefore, this approach is
practical only for low-to-moderate energies.

The Born approximation for bremsstrahlung cross sections is
available in closed analytic form and is relatively easy to calculate on
modern, high speed digital computers, while the partial wave approach is
not. Therefore, it would be advantageous to develop a Coulomb correction
factor to the Born approximation, valid in an energy range that is higher
than the energy at which the Elwert factor is valid. This factor could be
obtained based upon a comparison between the Born approximation and
experimental data. However, it is desired to obtain a correction factor based
upon two theoretical approaches. Therefore, the correction factor here is
based upon a comparison between the relativistic Born approximation and
the partial wave solution, that will be essentially an extension of the Elwert
factor to higher energies.

The primary energy range of interest is the "transition region."
Therefore, our efforts have been applied to the area of 0.1 to 2.0 MeV with
possible extensions to higher and/or lower energies.



SECTION I1. THEORY

A. The General Bremsstrahlung Problem

The bremsstrahlung problem may be formulated as follows: Assume
that an electron of known kinetic energy collides with a thin material of
atomic number Z. Find the probability that a photon with energy between
given limits will be emitted into a solid angle measured with respect to the
direction of the incident electron. A more general form of the problem would
be to determine the polarization of the photon and scattered electron. How-
ever, for purposes herein, it will be assumed that the incident electrons are
unpolarized and the polarizations of the emitted or scattered particles will
not be of interest.

The events occurring in the process are illustrated in Figure 1. An
electron, incident along the vector P, is deflected by the nuclear Coulomb

field of the scattering atom with the resultlng emission of a photon along the
direction k and the scattering of the electron along direction p.

The problem of calculating the bremsstrahlung cross section can be
formulated by two principal methods. First, the Born approximation can be
utilized with the results limited to the applicability of the Born approximation;
i.e., 2mZ/137 << ,80, B, where BO(B) is the ratio of the incident (scattered)

electron velocity to the velocity of light. This restriction is relatively severe
for low energies and/or high atomic numbers. On the other hand, one could
attempt to calculate the cross section using exact Coulomb wave functions
instead of the plane waves for the electron initial and final states. This is a
more difficult approach. In fact, the scattering problem using the Dirac
wave equation with a Coulomb field has not been solved in closed form. The
second approach could be approximated by using partial wave expansions with
various numerical techniques.

To illustrate the difficulty encountered in obtaining the exact solution,
one first assumes that the range of the force is on the order of the dimensions
of the atom. The number of important values of angular momentum that must
be included is then approximately b/A, where b is the Bohr radius and %«
is the de Broglie wavelength of the incident electron divided by 2r. It can be
shown [4] for the extreme relativistic case that b/A is approximately equal
to 137 Eo’ where E0 is the incident energy in m002 units. For example,
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Figure 1. Geometry of the bremsstrahlung problem.

consider an electron with a kinetic energy of 20 MeV; this gives

b/X ~ (20/0.511)137

or 5480 important values of angular momentum to be considered and
approximately 3 x 107 matrix elements required for the exact solution.



The obvious advantages and disadvantages of the two methods, in the
energy range of interest, are that the former is simpler but less accurate,
while the latter is more accurate but more difficult to apply.

To present the theoretical results necessary to obtain the desired
correction factor to the Born approximation, one first derives the expression
for the Born approximation using Feynman's method [12] to obtain the matrix
elements. The Coulomb wave function partial-wave expansion is then
formulated beginning with the separation of the Dirac equation into polar
coordinates, solving the radial equations, and then making the necessary
expansions to obtain a calculable form for the cross section.

UNITS, SYMBOLS, AND NOTATION

Throughout the following development, unless otherwise specified,
nuclear dimensionless units will be used where A = mo =c¢ =1. The units of
energy will then be mocz; momentum, moc; angular momentum, A;
length, 'ﬁ/moc; and the cross section will be in units of (/ﬁ/moc) 2,

As an illustration of the units and a calculation of some required
quantities, one notes that the total energy for a system is given by

E?= m0204 + p2c?, where m_ is the particle rest mass and p is the

momentum. Denoting, for the present, by primes the energy in m002

units, one writes
2= EZ/(mOcz)Z =1 + pzcz/mozc4 ,

or EZ=1 +p2/(moc)2 . However, the units of p are moc; then

E2=1+ p'2 . 'Hence, the momentum can be calculated from the simple
relationship p2=E'? -1 .

Relativistically, the energy is given by

2 = 24 _ o2y TL/2
EO mec moc(i ,80) ,




where BO= vo/c ; v_ =the velocity of the particle. Likewise,

o)
p=m v (1-83 " =mecp (1-857 orp =8 (1-85

1/2

Thus, po/Eo =Bo and g8=p/E, where po(p) denotes the initial

(final) momentum, etc. (The primes have been dropped, since these units
will be used henceforth unless otherwise specified.)

The following symbols will be used unless otherwise indicated:

_ﬁo(_p'ﬁ = initial (final) electron momentum

EO(E) = total initial (final) electron energy

k (l_{) = photon energy (momentum)

BO(,B) = ratio of initial (final) velocity of electron to the velocity of
light, ¢

mo = rest mass of the electron, 0.5110062 MeV

e’/fic = a = the fine structure constant 1/137. 0367

-13
= e2/m002 = classical electron radius, 2.82x 10  cm

L]
1

|

OA
s
i

initial (final) electron kinetic energy

00, 9,¢ are the angles defined in Figure 1

QL
3
1

the differential cross section for bremsstrahlung

X
Il

fi/m _c =the Compton wavelength of the electron,
3.86x 10 cm

The following notations will be used throughout unless otherwise
indicated:

—
r — a vector (three-dimensional)
A .

r — a unit vector

o — a matrix



g .
o — a matrix vector

p — a four vector

Pu

— a four vector component

P=Ep v = pi'yi + pgyva, 1 =1,2,3, where VM are the well-known v

Bu
matrices; for example, see Reference 12, p. 39.

Q* =the complex conjugate of Q

+
Q

Q

=the Hermetian conjugate of Q

= the transpose conjugate of Q

B. Cross Section for Bremsstrahiung Production

The cross section for bremsstrahlung production can be calculated by
using the methods of time-dependent perturbation theory. The cross section
for one photon emission will be calculated in a cube of side L from the
transition probability per unit time for one atom, given a current density of
one electron per unit area per unit time in the initial state.

do=— dE dg dQ
J Y p

where

do

dQ

k

L (1)

is the differential cross section for the scattering of one incident
electron into a solid angle d Qp and the emission of a photon,

between the energies of Ey and Ey +d E’y , into the solid angle

ko;

is the incident electron current density (J = '70 |/L®, where
v is the electron incident velocity and L3 is a volume large
compared to other dimensions) ;

the element of solid angle in the direction of k.
(dQ, =sing do d¢ ) ;
k o o 0



dQ = the element of solid angle in the direction of F .
( de=sin g6do do) ;

and
w = transition probability per unit time.
w is given by the well known expression (e.g., see Reference 13)

_ 27 2
w o=z lMﬁl Ps > (2)

where Mfi is the matrix element for the transition of the system from the

state before photon emission to a final state occurring after photon emission
and pf is the density of final states derived in, the next section.

Equation (1) can be rewritten if one considers the incident velocity
of the electron. Since ,80 = pO/EO, then Vo T pO/EO, and equation (1)

becomes

E
de = w — 13dE dQ dQ
Yy p

p k

e}

After substitution of equation (2), one has

E

dr = 21 — 1.3 |M_|%2p.dE dQ d@
P, fi- "f 7y p

. (3)

DENSITY OF FINAL STATES

The density of final states is defined to be the number of states
available to a particle per unit energy interval. To calculate this, first
consider a free particle in a cube of side L. The conditions for quantization,
found by solving the Schrodinger equation for a particle in this cube, are

=n =nh d p =n4/L; wh is th
p, =0 /L, py ny /L, an p, =10 /L ; where p, is the x component

of momentum, etc. and nx, ny, and nZ are positive integers. This is

written as



22240242 2002 4n24+n?
' =p  *pS D, (mh/L) (n ng n’)

or X2 + ny + n = (pL/nf)?, the equation of a sphere of radius pL/74 .

Now consider the octant of this sphere where all the integer

coordinates, n,, are positive. The number of the quantum states with

momentum = p is equal to twice the volume of this octant; i.e.,

L)) o]

The factor of two is included to account for the two possible spin orientations
of the electron. For the total number of states, the photon must also be
included; thus,

1@ EnE@)] @) (9 ()]
<o (8) () ot

Now the density of final states is

2
i 8N(E,EZ) o dp dk
Py 5E OE dpok dE dE °
Y Y
thus,
9N 4(4m)? (L) <2dp>( 2dk)
= 22 3k
O0FE 8E 3 2rh
Y
dp _E dk
and since aE > and o i, then
Y
Pg onh p p : (6)

Since the interest here is scattering into specific solid angles d Qp and d Qk,

10



instead o_f2 the integrated solid angles implied by equation (4), one multiplies
by (4n) . Therefore,

. p 2,2 ;
do = W EOE po (4) lMﬁ] k* dk dﬂp dﬂk ('7-a)

Since only unpolarized incident electrons are of interest here, and the
polarization of the scattered electron or photon is not of concern, one writes

i L3 P 24,2
! = —— ———
do E —5-(2 ) E E (4) lMﬁl k“dk dQ dQ

B e 0

k L (7"b)

where the factor 3 comes from averaging over the polarization states of the

incident electron and Z implies a summation over the electron spins in

uyue
the final state and a sum over the photon polarizations.

C. The Bethe-Heitler Formulation of the Bremsstrahlung
Problem

To present an outline of the theory required to obtain the Bethe-Heitler
formula for the bremsstrahlung differential cross section, one follows
Feynman's [12] approach. It is not the purpose of this paper, however, to
consider in detail the theoretical aspects underlying Feynman's procedure.
The primary purpose is to investigate the recent calculations utilizing the
other major approach to solving the bremsstrahlung problem; i.e., the
partial wave method {11]. It is hoped that this investigation will yield a
correction factor which can be applied to the Bethe-Heitler formula and thus
make it possible to obtain accurate results more easily than was previously
possible. Therefore, this section is included only for completeness and the
details not included here may be obtained from the literature [2,12,14]. The
derivation of the Bethe-Heitler formula presented in this paper was, in part,
taken from the book by Akhiezer and Berestetskii [15].

To illustrate Feynman's procedure for obtaining the matrix elements
directly from a Feynman diagram, one considers the following: The matrix

11




elements in the momentum representation, for a free particle under some
perturbation potential -ie #(2) , are found to be [12]

_ 4
M=-i [ Tped(a) [i(p+d)-m]~ ealapy ?‘z?r)"

The various factors in the above equation are interpreted as follows
(Fig. 2): The particle enters the region at point 1 and moves to point 3 as a
free particle. The particle is then scattered by a photon that has momentum
4, under the action of the potential -ie#(q;). After this momentum is
absorbed by the electron, it then moves to point 4 again as a free particle.
A second photon scatters the electron at point 4 imparting the momentum gj.
The particle then moves to a point 2 as a free particle with momentum
Xy =¥ + 4 + 4>, and is described by wave function uy. Note that the inte-
gral of the matrix elements is only taken over q; since q, is determined
from the other momenta.

ﬁ2='p]+‘]+ﬂ2

Figure 2. Feynman diagram used to interpret the amplitude factors in the
matrix element for a free particle-photon interaction [12].

12



Feynman sets forth several rules to be followed in writing down the
matrix element amplitude factors.

Consider the matrix element given by
M, = (U Muy)

The rules for writing down the factors in M are [15]:

1. Every external electron line corresponds to a spinor
of one of the following types ur(B R ﬁ'r(‘;) e a

r . s1s .
u' and T corresponding to the annihilation and
creation of an electron of momentum p and polariza-
tionr ...

2. Every external photon line representing a photon cor-
responds to a matrix £/~ 2k, where k is the
(momentum) and eu is the unit polarization vector

(&= eu yﬂ -+ +). Every external photon line repre-

senting an external electromagnetic field corresponds
to a matrix X(q)/(27)".

3. Every internal electron line of momentum p cor-
responds to a matrix -i/(ip'+m).

5. To each vertex of the diagram there corresponds a
6 —-function containing the momenta of all the lines
converging at this vertex, with the momenta at the
two ends of an internal line being taken of opposite
sign.



8. The numerical factor which appears in M in front
of the product of the spinors u,v,T,V and the matrices
n+{ 4(n-F
v, =i/(ip’+m) is equalto (-1) 6p (2m) ( ) , Where
F is the total number of internal lines, £ is the
number of electron loops with an even number of electron
lines. . .

9. Integration is carried out over the four-momenta of the
internal lines representing virtual particles and over the
variables g associated with the external potentials,
and summation is carried out over the four-dimensional
polarizations of the virtual photons.

(The numerical factor indicated in rule 8 of Akhiezer and Berestetskii
omitted the factor erl where e is the electron charge and n is the
number of vertices in the Feynman diagram.)

The factor A(q) is proportional to the Fourier Transform of the
potential;

X(q) fA(x) exp(-iq- x) d%k

and

A(x) 4 [ A(q) exp(iq-x) dq .

(2m)
For example, in the case of the Coulomb potential, one has
A(Q) = (ze/qh) o6(q) v4i(2m)* (2)

To illustrate this, first assume that one has an infinitely heavy nuclgus.

The potential is thus that of a stationary charge; i.e., ¢ =Ze/r, A =0,
and X(x) =ivysZe/r . Substitution of £(x) into the integral for £(q) gives
us

K(q) =i —Zr—e fexp(—i_(i)'.l_r) d3x f’}/4 eXp(iqot) dt

14



K@) = i [ 22 exp(~1T-T) a% [y 6(a)] (2m)

o +1

(271‘)21')/46((10) Ze f fi exp(-iqry) r dr du

[

Il

\ oo e-iqr_elqr
(2m) 1746(q0) Zeof ——:—l—q-r——' r dr

A "convergence factor'" « must now be introduced to complete the
integration; i.e.,

lim
o—0

A(q) = ——

(2m) 2 iy, 8( q,) Ze
=

f dr [exp(-iqr-a)-eXp(iqr'a)]}
0

(2m) % iy, 6(q ) Ze I oy
) -iq > {alino ,:oz 2:32}} = 2(2m) 2iyy 0(q ) Ze/d?

The matrix element for the cross section contains 6 -function that implies
energy-momentum conservation. This 6 -function contains the three-
momentum transfer to the external field, but there is no energy transfer
since a statie field has been assumed; thus, the presence of the function
6(qo) . Therefore write V(?f) , the three-dimensional Fourier transform of

the potential, as
V(Q) =4r Ze/d*, A(Q) =iy, b(q) (2m) V(Q)

Under the assumption that the Coulomb potential of the nucleus acts
only once (since this is the Born approximation), there are two indistin-
guishable sequences that the bremsstrahlung process may follow. The
Feynman diagrams for these two sequences are shown in Figure 3. In the
first case (Fig. 3a), the electron enters with momentum po, interacts

with the Coulomb potential of the atom, V(q), and receives an additional
momentum q. Later, the electron emits a photon with momentum k and is
scattered with momentum p. The interaction responsible for the latter

15



process is denoted by e, the polarization of the photon. The second sequence
that the process can follow (Fig. 3b) is to first emit a photon and later
interact with the Coulomb potential.

y(ﬂ)'—’ 1]

é°+4=‘g+,(

Bo ~k =g A

¥ (q) Ny

(a) (b)

Figure 3. Feynman diagrams for bremsstrahlung production [12].

Following Feynman's approach, one defines the matrix element for

bremsstrahlung production as Mfi = (ﬁf Mui) or

2 = - 2
BUMLENIC AR ILE

16



where Mfi is the matrix element given in equation (7-b) and Ue (ui) is the

final (initial) wave function of the electron. In the Born approximation these
are assumed to be plane waves.

Since the final states can be obtained in two different ways, the total
amplitude is found to be the sum of the two individual amplitudes. Thus,
M = M(process a) + M(process b). Using Feynman's rules, as presented
by Akhiezer and Berestetskii [15], one writes

_ “ =i K@ o 4
M, = f [i(,p’+}<)+m:| (2m)* e*(2m) 6(p0+q-p—k) d'q

N2k
and
= ALC],) -i £ 2 4 o 4
Mb— f (27?')4 [i(p,o_)(}_,_m] JOE e” (2m) 5(po+q p-k) d*q
Therefore,
- - [ ie? -1 » -1
M=M, M, = T ‘E [i(p’tk’) +m] Alq) + £(a) l:i(po—,k')+m] "’f}

x 8(p_+q=p~k) dfq

The matrices in the denominators may be eliminated by noting that
[-i(p+K) +m] [i(p+K) +m] =p®+2pk + m? = 2pk , since (iyp)®=-p?
p?=-m?, and k®=0. Likewise, [—i(p’o-,K) +m] [i(gro-x} m] = -2p k.
Thus,

.2 . _ i(p -K)-m
M = '\;—e: [ {e’ [Miﬁk_&] A(q) + £(q) [—_2019—1{-—],6} 6(p_+q-p-k) dlq .
2k o

The following definitions are given to simplify our calculations [15]:
=p +k=p +
f1=p +k=p_ +q

f=p -k=p-q

17



Now,
=p2+2pk+k2=—m2+2pk+k2

and

f22 = -m? - 2pok +k?;

or since k®=0,
fi?' = -m? + 2pk
and

£} = -m? - 2p_k

One further defines

2

2 2
_ f; + m? _ I +tm
k1= F—z— and k= 20— ;

m
then,
m2K1 = 2pk, m2;<2 = -ZpOk

Thus,

ie? if; -m if, -m .
M=— [{&|Zh—| Kl + &) | “Er— |& ) 6(p _ta-p-k) d'q .

t\/?ﬁ Kq m Ko o
Now A(q) = v4i V(q) 27 8(q.) ; then .

2 .

M= —— (2m) IV@{e[I—”ﬁgﬂ]vﬁw [lﬁz—ﬂ e} 8(E_-E-k)

‘\/'glz m Ki m K2
x 8(p_+q-p-k) %’

.

After integrating over d3cT one finds

—al —
M= —— (2r) V(qQ)
2K

mogy

z[ﬁzﬂ] va * s [l—ffzxz—mJ ef} 8(E_~E-k)

Following Akhiezer and Berestetskii, one writes the differential cross
section as

18



1 9 i : 3
- -E- EdEdQ d%k ,
3 lMﬁl o’ 6(E0 k) p D

&
]
FE—

where
— -62 —_
Mfl = Uy M ulE — (277') V(q) ﬁzQui
N 2k
and

Q = {%[i—’ﬂzi—m] et va [‘—1221] z} :

m°g meKy
Then,
4
- & =2 T 2 _ 1 i [T 3=

do = 5= V(@) 1* 1T, Q uyl STE £6(E0 E-k)[p] EdE d@ d%
Now

L2 .

dk =k*dkd@,
then

4

_ € — 2 1= g 1 ey [ 2
do = —= V(DI 15 Q uy Tz gé(EoEk)lplEdEk dk do_ de

Integrating over E to eliminate the 6 -function gives

4
= & 2T 2 _ 1 e 2
do = —- IVig) * 19, Q ) T’ lplEkddedek ,

or since J = l\_/fol = 'Eol/Eo , the differential cross section may be

written as

4 — E E
= & =2 |5 2 _Ipl o 2 _
do ok [V(g)l® U, Q uy! '_E; | W k*dk de dS'Zk (8-a)
o

In computing cross sections for various processes, one first arrives
at a cross section for particles with definite spin states. However, in our
current problem, it is assumed that the incident electrons are unpolarized
and the spin states of the outgoing particles are not observed. Therefore,
one must average over the spins of the incoming electrons (since there is
equal probability of initial spin in either direction if the electrons are

19



unpolarized) and sum over the spins of the outgoing particles. Akhiezer and
Berestetskii present a convenient method to perform these operations. A
brief outline of the method used follows.

Assume that the cross section is given by do o T, Qul?, where

+ i -
u=u vy, . Tofind do @ > Z Z Iay Qull2 where Z implies the
Sp1l Sp2 Sp2
summation over the final spin states of only one sign of the energy and Z
Spt
is the sum over the initial spins of one sign of the energy, one first writes

— m-1i
Y, u(p) uwp) = 2E
Sp
Now,
— 5 — - +
]u2MU.1' =U.2MU.1 (UZMU.1) s
since
L)
iy 2 — sk
v vyl L Vg Yy L Yop 18
o B
= Z U, ou,  uX u*
ap 20 1o 13 28
= Uy vy uf* up*
~ ~ +
= Uy uy (up wy)
U uy = ul W = Z uia uza
o
Thus,

— — + + —
]uzMu1|2=u2Mu1u1M y4u2=ﬁ2Mu1u1Mu2 N
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where

— +
M= vyyM vq4

One then notes that (U u)a =1

g ‘a's

Qu= Z ﬁ'a u, =8p (ulT)
o

Therefore,
_1'_ Z |a'2Qu1I2
Spi Sp2
::-;— Z Z Tl'zQ‘HHIQuZ
Spl Sp2
{ = —
= — Z) z; Sp [Q(ug ;) Q(uy Uy)]
Spt  Sp2
1 N = —
- 5 o[ o J, um)3( 2, uw)
Sp1 Sp2
(m -ig) i
_ _1— ¢] o (rﬂ-l__'m = —1—‘
=2 SP{Q 2E Q 2E jl SICER A
o 0
where

+ .
EEQ(m-ip’o) v4Q v4 (m -1ip)

Now, Q contains & = 'yM e“ . To sum over photon polarizations one
writes Q =G, Q = E, where G does not contain the photon polarization

e .
U
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- +
Now £ =vy4e yp=-£ , since

—— + ——

= + 1 : th = -1 d e = 2—ez— 2 =
g=ey 1e074,t eng =evy ie vy an e““ e e, 1

Thus, Q =-Gg and

1 2___ 1 N - ~. . _
- 1M 1P = B Sp {#G(ip, -m) Ge(ip-m)} .

Since definite polarization states of the photon are not of interest,
one sums over the two independent directions of eM

Let k be the space part of the photon propagation vector and the
coordinate system be chosen such that the z-axis is along k. Thus, the two

i 2
polarization vectors are taken to be eu( )= (1,0,0,0) and e“( )= (0,1,0,0);

then,

1 1 & (1) = (5

2— Z Z Z lMﬁ|2 = = SE E Z/ Sp {z G(iyo_m) Gg (m_m)}
e Spl Sp2 o j=1

(8-b)

i . = s
- E Sp [, Glig,m) G, (i-m)}

If in equation (8-b), one of the polarization vectors e“ is replaced
by ku, then kK= 'YM ku= viky + yoky + ysks + y4ky . However, k; =k, =0
by choice, so ks = k!, ky=1 [kl; then Y, ku= (vs+ivy) Kl . Therefore,

8o {(vs + 1va) Glip,-m) Celipm) | =0
and
8p {146 (ip,m) Clys * tya) (ipm)} = 0

If one multiplies the second equation above by -i and adds it to the
first, one obtains

Sp [13G(ip,m) Gya(ipmm) + 7,Glig,-m) Tyglip-m)| = 0
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If, in addition, one multiplies this equation by -1/ 8EOE and adds it

to equation (8-b), one finds the summation carried out over the four values
of j as follows:

i 1 -
> > ) IMﬁI = —éE— Sp \'YVG(iP'O'm) va(ip"m)} ,
e Spl Sp2

where v =1, 2, 3, 4.

In this case, one desires to calculate the cross section

et IV(q)l2 2| P 2
do = 5 “on Z Z 1T Q wl o E Ek*dkdQ d@ . (8-0)

el

Therefore, the operation of summation over polarization states may

be performed by the replacement |0, Q wyl? — SE E SpF, where
o
F = ip' -m) Q (ip-m ,
(@, (1, -m) &, (1p-m)
(i£{-m (if,-m)
= —ﬁ—l— + e

Qu Yy ik, Ya T TRECTT Yy o
and

- + (if;-m)

Q,=71Q, 7 74—111‘5;{7—?“ “—mﬁ,'c—— Y4
Thus,

SpF = Sp {[v“ (40 5 —{éﬂ] (ig_-m)

(8-d)

" Y
X [’)/4(111‘m) ™k, T (ifé-m)n] (ip-m)

m-Kq
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The spur of F in equation (8-d) can be written as

SpF = Fy(ky, kg, @’ E_, E) + Faxy, #p, ¢*, E_, E) ,
where
F,=5p | Q (ig-m) v, S5 o (ip-m)
1 AR Y4 T ky Yu
and
Fy=Sp {Q (ig-m) y LB o (ipem)
2 p " o ’YM mic, Y4

Since the substitutions po—>p, p—»po, q—-q, and k—-k in F, will

result in an interchange of «ky—«q, k9—x4, £;—fy, and fy—f;, then

Fo(Ky, K95 %, E , E) = Fi(ko, Ky, %, E, E)
o 0

Therefore, one will calculate F; only and then make the above interchanges
to obtain F,.

Making the substitutions for Q,u’ one finds

',f/' .Z/_
ool [, S e U ]

X

(1) v LD o (igpom) }

m-Ky
S . ) . .
- _mTpKi ' 'YM (1'f;_-m) Y (lpo-m) Y4 (]_,fi—m) ,YM (1.{3/'1’11),
s _ . | |
+ jm EIKZ { Y4 (l’fé_m) 'y“ (l,p'o—m) Y4 (]_fi—m) ,.YM (lg_m) }
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The latter equation is a result of the fact that

Sp(x +y) =Sp(x) +8p(y)

Other useful identities are:

NIH

Sp (2¥) = — Sp () + W) = 4ab

Sp (ak¥e. ..) =0, if an odd number of operators is present
Sp[(p{ +m) (p5 +m)] = 4(p;py +m?)
Sp (xy) =Sp(yx)

Sp [AjA0A3A,] = (A4Ay) (AsAy) + (AjAy) (AjAy)

- (AjAg) (AjAy)
vab = -b* v, , b =any four vector
AWy =-2¥,
v, &K Yy 2
y Ay =-24
W~y = 4ab
v, A%y,

s =4g8, s =any scalar
YM 'YM y

Yave =1

=4
Yuu

=45
"wYe Y Yu " " Vap

(9-a)

(9-b)

(9-c)

(9-d)

(9-e)

(9-1)

(9-g)

(9-h)

(9-1)

(9-9)

(9-k)

(9-1)

(9-m)

(9-n)
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To calculate the spur of the matrices, first commute the <y, matrices
so that they are next to each other by using equation (9~-g). Next, use
equation (9-1) to calculate 'yf . The sum over the gamma matrices is then
accomplished through equations (9-k) through (9-n). After performing the
first operation, one has

S
Py = gz |, (em) (g -m) (ifmm) ), (ipom)|

mrKy

S . . i i

where

/p’:}: E')/,p,*

o 0
Next, one considers each spur separately. First, write F;{=Fy + Fyy ;
then

S . ., U3 3
Fy = B{;—f ‘-y'u [1{112135/1"1 +mf ¥ —m,f’l/pgv +21m2,f'1

_m%* fl —im2p0>}< _m3] .Y’u(]_p_m))

Summing over the gamma matrices, using equation (9-c) to eliminate the
spurs with an odd number of operators, and noting equation (9-a), one writes

i
Fin =0t {Sp (28 g fp] +Sp [4m’fp] +Sp [m*#;p]

- 8p [Zngo* p] - Sp [4m?f - 4m2f1p0* - 4m2po*f1 ~ 4m4]}
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Equation (9-h) is now used to evaluate the spurs to obtain
8
= 2 % £ p) = (£;f * p) + 4m*f;p *
Fyy PR ‘ (Bip* £1p) - (f1f) (p* p) + 4m fyp
- 2m?f f, - mzpo* p+2m?fp + 2m4}
The next step in this calculation is to compute F;5; , where

S

Fyp = FKEI-K—Z ‘w(if'z‘m) v, (1g,~m) (1y4di=ygm) 'Yu(i/?"m)}

Following the same procedure as before, one finds

Sp v onk sk sk
Fip = - . " 245" £ B P - 2m2f) - 2m*s, g

am? (pg, + ) (04 + 1) - 2mh)
in which has been added the relationship given by equation (9-n).
The spur can be computed by the previous method to obtain

3 s 5 5 2
Fi = 0t ‘- (f2" £1) (p p) = (f p) (f1 p)+ (f0 ) (f1 p)

- m® (ffspo+ f,"p) + 2m? (po4 +14) (pg+ 1) - m4}
Therefore, for F;, one has the expression,

8
= + — 2 * f - f,f sk + 4 2 = 2
Fi=Fy+Fp= 717 ] fip gk fip - fifyp ¥ p + 4mifyp k -2m* i fy

8
— 2 sk 2 4
m®p p+2m“fjp+2m l+ mz
o . (10)
<= @ 1) o ) - (B B) (5 By + (Bap) (557 p)
-m? [ffk po+f2* P+2(py, ) (Pg+1y) ‘m2]} .
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After performing the required algebra, one obtains
2
4
L -4 + 29 -4——2—E° (kg +2) + S
4 1 ?12 Kika ™ 2 m K1 “mZ 1
2E 2
G (kg 5 ()
+ -—= + Ko - - + -
K{Kg { m2 K1 K2 52 2 m K2 ?1’;2 (11)

o 2 ) 2E E
= kg~ d __2_0 (ky+ Kyt 4)
m? \"!" 'm? m 172

After interchanging «; with k, and E0 with E one obtains F, ;

4
FIS L207) 4B Lo ok
4 T2 'K‘ZE KoKy ™72 mZ ‘K2 “m? K

1 qz qz ) 2E2< qz)
+ — - +Kq = - + -
mz{ m(@ e I B L =

If —; Z Z [0, Q uy 12 is replaced in the differential cross section,
T
vy e

equation (8-b), by

SE E (F1+ Fz) , one has
(e}

E d
¢ Fooap ax |, FPI%p9%
4%EE E p_ (2m)° ki Kg

[}

do = |V(g)!?

¢ | 2 2, w2 o
X -2K1K2-r? EQ(EO+E)+K1+K2-;2‘2

2¢* 8
+ (K12+K22)<K1K2+Eq5> - = (E+GE ) }



Now «a =e? -, and, as will be seen in the ensuing section,
IV(a)l? = (Z%/qY [1 - F(q,Z)]?, where F(q,Z) is the atomic form factor.

Since

m?%,; =2(p * kK - Ek) = - 2k(E - p cos §)

m2c, = _2(5;. % - Eok) = 2k(EO - p, cos 90) s

(12)
q2=m2K1+m2K2—2m2+2EoE-2pop s
2 @2 -2 2 _ 12 _ 2
p0 E0 m°, and p°=E m“
one writes do as
dQ. da
_Zza3 p dk k p 9
dcr——(—szz' 0 E & [1-F(q,%7)]
2 qin2
9 .9 p ° sin® @
p° sin” 6 9 9 0 9 9
— - + 4 -
X {(E-pcose) (4E -9 (E -p_cos 9 )? (4E°-q)
o°o0 o
(13)

p 2 sin? 0.+ p? sin® @

+ 2k?
(Eo po cos 60) (E -p cos 9)

2 . X
p0 p sin 90 sin § cos ¢

- a2+ oK?
(Eo-pocoseo) (E -p cos 6) (4E0E qa” + 2k

This is the Bethe-Heitler cross section for bremsstrahlung production,
differential in photon energy and angles. The atomic form factor, ¥F(q,Z),
is available only in numerical form; therefore, one cannot integrate equation
(13) in closed form. However, from the discussion in the next section one
can, for present purposes, set F(q,Z) =0.

The momentum transfgrred to the_. nucleus, q, can be written in
terms of the angles. Since q = pO -p -k, then
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qz =pn2+p2+k2 _prk cos 90+2pk cos §

(14)
- 2p0p (cos 60 cos f + sin 90 sin @ cos ¢)

The element of solid angle in equation (13) is
de dﬂk = sin 60 d@o sin 6 do d¢0 do¢

The integration of equation (13) over the angles is straightforward
but tedious. (The integration is indicated in Reference 16. The result of
the integration over angles is [2]

7z® 5, dk p 4 0
== 2=y = 2EE|\——7 |+ = + —5
do 137 ro k p 3 0 p°p p p
o] 0 o)
€€ 8EOE 2(E2E2+po2p2)
- + k -
pOp 3 0p po3p3
(15)
2 2
+ +
k EoE po c - EoE P c
2p_p Py o p°
2kEOE
+
pEpo2 ’
where
E =E+k ,
o)
EE+pp-1
0 o
=2 —

L lnl: K ] .

=2 -+
€,=2In(E_+p)

2
€ =2In (E+p), and m_e?_ =r
0

2
o
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Equation (15) gives the bremsstrahlung cross section differential in
photon energy, k, and is the expression for which one wishes to obtain a
Coulomb correction factor. Note that equation (15) contains k explicitly;
thus, a spectrum of photon energies for a given incident electron kinetic
energy is obtained.

SCREENING BY THE ATOMIC ELECTRONS

Equation (8-a) included a factor X (q), where Y’(q) is the Coulomb
potential in the momentum representation. To determine the importance of
including screening effects in one's calculations, this factor will be investigated
further.

One first writes the potential in the momentum representation by
performing a Fourier transform on the interaction potential for bremsstrahlung
[14]:

¥(q) = [ V(r) exp(iq - 1) dT ,

where r is the radius vector and ?{ is the momentum transferred to the
nucleus in the process. Note that V(r) = Vn + Ve , Wwhere Vn is the

potential resulting from the nuclear charge and Ve is the potential resulting
from the atomic electrons.

If the atom is assured to be spherically symmetric, the total charge
density can be defined as

p(m=p (¥) - p (¥ ,

where Pl is the nuclear charge density and /oe is the electron charge

density with pn (?) >0 and pe (?) > 0. Then,

4 — -7 iq-T
vig = F [ o, @ - p ]t Tar
(16)
Ze 4m
q

[Fn(q) - Fe(q)]
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Now, F (q)~ 1, if pn(?) ~ Ze 6 (T) ; then

._> g
r

- L D et
F(=5s [p, (e “dr

_ 2om 9 — iqrcosé
= e f r“dr pe(r) e d (cos 9)
(17)
_ Ar 2, (o sin(aqr)
~ Ze fdrr Pe (¥ qr
47 2 14 .
= — d
Zeqd J M P ¢ o () dp
where M =qr and j0 w) = Sluﬂ Thus, |¥(q)|? is proportional to

(Z/qz) [1- Fe]2 . If screening is not important for a given problem, then
F =0.
e

To determine the gquantitative importance of screening in our energy
and atomic number range, one first investigates the important impact
parameters of the process. If a classical approach were applied to the
problem, one would investigate whether the Coulomb field is screened to a
great extent for the main contributing impact parameters [14]. Since a
plane wave is involved, however, an exact definition cannot be given to an
impact parameter. This is generally true in quantum mechanics, To give a
rough indication, however, note that the integral in equation (16) implies an
averaging over all impact parameters.

If one examines the zero-order Bessel function in equation (17)

(Fig. 4), one finds that the main contribution to the integral comes from
around qr = 1, since for qr > 1 the function follows a damped oscillation.
However, for qr < 1, the factor r? in the volume element is small. Thus,
the main contribution comes when qr ® 1 or r=1/q. This is defined as
b;i.e., b =1/q, the most important impact parameter for bremsstrahlung
production. Now q will have a minimum value when the momentum of the
electron, both before and after photon emission, is parallel to the emitted
photon [12]. By equation (14) in the preceding section, it can be seen that

— =-—>_—>_->=—> ——P_ E—E
lg | lp0 p -kl lpol Ip! (O )
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If we assume Eo >> 1, then E - IFI ~ 1/2E or, upon temporarily restoring

the units,

_ 2 _
Lin = (mO/Z) (1/E 1/E0)

~ 2, 2
k (moc) / ZEOE

io (ar)

N A l/l-\ qr

2 3\/ 708 9 N\
0.2}

~0.4 F

Figure 4. Amplitude of the radial function of the atomic form factor.

Since b will be a maximum when q is a minimum,

b =ﬁc/qmin = (ﬁ/moc) 2EOE/(moc k)

max

b ~ X E E/k
max [¢)

Thus, for a given k/E, bmax will be greater for higher incident electron

energies. It would therefore be expected that for higher energies, the
screening of the Coulomb field by the atomic electrons will be important.
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Next the extreme case will be considered; i.e., bmax >>a , Wwhere
a is the atomic radius. This is defined as complete screening [14]. If the
atom is assumed to correspond to the Thomas-Fermi model, then

1/3 1/3

ama Z | =13714X Z ,
o o

where a is Bohr's radius of the hydrogen atom. Since bmax >>a, one

obtains the correct order of magnitude if one replaces bmax by a, then

-1/3
137 X Z / ~/4& E E/k
o} 0 (0]

1/3

Therefore for incident electron energies, Eo’ on the order of 137 Z

(k/E) , there will be complete screening.

A comparison will now be made between the radius of the Thomas-
-1/3
Fermi atom (rTF ~ 137 7Z / in our units) and the maximum impact
parameter. If bmax is much greater than the nuclear radius but less than

the atomic radius and if one excludes screening effects, the differential
cross section will not be overestimated significantly [5].

To investigate the specific conditions of interest here (i.e., incident
electron energy from 0.1 to 2.0 MeV and atomic numbers 13 through 79),
one follows the technique used by Koch and Motz [5] and compares the
maximum impact parameters and the Thomas-Fermi radius over a wide
range of incident electron energies. (Figure 13 of the review article by Koch
and M_(gtz has an error in the ordinate units. The results are plotted in units
of 10 " cm instead of %(0 as indicated.) One first calculates bmax for

these energies and for a spectrum of photon energies in units of the electron
Compton wavelength, &(o. The results of these calculations are shown in

Figure 5 where r has been superimposed for several values of Z. It

TF
should be noted that for lower energy photons, screening is important (electron
deflections occurring at a large distance from the atom). For incident
electron energies in the range 0.1 = T0 = 2.0 MeV, screening is not too

important except for low energy photons in high Z materials. However, as
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5 —_— = RECIPROCAL OF THE MINIMUM

i ™ MOMENTUM TRANSFERRED TO
THE NUCLEUS~(p_ —p - k)~ 1
I — — — THOMAS—FERMI RADIUS
I k = PHOTON ENERGY

T, = INCIDENT ELECTRON KINETIC
i ENERGY
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I
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—
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o
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INITIAL ELECTRON KINETIC ENERGY (MeV)

Figure 5. Comparison of maximum impact parameter and radius of
Thomas-Fermi atom for beryllium, aluminum, and gold.
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can be seen in Section III, the Born approximation is relatively accurate at
the low frequency end of the spectrum when compared with experimental

results.

Therefore, since the primary interest here is Coulomb corrections to
the Bethe-Heitler theory and it has been demonstrated that in this area of
interest screening is not too significant, it will be assumed that Fe(q, Z)=90

and that the derived correction factor will correct for Coulomb effects of the
Born approximation only.

D. The Bremsstrahlung Problem Using Coulomb
Wave Functions

In Section II. C the electron initial and final state wave functions were
assumed to be plane waves. This resulted in the Born approximation for
bremsstrahlung cross sections. The theoretical results, at moderate
energies, may be improved significantly by using Coulomb wave functions
instead of plane waves in the matrix element.

The second formulation of the problem will be approached by first
separating the Dirac equation into polar coordinates (Appendix C). The
radial equations will then be solved for a pure Coulomb potential. The matrix
elements will next be obtained by partial wave expansions for the incident
and scattered electron and for the photon. Finally, the expression for the
differential cross section will be derived in a form applicable to a computer

solution.

i. THE MATRIX ELEMENT FOR BREMSSTRAHLUNG PRODUCTION

The Hamiltonian of the Dirac equation in the case of electromagnetic
interactions, as is the case for bremsstrahlung production, is

H=c (F-E—X)+£ +V

(I3}

where A is the vector potential of the radiation field and E E, and B8
are defined in Appendix C. B

The term -e o - A in the Hamiltonian is the perturbation responsible
for the transition of the system in the bremsstrahlung process.
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The matrix element for bremsstrahlung production is then
M =-efX—»-(zp+7£ z,b\)d3x (18)
fi k f i ’

where zl)i (zl)f) is the initial (final) electron wave function. The final state

wave function may be written (Appendix C):

K'Q-K',“'

( Throughout this and the following section, the unprimed variables and
quantum numbers refer to the incident electron, while primed variables
refer to the scattered electron.)

The initial electron wave function has the asymptotic form (r — «)
of the superposition of a plane wave and an outgoing spherical wave

— —
ik-r -1 ikr
zpi~u(m)e +ar e ,

where a is the amplitude of the scattered wave and m is the z component
of spin associated with the plane wave.

To obtain a calculable form for the initial wave function, one expands
the wave function into spherical waves. The expansion of z,bi in spherical
waves, normalized in the energy scale, can be shown [17] to have the form

1 -
1/2 £ +1 L 5]

- T . K K K

z,bi-47r <2Ep) Z Z ! SI{ C/.L-m, m

KE m

%M -m ,— M
XY, (p) IPK ,
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where

-1
ir £ Q
K ~KM

and sK are constants, the values of which are determined from the

asymptotic form of the radial functions. In the Coulomb case, one finds that

the difference between the Coulomb phase shift and that of the plane wave
id!

is given by (SK' and SK=e K (Appendix B). For z/)i, one may write

1/2 16' ﬁ +1 ﬂ %]
_ _ T K . K K K
z’bi—z'bm Am (2Ep> Z Z © ! Cu—m,m
KM m
:}<“_m — ”
x Y, (p) ZPK

This can be simplified by taking the direction of propagation of the incident
electron along the axis of quantization; say, the z axis. One first writes
the spherical harmonic as

M oM ime _
Y} (60,90)—P£ (COSQO)G ’ M=pu m ,

M
and from the recurrence relations for PL , one has [18]

PM 1 (x) + S - P M(X) + (£+M) (£-M+1) PﬁM_1 (x)=0 ,

1 (1_X2)1/2 L

where X = cos 00 . For propagation along the axis of quantization,

90 =0, x=1, and the recurrence relation becomes
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+
PﬁM 1(1)+ 2M

PM(i) + (+M) (£ -M +1) PEM_i (1) =
(1-1) ¥/

£

The first and last terms are finite but the second term becomes infinite as

0 or

1l

x —1 unless M =0, PlM (1) =0, or both. That is, either YJZM

M =0 . One must choose M =0 (p=m); otherwise, the wave function would

_ 0 20 +1\/?
vanish. Now [19], Yﬂ (0,0) = —ar P (cos 9); and since P (1H)=1,

+1 \/2
one writes YJZO (0,0) = <%—1)

After substitution and simplification, this expansion becomes

o 15' £K+1 /2 g
= - i (29 +1)1/2
P Z Z e i \ﬂK 1)

" (2Ep )YV &

K JK

D=

£
0

Expansion of the Electromagnetic Wave

The electromagnetic wave denoted by the vector potential of the

radiation field, AE> in equation (18), can be written as a linear combination

of waves that are circularly polarized [19]. ,One first assumes that the wave
is propagating along the z axis. Thus k =k |kl and one may write

—~(z) = ) a, A, (19-a)
P=x1
where, by definition, ap = + 1 for a left-hand circularly polarized photon and
ap == 1 for a right-hand circularly polarized photon.
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Following the method used by Rose [19], the electromagnetic wave
denoted by Ap in equation (19-a) is expanded as follows. For a plane wave

propagating along the vector K one writes the vector potential as

L
Adik-*r
€

e s (19-b)

A=N

A
where N is a normalization factor to be determined and ¢ is the polarization
vector fg}r the photon; i.e., a unit vector perpendicular to the propagation
vector k and pointing in the direction of the electric field vector.

One then writes

A 1 A A
€ = —— (€1+iP€2)

N2

with P =+1 (-1) for right (left) circular polarization by definition.

If the z axis is chosen to correspond to k, then é\l = é\x’ é\z = /e\y,

A A A A .
eo=ez, where eX, e , and eZ are the unit vectors along the x, y, and

z axes, The vector € may thegbe written in terms of the spherical basis
vectors [19] where the vector B_’in the _gartesian basis can be transformed
to the spherical basis, B', by B'=1U B, where

-1 -i 0
U = 0 0 N2
1 -i 0
or
i .
B+=-—(BX+1B)
o y
Bo :BZ
1 .
B = — (B -iB)
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A
Therefore one writes ¢ in terms of the spherical basis

A A
€__P §P 2

where gP are the spherical basis vectors

£, = ¥

A .
i1 (exiley)

_1
N2
& =

A plane wave may be expanded by using the well known Rayleigh
expansion; for an example, see Reference 19.

ik-T=4r ) 4

. ) m A Sk m A
e G by (kx) Y () Y, (T

where jﬂ (kr) are the spherical Bessel functions that are defined in terms

of the regular Bessel functions as

T >1/2

Jy (k) E(Z—kr

From the spherical harmonic addition theorem,

A b3 A 20 + 1 1/2
% PARNEN I AR =< - ) P, (cosf)

one may express the plane wave as

KT D it (20 + 1)1/2 i, (kr) P, (coso)
2
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H P oy = (= )"* 50 (&) ; then, aft bstituti
owever, f (cos 9) = 57 +1 . (r) ; then, after substitution, one
has

ikz 1/2 ST 1/2 (A

e = (a2 ) (1) (20+1) j, (kv) Y,° (7). (20)

£2=0

Therefore,

T __pf it 1/2 v 0 (2 s

A,=-P i N ; (-i)" [4r(240+1)1Y/ Y, (1) j, (k7)

The normalization factor, N, will next be determined to complete the
expansion.

One first writes the vector potential representing a classical plane
wave in terms of time and position; i. e.,

—_ A (K X -
AFEt)=Nne K X-@b

A
where N is the normalization factor and n is the direction of propagation.
This may be written as

_ — T — —_—
(%,8) = Appag, (X0 AL (X:1)
=Nn[cos(E*X-wt)+isin(E*X-wt)]
A —
=Nn [cos (K* X - wt)]
Following the method presented by Feynman [12], XR is

normalized to give unit probability per cubic centimeter of finding the photon.
The average energy density is fw .
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From Maxwell's equations, the electric field is

- 1 3A = :
E==e—— - ; or, since =0 ,
c ot Ve ¢
A
E’=-—1—8 R _NBO o (K-T-wt)
c ot c
Now Bl = IE| for a plane wave. Thus, one may write the average energy
density as

$8 Jay

é Qe + ”?,2>AV =4i7r <'E'2>AV

or
_ NZew 2 n _ _ NZew?
<g>AV T 4gc? sin” (k X_wt)>AV T Brc’ ’
since

<;*,in20 = —1—
AV 2

2 1/2
However, <<S'> =Aw ; then, N=<M) , and in dimensionless
. AV w
units
1/2

H=c=1) , N = —85
Thus,

- _ (87 1/2 A

AREAL —(w) n [cos(k - x - wt)]
or

. 1/2 _ —
A(X,t) = (%) / ﬁ;— ‘exp[—i(k + X - wt)]+explitk * X - wt)]}
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By taking the minus exponent, since one is considering the emission
of a photon, and noting that w ~ k , in our system of units one has

( )1/2 -ik - r

where- é\ is the polarization vector. (See equations (19-a) and (19-b).)

Finally, using equation (20) and the above normalization factor, the
expansion for an electromagnetic wave propagating along the z axis is

. 1/2
AP= - P{E\P (2%) ; (—i)l [4m(28 +1)]1/2 YIO(Q) By (kr)

Next one defines the "‘vectorial spherical harmonic' as [19]

117\ m'-v A
M m! z i ‘EV ) (21)

However,
J1jo] m m
) Z Cnlljifizm Z’DJ& 2 Z/)J' 2
mm, 1 2

has the inverse expansion

g,

m AEREY m
% = C P,
3 J2 Z

j mimzm ]
This implies that it is possible to write equation (21) as

21?\
ZC MP ’

where A is the parity operator, A=4¢, £+1
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The expanded vector potential may now be written

- 2T 1/2 1/2 1/9 : 217\
A,=-P (—k-) (4my V23 (-1) L (20 +1)1/2 , (kr) C|

P
L 7&2

To obtain a photon propagating along an arbitrary direction, one
utilizes the rotation operator [19], which has the property

+k
r0_y  p0 g

22
q qq q' (22)

q'=-k

The vector potential for a plane electromagnetic wave propagating
along an arbitrary direction may then be written

) £+1 +A
A P 3’\/_5_71 Z Z Z (_1)2 (2£+1)1/2

Ap=-
NK  £=0 A={-1 m'=-2:
(23)
FEDY
p (k1) Cop m'P( k%% 9 Togm:

From equation (18), it is noted that
M=M, =-e fK’-—-(zp"L&'z,b ) d%
fi k f = "m

The matrix element M(P), where M = Z ap M(P) , will be considered
P=x1
since

Since the purpose of this section is to derive the bremsstrahlung
cross section differential in photon energy, the angular or polarization
details of the scattered electron are not of interest. Therefore, one may
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express the final electron wave function as

If an investigation of the angular distribution of the scattered electron
were within the scope of this paper, one would expand zpf in spherical waves.

These waves would behave asymptotically as plane waves plus convergent
spherical waves [11] with an expansion of the form

1/ 2K1+1 —ié;{
3 - .
z,bm(E)=47T/2(2Ep) > e
K‘H'm"
-1 Q
. r g
ﬂK‘ %JK' fpt-m" A k' k'l
X CI.,L'_m” m” £ (p)
’ K! .1
ir fK' Q—K'/.L'

Now one substitutes equation (23) into equation (18) and the matrix
element becomes, after equation (21) is substituted for TM p’

0 2+1 +A ’
Y () (2l

3/2
M(P,m,ec',p.')=-efd3x -P 27m
Nk £=0 a=f{-1 m'=A
m'-y A
£

2
op Dh 9ko) Z Cmi'}j-v 1% Yﬁ v
v ’ (24)

x 3, (kx) Cop Dhvp (@

o A
i* (21zK+1)1/2

r gK' QK'[,L' _ »
Q| ) 2w (2Ep)
K
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Equation (24) will next be integrated over the angles of the volume
element. The square of the absolute value of the result will then be put in

the form IMfi |2 = Mf“; Mfi . This expression will then be used to obtain

the desired differential cross section.

The integral in equation (24) may be written as

T- A
L, vk, ) = [ d% g (ko) Y, (T)

a
b

Il
e
S
N
= o
[en] ]
S————
N
T |
~————
il
[l
<
NN
oo
~——

. AN —_— A —_—
since £ * o :
v = \b v

where a and b are any two matrices. Thus,

-y A
10, mt vk, et = [ dlx g, (kn) Y, (D)

Lo=2 +
X {[11‘ 8.1 fK Q'K'M' g, Q-KIJ- :l

One also defines the radial integrals as

]

[2e]
K(k'k) fojjZ (kr) g, f_dr

==}

fOJI (kr) £ ,g dr ;

I}

K(k k")
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then,

1, = K(x') [de (1) Yﬂml"’ (?)[sz:,ﬂ,gv Q_K“] (26)

The quantity in square brackets in equation (26) may be expanded as

follows:
- L 1%3 1 ! t
Sk - +
[Q+,,oﬂ 1= ¢k "y Fy" s
K'W=v =Kl | m Ul-m,m iK' m —vy
L_ 7]
K =K b=
C
. Z pa, o J na
o -K
Now,

nn: g, My = (Gv)moz=2 <%mIJV| z a> :

From Reference 19, one has the expression

. . Veooooi/2 A1
! = -1 + .
<J n IJVlJm> ajj' ém',m—y (-1) [i(j+1) Cm+v, -y 5

then,
h[3 iil
) =2(-1)" & I
v)mao m, oty 2 o ty,-y
Therefore,
3]
m 1] t
[QK',= _K]=Z " NE e
H 14 M m, @ M ’
(27)
1. BT
fo2lo, 213 R p-a
x C Y
u-a, o m, m+qu JZK' /] -
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Now the integral over the angles can be evaluated by using:

e 2
[ ag g¥my oMy LMy _ [(211+1)(212+1)] Y Slilals Eilals

13 12 11 4 (2,@3"‘1) 00 my, Mg=my
(28)
then,
+ +1) | 1/2
f dQ Y:ku'_m Y”_a Ym'_m+a _ 7(ﬁ2£ 1) (21_’( 1) /
] ) ] 4m (20 , +1)
K -K K
Le 2, 242,
xc. KK K K
00 m'-m+a , p~o
Thus equation (26) becomes
(20+1) (20 +1) V2
K (! IVRR PN PR K 3
L =K(x') ), (-1) (1) G /%
m, ¢ K
) 29)
L 1 2 (
XC‘QK'ZJK' C _KZJ_K %1% zﬁ—K K' IE—KEK'
pl-m, m pu=o, m, m+qo 00 m'-m+o Uu-o

Note that the only difference between the angular portion of I, and I,
is the changing of «' to -«' and -« to « ; then,

(20+1) (22, +1) 172

-a [3
L=K(x«) Y (1) (-)™ O‘J;T- T

fa o
(30)
2 3 1 %] 1 244 L4 4
o KT Tk 313 N
pl'-m, m p-o, o m, m+a 00 m'-m+a ,pu-o
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Now, define

Y 21
] 1] 1 = - +
AL Lttty m)= (<1) (204) ), Col
m, @,k
£K+1 EK%jK 15K
. 1/2
x i (21K+1)/ c, e -1l
or
4 +1
3 21 LK
A “N4r (20+) Z Cm'-m+a,m-a (24 +1)1/2
m, o,k K
0 4y o B SRR TR AL
K2k K . m-q k' 2k -
X COm e (i) (-1) K(k'x) Cu'-m,m 51+
* (31)
_];.
¢ i i Le_ 2 42_ 1,
x C C C
p-a,a m,m+a 00 m'-m+a pu-o
23]

20+ \Y? 1 %i_,
_ . - -K KK
K (rex) 24 +1 Cu'-m,m Cu—a,a

14 1 L4 2
y C%i% K -Kk' kK —Kk'
m, m+o 00 m'-m+a ,u-o

Therefore, the matrix element, equation (24), can be written as

) 1+1
21 eN 3T
M(P,m, k', G0 = ) ), ),
=0 »=£-1 k¥ o,m \/kEOpO
L1n A -
><PCOP m' P (qpkekO) A(ALx'uw'm @) ,
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and

IM(P, m,k'u") 12 = M*(P',m,«',k p")M(P,m, k"« p')

127 % @2 211 * A
= EP'CiviD‘1 (¢, 6, 0)
-m, P'
kEop0 Al oP p'-m, k "k
(32-b)

212 e

b ] 1
X A™ (A, 44,k",04", M) Z Z P COP w'-m, P (¢k9k0)

Ay Ly

X A(KZ:EZ’K',M' m)

These matrix elements will now be used to find an expression for the
differential cross section for bremsstrahlung production.

2. THE DIFFERENTIAL CROSS SECTION

Recall from equation (7-b) that the differential cross section is given
by

P 2.2 -
0E po [Mﬁl k ddedek . (33-a)

i 4
[
©'=g L
Ty
v'e

The density of final states (equation 6) included in equation (33-a) is

18 2
pf_4<2_7r Epk

This can be written as the product of the density of final electron states and
final photon states; i.e.,

e, [ @) <[ 6o
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However, one assumes, for present purposes, that the photon is
observed and the scattered electron is not observed. Therefore, since the
Coulomb wave functions have been normalized in the energy scale, one
writes the density of final states as (since pp = 1) .

1

e
_ t\? .,
Py = <21r> ks

and equation (33-a) becomes

1 2 o}
! = — - 2 2
do 3 > nT b, lMﬁl k ddek
Y
or
i Eo
1 — _ 2 1.2 . -
do > Zn? p lMﬁl k dkdszk . (33~b)
Mv °

The matrix elements, M(P,m,x',u') , included in equation (32) are
related to the matrix elements of equation (18) by the expression

= 1 '
Mfi Z aP M(P,m,k",u")
P=4+1

Therefore, the differential cross section is given by [11]

t — 2 11 s '
do Z {IaPI dof,, +a’, ag da—PP} , (34)
P=x1
where
E
dot,=(2m) =2 Y M (Prmk'wt) M(Pmk'w)k? dk d(cos 9 ) dg
PP Py mx'u! o o
g (35)
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+
Using equation (32) for M (P'mk'u') M(Pmk'u') and since the
azimuthal angle of the photon is not of interest here, one writes

37re 241 kA
' 11 1
dof,p = S kdkd(cos s ) d ¢ [ ), Pcyi, Do, pr (9,6,0)
Ay
A* (xiﬂix'm)] (36)
£o12y _ A
X PC D2 !
[MZIZ 0P Dyl p (25:6,0) szzxum)]

To perform the integration over the angle, the integration over the
rotation operators is first considered; i.e.,

- "7\1 Ag
I f D '-m, P! 900600) Du'—m,P (900900) d(po

Since the rotation operators are independent of ¢ o’ One may immediately

write .

I=2r D:,}:lm’Pv D;t%-m,P
However,

et e = (T D o
Then,

1= 27 ( 1)“'_m_P' i o
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Now, since

M Ag - AtAz] MAd )
D—u'+m, ~P' "u'-m,P Z -p'+m,pu'-m C-P',P DO, -P'+P

and -p'+m+u'-m =0, the integral becomes

u'-m-p! Aq >\2j Aq }\23 j
= - D
I (27T) ( 1) ? C_Ml+m,u'—m C—P"P 0, -P'+P (37)

i 47 1/2 * m
Furthermore [19] DOm— (2!2+1> Yz (6,0)

then,

_ L p'm MAz] MAd [ 4n \ V2 _p-pr
L= (2m) (-4 ) €t e (5 YO (0,9)

Since [19] Yﬂm 0,0) = (-1)™ sz'm 0,90)

one writes

* p-p! P'-P
Yj (9,<0)=YJ. (6,90) . (38)

P

1.
(The fact that (-1)P =1 has been used.)

The spherical harmonic can be written as

p-P [ 20+ (j- IP'-P]) 1 ]V? _|pr-P|
¥ _[ ar ][(j+lP'—P|)!} P (cos95)
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where

| .
P!P Pl

(cos 90) =

jtm .
(1-cos? g )m/2 4 (cos?g -1)?
] 2lj1 ° ) ©

d(cos 9
o

are the associated Legendre functions. Thus,

- _( ' Tm=Pt e AR AAg]
I=2r g( 1) C i em Cobrp
(39)
G-lp-p 1 | V2 _|P-P]
I:(j+ PP ) ! F; (cosd,)

The differential cross section, equation (36), may then be written
(since o =e? in nuclear dimensionless units)

671°%0 (i- |P'-Pl)! (V2 _|p'-P|
' = — e
dUP'P Tpo k dk d (cos 90) ?j [(j+IP'-PI)'. P.‘i (cos 90)

Liing Lplhg Mg K'Y M AR

t -

x ), PP ), C e Cplp Z'( 0" i urem
L1Ly A A p (40)

X Z A* (Kiﬁil{'/.l,'m) A(}\zlzK'H'm)
K'm

For unpolarized photons, equation (34) reduces to do'= 2d0’i,1
(The factor 2 has been included in the density of final states.) Using

equation (40) for dcri’ 1, one obtains the cross section for unpolarized
photons
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dgv=67ra dkd(cose)ZP (cos 9 ) ), Z
Po L8y A
ﬂii}\i ﬂzi}\g 7\1?\2] u' 7\17\2j
x Cly M Ci oty ) (1) C o im it em (41)

X ) ATy k'u'm) A(Ag Lyk'p'm)
K'm

This may be simplified by considering the orthogonality relation for the
C-coefficients

Z C}\17\2J CAIAZJ = §

; -u'+m,pu'-m 1,1 i,-u'+m 61,#'-m

Therefore, equation (41) becomes

k
1 = 2
do 6T @ ﬂp dk d(cos 90) Z Pj (cos 90)
o ]
(42)

1n Lyt '
) ZCIiMCzMZ(i)“AA

The purpose of this report is to obtain the bremsstrahlung cross sec-
tion differential in photon energy. Therefore, one integrates over the photon
angle, 90 . Note that the only angular dependence comes from the

associated Legendre function; one thus considers the integral

= f Pj (cos 90) d (cos 00)
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Now, Po(cos 60) =1 ; therefore,
I= f Pj (cos 90) Po(cos 90) d (cos 60)

But, from the orthogonality relations for these functions,

2
I=ij(cos 90) Po(cos 00) d (cos 00) = m Bj,o=2

The only value of j that contributes to the summation is, therefore, j=0.

One then has the bremsstrahlung cross section differential in photon
energy, for unpolarized incident electrons, and without regard to the
scattered electrons or polarization of the emitted photon

1 u
<3—§ JL2ne ) cﬂ “‘1 cj22 M Z ), A% MLk, m)
0 £1£2 A17\2 K'm

(43)
X A(MLyx'p'm)

where A™ (Ay,L4,k',p'm) A(Ag, Ly, k', u'm) is given by equation (31) .
SECTION 111. CROSS SECTION RESULTS

A computer program was developed by the author to calculate the
Bethe-Heitler cross sections for any desired incident electron kinetic energy,
a complete spectrum of photon energies, and the scattering media of interest.
Results were initially obtained for incident energies from 0.1 to 2.0 MeV
for aluminum, copper, tin, and gold. These materials were chosen so that
available experimental data could be utilized for comparison purposes and
so that a wide range of atomic numbers would be used in the calculations.
The results of these calculations are shown in Figures 6 through 9.
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Figure 6. Bremsstrahlung cross sections differential in photon energy for 0.2
MeV electrons incident on aluminum, copper, tin, and gold.
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Figure 7. Bremsstrahlung cross sections differential in photon energy for 0.5
MeV electrons incident on aluminum, copper, tin, and gold.
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Figure 8. Bremsstrahlung cross sections differential in photon energy for 1.0
MeV electrons incident on aluminum, copper, tin, and gold.
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Figure 9. Bremsstrahlung cross sections differential in photon energy for 1.7
MeV electrons incident on aluminum, copper, tin, and gold.
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The experimental data for 0.2, 1.0, 1.7, and 2.5 MeV were obtained
from Dance, et al. [7] while the data for 0.5 MeV were obtained from Motz
[6]. It is noted that the experimental results of Motz give, in general, a
higher value for the differential cross sections than the results of Dance,
et al., who attribute this difference between the two experiments to the
presence of background in the experiment of the former. Since experimental
data between 0.2 and 1.0 MeV were required for comparison purposes, the
author had to use the 0.5 MeV data from Motz as the only available data in

this range.

The computer program first written by Zerby and Brysk [11] and
expanded, reprogrammed, and improved by the Space Sciences Laboratory
of NASA's Marshall Space Flight Center was used to calculate the
bremsstrahlung cross sections using Coulomb wave functions. These results
are also included for gold and aluminum.

It is noted from Figure 6 that for low incident electron kinetic energies
the deviation of the Bethe~Heitler theory from the experimental results is
appreciable. This deviation increases markedly for higher atomic numbers,
as expected. In fact, it can be noted from Figure 6 that the theoretical
(Bethe-Heitler) cross section for gold is actually below the experimental
results for tin as the high frequency limit is approached. However, the Bethe-
Heitler results improve when compared with experiment as the incident electron
kinetic energy increases, as expected.

The broken lines in Figures 6 through 8 indicate the differential cross
sections that were calculated by using the correct Coulomb wave functions
and the partial wave expansions. Note the very good agrement, in this energy
range, between the experimental results of Dance, et al. and the theoretical

calculations.

Table 1 illustrates the importance of including the Coulomb effects
for the energies that are considered here. Table 1 lists the relative error of
the Bethe-~Heitler theory because of the exclusion of Coulomb effects, assuming
that the partial wave expansion approach results in the correct differential
cross section.

From the discussion in Section II. C, subsection entitled Screening
Effects by the Atomic Electrons, one can see that the small deviation of the
Bethe -Heitler theory above the experimental values at the low frequency end
of the photon spectrum (Figs. 6 through 8) is a result of the exclusion of
screening in making the calculations. In addition, note that the differential
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TABLE 1. THE APPROXIMATE RELATIVE ERROR OF THE
BETHE-HEITLER THEORY WHEN COMPARED TO THE
PARTIAL WAVE RESULTS

k/T0
To 0.2 0.4 0.6 0.8 0.9

0.2 0.05 0.26 0.48 0.65 0.76
Z=T79 0.5 - 0.23 0.41 0.61 0.75

1.0 - 0.18 0.37 0.53 0.62

0.2 0.02 0.04 0.16 0.29 0.54
Z=13

0.5 --= 0.01 0.12 0.16 0.43

(%)P ) (%‘{)B
()

cross sections calculated by using the unscreened partial wave approach are
also too large at the low frequency end of the spectrum. The much larger
deviations of the Bethe-Heitler theory at the high end of the spectrum are
almost entirely a result of Coulomb effects. This is shown schematically in
Figure 10 where the differential cross section is plotted as a function of the
ratio of the photon energy (k) to the incident electron kinetic energy (TO) .

Relative Error

SECTION IV. COULOMB CORRECTION FACTOR

A. Extension of the Elwert Factor

The general approach used to obtain a correction to the Bethe-Heitler
theory was to first calculate the cross sections, differential with respect to
photon energy, using both the Born approximation and the partial wave
expansion approach. Next, it was assumed that

63



PRIMARILY
<—————————— COULOMB EFFECTS ———

“CORRECT'* CROSS
~ ~ SECTION
S~

~ PRIMARILY -
ol « [— SCREENING —» ~
adl EFFECTS S o

~

L ~

L ~

= ~

- B—~H CROSS ~

- SECTION

1 ] (] ] 1 1 [ []
0 0.2 0.4 0.6 0.8 1.0

k/T
°

Figure 10. Schematic representation of screening and Coulomb regions.

dcr) do
TR :f(BsB » L) <_> s (44)
<dk p 0 dk B

(—-—) is the differential cross section using the partial wave
P

expansions;

(—) is the differential cross section obtained from the Born
B

approximation;
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By = po/Eo , B =p/E as previously defined;

7 1is the atomic number of the scattering medium;
and
(B, Bo’ Z) is the correction factor to be derived.

That is, it was initially assumed that the correction factor would be a function
of the speed of both the incident and scattered electrons and the atomic number
of the scattering material. The correction factor may then be written

_ (30 /[
€88, 2) = <dk>P/(dk)B : (45)

To get an indication of the analytic form of this factor, the ratio of the
cross sections was first computed and plotted as a function of the ratio of the
photon energy (k) and the incident electron kinetic energy (To) , as shown in

Figure 11. From the resulting curve, it was first noted that the factor was
similar to the Elwert factor in form (Fig. A-1(b) of Appendix A), There~
fore, as an initial approach, it was assumed that the factor has the form

B {1-expl-g(Z)/B 1}
B {1-exp[-g(Z)/B1}

18,6, 2) = (46)

and determined the function, g(Z).

Using multiple regression techniques, based upon a least squares
criterion, values of g(Z) were obtained using gold and aluminum as the
scattering media. The most accurate function, assuming that the form given
by equation (46) is correct, is shown in Figure 12. The solid curves are the
actual correction factors obtained from equation (45) while the broken line
curves are from the regression equations. It was noted that the results are
not very accurate; therefore, this analytic form for the factor was abandoned.
It is of interest to note in passing, however, that, at an incident electron
energy of 0.2 MeV, the results of the regression equation are almost
identical to those of the Elwert factor.
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Figure 11. The ratio of the differential cross sections calculated by the
partial wave method to the Bethe-Heitler theory.

B. Alternative Forms
From Figure 11, one can see that the curve has a value of 1.0 at

k/TO = 0 and has the general shape of a hyperbolic cosine function. Since

a cosh (x/a) =a/2[exp(x/a) + exp(-x/a)] ,
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Figure 12. Extension of the Elwert factor to higher energies for incident
electron energies of 0.2 and 0.5 MeV incident on gold.

it was assumed that the correction has the analytic form

—h
i

% {exp [v/g(ﬂo,z)] + exp ['v/g(ﬁo,z)]] (47)

where vy k/TO and g(,BO, Z) 1is an unknown function to be determined.
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A curve fit for f in terms of g( Bo’ 7) was first obtained. This

resulted in different values of g for a given atomic number and specified
value of Bo' The results are shown in Figure 13, where the regression

curve is compared with the actual curve.

A 1 1 1

0 0.2 0.4 06 0.8 1.0
y=k/T,

Figure 13. Comparison of calculated to actual correction factor.

The second step was to obtain the analytic form of g(BO, Z). It

can be seen from Figures 6 through 9 that the magnitude of the correction
should increase with Z and decrease with increasing Bo. Therefore g

was plotted versus the parameter « =B0/Z , since the exponents in

68



equation (47) are defined as /g . Using standard regression techniques
[20], the following function was obtained:

g(B ,Z) = 0.394 + 9.47 (B _/Z)

Slightly more accurate functions were obtained but these had more
complicated forms. Therefore, since the linear relationship gave relatively
accurate results, it was used in these calculations.

The final form of our correction factor was found to be

i k i k 1
- ) exp l:T— (?):, + exp l:-i <E) :l ) (48-a)

(o}

=
Il

where

g = 0.394 +9.47 (BO/Z)

This can be written

k Z
f= cosh T_o < 0.394 7 + 9.47 30> : (48-D)

C. Comparisons With Experimental Cross Sections

The corrected cross sections were next calculated, using equation
(48-a) in conjunction with equation (44), to make a comparison with the
experimental cross sections. The results of these calculations are shown in
Figures 14 through 16.

An inspection of Figures 14 through 16 indicates that the corrected
Born approximation gives relatively good results for the energy range of
primary interest. However, it may be noted from the 2,5-MeV curve in
Figures 14 and 15 that the correction factor does not accurately predict the
transition of the Born approximation from below to above the experimental
results. This occurs between 1.7 and 2.5 MeV and was discussed in
Section I. The failure is particularly apparent for high-Z materials. It is
therefore concluded that the uncorrected Born approximation gives more
accurate theoretical results in the energy range above, say, 2.0 MeV.
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Figure 14. Comparison of Bethe-Heitler and corrected differential cross
sections for 0.2, 1.0, 1.7, and 2.5 MeV electrons incident on gold,
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Figure 15. Comparison of Bethe-Heitler and corrected differential cross
sections for 0.2, 1.0, 1.7, and 2.5 MeV electrons incident on tin.
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Figure 16. Comparison of Bethe-Heitler and corrected differential cross
sections for 0.2, 1.0, 1.7, and 2.5 MeV electrons incident on aluminum.
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It may be noted from Figures 14 through 16 that the corrected
differential cross sections are closer to the experimental results for lower
energies. This is most likely because of the fact that the partial wave data
used in the derivation of the correction factor were limited to lower energies.

SECTION V. CONCLUSIONS

The bremsstrahlung cross section has been calculated using both a
partial wave expansion that includes correct Coulomb wave functions and the
Born approximation. It was found that the former approach gives better
agreement with experiment in the 0.1-to 1.0-MeV energy range. In fact,
the Born approximation differs appreciably from the experimental data,
especially for high atomic numbers and lower energies. For example, the
greatest deviation was found to be about 75 percent for 0.2-MeV electrons
incident on gold if the photon received 90 percent of the incident electron
kinetic energy. On the other hand, at 2.5 MeV the Born approximation gave
relatively good agreement with experimental results.

Screening effects due to the atomic electrons were found to be
insignificant in the energy range of interest, except for photons with a low
percentage of the incident electron kinetic energy. Therefore these effects
were not included in these calculations.

A correction factor to the Born approximation was derived by
comparing the two theoretical approaches. This factor is a function of the
photon share of the incident electron energy (k/To) , the velocity of the

incident electron (PO/EO) , and the atomic number of the scattering media.

The corrected Born approximation was then calculated for incident
electron energies from 0.2 to 2.5 MeV, and for a range of atomic numbers.

It was found that the corrected cross sections gave relatively accurate
results at the lower portion of the energy region under investigation; while,
at energies above this range, e.g., at 2.5 MeV, the uncorrected cross
sections were more accurate.

The correction factor failed to give accurate results after the Born

approximation passed through the "transition region.'" This was most likely
a result of the limitation of the data available from the partial wave method.
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At the present time, this method has an upper limit of around 1.0 MeV,
However, should improvements be made in the computer program, it may be
possible to obtain a correction factor that is more accurate in the higher
energy range than the present case seems to indicate.

George C. Marshall Space Flight Center
National Aeronautics and Space Administration
Marshall Space Flight Center, Alabama, April 27, 1970
124-09-11-14
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APPENDIX A
ELWERT COULOMB CORRECTION FACTOR FOR LOW ENERGIES

To correct for the Coulomb effects not included in the born
approximation, Elwert [9] developed a correction factor valid up to an
energy on the order of 0.1 MeV. This factor was derived by applying the
techniques of mathematical analysis to a comparison between the non-
relativistic Born approximation and the exact Sommerfeld results. It is
therefore a semi~empirical factor limited to electrons with velocities in the
nonrelativistic range. The Elwert factor may be written as

B, {1-exp [~ (21Z/137 8 )1}
e = 5 {1-exp(-(2r2/1373)1)

The corrected cross section is then obtained by

do s <_dg
dk /corrected E\ dk /Born

Figure A-1(a) shows the magnitude of this factor for a range of
atomic numbers, photon energies, and incident electron kinetic energy.

Figure A-2 illustrates the effect of the Elwert factor on the Bethe-
Heitler differential cross sections and makes a comparison with the experi-
mental results obtained from Reference 7.

Note that fE — 1 as k — 0. This is true since fE approaches 1
asymptotically as S —-Bo; i.e., as k — 0.
The maximum energy that can be radiated in a bremsstrahlung

collision is limited to the incident kinetic energy, (hv) max - TO. This is

known as the "high frequency (short wavelength) limit." As this limit is
approached, the Bethe-Heitler theory breaks down since, contrary to
experimental data, it predicts a vanishing cross section [5]. The Elwert
factor does not correct for this. To illustrate this, one first notes that the
Elwert factor [5] is valid only if
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Figure A-1{a). Elwert Coulomb correction factor — effect of atomic
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Figure A-1(b). Elwert factor for 0.3 MeV incident electrons

as a function of photon fractional energy.
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Figure A-2. Effect of Elwert factor on bremsstrahlung cross sections for

0.2 MeV electrons incident on aluminum, copper, and gold.
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(2/137) (8™ -p_ ) << 1

Since p = (E? - 1)1/2 and P, = (EO2 -1) 1/2 , one may write

E
P (g2-1)1/2 © (Eoz-i) 1/2

then our restriction becomes

7Z/137 [E(E2 - 1)_1/2 - Eo(E02 -1) 1/2J<< 1

Now Eo= k + E by conservation of energy; and, since Eo = T0 +1,
then E = TO +1 - k. As the high frequency limit is approached, k — TO ,
then E — 1 and one has in the
lim
k—T
o
E—1

1/

2

7./137 [E(i -y EO(EOZ - 1) '1/2]« 1

Thus, the second term approaches infinity and the Elwert factor is
not valid at the high frequency limit ( Fig. A-1(b)).

It can be concluded from the data presented and the above argument
that the Elwert factor is valid for lower energies and increases as the high
frequency limit is approached or the atomic number of the scattering
medium increases. Furthermore, the factor cannot be used at the high
frequency limit, since it increases without bound at that point.
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APPENDIX B

NORMALIZATION OF THE RADIAL WAVE FUNCTIONS

The radial functions for the continuum states are normalized on the
energy scale. This requires that [17]

Ja% g, vy = 8(E-E"

First, consider the asymptotic form of the radial functions. As

r — o ,

rf — -A(E - 1)¥/? sin (pr - 6)
(B-1)
rg - A(E +1)1/2 cos {pr + §)

The asymptotic form is also given by letting r — « in equation (C-11),
Appendix C; i.e.,

rf —i(E-1) /2 N T (2y+1) (2pr)” [(y;i}(’;fffi(yi?rﬂm

x (2ipr) RARg C.C.
(B-2)

/ v | (v-Hy) exp(ipr+in)
rg — (E+1)/? N'T (2y+1) (2pr) {ﬁ I (y+i+y)

x (2ipr) VY + c.c.}

Now [17],
_yHy  _ exp[-i ARG T (y+iy)] )
T (y+1+iy) IT (y+iy) | ’
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and since

T

. -5y .

2 2

(2ipr) Y = e oY 1n (2pr)

and

.
5 Y

the first term in square brackets of equation (B-2a) can then be written as

, T
=Y 1pr =—->—Yy
I—I(%%W exp[ i(-ARG I' (y+iy)+y ln 2pr - %— 'y+7’)):| e 2

Define 6=y In (2pr) - ARG T (vy+y)+7 -g— v ; then,

rf—»i(E-i)i/2 N IT'(2y+1) (2pr)y (Zpr)-y {exp[ i(pr ——g— y + 6) ]

- exp [—i (pr—jzr— y+6):l } ,
or m

-y
2(E-1)1/2NT (2y+l)e

T y)] sin (pr + &) (B-2b)

A comparison of equations (B-1) and (B-2b) indicates that these equations

will be equal as r— ~ , if
Ty

2NT(2y+) e
[T (y +iy) |

A= (B-3)

Now use the rule for normalization of the eigenfunctions of the
continuous energy spectrum [21]
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oo ptAp

2 - -
[ r*ar fr (1) f fo,(r) dp' = 1 , (B-4)
0 p-Ap

where Ap is a small momentum interval. The normalization factor will
first be found on the momentum scale and then transformed to the energy
scale.

The asymptotic form of f is given by equation (B-1) as
f = A/r [cos(pr + 0)]

Consider the second integral in equation (B-4)

p+Ap []
f dTp cos(p'r +6) =
p-Ap

2 sin Apr
— + —_—
= cos(pr + &) -

where values on the order of 1/pr and Ap/p have been neglected.
Substitution of this result into equation (B-4) gives, after replacing the

oscillating function cos?(pr + 8) by its average value %,

0 .
A2 f sin A pr dr = 1
0 r

This integral can be found in any standard table of integrals; then,

2 (AT) . _ [2
A(z—)-iorA—/Tr

This is the normalization factor on the energy scale.

1f fE are eigenfunctions normalized on the energy scale, and fP

are eigenfunctions normalized on the momentum scale, they are related by [21]

-1/2

dE
fE B <dp ) fP
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2 -1/2

Since E = ip°, then fE =p fP . Thus, on the energy scale, one
o\ 1/2
has A = (E . This value of A must be set equal to the value of A

found in equation (B-3) to determine N, the radial function normalization
factor. Hence,

iy
ENT(2y+) 2 _ [(2\V?
IT (y+iy) | TP
or
Ty
+i 2
N= 1Ty iy) | o2 (B-5)
N2rp T (2y+)
2
where y = ze E
p
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APPENDIX C

THE DIRAC EQUATION IN POLAR COORDINATES

The bremsstrahlung problem is described by a relativistic electron
in a central field. The equation of motion for this particle is given by the
Dirac equation using the Hamiltonian:

H

11}
i}

‘P +BFV(r)
and

Hy = EY (C-1)

where E and B are the Dirac matrices defined below and

Yy u

yof %) = [*
x w -
N ¥

Since a central field has been assumed, the Dirac equation will be
separated into polar coordinates using the method presented by Rose [19}.
(In this appendix, extensive use will be made of two books by M. E. Rose

[17,19].)
First one writes the gradient using the identity
T(r V) - x (£xV) ,

V=T

where r is the E_ositig_g vggtor for the_Igirac particle relative to the field
source. Since L=-irxV , where L is the orbital angular momentum
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operator, one has

—_—
r

vV =

5 . -
o -io— xL . (C-2)

For any two vectors A and B whose components commute with the
components of ¢, the 2x 2 Pauli spin matrix, one has

—_— —_

@A) (0-B=A-B+ig- (Ax B) .

0
Now, and S

4x 4

where each element is a 2 x 2 matrix, One now makes the following
definitions:

= the 4 X 4 unit matrix

= the 4 x 4 matrix , where each E is a 2 x 2 matrix.

For example,




Note that

-1
and p3p3z = I, which implies that p; = pj

i~y

IR}
I
>~

L3 = 23

Consider oe cAg- E, where A and B are any vectors whose
components commute with the components of a . One has

- Kg-B=p ) Ap ) F
=psps ), A ), - B
. -1
Now, since p3= p3 , then
. [Z-F o0 TF o TAGE o
g.Ag.B: - b —
- 0 o- A/, 0 o-B/ 0 g-Ag-B/y
where the subscript 4 indicates a 4 X 4 matrix.
However,:
g Ag-B=A-B+ig- (AxB) ;
then,
- K-B o0 g - (Ax B) 0
g -Ag -B = + i
0 A-BJ/ 0 g - (AXB)/y

c (-iTrx V) = [Tx (-ir)] - V=0

one has A - B=0.
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[N
)
xl
E
lan}

Thus,é> ro T =i .
0 g- (rxL)/y
0 g (rxI) N
=ipg| _ =ipga - (rxL)
- g- (rx L) 0 4 T
andéf ?3394? f=1§ Tx L , since c_?_p3=£)3§

Therefore, &’ T Z f=1§ rxL Now, _-o__; T=a I=¢ ,
= = = = r= =r
where o 1is a 4Xx 4 matrix and 15 T X f::grz L ; then
c-L 0
ia r><L=gzr
- 0 g' L4
Also, since E vV = o 2 —-I—E Tx L (from equation C-2),
= =r or r =
_ 5 g-L o
theng-V=gr§—ar and
B 0 g- L/
- = 9 1 v =
a -V gr(@r_r;L>'
The Dirac equation can now be written as
) 1 v -
- = |i -_— - = . + . -3
wne-fin (@5 e e
Now, define the operator [19]
K=g(1+), - L) , (C-4)
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or

. r)z +2(§ : i’>+I:= (i'+ 2”)* T L

o

Now, {T + 2/2 2=J2, the total angular momentum operator, with

i~

eigenvalues j(j +1).

Define the eigenvalues of K to be -k ; i.e.,

K9 =«'3y ,
or
-, % 1\? 1 1 \?
+ 2 (= =lj(i+1)+ —|v={j+—
(L ;/2> <2> L Ry (J 2)i
1 2
Therefore, the eigenvalues of K? are K.'2=(j + —2-)
k==1, £2, £83, - - - or j= gl —;—, Kk ¥ 0 ; where, for the upper

spinor (equation C-5)

K if k>0

~
1l

-x=-1if k<0

e
Il

This could be written as £ =j +-;— S(k) , where S(x) is the sign of

kappa; i.e., S(x) =«x/lk]l

To indicate the dependence of j and f on k, the eigenvalues of j
by jK and £ by ZK in the upper spinor are replaced. For the lower spinor

(equation C-5), define

Il

T =y ,
-K
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where

2 =x-1 for k>0
-K
£ = = for «<0
~K

That is,
£ =14 -8 .
x « (k)

The wave function for the Dirac equation is written as

f 4% 1

u b4
where ¥ and ¥ are the two-component, single-column matrices referred
i

to as the "upper' and '"lower' functions, respectively. The wave functions
are proportional to the angular functions, qu and Q e respectively,

where the eigenvalue u is the z component of the total angular momentum.
The angular functions may be written as a product of the orbital

angular momentum function and the intrinsic spin function, coupled by the
vector addition or Clebsch-Gordon coefficients:

£ 3]
+K <K -m A
Q:kK uz Z Cu-m m Yﬁu (r) 1, m
’ m ’ +K 2
o . (1
where the two-component Pauli spinors are definedas n, ;, = 0 s
2)2
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S—

AT

"

e SR

One expresses the wave function ¥ K as

g(r) Q
p B = KK (C-5)

if(r) Q_
i 4% 1

where f and g are the radial wave functions.

Substituting 3 into equation (C-3) one has, after noting that

(1 o
£- (0 ‘I>4 ’

g Q g' Q o [gg-Ta
(E-V) o =iQ‘r e 1 :I‘E— —_ = i
if Q It AN ifg- L Q_
B/ 4x1 H g 1
Q
+ ¢ KH
-if @
a1

where the primes denote differentation with respect to r.

TN
I o
~—
N
X
[y

a
Since o = ;r__ﬁ_’s and Zr Ps <;>4><1 - Z/r

the Dirac equation becomes

g QKM if? Q"KIJ
(E-V) =-i ),
if Q_ = g' Q
KM 4y 1 KH /45 1
Z 1fE- fﬂ_ g Q
L Ex = KU + K
T gg- L Q -if @_
ala 4% 1 # 4x1
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From equation (C-4),

o

- (1+g- L) 0
K=g(1+), - L) = B . :
- - = 0 -(1+g - L)/,
which implies that }
Q_K K Q_K
k(™ - ’
- -«
KH 4% 1 kK 4x 1
since __Ig_z/_) =-kyP
Then,
(1+g - L) Q =K Q
=K K
(1+og - L) Q == Q
KU K

One next considers 9. QK/J- and follows the proof given by Rose [17]
to find the results of carrying out this operation. Now g, is a pseudoscalar

operator so that Tz commutes with g, That is, for jz )

i = + + =
r{j,g) =W +8 ,xg ygy) 0,

since
(ZZ, x) =1y, (ﬂz, y) = -ix, (SZ, gx) = 1gy ,

Now, since g. has odd parity,

and (S_, g ) =-ig
z’ =y =X

90



where a“ =1 since g 2 =14, The latter follows from the result

_E- XE B=A B+ ig(xx E) , which implies that
=r2 =§- ?E 9=/1\' ?+1§-> (?X ?) =12 +i§(0) =1 . Now take T along
the Z axis;then 9= 0. The spherical harmonic in the definition of QK,”
becomes
o A <2zK +1 > 1/2
YzK (€3 = \"g — %n, 0

Setting m = 0 will then give

1
o _ 24 +1)1/2 CIKZJK
KU 0 n

4m H [
2 3] %]
Therefore, a(24 +1)1/2 c K = 2u(24 +1)1/2 c There are
K 0op K ou
four possible cases:
jo=4 x4, p=x3

One finds, after substitution of these values and solving for a, that a = -1
for all four possibilities. Therefore,

g Q =-Q s
=r KM -KU

and, by the same type of argument, one can show that

gﬂ ==-Q
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N Af_i;_er one operates on the angular functions with the operators
(1+c0-+ L) and [ one's set of equations becomes

[(E-V-1) g +f' +{/r - «k f/r] QKM =0

i[(E-V+l) f -g' -g/r - k g/r] Q—KIJ- =0

This implies that the expression in square brackets must equal zero; i.e.,

(E-V-1) +f' +f/r -k f/r =0
(C-6)
(E-V+l) ~g' -g/r -k g/r =0

For simplicity, one writes u; =rg and uy, =rf; then equation (C-6)

becomes
®

du K
E«l = -0 wt (EH-V) u

(C-7)
du K
a‘-z = W (E-1-V) u

These are the radial equations of a Dirac particle in a central field. The
boundary conditions required are that the resulting solutions must remain
finite as r — 0 andas r — o .

The asymptotic forms of equation (C-7) are found by assuming that
the potential tends to zero sufficiently fast for large r (i.e., V—0 as

r—oo) .

For large r, equation (C-7) becomes

du
[l + =
(E+1) uy =0

du
___2 + - =
ar (E-1) uy =0
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The general solutions for these equations are

u = N(e-kr +q(E) eM‘)

and (C-8)
_m\M/2 _ _w\1/2
u2=N[—(%) e M+ q(E) (LE) exr] ;

where A = (1-]532)1/2 s

N is the normalization factor, and
q(E) is found from the condition that the solutions remain finite
as r — 0.

Since E> 1, let p= (E2 - 1)1/2 so that A =ip; equation (C-8)
then becomes

iu, = it N(E+1)"2sin <pr— %’U 5>

1 1]
u2=ijZ N(E-i)l/zsin <pr— Lzl + 6) R

where p is the momentum of the particle and & is the phase shift that will
depend upon the nature of the external field of the particle.

Following the method of Rose [17], one lets V = -ze/r =Z/r in
equation (C-7); i.e.,

and
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After the substitutions
w= (B +1)Y2(¢;+p ,
w=1(E = 1)% (¢; - ¢5) ,
p=(E'-1)1/?

and

x =2ipr (where ¢, and ¢, are functions of x) are made,
one then has '

doy (L, ZE (e - iZ
dx _<2+1px>¢1 <x px>¢2

and

d¢, _ (k. , iZ _ (L1, 1ZE
dx—<x+px>¢1 <2+ px)¢2

After taking the complex conjugate of these equations, i.e.,

do 1 iZE\ | x K iZ
(5 e ()

and

_de *=_ -K___Z_. g i+ iZE Qo
dx x px ¢4 2 px ¢2 >

one can see by inspection that the two sets of equations are equal if
$¢{ = ¢y . After eliminating ¢,, one has

where vy = [K2 - Zz]i/2
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1
Let M= x2 ¢; to getequation (C-9) into the standard form of
Whittaker's equation

I SR
Qn+_i+£+4__2___ Q=0
4 z z
Equation (C-9) becomes
2 . L
M _1__+(_1_+iZE U S DI
dx? 4 2 p X <

This equation has the regular solution at r =0 :

+1 -x/2
M) =x" 52 By ttiy, 2y d, %),

where y =ZE/p and F(y +1 +1iy, 2y +1, x) are the confluent
hypergeometric functions [22]

a m

»

+ 2 S
F(a,c,x)51+2—x+i(a——1)—5—+...— Z C_m_ :
m= m )

c(ct+l) 2!

1
Now, M =x? ¢;; then

¢y =x" e

2
F(y+1+iy, 2y +1, x)
. i -i
=N (y +iy) el (2pr)Y e 'PT F(y +1+iy, 2y +1, 2ipr)

=N(y+iy) " (20) o (x)

where N is the normalization factor. Next, the phase of 7 is chosen such
that ¢4 = ¢y~ ; this requires that [17]
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SE Lyt [L,,éé-ip(i-l)ﬂ
y-iy «k-iy/E |¢* dr or | o*

This equation can be evaluated by using Kummer's formula

e-X/2 F(y+1+iy, 2y +1, x) =ex/2 F(y-1iy, 2y +1, =x)

and

xF(a+1, c+t1, x) =C[F(a+1, ¢, x) - F(a,c,x)]
One finds that

N .
Q2N Kk Z/E (C-10)
vy tiy

The radial wave functions may then be written
rf = i(E - 1)¥2 N(2pr)" {(y + iy) exp(-ipr +1i7)
X F(y+iHy, 2¢+1, 2ipr) - complexconjugate}
(C-11)
rg = (E + 1)¥? N(2pr)” {(y + iy) exp(~ipr +i7)

x F(ytitiy, 2vy+1, 2ipr) + complexconjugate} ,

where N is the normalization factor and 7 is the phase determined from
equation (C-10).

The solutions are normalized in the energy scale. If z,bE and sz'

are solutions corresponding to energies E and E', then one requires that
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-

S a% g, vy = 6(E-E
E' 'E

From Appendix B, equation (B-5), the normalization constant is
Ty
H
N = L (rHy) | o 2
2(rp)Y2I (2y+1)

Therefore, the radial wave functions for a particle in a Coulomb field
normalized on the energy scale, and with energy corresponding to the
continuous energy spectrum, are

(C-12)

71'_}:
. _ 4\1/2 Y _ 2
of = HE-HV (2pr) e IT (y + iy)l {exp(-ipr +in)
z(fn'p)i/z I‘(Z’y+1)
X (v +iy) F(y +1 +iy, 2y +1, 2ipr) - C.C.}
: Ty
1/2 Yo 2

2(mp)/? T (2y+1)

X (y +iy) F(y +1 +iy, 2y +1, 2ipr) + C.C.}
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