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ABSTRACT

Random patterns in photomicrographs can be recognized by studying the
nature of coherent light diffracted by the spatial pattern. Techniques for
measuring the power spectrum and autocorrelation function of random spatial
signals are described. These techniques include both holographic and non-
holographic methods. A computer program for generating random patterns
with known statistics is presented. Results of power spectrum and auto-

correlation measurements are given together with theoretical curves for a

variety of spatial signals.
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PATTERN RECOGHNITION OF BIOLOGICAL PHOTOMICROGRAPHS USING COHERENT OPTICAL TECHNIQUES

1. Introduction

This research in pattern recognition was stimulated by a desire to
obtain quantitative statistical information about certain types of random
spatial patterns such as might occur in bioclogical or metallographic photo-
micrographs. Examples of photomicrographs of the rabbit lens epithelimin
are shown in Figs. 1 and 2. The basic idea is to analyze the manner in
which coherent light is diffracted by a two-dimensional random pattern and
from such measurements to infer certain statistical quantities such as

[1]

mean cell size, shape, and distribution. Lendaris and Stanley have re-
cently reported on a quasi-automatic device for sampling the diffraction
pattern in an attempt to recognize patterns in aerial photographs. In ad-
dition to diffraction pattern or power spectrum measurements we show in
this report that autocorrelation and cross-correlation measurements we show
in this report that autocorrelation and cross-correlation measurements can
also be useful in recognizing patterns, particularly those of a random nature.
Progress has been made in three areas of this research. The first is
concerned with power spectrum measurements of spatial signals. While it is
well known that lenses can produce Fourier Transforms of spatial signals,
in the attached Technical Report No. 70-3 we show that a single lens or a
single spherical mirror can not.only be used to produce a power spectrum of
spatial signals but can be used as a complete optical processing system in
which a filtered version of the input signal can be obtained in the
output plane. The use of a large spherical mirror in such an optical pro-
cessing system allows one to use spatial signals of a larger size than is
possible with common lens systems.

In addition to power spectrum measurements made with lenses and
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Fig. 1 Photomicrograph
of the middle region of
rabbit lens epithelmin.
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Fig. 2 Photomicrograoh
of the outer region of
rabbit lens epithelmin.
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spherical mirrors it has been shown in this laboratory for the first time

that power spectrum measurements can be made holographically without the

use of any lenses. This work is described in the attached Technical Report

No. 70-U4 entitled "Fourier Transforming Properties of Holograms" by Richard

E. Haskell which was presented at the Optical Society of America meeting in
Hollywood, Florida, September 28-October 2;-1970.' The location of Fourier
transform planes in holographic imaging is greatly facilitated by the use

of two nomographs which are described in the attached Technical Report No. 70-1.

The second area of progress 1s related to autocorrelation, cross-
correlation, and convolution measurements of spatial signals. One method
of measuring the autococrrelation function of a spatial signal is to record
the power spectrum of the signal on photographic film in the transform plane
of an optical processing system. A positive transparency is made from this
first negative transparency and is then used as the signal in a similar pro-
cessing system. The Fourier transform of the ﬁower spectrum is equal to the
autocorrelation function of the original signal and is measured in the trans-
form plane of the optical system. Some measurements made in this way are
shown in Section 4 of this report.

An alterante method of measuring the autocorrelation function of a
spatial signal is to use a holographic fechnique. This technique can also
be used to measure the cross-correlation and convolution of two different
spatial signals and has the potential of being adaptable to real-time
measurements, A detailed analysis of this technique together with ex-
perimental results is given in the attached Technical Report No. 70-2.

The third area of progress concerns the development of a computer
program that will automatically plot a variety of random patterns made up
of dots and circles. This computer program is described in Section 3 of

this report and a number of different random plots are presented. These



random spatial signals are recorded on 35 mm film and are then used as test
signals in the various optical processing systems. The basic statistical

description of random spatial signals is discussed in the following section.

2. Diffraction of Coherent Light by Random Spatial Signals

Figure 3 shows coherent light incident from the left on a transparency
of a random spatial signal which is located in the x-y plane and acts as a
diffracting screen. If H(x,y) is the complex amplitude of light Jjust to
the left of the screen then the light amplitude just to the right of the

screen is given by

U'(x,y) = g(x,y) U(x,y) 4 (1)
ny n n

where

36 (x,y) v
%(x,y) = A(x,v)e : (2)

is the complex transmittance of the transparency. The amplitude and phase
of this transmittance, A(x,y) and ¢(x,y) are considered to be two-dimen-
sional random functions of the coordinates x and y. TFor convenience the
position vector r = xu_ + yuy can be introduced so the (2) can be written

X N

as

g(r) = A(r)e j¢(£) (3)
Ny N

The random functions A(z) and ¢(£) are characterized by the one dimen-

sional probability densities p(a;g) and p(¢;£). Thus, for example,

plasr)da is the probability that at the position j the amplitude A(z)
Y

has a value between a and a + da. These one dimensional probability

densities can be used to find the mean values, variances, and higher



moments of the random functions A(r) and 4(r). However, they by no means
give a complete description of these random functions. The most import-
ant information in the transparency concerns the spatial distribution of
the particular objects photographed (cells, nuclei, grain structure, etc).
The statistical properties of these spatial disbributions are character-
ized by higher order probability density functions. The most important
of these are the two-dimensional probability densities p(al,a2;£1,32)
and p(¢l,¢2;£l,£2). Thus, for example, p(¢l,¢2,£l;€2)d¢ld¢2 is the
probability that at the position X1 the phase ¢(£1) has a value between
¢

and ¢l+d¢l and at the position r the phase ¢(£2) has a value between

1 2

¢2 and ¢2 + d¢2.
These two-dimensional probability densities can be used to calculate

the correlation functions BA(,\r)l

’32) and B¢(€l,£2). Thus, for example

Al )A(p. ) N o
< s *2> ()

f jr 213,p(a),3, 3%, 51, )da day

~
1

il

If the transparency is a photomicrograph, a particular photomicrograph
will represent a certain realization of the random processes A(g) and
¢(£). The ensemble associated with these random processes might consist
of a collection of similar photomicrographs from different specimens or
photomicrographs of different regions of the same specimen. The random
processes A(g) and ¢(£) are said to be stationary in the widef sense if
the expected Values<iA:> and <ﬁ>> are independent of r and the cor-
relation functions BA(R> end B¢(£) depend only on the coordinate dif-

ference p=r,. - r..
Avo? AL
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The space average of a given function A(r) is defined as

A(p) = lim 1

X A(p)dgp (5)

K>

Y->o0

NP ey 10 3¢
RO | 1 ey O] 1

where dp = dxdy. If the ensemble average <:[X:> is equal to the space

average A(pr) the process is said to be ergodic. TFor a stationary random
g X p g Yy

process A(g), if the correlation function BA(Q) = (fA(r) Alr + p?>is
Y Y N

equal to the space correlation function BA(Q) = A(p) A(p + Q) the process
is said to be ergodic with respect to its correlation function. The
optical methods for measuring the correlation function generally measure
the space correlation function. An important consideration as will be
illustrated below is that the detail of the photomicrograph be fine
enough so that a space average over the entire photomicrograph is a good
approximatidn to the ensemble average.

An optical system such as that shown in Fig. 4 can be used to pro-
duce the Fourier transform of a given spatial signal. Thus iflg(z) is
the complex transmittance of a particﬁlar transparency whose total area
is XY then the complex light amplitudé in the transform plane (the p-g
plane of Fig. 4) will be proportional (to ﬁithin a quadratic phése
factor) to the Fourier transform of %(x,j),denoted by SXY(foyL.where
fX and fy are the spatial frequencies in the x and y directions. The
light intensity in the transform plane will be proportional to !%XY(£)$ 2 _
%XY(ﬁ)SQY(g) where { is used to denote the spatial frequency vector { =

fx%x + fy%y'
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For the complex random signal g(r) (assumed to be stationary) the
Y

autocorrelation function Bg(g) is defined as
B (p) = %(r) g (v + p) (6)

The power spectral density Sg(f) of the random process g(r) is defined as
Y] - VA Y)
the two-dimensional Fourier transform of the autocorrelation function

B kp). Thus
gn

o

~j2nf-p
S (f) = fB (e ™~ ap 7)
g n gn N

- o

One can show that S(f) is also related to the Fourier transform of g(r)
n YY)

by the expression

. 1 %
Sg(ﬁ) = lim Syy(£) Sy (D) (8)
XY
Ko
Yoo

In the case of the optical experiment Sg(%) is seen to be proportional to
the limit of an ensemble average of the intensity measured in the trans-
form plane. This effect will be shown in some experimental results dis-
cussed below.

The autocorrelation function Bg(g) is given from (7) by the inverse

relation

joe]

B (p) = )f 5, (De af (9)

-« 00



Sg(%) can be recorded on photographic film in the transform plane of %(E)a
This new signal can be transformed optically to give the autocorrelation
function according to (9). Examples of this type of measurement will be
described below. Often the photomicrograph will be characterized by only
its amplitude transmittance A(E) or by only its phase transmittance &(2).
In general it will be necessary to relate the statistical properties of

A(E) and'¢(£) to the measured statistical properties of %(r).
4]

3. Computer Generation of Random Patterns

In order to generate random spatial patterns with a known statistical
disbribution a computer program was developed that would automatically
plot a variety of random patterns on an oscilloscope or an x-y plotter.
These patterns are then photographically reduced and used as signals in
the optical processing systém.

The program will generate from 1 to 225 patterns either uniformly oy -
randomly spaced. The patterns may be?

(a). Single spots with random rotation about a fixed point from

0° to 360°.

(b). Same as above with random distance from fixed point.

(c). Double spots with random orientation.

(d). Double spots with random orientation and random radius.

(e). Circles alone.

(f). Circles around any of the above patterns.

(g). Any of the random patterns may be overlapped or not overlapped

as desired.

(h). Circle and spot sizes may be varied randomly for any of the

above combinations.




The program consists of a mainline and six subroutinesi PTLOC, DSPOT,
CIRCL, OVLAP, RANC, RANS.

(1). PTLOC (IRAN, NCALL, XH1, YH1, XH2, YH2, IRAD).

IRAN - Integer from 1 to 32767 used as a seed for the random number
generator.

NCALL - Integer which should equal 1 the first time PTLOC is called; any
other number for further calls.

XH1, YH1 and XH2, YH2 - Coordinates of two points with random rotation.

IRAD ~ If 1, spots have random radius.
If 2, spots have fixed radius.

This subroutine assumes a coordinate axis centered at (0,0) and gener-
ates the x and y coordinates of two spots located symmetrically with .res-
pect to the origin. The line of centers between the two spots has a.
random orientation which is uniformly distributed between 0 and 2w. The
distance between the two spots may also be varied randomly with a uniform
distribution between two arbitrary distances.

(2). DSPOT (X,Y)

X - x coordinate of spot center
Y - y coordinate of spot center.

This subroutine will draw and fill in a 1/8 inch circle on an x-y
plotter centered about the point x,y. This is done by initially plotting
the 1/8 inch circle, and then plotting smalier concentric circles to fill
in the spot. Circles are drawn using Lissajous figures and its circum-
ference is divided into 25 points.

(8). CIRCL (X,Y)

X - % coordinate of circle center.

Y - y coordinate of circle center.



This subroutine is similar to DSPOT but draws a circle 0.6 inches in
diameter and does not £fill it in. This circle is also drawn using Lis-

sajous figures and its circumference is divided into 125 points.

(u). MAINLiNE

The mainline program handles the generation of the pattern locations
and calls the appropriate subroutines depending on the data switch con-
figuration.

The program 1s broken into two parts . One generates a uniform pattern
distribution drawing spots and circles as desired, the other generates a
random pattern distribution also with spots and circles. All of these
options are selected by data switches. The data switch subroutine CALL
DATSW (No., IVAL) reads the data switch number and returns IVAL = 2 if off
and IVAL = 1 if on. Executable GO TO statements make the logical deci-
sions based on the data switches.

For a uniform pattern the number of rows an@ the number of columns
desired is entered via the typewriter. These will be spaced equally in
both the x and y directions. For the random pattern, the number of

patterns only is entered.

(5). OVLAP (X,Y,IG0,K)
X - x coordinate of pattern center.
Y - y coordinate of pattern center.
IGO0 - is 1 if pattern overlaps previous one, and is 2 if no overlap occurs.
K - is set equal to 1 if overlap is desired, and is set equal to 2 if no
overlap is desired.
This subroutine stores all of the patterns plotted in the random mode

and as a new paltern is to be plotted, computes its distance from all of



10
the previous ones to determine if overlap will occur, and sets IGO equal

tolor 2 if K is 2. If K is 1, IGO is always 2 and overlap is allowed.

(6). RANC,RANS

These are function subroutines which generate random circle and spot
radii and these values are placed in common and used by all the subroutine.

The subroutiﬁes as written for use on an IBM 1130 are contained in
Appendix 1. A number of different patterné produced by these programs

are presented in Figs. 5 - 12.
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4. Power Spectrum and Autocorrelation Measurements

In this section a number of theoretical and experimentally measured
power spectra and autocorrelation functions of various random spatial
patterns are presented. All of the patterns are made up of circular dots
or circular rings or combinations of both. In Section 4.1 the power spec-
trum and autocorrelation function of a single circular dot and a single

circular ring will be considered.

.1 Circular dots and rings

When photographically reproduced a circular dot becomes a circular
aperture in a diffracting screen. Such a circular aperture can be writ-
ten as circ(r) where

1 r<1

0 - otherwise (10)

cire(r) =

[2] .
The two-dimensional Fourier transform of circ(r) is well known and is

Jl(2wf)/f where J. is a Bessel function of the first kind, order one,

2

1

1/2

and f = (fX2+fy ) where f —and fy are the spatial frequencies in the

x and y directions. One can therefore write the Fourier transform pair

circ(r) wmww—mmw*~Jl(2ﬁf)/f (11)

Using the scaling theorem one can write the Fourier transform of a circu-

lar aperture of radius R. Thus,

circ(g) - R2 Jl(zﬂRf)
R Rf (12)

The Fourier transform in (12) will be designated as GR(f). Thus, the
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power spectrum of a circular aperture of radius R Is given by

e P
X 3, (2nre) |

2
2
i GR(f) { =7 R 2 "’5%?8?"] (13)

A theoretical plot of [2Jl(2ﬂRf)/2WRf]2‘vs;IQRf is shown in Fig. 13. For
‘experimental comparison, the light diffracted by a circular aperture was
scanned in the transform plane by a photomultiplier tube behind a 10u
pinhole. The result is shown in Fig. 1h4.

An aperture in the form of a circular ring can be written as

ringa(r) and defined as

<
ringa(r) = 1oasrsd (1u)
0 otherwise
Thus,
ringa(r) = circe(r) - circ(p/a) (15)
and the Fourier transform of ringa(r) can be written as
- J (2nf) - a J,(2maf)
ring (r) . L = (18)
a £
If the outer radius of the ring is A, then
i (T AQ Jl(QﬁAf) - aJl(QﬂaAf) )
ga(A) AT

The Fourier transform in Eq. (17) will be designated as GaA(f). Thus,
the power spectrum of a circular ring of outer radius A and whose
ratio of inner to outer diameter is a 1is given by

5 i Jl(QﬂAL) - a Jl(QﬂaAf)

‘ 2
iGaA(f)i = 7" A 2 ST — (18)
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2
PN 2 4 .
Plots of kGaAkf)‘ / n A vs. 2Z2Af for different values of a are

shown in Figs. 15-19. A photomultiplier scan of the light diffracted in
the .transform plane by a circular ring with a value of a = .96 1is
shown in Fig. 20.

The two-dimensional autocorrelation function ¢gg(x,y) of a real

function g(x,y) 1s defined by the integral

Lol
d)gg(x,y) = [fg( ,yl)g(x +x,yl+y) dx, dy, (19)
If g(x,y) represents an aperture -- i.e. has a value of one inside

the aperture and a value of zero outside the aperture, then (19)
__represents the area of overlap as g(xl,yl) is slid across itself.
The autocorrelation function for circ(r/R) can therefore be
calculated from Fig. 21. The area ofroverlap in Fig. 2la is four
times the area of B in Fig. 21b. It follows that the autocorrel-
ation function ¢RR(X) of circ(r/R) will be circularly symmetric

and can be written in the x-direction as

(%) 4 area(B)

4)RR

1t

4 [areal(A+B) - areal(A)]

y (%) [7 R%] - 721—(~) N ; (20)

From Fig. 21 6 = cos_l(x/QR). If the function TF(S) is defined

as
r(s) = %-[cos—l(S) - s¥1 - 82 ] (21)

then from (20) ¢,.(x) can be written as
JARAN
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() = ﬂRQ F< ) (22)

J

2

[

N

A plot of F(S) wvs. S is shown in Fig. 22. A photomultiplier scan
of the autocorrelation of a circular aperture, found by measuring
the Fourier transform of the power spectrum, is shown in Fig. 23.
Discrepancies are due to nonlinear effects in the two-~step photo-
graphic process and phase variations across the transparency.

In order to calculate the autocorrelation function of a circular
ring it is necessary to find the area of overlap as the ring is slid
across itself. To find the autocorrelation function ¢Oo(x) of

ringa(r) given by (15) note from (15) and (19) that

¢Oo(x) = ¢ll(x) + ¢aa(x) - 2¢al(x) (23)

where

= s
is the autocorrelation function of circ(r) and

¢ (x) = ﬂa2 FCE—) , (25)

aa 2a

is the autocorrelation function of ciré(r/a). ¢al(x) is the
cross-correlation of civre(r) and circ(r/a) and can be found
with the aid of Figs. 24 and 25.

In the range 0 < x < (l-a) the area of overlap of cire(r)

. « e . 2
and circ(r/a) is just the area of circ(r/a) or ma . The

) 2
area of overlap in the range (l-a) < x i_Vfl - a can be

found from Fig. g4 to be given by
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¢al(x) = 2 aveal(B) + 2 areal(C) + 2 area(D)
f - 4;_ -
= Jeos M (v) - v¥1l -~ v‘?} + {ﬂaQ ~ a2 cos 1w\
L | ta /]
2
L]
a a 3
T 2 ﬂa2 A
= ZT(v) 4w - T F(—a—) (26)
where
x2 + 1 - a2
Vo= S (27)
2 2
l1-a - x
WoE S (28)
The area of overlap in the range 1- a2 < x < (1+a) can be
found from Fig. 25 to be given by
¢ . (x) = 2 area(B) - 2 area(E)
al
- I I efu
= TE() + 3 F<a) (29)
where
x2 + a2 -1
u = 5 (30)

Therefore, from (23) - (30) the autocorrelation function of

ringa(r) can be written as

ﬂF(%) + ﬂa2 F(%g) - 2ﬂa2 0 < x < (1-a)

¢ (x) = wP(E) + ﬂa2 F(E—) - 7F(v) + ﬂaQ F<¥) - 2na2 (1-a) < x < Vl——a2
00 2a a -

2

(2Y .2 c/z;,_) N A Y A < ¢
ﬂF(Q) + na L\Qa F(v) ma }<a} Vi - a < x ;.\l+a)

(31)
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where v, w, and u are given by (27), (28) and (30). Plots of ¢OO(X)
for different values of a are shown in Figs. 26-30. A photomultiplier
scan of the autocorrelation of a circular ring with a = .86 is shown

in Fig. 31.

4,2 Random Two-hole Pattern

As an example of a random diffracting screen,let the signal in the
input plane be two circular holes of radius R separated by a disfance
d with the line of centers oriented at an angle 0 to the x-axis as
shown in Figure 32. Let 6 be a random varigble with a uniform proba-
bility density. A circular aperture centered at the origin can be
denoted by

oV R

g () = circ(£> ' (32)

The Fourier transform of go(g) is

R2 Jl(QTerO)
Go(,\fJ) = (T)T (33)
o
where fo = foz + ny and Jl is a Bessel function of the first
kind, order one. The two hole signal in Figure 32 can then be
written as
gly) = go(g) % Le(p - gl)— 6(5 - 52)] (34)
The Fourier transform of (34) is
G(f) = Go(g)[e”"i‘zﬂﬂf;’r{’l b e 174D (35)
Making the substituti - - L4 and - X
aking e substitutions p, = p_ > ¢andp, = p ot 5d
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Eq. (35) can be written in the form

—jQWi\i.;‘{”o
G(%) = e 2 Go(é) cosufed (36)

The intensity in the transform plane will then be proportional to

G(é)G"(i) where

G(PEH(E) = 26 2(f) [1 + cos2n £+ (37)

Figure 33 shows the transform pattern of a two-hole aperture
which closely follows Eq. (37). Note that the cosine modulation of
the envelope is related to the separation distance 4 .

To obtain the power spectrum of the random procéss an ensemble
average over all orientations of the two hole signal is required.

From (37) one can calculate

2m
CUE)GH(E) = 26 2(F) + 26 2(F) L cos[2nf d cos(6-p)1ds
X, N o N o N 27 o
0
_ 2
= 26 (£) [1 + JO(anod)] (38)
-, _ _ =1 )
where { Q = fod cos(06-¢) has been used and Y = tan (fy/fx).

From (38) one notes that the power spectrum is proportional to the
single hole transform given by (383) which is modulated by a Jo
Bessel function term that contains information about the separation
distance d . A plot of (38) for the case d = 6R 1is shown in
Fig.ay,

An array of these two-hole random patterns as plotted on an
oscilloscope by the computer program descrgbed in Section 3 is shown in

Fig. 35. The power spectrum of this pattern as measured in the



el
{M

GsBowI

A
T

Fig. 33 Photograph and photo-

multiplier scan of the trans-
form pattern of a twe-hole
aperture.




-

g9

==Y

e 7




T
g

*YUOLSOTLTIOSO puw
aaindwco TeaT8Tp Aq peonpoad
uxsiied sToy-omy wopury 88 -3t3

———




18

transform plane is shown in Fig. 36. This pattern is a certain repre-
sentation of the random process G(£)G*(f) . An ensemble average of all
such representations should yield the power spectral density function
similar to that shown in Fig. 3%. The envelope function GOQ(f) con-
taining information abéut the hole radius R 1is apparent in the single
representation of Fig. 36. The JO Bessel function modulation in (38)
should cause light diffracted by a signal proportional to Fig. 36, to
form a circle in the transform plane proportional to d . The auto-
correlation function of the two-hole random pattern obtained by measuring
the Fourier transform of the power spectrum is shown in Fig. 37. A
circular ring can be seen surrounding the central peak and is pro-
portional to the distance d separating the two holes of each random
.pattern. One would expect this typg of ring since if the original
random pattern were shifted a distance d in any direction there
should be an equal probability that two of the paired holes will overlap.
A second autocorrelation measurement using the holographic technique
described in Technical Report No. 70-2 was made of this random pattern
and the result is shown in Fig. 38. Again the circular ring surrounding
the central peak is evident. The outer rings and periodic appearance of
Figs. 37 and 38are due to the fact that the two-hole patterns in Fig. 35
were arranged in a periodic array. This is not apparent in Fig. 35 but
reveals itself in the autocorrelation measurement.

Péwer spectrum and autocorrelation measurements can be useful in
characterizing random spatial signals and recognizing various statistical
parameters. Improved techniques are being developed that will allow

ensemble averages to be made.
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APPENDIX 1

COMPUTER PROGRAM LISTINGS




/7 JOB T

/7 FOR T

#ONE WORD INTEGERS

#LIST ALL

0 FURCTION RANS(KTs IRANsNCALLY
GO TO (56310)¢K7
IF{NCALL=1) 73647
IX=1RAN+10 o
CALL RANDULIXsIYoTFL)
IX=1Y '

= RANS=00625%TFL+60625
RETURN

10 RANS=60625

- O\

. RETURN e e C e e e e e e e - ( et e e

END
/7 DUP :
*#STORE WS UA  RANS

.,

/7 FOR

#ONE WORD INTLGERS

#L.IST ALL
FUNCTION RANC{K6s IRANsNCALL)
"GO TO (5:510) 9K6 ‘

5 TFINCALL=Y) 79647

6 IX=1RAN+8

7 CALL RANDU(CIXsIYsYFL)
IX=1Y
RARC= 6 1¥YFL 402
RETURN

10 RANC=63
RETURN
END

// DuUp

®#SETORE WS UA RANC
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I. HOLOGRAPHIC TIMAGING

The holographic imaging of point sources can be de-
scribed using the geometry of Fig. 1. An object beam in the
form of a spherical wave originates from a point source at O.

Neglecting constant phase factors, the complex amplitude of

this wave at the z = 0 plane can be written as Uo = KO ejkro
where KO = Ao/ro. Similarly the reference beam originating

jkr
e

from a point source at R can be written as Ur = K r. If

r
a photographic film is placed in the plane z = 0 the intensity
recorded by the film is proportional to

l2

= U U* + U U* + U U* + U*U (1)

U
~0 ~r ~0~0 ~Y ~0O~X¥

Assuming that the amplitude transmittance of the resulting
hologram is proportional to this intensity function and if the
reconstruction beam in Fig. 1lb is of the form UC = Kc ejkrc

then the wave transmitted by the hologram located in the z = 0

plane of Fig. 1lb will be proportional to

U = U U U* + U U U”< + U U U* + U U*U (2)
T ~C O~ ~CY ~C~O~Y

The first two terms on the right-hand side of (2) are
d-c terms representing the main zero-order diffracted recon-
struction beam. The third term U, = U U U* is the primary

~+ ~C O~

beam and the fourth term U = UCU U i1s. the conjugate beam.

et
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Recording and
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for point source holo-
~graphic imaging




It follows that

i
=
o

<

b

(3)

H
5
-+

where

+

r. =y 4+ (r_ = 1r.) (4)

Thus the primary and conjugate beams U_ are spherical waves
diverging from or converging to a point specified by image
coordinates that can be determined from (4).

From Fig. la note that

S P 2 2 211/2
r, = Bx xo) tyt o+ oz ] .
(5)
- 2 2 2 ., 1/2
= [Ro + x" + y 2}‘Xo]

2 2 2 . . . . .
where Ro = X, + Zy . Expanding (5) in a binominal series
about Ro one can approximate Yo by the expression

x2+zz .
r, = Ro + ZRO - x sin ab (6)

where sin o, = XO/RO. Analogous expressions can be written

for SN and ¥y If this is done then by using (3) and (4)




one can write

2.2
JKR, ik E ol ~jkx sin 0O,
U, = K, e e “Tie -
2, .2
- i g xSy L 1
- ok kK eJk[RCi(Ro Rr)]ejk ) LR i(RO ;%:H
- Tco'x
-jkx [sin o t (sin a, ~ sin ar)] (7)

For this equation to be true for all x it is necessary that

wrd
!
wya
1+
0]

1
: -5 (8)
i c o b

Egs. (8) and (9) have been obtained by Champagnel and
give the image coordinates Riy Oy in terms of the coordinates
R,o for the object, reference, and reconstruction beams. If
R, is positive the image is virtual while if R is negative
the imagé is real. The plus sign is associated with the pri-

mary wave and the minus sign with the conjugate wave.



II. CONSTRUCTION AND USE OF HOLOGRAPHIC NOMOGRAPHS

BEgsg. (8) and (9) permit a wide range of possible image
P g

]

point locations depending upon the particular choices of

¥

Ro’ Rr’ Rt @ G and o As an aid in determining image
point locations, two nomographs of Egs. (8) and (9) have been
constructed. Parallel-scale nomographs can easily be con-

structed for an equation of the form2
f3(w) = fl(u) + fz(v) (10)

By introducing the two auxiliary variables Re and O de-

fined by the equations

S S
Rf RO Rr (11)
and
sin o, = sin a_ - sin o (12)
Egs. (8) and (2) may be written in the form
1 1 .1
S = T 4 (13)
R; R, = R ,

and

gin o; = sin o + sin Op {1.4)

n



Egs. (l1) = (14) are each of the form of Eqg. (10)
and can therefore be solved by a parallel-scale nomo-
graph. The R-nomograph shown in Fig. Z.can be used

"to solve both Egq. (11) for R, and Eq. (13) for Ri'

£
Similarly, the o-nomograph shown in Fig. 3 can .be
used to solve both Eg. (12) for uf and Eq. (l14) for ai.
The R-nomograph for determing Ri is used in the follow-
ing manner. A straight line is drawn between R, on the
left-hand axis and R_on the right hand axis. The inter-
section of this. line with the Re axls determines a parti-
cular value of Rf. If a second straight line is now drawn
from this wvalue of Rf to R, on the left-hand axis the
intersection of this second line with the R, axis deter-
mines the image distance Ri for the primary wave. The
value of Ri for the conjugate wave is determined by

connecting the second straight line from -R_ to Rc' The

f
a-nomograph shown In Fig. 3 works in aﬁ'exéctly aﬁalogous man-
ner. This procedure will be illustrated by two examples.
Example 1: Let the object be a point source located at

Ro = 15 (units arbitrary), aé = 0° and let the reference

beam come from a point source located at Rr = 60, ar = 20°.
Let the reconstruction beam be the same as the reference
beam, i.e., RC = 60, ac = 20°. On the R-nomograph in

Fig. 4 the straight line joining Ro = 15 and R = 60

gives a value of Rf = 20. To find the primary wave draw

a straight line from Rf = 20 to RC = 60 which gives the




image distance Ri = 15, To find the angle oy for the
primary wave draw a straight line in Fig. 5 from Gy = 0°
to o, = 20°. A straight line drawn from Op = -20° to

Oy = 20° determines that a, = 0° for the primary wave.
That is, the primary image is a virtuél point source
located at Ri = 15, o, = 0° which is the same as the
object as expected. To find the conjugate image return
to Fig. 4 and draw a straight line from “Re (L.e., Rf =
-20) to RC = 60 which gives a value of R, = -30. In
Fig. 5 a straight line from -o. (a = +20°) to o, = 20°
shows that for the conjugate wave a; = 43°, Thus, the
conjugate image is a real image located at Ri = —30,»

o, = 43°,

Example 2: 1In Example 1 the primary image was a virtual
image and the conjugate image was a real image. As an
example of a case in which the primary image is real and
the conjugate image is virtual let Ro = 100, a, = 0°,

Rr = 20, o, = -15°, Rc = 50, and 0, = ~15°, Then from
Figs. 6 and 7 the primary image is a real image located
at R, = -50, o, = 0° and the conjugate image is a virtual
image located at Ri = 16.6, o, = -31°.

Sample copies of the two nomographs are included at

the end of this report.
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Solution for Example 1.
Units are arbitrary.
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HOLOGRAPHIC CORRELATION -~-~ THEORY AND EXPERIMENTS

Optical data processing and spatial filtering techniques
have beenwused in a variety of applications,l An historical re-
view of spatial filtering and opticél information processing has
been given by Goodman.2 Vander LugtB'has shown h@w complex spatial
filters can be made holographically. When a Vandef Lugt filter
'is used the cross?éorrelation (or autocorrelation) is displayed
inAone region'of thé output plane and the convolution is displayed
in another region of the output plane;

Most of the appiications‘of the Vander Lugt filter have invol-
ved identification systems; For example, a filter Qf a fingerprint
' is made and when used in the optical processing system will producer
an autocorrelation signal in the output planerwhen "matched" with
the same fingerprint5 “Since the autocorrelation signal is much
st:dngér than any cross-correlation signal the system can identify
a given fingerprint. This application is typicai of the binary
nature of these types of identification systems. That is, one
simply wants to know if an unknown signal is a specifié one or not.

In this report the extent to'which actual measurements of the‘
entire cross~-correlation (or autocorrelation) and convolution pat-
‘terns can be made is examined. Such measurements may prove useful
in helping to recognize unknown spatial patterns.

The technique consists essentially of making a Vénder Lugt
filter. A schematic of the optical system used for the experi-

ments described below is shown in Figure 1. A detailed analysis



of this system is given in the appendix. The operation of the
system is as follows. & laser beam is passed through a micro-
scope objective and pinhole located at Pl, This point source of
coherent light is imaged by lens 1 onto the p-g pléne, A spatial
signal gl(xdﬂ is inserteé%in the x-y plane. Thelresulting‘diffrac—.
tion pattern in the p~g plane is proportional to the Fourier trans-
form gl(fx,fy) of the spatial signal gl(x,y) where fx and fy are .
spatial frequencies and are related to the coordinates p and g by
fx :vp/xdj and fy = q/kd3, where ‘A is the wavelength of the light.

A reference beam is introduced from a point source P, located
at ¢oordinat§$ (xr,O) in the i~y plane. A photographic plate is
inscrted in the p-q plane and a holographic recording is made.

The developed hologram has a grating-like structure>in'thoSe areas
wherc the two beams interfere; that is, in-the regions corresponding
to ;he Fourier transform of gl(x,y).

The processed hologram is reinserted in the p-d plane and the
reference beam is removed. If the same signal gl(x,y) is kept in
the x-y plane, the same Fourier transform distribuﬁion of light will
appcar in the p-g plane. Since all of this area has a grating-like
structure due to thé holographic recording, the light will be dif-
fracted as in a diffraction grating. One of the first-order dif-
fraction components essentially reconstructs the reference beam.
Lens 2 images the x-y plane onto the r-s @lane. This means that

point P, is imaged at a point along the negative r axis. The re-

2

constructed reference beam therefore tends to become a focus at



that point. However, as shown in the appendix, the light distri-
bution at this point is proportiochal to the‘autocorrelation of
g, {(x,y).

If after the processed hologram is reinserted in the p-q
‘plane, a second-signal gzgx,y) is‘pléced in thex»y plane itsr
Fouriér transform will béAdifferent from ﬁhat of gl(x,y),r Only
that part of its transform which is the same as that of gl(x,y)
will result in diffracted light which falls on the grating—liké
structure of the hologram in the p-q plane. It is shown in the
appendi; that where an autocorrelation appeared in the r-s plane
previously, the light distribution in this case is proportional
to the crOSSecorrelation of the two signals,gl(x,y) and gz(x,y).
It is alsé shown in the éppendix £hat the other firs£~order dif-
fraction component is imaged along the positive r-axis aﬁd is pré—__

portional Eo'the convolution of gl(x,y) and‘gz(x,y).

Ixperimental Results

A non-symmetrical 3-slit pattern shown schématically at the
top of Fig. 2 was ﬁsed to ﬁake a Vander Lugt filter in the opti-
cal system of Fig. 1. Fig. 2 shows the predicted form of the auto-
correlation function ¢gg(x) and the convolution gkx) % g(x). The
slit pattern is actdally two-dimensional with the y-variation being
simply a wide single slit. The autocorrelation (ox convolution)
of such a single slit is just a triangular function whose width is

twice the width of the slit. The output images recorded along



the -r and +r axes in Fig. 1 are shown in Fiq@ 3. These images
are recognized as good representations of the autocorrelation
function ¢gg(x) and the convolution g(x) % g{x) shown in Fig. 2.

As a second experiment, with the same holographic filter in
place a different two-slit signal h(x) shown in Fig. 4 was inser-
ted in the input x-y plane of Fig. 1. Tbe prediéted cross-
correlation ¢gh(x) and convolution g(x) * h(x) are shown in
“Fig. 4. 'I'he two diffracted images measured in the output plane
are shown in Fig. 5 and are again seen to be good representations
of the cross-correlation and convolution of the two signals.,

A number of other experiments’have been performed including
fautocorrelation measurements of -random patterns. Such measﬁre—
ments mayrprove useful in determining the statisticalvnature of
various random spatial signals. As real time'holographic recordé
ing techniques are perfected such realmtime‘correlafiéﬂ measurém—

ments could find wide applications.
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APPENDIX

Analysis of Holographic Corxrrelator

A wave analysis of an optical system can be carried out by
determining the complex amplitude of the wave U(x,y) at any
plane perpendiculaf to the optical axis. If g'(xl,yl) is the
complex amplitude ofkthe wave at plane é = Olthen~the compleg
amplitudc g(xo,yo) at a parallel plane a distance z away is
given by the Huygen-Fresnel principlez’4 as sho&nvin Figure 6.
Referring to Figure 6 one sees that the effect of traveling a
distaﬂco d in free space is to change g'(xi,yl) to g(xo,yo)

through the relation

oo .k 2 -2
, ' I5g [(XO“Xl) + (yo~yl) 1
CU(x ey ) = Ijﬁ{g (x,7;)e S

-0

‘dxldyl ) (1)

where K is a complex constant and g'(xl,yl)visvaSsumed to be
zero outside the aperture. The result for light from a point
source traveling a distance d is found by letting,g'(xl,yl)

G(Xl,yl)”in (1) from which

. K 2 2
Izg (X5 *Y,

| y (2)
gd(xo’yo) =Ke

The effect of a thin lens is to multiply the amplitude
function g(x,y) that enters the lens by some complex amplitude
%(x,y). To determine g(x,y) recognize that light from a point
source which enters a lens after traveling a distance f equal

to the focal length will emerge from the lens as a plane wave.



That is
U, (x,y) v(x,y) = constant
and thus from (2) it follows that
.k 2 2
=3 57 (xT. 4+ y7)

bxy) = e - (3)

represents the effect of a lens.

Fourier transform of g(x,y)

Consider first only that portion of Figure 1 that is shown
in Figure 7 and let gn(u,v) be the light amplitude just to the
left of the lens. From (2), U, (u,v) is given by
Swfevh @

3“2‘61

gl(u,v) = gl e L

The effect of the lens is to multiply (4) by ¥(u,v) from (3).
Thus, if gg'(u,v) is the light ampliﬁude just to the right of

the lens then

U, ' tu,v) = U, (u,v) y(u,v) (5)

The focal length fl'of lens 1 is related to dl and Dl by

the lens formula

= E— 4 (6)

HH‘?@ hand
o1



Substituting (3) and (4) -into (5) and using (6) one can write

.k A 2
~I5pT (u” + v7)

QR'(u,v) = Kl e 1 . (7)

Let U_(x,y) be the light amplitude just to the left of the
signal film g(x,y) and let U.' (x,y) be the light amplitude just
to the right of the film. Eg. (1) can be used to find U, (%,y)

in terms of gz'(u,v). ~Thus
| 7 e Lew? 4 (- P

To the right of the filn go'(x,y) is givén by
Yo' Gay) = U Gay) glay) S %)

Let gt(p,q) be the light‘amplifude at the p-q plane and

use (1) again to write

. i [p=0) 2 + (a=y) %)
U (p,a) = 153f y tlx,y) e 93 dxdy (10)

Combining (7) - (10), Qt(p,q) can be written as

0 . .k
Js P :
Qt(PzQ) = 54&£2?j{é(xfy) e 2 dudvdxdy (11)

where



2
u? + v ~x2 + yT 4 uz + v2 = 2%u = 2yv

(48]

-2 2, 2 2
4 Pt g v x +y - 2px - 29y (12)

d3

It is first necessary to do the integration over u and v. To
this end let the parts of p containing u and v be represented

by oy and p& respectively. Thus,

'pu = u? (- %— + %“) - 2u (§~
' 1l 2 -T2
‘ 2 11 v . S §
p, = V(= 5=+ F—) = 2v (%) : (13)
v D, 4, ’ d.2 B _
_ Since
7 he ey o35t R
7 e 7 du = C3 J{Qe dr = constant
—00 : Y i .

it is desirable to complete the squares in (13) and write

P = - ._i3_._ (u -~X]_D_.]:.) 2 - x2 _w.,l'.._ = p LI XZ ._..,...:.IL__.
“u d2Dl d3 d2d3 u d2d3
d yD D D (14)
o) = .__.._:}_._ (V - _._21 2 . y2 -_..‘;Im = p L y2 ..w_.;l.‘m
v d2Dl d3 dzd3 v d2d3
where the fact that Dl = d2 + d3 has been used. 'Collecting

(14) and the remaining terms in (12) one can write



D

: , Bl 1 1 2 2
po= p '+ op P H (5t me = ) (x4 YY)
u v dz d3 d2d3
2 2
P BB A 2 (ox 4 qy) (15)
d3 ¢y

The terms pu' and pv‘ give a constant when integrated over u and

2

v. The coefficient of (x° + yz) in (155 is identically zero.

Thus, Eq. (11) can be written as

. k2, 2 o . o
3 5g— (PT+a”) -3 g (px + ay) »
U.(p,q) = K, e 3 glx,y) e 3 dxdy (16)

Quf R

Since k = 2u/A where A is the wavelength of the light, (16) can
be rewritten as
. .k 2 . 2
» Jag— (7 +a™) : )
U (pr) = Koe ™3 AL | (}1)
wheoere

(20}

: ~j2m (£,% + £.y)
g(fx,fy) = ‘z}ﬁg(x,y) e y dxdy - (18)

- OO

is the TFourier transform of g(x,y) and

X }63
= 9.
fy g (19)
3
arc the spatial frequencies. Egq. (17) shows that to within a



quadratic phase factorxr Ut(p,q) is proportional to the two-

dimensional Fourier transform of the spatial signal g(x,y).

ljolographic Recording

, can be represented by the delta

function 5(x~xr, y). Thus, using Eg. (1) the 1ight amplitude

The point source at P

of the reference beam in the p~g plane due to this point source

is given by

g BRI e
U.(p,q) = E'fjé(X*Xr,y) e 3 o N dxdy

!

2

.k 2
J 53; [(p-x)" + q7]

kx 2 :
R I R S I
=k e %3 o 243 e 9 ©(20)

kpxr

In deriving (20) it is assumed thét»xr isvsmall enoggh so that
the paraxial approximation used in obtaining Eq. (1) is valid.
The constant phase factor ejkxi /2d3 in (20) is of no importance‘
and will be dropped for convenience. By introducihg the spatial

frequency fx from (19) one can write (20) in the form

.k 2 .
3 o5 (7 ¢ qz) ~j2mx £
U _(p/gq) = K_ e 3 e (21)
~Y . ~Y ) .
Phe total light field at the p~q plane is the sum of the
ficlds Ut(p,q) from (1l7) and Ur(p,q) from (21). A photographic

plate is inserted in the p-g plane and records the intensity of

10



this total ficld. The intensity is given by

12+ Ju_|? + U,u ¥ + U kU (22)

m.lgt ~¥ ~t~x L ~x

It is assumed that the aﬁplitude transmittance of the resulting
hoiogfam is proportional (with a negative sign) to the exposure
which in turn»is proportional to the ‘intensity (22). Thus, ab-
sorbing theée proportionality constants in the other constants
a filter function g(fx,fy) representing the amplitude trans—
mittance Ofvthe hologram in the p-gq plane [frequeﬁce plane;

sce (19)] can be written using (17), (21) and (22) in the form

it

H(E £ ) Nk K

2

+ |K
‘ ~r

| jzﬁxrfx o
. * ~ N ' v
b EKTG (EE) e

o ) —j2ﬂxrfx ’ j _
* % (Ff : '
+ KRG F(EE) e | | (23)

where the signal used in making the filter g(fx,fy) has been

designated as g (x,y) with a Fourier transform gl(ix,fy).

Recconstruction

In the reconstruction process let gl(x,y) be replaced by a
second signal gz(x,y) whose Fourier transform is Qz(fx,fy).
Figurc 8 shows that part of Figufé 1 that is relevant to the
roconstruction‘processw In this case the reference beam is re-~

moved so that the total field Ut(p,q)'is proportional to

11



QZ(fx,fy) according to (Li). Thus

gc(pIQ) % gc e 3 g (fxrfy) (24)

'

The hologram in the p-4q plane has an amplitude transmittance
g(fx;fy) given by (23) where f_ and £, are related to p and q
by (19). Thus to the right of the p-g planerUc‘(p,q) is given. -
by '

S —

gC (prq) = gc(prq) H(fx'fy) (25)

Eq. (25) can be combined with (23) and (24) and written as

.k 2 2

, 35 (7 + a”)
'gc'(p,q) = K, e 3 S :.T(fx,fy) ‘ (26)
where
T(E L) = Tl E) + T (E,5) + T (£,£)  (27)
and
_ 2 2 2
To(fx’fy) - igt‘ (gll Co * !grl P (28)
\ \ ‘
g o 'j2ﬂxrfx
'.I:-i—(fx'f'y) = .I.§t£<rw 9 (fx’fy) 92(‘cx’fy) e (29)
' ~j2ﬁxrfx
= 3 % ~
T_(fx,fy) K 7KL Gy (fX,fy) gz(fx’fy) e (30)

12



Referring to Figure 8, Eq. (1) can be used to write the

ficld to the left of the lens Um(ﬁ,ﬁ) as
| 35— [@-p)" + (¥-q) 7] .
u (4q,v) = KSJég&gc'(p,q) e 4 dpdg (31)

Substituting (265 into (31) and making the change of variables

given by (19) one can write (31) in the form

2
~ ka%a .
o 2. . . ~ 2
0 oe o 173 3(fX2+fy ) J-~—~2§, [(u~)\d3fx)2+(v—->\d3fy)
Qm(u,v) = E.Z?g I(fx,fy) e 4 '
(32)
If £, is the focal length of lens 2 then from (3) the field
gm'(ﬁ,G) to the right of lens 2 is given by
o R R T (33)
U vy = U (8,7) e 2

Finally, using (1) the field gi(r,s) in the r-s image plane is

given by

O A Y .
gi(r,s) = 57 gm (u,v) e 5 v dudv (34)

Combining (32), (33) and (34) the field gi(r,s) can be written

.k »
f
gi(r,s) = 58 ‘j; ?(fx,fy) e dudvdfxdfy (35)

as

whoro

13



andd

= 52
Mg

~2

. =V
Mg

11 1 «~(
Lol L1y Cag
(d4 £ d5>

o)
L i B
(d4 £, dg '

(36)
y J dg

Y

- S (37)
)
S
s_ (38)
: )

In order to do the integration over U and V in (35) it is

necessary to'complete the squares in (37) and (38) as was done

in (i13). 1If this is done and use is made of the léns formula

then (37) and (38)

u
and
‘uﬁ
whorco

14

1 T
f2 D2 ds,
can be written in the form
R L L r a,n,
Ha a, a
\2
AdBf a,D
= U“" - __..-,a—_l + %... m..%.
v 4 5
3 (ifi»s Lo\
d,Db, dy 5/ ¢

(39)

(40)

(41)

(42)



and
d AL E 4a.,p 2
T T T I A im\} 42
B¢ T @ D, v ( a "3 q- (43)

Substituting (40) and (41) into (36) one obtains

5 o
2. 2/(1 1 2 2 2
no=opst o+ ot o+ A%d (-—~+-’—--——---->(f +f)
u v 3 d3 d4 d3d4 \"x Yy
| a.D D.2A - »
+(r2+52)(%,_ 32>“§ (£x + £8)  (44)
| 5 dg dg 5 X y o

The terms “ﬁ' and Uq' give a constant when integrated over U
. 2 . .

and v in (35).  The coefficient of (fx’ + fyz) in (44) is

iduntically zero. Thus, Eg. (35) can be written'as '

kD, A :

d,D .
.k o . ,
i33 (l“d4d?)(r2+sz) -j g»(fxr+fvs)
gi(r,s) = §i e 5 573 ‘ ?(fx,fy)e 5 | dfxdfy
’ —~00
(45)
If onc introduces the reduced coordinaﬁes
.
= M
' - S
s = T (46)
whoero
d
2 . i

is the magnification between the x-y and r-s planes, then (45)

can be written as

15



J2n(£ " +f s')
e X Y 4f af
Xy

(48)

Thus, to within a quadratic phase factor Ui(r‘,s') is propor-
tional to the inverse Fourier transform of T(fx,fy). That is,

if T(fx,fy) is the Fourier transform of t(r',s') then

d ,
J §§& (L - ﬁai)(r'z + 5'2)
Ui(r',s') = K, e 2 3 o t(x',s') (49)

Since T(fx,fy) is made up of three parts as indicated in
Lgs. (27)-(30), then t(r',s') will also be made up of three

corresponding parts t_, t

or £y @nd £t . The t_ term is the inverse

transform of To and is displayed at the origin of the r-s plane.
It has no particular significance or usefulness. The ovther two
terms, however, are useful and are separated in space in the

r-s planc. They will each be considered éeparately below.

Convolution Mcasurement

Consider first the term T+(fx,fy) given by (29). In the
image plane t+(r',s') is given by the inverse Fourier transform

of (29). That is,
’ | j2mx £ J2m(£ xt 4L s")
' ' == * X £ o
t,(r'ys’) KK gl(fx,fy)gz(Lx,fy) e e | dfxdfy

(50)

From the definitions of G, (f_,f ) and G, (f_,f ) Eq. (50) can be
~ x' Ty L2V Ty



writlben as

L [33]
Fad

1 ijw(fxxl+f,y )
N 0 .1 e H Y 1
bylxtest) = ‘§+jf | 9 By) e dx,dyy

=j2m(f_x.+f v.) j2wx_f£
. X2 Tyt2 rex
ﬂgz(xzryz)e dx,dy, e

j2ﬂ(fxr'+f st) _ ‘ C
- e Y df df (51)

Interchanging the order of integration and integrating one

obtalins

’ B -j20f (X, +X,=%x_~r'")
] [ ' — X 1 2 r - .
Lylrfyst) = §f£gl(xlryl)ﬁg2(xzryz)fe ’ ST afy
(s - o - '

m--:’)Z'Jrfy(yl+yz--s') S "'
fJe dfydxzdyzdxldyl

X

— ' R - . . '
i gﬁZ?él(xl’yl) };2(X2’Y2)5(X1*X2 ¥pmE ') 8 lyytyymstlax,dyydx,dy,y
(851 0o . !

= ‘§+ﬂ91(xl'yl) 9o (FiHx =%y, s'-y,)dx,dy, B (52)

Eq. (52) is a two-dimensional convolution integrai centered at

= 0. Thus, E+(r',s') can be written as

t (r',s') = K gl(r'+xr,s') * g

o ¥4 ? [
Sy By ~2(f rxr,S,) (.)3)

Since r',s' are reduced coordinates defined by (46) the

17



convolution t+ will be centered at the coordinates

r = Mx _, s = 0.
r

Corrclation Mecasurement

Consider now the term Tm(fx’fy) given by (30). In the

image planc t_(r',s') is given by the inverse Fourier transform

of (30). That is,

~ ~

Vo x s x “izmx £, J2m(EriHEst)
L(r's') =K K G *(F £ )G, (£ £ e~ T Te o af df,

from which

<«

: : Ci2n(f . +f_y.)
_L;_(r‘.S')=Kj ;/Fgl*(xl.yl) e * y 1T dxydyy

)

/ ' -32n(f_x. +f v.) ~j2nx £ j2n(f_r'+f_s')
.y X2 Ty 2 r'x X Ty .
ﬂgz(xz,yz)‘e dx,dy e e o ar af,

(54)

Interchanging the order of integration and integrating one obtains

[ 7 ~j2ﬂfx(x2—xl+xr—r')

B [ IR | — *

t_(r',s") K_§/9; (xl,yl) /ggz(leyz) e dfx
00 00 ©0

[ ~j2ﬂfy(y2~yl—s')
. e - dfydxzdyzdxldyl

- 5“]]631* (Xl'yl)ﬁg2 gy ) 8 (eymxy b mx 1) 8 (¥ pmyy =8 T) dxpdy pdx, dyy

3 00
= K { ® - z LI, dgt : -
Eﬂjggl (¢y0yy) g, eyt =%, y,+s') dx,dy, (55)

18



Iig. (55) is the cross-correlation ¢ of g? and 95 centered
1=2 T ~
at rt =%, s = 0 or r = war, s = 0. That is

b o (ri-x_,s') (56)
- - gigz r

et

~
H

-

0

S’
Il

~

2

If g, and g, are the same real signal then t_(r',s') will

record the autocorrelation function.
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COHERENT OPTICAL PROCESSING USING A SINGLE SPHERICAL MIRROR

1. Introduction

Optical data processing and spatial filtering techniques
have been used in a variety of applications.l An historical
review of spétial filtering and optical information processing
has been given by Goodman.2 The standard optical»processing
system contains a collimating lens, a transforming lens, and
an imaging (or second transforming) lens. By appropriately
locating the input plane, the same lens can be used for both
transforming and imaging the input signal. As will be shown
below, fhe incidenﬁ wave need not bé a plane wave'so that the
collimating lens can also be eliminated. A schematic of the
resulting single iens system 1is shbwn in Fig. -1. The single
lens in this system can be replaced by a spherical mirror re-
sulting in an optical processor that uses no lenses at all
following the input pinhole. Two possible configurations of
such an optical processor for use with transmitting and re-
flecting'signéls respectively are shown in Fiés‘ 2 and 3. An
analysis of the optical processing-systeﬁ in Fig. 1 is given
in Section 2. The effects of the finite size of the mirror
and the input signal are discussed in Section 3. Some Fourier
transforms and spatial filtering experiments using a single

spherical mirror are presented in Section 4.



2. Analysis of tne Optical Processing System

A wave analysis of the optical system in Figure 1 can be
carried out by determining the complex amplitude of the wave
U(x,y) at any plane perpendicular to the optical axis. If

g'(xl,yl) is the complex amplitude of the wave at plane z = 0,

then the complex amplitude U(xo,yo) at a parallel‘plane’a dis-

‘tance z away is given by the Huygen-Fresnel principle2’3 as
shown in Figure 4. Referring to Figure 4 one sees that the
effect of traveling a distance d in free space is to change

. .
U (Xl’yl) to g(xo,yo)vthrough the relation

' jz—gt(xo~xl)2 + (yo?yl)zl
Ux_ry,) = K U'(xy,y)e | dxdy,

-_ 0

whcr¢ § is a complex constant and g'(xl,yl) is assumed to be
zero outside the aperture. The result for light from a point
source on the axis traveling a distance d is found by letting

. B , .
U (xl,yl) = 5(xl,yl) in (1) from which

gd(xolyo) = 15 e

The effect of the lens (or spherical mirror) is to multiply

the incident amplitude function U(x,y) by some complex amplitude

V(x,y). To determine Y(x,y) recognize that light from a point

source which is incident on the lens (or mirror) after traveling

a distance f equal to the focal length will be transnitted (or

reflected) as a plane wave. That is

(1)

(2)



Uf(x,y) Y(x,y) = constant

and thus from (2) it follows that

.k 2 2 :
poey) = e Tz O Y | @

répresents the effect ofrthe lens for,sperical mirror) where
f is the focal leﬁgth of the lens (or mirror).

Rcfef ﬁow to Figurg‘l where U (x,vy) ié the liéht amplitude .
just to tﬁe left of the signal plane. From (2) gl(x,y) is giveh

by
.k
Jza"a(xz + y?)

G ey) =K e T | | o W
To the right of the input plane Uz(x;y)’is given by

9 (XrY)‘ = gl(XIY) (le) . (5)

na

Equation (1) can be used to find U,(u,v) in terms of U, (x,y).
Thus

. F ok Lm0 ? + (v-y) 2
U (u,v) = §2m[}r92(x’y)e 2 dxdy (6)

The effect of the lens (or mirror) is to multiply U3(u,v) by

P(u,v) given by (3). Thus

"jz—]% (u™ + v%)
U (u,v) = 93(u,V) e (7)

Using (1) again Us(p,q) can be written as



' : jg%“ ((p*u)2 + (q“V)Z]
US(PIQ) = §3J{}fg4(u,v) e 3 : dudv

If a filter with a complex transmittance H(p,q) is inserted

in the p-g plane, then U6(p,q)'is given by

Ug (p,a) = U (p,q) Hp,q)

Finally the light ampiitudé in the 6utput plane U (r,s) is

given by
7 So Urp) 2+ (s=) 2

It is convenient to first evaluate US(p,q). ;Combining_:

- Equations (4) through (8) one can write.

o e .k | ,_
: _ Y
Us(p,q) = Kg glx,y) e dudv axdy

where

- x% + y2 u? + v+ X% y2 - 2ux - 2vy _ il + v2

1 dz : £

+.p2,+ q2 +,u2,+ v2

d3

- 2pu - 2qv

It is first necessary to do the integration over u and v.

this end let the parts of p containing u and v be revresented

by Py and P, respectively.  Thus

(8)

(9)

(10)

(11)

(12)



2 [ 1 1 1\ x p
o == u e - - + s - 2u o + ‘-—>
u a, £ a5 } <d2 a
2 (1 1 1) [y g
p, =V — -z 4+ = - 2v + (13)
v (d2 f d3 ) (d2 d3
Since
oo . - \ 2 i © LT 2
icy (u=C,) , 35 &
e : du = C3 e dg = constant
it is desirable to complete the squares in (13) and write
PR (zs_ . E_-)z
. P- oo dl - dz o d3»
d, L \ 2 ' .
— ' 271 (Z_ g )
o} = oy - -+ = - (14)
v v dl dz , d3, o ‘ o
{
where
; . i ' ' ' -
ot = dy a - dZLl <>< + P_ 2
u dle | : dl d, d3 |
‘ a, [ a.,L | ‘ 12
! 21 (1 q )
o = —= lu - -+ 2 (15)
v v dle ] dl d2 d3 )
and the lens formula 1/f = 1/Ll + 1/d3 has been used. Combining
'(14)'with'the_rémaining terms in (12) one can write p in the form -
L
T ) ¢ l 1 l \( 2 2\
P T p o tVvar vt g T ogas x ty
u v (dl d, dldzj j
a.n 2L
1 271 2 2
+ ta> - ““"“2‘\)(9 tq ) T ogg, e tya (16
3 a.da.” 173
l 3 L4 A /
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The terms pu' and pv‘ give a constant when integrated over
u and v. The coefficient of (x2 + yz) in (16) is identically

zero. Thus (1ll) can be written as

. d,L 27L
. 271 2 2} .
T (l T 3.ad ) G? *a ) “yaas e + va)
gs(p,q) = K. e 3 173/ .‘.}S[Q(X'Y) e 173 : dxdy

!
=

: .k 271 2 2

s\l ~ g /ip ta L.p - ILIyq :

_ 2d da.d 1 1

= K, e 3 173 G\ 55 d" ' 7aa (17)
- o ~ 173 173

where G(Ek,fyf is the two~dimensional Fourier transform of
g(x,y)VWLth spatial frequencies £ = Llp/ldidgjandify;;‘
Lya/id,dg. | | .

" A filter with an impulse response h(x,y) and a transfer
function H(fx;fy) is to be inserted in the p-g plane. Then

from (17), (9) and (10), U7(r,s) can be written‘aS‘

coor =, [ (0 ety ) x (i iy ) % e
U.{r,s) = K H . e pagq
<7 } ~7 /) ~ Adld3 kdld3 ~ Adld3 kdld3_ T
(18)
where
d,L
M :Zli..(;~d2dl>(p2+q2) +Eli—('2+s +p2+q -—2rp—25q)
3 173 4
(19)

The cocfficient of (p2 + q°) in (19) is



Lok -
3 4 dldB

Applying the lens formula to Figure 1 one can write

R

1 3 2 2

By crbss~multiplying and combining terms in (21) one can show

that 7
e - * e

173 - 274 ' B , '

so that the coefficient of (p2 + qz) in (19) vanishes. ‘Thus,

(18) reduces to

._k 2 2, o

| g, (70t 8T O L L - it oA

U,(x,s) = K, e 4 S\xaa;  3aa -\raq;  iaa
&4 173 173 173 173

. 27
"3Xaz (rp + sq)

dpdg | | (23)

In terms of the spatial frequencies fX = Llp/kdld3, f =
1/ he reduced c rdinates v o= - (¢ " s' =
qu/kdld3 and the reduced coordinates r (42/12) r, s

«(dz/LQ) S Equation (23} can be written as



o}

[38]
3

A

—2 e st?) »
f o € H .
U, (x', s') =Kge 24,4, v ‘igfé(fxr fy) H{E ., fy)

o .

jZﬂ(er' + £ s') .
e ¥  af af
X Y

whére (22) has been used. Thus to within a quadratic phase
factor 97(r', s') is propprtional to the invers¢ Fourier
transform of the product %(fx, fy) g(fx, fy). The light
intensity in the output plane will therefore be proportional
to the magnitude squared of this inverse Fourier transform or
alternatively to the magnitude squared of the convolution of
-thé input signal g(x;y) witﬁ fheAimpulse response E(x,y). In
particular, if no filter is used g(p,q) = 1, g(x,y) = §(x,y)

and the output intensity reduces to
' d - d
I(x,s) | Xg C—i( I, e T3 S)

which as expected is an inverted image of g(x,y) that has been

P

magnificd by an amount Lz/dz.

3. Design Criteria .for the Optical Processor -

In designing the lensless processor for a particular
épplication a compromise is often required between the magnifi-
cation M = L2/d2’ the actual size of the diffraction pattern
in the transform (filter) plane, and the maximum spatial fre-

guency that can be faithfully transmitted by the system in the

(24)

(25)



absence of any filtering in the transform plane. This
maximum spatial frequency can be detefmined from the coherent
transfer function which is equal to the pupil function of the
spherical mirror P(XLZEX‘, ALny')2*3. This coherent transfer
function is defined as the ratio of the frequency spectrum of
the image to the fregquency spectrum of the image predicted by
geqmetrical optics. The spatial frequencies fX' and fy‘ are
associated with the image coordinates. However, the spatiai
frequencies fX and fy related to thé Foufier trénsformrin (17)
are'associated with the input signal. These two sets of spatial
frequencies are related by thermagnification_thtough the
expression fx,y = Mf;;y'. Thus, in terms of the input spatial
frequencies the coherent transfer function is given by

PAL /M, ALyE /M) = PA,E,, Ad,f ). For a lens (or spherical
mirroY) of diameter D the éut—off frequency fo is thus given

by

fs = ma, | (26)

This cut-off.frequencyfo dorrespoﬁds té fhe Spétiél
frequency of an on-axis object whose diffracted light just makes
it through the aperture of the lens (or spherical mirror). This
is illustrated in Figure 5_where the solid line passing through
the center of an object of width a belongs to the bundle of
rays whizh converge to a point in th: transform plane a
distance Py from the axis. This distance corresponds to the

maximum spatial freguency



Ia (27)

which will be passed by an aperture of diameter D. .From the

geometry of Figure 5 one can readily show that

D d d.’
Po T2 diLi . (28)
sé that one cén obtaiﬁ (26) by substituting (28) into (27).
Equation (26) is derived by considering the optical system
to be space—invariant (isoplanatic). One would then expect
Athis cut—off.frequency.fOAto apply”to all pgints in thgﬂimagef
In fact, it does not as shown by the bundle of dashed rays in
Figure 5 . Light that is diffracted in the signal plane at a
Adistancoia/Z from the axis willronly pass ﬁhréugh the aperture
of diémeter D if the spatial frequency is less than fa =
Llpé/Kdid3'as shown in Figure 5. From the geometry of this
figure one can show that fa is related to the cut-off frequency

fo given by (26) by the equation

a
a o d D ) (29)
Thus the vignetting effect of the finite aperture reduces the
maximum spatial frequency that can be faithfully transmitted

by the system proportionately to the ratio a/D.
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4. Experimental Results

The preceding analysis Qill apply to the spherical mirror
chfigurqtions of Figs. 2 and 3 provided the effects of the
beamsplitters can be ignored. The most important effécts wilir
be the finite size of the beamsplitters and multiple reflections.
- In practice it is often possible to eliminate the beamsplitters
altogether. In the following experiments no beamsplitters were
used.k The diverging light was reflected directly from a 20 cm.
diameter spherical mirror with a focal length of 164 cm. Because
of the long focal length a slight tilting of the mirror would
séparate the transform plane and the output'plane from the in-
coming light beam without significantly affecting the images |
in these planes. Figures 6 - 9 show a.number O0f signals and
their power spectra as measured in the-transform plane of Fig.
1. In each case the signal completely filled an aperture in thé
signal plane 6.5 cm. in diameter. These signals are larger than
those which can be used in conventional opticél processing sys-

tems using standard size lenses (35 mm signals are a standard

‘'size). For the measurements shown in Figs. 6 -~ 9 the distances
in Fig. 1 had the following values: dl=llZCm., d2=lO9cm., and
d3=636cm.

The spatial filtering capability of the single spherical
mirror system was illustrated by a number of experiments. Fig.
10a shows a grating in which the line frequency varies logarith-

mically from 0.5 lines /mm to 5 lines/mm. A filter consisting
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of a periodic bar pattern was inserted in the transform plane.
The resulting filtered version of the transform plane is shown
in Fig. 10b. The resulting output image is shown in Fig. 10c.
Since the filter will block all the harmonies of certain spaﬁial .
frequencies entire regions of the original signal, corresponding
to these spatial frequencies, willrbecome darkened és shown in

Fig. 10c. In this measurement the distances in Fig. 1 had the

following values: d,=284 cm., 4

1, =328 cm., d

=224,cm., and

2 3

d,=104cmn,

4
‘As a .second filtering experiment the words "yes" and "no"

were recorded on a glass photographic plate and the plate was
then’bleached and thus became completely traﬁsparent. However,
there is a phase variation across the glaés plate due to chaﬁges
in the refractive index and thickness of the emulsion Qhere_
the wérds are located. The resulting image in the output plane
- of Fig. 1 is shown in Fig. lla. A filter which bléckedrthe
undiffracted d.c. light was inserted in fhe tfénsform plane and
the resulting image in the output plane is shown in Fig. 11b.

| The d.c. filter used for the experiment of Fig. 1l was
made by simply recording photographically the point of light
A{in the form of an Airy disc) which appears in thevtransform
plane when there is no signal in the input plane. When this
filter is reinserted in the transform plane theiimage in the out-
put plane is as éhown in Fig; 12. if a trans@arent object'is
now inserted in the input plane any light which is diffracted

around the d.c. filter will appear in the output plane. This is



illustrated in Figs. 13 = 15 where three samples of automobile
windshields with different surface qualities were inserted in
the input plane. Phase variations due to defects in the glass
become visible in the oufput pléne. | o

Due to the fact that spherical (or parabolic) mirrors can -
be made larger than lenses of the same guality it may prove use-
ful to use spherical mirrors in optical processing and testing

systems where the signals or objects are of large extent.
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Fig. 6 a) Signal pattern

b) Power spectrum of a).
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Fig. 11 a) image in output
plane with no filtering,
b) image in output plane
with d.c. filtering.
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Fig. 12 Output image with
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FOURIER TRANSFORMING PROPERTIES
OF HOLOGRAMS*

Richard E. Haskell

School of Engineering
Oakland University

Rochester, Michigan 48063

ABSTRACT

Holograms are shown to possess & Fourier transforming
properties in addition to their wellwknowﬁ imaging properties.
Under certain circumstances a direct analogy exiéts between -

the Fourier transforming properties of lenses and.holograms.
It is possible to locate Fourier transform planes in the re-
construction of both the primary and conjﬁéate waves. The
existance of the Fourier transform planes depends on the pro-
per selection of the reference and reconstruction beams. A
pair of nomographs for point source holographic imaging have
been developed and are used to locate the Fourier transform
planes. Power spectrﬁm measurements made holographically
without the use of lenses are presented. A complete deriva-
tion of the Fouriér transforming properties of holograms is

given.
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Holography cén be used to produce images withoul the use
of a lens as the imaging element. It is well-known that in
addition to their imaginé properties, lenses also possess
Fourier transforming properties when illuminated with coherent
light. 1In this paper it is shown that holbgrams also possess
Fourier transforming properties.

The holographic imaging of point sources has been dis-
cussed by Champagne.l The equations for determining the image
coordinates of point source holograms are obtained in Section
I and two nomographs aie introduced for rapidly finding the
“image coordinates of both the primary image and the conjugate
image. These nomogrgphs are useful for visuvalizing the gen-
eral imaging properties of holograms and, in particular, for
- determining whether the image is real oxr virtual. -In
Section II it is shown how these nomographs can be used to
locate Fourier transform planes and experimental results are
presented. A detailed analysis of these results is_given in
Section.III. The entire discussion is limited to plane holo-

S grams.

I. HOLOGRAPHIC IMAGING

The holographic imaging of point sources can be de-
scribed using the geometry of Fig. 1. An object beam in the
form of a spherical wave originates from a point source at 0.
Neglecting constant phase factors, the complex amplitude of

. \ Jkr
this wave at the z = 0 plane can be written as U = K eJ o
O o
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where K = A /r . .Similarly the reference beam originatin
O s e Y -

Jkr

from a point source at R can be written as U_ = Kr‘e r. If

T

a photographic film is placed in the plane z = 0 the intensity
recorded by the film is proportional to

l2

UO + Ur = U U¥ + U U* + U U* + U*U (1)

~0 .0 ~X X ~0 ~ ~0.X

Assumind'that the amplitude transmittance of the resulting

ho]ogrom is proportional to this intensity function and if the

reconstructlon beam in Fig. 1b is of the form U = KC jkr
then the wave transmitted by the holocram located in the z = 0
plane of Fig. lb will be proportlona] to
= % % g 3 )
gT choUo * g v g ! QCQOQ} * gcgggr (2)

The first two terms on the right-~hand side of (2) are
d~c terms representing the main zero-order diffracted recon-

struction beam. The third term U, = UCUOU~ is the primary

beam and the fourth term U = UCU U is the conjugate beam.

It follows that

1
14+
1
=
1+
[}

(3)

where

ry = r + (ro - 1 ) (4)



4
Thus the primary and conjugate beams U are spherical waves
diverging from or converging to a point specified by image

coordinates that can be determined from (4).

From Fig. la note that’

21/2
_ 3 2, .2 -2
Y, = {}x XO) +yT o+ Zg ]
1/2 :
_ 2 2, 2 ,
= [RO + x° +y ZXXOJ (5)
where’Ro2 = x02 + zoz. Expanding (5) in a binomial series

about RO one can approximate Ty by the expression

| (202
v ~ R + &Y . ¢ sin o - (6)

o (e} 2RO
where sin a, = xO/RO. Analogous expressions can be written
for Yo Ty and r.. If this is done then by using (3) and (4)
one can write

2, 2

JkR. 9k §§i14 ~jkx sin 0,
U = K, 6 e e Ri e - >
~t +
2. 2
. . + 1 1 1
JRIR (R -R )Tk P [t (i) ]
= K KK e e c O 'x
cor
~jkx[sin o t {sin o, — sin ur)] (7)

For this equation to be true for all x it is necessary that

I Y & N |
O Ty (1{“ '}i‘f) (8)
. O X




and

sin a. = sin + (sin o - sin o 9
5 a, * ( oy o) (9)

Egs. (8) and (9) have been obtained by Champagnel and
give the image coordinates Ri’ oy in terms of the coordinates
R, 0 for the object, reference, and reconstruction beams. If
,Ri is positive the image is virtual while if R, is negative
the image is real. The plus sign is éssociated with the pri-
mary wave and the minus sign with the conjugate wave.

’ Egs. (8) and (9) permit a wide range of possible image
point locations depending upon the particular choices of
Ry R, R, O s O and a,. As an aid in determining image
point locations two nomograéhs2 of Egs. (8) and (9) have been

constructed as shown in Figures 2 and 3. Two auxiliary vari-

ables Rf and Op have been introduced and are defined by the

equations
- 1 1 1 .
C S I e e (10)
Rf Ro Rr
and
sin o = sin o, ~ sin a (11)

The R-nomograph for determing R, is used in the following
manner. A straight line is drawn betwveen RO on the left-hand

axis and Rr on the right hand axis. The intersection of this
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line with the R_. axis determines a particular value of R

£ £°

If a second straight line is now drawn from this value of Re
to R, on the left~hand axis the intersection of this second
line with the Ri,axis determines the image distance Ri for the

primary wave. The value of Ri for the conjugate wave is de-

fto

RC{ The ¢g-nomograph works in an exactly analogous manner.

termined by connecting the second straight line from -R

This procedure will be illustrated by two examples.

Example 1: Let the object be a point source located at R, =

15 (units arbitrary), % =.0° and let the reference beam come

~from a point source located at Rr = 60, a_ = 20°. Let the

X

" reconstruction beam be the same as the reference beam, i.e.,

R, = 60, O, = 20°. On the R-nomograph in Fig. 2 the straight

line joining R = 15 and Rr = 60 gives a valuc of Rf = 20.
o

To f£ind the primary wave draw a straight line from Rf = 20 to
R, = 60 which gives the image distance R; = 15. To find the
angle o, for the primary wave draw a straight line in Fig. 3
from a, = 0° to dr = 20°, A straight line drawn from

Op = -20° to o, = 20° determines that oy = 0° for the primary

wave. That is, the primary image is a virtual point source

il

located at R, 15, a. = 0° which is the same as the object

1

as expected. To find the conjugate image return to Fig. 2

and draw a straight line from ~Rf (i.e., Rf = ~20) to RC = 60
which gives a value of Ri = -30. In Fig. 3 a straight line
from —Og (af = +20°) to U, = 20 shows that for the conjugate

vave a, = 43° Thus, the conjugate image is a real image




located at Ri = =30, ai = 43°,

Example 2: In Example 1 the primary image was a virtual image

and the conjugate image was a real image. As an example of a
~case in which the primary image is real and the conjugate

image is virtual let RO = 100, a, = 0°, Rr = 20, o, = -15°,

Rc = 50, and o, = ~-15°. Then from Figs. 4 and 5 the primaxry

it

image is a real image located at Ri = =50, a. 0° and the

i
conjugate image is a virtual image located at R, = 16.6,

a, = =31°.
i

IT. HOLOGRAPHIC SPECTRUM ANALYSIS

It is well known4that in addition to their imagin§ pro-
perties, lenses can produce tWoFdimensional Fourier transforms
of spatial signals when illuminated with coherent light.3 In
particular, if coherent light from a point source P shown in
Fig. 6 is imaged onto the p-q plane and if a transparency with
an amplitude transmittance g(x,y) is inserted in the x-y plane,
then the complex amplitude of }ight gf(p,q) in the p-gq plane
is given by |

d, (d,+d,)
.k 271 72 2, 2
iza; (l - "Td"”‘“) (p7ra™)

Ue(prg) = Ko e 773 173 g(fx,fy) - (12)

where

‘ ~ ~32m (£ % + £ y)
G(fx,fy) = fgrg(x,y) e Y dxdy (13)
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is the two-dimensional Fourier transform of g(x,y) and

(dl+d2) ' B '(dl+d2)

i = g P = S g 9
X -AdldB vy ~)\dldB

Y
}_..I
[1=8

S

h

are the spatial frequencies. If the point source P is moved
out to infinity so that the transparency is illuminated with a

plane wave then d3

and the quadratic phase factor in (12) reduces to

3 d
exp [iég (1 - a% )1 and the spatial freguencies reduce to the

will reduce to the focal length of the lens

nore -familiar forms fx = p/kd3 and fy = q/kd3. If the signal
transparency is now placed in the front focal plane of the
lens (dz»= d3)—the qgadratic phase factor will vanish alto-
Vgether. Since it»is always the intensity [gsz thét_is,
nmeasured the quadratic phase factor in (12) is generally.of
no conseguence.

Referring to Fig. 6 it is seen that independent of,the
location of the x-y plane the Fourier transform of g(x,y) ap-
pears in the image plane of the point source P. This suggests
fhat if the lens is replaced b§ a photographic plate ahd a
hologram is recorded using a point source reference wave, and
“if a reconstruction beam is chosen that will produée a real
image of the point source.P, then perhaps at the location of
this real image the Fourier transform of g(x,y) will be dis-
played. In Section III this will, in fact, be shown to be
true for both the primary and conjugate waves.

A number of ewpceriments have been perforned which
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demonstrate this result. Consider the recording and recon-—
struction geometries shown in ?ig. 7. The values of R_. Ro,
RC, o and a, are those of Example 1 in Section I. From
Fig. 2 it can be seen that the conjugate wave producés a real
image of P at a distance R, = ~-30. If the reconstruction angle
o is taken equal to ~ar'rather than to . as in Fig. 3, then
instead of being eqgual to 43° the image angle oy for the con- -
jugate wave is 0° as shown in Pig. 7b. Thé'threeAslit signal
- shown in Fig. 8a was used for g(x,y) in both the lens system of
Fig. -6 and the holographic system of Fig. 7. The light inten-
sity recorded in the p-g plane of Fig., 6 is shown in Fig. 8D
and the light intensity recorded in the Fourier transform plane
of Fig. 7b is shown in Fig. 8c. -

As an example of using the primary wave for Fourier.

transform measurecments consider the recording and reconstruc-

r R, O _, O_,y

tion geometries of Fig. 9. The values of R , R
_ (e} c o r

i

~and o correspond to those of Example 2 in Section I. The

~ primary wave. produces an image of P at P' in a Fourier trans-

form plane. Fig. 10 shows a signal and its power spectrum
2 . .
(|G| ) as measured with a lens and as measured holographically

in the transform plane-of Fig. 9b.

IIT. THEORY

In this section a theory will be presented which verifics

the existance of FPourier transform planes in holographic
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imaging, locates these planes, and determines the scale
factor which relates the spatial freqﬁencies to the spatial
coordinates. The geometry for the analysis is shown in Fig.
11. The signal g(x,y) is in the x-y plane and the hologram
is recorded in the u-v plane. Upon reconstruction one wants
the Fourier transform of g(x,y)‘to appear in the p-g plane.

The analysis is carried out by deternining the complex
amplitude of the wave‘g(x,y) at various planes perpendicular:
- to the optical axis. If g'(xl,yl) is the complex amplitude
of the wave at the plane z = 0 then the complex amplitude
g(xo,yo) at a parallel plane a distance z. away is given by
- the Huygen-Fresnel principle3 as shown in Fig..12. Referring. .
to this figure one sées that the effect of traveling a dis-
tance d in free space is to change;g}(xl,yl)uto g(xo,y ) R

O

through the relation

. . 2 '
' J%‘a— [(xo—-xl) + (yo“yl)zl :
g(xo,yo) R 1 Y (Xl’yl) € dx;dy,

LLC4SY

(le

where K is a complex constant and U'(x ) is assumed to be

171

zero outside the aperture. Just to the left of the signal
film in Fig. 11 U, (x,y) is the result of light from a point

source traveling a distance d]' To find U (x,y) let

g'(xl,yl) = S(Xl,yl) in (15) from which

.k ‘ )
Jua— 7+ y9) (16)
gl(x,y) = K} e 1
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To the right of the signal film U, (x,y) is given by
U, (xpy) = Uy (xy) gix,y) a7

where g(x,y) is the amplitude transmittance of the signal £ilm.
Let Uo(u,v) be the resulting object beam in the plane of

the hologram. From (15) this object beam can be written as

oo E

' k2, 2 o
f Jga— [(uex) 4+ (v-y) “]
go(u,v) =K, fI U (x,y) e 2 axdy (18)

-0

Substituting (16) and (17) into (18) one can write

Do)

J 5P
© axdy (19)

go(u(v) = Ko ;g(x,y) e

where

p._ = l«-(x2+y2) + L (u2+v2+x2+y2w2ux~2Vy) (20)
- 7o dl dz

The reference wave from a point source Q can be written
as [see Eg. (6)]

2, 2

el XY L 4 sin o
J 2Rr . r

(21)

Similarly, during the reconstruction process the reconstruction

wave from a point source S can be written as



gc(u,v) = &c e e (22)

The hologram will record the intensity of the sum of the
object wave go(u,v) and the reference wave gr(u,v) as given by
Eqgq. (1). Upon reconstruction the total field gr(u,v) to the
right of the hologram in Fig. 11 will be the sum of four terms
as shown in Eq. (2). "Only the primary and conjugate terms
need to be considered since they will be separated from each
other and from the d~c¢ terms in the p-g plane. Just to the
right of the hologram the primary wave will be designated as

+
4

U, = UUU¥ (23)

~C~0O~X

and the conjugate wave will be designated as
U, = U_U*U (24)

Eq. (15) can then be used to write the field in the p-g plane

as
k 2

+ + J'—Q—g—-[(p—u)2 + (g-v) 7]
Up(p,a) = Kg |} U, e 73 auav (25)

oo

where the upper signs refer to the primary wave and the lower
signs refer to the conjugate wave. Combining Egs. (19) -~ (25)

one can write



where g+(x,y)

qr K
+ 1 17 Py
Us(p,q) = K6 rilg,(x,y) e dudvdxdy (26)
sl
= gx,y), g_(x,y) = g*(x,y), and
2, 2 1 -1 . -
o + (u™Hv (§-+ §~) - 2u (sin O + sin ar)
c x :

+2 p% + q® +u® + v? - 2pu - 2qu) (27)
3
It is
v. To this

represented

written as

P
where
o =07 (¢
and

From the imaging equations

first necessary to do the integration over u and
end let the parts of p, containing u and v be

Then (27) can be

by Py and Py respectively.

2. 2
2 1. 1 p +g
= p_+ p_ + (x"+y7) (t~ﬂ i-——) oS (28)
u v dl d2 d3
S ——‘ J.'._.. .];__ l - - .;.?_(__»_ I ] o] . P__A
A+ +R +d) Zu(.d +51nocr+ulnocckd)
ha c 3 2 3
(29)
= V2 (;‘:-]—_i“« :l: *JR——— + %—« L é.,.\ - 2v (ié/_« + g__) (30)
<) r c 3/ 2 3

(8) and (9)



P

|
"
1

|

-

1

|

(31)

andk

1

¥ sin o + sin = I sin o + sin o. 32
i . o, T O N0y (32)

if oy is taken equal to zero and o is selected to make oy

equal to zero as in Figs. 7 and 9, then (32) shows that the -
sin terms are eliminated in (29). From Figs. 7, 9 and 11 set

R, = ~d, and RO = d.+d, in (31). The coefficient of u2 and

i 3 172

2

v® in (29) and (30) then reduces to #* dl/dz(d]+d Since

2).

v

: 2 |
3C, (u~C,) L2
/r e "l 2 du = C3 5 e 2 d& = constant

oo
2.0

it is desirable to complete the squares in (29) and (30) and

¢

write
a. (a,+a.) \ 2
- 271 72 fp X :
u u dl d3 d2
_ - dz(dl+d2) Ly 2
by = byt Ta  \dr ta (34)
‘ 1 3 2
where

TR NI R L R TS T SN (35)
u d 0114(3 ) a d d
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with a similar expression for pv‘ with u replaced by v, p

replaced by ¢, and x replaced by y.

‘Substituting (33) and (34) into (28) one obtains

1+

a,+d
Py = by toegt t (x2+y2)(i é—~ .(]i“ T 2)
h 1 2 192

2 2 a. (d.+d.) d.+d.
(p+0)<-—212) (lz)
g pta’) (o 2 <L) - 2 =L (px + qy) (36)

The terms pu',and pv‘ give a constant when (26) is integrated

2

over u and v. The coefficient of (x2+y ) in (36) is identically

zero. Thus, (26) can be written as

) d.(d,+a.)
.k - 1 72 2 2, o P
4 I35 <l+ aa )(p +q™) “]Z’iT(fXX+fyy)
U = Ko et A% g teyre T axdy
-~ O (37)
where
(d,+4.) (a.+d.,)
1 72 . 1 72
f = em—m— D £ = e g (38)
X Adld3 4 Adld3

- Egs. (37) and (38) should be compared with Egs. (12), (13) and
(14). 1In particular, the holographic system in Fig. 11 pro-
duces the same spectrum measurément in the p-g plane as the
lens system shown in Fig. 6 with the same scale factor for the

d., and d.,.

spatial frequencies in terms of d 5 3

lf
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IV, CONCLUSION
It/has been shown both thporetically and experimentally
that under certain conditions holograms possess Fourier trans-
forming properties similar to lenses. Thus holograms not only
contain information about thé image of an object but may also

-contain information about the Fourier transform of the object.

+
5

portional (to within a guadratic phase factor) to the Fourier

From (37) and (26) one sees that the primary wave U. is pro-

-—

5

tional to the Fourier transform of g*(x,y). Also note that

transform of g(x,y) while the conjugate wave Y is propor-

the quadratic phase factor in (37) can be eliminated for the
primary wave by using élane wave illuminatioﬁ as discussed for
the lens following Eg. (14). However, the guadratic phase
factor can never be eliminated for the conjugate wave.

In eguation (32) ay and o, were set equal to zero for
analytical convenience. This is not necessary and leaving the sine
terns in simply centers the transform plane at the image location
of point P in Fig. 11l. In fact, experimentally, it may be
desirable to pick an Uy other £han zero in order to minimize
aberrations and to pick an oy other than zero in order to maxif
mize the intensity of the diffracted light due to volume
hologram effects.

By referring to the nomographs in Figs. 2 and 4 one can
show that the image of g(x,y) in Fig 7b occurs between the

hologram plane and the TFourier transform plane, while in
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Fig. 9b the image of g(x,y) occurs to the right of the Fourier
transform plane. Thus, in this latter case which uses the
primary wave in the reconstruction it would be possible to
obtain a filtered version of the output image by means of
spatial filtering in the traﬁsform plane. This would then be

an optical processing system which uses no lenses at all.
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List of Figures

Fig. 1 a) Recoxding gebmetry for point source holographic
imaging; b) Reconstruction geometry for point source
holographic imaging.

Fig. 2  R-Nomograph for holographic imaging.  Solution is for
Example I in text. Units are arbitrary. |

Fig. 3 o~Nomograph for holographic imaging. Solution is for
Example I in text. Units are degrees.

Fig. 4 R-Nomograph for Example 2.

Fig. 5 o~Nomograph for Example 2.

Fig. 6 Fourier transforming property of a lens. Light
intensity in the p~q plane is proportional to the
power spectrum Jgﬁfx,fy)lz Qf the spatial signal
gx,y).

Fig. 7 a) Recording geometry and b) Reconstruction geometry
for measuring the power spectrum shown in Fig. 8c.

Fig. 8 a) Three slit signal g(x,y); b) Power spectrum of
g(x,y) measured in the p~g plane of Fig. 6; c¢) Power
spectrum of g(x,y) measured in the Fourier transform
plane of Fig. 7b.

Fig. 9 a) Recording geometry and b) Reconstruction geometry
for measuring the power spectrum shown in Fig. 10c.

Fig. 10 a) Spatial signal g(x,y); b) Power spectrum of g(x,y)
neasured in the p-g plane of Fig. 6; c¢) Power spectrum
of g(x,y) mneasured in the Fourier transform plane of

Fig. 9b.
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Recording and reconstruction geometry for theory
developed in Section IIIL.

Fresnel diffraction at an aperture.
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