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ABSTRACT

We consider some algorithms that manipulite long trigonometric series
of the form 2 A, scn (B.‘),) where A.l and Bi are symbolic expressions and
scn means sine or cosine. Section | describes an efficient al jorithm for con-
verting trigonometric polynomials to trigonornetric series. The results of
Section 2 are independent of the order of terms of trigonometric series.
Physically interesting trigonometric series are often very long. Section 3
describes efficient algorithms for Section 2 and the multiplication, addition,
and differentiation of long series. These techniques are used extensively in
SPASM (Hall and Cherniack, 1969).

RESUME

Nous considerons guelques algorithmes qui manipulent de longues
sdries trigonometriques de la forme T Ai scn (Bi)' ou Ai et Bi
sont les expressions symboliques et ecn signifie sinus ou cosinus.,
La premisre pertie decrit un slgorithme efficece pour convertir
des polynomea trigonometriques & des series trigonomdtriques. Lee
rédsultats de la deuxieme partie sont indépendants de l'ordre uas
termes des series trigonométriques. Les serias trigonometriques
intéresssntes physiquement sont souvent tres longues. Las %troi-
sieme partie décrit des algorithmes efficeces pour le QBuxiéme
partie et la multiplication, l'addi*ion et le diffedrenciation dase
séries lungues, SPASM (Hall et Charnimeck, 1969) fait un ussge con-

gsidérable de ces mefthodes.

KOHCITEKT

PaccMaTpUBAKTCA HECKOJNBKO alITOPUPMOE KOTOPHE MaHUNYNUPYIT
ONUHHEEG TPUTOHOMEeTpHUEeCKMe PpanN Buua %; A; sen (Bi) » TH& A, ¥ B,
ABNAKTCA ONEPaTOPHHMYM BHPAKEHUAMU U sen OBSHANEET CUHYC UMM
KocuHyc. YacTer 1 onuchBaeT DelicTBeHHuil anropudm mns npeodpaso-
BBHUA TPUTOHOMETPUUECKOIO NOJMHOMA B TPUTOHOMETDUUECKUN PHAN.
Pesynerartn YacTy 2 ABNAKNTCA HE3ABUCUMHMY OT MNOpPANKA UJIEHOB B
TPUTOHOMSTPUYECKUX DANEX. PU3NUECKM UHTEPECHHEe TPLIOHOMeTpuue-
CKNe DAINN 4acTO OHBaIT OuYeHBb IJIMHHH. YacTh 3 onucueaeT neltcTBeH-
HHe anropudmm nna YacTum 2 u yMHOXeHue, clokeHue u nuddepeHuUuUpo-
BaHME NNUHHHX DANOB. OTY NpUeMH WUPOKC ymoTpeGaawrcsa B CIIA3M'e
(Xann u UYepunax, 1969 r.). '

oo
-
e




TECHNIQUES FOR MANIPULATION
OF LONG POISSON SERIES

J. R. Cherniack
1. PRELIMINARIES

A trigonometric series (TS) is a finite series of the form ZA.l scn (Bi)'
We assuu:= that Ai' Bi are polynomials, although our remarks 1generali.'zos:
quite readily to such esoteric constructs as noncorumutative fields., We will
always write polynomiale the same way according to any fixed ordering rule,
which we need not describe. We say a polynomial is 0 if it is aull, or is
>0 or <0 if it has first coefficient > 0 or < 0, respectively.

The set of Poisson series (PS) is a proper subset of the set of trigono-
metric series. We call a TS a PS if

1) Terms with zero coefficients do not appear.
2) No sin (or cos) terms have the same arguments.

3) Every argument is positive, except for at most one null argument

for a cos term.

4) The symbol v does not appear in any arguments (thus excluding
sin (x) + cos (7/2 - x) from the set of PS).

2, . 3, .
For example, (xz + yz) sin (xy3) - (x2 + y~) sin (-xy”~) is not a PS;

(sz + Zyz) sin (xy3) is.

The set of PS is noteworthy because it is uniquely closed, aside from
term order, under the elementary operations and because any trigonometric
polynomial can be uniquely represented as a PS. Moreover, PS are prevelant

in much of classical analysis, particularly in celestial mechanics.

This research was supported in part by grant NGR 09-015-002 from the
National Aeronautics and Space Administration,

..



2. CONVERSION OF TRIGONOMETRIC POLYMNOMIALS
TO POISSON SERIES

2.1 Introduction

We consider some problems involved in extending symbolic polynomial
manipulating systems like ALPAK (Brown, 1963), PM (Colling, 1966), or
SPASM (Hall and Cherniack, 1969) tc systems that manipulate finite linear
trigonometric series of the form ZAi scn (Bi), where all Ai and Bi are

. . . b :
symbolic polynomials not involving sine or cosine.

2.2 Reduction to Canonical Form

We proceed to map polynomials P[scn (al), scn (a), ..., scn (an)] into

their PS equivalents. The a's are polynomials.

Let T be any term of P. By repeated application of the identities,
cos x cos y = [cos (x-y) +cos (x+y)] /2, sin x siny = [cos (x-y) - cos (xty)]/2,
sin x cos y = [sin (x~y) +sin (xty)] /2, sin (-x) = -sin (x), and cos (-x) = cos (x).
We can reduce T to a PS. Moreover, since T is the prodﬁct of powers of
odd and even functions, the reduced form of T must be odd or even and there-
fore must consist of all sines or all cosines. This reduction is not computa-

tionally efficient.

We can reduce P to a PS by applying the identities above to each term in
turn, but this method is not computationally feasible without elaborate book-
keeping to minimize duplicate computation. We shall see that we can arrange
for the polynomial manipulator to do the bookkeeping if we use the complex

exponential representation of sine and cosine.



“1X)/2i and cos (x) = (e + e”*)/2. If we
write X for e'>, we can write sin (x) = (X - X'l)/Zi and cos (x) = (X + X'l)/Z.

We choose SPASM for the polynomial arithmetic because it allows negative

We recall that sin (x) = (eix -e

exponents. In the other systems, we can manipulate prirs of polynomials
representing numerators and denominators, (For example, cos (z) corre-
sponds to the pair (Zz +1, 22).)

2.3 An Example

In SPASM, where variable names can be names of polynomials, we let
X be the pointer to the argument of scn (x) and we do our initial computations
in terms of polynomials of pointer names. An example should make things

clearer, l.et us find the PS equivalent of

sin (a.2 + bc) cos2 (az - bc) = sin (xl) cca2 (xz)

(1/21) (eixl - e-ixl> (1/2)2 (eixz + e-ixz) 2

=4 [x ‘c‘l] [x +x“]2 (1)
=8 [ X1 - % 2t %5

=1 2 -2 -1,2 -1 1y -1]

= 4 [xlxz+le +x %2 - xyixg - ax)t - xUIGH @

x,x% . x1x:2 x -xt ox x?.x7lx?

LM -5 % X% A% 1 %2 (3)
31 3 ) ) ]

=2 gin (x, +2x,) + & sin (x,) + & sin (x, - 2x,) (4)
7! 1 TEXRIT3Z 1’ 7% 1~ 4%

=7i-sin (3a2-bc)+-;:in (a2+bc)--;-;sin (3bc-az) . (5)

2.4 Details

This _procedure* generalizee readily., For each term of P, in general,
the transition from step (1) to step (2) requires one polynomial multiplication
for each factor, since the expansion of (Xj + x;-l)n is known explicitly by the

*A similar method developed independently by S. R. Bourne (privé.te com-
munication, 1970) is described in his doctoral dissertation.

3



binomial theorem, The coefficient of each term is collected separately and

the exponent 1/i is noted modulo 4.

The transition from step (2) to step (4) is more interesting. By inspect-
ing the exponent of 1/i (we multiply the coefficient by -1, if appropriate), we

can tell immediately whether the result is a sine or a cosine seriea.nllt is
not necessary to rearrange the terms of the product P = n(xj + X)) as we

did in step (3). A typical term of P is of the form C Xil X';Z . )J(':‘n, where
the C, jl‘ jz, co ey jn are nonzero signed integers., It follows from the
symmetry of P that there must exist another term of P of the form

rCx %% X,

We can thus get to step (4) by ignoring each term of P whose leading
factor has an exponent = 0. In our example, all the information required tn
recreate step (4) is contained in the terms xlxg, le, and }Cl}{é2 (P can also
contain constant terms that eventvally correspond to cos (0), which are
treated analogously).

T3> complete the transition to (5), we must interpret terms of the form

k _ . s Cole s ,

cj 111 Xk = cj exp (i )E“kak) with Jl >0 as scnterms. We can tell from the
exponent of 1/i whether we have a sine or a cosine. The coefficient of the scn
term is 2cj . Finally, the argument of the scn term is § e %1 which can

be computed by use of the host polynomial manipulating system.,

Alternatively, we could defer step (5) and keep two running sums of the
sine or cosine contributions from each term of P; then, we could perform
step (5) once for each running sum when all terms of the polynomial had

been processed. This is especially easy if complex polynomial arithmetic

is available.

It is clear from the construction that PS afford a canonical representation

for trigonometric polynomials.



3. PRACTICAL CONSIDERATIONS
3.1 Introduction

The reduction by means of both the complex exponential and the straight-
forward application of the addition formula have been programed in SPASM.
For the conversion of eight terms given by [cosz(x) + ainz(x)] 7 cos (xy), the
first method is 100 times faster than the second, and it is clear that the
relative speeds diverge exponentially with the complexity of the expression.

We consider algorithms for the computer menipulation of large Poisson
series — in particular, the elementary operations for multiplication, addition,
and differentiation of such series. After some preliminary examples, we
develop mualtiplication algorithms of increasing complexity. The last
algorithm is significantly faster than its predecessors. Addition, differentia-

tion, and conversion of trigonometric polynomials follow siraply.

When this procedure was first used, we observed that the PS equi;falent
of physically interesting trigonometric series, such as those for the geopo-
tential, were large ccmpared with the memory of the host computer. Indeed,
real problems fit into memory with difficulty, and we were forced to use
secondary storare. Efficient use of secondary storage required imposition

of a hash-based canonical term ordering on PS.

3.2 Two Examples

Let



wherg Xi, Yj are names of polynomials. If we choose the polynomials xi
and y" as xi and Yj' respectively (i,j =0, ..., N) we obtain

Example 1

Z 2 cos (x ) cos (r’)

=0 j=0

N N
Z Z [cos (x' + y)) + cos (x' - yj)]

i=0 j=0

N”—

If we choose the polynomials ix and jx as Xy and Y i,j=0, ..., N),we
obtain

Example 11

Py = Z Z cos (ix) cos (jx)
=0 =

i=

N N
= %Z Z cos [(i + i) x] + cos [(i - j) x]
=0 i=0
2N
= Z a.k cos (kX) »
k=0

where the exact values of the ay do not concern us.

Examples 1 and II represent two poles of the problem of collecting like
terms. In example II, 2(N + l) terms collapse to a final result of 2N + 1
terms. In example I, there is no collection of like terms. As we develop

multiplication algorithms, we shall see how they fare with PI and PII'



3.3 The Basic Algorithm

We state algorithms in the spirit of Knuth (1968):

Algorithm M (Multiply Poisson series). Given two PS A and B, form their
product.

M1 [Initialize] . Set RS = 0 (running sum on secondary storage). Set
CS —~ 0 (core sum of terms most recently accumulated).

M2 [Loop]. For each term of A and B, perform steps M3 through M5 (A
and B are on secondary storage so, for example, we make a pass over B for

each term of A, buffering as appropriate, etc.).

M3 [Multiply terms]. If the A and B terms are a, scn (a,) and b scn (b,),
form their product—the two terms P = (albl)/z scn (az - bz) and

Q=+ (albl)/z scn (az + bz). If the arguments are not positive, negate them
and change the sign of the coefficients, if necessary, while invcking the
identities sin (-x) = -sin x and cus (-x) = cos x.

M4 [Update core sum]. Combine P and Q with CS to update CS.

M5 [Check for core cverflow]. If CS is full, combine CS with RS to update
RS, and set CS = 0.

M6 [Mopup]. “ombine CS with RS to update RS,

M7 [Terminate] . Collect like terms in RS if necessary. Product is RS,
End.

We have begged the question of when to collect like terms. The simplest
strategy is to postpone collection until step M7, merely adjoining new terms
to the bottom of CS in step M4. This strategy is efficient (with respect to
time) for example I, but is terrible for example II

We can improve algorithm M's performance on example B if we collect
like terms in stcy M4, for then we will be sorting fewer terms to do the
collection of M7.




Another way to improve performance is to impose some order on terms
of Poisson serics. Any transitive ordering will do, so long as equality holds
only if the terms are of the same trigonometric type (sin or cos) and have
identical arguments (e.g., lexigraphically an argument with sin preceding
cus for identical arguments). We shall write a @ b and a @ b for a
precedes b and a equals b, respectively. Then, change step M5 to sort CS
in O- orde: on overflow and collect like terms, which must be adjacent.

If we merge the sorted CS with RS, combining like terms on the fly, the
resulting RS will be in order. The collection of like terms is then unneces-
sary in step M7. This method does a much better job on example II,
However, it is not so good for example I, because a lot of time is spent in

step M4 or the modified M5 in discovering that there are no like terms.

Our dilemma is that we want to collect like terms as soon as possible
but we do not want to check for them unless there are some. Problems like
these have been solved by hash techuniques for years; we shall borrow the
methods freely (Flores, 1969, pp. 85-97).

First, we associate an integer, or hash code h(P), with each polynomial
P, 0 = h(P) = N, Now, using h and the O-ordering previously defined,
we define a new [__]-ordering on terms as follows: '

i A= a, scn (az) , B= b1 scn (bz) ,

A i a(G B,

A 3B if hla)<hib,)

or if h(a2)=h(b2) and A @ B

i.e., terms in [_]-order are grouped in ascending order of hash codes,
and those with equal hash codes are O- ordered.



Our final strategy is

Algorithm F (Multiply Poisson series A and B using hash techniques).

F1 [Initialize]. Set RS < 0, and replace all elements of CS by A (nil).
F2 [Loop]. For eachterm of A and B, do steps F3 through F4.
F3 [Multiply terms]. Form P and Q as in step M3.

F4 [Procese each term of product] . Hash (P). Hash (Q). (''Hash' is a
function defined below, which hash sorts its argument into CS, merging CS

with RS on overflow, )

F5 [Mopup] . Flush. (Flush corabines what is left of CS with RS.) End
(result is RS).

Algorithm Hash (Z) (''Hash' hash sorts its argument into CS and processes

overflows of CS).

Hl [Hash the argument]. Set i< hfarg (Z)]. (h computes hash codes for
polynomial arguments. )

H2 [Check for A]. If CS, = A, set CS; <~ Z and go to Hé.

H3 [Check for like terms]. If arg (Cs,) @ arg (Z) and type (Z) = type (CS,),
go to H5 (type has a value sin or cos). |

H4 [No match, no A]. Seti < i+ 1 (mod N) (a circular buffer), and go to H2.
H5 [Collect like terms]. Replace coef (CSi) — coef (CS,) + coef (Z).

Hé6 [Check for overflow]. If CS is full, Flush, Return, ("Full" means some
preassigned ratio (say, 1/2) of CS cells are in use.)

Algorithm Flush (Combine CS with RS).

Fl[Sort CS]. Sort. (Rearrange CS in[__]-order.)

F2 [Merge]. Merge RS with CS, collecting like terms as in step H5. Delete
terms with zero coefficients as encountered or formed. (Since RS and CS are

both in E:]-order, this step is very simple. )

F3 [Finish]. Set RS to result of merge. Replace all elements of CS by A.
Return, |



Algorithm Sort (CS consists of runs of terms separated by A's. To sort CS,

we need only sort individual runs; indeed, that is the point of the method. )
Sl [Loop control]. For each run in CS, do S2.

S2 [Sort] . Sort the runin {__]-order. (The first runis a special case
because it may contain overflows from the last runs in circular CS; we ignore
the details. )

S3 [Finished]. Return.

3.4 Extensions to Other Operations

Algorithm F is, in our experience, reasonably efficient for both extremes
of multiplication represented by examples I and II. If we adopt the convention
that [ ]-order applies to all PS, then addition is merely a merge, in the sense
of F2. Conversion of trigonometric polynomials is straightforward. Since
differentiation can transform sin «—- cos, efficient conversion of results to
[] -order requires that sin and cos of the same argument be adjacent. Our
example O-order of Section 3. 3 accomplishes this. Conversion of arbitrarily
ordered PS to [ ]-order can be done, somewhat inefficiently, by F-multipli-
cation of the given PS by 1 cos (0).

10
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NOTICE

This series of Special Reports was instituted under the supervision
of Dr. F. L. Whipple, Director of the Astrophysical Observatory of the
Smithsonian Institution, shortly after the launching of the first artificial
earth satellite on October 4, 1957, Contributions come from the Staff
of the Observatory.

First issuedtoensure the immediate dissemination of data for satel-
lite tracking, the reports have continuedto provide a rapid distribution
of catalogs of satellite observations, orbital information, and prelimi-
nary results of data analyses prior to formal publication in the appro-
priate journals. The Reports are also used extenswely for the rapid
publication of preliminary or special results in other f1e1ds of astro-
physics.

The Reports are regularly distributed to all institutions partici-
pating in the U. S. space recearch program and to individual scientists
who requestthem from the F'ublications Division, Distribution Section,
Smithsonian Astrophysical Observatory, Cambridge, Massachusetts
0213%. |
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