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INTRODUCTION F 3

: This quarterly progress report to the technical monitor of the -

. referenced contract is organized into three main sections, Section I e

. presents a _scheme for assuring that the covariance meu.rix of staie

- estimation errors used in the navigational state estimation problem

sigidtstocss N i ol al
sedn et S G TS R

remains greater than or equal to the rue covariance matrix, A
formal proof of the important propertivs of this scheme is included,
Section 1l gives some rcpr;:scntative results [+ oua a siniulation of
the use of this scheme on an Farth orbital mission, Seection III, which’
- is the doctoral thesis proposal of Mr, Steven Croopnick, describes .
an approach to the problem of improv'ing the estimate of the state of
a vehicle which is on an orbital mission about a parent body whose
gravitational anomalies are initially unknown,
It is echc'ted that during the next reporting period work will
continue or commence along several paths: | :
1) Application of optimal control theory to choose the free
parameter of the filter technique presented in this report
2) Incorporation of measurements into the filter scheme
' présented herein with the objective of reducing errors in
the face.of gravity anomalies i
3) Identification of state variables in terms of mission
bbjcctives

4) Attempt to develop a method for using correlation between k1
consectutive orbits to aid in the prediction preblem
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The following people have contributed to the effort summarized

in this First Quartéx‘ly Progress Report,

R. H. Battin

S. R. Croopnick
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D. C, Fraser
J. H, Lanning
J. E. Potter




I. A Method for Assuring that the Predict<d State Ilrrors are Conservative,

The ::Li':nighl. forward application of modern optimal linear filter
theory to practical navigation problems such as those encountered on the
Apollo lunar mission can have serious problemns in that the gains may
tend to zero with the result that new information is essentially discarded,
This can lead to the development of a large discrepancy hetween the actual
state estimation errors and those which the filter predicts, It is the
purpose of this section lo present a method for assuring that the predicted
error between actual and estunated states remains greater than or equal
v0 the actual error when the cause of the error is’a random driving force,
This driving force for the navigation problems under study could be the
result of such phenomena as gravity anonm]‘ios, atmospheric drag, solar
wind, ete, The 'advantago of keeping the predicted error at least equal to
the actual error is that navigation measurements are not imi)roperly
disregarded because the gains do not tend toward zero, z

Another property of the method to be presented here is that it is
not only consecrvative in that the predicted error is always at least as
large as the actual error; but if the associated free parameter is chosen
properly it is the-deast conservative of g}_}éonservative forms, Thus
the differerice between the predicted error and actual error is the smallest
‘of that which results from any qonservativé scheme, The advantage gained
through this property is that if it is at all possible to keep the gains up
without making them unnecessarily large, this method will do it at least
as well as any other,

Let us begin by hypothesizing a stale equation:

A=Fx + y

where u is an unknown 'dri'vi_ng force, If the estimate is extrapolated in

the usual way:
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the error in the estimate propagates by:

u
i
).
N
o

C (1)

where

Forming the covariance matrix of state estimation errors we have:

P= g¢
P = c QT f _é_er
i (2)
where the overbar denotes ensemble average,
Substitution of Eq. (1) into Eq. (2) yields:
P=s FP + PF. + 8 + Ue , (3)

Since the cross correlations of u and e are in practice difficult -
—— ’

to determine whereas the covariances uu1 and ee” are usually better

known, the problem is posed:

Given the covariances ___T and ee’, how do we choose the matrix
M such that : '
= 'r : = . ' i
M 2 ue .+ eu - ' (4)

.
!
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.and M is minimal in that there is no other matrix M' which satisfies
inequality (4) and is smaller than the chosen M ?

S Unfortunately this problem does not have a umque solution, It
will be ‘shown below .that all matrices, M, which are both conservative and




minimal have the form:
M = —';;-Q + AP . Q= Uy

where the positive scalar, )\ lies in a range to be specified below,

The conservalive property is demonstrated as follows:

(Ne - 'J!i W) (De-vy) 2 O

-—-—_—-r Bt = =2
( : Aee - ye-eu™+ Tud 2z ©
thus
. = , P et
reg' + T uu’ 2z yeli ed
or
) T g
AP+ xR 2 de'reu’

The fdllqwing theorem provides an algebraic definition of a

conservative matrix,
Theorem 1

P 8 . »

C 2 gf"+ feT 4 - (5)

for all random vectors g and _{_ such that

(.. gg.":-; A '—f_—f_ﬁ":' B | (6) |

if and only if

}_TC _>_<_ 2 = \I(&TAB)QSTB?S) for ali_:_c_ A0

|
]
9
:
]
;
:
3
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If (:!s::;um(- 12q, (7) and prove Eq, ff)))

lLetl T = xr(.’ 7: _{<_rf (scalars)
. -~ - / '
¥
then Eq. (7) implies xXex 2 2\N§* 7

(€)
By the Schwartiz inequality

W ePE - | |

(9)
Substituting liq, (9) into Eq. (8)‘yicl(l°
. --———— T._._.—.
_)STCE 2219 =Z__§f =§_r§f_§+._,§7_;_x
= x(ef "+ TeT) x
Cnlz' 1£ {(Prove that Egs, (5) and (6) ihmply (7))
Construct e and [ as follows. -
Let u be a random variable with covariance uuI = ]
end’ let §=\’Ag ; £_:\|B Tu :
. : T s
where \,A is a matrix with the property that \[;; (VA') = A and T is an
orthogonal matrix (i. e. 7 = I) which will be chosen bclow. Then
xef s fe™)x = 2 x™VA' T (\5 ’) (10)

The proof will be completed by choosing T such that

x VA’ TT(W)TE. - \]'(5’7*5)(5.’./3; (i1)

~




for by lq. (5)

xTex 2 x(ef + Feldx  (12)

and Jq. (7) follows from ¥Xqs, (10), (11), and (12),

Construction of I’

- B —

In terms of the vectlors
¥
y= (VA" x

i Fq. (11) requires that

, 2=00B)"x

g'Ty = lellyl

. ! :
which will in turn be satisflied if ;-.3
| 8
. £
o MM G . (13) 13
Syl (2| , | ;
Define Y = = B and . = 2 £§
'l colg ] T f |
Assume that _'_2 # .’t u, (If equal, use T = 1)
and define e = .
( : oy /3 ['(‘(L (L{z. ,) 3,]
with -
/3 l-':‘z —(_2'9_4,\__,\
2 2
Now 18 = /_ (.‘:{2 '._‘:{/)

.and ﬁ#() since q._yl;{_t[.
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I.e1 X = ¢ . ¢

2 =
then &% + ﬁz n_ /
and U, = XY+ 3 i, (13a)
{ Finally &(, * U, = O ) )_q, | = lyJ ' |
Define Py T’ Yy Y3 4
; Observe P = PT P 2-; P P_‘gl, = —(4_‘ = O
. J / :
o 2 =
- ¥, = D 1 :
_ : _ E
Define g
- T r) 7 s |
R= (U y'+y,d] ve (w4~ uy]) i
" Then ﬁq y
1= K 4 ﬁ-j' = Y, .
RRT = 2 7 2
X_C-’—/ EXARY: CYARND,
( | A | '
\ PRT: RP = O .
Let
' T = rF +R
Then Ty, = Py, s Rl = Bt o A
and 777 = o RRT e

Thus we see th'a.t £q. (13) holds for the T censtructed above, Q.ED.
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The following theorem shows that minimal conservative approxi-

mations to the cross correlation e '{27 4 Si fﬂl must have the form
)
- S B 5 ala
M= AP +5 Q

Theorem 11

P e+ —— -

Given non zero symmetric matrices A, B3> 0

i_ and a symmetric matrix C such that
- v N A ——
TR :
X'cx .-2.2 (ETAE)QSBZ_‘-) for all x (14)

Then there exists a scalar X >0 such that

Proof: - |

Let . T—.:'{_)_g_l _)_gT/)zg} °, 1(_735 ,>°3 : ,.

and for all X & T e : : '

Lex) = FE - & : - (16)

1. A : ;

( \ %) (1 Bx) :
Then by Eq. (14) 4

i) 2 & - S

Also define

£ () ;né : %) iy (18)




(ncte that T is non-cempty from the theorem hypothesis)

Lemma /\ There exists a veclor X, c 7  such that

AL(Xy) = L (c)

Proof of L.emma A:

————— —— e —— . - >

L.etl Sx ;bc: a sequence of vectors in T such that
,,“

. -

L(X) —» A(c) ag n-» O (19) )
(we know this sequence exists by the definition of infimum)
In order to avoid the indeterminate situation L(x)= /o
: let \«’0 be the orthogonal complement of the intersectionof the null spaces
of A, B and C, V0 is thus a linear subspace of a Euclidean space and is
therefore a closed set, Let A be the orthogonal projection of x onto !0

By the definition of {gh} , we have

X:Yn_3L+J

o AN e
where 3
thus . ;
: 3:?- T -
Alx,) = e LT & [ - :
( — ” L \ r |
: ey In
Jo. (.v:ﬁ V,,)(:}.‘ ?“)
19, £

and by Eq. (19)

L( lin ) — L(C) . : ' > : (20)-




l.et S be the intersection of the unit sphere in the Euclidean
spacc with \'O. S is closed since the interséction of two closed sets is
ciosed, and is bounded because it i a subset of the unit sphere, Thercfore

S is a compact set, .
. a2 R . . .
Since the infinite sequence ghlgwlz lies in the compact set S,

the sequence musi have a convergent subsequence by the Bolzano-

Weierstrass thcorem,

lLet X0 be the 'imit of the convergent subsequence, Then Xg € VO‘
Since L(x) is continuous on T the lemma will [ollow by Iq, (20) if it can :
be shown that X € T
I.et . . % z .
o T . =
Z‘oﬂz\o—al IAf TR :5} N C B = &
If v '
8> b»> o
) | (21)
then ; i
Ao € 1 3 o . . ; -

We will prove Eq.(21) by contradiction

Assume a =0, Since A _>_ " this imblies
A X = /,780-. . £

From Xq. (16) we have _

- LAY ' = .

Since L(Q_)is bounded it follows that « = o
Since C 2 O this implies

Cieo & & K =8
Since %€V, and X, # ©
b »o

Since A 7 0 we may choose a _\_r_ such that

v'Ay > ©
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Then € A f( e
| . A G A
L(X, + € 4_") = £ D e il
- 2. _ = —
‘/(,g/ﬂ 4/*) Lz(,,a el B ¥ (u’.‘-’.j
e O as - €->=> O

This contradicts Eq, (17) and the same result engwes if b is

assumed to be zero at the outset,

o - 8.2 D g | - QED

LLemma B:

where

>\$ ZOTB.’So

<
g o

(Lemma B implies Theorem II since by Eq. (17)

l(c) 2 | and thus 5 3 c T
. L(c.) .

The strategy for the proof of Lemma B will be the following:.
Choose énx vector x,

- Let y be a particular vector in the space spanned by x and x

Lemma B will then be proved for all _g_ of the form

z = y?_(o"/(_g

Since the choice Of;J_(_ is comf)letely arbitrary, this results in
general proof of l.emma B, .

4.

R g

G ATt e 1 st MR 10D
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Proof of LLemma BB

e

. ” LCc)

and define
4% L'AL  ban"h G = XoD X
L " o ) = X 29X, )a"‘_b Lo
Then by L.emma A
——

- s ab ‘ (22)

and a, b, g >0

Let x be any vector and define’

3 A~ 18 | = | ' (23)
where |
* = 25.23__}_ ‘
Then J *
e =
- Xb D = O ;i
2 Y g
Define : = & :
D= [? ’ ‘& = L&, -'3‘.] D DS"') 3] : e
o 38 ‘ : '
( a/ . e e - T : -
= q];e & s Ll‘é;%t] A LZSO; '3-]

o
n

L ! £ . | 2 :
[; P %o, 4] B L%, 4]

Let z be defined by

2= YX + uy

" From Eq, (16) and Eq. (17) we have

%5

27cz z 21¢) G 2Bz
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Thus by the definition of D we have

- —

-— : & - Mﬂ‘t- —' g ‘
A D > 2 Z_\[(i_’..’/) g~)(_27/i_;_{) (24)

Lemma C

: For Fq. (24) to hold for all yand pthe following must be true,
( f=-e , .23 > X+a

Proof of LLemma C

et e e S et e S
P

~ A ¢ .
Substituting ihe deflinition of A, I3, D, y and z into Eq. (24) yiclds

le(oTD X, + %, (_{(oTDa + 317Dz_«o) +/u2_77’D$7_ 2

2 /()’2567/) %o 4 u (0 g YA+ }Zg)({§‘@x°+¢‘/’,(gforb4+g,75,)g) yfzgrﬁ_;:

-

g (¥ +%8) = ZW /(0 2):/’((8 MW 420 F 1) .

Substituting Eq. (22) yields

-Xz*/",s 2y 2due ipl Q) (Vo 24 ufs)

( : Squaring bot'h sides and collecting terms yields
(5% 0s6) —2Yu K F + eg) + 3}‘,2(25.. Yef-u-p)-2Y.lesf) 2 O (25)

We know that thc above function has a local minimum at ‘the point

" p=0, Settiﬁg the first derivative io zero at p = 0 yiélds
. : ; : ¥ (26)

e=-f

TR ST

L R o s o AR
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9
Substituting q. (26) into liq, (25) and dividing by J yields

Z {5 43 ) 4 2/1()'0 (2~8) +d° (26- Ve -wn-g) 2 O |

(27)
]-)Ofim:
b Iy - (28)
Since
. .
S = -_-‘Z_]).—y._ implies § > o
_).(a’ D 5(’

we have : |
; s . i (29)
A 2 — (& +ﬁ>

Also Eq. (27) may be wriﬂen

e e ' .
m, (2) + th(A)Bﬂu + m(e)Yu’ 2 0 (30)
with : ’
WM (2)= 2 + Vet ‘ (31) . ’
mes 2etasg) oo e |
g ¢ o ' - ' I
V\f\3(.¢) — [(D(-/j’)z-i- ZCO(-&—ﬁ)A, t&}'] (33) 4
c In order for Eq. (30) to hold for all g we must have
Mis) = B ; , (34)

&
lea(,a,) =5 for.all Ximplies M3(4)ZO (35)

& _
e (‘/M,(d)wl3(4)— mf{@) 2 O for all Y

: o
implies /7/”’\,(4) MB("L) e WI,_(@) LZO (36) -




Substituting 1q. (31), Eq. (32) and Eq, (33) into I2q, (36) yiclds

/ PN

7.0 m‘,/(,a) 2 0 (37)
 with

’ - ¥ 2n

Mq(,a) - W?3 (a) + € ] 2 (o2 ,/:)) l,().] (38)

By Eqgs, (29) and (35)

e ,
( M, («) > e*(x +/;) 39)
Since o(//&) 25, M(/ (2) > p and by ]-Jq..(37).('it'h(:r
4 2 O i L2 , (40)
or else
v L) = D
\49(4)

which implies that
.. Z = . =
e (x+3) = o (41)

If Eq. (40) holds, then by Eq. (28)

25 > wem o = . TR
( If e = 0 by Bq.(31) m (s) = s and by Eq. (34) s > 0 and Eq. (42)

holds by Eq. (28)

If L43=0 then Eq.(42) holds since S 0,Thus Eq. (42) always
holds, (End of proof of LLemma C) A
Now by Eq. (23) we have

As Yy X




and thus

X'Dx = 9 (r*4+ §)

Also by definition

ot
and = .
T, b! 2
_X_ (?\/H 1)\ B)_?_a_ :Ja (r2+2er+b()(44 1‘}“ O_‘L_’ Z,_.f+ﬁ)})
( -+ By ¥q. (22) and Eq, (26)

- 3 oL -
Xematada = giets B2
and by q. (42) and Eq, (43) )
x'Dx = 27(NA +4+8)x KED

Range of Values of )\

We want to extrémize the quantity

)\ \l X8 X

Xr/ld

Since X is non ncgatwe l will be catrcmwed if A is extremized,

Thus we want to extremize e '

=5 2\"—-{3-— - {45)
. X7

;>< f><

Setting the differential with respect to ;3501' Eq. (45) to zero yields

L XA KT8 2 2%y x’H

- —

A

= Q'T

(43)

—— - ———

i TR i s v M it

B —— e
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Assuming A >0 and dividing yiclds

X7
: /* /\ - '7'
X 8 — 1 " Y
ark x//, > A /) (
Transposing yiclds = 7A X
| &) g.b o "-)‘E—,t, ?.. /} X
1 5 7 ’q _K
Premultiplying by A™ " yields - X773 X »
ABx= == x=AX
= NAX

i 2 Yy . : 2
Thus the condition on )\~ for it to be extremized is that X" be
. -1, . 2 .
equal to an cigenvalue of A "B, Therefore the extremes of X are given

by the maximum and minimum eigenvalues of A "B,

In the next report it is planned to provide a proof that M chosen
by

M = APJ")L\‘C\»

is mlmm'ﬂ if and only if )\ lies within the ° ntcrva] bounded by the minimum

and maximum eigenvalues of P ’Q.

SectionI - Summary

1) Theorem I has demonsj'ratcd that a necessary and suflficient

algebraic condition on a symmetric matrix C for the matrix inequality

C-> eua e’

- —

‘to be validfor all x is given by

_ch, Ca 4 \f(gTP_r, )X7@X) for all x (46)
where - i
ee’'= P wa’= @

Eq. (46) provides an algebraic criterion for determining if an

approximation to the cross correlations of u and e is conservative,

2) Theorem II shows that a minimal approximation must have

the form

M= AP +5Q

dhit gl et e L




i.e. There is no other matrix C which satisifes I2q. (46) such :
. . 4
that : :
© < M ﬁ
3
:
|
“
( g
*
- :
' :
. L4 2 -'i
: . i
E
X 3
. . B
; 3
' !
. - = g
= ; |
| ; - i
- -
3
: i > s
- 2 i
,
z .
- . 1
. ;
’ -
. .

PR oy, 1 WS 8.5, RN PR e . sl 2 v ki



II Simulation Resulls

The purpose of this section is to describe some t)'pi(-.:nl simula-
tion results wherein the errors predicted by the method of Seetion |
are compared to "known errors' for an Earth orbital mission, The
standard chosen here is a model of the geopolentential of the Earth®
which includes trigonometric terms in longitude up to order 10 and
J.egendre functions in latitude up to order 10, A circular polar orbit
of 500, 000 feet altitude is used for the p]‘cmhtutioxl of the results herein,
All simulations start from zero initial conditions; the covariance matrix

( Q ie approximated by using the geopotential model of the Earth to

compute the mean squared value of the distrubing acceleration over
three periods, All terms in the model except the Jy term were considered
to be perturbation sources, :

Use of the technique of Section 1 requires a choice of the free

‘parameter, X\, Four.candidate algor:ithms for the choice of X are :
presented here, together with simulation.resxxits. It is exp ~cted that a ' !
" fifth method, which is to treat X\ as the control variable in an optimal
control problem, will be presented in the next progress report, The
cost function (to be minimized) for this control.problcm will be some

linear combination of the state errors at some selécted future time, i
' 3
Method 1 3

Method 1 is motivated by one of the results of Section I, ‘B
Specifically, it was shown in Section 1 that the choice of )\2 can be |
constirained to lie between the minimum and maximum eigenvalues of
P Q. 'Thi's method of choosing X is;

4 . _ :
( . 1 (@) :
A=V e (P ok

= *The model and g':omputer program used is due to Dr, J. II, Lanning

of the MIT Instrumentation Laboratory .
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where a gtate defined as

X =

is assumed and P and Q are partitioned as follows:

P“ F:)_ O O
P g P T P . Q iy
2 22 ' (& le_
( ;y computing A in this way an eigenvalue problem is avoided

and yel k in most cases will be of the order of the principal non zero
cigenvalues of ]'-""]Q. : :

Figure 1 illustrates a comparison of the RMS position error
predicted by this method with the actual rms position deviation from

" the nominal circular orbit, Figure 2 gives the same for rn.w velocity
errors and Figur.o 3 gives the time history of ’1/)\ for this metixod
Figures 4 and 5 are enlarged vcrswns of Figures 1 and 2 for tlw first
hall orbit period, : :
' Two comments are appropriate - at this. pomt First, this
mothod predicts the errors to within a factor of two for about the first 4 e
- half period, Second, as can be seen iu the enlarged view, the predicted |
error is briefly less than the actual error--a result which is :
theoretically impossible as shown in Section I, There are two reasons
for this, i“irst, the covariance matrix Q is only an approximation to
: the actual covariance matrix of accele'r.ation perturbations, Second,
(, in order to begin the integration prdcéss w.ith an infinite value of X as
this method calls fof, a starting artifice was used,

The need for some artificial way of staiting the solution is
caused by the fact that A is infinite initially, 7The approach used to
generate these results is to approximate the trajectory by rectilinear
motion until a reasonable sample period (61'* numerically integrating
the differential equations is possible, In this case the rectilincar
approximation i§ used for the first 200 secondé, after which numerical

~integration along the circular reference 'tr'ajcctor;" begins, By assuming

-
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rectilincar motion the following analytic solution for 1 is obtainable:
£ . )

?)f:‘.? I G z e /
> </ ¢ =
P= 43 5

3‘ 7 i::)~_):

Method 2

Method 2 is motivated by the desire to control period changes
since knowlodg(f of period is cruéiul. for pl:nc]ictiox{ in the future, Period
-is a function of semimajor axis which is directly related to energy. By
controlling errors in the direction of the velocity vector we then have

- an approximate method for control]ing' period ch:mé;cs. Thus choose
A by:

.’7
-
) = e,
\—_—- .‘ :
7Ly A e ' &

Figures 6 through 10 correspond dircctly with Figﬁrcs 1 through 5
except A is thosen by Method 2, Note they exhibit essentially the same
behavior, The same comments are applicable to this case as are to
Metjhodhl. '

.

Method 3
Method 3 is again designed to minimize the change in energy

for the same reasons as given above for Method 2, The difference
is-that A is chosen to minimize the rate of change of mean squared

encrgy uncertainty,
_The result is that

$.p

-
-——

|

"

N : ;
el BRI e | .§w




21

where . =9
| AL

-

{ M0
)

A=

Note that ‘his time the contribution of changes in position to changes
2 e

in energy are accounted for, The vector. ¥ is determined by
T e
= oX
( where
h = art —
2 2
and :
|
X =
. - N

Figures 11 through 15 correspohd dii*(sctl'y to Figures 1
through 5 except that Xis chosen by Method 3, Unfortunately there
is little improvement using this method. The reason is identified

‘below in Method 4 and considerable improvement is obtaincd,

s et T L bt e SR L ek e

Method 4 : »
All three methods presented above give predicted errors which :
arc for too large after several periods, An explanation for this lies . .
in the fact that the total energy has not been constrained, The motivation
of this method is to constrain the encx;g.y. _'This is done by replacing %
( the along path component of vc]ocit); by a new state variable which is the | §

total energy.

(1) Energy for a 1‘\’otéfin~g; Planet

Let r be the position of the vehicle relative to the center of the
planet and letj‘ be the rate of change of th'e" position cf the vehicle as
calcuiated in a coordinate system r_ofating willi the planet, Assuming
that the planet center is not accelerating, the inertial velocity of the

~vehicle, j_/_, is ' :

-

Y = T+ wxr

E |
i
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where @ is the angular velocity of the planct about its axis, ‘The

massless kinetic energy of the vehicle is

E "—, l ’:’",

&

or

| A

T= s |Lra xrc
‘Let V be the massless gravitational potential of the planet, If ris

expressed in a coordinate system which rotates with the planet, then

V= V()

that is, the potential depends only on the position of the vehicle an . ¢
on time, '

Based on these assumptions, the _I,agr:m{ii:m_function for the
vehicle is

L= 7-V = L1f + wxp)?= Vio)

and I, does not depend explicitly on time, Because L is time invariant,

the llamiltonian function

)'\:'Q‘L".r.,"‘L

or

is a constant.]8 e
In our casec. - = |

2L = (2 +wxr) = o | e -

or - :
and
= I 2 L e E
h = Elﬁl—égv(zx@)-v\/ (1-1)

Note that r Xv is the massless angular momehtu'p{ of the vehicle, If
the gravitational potcn.tial of the planet is not symmetric about its axis,
the angular momentum of the vehicle is not constant and its variation . 3
makes up for the change in the sum of veh.i'cle kinetic and potential ‘
energy due to planet rotation, :

If a perturbing force f not included ¥h the potential V is added,

-the equation- of motion of the vehicle is

-




. - 7-
y 2V
A 8 2 2
fl = = (al-) + {

dt

Using the relationship that

dV QY e

" 1 (W - ‘.*)"l>
yields

dh

(1-2)
(2) Use of Energy as a State Variable

_ For the present example of a satellite orbiting the earth with
the J2 gravitational potential terms set to zero, tbq component of the
potential which is assumed {to b2 known 13'///1' . This known potential
“is symmeiric about the carth's.sl)intaxis so that the rotation of the
warth can be ignored and we can setw = 0, (We will not always want to
ignore ), since for the moon the triaxial ellipsoid potential would be

taken as the known component of the gravitational field, )

Thus ' 5 L=
and

Let us now replace the vehicle velocity magnitude in"thc slate
vector with h, In the final equations of motion this replacement has
the effect of eliminating the component of perturbing force parallel to
the vehicle velocity vector. o

Let u,, u, and ug be orthogonal unit 'vec:tbrs with P;-l parallel
to the vehicle velocity vector on the reference trajectory and let ).
be. the angfx]ar velocity of the (;1_1;1, ;112, 23) coordinatc frame, Let the
position and velocity perturbations be :

§F = dh u, + 8n, o Sry LS

=3

Sw = ,S«r.,g, + 8wt o+ Swy

S 1“‘“‘4"“."& v R el




o,
Then 6h has the form
XI'\ = Af'g/‘»'; + /l,iz Sl‘
where v is the vehicle velocily on its reference trajectory,
Solving for 6\'1 yiclds
[ i S /
o e - /;\ o, j". gl’“
Sf\j; -~ AF L e
The variational equations for the perturbations in the rotating
(}_1_1, }_!2, .1‘1.3) coordinate system are
( d S«
\ - Fioss S —‘Q X AT & GS_\: 4 f
dt iy
dr
—_—— — X Y
dt /y_‘ ’I.J.‘ "
where G is the gravity gradient matrix
/l/ e T
o = '.3‘;:['—3(,4.,&('_]
with : S : . LI
| .
= — T 3
.3 e ) : ' g

Using Eq. (1) to eliminate 6v1 _from the variational equations yields

( : 3
+
B .

'Srn:"é‘/' 5\*4.0.5)’"—__(1_5..:- "’5;,
H ? 2. A




; S ) ¢ & Qs .
é"/ (u h ‘('u 3 Te ‘\", v LM S
: i
4 - -
N3, - Dagy , §
: N /
oW, = o S -» G,, *; + G - ‘Qzﬁ % g
A2

N
>
"
e
{
g

~ where

’ Rather than employing the above equation for &.1,6h will be
ireated as a random forcing function, ~ Since the perturbing gravitational
force is conservative it comes from a potential Vp, that is

f (aW)T |

= INPE

e = . : 3

- Letting h denote the complete energy of the vehicle including ;

E the perturbing potential Vp the last variational c‘quation is replaced by ;

( , . - : si
:

. L ER 4 B

since h is {ruly a constant and 6h is replaced in the other equations by

e kel
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where V_ ig now thought of as a forcing function,
P :

For the case of a circular orbit, let u, be the radial, u,
the tangential and Ug the out of plane unit vectors, Then

.S\- ™= ——n y?’
where Q). is the orbital angular velocitly

vl
o g B /?3

Also, in this case

“and seg . :
Sr= Sl‘z | ‘

and the variational equations become

SV = ~208n 4__.'&;“5)?.;__. _/{,,_VP
§r, = LSy, 4 ow, '
g\:Bﬁ S/U"B
= s :
SA);’ = _O_ oS ¢ 3 S"\ " —F V‘P + ‘F‘L 3

%
T e
"
O

S i bl

-
o —

e
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o
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4
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This systlem of dilferential equations is lincar with constant coeflicients,
Ignoring the T equation, which is not driven by a random f'(‘n'év, the
characteristic roots of the equations are 0 and + i, I'or the first
computer runs it wu:{ decided to adjust the parameter A to minimize

the effect of the random forces on the mode of the equations (r()x-z-(esl)()rltlill;g
to the characterictic root zero, This requires that A be chosen to

minimize the quantity

r : .4
JT(NP # T Q)W

\\}.]]CI'C
(w] |
e i
g 0% |
2 3
o | 8
A :
L ] - }

With this choice of X an analytic solution for the rms position

error was obtained, The result is:

. '_____)—]'

. : -
RMS position error = {i (KC SU? & ;o K; of

wher;:_ : Bl
: Kc_ -:..‘.,9 6+ Bsm 2D —~ 2Ysin Ol /_Q'Arz
'KF = [Il{ & + sInl6 —-'/é Sin O.J /2_ _Q_3
6= SNt
- A , dU* = mean squared potential deviation
. Sf*. = mean squared perturbing force. s
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IFigure 16 depicts a comparison of the predicted RMS position =

error using this method with the actual position deviations, Note that
now after three full orbits the actual and predicted errors lie within

a factor of two-~i substantial gain over the first three methods, ‘The
fact that the predicted errov is less than the actual error is once again
due to the fact that the mean squared values involved were constant
and set at the value obtained by averaging the actual deviations over
three orbits,

Mt o
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I11. Orbit Prediction in the I resence of Gravitational Anomalies

This seclion consists of a deseription of a parallel
effort which represents the doctoral thesis work of Mr, &, R.

Croopnick., 'This sectlion consists entirely of his thesis

oo g o] e L ol e

proposal, : .
C: . . 3
-
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Thegis Proposal

-

ORBIT PREDICTION IN TIHE PRESENCE
O CRAVITATIONAT, ANOMAILIES

by

(ﬁ Steven Poy Croopnick
April 22, 1969

et 2
.

The clazsical meang of describing a body's gravitational field is

with an infinjte series expangion in gpherical harmonices, which lends

iteelfl well to most orbit determination and prediction problems, ‘Ihe

difficulty with thiec dcsc_ription; however, is that it ien't efficient in -

modeling local gravitational anomalies which have an inm;cus'ing effect

on the path of a .spacecraflt ag the digtance Trom the spacecralt to the g

body di.creases, 'This thesis will inveetigate the fundamental modeling '

problems which 'give rise to these errors and consider ncw gravitational
E

models to reduce these uncertainties, Promiging cares will be simulated

on a computer and 'co.mp‘ared to the present methods of orbital prediction,

Docto ral_‘ Thesis Committee

Dr, Richard I, Battin-
Prof, Walter McKay
Prof, Wallace I, VanderVeldeChairman)




PRIOR WORK -~ The basic equations of motion of a gpacecraflt in orbit
| |

about a celestial body are (considering only gravitational accelerations)

I =V
and,

.

¥y * 5

where r = position of spacecraft with respect to body
v = velocily of gspacecraft with respect to body

and g = total graviiational acceleration acting on body

The gravitation m:cnlcrat.i(,»n g may be expressed ag a suxﬁ of terms
involving £y C, 200 and (‘.(,1 as shown in IFig. 1, where &, is the
gravitation acceleration along a nominal path ag calculated from the best
available model, G ig its associated gravity gradient matrix, 210 is the
best estimate of the disturbing acceleration ag obtained from measgurement
residuals and G.a‘ is the anomalous gravity g.'a.dicnt. Clasgeically, the
method of estimating g consists of collecting obeervational data on the
orbital motion of a gpacecraft about a body, and then filtering the data

to oblain the coefficienls of an infinite geries, ‘'This inlinite series is

an expansion of the gr'a'vitation'al potential of the body in spherical harmonics
The gradient of this potential, when evaluated along a nOn}inai path will
yield £, and its aesociated gravity gradient matris Go. When the actual
measurements are compared to the expected measurements, their
difference, the measurement residual, may then be obtained, Thiw
residual is due to the difference between the true state of the spacecraft
and the predicted state, ‘which in turn, is due to the diswrbing accelera-
tion terms in the equations of motion,

The di.s‘an*hing. acceleration is due to the difference between the
estimated mass distribution and the actual mass distribution of the body.
Let 8p (r" ; ¢>' . )\'.) repr-eseﬁt this difference where (r' : q)' - )\') are the
spherical coordinates of a point inside the body, There exist four
possible ways of assigning 6p(r' 2 43' ; A ).

. Distributed mass (3-D)

- Surfacefor subsurfac:) mass layer (2-D)

DO

Line. mass distribution (1-10)

g SO N

Point masses
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“

[Tistorically, «'5_.'"(1" j x:»' F .\'_) has been lumped into the general expres-
sion for the gravitational potential by compuling more terms in the
series expansion, The residuals aven't significantly reduced by the
introduction of higher order harmounics as depicted in IMig, 2. The
difficulty is that the higher frequency harmonics needed to account for
the residuals take large numbers of coefficients to produce, 'The (,““'
term, for example, may be considered as due to positive and negative
surface mass concentrations as depicted in Fig, 3, It is apparent that
this representation cannot producé the higher [requency terms necessary
to model the di:aiu]ll'lbi.u;; accelerations although it is cxcellent for large
r due to the (-};) dependence, IFurther, it stands to reason that an
appropriate assignment of the (Z'S and S'S to surface mass layers yields
no rniew information if the measurement residuals aren't used,

An attempt.at reconciling the distrubing accelerations with a
grid of mass pofnfs on the surface of the moon was the subject of
reference 2, In this study, the disturbing accclerations (rc:iulting in
‘measurment l‘csiduuls.) \-.'(':1-0. attributed to mass points on the surface of
the moon directly below the spececraft's track(see IFig, 4). The results
produced were inter »sting and indicated large mass concentrations
(mascons) below the ringed maria, but are of limited usefulness for orbit
prediction because: ' s '

% .data.nr'cs are treated independently

2. the statistics weren't considered

3. the mecasurement geometry wasn't included

4, the masses along the track were the only ones
“considered to disturb the motion

‘5, correlation between raasses on neighboring tracks
" wasn 't allowed '

‘6'. | data can't be inverted

MOTIVATION - The need to use a more sophisticated 1rodel for the

gravitational potential became evident with the start of the recent

lunar orbiter flights, An examination of the measurement residgalsl

shows that there typically are large disturbing accelerations acting on

the lunar orbiter near pericenter. These measurement residuals result

.

 —————

———

e —————— .
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from a difference in what the measurement was expected or predictled
to be, based on the current model of the moon's gravitational field,
and the actual measurement, 1t is reasonable to assume, that since
a spauceeralt makes its closest approach to a planet at pericenter,
and the gravitational force obeys on inverse square law, that the
disturbing accelerations would be greatest when the spacccraft was
closest to the planet, especially, if they were caused by local mass
anomalies in the terrain,

Accounting for these disturbing accelerations, and including them
in the model would allow one to do a better job of navigation in many
circumstances, Ior example, if a mission were planned about the
cquator of a body, and test flights were flown in the neighborhood of
the expected mission path; it may be possible to collect data in this
region, thereby. improving the knowledge of the local gravilational [ield,
Statistical a l*gxlliléxlts may then e employed to further assess thq
confidence in 6ri,e's. estimate ol ‘the gravitalional anomulies obtained

through modeling,

PESEARCII OBJIECTIVI - The major objective of this thesis is to improve -

orbit determination and prediction by utilizing the information contained
in measurement residuals, This, hopefully, will come about from the
following two fold effort, . : : 2
[, . Investigate the origin of measurement residuals . :
[I. "Adjust the model of a gravitation potential to account for

the residuals

INITIAL ATTACK - The firet pohilem will be approached by examining

the errors committed in detcr: ) uing the gravitational potential of a body’
whose potential is unknown by solving for the coefficients in a series
expansion in Sphe.rical harmonics, By assuming a potential for the body,
it will be possible to generate the "true" trajectory and compare it to the
predicted trajectory based on the estimated gravitational potential, It
will be of special interest to examine the source of errors incurred during
low altitude 1‘egions and associate them with the higher harmonics, At

the same time, it would be useful to study the statistics of the estimated
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coelficients and how these coelficients are affected by local gravitational
anomalies,

The sccond problem will involve adjusted models of the body's
analytical mass distribution, The intent is to infer certain unupi;«»nl.ru;t;:
of the disturbing acceleration from the measurement residuals, and then
attribute them to ecrorvs in the current estimate of the mass distribution
of the body, A promising model is depicted in Ifig, 5. The error in the
mass distribution is attributed to the suborbital track through the use of a

line density of mass 60()) and a line densitly of "gravitational dipoles"

P(\). "The line density of mass will yield the in plane disturbing accelera-

tions while the gravitational dipoles will yield the out of plimc components,
Implicit in this il.'l\’ustig&ti()ll are the questions of uniqueness and of
sufliciency in assigning these line densities, The following concepts
pertinent to this model will be studied:

1) tniqueness and suf!‘iciency.

2)'. correlations between mass distributions along various

~ orbit tracks |
+ 3) the gravitationnl error covariance matrix
4) long term orbit prediction ' »
5) linearization techniques for paths flown close to

measurement points including the region-of application

Finally, depcndiing on the outcome of the initial investigations on this or
on other models, test cases will be simulated on the cvomputor for a
relatively well known gravitational field, In the case of the earth, a
conceivable test would be to improve on an eurly estimate of the gravi-
tational potential through éppropriatc modeling and then comparing these
results to the actual path based on the current potential model for various

orbital geometries,

g s b A B it )
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