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Page 23: See 2.1l. Paragraph following should read:
"As a first step in the development of the small deviant
equations of motion, the general equations of motion are
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Page 65: The last term in the right-hand member of (3.48)
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George C. Marshall Space Flight Center, with Mr. Frank Bugg,
acting as Pruject Manager. This document deals with
theoretical aspecté of the problem. Thé,computational
soheme is presented in Volume II.

Technical contributions and helpful suggestions were
made by Dr. D. Lomen, University of Arizona.

This study was executed under the direction of Dr. L. L.
Fontenot, Program Manager and Principal Investigator;
Mr. T. S. Chandler developed the’Digital Computer Program

described in Volume II.
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ABSTRACT

This document deals with the behavior of liquids
enclosed in moving tanks under weak gravitational fields.
The complete equations of motion of an aerospace vehicle
with partially liquid-filled cavities are derived, and the
nontributions of the liquid motions to the overall system
motion defined. The vehicle is slightly disturbed from an
assumed reference state of motion, and the small perturbation
equations of motion derived. The contributions of the small
liquid motions to the overall perturbation vehicle motion
are defined and isolated. Using bourdary layer and pertur-
bation theory, the behavior of a liquid enclosed in a tank
undergoing planar motion is determined. The fundamental
results obtained constitute a first order correction of the
"high-g" thecry (BO = »), The equations are specialized to
rotationally symmetric vessels, wherein the axis of symmetry
coincides with the vehicle acceleration vector, and then
cast in a form suitable for digital implementation. The
forces, moments and free boundary displacement are_given in
terms of non-dimensional coefficients, which are expressible
by means of the geometry of the vessel, properties of the
liquia, contact angle and parameters associated with the

"high-g" eigenoscillation problem.
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INTRODUCTION

Problems concerning the behavior of liquids in moving
tanks under conditions of weightlessness and weak gravita-
tional fields have gained topical importance recently.
Theoretical studies which have appeared in the open literature
deal mostly with the eigenoscillations of liquids in stationary
containers under somewhat restrictive assumptions.

The main objective of this study is to develop methods
for determining the behavior of liquids enclosed in moving
tanks, such as abound in aerospaée vehicle application, under
weak gravitational fields. A further objective is to develop
a digital computer program to calculate the pertinent liquid
parameters in a manner similar to / 1 /. ‘

In section 1, certain fundamental results and equations
from classical mechanics are used to derive the general equa-
tions of motion of an aergspace vehicle with a partially
liquid-filled cavity under the influence of a general force
field. The contributions of the liquid motion to the overall
system motion is defined and isolated. Diverse forms of the
equations 6f motion ave presented. The fundamental equations
are specialized to a classical central force field, and the
motion of a vehicle in a circular orbit discussed.

| In section 2, the general equations of_motionféré
specialized to a reference state of motion in the fbbm'gf,
consfant linear accelerations and angular velocities{;fThen,,

the vehicle is slightly disturbed from the known reference




state motion and the resu’ting perturbation equations of
general vehicle motion obtained. The contributions of the
small liquid motions to the overall perturbation vehicle
motion are defined and isolated., Various simplified but
significant flight conditions and configurations are pre-
sented.

In section 3, assuming that the surface tension is
small in comparison with the effective mass forces, a method
for determining the behavior of a liquid enclosed in a tank
is developed for a vehiecle undergoing planar motion. The
approach is based on the fundamental work of / 2 / (which is
presented in part herein), and constitutes a finst order
correction of the so-called "high-g" theony (B0 = »), Then,
the equations are specialized to rotationally symmetric
tanks, wherein the axis of symmetry coincides with the vehicle
acceleration vector, and cast in a form suitable for digital
implementation.

In section 4, the equations are transformed to agree
with / % /, which forms the basis of the NASA-MSFC computer
program for the "high-g" problem. The forces, moments and
free boundary displacement are given in terms of non-dimensional
coefficients, which are expressible by means of the geometry
of the vessél, properties of the liquid, contact anglejénd
parameters associated with the "high~g" eigenoscillation
problem. The pérameters‘for a right circular cylinder are

worked out in detail.

vii




L. ON THE GENERAL EQUATIONS OF LIQUID-FILLED AEROSPACE
VEHICLE MOTTON

It is well known that the forces and moments resulting
from the action of liquid motions on the walls of partially
filled cavities play a major role in stability and control
of launch vehicles. To predict and control the motions of a
vehicle with cavities partially filled with liquid, it is
therefore necessary to identify the contributions of the
liquid motion to the overall system motion. Methods for
determining liquid motions in axisymmetric tanks, connected
mainly with the design of the Saturn vehicle, have been con-
siderably developed /1,3 /. Yet, because of the diverse
configurations and modes of operation of aerospace vehicles,
the applicability of these methods is sometimes questionable.
To put the problems and questions associated with these methods
in their proper perspective, we must examine them in detail.

In most applied problems dealing with the stability and
control of motions of a launch vehicle with liquid cavities,
one is interested mainly in the motion of the vehicle; the
motion of the liquids in the cavities is of intevest only in-
asmuch as it affects that of the vehicle. To be sure, these
two aspects of the single stability and control problem are
interrelated: the motion of the body depends oﬁ that of the
liquids and vice versa. It is, therefore, natural to begin
our discussion with the general formulation of the equations
~governing the motion of an aerospace vehicle with cavities

partially or completely filled with liquids.
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1.l General Fquaimons Governing the Motion of Laungh Vehicles
with Cavities Partially or Completely Filled with Liquid
Propellants

Accordingly, imagine a free launch vehicle with a simply-
connected cavity partially or completely filled with an ideal,
homogeneous and incompressible liquid (propellant). Regarding
the vehicle and the liquid as a single mechanical system, it
is easy to set up its equations of motion in some form. 1In
general, three vector equations and one scalar equation define
the motion of the system. TFor a single tank configuration,
these are: a vector equation governing the translational
motion of, say, the center of mass; a vector equation governing
the rotational motion of the vehiclé* about the center of mass,
or about the geocenter; a vecgtor equation governing the liquid
motion inside the tank; and a scalar equation describing the
continuity of liquid motionl. Thus, for example, if the motion

of the vehicle is specified by the translational velocity u

and angular velocity w, the equations of mation can be writtenz
I(TH+T,) . 3(T +T,) o
%E——-Q—_-;Lf&”xmo_._—}—:f'wcr()wl) ,
Ju ou
1

In general, equations governing the control and guidance sys-
tems, engines, propulsion system, etc. also are required.

The inclusion of these equations in our disgcussion are not
necessary. The theory can be modified readily to 1nclude the
effects of draining propellants / 7/

We assume that the motions of both the vehicle and the liquid
are continuous, so that the coordinates of each particle of
the lquLd are contlnuouo functions of their initial values
and time., , ’
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(T +T.) 8 (T +T.) (U +T.)
gt Q_ 14T x —~—9:7&~’+ u x ~——g:~l— = N # (ﬁo+ﬁl) >
Iw ow ou
(1.1)
0T T
d - b = 1
It 5-5_-— + 0w X ;{__:-- = fl - '5' grad (P—PO) ’

divvs=0 |,

where T, is the kinetic energy of the body (i=0) and of the

liquid (i=1), T, is the kinetic energy density of the liquid,
F is the resultant vector of external forces applied to the
systems, p is the mass density of the liquid, p(x,y,z,t) is
the liquid pressure, Py is the constant gas pressure in the
tank, fi is the vector of body forces per unit mass acting on
the body (i=0) and on the liquid (i=1), Fi is the resultant
vector of mass forces, ﬁi is the moment of mass forces,
v(x,y,2,t) is the velocity of the liquid relative to the tank.

The velocity of the liquid is

T=T+ (D) + 7,
(1.2)
- E"
dt =
3

The externally applied forces may be functions of the state
variables of the system or preassigned functions of time,
oriented in any arbitrary fashion with respect to vehicle

- body axes.

Differentiation relative to the moving coordlnates is indi-
cated by-d (...)/dt. ,
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where ¥ = r(x,y,z) is the position vector of the liquid rela-
tive to local tank axes, & is the position vector of the origin
of liquid tank axes relative to vehicle body axes (Fig. 1).
[For each additional tank, a separate vector and scalar equa-
tion is needed, i.e., (1.1,) and (l.lq).J Thus, for a single
tank configuration, ten scalar equations determine the follow-
ing ten unknowns: three components of the translational veloc-
ity U, three components of the angular velocity w relative to
inertial space, three components of the liquid velocity Vv
 pelative to the vehicle tank, and, finally, the pressure in-
side the liquid enclosed by the tank.

1.2 Boundary Conditions

The liquid velocity relative to the cavity must satisfy
certain kinematical conditions, namely, the component normal
to the wetted surface(s) must vanish, and the component normal
to the free boundary must equal the velocity of the surface
normél to itself®. Thus, if we specify the equation of the

free boundary in the form z - z(x,y,t) = 0, we can write

s, at It ,
v, = (1.3)
' , at's &7 |
5
- All surfaces are assumed to be piecewise smooth.
.

Equation (1'35 in conJunctlon w1th (1. lq) and the divergence
theorem yields the injunction j.gico“(n z)dS = j%t dxdy = 0,
where Q is the prOJectlon of Sslnto the % Xsy- plane. |

5
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where n is the unit vector along the outward drawn normal to
the surface under consideration (see Fig. 2 for notations).
Moreover, the pressure inside the cavity must satisfy a con-
dition of ‘thermodynamic equilibrium at the free boundary,
which means that the discontinuity in pressure at the liquid-
vapor interface is proportional to the product of the surface
tension and twice the mean curvature of the surface. Now,
the unit vector along the outward directed normal to S is

(- -t 1 3 +k )
t ylfz , ' (1.4)

=

=3

(1+C teg )

where subscripts x,y here denote partial derivatives, so that

this condition can be written

+ +

x (1tE 2)- -28.% gcxv Loy (1FTS

2,2 '
(l+;x+cy>

1n
I+
Q

P-Pg = ok(g) = * o div n

Here, the upper sign is taken if the liquid is below the sur-
face z=g, and the lower sign if it is above the surface z=r.
Finally, at points on the line of intersection of the free
surface and the tank wall (the contour T'), the normals to the
two surfaces form a constant angle of contact which depends
only on the material of the tank and properties of the liquid.
If the equafion of the wall is specified in the form @E(x,y,z)

= 0, this condition can be written

8<Dz 8@2 8@2

- 1/2 :
52 " 7% Sk T 5y by © (l+c ) Igrad¢ | cosy 3 »ﬁl.G)




or alternately,

HE-HS = cosy (1.7)

where n, is the unit vector along the outward drawn normal to

g the unit vector along the ou*ward directed normal

Sl

I and
to S.

We note that condition (1.32) introduces yet another
variable - the displacement of the free boundary z. But,
because the physical condition at the liquid-vapor interface
(1.5) also involves ¢, this variable can be eliminated in
principle.

1.3 Forces and Torgues Resulting From Action of Liquid

If the force resulting from the action of the liquid
motion on the cavity surface £, and the moment about the
origin of body axes of the forces exerted on the cavity sur-

face I are required, we have

ra 0Ty _ 3T, _ -
FOl = - f(a—_E. ;—v—- + wx-——__—-) pdt + ffl’pld’l' - O fK(C) ndS
T T

5V , s
3T 3T ﬁ -
e L + ) - o f E® ar
Todu ou g f
R P ‘
_ o q 9T _ 3T, A
N, = = J[(+r) x (5 —— + wx—)] pdr + [(e+r)xFf. ] pdr
01 vTed it = — 1
/ 3V XY, !

(1.8)

of.ccmmmxmds
) <



= - (%E —= + Yx—= + Ux—=) + N - o./.E(an)x(£+r)J ar ,

where n is the unit vector along the outward drawn normal to
S, T is the tangent vector to contour I formed by the points
of the line of intersection of the surfaces S and I, and v
is the volume of liquid occupying the tank.

1.4 Irrotational Liguid Motion

The problem can be simplifie@ if the function u, repre-
senting body forces per unit mass acting on the liquid does
not depend explicitly on time and if the motion of the liquid
is irrotational. Thus, curl V = 0, and the velocity relative

to the tank can be written /3 /
V = grad$ - ex(T+D) | (1.9)

and leads, as is easily seen, to the equacions

Ad = 0, throughout 1 , (1.10)
we[(T+r)xn] , at &

3¢ _ )

= = (1.11)

we[(R+r)xn] + Ty cos(n,z) , at 8 ,

where A is the Laplace operator.
Introduction of the kinetic energy density
BT' aTV — BT'

2T, = u-——~ + w-——— + v--—w-- |u+wx(2+r)4v|2 > (1.12)
au dw v :




into (1.13) and subsequent application of the Cauchy-Lagrange

integral, gives

PP , 29 AT . =g pmmy o L 2 Ly 12 L
— *tgg tug * [gE f BT 4 5 v - ST T = e(t)

| (1.13)
where %% + wxU is the acceleration of ‘the origin of body axes.
Thermodynamic equilibrium at the free boundary (1.5) can be

written

2w uy + [ Bl () ¢ v - HaxmE |2+ 2 k() = o(t)
(1.14)
at z=g.

Thus, for a single tank configuwation, the number of
variables are reduced to seven: three components of the
translational velocity u, three components of the angular
velocity w, and the scalar potential ¢. The scalar potential
is harmonic throughout the volume 1 (1.10) and satisfies in-
homogeneous Neumann conditions at the tank wall I (l.lll) and
a mixed condition at the liquid-vapor interface (1.112). If

the cavity is completely filled, boundary conditions (1.il)

with =0 may be satisfied by writing =~ : .
b6 = weg (1.15)

where ¢ (Stokes' potential) is a vector whose components along

the Cartesian axes are solutions of the Laplace equation

(1.10) and satisfy boundary conditions,

]



= [(Z+0)xn], at I+8 , (1.16)

ol
sled

so that ¢ depends solely on the shape of the cavity and not
on its motion /3 /. The equation for the pressure in the
liquid takes the form
p-P 2 1T o e e —_— e 1 ]

0 4 wed +ouy [%% + wxule (2+r) - %~lu,_»f:(J?Hvlc')|’Z = c(t).

(1.17)

1.5 Diverse‘PQPms’Of the Equations of Mqtion

To facilitate further discussion, we examine more fa-
miliar forms of the general equations (l.l) et seq. Accord-
ingly, the kinetic energy of the body and of the liquid can
be written

oT
2T, = —:Q-E ——9 w = ./~Iu+wxr'| ,

0 9% |
(1.18)

2T, = ./ v pdT
T

where T, is defined by (1.12), so that the equations of
motion of the vehicle containing liquid (1.1;) and (1.1,)

can be cast in the forms

MR, = F + (F.+
(1.19)
I-w + wx(I-w) + M(p, xR » Jf[(2+r r,) X (-7+ 2wxv)] pdt =

N+ (Fg+Np)
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where K, is the instantaneous position of the mass center of
the vehicle relative to a system of stationary coordinate
axes, P, 1s the instantaneous position of the mass center
relative to the system of axes rigidly attached to the

vehicle (Fig. 3), M is the mass of the vehicle with liquid,

M =/dm +f‘pd1, MT, =f%7' dm + f(I‘+F> pdr, F =f’f"0 dm,
T

T

'fv‘l :ffl pdt, N, = f('fv"'x?."o) dm, N, = fﬂ(f‘rf")x'f'lfl pdr,

T : U (1020)
Fe 9, F, N= 2, (F.aFs),

3 J 3 J ]
{T - K"{ = F:Q‘ ’ "d'% + -&)‘Xﬁ- = »R"v. - % o

I is the inertia dyadic of the body with liquid and, there-
fore, is a point function of the mass elements and associated
position vectors of the body and the liquid. I can be

written in partitioned form

I=1I,+71I,-MI, , | (1.21)

where8

IO = f{l;'}zﬂ- F';F'J G :u

I, * f[li‘+i~'|213 - (T3 (T+D) ] pdr | (1.22)
4 |

8 , ’
The indefinite or dyadic product is defined by a;b.

13
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I, = l?;le - P.30, , (B is the idemfactor) .

Iy is the momental dyadic of the solid whose components have
constant values when referred to the system of moving co-
ordinates, Il is the momental dyadic of the liquid whose
components are functions of the form of the liquid inside
the cavity, and I, is the inertia tensor whose components
are functions of the instantaneous position of the center
of mass relative to the body axes.

Note that if V0, r,=0, expression (1.19,) veduces to
the ¢lassical Euler equation for general rigid body motion,
as it should. Clearly, (1.192) represents the rotational
equation of motion of the vehicle with liquid about its
center of mass. To write the rotational equation of motion
of the vehicle about the origin of the stationary system of
coordinate axes, we note that the system kinetic energy
T = Ty+T; and angular momentum D about the origin of the

stationary coordinate axes can be expressed as

TET 45T 4TI,
(1.23)
D=D"+ I'w
where
dr, dr.,
. 1 w2 w2 1 Z
V- = o - —r ) ;= ;

-1y




dR..
D' = M [R, x 3?"3 + jr[(§45;r*)x33 pdr, (1.24)

I'ew = M [Ryx(wxR;)] + I-w ,

(D' is the relative angular momentum about the origin of the
stationary coordinate axes), so that from the fundamental

equation of motion for the total angular momentum

15 4+ Bx(IeD) + MRk, +.[c<r+;-a.,.> x (&L + 25x)] pdr =

ZF(R.—r +r )xF ] +f[(R.—-r +r')xf ] dm +f[(R.-r +£+r>)xf 1 pdn,
(1.25)

which may be deduced equally well from (1.19) and (1.20). If
the equation of rotational motion about the origin of the body

axes 18 required, we have

(Ig+Iy)ew + wx[(I +I,)-w] + M(F,.:xﬁo) +fc<z+;>x<§{- + 20xv)] pdr =
. g

+N, )

N + (N
where

Ry = R, - 1, . f . (1.27)

In particular, if the motion of the liquid is irbotational,.

(1.26) assunes the form

15




Io

N + (N +N (1.28)

N;)
The forces and moments resulting from the action of the

liquid motion on the cavity surface I (1.8) can be rewritten

— dav e e e - — e - —— ) o
FOl = Jr{a%~+ 2uxv + wx(2+p) + wx[wx(2+r)3% pdrt - MlRO
T
+fFl pdrt -C),:[KHdS , (1.29)
T S '
ﬁOI z ~ {II-E + Ek(Il-E) - ﬁb X Jr(?+5) pdr

T

f[(!&-ho) X (d" + 2wxv)] pd’t} +f[('i"+f7>x'fl] pdr

- ofk [ (T+7)xR] dS.
5

1.6 Vehicle Motion in amn Inverse Square Law Field

The equations of the vehicle with liquid in an inverse
square law field admit, under certain conditions, a first
integral which will prove to be useful in control and sta-
bility investigations.

Now, in a classical inverse square law field, (1.191)

and (1.25) take the forms

1

Mﬁ% = F + (—0+F ), ' :' "f ” o A130)

16
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L Tew + wx(I+w) + M(R.%R,) +f[(7!7+5;-5,.;) X (g{- + 2wxV)] pdr =
T

" _ o
. N + (R,-T,)xF

' where

o o
r - k T 1 = 0
Ul---&-——, fl""k"""'—s’ fo" k"'"'-B,
. : % %0
(1,.31)

) o =R, =T, + T, G =R, -T, +T ,

L . while the rotational equation about the center of mass becomes

—

15+ Gx(m + [LOHE-T,) x (GE+ 20D pdr = N - BF
T
- Ry x (Fy+F)) . (1.32)

If we specify that the body is isolated from applied

forces, F=0, or if the moment of applied forces about the

ié origin of the system of stationary coordinate axes vanishes,
. N+(R,-r,)xF = 0, the angular momentum D about the origin of
Eﬁ the stationary coordinate axes is conserved
D= 15+ MERR) + [[(BF-F0x7] pde =5, (1.33)
d |

and the kinetic energy takes the form

T = T + wele —'%I'-E) , ' (1.34)

which follows from (1.23) and (1.24). 'E is a constant vector

fixed in space.

17
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Now, the position of the vehicle and the liquid relative
to the stationary system of coordinate axes 0'x'y'z' can be
defined by the Lagrangian coordinates of the body a4y (3 = 1,2,
+++.n<6) and relative x,y,z coordinates of the liquid, which
are infinite in numberg. Thus, because the mass forces
occurring in (1.301) and (1.32) are functions of the Lagrangian
coordinates of the vehicle and form of the liquid inside the
cavity, the trajectory of the mass center (in the absence of
applied forces) depends on the attitude and motion of the

vehicle relative to the mass center.

1.7 Uniform Steady-State Rotation About Geocenter

If the applied forces and constraints are such that the
vehicle with liquid performs a uniform steady-state rotation
wy as a single rigid body about a stationary axis v through
the geocenter (circular orbit), the system is in equilibrium
relative to the moving coordinate axes, and (l.ll), (1.1,)

can be written

_ooaTger)
wx ———=— = F + (F+F;) ,
au ' '
(1.35)
3(T +7.) 3 (T +T.)
ZU- X '——“Q—:'L + {I X ""“"'9'::"—]'."-- - N- + (-I\TO'*‘N-:L) °
' oW ou
9

In general, when no assumptions are made on the motion of
the liquid in the cavity other than the natural assumptions
of continuity and compactness, the state of the system is
described by an infinite number of variables.

18
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where

M., =0, T=zo0, T=mx(R,-F, . (1.36)

Combining (1.351) and (1.352)1gives

0(T  +T. )
WX —-—9:75— + u X% —
ow au

8CT0+T1) .
= ?

3 (T +T,)
+ (R,-D,) x [z:r % ---9-_—-1-—]

ou
(1.37)

for the rotational motion of the system. Now, (1.37) is

equivalent to the vector equation

wx|IT+ MRx@R)I{=0 ,

that is,

I-w + MIR,x(wxR,)] = ¢ (1.38)

where ¢ is a constant vector fixed in space. Equation (1.38)
can be deduced equally well from (1.33) with vs0. Expression

(1.35,) is equivalent to the vector equation

MLwx(wxR,)] = F + (F +F.) (1.39)

0 "1

which, when combined with (1.38) yields

[Vx(VxR,1 , -
M — 12 Co = F + (F0+}l) | (1.40)
AR '

for the Lagrangian coordinates of the vehicle relative to the

mass center in steady-state motion, where

19



c = cov, w = wov, mo = CO/Ivv’
(1.41)

I, = MVe[R,x(VxR,)] + VeIV .

I, is the moment of inertia of the system about the axis v.

Now vi0 throughout the volume of the liquid t, and from

0
(1.32) t.=0, so that the free boundary displacement can be

written

r = = h + h(X,}') s . (l.'-!?)

0
where h, is a constant. Furthermore, from (1.9),

grad¢ = wx(T+pr) , (1.43)

so that, analogous to (1.15) et seq., we can write

¢ = 0 ‘ (1.40)
with
A¢ = 0 » throughout 1, ,

(1.45)

T . [(TEE ~
= [(e+r)xn] , at z+sD .

The equation for the pressure in the liquid is obtained from

(1.13), noting (1.42), (1.44) and @=0,

P-PO

Fup b (D) - R P =0 (1.46)

20




which gives

up + (D) (T - 3T |2+ Lem) =0, (1.47)

at z = - hy + h(x,y), for the determination of the liquid-
vapor interface (1.42), if the liquid does not fill the cavity

completely. With w = wov, (1.47) assumes the form

wgLCTHE) + (Gx[Tx(Ry-F) D) = Fw(TH | 4wy + L) =0,
(1.48)
at z = - hy + h(x,y). The boundary condition for (1.47) or

(1.48) is provided by specifying the edge angle on contour
Py» condition (1.7), where the free sunface touches the wall.
Constant hO can be found by noting that the liquid volume is
constant.

For a fixed value of the area parameter c, and equations
of constraint, (1.40) and (1.48) determine the coordinates
of the vehicle and the form of the free surface of the liquid
in uniform steady-state rotation (cibcular orbit).

We now proceed to develoﬁ the small perturbation equations

of motion of a space vehicle with liquid.

2. SMALL-PERTURBATION EQUATIONS OF LIQUID-FILLED AEROSPAéB

VEHICLE MOTION
The equations that govern the motion of the vehicle with

liquid-filled tanks are non-linear, and do not admit general,

exact solutions. Nevertheless, 1t i1s sometimes possibleé to

obtain or approximate particular solutions, such as steady-

state motion in a circular orbit derived previously. Then,

21




if the system is assumed to be slightly disturbed from this
known condition, the resulting small motion of deviation
will be given by a set of linear differential equations.
The usual .aethod of construction of the equations of devia-
tion is, briefly, as follows. Let the complete non-linear
equations of motion of the vehicle wifh liquid be written
for two states of motion: reference and disturbed. The

19 reference or 'undisturbed' gtate describes the path of the

T center of mass, attitude of the vehicle, and the form of the
10

shape of the free surface of the liquid The disturbed
} state describes the actual motion of the system, and con-

sists of ‘the reference motion plus small deviant motions

therefrom. The difference between the equations of motion

T of the disturbed and reference states, upon neglecting all
terms involving products of the deviant quantities or their
derivatives, yields the equations of deviation.

The preference state of motion embodying the parficuiab
X attitude that we wish the vehicle to have is, in general,

one of non-uniformity. An approximation is made here, in the

10
Vehicle attitude control implies the existence at some
time of reference axes embodying the particular attitude
that we wish the vehicle to have. Clearly, if there were
no such ideal attitude, we could allow the attitude to be
that resulting from the action of the laws of motion,
obviating the need for attitude control.
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form of uniform linear and constant angular velociﬁiesll.

With the foregoing approximations to the actual reference
state of motion, and assuming further no velocity of liquid
relative to the tank in the reference state of motion, we

have

R, =a, w=20, V=0, (2.1)

o

2.1 Reference State of Motiqn

As a first step in the davelopment of the small deviant
equations of deviant motion, the general equations of motion
are specialized to the reference state of motion. Applying

(2.1) to (1.19),

Mﬁg = F + (?0+Fl), R, = a {(constant),
(2.2)
Gx(I+0) + M(FxR,) = F + (N +F)),

which states that the system is in equilibrium relative to
the moving coordinates attached to the body. Now, from (2.1)

vz0 throughout the volume of the liquid t, and from (1.3,)

0
c£=0, so that the free boundary displacement can be written

11
It is reasoned that for many practical problems involving
alignment of reference axes with the local earth vertical,
the line of sight to another vehicle or satellite, etc.,
reference axes linear accelerations and angular velocities
will not vary apprcclably during several cycles of short-
period closed-loop attitude motion. Moreover, this approx-
imation does not rule out raplu attltude changes due to
commands .
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; s - ho + 11()(,}’) [ (2.3)
where h; is a constant. Furthermore, from (2.1) and (1.9),
grads = wx(T+D) (2.4)

so that analogous to (1.15) et seq., We can write

6 = B¢, (2.5)
with
Ad = 0 » throughout t,

(2.8)
3¢ _ TN LT .
T [(4+p)xn] , at I+8 4.

The equation for the pbessure in the liguid is obtained from

(1.13), noting €(2.1), (2.8) and (2.5),

P'PO

b uy + (R (D) - LI | = 0, (2.7)

which gives

uy + (Ry=B)  (THE) - Z|ax (T |2+ k(n) = 0, (2.8)
at z = -h +h, for the determination of the liquid-vapor

interface (2.3), if the liquid does not fill the caviﬁy
completely. The boundary condition for (2.8) is provided
by specifying the edge angle on contour P03 where ‘the sui-

face touches the wall,




‘Ny'hg  * QOSY . (2.9)

N
The constant ho can be found by noting the volume of liquid
is constant.

If the attitude of the vehicle is prescribed, then
(2.2) and (2.8) define the foice system and form of the
liquid necessary to maintain that attitude. On the other
hand, if the force system is prescribed, the same equations
determine the resulting orientation of the vehicle and form
of the liquid in the tank.

2.2 Perturbation Equations

In the reference state of motion defined by (2.1), the
vehicle with a liquid~filled cavity can be associated with a
certain solid vehicle, which we call transformed, consisting
of the given vehicle and the frozen liquid with free surface
(2.8). Let us find the small deviant motion of the trans-
formed vehicle in passing from a position corresponding to
steady state motion of the system to a neighboring perturbed
position. We can conceive of this transition as proceeding
in two stages: 1) displacement of ‘the whole system, as a
single rigid body, to a perturbed position; 2) deformation
of the form ¢ = -hgyth of the liquid (by covering its free
surface with a layer t-7

0
+h+n with free surface (l.14).

of zero volume) into a form

r = -,.ho

The increment of any variable, say r,, may then be

represented in the form
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6‘:‘;‘* - Slgﬁ + &i,,' 23?* 3 (2 . lo )

where 61 denotes the increment when the whole system is dis-~
placed to the perturhed position as a single rigid body, and
§, is the increment due to subsequent deformation of the
free surface of the liquid into the surface (1.1l4).

Let us denote by Q the region of the xy-plane bounded
by the projection of a closed curve representing the locus
of the intersection points of the surface £2.3) with the

cavity walls L. Then, in the first approximation, we have

f (evs) pdr = ffdxdyfh—ho+ri(...) pdz,
| Q h-h,

T"TO

(2,11)
f pdr z/fp n dxdy ,
=T, Q

the latter expression resulting from the incompressibility
of the liquid, where 1,4 is the unperturbed liquid volume.

By definition
o 2[5 an+ [@E pan (2.12)
T
so that, up to second order accuracy in n, we have

T,
l (13

2
(2.13)

i - 1 o L
&1y = 0, §,Ty = ﬁ~./9rp(£+r) n dxdy ,
| | Q

where 2+r is taken at z = h-h,. Similarly,
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:_ dro. dF._'_. l —
I‘* = aT + wxr‘*, E’t"" = ﬁ‘fv pdT 9 (201"’)

with the result that,

8, = 640y + 8,1,
(2.15)
- e - _ 1 f = —_
611?* = Swxmy , §ory = i f 6v pdrt + wxdr, ,
o
where, to the same order of accuracy,
v = gradsd - Swx(R+r) ,
(2.16)

§¢ = Swed + Y ,

for the perturbation velocity of the liquid relative to the

cavity. Here ¢ and ¢y satisfy

A% = 0, throughout Ty
[(2+r)xn], at I,
9% .
5T © (2.17)
[(a+r)xnl, at- 84, (z = -hy+h),
and ?
Ay = 0, throughout 7,4,
0 3 at L,
Y _ |
on (2.18)

e cos(ﬁ,z), at Sy, (z = "ho+h)’
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respectively, Note that terms involving products of the
deviant quantities sw, 8r,., 6V, n, Y or their derivatives

were neglected in the derivation of (2.15,16,17,18).

On the free surface z = -h0+h+n, we have for any
function
a(x,y,2,t) = q(x)Y>h“h09t) + %ﬂ N+t ceee (2.19)
. Z h"ho

so that, in the first approximation,

for the increment of pressure, where

6, (p-pg) = - p[sa.a,‘+ara‘o.(1‘4-5)_[,5}{(%5)]»-[s'dx('£'+5)1+5lu13 )
(2.21)
v 1 = B . 3D
8,(P-pg) = - olzz= + Ryezp - Lux(R+r) 1 Coxg) In-py, .
But, from (1.5) §(p-py) = ok, and it follows
Vo * 86T + SR (THE) - [ux(THD) - [6ux(T+E)T + 6qup +
(2.22)
[33}- + K20 ~\‘["' (T 1+ (333 In + L 6k = 0
9z 70 8z wx Wrgz /AN T oo oK T >
at z = -hy+h, for thermodynamic equilibrium at the free sur-
face of the liquid, where
Sk = & div . gradn | . (gradn)* (gradh) gradh ;~(2123)
[1+(gradh)231/2 [1+(gradh)233/2' |
28




and the gradient is with respect to x,y. Recall that

da

- - — s |
RO R* r’g’: a‘.E' + wXU 1) (2 02 ")
whence
§R. = 6R. - ov, = aQ‘z + Swxu + wxéu

0 " ! dt ’

5Ty =z [ B3 4 2UxsT) pdr + SUxT, + sEx(WxEy,) (2.25)

+ wx(swxp,) + wx(wxsv,) .

Expressionsh(Q.zu) and (2.25), in conjunction with the trans-
lational equations of the mass center, can be used to obtain

other forms of (2.22). The increment Glul occurring in (2.22)
depends on the force field; for example, if the field is con-

stant, = 0.

5191
The equation of deviant motion of the center of mass of

the system can be written

MeR, = 8F + 6(F+F)) (2.26)

which follows from (1.19;), (2.1) and (2.2), where

oF =24 6T, oF, =falfo dm,
j
(2.27)
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The increments of the applied forces 6?5 may be functions of
the deviant state of the vehicle or preassigned functions of
time. The increments Glfo and Glfi depend on the force field;

for example, in an inverse square law field defined in (1.31),

we have
[sa (o +80.)
- 0 0 0
S1fg = -k | - 8 —=—g—— 4] >
| %0 %0
(2.28)
~ 63, (@, 60,) _
15y, = - Kk 3 3 i
63y = day = SRy = 6K, - 6T, .

Similarly, from (1.192) the equation of deviant rota-

tional motion of the vehicle with liquid can be written

Ie6w + ox(8T-w)+ux(I-8w)+8ux (I w)+MIsT,xR,)+(T,x6R,)]

(2.29)
Jf [(2+r-7, )x(aav + 2ux6v)Jpdr = 6N + 6(ﬁ0+ﬁl) R
where ;
Z 6N0 =fr'x61f‘0 dm.
5¥, f[(£+r)x61fl]pdr+ f axdy f [(T+7)%F, Tpdz
Ty | Q o h—h0
(2.30)

3 0 ‘/,/,



; D ey |
§I = 6211 - MSZI*, 6211 = jgf[(£+r) E-(2+1) 5 (24+0) Inp dxdy,
Q
8,1y = D%— f [T, « (T+D)E-1, 5 (T+2) - (240) 370, Inp dxdy

Q

In some investigations, it is convenient to write (2.27) and

(2.30) in the form

MoK, = - f (3L + 25xsV)pdr - MSUxT, ) -M6Tx (WxT,, ) -Mbx ( 65xT, )
0

- Mox(uxsp,) + oF + s(Fy+F)) ,

(2.31)
(Ty+Iy) e swtswxl (T +I, ) cul+wx[ (T +I ) suwltux (8T, +w) +
ML (B8R, )+ (6T,xR )] + f [T+ (3L + 2axeT) Jpdr = 61 + 6(F +W ).

o
Thus, to determine the small motion of deviation of the

vehicle, we have the following: a perturbation vector equation

_governing the translational motion of the center of mass

(2.26)3 a perturbation vector equation governing the rota-
tional motion of thesvehicle (2.29)3 a scalar Laplace equa-
tion expressing continuity (2.181), The potential {y associ-
ated with (2.18l)vsatisfies vanishing Neumann conditions on
the wetted walls of the vessel I (2.182) and an inhomogeneous
Neum#nn condition involving the perturbation free boundary

displacement n at the reference free surface,(Q.lSé}. Thermo-

~dynamic equilibrium at the free boundary (2.22) furnishes the
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last link between the scalar potential ¢, free surface dis-
placement n, and the wremaining variables of the problem.
Finally, with (1.7) the perturbation contact angle require-

ment can be written

*+ én,eng = 0, at Iy, , (2.82)

n.+*8n
28,

L S0

which, in many significant applications, can be approximated

by

on - 0, at T

an (2.33)

Condition (2.33) is valid only if: (1) the vessel wall close
to the free surface is vertical, i.e., the outward normal to
the plane contour T in the xy-plane is equal to the outward
normal to the wall; in this case h is a single-valued function
of x,y and the liquid is everywhere below the free surface;
(2) the angle of contact is constant, y = const.; (3) 8h/er = 0,
i.e., h is everywhere close to I'; with this Iy is a plane
contour, and its projection on the xy-plane is the same as T.
The last assumption holds if: (a) the wall close to I is a
circular cylinder (in this case the vessel need not be rota-
tionally symmetric); (b) the wall close to I is a plane; and
(¢) v = /2 whatever the vessel. To be consistent with these
assumptions, we must take the upper sign in éxpression (2.24).
To continue, given initial cdnditions and externally

applied forces, the Lagrangian coordinates of the vehicle,
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free surface displacement n, and potential ¢ can all be
determined in principle. Moreover, if the potential ¢

and free surface displacement can be expanded in Fourier
series ~ and this is possible in many significant appli-
cations - then we obtain 2n+6 second order ordinary dif-
ferential equations for the determination of the Lagrangian
coordinates of the vehicle, liquid velocity, and free surface
displacement. With these known, the perturbation férces

and moments resulting from the action of the liquid motion

on the cavity can be computed from

FOl = - ft%%! + 2wx8v+Sux (L) +tux[swx(2+r) I+swux[wx(2+r) 1} pdr

To

- ff wx[wx(Mr)]} pdxdy- MlcSRO + f a'flpdr

T
h-hg#n 0

ff dxdyf ﬁl pdz
jgfékgrad(z h+h )dxdy + o .[7.Kgradn dxdy ,

(2.34)

+

=
!
!

01 © :Il-65+6$x(11°5)+@—x(11-65)""5}{.(611'5)—[[Sﬁox(f*i*-)]pdjr |

0

- ./Jr[R x(2+1) Inpdxdy ’r-./.[(JH::r)x(MV + QEkév)der:

Q
hh+n

[ L@ExsE Jar + f dxclyf [(T+P)xF, 1pdz

T 0 ho

+

j]GK[(Z+P)XgPad(Z hth, )] dxdy
Q
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+ 0 ffK[(i'JrF)xgradnJ dxdy.
Q

Thus far, we have given a brief account of certain
fundamental results from classical mechanics and hydrodynamics
necessary to describe the motion of aerospace vehicles with
partially liquid-filled tanks under rather general conditions.
The basic equations derived were specializeg to a reference
state of motion in the form of constant linear and angular
velocities. The vehicle then was slightly disturbed from the
reference state of motion and the resulting small motion of
deviation obtained. The perturbation motion is described by
a set of linear integro-differential equations whose coefficients
are functions of the reference orientation of the vehicle and
form of the liquid free surface. These equations differ
markedly from those used in previous aerospace vehic¢le dynamic

and attitude control system studies. Many additional terms

e P o St

(of thg same order of magnitude as these identified elsewhere
and heretofore neglected) are retained in our equations. More-
over, the equations account for the complete motion of the
vehicle with liquid, and therefore provide a sound theoretical
basis for general investigations of stability and attitude
control of liquid-filled aerospace vehicles and satellites.

For certain flight situations, the perturbation equations can i

be simplified considerably.
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2.3 Simplified Flight Conditions

Suppose that, in the reference state of motion, w =~ 0;

then, we have

MR, = F + (Fy+F)) ,
(2.35)

M(ryxR,) = N + (Ny+N;) ,

for the force and torque balance of the vehicle. The form of

the shape of the free surface is determined from

up + (Rymy) - (4T 4+ Zxn) =0, (2.36)
at z = —h0+h) subject to contact angle requirement
nzonSO = COSY . (2.37)

Considering a slight perturbation from the reference

state of motion gives

MSR, = 6F + 8(Fy+F) ,

I+65 + ML(8T,xR,)+(TyxsR,)1 + jf [(THF-T,)%52%] pdr  (2.38)

To

for the determination of the deviant translational and rota-

tional motion of the system. On the other hand, we can express

(2.38) as

35




= — 86v - AT
MR, + M(Swxpy) 5T edt = OF + 8(Fy+F,) ,
To
(T+I) 8w+h[(r xaR >+ (6T, xR )] + Jf [(£+n)x86v] = (2.39)

"o
6N + s(N,+N,) .

Thermodynamic equilibrium at the free boundary requires

Y +6Z:>'-$'+«S'§‘ (LID)+S8.u +(EE_3; + ﬁ' -35> + L gk =0 (2.40)
£ 0" M 11" ‘3z 0°%z’" T g °F T Y '

at z = -h0+h, where

§V = grad(Suw-¢+y) - Sux(T+r) , (2.41)

and ¢, ¢ are determined from (2.17) and (2.18). The deviant
forces and moments resulting from the action of the liquid
motion on the cavity are given by

= - 38V

5Fy, = - f{: 4 (T Jpdr -, oF, f 5F, pdr +

' h-h +n

ffdxdyf —l pdz - o ffdrc grad(z-h+h0) dxdy
Q
+ o ‘jgfx gradn dxdy,

(2.42)
GﬁOI = - {Il°6w - J[ [GR x(£+r)]pdr = ./r [ﬁbx(@#i)]n dxdy
Q
Jf [(T+P)x: ]pdr} Jf [(R+p)xsE, Jodr +

To
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Figure 4. 'éimplified Flight .Cbndition -
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h-h +n
f f dxdy f [(?4-5)};’1”13 pdz
h-h,
-0 f ’Sr: K(?+F)xgrad(z~h-&ho)3 dxdy
Q
o ffx [(Z+r)xgradn] dxdy .
Q
Clearly, (2.35-42) can be used in many flight situations

wherein the angular rates are slowly varving functions of time.
For example, suppose that, in the reference state of motion,
the vehicle is constrained to move vertically upwards without

rotation in a uniform gravitational field, Fig. 4. Then, we

have
i fl = fO = - g, ul = g.(x+r)’ (F0+F1) _ Mg,
i
(Ng#N;) = - Mlryuxg), S(F +F;) = 0, 8N +Np) = - M(sr,xg) ,
2.43)
Jor(54r)n p dxdy ,
Q‘
t Rﬁ = aeg = aEﬁ? g :‘gea = gkb, w = O, r, = 0.
Using (2.35), we get
Matg)R, = F = 2 F,
J :
(2.44)

Mlatg) (pexk,) = N Z I' XFs)
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.upr the force and torque balance of the vehicle. The form

of the shape of the free surface is determined from

(at+g)ky « (T+ET) + % kCh) = 0 , (2.45)

at z = -hg+h, which follows from (2.36). The deviant trans-
lational and rotational equations of motion of the vehicle

are

MK, = oF = 2. oF, ,
]

I:6w - (a+g) ./yr[EExCZ4553n p dxdy + M(E@xaﬁg) + (2.46)
Q

f [ (T+D-T, )xaGVder = 6% = 2 (F%6F,)
J

which follows from (2.38). Alternately, from (2.39) we can

‘write

MGR + M(a'oxr ) + f §—‘-3-‘1 pdt = 6F = Z sP‘j s
TO '

(Iy*+I;) du-(atg) .lyn[be(E4F)]n p dxdy + M(F@xsﬁo) (2.47)

f [(2,+r)x86VJ pdt = 6N = Z (ijaFj) .
i J ' "

Finally, from (2.40) we get

wt+6w~¢+6R H(THF)+arg) (R -En + £ 6c = 0, (2.48)

at z = -hy+h, for thermodynamic equilibrium at the free

boundary.
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The equations defined in (2.47) can be written

MGR + Gmx(f 'dm + f (Vx¢)pdr) + f (Gw «9)opdr +

To
jC[rmtt p dxdy = §F ,

(Ioﬁ‘).a‘u‘{ + Mr,x ﬁ"o)—(a+g> ff[k'bx(?z'xi?)]n S

Q
ff%q't't p dxdy = sN ’
Q

which follows from (2.41), (2.17), (2.18) and the divergence

(2.49)

theorem, where, if we specify ¢ = (¢X,¢y,¢z) = 44

Iyy = fv“’i'”’j pd . (2.50)
To

Similarly, the deviant forces and moments (2.42) can be

‘written

6?01 = - M:LLSRO - Gmx( f (Vx¢>)pd'r) - f(Sw-V)d)pd'r -
To

ffrnft p dxdy + ol fflcg;radndxdy -
jngK grad(z-h+h0)dxdy] ,
Q

o (2.51)
GNOl = -~ Te8h 4+ Gﬁox( jf (L+r)pdt) + (a+g).jgrfE£X(I4;)]np dxdy
| | BT P Qi
ff?}-ntt p dxdy + o[.ffkf('fff)xgradn]dxdy‘ -

Q . q
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jgfakﬁ(5457xgrad(z—h+h0)3dxdy3 .
Q

Consider a vehicle which is constrained to move in the

Y,z plane, as indicated in Fig. 5. Moreover, assume that

(I,,3,,k) = (LTkK), 7 = 2k, (2.52)
with the result that, in the reference state,
F, = Matg), Fy =0, F, = 0, N, =0, No =0, N, =0
(atg) (i-hg+h) + = k(h) = 0, 2z = - hy +h , (2.53)
- _ - ‘f’_ - (V )2 . o J
$ = $2ly s = 1yly J/. o) pdr , = 1p1p
o
where ¢, is to be determined from
Ay, = 0 throughout r, ,
84):': i —
Fz E yeos{n,z) - (f#+z)cos(n,y) , at I , (2.5Y4)
2 ‘ 3h
35~ — grad¢,-gradh - y - (z+h-h0) Y - 0, at z = -hy+h .

Hence, with 6w = éIB, the small perturbation equations can be

written

8F, = 0, ON_ =0, 8N, =0, (Rp) =0

M(aﬁo)y - eajﬁz'dm + J[ (2+z)pdr) + ;{Y’ynft p dxdy~=f6Fy“
0 Q By |




M(G’R' ) + e(fy'dm + f ypdr) + ff(h h )ntt p dxdy = F,

(2.55)
(1,h726 + (of) (fy'dm ; fypd'r) - (&) ¢ faran +
/(Jl,-bz)pd't) + (a+g) ffy n p dxdy +
fﬁ Myy o dxdy = SN
Q
where ¢ 1is to be determined from
Ay = 0, throughout Tgo
=0, at t, (2.56)
+ gradhegrady - 3£ = 0, atz = -h,+h,

with the deviant thermodynamic equilibrium condition at the
free boundary furnishing the last link between ¢, n, g,

(sRO)Z and (GRO)y,

ot o4a0 4 (GR )y ¥ xém@ (1+h-hy) + (atgdn + = 6k = 0,
(2.57)

at z = - ho + h{

The forces and moments resultlng from the dGV1ant motion on

-the tank walls (2 51) become

'3&3'
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kOl v = - My (cSR“ f (R+z)pdr - ffyntt p dxdy +
To
9 (h- h0>
o[[/m ¢ dxdy + ffﬁa -———-};-—-—-dxdyil ,

(6?01)Z=-M (cSR- —efy pdt - [f(hh)nttpdxdy-
f Sk dxdy , (2.58)
(6N01>x = -~ Jo + (a’§0>y f (8+z)pdr - (a'R'O)z fy pdt -
| T T
(atg) //ynp dxdy - ffd)‘-"nt“t p dxdy -
Q

ol [/r(zih h )an dxdy +

5 (h- ho)
_/]M[j*'(!&’rh h > ] dxdyl .

In the absence of surface'tension (h = h0 =g = 0),
(2.56), (2.57) and (2.58) become
Ay = 0 » ‘throughout Tgo
-g% =0 , at I, ‘,,‘11(2':159)
oY _ 4 . .
nt-—i-,—z—-o,a'tz-o,,



Ve * g0 + (6ﬁb)yy + (atg)n = 0, at'z = 0 3 (2.60)

(GFOl)y = - M<6§0)y + J{ (g+z)pdr - Jgfyntt p dxdy ,

(6?01)2 = - My (SW ) - J/.y pdt
"o (2.61)

(Gﬁol)x = - Jo + (5§0)y Jf (2+z)pdr - (&R ), ./~y pdr -
To

(atg) ffy ne dxdy - ff¢ Mg P AxAY

where ¢, is to be determined from

Apy, = O » throughout t,,

99, — —_—

rroll ycos(n,z) - (&+z)cos(n,y), at I, (2.62)
5.

2 " Y < 0 s at z = 0 .

H

If ./~(L+z)pdr Jf.y pdt = 0, the system of equations

o
(2.59-62) agree (except for notation) W1th / 4 /12. Subse-

quently, we shall reduce equations (2.58~58) to a form

suitable for digital implementation similar to / 1 /13,

12

These equatlons form the basis for a so- called yaw } iLane
model.

13

The equations in / 4 / form the bas:s for the current
MSFC Slosh Program.
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2.4 Role of Liquid Motion

While the perturbation equations of motion of a vehicle
with liquid can be written in different forms, the contri-
bution of the liquid to the overall system motion is generally
~governed by (2.8), (2.17), (2.,18), (2.,22) and (2.34). Indeed,
the simplified flight conditions already given point this
out very well.

In gerieral, it is impossible to compute the coefficients
required in (2.18), (2.22) and (2.34) without first determining
the reference liquid-vapor interface h(x,y), constant h0 and
the Stokes potential ¢ i In principle, h(x,y) can be
determined from the solution of (2.8) subject to the contact
angle condition (2.9). Constant ho can be obtained by ob-
serving that the volume of liquid is constant. With h and h
known, ¢ can be found from the differential system (2.17).
Thus, (2.8) and (2.17) characterize the role of the liquid
in the reference state of'motion.

Clearly, the contribution of the Jliquid to the deviant
motion of the vehicle is characterized by (2.18), (2.22) and
(2,34). Now, (2.18) is an inhomogeneous Neumann'problem, SO
that in principle, y can be expressed in terms of N via an
integral operator. Subsequent substitution of this expression

in (2.22) furnishes us with an integro-differential equation

1h

—

Moreover, the inertial properties of the system depend on
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for the determination of n in terms of 6% and Gﬁo 15

With y and n known, the forces and moments resulting from

the action of the deviant liquid motion on the cavity walls

can be found from (2.34),

3. PLANAR MOTION OF LAUNCH VEHICLE (SMALL SURFACE TENSION)
In many significant applications, the surface tension

is small compared with the effective mass forcesls. Using

this assumption, we now develop a method for determining the

contributions of the liquid motion to the overall planar

motion of a launch vehicle. We will cast the equations in a

form suitable for digital implementatiocn similar to / 1 /.

3.1 Basic Equations

Now, for planar motion of a launch vehicle, the role of
the liquid is characterized by (2.53,54) and (2.56-58), which,

without loss of generality, we rewrite

o T - \ - .
h + ETE) «(h) = 0, atz=h-hgy; | (3.1)
Ay = 0, throughout Tgs
3¢y — —
5~ = yeos(v,z) - (&tz)cos(v,y), at I, (3.2)
Dy N | sh '
55— - grad¢,-gradh = y + (#+h-hj) 5y @t z=h-hg3

15 - ) |
8w and S8R, may be expressed in terms of the Lagrangian
coordinates of the body. . - :

16 ‘
High Bond number conditicons..

W7
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Ay = 0, throughout Tg 3
=, at ¢ , (3.3)
n, + grady-gradh - % = 0, atz=h - h, ;
Nt g g 3 ’ 0
o . . 1 oo N
a+g‘p't. f HWGK = - @Fg [¢,o,6+(6ﬁ0)yy+(6RO)th,
at z = h - hO 3 (3.4)

(6]’?"0 ) = - M (6R ) + 0 f(£+z)pd1 - ffyntt p dxdy +

c[/f é—ll dxdy + /fﬁK dxdyl] , (3.5)
(GFD'l)z = - Ml_c"SRO)z - 8 /ypd'r - f,/(h'ho)"tt p dxdy -
o w o
o// dk dxdy ,

Q

(mm)x = - Jo + <a§ )y f (2+z)pdr - (6R"0)Z fypd't -
TO TO

(aty) /ynp dxdy - / ¢xntt p dxdy -

o[[/m(suh h0> dxdy +ff5;<[y+(z+h h0>ah] dxdy]

Here v is the lnward normal to the wall.
To find solutions of (3.1-4), we employ boundary layer

and perturbation methods. similar to / 2 /, wherein the
o ahg
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eigenoscillations of a fluid subject to small surface tension
in a vessel were determined. Indeed, the vesults of / 2 /

are fundamental, and we use them as a springboard for attacking
our problem.

8.2 Reference Shape of Free Surface According to / 2 /

Following / 2 /, we introduce the dimensionless parameter
e = yo / (R yplatg) ) , (3.6)

where R is the characteristic linear dimension of the vessel;
the parameter ¢ (= l/BO, where B, is the Bond number) is

assumed to be small. Equation (3.l) now becomes
h + R%eZe(n) = 0. | (3.7)

The boundary condition for this equation (the angle of contact

between the waill and the free surface) is specified on contour

FO which is not in general known in advance. With o=e¢=0, the

solution hag the form h=0, while PO transforms into the plane

contour I along which the z=0 plane intersects the wall (Fig. 6).

Figure 6. Contour T

49



We make the assumption that, for 0<e<l, contour ry is
close to I'y while the solution of (3.1) differs markedly
from zero in a narrow region close to Py

Let us introduce curvilinear oprthogonal coordinates
n,s in the xy plane where n is the distance along the normal
from the given point A to contour ', and s is the are length
of T from the poini taken as origin on the normal passing
through A. Observe that coordinates n,s are not uniquely
determined for points whose distance from T is of the order
of its radius of curvature, and h(n,s) need not be single-
valued. Névertheless, we will employ coordinates n,s, since
+hig simplifies the analysis, does not affect the final
results and enables us to parallel / 2 /. We assume that

contour I' has no angular points and that its radius of curva-

ture is everywhere much greater than e¢. With these assumptions,

the coordinates n,s are determined uniquely in the narrow
region Qt of the xy plane adjacent to I and of width ~«¢.
Thus, with the boundary layer method, we perform the
extensions h=eH, n~cu, s=s. Because the edge angle is finite,
we have on the boundary contour h ~H,~1. Moreover, we have
in Qe, u~s~R. We assume that H(u,s) and all its derivatives

are finite (of oxder 0(1l)) in Q.. Hence, we have in Q_,

h~€R, hn~l, hs~ £ 3 |
(3.8)
-1 -1 '

-1 - | |
hnnﬂ-(Re) » hpg~R 7, h ~eR 7.
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Passing to the variables n,s in (3.1) and observing (3.6),

(3.8) and (8n/8x)2 + (3n/9y)2 = 1, we arrive at the equation

Rzezh

h = # nn (3.9)
2,3/2 ?
(1+hn)

which holds in Qe up to higher order terms. The upper sign

is taken if the liquid is below the surfacé z = h-h,, and the
lower sign if it is above the surface z = h-ho. No derivatives
with respect to s occur in (3.9), so that we can write its

first integral immediately,

2 2 2
h R7¢
- i. 4 Q . (3010)

Remote from contour T, hn+0, h<<e, and we have to take the

upper sign in (3.10), because the liquid lies below the free

surface, Thus, we have, %o higher order terms, c, = Rzez.

At points where the free surface is vertical and the sign

changes in (3.10), we have h ==, |h| = Re y2~ .
2 2

With ¢, = R°e

1 , we solve (8.10) for h_,

b - . hYurZe?n?

h2-2R2€2

For any possible combinations of angles of inclination of the
wall and angles of contact, it can be shown that for
|h|<ReyZ™ , h and hn‘have opposite signs, while for

|h|>ReyZ” their signs are the same. This determines the
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the choice of the upper sign in the above formula for all
possibilities,

2 2 2
h = LYHR E_gh . (3.11)

Do p2o9rR%e

Observe that, by (3.11), ihLiQRg. Integrating (3.11) we get

! !
t i !

IR 2
n=e -V ur??n? - Be gy 1-Vi-tn/ore)® | (3.12)
1+ Y1-(n/2Rc)?

The section of the free surface z=z;=h(x,y)--h0 by the
vertical z,n plane is shown in Fig. 7. Here, n is the inward
normal to plane contour I in the z=( plane, v is the inward
normal to the wall, and the angle B between them is the angle

of the slope of the wall to the vertical, while ¢»-h, as

0
n+», At the intersection of the free boundary and the wall

(point P), we have the contact angle condition

hn @ CO't(Y‘*‘B):- ’ ' . ) (3-13)

\\\\\\




From an inspection of Fig. 7 and substitution of (3.13) into

(3.10), we find h on the wall (at point P)

- Re VE— cos(y+B)
| yl+sin(y+g)

h

1 (3.14%)

where the sign of h is determined from the sign of cos(y+8).

Moreover, points of the wall satisfy n = -z tanp close to P,

that is,
n=n; = (ho—hl)tans . - (3.15)

Substituting (3.14%,15) in (3.12), we find the constant

& = [ho _ Rey2 cos(y+8)

] tanB + Re ¢20l1l+sin(y+8)] +
yl+sin(y+g) ,

R 1y [1 -y TIFsIn(y#8) 172 ]
1 +y Ll+sin(y+8)1/2

2

Using (3.12) for n~R and arguing as in / 2 /, it can be shown
that function h and its derivatives at finite distances from

“he wall can be estimated as

-k/s

h~Re e "%, Kk = 0(1)>0,

| -k/= | ~k/e -1
h,~h,~e > By~ hy ~h o~e ' (Re) ™~ ,

'so that we can take h=0 outSide,Qg with an error less than any

power of e.

‘v 5 3’, N




We find h0 from the condition of incompressibility,

namely,
/f(h-—ho) dxdy = ¢ Qhy = //h dxdy + c. (3.18)
Q Q |

On the other hand, if we denote by S the area in the zn plane,
bounded by the wall, the free surface and the straight line

z = ~hy (Fig. 7), we have

Qhq = fS(s) ds,

r
To find S, it is more convenient to integrate with respect to
z, because h(n) need not be single-valued, while n(h) of
(3.12) is single-valued,

;

{

hi-hy \hi
- - o 1 2

S = .}r [n(h)-(-ztang)ldz = ./P n(h)dh + = tan(h;-2h,hg)
—ho | ' 0

1

1 1 2
nlh - f dh + 5’ tan(hl—thho) )
0

upon integrating by parts. Applying (3.15), (3.11) and (3.14),

O
, h %
vl 22 .2 2
S = —’% tan h? - qu. h -2R e dh = - % tan h
0

2 )
1 = i § I | 1
V4R282—h2 s | |

RzeZ(cosy—sinB)/coSB )

so that

sy




- n2 2 cosy(s)-sinB(s)

r

which accounts for the dependence of the angle of contact and
of the slope of the wall on the point of the wall. |

Finally, we transform 6k by passing to the variables
n,s, using (3.1) and (3.8) and omitting small terms of higher
order in e,

- ~3/2 2 2 244,
Sk = & (1+h )~ [an+h 0 Npxly= 2Ny ynotng ony )1+

2. -1 -2 =2 | '
3(1+h )™" h h (n.n tngn JR™7eTS (3.18)

where A i1s the Laplace operator in the xy plane, and the
partial derivatives n,, n, are the direction cosines of the
inward normal n to I'y drawn from point A(x,y), with respect
to the coordinate axes. Outside Qe, allowing for choice of
sign, (3.18) gives 6k = -An.

3.3 Eigenoscillations According to / 2 /

We now consider the eigenoscillations of a liquid in a
vessel subject to the following additional assumptions:
(1) the vessel wall close to the free surface is vertical,
i.e., v=n, B=0 close to contour TI; with this assumption, h is
a single-valued functipn of x,y and the liquid is everywhere
below the free surface; (2) the angle of contact is constant:
Yy = const.; (3) 3h/ds = 0, i.e., h = h(n) everywhere close to

s with this assumption, Poyis é,plane contour, and its



projection on the xy plane is the same as I'. The last
assumption holds e.g. if: (a) the wall close to I is a

circular cylinder (in this case the vessel does not even

need to be rotationally symmetric), (b) the wall close to

I is a plane, (c¢) y = 7/2 whatever the vessel. In most
significant applications dealing with liquid motions in
rotationally symmetric tanks of launch vehicles, the above
assumptions hold.

With these assumptions, (2.32) on Iy can be simplified

. greatly. To be sure, for points of the dynamic free surface

(Eifgradhfgradn)'ﬁ

= COSY , on T,

V&ﬂgradh+gradn)2
where the gradient is taken with respect to variables x,y.

Recalling that h = h(n), we can write

-hn'—l"in
-t - = Ccosy , on T .
N2, 2
V&+(hn+nn) tng
However, —hn(l+hﬁ)_l/2 = cosy by virtue of the conditions for

the reference free surface. Thus, in the linear approximation
with respect to n, we get 9n/6n = 0 on I' as indicated in (2.33).
The free vibration problem is governed by (3.3) and (3.4)

with o = (6R0)y'= (5R0>Z = 0, that is,

11
o
)

AY throughOUt Tg

QW
=
n
o

., at 1 | |  (3.19)

(<5
<
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9
Ny + gradyegradh - 5% = 0,

1

2
a?g ¢t + n+ Re” 6k = 0,

at z

at z =

In addition, we have the condition

¥

n _
an- 05 On Po

[+>4

h - h

> I - h

To solve the eigenoscillation problem, we put

iwt

Yy = e Y(xX,y,23, n = elwt N(XaY) )

where w is the required eigenfrequency.

satisfy

AY = 0 throughout 1,
oY _ , .

v " 0 N at I;

- + - -
1wN + hX\yX hy‘i’y ‘PZ 0,

2 2

iw(afg)_lv‘+ N + R 8« (N)

oN _ : '
-8—-1—1--0, on T «

The functions

(3.20)

(3.21)

Y LN

(3.22)

(3.23)

(3.24)

(3.25)

We wish to find the eigenfrequendies w for which the linear

homogeneous boundary value
th
non-zero solution, and the

themselves.,

characteristic functions ¥,N

problem (3.22-25) for Y,N has a



U=0) the

properties of the eigenoscillation problem are well known

In the absence cof surface tension (e=0, h=h

/ 3 /. In this case there is a discrete spectrum of eigen-
frequencies W (m=1,2,...) and corresponding eigenfunctions
Wm that form a complete and orthogonal system in the region
bounded by the walls and the z=0 plane. We assume, in
anticipation of the solution of (3.3-4), that there are no
multiple frequencies. In the region 2 bounded by the walls

and the z=0 plane, we have with ¢=0, instead of (3.,22-25),

Awm = 0 s  throughout @,

(3.26)
BWm
T = 0 ) at I s
imem -~awm/az =0, at z = 0 ; | (3.27)
. -1 -
1wm(a+g) vt Nm =0 , atz=0; (3.28)
aNm/an =0, onTl . . (3.29)

Moreover, functions Nm(x,y) form a cdmplete and orthogonal
System in Q. We subject them to the normalization condition
[[Nsz dxdy = 8, . = - (3.30)
Q - | | |

The eigenfrequencies w  and functions Yoo Np of the

undisturbed problem (¢=e=0) will be assumed known. We seék

g




the solution of ‘the disturbed problem (e#0), close to the
m-th eigenoscillation in the undisturbed case, by the method
of perturbation theory / 2 /, confining ourselves to terms

of the order of 0(e2)

] w = wm(l+sl+eu)
J (3.31)
- _ -\ 2 - = 2
g o=y b S CeA e B, N o= N+ YT Ceayte b N
k=1 k=1
i; The Laplace equation (3.221), the condition for ¥ on the walls

(8.222) and the condition (2.25) on I' are now satisfied. We

e

must carry over conditions (8.23) and (3.24) ints the region
Q of the xy plane, substitute (3.31) in them and expand all the
functions in series in the functions Nm of the orthonormalized
system. Upon equating coefficients of like powers of e, we
7 obtain the required corrections to the frequency (A,i) and to
| the eigenfunctions (Ak,Bk,ak,bk).

- Now, the Foubier coefficients of any function g(x,y)

defined in Q are given by

g = f/g N, dxdy . | (3.32)

Q
Thus, if ||g|| = 0(e?), where the norm is taken in the sense
of space L, (square summable), |gh| = 0(e?), and such function

jz ’, in conditions (3.23) and (3.24),can be omitted. Note that,
because h and h, are zero outside Q. » while (3.8) hold outside

Q, (peing of order 0(e)), |[u||~e®, [[n |[~e.
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Because the projection of the free surface on the z=0
plane is the same as Q, conditions (3.23) and (3.24) can be
carried vertically into Q. Now, for any function f(x,y,z)

on the free surface z = h—ho, we have
£(x,y,2) = £(x,y,0) + £ (x,y,0) (h-hg) + ... (3.53)

where the norms of omitted ‘terms are <0(s2). Transforming V¥,

Y in accordance with (3.38), employing (3.18) and

Yy Wy’ z
¥, = - wxx_wyy’ condition (3.28) and (3.24) become
in-WZ = hOAW»hAW-gradh}gradWthradh-gradwz = P1 (3.34)

1a _ iw 2 2 Lo
-a'-_*_—g-‘y'f‘N = m hO\yZ + R7¢"AN = 'é‘:"_"é‘ hwz
(3.35)
i 3hhn AN b
2 9n " "2
l+hn

.9 o
wherein terms with norm C0(e”) are discarded, and operators A4,
~grad are taken with respect to x,y.

Since the walls are 'locally' vertical, we obtain from

(3.27), (3.28), (3.29) and (3.31) for contour T

a\ym - ?Nm - 8\ymz _ ON _ 8'\Pz - oY 0 | (3.36)
on on ~ ®%n ~ an _ 9n ain ’ *Vr

The derivatives of (3.36) ave O{e) in Q_» and, therefore, the
last term in. P, of (3:85) is of order e? in Q. and zero outside

Qe, so‘that it can be neglected without loSs of accuracy.
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| /kadiv(hgrade) dxdy = =~ ‘/‘:/‘h(grade,-gxzadef) dxdy .
Q

Likewise, since hS:O, hn~w1 in QE in the present case, we
conclude ‘that gradh-gradwzﬁue in Qg, with the result that

the last term in Pl of (8.34) can be omitted. The remaining
2

e e .

terms in P1 and P, have norms 0(62); in particular h,

Hence, when substituting expansions (3.31) in P,, P,, we need

only substitute the principal terms N=Nm, Y=Y , w=w_,» If we

m m

express ¥ and ¥ in terms of N by means of (3.27) and (3.28),

we get
=,;I___g.. g
Py ™ [hoaN div(hgradN )] ,
wz w2 (3.37)
\ L 2 2 m m .
Pp = Re™Ny - gig B * g P M

- To compute the Fouriler coefficients of P1 and P2 from

(3.32), we note that, from (3.36),

fkaANm dxdy = - ff(grade_°grade) dxdy ,

¢ Q (3.38)
Q
The integration over Q of functions which are non-zero
only in Q. reduces to integration over n from 0 to = (h de-
creases rapidly as n-»e) and to integration over the arc s of
I'. The functions Nm and grad N ~can be replaced here without
loss of accuracy by their values on I'. Note that, for g=0,

we have from the equation preceding (3.17),

f hdn=s = Rze2 Cosy (3.39)
; | | |
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with (8.38), (3.39) and (3.30), we obtain the required Fourier

coefficients of P, P, from (8.38)

i(atg | 3N_ oN
= l(g’f 7 ) lth'/‘/(gpade.grade)dxdy + R282C!OS’Y m ,......_]S. ds
m : ’

Plk - 08 098
L Q r
(5.4%0)
2
P, = __stzf (gradl_-gpadN, Yaxdy - B h s _ +
2k BPAChy T eradl Jaxdy = 55 10 mk
Q
02
m 2 2 ‘
atg R%¢ cosy.¢erNk ds ,
where h, is given by (3.17) for B=0, y=const.,
R2€2f |
h0 * 73 ds cosy . (3.41)

r
Because the Fourier coefficients P,y and P, of the right-hand
sides of (3.34) and (3.35) are 0(82), a homogeneous system of
equations, which 1is satisfied by the zero solution, is obtained
for the terms ofJorder e 1n expansions (3;31)17. Hence,

A=Ak=ak=0 for all k in (3.31).

Using (3.27) and (3.28), we transform expansions (3.31)

.

in the region Q,

: 2 K
Nm+1(a+g)e E;% EE'Nk ’

00 00

Y . .2 %
N = N te 2:31 b N, ¥, 1%Nmf¢e lg A

1

. mm(l+52u) Y

€
H]

Ip other words, because tﬁe disturbance is of the order of
e”, the corrections to the eigenfrequencies and eigen-
- functions are also of this order. -
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Substituting (3.42) into the left-hand sides of (3.34) and
(3.35) and equating the Fourier coefficients of the left
and right-hand sides of these equations, we get the algebraic

expressions

. 2 . 2 . 2 -
iw € bm + 1le uwm - luw€ Bm = le
(3.43)
2 2 2. _
- € 4 - € Bm + g bm = P2m 3
for k = m, and
1w 62b -iezw b, =P - gﬂ-szé +62b = P (3.44)
m- "k k7k 1k? Wy k k "2k ? ’
for k#m. System (3.43) and (3.44) yield
2, - APy Pon 208 by = Py monPon
= - , - =
Zwm m ~m me
(3.45)
. L2
25 - wkFPucdtenPal o RupPyctely
k 2 2 ? k 2 2 )
W, =W W, =W
k il k m

The problem is now solved for the case of 'local'
vertical walls. The non-zero coefficients of expansions
(3.31) are expressible by means of (8.45), (3.40) and (3.41)
in terms of Wy s Nk’ the angle of contact y, the parameterS  :
of the tank and properties of the liquid.k Tﬁe coefficients
B> by are given by (3.45) up to an arbitrary added term,

which can be fixed by normalization of the eigenfunctions.
Note that the corrections obtained are proportional to e2,

i.e., to o. Thus, we have
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W, W
ezB - X m alg,) [ CgradN -gr'adN 3 dxdy
k 2 2
W - w
k m
(atg) o2 2 N, Ny o
- wz R%¢ cosy é—s-—' s"é—'- ds - -é—;-é- ho 6mk
m r
2 2 ~
- R%¢ (gradefgrade) dxdy
Q .
w2 :
n_ o2 2
+ o35 R°e” cosy meNk ds (3.46)
I'l
w2
e:2bk = 2k 5 (a+g) /f(gradN *gradN, ) dxdy
Wy =0
(atg) 2 2 ‘al’m Ny ol
- w2 R"e™ cosy 55 55 dS - amﬂ- h0 ‘6mk
k r
2 2 v
- R%¢ /](grade-gPad,Nk) dxdy
Q
2 . |
“n 2 2 “ '
+ YT R°e” cosy meNk ds ; | (3.47)
r

%

W=y o | /f | N2 mi - '
W - 2p (atg) J _(grade) dxdy + (a%g)q ( dS)GOSY 1 -
| Q r

‘v

ap? ff 2 axay - o/ Pasy i
m  (gradN )° dxdy - (Q/ Pds) PN ds +
- Ym Q T I

S8l

[T S SR TN

P ooy

N e S g, i N T




2 -
Latg)” (q/ de) f(a—él‘l)z ds] : (3.48)
r r

Equation (3.48) is the correction to the m-th eigenfrequency.
We now have the mathematical and physical preliminaries
necessary to solve (3.:-~4),

3.4 Solution of the Non-Autonomous Equations

In light of the preceding results, we seek the solution
of (3.3) and (3.4) close to the undisturbed case (g=e=0), by
the method of perturbation theory, again confining ourselves

to terms of the order of 0(e?),

-\ 2 () 2 —
Y = -jz: 9 : [w. + e 2: B.. w.]
. g 3i ]
izp vy (1teTuy) it1
= a2 2
...Z ™ (1~¢ ui)\l’i+e L Bji ‘{’j R (3.49)
i=1 i=1
_ o0 d 2 [e ]
n = 2: q; (t) [Ni + g 2: bss Nj]
i=1 i=1
where
e W
_ it =
Biy = 57 Byy » 173
Woe=0WUoe
i™%3

n
v2
+
=
+
: L’l’
e o] +

R cosy (%SééS)Jzyr(gradNi)Q dxdy -
I |
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i]

"
=2
l—-‘.

u

a

with

w
n

arg

W ’
§9 % " RZ‘/J[(gradNifgrade) dxdy - —i— Rcosy[(Q dS) 8., -

oN.

(3.50)

ij

SN.
i1 45 -

2
_ . (atg)
‘/:/(gpadNiv gpade) dxdy + R ( 7.2 f

w]
"
™

. with ws repiaced by 035

which follows from (3.46-48),
2

™

We subject the functions Ni + €
1

, ]
normalization condition

/][N e Z by 4N k] [N el E by 5N szxdy
Glee R (aij~l)‘/;/}gradNi grade) dxdy
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(3.51)

Nj to the




which, in light of (3.30), gives

bii =05

(3.52)

- 2 -, :
b:i.j + bji = - R ‘/:/‘(,gradNi grade) dxdy ,
Q

to terms of the order of 0(e?). Note that (3.521) can be
deduced equally well from (8.50,) and (8.51). The eigen-
functions Wy and functions Wi’ Ni of ‘the undisturbed problem

(0=¢=0) may be determined from (3.26-29), or equivalently

from
AWi = 0 R Fhroughout Tgs |
S‘Pi
5o 0 , at I,
(3.53)
3Wi ~
o + wiNi =0, at SO, i.e., at z=0,
w.(atg) TY 4N, = 0, at S
i : 2 ¢ 03

and will be assumed known.

With (3.49), the Laplace equation (3.31), the condition
for ¢ on the walls C3.32) and the condition &n/%n = Olon r
are satisfied. Continuing, we carry over conditions (3.33)
and (3.4) into the region Q of the xy plane. Transforming
- ¢; P wy; wé, Ui by in accordance with (3f33), using (3.18)

and ¢ = -
ZZ

x°

'xx Vyy

Y., condition (3.33) and (3.4) bedome
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- (y.+Ch-h.) )+ --R2 2A + 3EBE an . . (¢ +(h~h ) )é
atg 't 0’ Vg’ TN-Roe AN 1*h2 on a*a b

(3.54)
n y(&ﬁb)v + h(@ﬁb)zl .

at z=0, wherein terms with norm 0(e?) arve discarded, and

operators A, grad are taken with respect to x,y. Using

(3.53), we transform expansions (3.49) in the region Q

b
8
Nal
~
ct

, q. 0 B.‘.
- i atg , Ji
q) - X . N +(a+g)£ e .
Z wi(l+, My ) [ g Y3

© . (t) © B..
, - atg -2 ) 2 1
g[ == L Wy [w. (1-¢ “i)Ni’f(a,*g)@ E, a;l— Nj] )
o a.(t) 0
e ‘ 2 '
wz = ) 1 5 [miNi+e z w:B..N.] (3.55)
o J 31
E% iz vy (Aretug) in1
i 2 2
~ E -~mi [wi(l—e ui)Ni+e z: ijlej] R
i=1 : j:l

.lo + L]
zw[N a mu]
With (3.55), equation (3.541) is satisfied identically (to

terms of the order of 0(32)). Substituting (3.55) into the

left-hand side of (3.542), applying the method of Galerkin, i.e.,
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taking the inner product of the left- and right-hand sides

of the equation with respect to N:» and neglecting terms

>Q(92), we arrive at the system of second order ordinary

differential equations

2

{; ("ciimﬁqi)w2 3 (A qj+wiB ERER al [ {f (bg+(h=hyiey N, dxdy
j=1

a“ (3.56)

W i 2 % 2,
+ Ci(8R) e dicaRo)z] ;

for the determination of the generalized coordinates q,, where

" BN,
(ehr? as| +

1l
Sk
B |+

=

N

0

O

162

<
[re—
«Ofl—’
[N 3

(Va1

N
OQ

[110]

s

1]

Q.

=

-

N

[a N

ol

Q.

«

T
2
o’ o
u’ - l \ .
5y 2.2 Bij F R ‘/f (gradN, +gradN.) dxdy, i#j
i3 Q

. | RZ‘/)[(gradNi)z»dxdy, 329
- Q

i _/Jf N, dxd

i T )Y Ny exAYs

Q .

ei . | N 5 .
22 i R COSYdnyi ds ,

1L B
o

(9
]

aF
]
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and
00 (%,¥,2) = $p(%,y,0)+(h-hy) o, (x,y,0) + ...ovveny at z=0.

To complete the coefficient of 8 in the right-hand side of
(3.56), we must find the solution of system (3.2), |

To this end, we introduce the transformation

P = - y(a+z) + Vo (3.58)

into (3.2}, getting

Ay = 0, throughout t,, |
Iy - ;
53+-= 2ycos(v,z), at I, (3.59) ;
wxz - gradh-grady, = 2y, at z=h~h0. |

In the absence of surface tension (o=e=0), (3.59) reduces to

the system

KI* 0 4 throughout @,

3¢*

R

1

cos(v,z), at & (3.60)

E*z = 2y, at EO’ i.e., at z=0.

Carrying over condition (3.58,) into the region Q of the xy

plane, we obtain

wkz-Zy = (h-hO)Aw*+(gradh-grad¢*), at z=0, (3.61)
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wherein terms with norm O(sz) are neglected, and, as before,
operators A, grad are taken with respect to %x,y. We seek
the solution of {Bhsgl), (3.592) and (3.61l) close to (3.60),
restricting ourselves to terms of the order of 0(62),

0 o

. 2 A ’
‘p,:‘, . {p* - Z """." \yi 3 (8.62)
i=1 *

where a, is to be determined. With (3.62), the Laplace equa-
tion (8.59,) and the condition for ¢, on the walls (3.59,)
are satisfied. Using the properties of the eigenoscillation

problem (3.53), we transform (3.62) in the pegion Q

Q .

W* = E% T (a+g>52

H.
‘™
1=
€
PrJH
=
i_!

(3.63)

[
- ~—~ 2 Pt
l’)*z - );".Z + € E OLj‘ Ni ? Cw*z = 2y>-
i=1

Substituting (3.63) into (3.81), noting (3.603), we find

2 20 |1 ~ 2y ANy
e 0. = Rig“cosy | (:=Pds) (gradN, +grady, ) dxdy - e == S
1 Q A ° S ou
; T

T Q

Transforming (3.58) in accordance with (3.33), we get

It

ct),-,(X,y,O)"f(«h—hO)cb.,:z(x,y,O)'i'. v s

-y(£+h—h0)+w*(x,y,0)+(h—h0)$*z(x,y,0)+-... R

so that, from (3.63),
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» ' = Vi (T L2 atg «
dpt(h-hy)é,, = y(h-hp+(g-2y)te }L‘ 2 a; Ny (3.65)
i=1l Ti

to terms of the oprder of O(sz). Substituting (3.65) into
the right-hand side of (3.56), noting (3.64), discarding
terms >O(ez), we get

2
. 2 2 o0 Y 2 * B wi ,.v‘.’ ? B
(q;*wiq;)te 2 (Aijqj wiBijqj) - IFE [(a ke >e4c (aR )y+
j=l |

2 %,

where

i - [ (V&Zo:-QY)Ni dxdy, C!j: = /fy Ni dXdy
Q Q

. 2T, ON,
bi 28 chosr dS)ﬂ(gradN -grad\p ) dxdy —-f—g—— ~—-é—:5- d
W Q .
r

e}
it

QJ
+

2

i

+ R * z ~
“cosy y N, ds - ( dS) 'y N, dxdy |, (3.67)

The solution of the non-iutonomous equations (3.3) and.
(3.4) can be completed by sol 1g the system of differential
equations (3.66). Again,, obé. ve that the corrections ob-
tained here are pr?portipnal to s2, i.e,, to 0. Clearly, we
must solve for the qus to the same degree of accuracy. For
example, consider fhe solution of the qi's for a limiting
condition of interest, namely that of a prismatic cylinder
filled to a constant depth H with y=w/2. Here, the éigen—

functions Ni satisfy the boundary value problém,/ 3/,
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2 .
ANi + ki N. = 0, in Q,

i
(3.68)
N,
gﬁi £ 0, onTr,
where k. is connected with the frequency by
- | e k
wy = ki(a+g) tanh k. H. (3.69)

The normalization condition (8.30) and (8.68,) gives the

additional result

: 1o - 12 *
/](gradNi-grade) dudy = Ky ‘Sij‘ (3.70)
Q

Using (83.70), expressipn (3.66) with y=n/2 assumes the form

2
S 2,2,.2 R T I SRR -

Notice that the effective frequencies of this system are

2.2.2 _ 1 2.2.2 2
Wy vl+e R ki = wi(l + 7€ R ki) + term>0(e“)

o 2

so that the freguency correction factor

- o) 2
Bii © Tplate) ki

which also may be deduced directly from (3.51). Note also
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that this is in agreement with Benjamin and Ursell / & / and

/ 8 /. To simplify the problem, consider the steady state
iwt =

solution of (3.71) with 6 = 087 s (SRD)y = 0,
% 2 2 02 92 2
duty i R 2% 0 Y |, 2 Y
i~ atg [ 2 2..2.2.2.2 atg 2 2 22
(wi W )+wiR kia wi ] (wv W )
+ terms >O(52). (3.72)

On the other hand, using the methcd of perturbation theory to

solve (3.71), close to the undisturbed solution (e=0),

Q; = d3 * €765 (3.73)
we get
2
1 i wi % o0
a; * owgqy | - atg a;®
2 - 2,2 !
g * wiby = - Rikja;

which yield solutions

* 2 92 % 2 2 ,
v 20% Y 0 et e.o= o 0% C5% 202wt
4 % avg 7T 2 ’ i T T oavg T2 77N :
wy-w | = (wi-w”)

(3074)

Substituting (8.74) into (3.78), we get exaotly the results

of (3.72) (with terms >O(e2);discarded) as .we shcould. Sub-

sequently, we will employ (3.73)'%0 find solutions of (3.66).
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We now express the forces ond moment resulting from the
action of the liquid motion on the cavity walls (3.5) in
terms of W N L ¢"’ Yy Q4 al, parameters of the cavity,
and properties of the liquid, confining ourselves, as before,
to terms of the order of O(ez). First, consider the pertur-

bation force Cé?Ol)y in (3.51). The coefficient of 5 in this

expression can be determined in the following manner:

W2 ; 2
= p (o+z)dr = p 9 (Q'TZ> pdr = - p / (otz)” cos(Vv,z) dS
02z 2 2
o

To Z+S0

N 4
= - p/—(—&—;-—z—z— cos(v,z)ds + p/]22/2 dxdy +
L Q

p./r [2(h—h0)+ h2/2 - h hOJ dxdy

= - 0 f .S.._.. ) cos(v,z)dS + !Lp/]h dxdy -~ pholﬂdxdy +

o+S Q

terms >O(82)

f(IH'z)d'r + Lp de

“hdn - zh pQ + terms >O(€2)
4

(3,75)

e



i

= p J{}£+z)dr + %p ERzazcosy.irdS - hOQJ + terms >O(e2)
Q r

~pf(.%+z)d'r Ml.Q, + prd’l‘.
Q

Y
Clearly,

1

!
"

‘tu ; [~ ',‘. 2 * "
ﬂyntt dxdy = p Z Cc:i+e ei)qi ,

Q i=1
vwhere
2 |
o _ had b &% _ hd wi ]
°iF 2 P3i% T T X mr7 Byy o
i=1 351 9175
1]
) W . ot
= - Z e B, . Rz‘/:/(gradN.-gradN.)dxdy a.
£ ‘w?—wz 1] i 1 ] ]
J=1 171 Q
1#]
Z 9 3 | (3.76)
J=1 '
i#]
Now,
M-glldxdy -yt ’/h—a-yn—dxdy = - 2"2%%‘@5 fh‘dn
Q Re Q R T 0 |
o |
= gcosy j[ay ds = - ‘cco_. 55 3y ds
r r




b

|2 T e B e B

hid %
= - platg)e’cosy > £y qn)

where

£, = R f s
. cosYy -5——' '5-——'
r

Finally,:

oh
g /fGK 'B"Sr'dXdy
Q

1

1

s

I

i=1

H h
3 n on
[.-An + Rze?- 7 J hn -af:;; dxdy

— o‘fAn

1+h,n

3-]1 f dh + terms >O(e )
0

-chlfAnaydswce)zo.

I‘I

Substituting the above formulae in (3.51), we get

(3.77)

B - . i N — 2 A - « 2% ~
(GI:Ol)y = - MlcaRo)erce-p Z [(c;tee;)q t(atg)e f.q;1 .

i=1

Working to the same order of accuracy, we can show

i " : .
o ‘ 1 o 12 2
fntt ds f h dn = R e"cosy f”-t't ds
r 0 r

ff(h—ho)ntt dxdy
Q

77

(3.78)



- o fférc dxdy >0(e?) = 0,
- Q

. 2

j pfydeD+eB,

i A

ﬁ 2

J=A + ¢°B,

g"‘;
s
-

. an . 2 o %
. o ”GK [y+(s+h-h ) 27 dxdy = p(a+g)82 i n Q.
Q ' i=1
S - — % 2, % % "
| /7¢X(x,y,h-h0)ntt dxdy = Z [a;+e“ (b +g;)] qy,
Q i=1
| | where
1 at = R%cosy P N, ds
e i Y i ’
' r
% i '* %
g5 7 - 20 Bij Ay
j=1
i#]
‘ : ’ /‘ ON
; h:L = R ] 55 dxdy, (3.79)
: Qi
= Lo "2 2 2 | B
o A=0p Ly“+(2+2z)"]dr - bo J y"dr - 2p yy, cos(v,z) dS,
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1"

s 0 -
i B~202a1[%‘—-/y\1’cos(vz)ds+a+ /ny dxdyJ +

” “i °qQ

pchosy[fyzdS - (E de) /fy dxdy] ,
r
E D o ny dr,

f

2 1
PR cosy[fy ds - (& _%‘dm[j y dxdy] ,

t
u

r

so that equation (3.5,) becomes

N

— _ = 2" = 9 d
(§Fyq), = - Ml(dRO)Z -~ (D+e“E)d - p 2: ed; q;5 (3.80)
i=1

L&
St

while the moment equation (8.58) assumes the form

(8N

_ 2 . ce 2 -
Ol)x = - (A+e‘B)9 + c(GRo)y - (D+e B)(aRO)Z

B eomeseese U cesennur SR ssemsones

L AU LR
- p E [a rel (b +g )q + (atg)le;+e”(hy~afi+e ) ]q,
(3.81)

B

We apply the method of pérturbation theory to (3.66),

|

(3.77), (3.79) and (3.:80) close to the undisturbed case,

-

restricting ourselves to terms of the order of O(eQ),

!

3 = 93 T e 5*

\

(6F 1), = (6Fgy y e Ty o

v

(3.82)
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AT e AT

= 2.
= 3 !
(§Fyq), CGkOI)Z te” T,
- — ' Y
with the result that
2
Y S T A UL SR
Q; *wy 93 7 - ogrg Lag® toey (SRp) .
— ! I " z %o
1=l (3.83)
- ! = L
(6Fg1), = - M (6K, - Do,
- ' N . A2 2 fiee L
(6Npq ), = - AB + c(GRO) - D(8Ry), - o Z Lasq.;+(atgle;q ]
) w2
. 2 _ N 2 % 'y i feee o e
371
hd T °°‘ fee ! O
Fy = =9 Z cigi—p Z [eiqi+(a+g)fiqi]’
i= izl
Ve B ) ;v: w :
F, = - E6 - p Zdi a; (3.84)
i=1
T, = = By - ECGR ) - P Z [al£l+(a+g)c E J

i=1

- p Z [(g b )q + (a+g)(e 4h L )gJ ‘
i=1

Using (3.81), the free surface displacement (3.49,) becomes
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= I 2 o . z '

i=1 il J=1
The system »f equations (3.83) and the first term in the right-
hand side of (3.85) define the contribution of the liquid
motion to the overall vehicle motion in the absence of surface

2 and the re-

tension (o=¢=0). System (3.84) attenuated by e
maining ‘terms in the right-hand side of (3.85) define the ad-
ditional contribution of the liquid motion to the overall ve-
hicle motion when surface tension and contact angle pequirements
are taken into account. Notice that the corrections obtained
here are proportional to 52, i.e., to o.

In some applications, it is convenient to transform the

Stokes potential T,
Vo = 2yQatz) - ¥, (3.86)

where $l satisfies

[

Awl, throughout @,
(3.87)

¥y
L

0 ~
i 2(2+z)cos(v,y), at & + So(z=0).

If we use @i instead of ¥, in the above expressions, the

results remain essentially unchanged except for

a1 = /f(zy—?ﬂl) dxdy
Q |
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O+

WP atg , 2 . _
b, = ] + R cooy[j“y Ni ds (

W
ul

)f/y N, dxdy]

r r Q

Q
i

(" ON.
2 - Q . L ~s — N . 1 ’
= R cosv [CQ ds )(?z[ 5y dxdy / (g:cadNi gradwl) dxdy)

"9y, AN,
9y q Ll 1
j{ do-+j(as - dS]
P

s
= P yo+(etz) “ldr - Up (a+z)°dr ~ 2p (2+z)wlcos(v,y) ds.
Y/ f E+So

Q}

To find the contribution of the liquid motion to the
overall vehicle motion in an actual problem, we would proceed

as follows:

(1) In the absence of surface tension (e=0), solve the boundary
value problem (3.53) subject to condition (3.30) for the
eigenfrequencies 0y and corresponding functions Y N, 3

(2) Tn the absence of surface tension, solve the system (3.60)
or (3.86) for the Stokes potential Ve or Ty

(3) Determine the coefficients given in (3.51) and (3.64) or
(3.872);

(4) Compute the coefficients called for in (3.82) and (3.83),
namely (3.57), (3.67), (3.75), (3.76), (3.77), (3.79)
and/or (3.88);

(5) Solve the system of second order ordinary differential
equations C3,831), thereby expreésipg the'generalized,

coordinates Q4 in terms of the vehicle state;
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(6)

(7)

(8)

(9)

(10)

(11)

3.5

Solve ‘the system of second order ordinary differential
equations (3.841), thereby expressing the generalized
coordinates 5i in terms of the vehic¢le state (assuming
the qi's to be expressed in terms of the vehicle state).
When attenuated by eQ, the si's,give the correction due
to surface tension and contact angle effects;

Express the forces and moment from (3.882), (3.833) and
(3.834), in terms of the state of the vehicle via the
q;'s;

Express the forces and moment from (3.842), (3,8H3) and
(3.84u), in terms of the state of the vehicle via the
qi's and gi's;

Substitute the above forces and moment into (3.82) to
obtain the total forces and moment;

Substitute the total forces and moment thus obtained
into the overall vehicle equations. On the other hand,
we may substitute the quantities called for in (2.55)
directly;

The free boundary displacement n may be obtained from

(3.85) if desired.

Rotationally Symmetric‘Cavities

Let us reduce our theory to the pragmatic case of

‘rotationally symmetric tanks, such as abound in aerospace

vehicle applications. Naturally, we assume the vessel to

be symmetric about the axis of constant acceleration, the z

axis. In what follows, it is convenient to let

[Ke]




[RS—
- 4

[T

Replace

z~L -~ 7,
L*‘Ll » ;Qf )
(3.89)
2L’Y+L2Tl Ll T
-V ey,

where the new z is now reckoned from the undisturbed center
of gravity of the liquid (eg=0), L is ‘the ¢istance between the
undisturbed center of gravity and the free boundawry, and Ll
is the distance between the center of gravity of the liquid
(¢=0) and an arbitrary point along the vehicle axis (Fig. 8 ).

The new Stokes potential satisfies

A¢1 = 0 s throughout @,
(3.90)
I
1 22 — -y
ol cos(v,y) , at I + So(z=L).

L

In addition, let

Replace

atg \A7avT v, >
Wy L SZYi Yl s “1 ’

L ] . ' | )
\/ﬂyi7L q » Q. (3.91)

2
£ o Ui
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=
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Figure 8. Rotationally Symmeiric Vessel, Notation
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Figure 9,  Circular Cylindrical Tank
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where

Q =/d1: . (3.92)

Q
and the new Ni is connected with ] by

Y38 /f 2 V
""'I:"" ad Ni d.Xdy . (3.93)

Q

The new Wi and Ni are determined from the boundary value

problem
Awi =0 ) throughout @,
awi
v~ 0 atl,
(3.94)
o - i ‘i’i y &t SO (z=L),

Y. + N. =0 , at z=L .

Using (3.89-94), our theory reduces to the following

for rotationally symmetric tanks:

a4 L2
Qi"q' egi:

(3.95)



where

! a+ Vo e N N,

1 5" LU |

. . -]
(6?01)y = - Ml(GRO)y t MiLgo - My Z ¥10:9; >
i=1

(3.96)
L ] 2,
(8Fgp), = - My (8RgD,
v e s it [ St %o
(8N, = - b0 + MlLl(sRO)y - My E vilaja +(atgde;q;T 3
L i=1
| L AU < L a+g 3
: =1
I
.
" had e 2 e PR
T F,o= =My 3 viep8y - My D vilejaz+targdfagl
1 | i=1 i=1
I
E F, =0, (3.97)
i
o - - - w
; T, Bo M Z ' [a 1—; +(a+g)cl£l]
B i=1
4
- = L '.':+ t . W '
i=1
' | with
- Ags frTxs Big togyy Ricosy PN;N.dS ,  1F]
L J 1 b T )
B 2 o ‘  oN, |
. _ _L°R R oy [ V2 e
i B ® Rpy,o cosy [(Qde)f (gradN,)" dxdy - R f( Ly? ]

T Qi r
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. SR L y
Bij ¥ K-K: 813 *ow (gradNg sgradN,) dxdy , i#3
J 1 Q
RQL /) o :
= v . (gradN.) dxdy , i=73 , .
Y4 1
Q
a; = (L-L;)b; - Lh, , " | i
aN £y, AN,
= By — = 1 L l \ - ]
QLRfBSB dS+LR_¢ ds 9s dS] +WRCOSY [R/y N, ds .
r T ' 1 T
Q . ’ 1 ? : e o
r
¢j = bj s
°i %0 20 Biy oy
i#]
: 2 ps Ny
£y " mys cosv) 5y 55~ 45
i A

hje}
B
]
|
TN |
l..!
[ 5]
jty
Cle $=
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pJ/ (y tz )dr ~ Up /zzdr + 2pL Al lc:os(\),y) ds + MlL R
0 z+§

Y it H
B =M {%—— cosy[fv ds - (= de) /y dxdy] Z Yip“i}

R2L / K.R Vs P f‘
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QYiKlKj Q 4 , g
3 oN. aN.
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dS ~ = N. N ds
vy \ KK, 4 38 98 ’

zl = %—5—,‘— cosy [ %de)(ZL/ — dxdy - L /f(gradN gradtp Ydxdy)
Q

l
i

| ‘ oN, 97, BN,
- 921 8y 1 =+ 1 4g L
2Lij. L L ds + RL j{ = — do] (3 hy*b.)
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Qyibi = ”Ni y dxdy ,
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that the corrections obtained here are,propqrtional to e”,

The free boundary displacement may be represented in

the form

' 2 ,
n=n +eg, (3.99)

where

o0

‘ ‘ !
n = Z Niqi('t) ’
izl

(3.100)
[e0] [} ‘.'é" '
r = Z [Nisi(t) + Z Biijqi(t)] . |
i=1 j=1
' i#j

Finally, the frequency correction is given by the

expression

. LT | (3.101)
\\

Thim concludes the degeneration of our theory to the

case of rotationally symmetric cavities with nearly vertical

wallé in‘the vicinity of the free boundary. All the co-

efficients required in (3.95-3.97) and (3.99-3.101) are

expressible by means of (3.98) in terms of Kis Nys Yo $1,

angle of contact v, parameters of the tank and properties of

the fluid. The Stokes potentialfmi is detérmined from the

system (3.90), while Kis N ¥, are determined from the

solutionvof‘bcundary value problem (3.94). 'Agaih9 observe
2

i.e., to l/BO;<ﬁWheneyeﬁﬁBO = », the above equations for

a0 ~ ‘ ‘» ‘ : - o
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rotationally symmetric vessels agree with / % / (except for
trivial differences in notation). This is significant because
/ % / forms the theoretical basis for a digital computer
routine developed for NASA-MSFC / 1 / (with By = =), wherein

N Yey K and the coefficients nalled for in (3.96) may be

i’
computed for rotationally symmetiric tanks of interest. This
means that we can extend the digital routine to compute the
coefficients required for high Bond number conditions (By # =)

with minimum additional effort.

4. TRANSFORMATION OF ROTATIONALLY SYMMETRIC EQUATIONS TO
A POR% SUITABLE FOR DIGITAL IMPLEMENTATION ANALOGOUS
TO / % /.

To extend the NASA-MSFC digital computer routine to
include surface tension and contact angle.effects, we must
first cast the equations of rotationally symmetric cavities
in the same setting and terminology of / 4 /.

4,1 Cylindrical Polar Coordinates; Changes in Notation

To this end, we refer the vessel to cylindrical coordi-

nates defined by

X = rcosbd,
y = rsiné, : | ’ (4.1)
Z = Z

Because the tank is symmetric about the z axis, the undisturbed
boundery surface of the 1iquid‘(with 0=0) enclosed by the
cavityAis a surface of revolution formedvby revolving-a curve,
shown as ABC in Fig. "8, abdut thé Z axis. The:ofigin O isV

located at the undisturbed center of gravity of the,liquid..

' .

o1




The curve A-B is formed by the tank profile, and curve B-C is
formed by the intersection of the quiescent free boundary
(plane z=L) and a .plane parallel tc and including the z axis.
The line AOC is given by the portion of the line r=0, which
is interior to the liquid volume.

For cylindrical polar coordinates, the components of

the outward directed normal are

cos(v,x) = sing cos8,
.cos(v,y) = sinp siné, | (4.2)
cos(v,z) = - cosg,

where B is defined by

. dr
on the curve ABC. The element of arc length is
as? = d22 08028 = dp? se026 (4. 4)

To.put our equations in the same setting and terminology

of /' % /, we let

Replace '

01 Z

€4 > q. ¢i(r,z)81n6—> V.
Ay s @i(r',L)SJ.ne—-p Ny
] | R : X —~
) T, - P> (6N01)x ¥,(r,z)sined ¢,
! : ! | » ¥ — ! —
F, ‘ g (ST l)y Fq >‘ (8F ) *+(Fyq),
it ! :
oy — ' > (a+;g3 -D —- 6
o o ' S (4.5) -
» , | P ’> (6R§0)Z Ill - TA ;
| M M, a —-—————pR
| , N Y
v ————— —pQ 0  — ->(6F ).




h.2

cavities

Transformed Equations

With (4.1-5), the equations of rotationally symmetric

can be written

13 "'%""A ’

9 © °n o N
- ' 1
(6F. ,). =TF, + 5= F
y 2 BO y °?
' (4.6)
- K 1
(6Fgy), = Fg # EE Fp oo
— '
(8Wgy)y = Ty + 3= g
: 0 y ?
. as ; ) | A
; 1
Fg = - Mag s
(4.7)
] . ‘ o ‘oo
F2 = - Ma2+MLl(—D)—M Z Yn ngn 5
n=1
' .
Ty = HLyepeTy, (B T ¥ §a3b e #[L(b_-h )-Lb 1E b
n=1
. og . Og
At Ky :'Z (Anmt"mL nnmgm)_Kb(-D)’
Py =- M Z YnPnY M Z Tnl n5n+a3fngn] ?
n=1 : n=1 : (4.8)
T, % - B(»-D) - M 2 ' {asbnxnﬂjL(b -h_ )- Lyb, ]A
. n=1 ~
- M Z Yo [(b g )$ +a, (e;1 ;l—(L+L )f )E ],
n=1 :
FZ =0 3
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where the eigenvalues and functions satisfy the boundary

value problem

82¢n 7 8¢n 1 32¢n
Tt ErE - m ot — = 0, (interior to ABCOA) ,
ar ' r 0z
3¢n Kn
55 5 T 0o s (along BC) , (4.9)
3¢n 3¢n
sing z—— - cosp x—— = 0 , (along AB) ,

and the Stokes potential is determined from

32W1 1 QWl 1 Szwl
Tt ogme - Ty ¥yt 7 = 0, (interior to ABCOA)
on v 02
(4.10)
oY oY
. 1 1l _ 22 _. :
sing 55— — COsB 5 F 57 sing, (on ABC) .

The coefficients called for in (4.8) are

N K na’K_
A = ) + — V__COSY, n#m,
nm Kn—Km nm VY, nm
2 K a 2
- makL n wa L _ , .
= VYnKn (2Tnn—vnn)cosy + T (Vyh Vnn,z) COosY, n=m,
(4.11)
. K 2
woo n ra"L
Bim ~ K -X_ Pom * VY nm’ n#m
n - m n
- ra’L | o
T vy Tnn? n=m,
n
9y, '




!

Ro s

nm

n

l
na "

vy

waL3
VYnKn

(&nCa,L)Wl(a,L) - 20 Jcosy * (¢ (a,L) -

n

B Z Bnm,bm ’
m= 1l
n#m

2
Ta

Ve ¢n(a,L)cosy,

- E B [L(bm-~hm)—lem] 5

m=1
n#m

3
ma

Ve @n(a,L) ,

'naLu

=

(Qn(a,L)Wl(a,L)-an)(bn + hn)cosy

1 a? |

v ]
Yn nm

Bnm with Kn replaced by Km"

2vy

3
ma

n
bn)cosy

(4.12)




ar + - 5 ] r dr ,

b o

Prae (n,L) 2¢ (r,L) ¢ (r,L)¢ (r,L)
m e |
C

<
]

+
ar r2

r dn,

7‘[34, (r,L) 2V (I‘,L) d’n(I‘,L)‘yl(PaL)]
C

The eigenfrequencies Kn, eigenfunctions L Stokes

potential ¥,, and the coefficients

B‘
- A2 Y A
C |
B ’
h = 2N zp o _(r,z) d (4.13)
n’

A

n_ v

v = IL /r[q;n(r*,L-)JQ ar
C

= p f(r2sin26+zz)dv - Lp /zzdv +
uv : uv
2pL2n J('zrwl(r,z)dz + MLi

are parameters associated with the equations of motion in the
absence of surface tension, and therefére can be found via

the current NASA-MSFC digital computer pﬁbgram /L7,
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To £find the corrections due to surface ‘tension and con-
tact angle effects, we must compute the additional matrices
and vectors in (4.11l) which are expressible by means of (4.12)
and (4.13). However, an examination of (4.11l-~13) and the
digital computer program / 1 / shows that (4.11l) can be formed

readily if To and P, are known. The computer program, there-

m
fore, was extended to compute these paramnters and the result-
ing matrices and vectors in (4.1l). In addition, provision

for computing the frequency correction

-

B (4.24)

'u.:...
1 2 0 e

o

was made. The procedure and program are described in / g8 /.

With the scalars, vectors and matrices in (4.11-13) known,
the generalized coordinates £,» A, can be expressed, in prin-
ciple, in terms of the vehicle state %n s D via solutions of
(4.7,) and (4.8,). The forces and moments, in turn, can be
expressed completely in terms of the vehicle state via (4.72),
(4.73), (4.82), (4.83) and finally (4.62-63). The resulting
expressions then can be substituted into the overall equations
of motion of the vehicle.

4,3 Parameters for a Cylindrical Tank

For a circular cylindrical tank with notation given in

Fig. 9 , we find

¢ (r,z) = cosh A _(z+d) Jl(Anr)
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o3y = L (Lodd y & L1711, (nro/h)cos (nn/h) (z+d)
Y.(r,z) = L-d)r + — . , :
! 12 h 55; (n1/h)°1; (nma/h)
Kn = LAn tanh An h
v, = o (1 - -2 q)fcosh A, h Jy(r _a)]?
Ana
b s cosh A h Jl(Ana)
nn 2
ahAn
' (coshA_h-1)
. 2ra . . _ n ' | \
vYnKnhn '_7;" Jl(kna) [L sinh 2n h ln ] (4.15)
VYn 2 2,h
Tam = T M Smn = @) (E)Yn Smn
vy
- n .2 _ 2 ,h
Pn ® Tm *n hr:' (Apa) <E>Ynhn
I y 124
11 02 oo, fald) o g3,8y 2, , [ a-ddatoaty
p 1 I 2
| :
e [(-1)7-11%1. (ara/h) ]
4 1
v ET ‘
“~ (nn/h)°I (mwa/h)
n=1 : s
whére

o S ,
A~roots of J,(} a) = 0,
Jy» I;~Bessel functions of ‘the first and Sécond'kindsz

~of order one,

e oot ot




h =1L+ d.

In particular, if y = /2, we have

bn = en = fn = gn = 0 > ’
oo 8 ' ’
o - ‘"'a- . /*
h = V?; cosh Anh Jl(xna) R |
B =B = - (ra)ls (4,16)
nm nm “n mn °? :
A =g
nm ’
B = (r_a)?s
nm n mn °

Equations (4.15) and (4,16) may be used to check out the

digital computer program,
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CONCLUSIONS

Using fundamentals from classical mechanics and hydro-
dynamics, the complete equations of motion of aerospace
vehicles with partially liquid-filled cavities are derived
herein. Also, the motions of the liquids in the tanks and
their contributions to the overall vehicle motion are defined.

The fundamental equations are specialized toc a reference
state of motion in the form of constant linear accelerations
and angular velocities. Then, the vehicle is slightly dis-
turbed from the known reference state motion and the resulting
smzll motion of deviation obtained. Moreover, the small
motions of deviation of the liquids in the tanks and their
contributions to the oveinall perturbation vehicle motion are
defined. Several simplified but significant flight conditions
avre considered.

Assuming that the surface tension is small in comparison
with the éffective mass forces, a method for determining the
behavior of liquids enclosed in tanks are developedifor a
launch vehicle undergoing planar‘motibn. The approéch isg

based on‘boundary layer and perturbation theory / 2 /, and

constitutes a first order correction oi the so-called "high-g'

theory (B = ). Then, the equations are specialized to
rotationally symmetric tanks, wherein the axis of symmetry

coincides with the vehicle ‘acceleration vector. Finally, the

'equations,describing the behavigp Qf~1iquids in rotationally

symmetric vessels (including suprfaci ' tension and contact angle

,
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effects) are cast in a form suitable for digital implemen-
tation analogous to / 1 /,

l This document is the theoretical basis of companion

B report UR-~00010, Volume IIL, which describes the digital com-

puter routine used to obtain the liquid parameters for

sloshing in rotationally symmetric tanks, under moderate
to high Bond number conditions (BO = 10 - =) at any given,

5' contact angle.
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