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INTRODUCTION

This report contains an expanded and improved version of
our statistical theory of interfacial thermal conductivity
and several applications of this theory, including numerical
tables (users tables) predicting the values and fluctuations
of the heat flow for various surface profiles,

The main progress which has been achieved this year is a
comparison of our theory with the experimental data. This
comparison (chapters 1+2) shows that the theory tends to over-
predict the value of the interfacial conductivity by about a
factor of 2. This is due to the simplified assumptions made
about the surface. This deficiency of our theory has been
corrected, meanwhile, in the recent experimental work done by
N. Bhandari under the guidance of N. Veziroglu. The experiment
performed by Bhandari was specifically designed to test the
predictions of our theory, especially as far as the fluctua-
tions of the heat flow are concerned. The existence of large
fluctuations (50% r.m.s.) of the heat flow has been the main

prediction of our theory. This ptediction has been confirmed

exactly by Bhandari's experiment. This shows, that previous

measurements of the interface are completely unreliable, since
a remeasurement under apparently identical conditions can lead
to results which differ as much as 100% from those obtained

the first time.



Bhandari has also suggested various improvements of our
theory in order to achieve numerical agreement not only of
the fluctuations but also of the heat flux itself with his
measurements. Thislchanges the predictions of the theory by
a factor 2, as mentioned above. Bhandari's results have been
made available to us, unfortunately, only in March 1970, so
that the changes suggested there could not be incorporated

fully into this final report. The users tables (chapter 2)

therefore tend to overpredict the heat flow somewhat. Bhandari's

results show furthermore that the experimental measurements of
the surface characteristics which are necessary for a success-
ful prediction of the interfacial heat flow is a very complex
and tedious task. Surfaces are very complex objects, which can
be characterized in a large number of ways. This implies that

a determination of the interface resistance with the help of

surface parameter measurements will always be a highly specia-

lized and complex task. With the help of routine measurements

alone (e.g. surface roughness) no successful predictions can

be made, as has been amply demonstrated by the past history of
the theory of interfacial conductivity.

There is one additional difficulty: All experimental
determinations of interface resistance are performed using

cylinders of about equal height and diameter as samples. In



actual applications surfaces are used, however, which are mostly
of the form of thin plates. These plates have an elastic be-
haviour completely different from cylinders; by large scale
elastic deformations some of the effects of surface waviness

can be compensated, leading to an increase in the thermal con-
ductance of the interface. A first theory of such effects has
been attempted and is contained in chapter 3. We consider this
direction of research to be the most promising one as far as
practical applications are concerned.

Our work has shown that quantitative predictions of inter-
facial thermal conductivity are possible. The effort which is
necessary for a successful prediction is, however, extremely
high. The determination of the interface resistance from sur-
face parameters is, therefore, not very convenient as far as
practical applications are concerned. Only rough estimates of
the order of magnitude of the heat flow are possible with the
help of devices which are usually accessible to an engineer in
a standard laboratory or by using the standard descriptions of
the surfaces of commercially available products. Even if all
the surface analyzers which are needed for quantitative pre-
dictions are available, the surface measurements required would
be tedious and very time consuming.

Therefore a different approach to interfacial thermal

conductivity is suggested:




A reliable device for the measurement of interfacial
thermal conductivity should be developed which can be operated.
under standard engineering (and not highly sophisticated labo-
ratory) conditions. Measurements of the heat flow can then be
made using samples of the surface one is interested in for the
actual application. These measurements would take only a frac-
tion of the time necessary for the determination of all the
surface parameters needed for a reliable theoretical calcula-
tion of the heat flow.

The role of the theory is then restricted to two very
important tasks: Firstly, it has to predict the heat flow
through the large surfaces used in actual applications (because
of elastic deformations it is not permissible to multiply with
the ratio of the surfaces, see chapter 3). Secondly, the
fluctuations of the heat flow through these surfaces have to
be calculated and the temperature variations in the system due
to these fluctuations have to be evaluated.

We recommend therefore that additional experimental re-

search is directed towards the construction of the engineering
device for measuring interfacial thermal conductivity mentioned
above and that, furthermore, the work started by Bhandari is |
to be continued. Theoretical work should concentrate to a large
extent on the completely new thepretical development sketched
in chapter 3, dealing with the large interface employed in

actual applications.



A second part of this report contains our work on the theory

of crystal growth under zero gravity conditjons. This report
contains only a survey of the literature, no theory exists.
yet of the effects which are to be expected under these;con-.

ditions.



I. A STATISTICAL THEORY OF INTERFACIAL THERMAL CONDUCTIVITY

1. Introduction

One of the most complicated tasks in any calculation of
the interfacial thermal conductivity (ITC) is the description
of a rough surface. Various statistical [1-3] and semiempirical
[ 4] approaches have been proposed to describe the properties
of a surface and the contact between two such surfaces.

In this report we shall first investigate a special model
of a surface. This model can best be applied to milled surfaces,
since their characteristics resemble most closely the assump-
tions made here. This restriction to a special class of sur-
faces enables us to find rather explicit expressions for the
heat flow, surface area in contact, etc. Furthermore, inelastic
and elastic contacts can be taken into account simultaneously.
Various other generalizations of the model, i.e. inclusion of
void phase conductiep{ effects of surface films, etc. are dis-
cussed in chapter 10.

A slightly more complicated treatment of the contact
between two surfaces is contained in chapter 11. This treat-
ment enables one, however, to calculate the fluctuations of
the heat flow. They turn out to be proportional to n»1/2,
where n is the number of contact points. Since n is rather

small at low pressures, large fluctuations of the heat flow

result.



Correlations between the heights of the asperities are
taken into account next. There are two types of such corre-
lations: Systematic features, like grooves, etc. tend to re-
duce the fluctuations‘of the heat flow. Irreqular correlations,
caused by surface waviness greatly increase the fluctuations

and are the main source of experimental "irreproducibilities".

2. The Model

The surface of the metal will be represented by a series
of equidistant spherical asperities of varying height, but
equal curvature. Fig. 1 shows a cross section through our

surface model.

N N~ N

Fig. 1

BEach spherical asperity is thus contained in a sqguare
of area B?. The distribution of the heights of the hills will

be described in a statistical sense by a function p(h) such



that

p(h) dh (1)

= probability that an asperity has a height between h and
h + dh.

p has to be normalized such that
[p(h) @ =1 (2)

We shall always assume that there is an upper limit to the
height of the hills, i.e. p(h) =0 h > H.

If we place two such surfaces above one another as shown
in Fig. 2, they will begin to touch as soon as their distance

of approach L reaches 2H.

>< SN N N

However, only very few contact points will touch in this
case, With rising pressure L decreases and the number of

contact points increases accordingly. At the same time the



contact points will be deformed elastically or inelastically
and ITC sets in.

An essential drawback of our model is, of course, that
we assume the asperities to be distributed regularly. Further-
more, we assume that the hills on the two surfaces oppose one
another exactly and no contacts such as the one in Fig. 3 are

considered.

Fig. 3

This limits the applicability of our theory essentially
to the contact of two milled surfaces. However, many of the
results represented here are probably true alsc for other
types of surface finish.,

In the sequel we shall call opposing squares (containing
one asperity each) a contact square, irrespective of the fact

whether the two spheres actually touch or not.



3. Review of the Results for a Single Contact Point

The elastical deformation of two spheres that topch one
another has been calculated by H. Hertz [5]. The basic results
(generalizations of which have been given in [6] are the

following) . See Fig. 4

Fig. 4

If the two spheres are pressed together with a total force F
they will be deformed elastically such that their apparent

penetration depth % is given by

2 = (2F2 D?2/R) 1/3 (3)
where
- 2
D =73I - 5 > (4)

(we assume that both spheres consist of the same material).



The radius of the contact circle is given by

(5)

The standard treatment of the heat flow through such a contact
point is due to Cetinkale (Veziroglu) [7].
The contact is replaced by an idealized contact element

as shown in Fig. 5.

B —
Fig. 5

The solution of the boundary value problem for the heat
flow is rather complicated, due to the presence of liquid
(lubricant) or gas in the gap between the two surfaces,

Since we are interested here mainly in the statistical
features of the theory we shall consider the simplest case
first, i.e. contact in vacuum. In this case the heat flow ¢

becomes



It

Q=2 ak AT (6)

where AT is the temperature step at the interface and k is
the thermal conductivity of the material. It is perhaps some-
what surprising that the heat flow is proportional to a rather

than a?

and independent of the height of the contact element
(Equation (6) is wvalid for L << a, B »>> a).

The behaviour of Q is, however, due to the fact that the
heat flow converges at the interface and is concentrated at
the edges of the circle of radius a. This "skin effect" causes
the dependence on a rather than a®, in complete analogy to

the usual electromagnetic skin effect.

Equations (3-6) are the starting point of our theory.

4, Statistical Treatment of a Contact Element: Elastic

Deformations

Consider the situation shown in Fig. 4, where two humps
of heights h and g, respectively, have penetrated a distance

£ given by

h+g=1L+ 2 (7)



Eliminating F from equations (3) and (5) we obtain for the

radius of the contact point

td

1
a-—}/-—z—- (8)

and the heat flow through this contact point becomes
- R — _ 2 =
Q = 2 k AT \/—2- Vi = a B ) {(9)

The penetration depth & will, of course, differ for
various contacts, because of the statistical distribution of
their heights. We shall calculate now the average heat flux
through one of the contact elemenﬁst(keeping theAdistance L
between the two surfaces fixed).

Consider first a sphere of fixed height g above the lower
surface (see Fig. 4). Then the heat flow through the contact

element will depend on the height of the upper sphere, i.e.
Q=B2 a /2 =B2 0 /vh+qg-L (10)

Since these heights h have a statistical distribution
p (h), the average heat flow (averaged over many contacts with

varying h) will be

H
Q(averaged over h) = oB2 [ (h + g -L)
L~g

172 (h) dn



H H ”
8 =0aB2 [ dg p(g) | dh o(h) (h+g -2 (1)

0 L-g
This gives the average heat flow Q through one contact
element as a function of L. To obtain the total heat flux g
through a unit surface area we have to multiply with the
number N of contact square, i.e. with N = 1/B?, i.e. g = Q/B2.
Similarly we calculate now the average force on the two
interfaces as a function of L. From (3) we have

3/2 1

F':BZ'YQ Yzb-’g-z'/ (12)

mud

The average force due to one contact point becomes

F=yB2 [(h+gqg-1°2 () olg) dh dg (13)

which together with
G=0B2 [(h+qg-1Y2 ) o(g) dh dg  (14)

determines the heat flow as a function of the applied pressure
p = F/B2.

The integrals (13) and (14) can be extended over a region
in the (g,h) plane, such that h + g > L, i.e. we have to average

only over such contact squares that actually touch one another.
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This region of integration is shown in Fig. 6,

“=A&—] region of
\‘_—.—-

) m—— integration
A3
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>
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Fig. 6

5. Statistical Treatment of a Contact Element: Inelastic

Deformations

If a critical pressure P (equal to the hardness of the
material) is exceeded the material begins to flow plastically.
While it is hardly possible to treat these phenomena exactly
we shall take them into account in the phencomenological manner
described below.

In this treatment we shall assume that in the case of
plastic flow the basic relations (6) and (8) remain valid, while
the relation (5) between the radius of the contact point and

the force has to be changed. The simplest modification of (5) is
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F=Prn a (15)

i.e. the material flows until the pressure is equal to the
critical pressure all over the contact surface. Inserting (8)
this becomes

F=Pw%§ (16)

This relation replaces (12) in the case of inelastic contacts,

while the expression for the heat flow Q remains unchanged.
Next we have to determine when the critical pressure will

be exceeded at a contact point. The pressure distribution at

the contact is (see e.g. [6])

p(x) = E%gy Y1 - r2/a2 (17)

The pressure is thus largest in the center

3F
Po = Fra? (18)
Plastic flow sets in if p, > P. Since both F and a are func-

tions of 2 = h + g - L, this means that there is a critical

value of &, & = X, above which the contact begins to flow.
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Therefore, the situation is as shown in Fig. 7.
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Fig. 7

Thus the relation between the pressure p and the surface distance

L is modified to

p=+v [(h +h - £)3/2 4 (n) p(g) dh dg +
0
(19)

P

+ 22 R [(h + g - L) p(h) p(g) dh dg
I

where the integrals are to be extended over the elastic (E)

and inelastic (I) regions, respectively.
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The relation between P and A is given by

v}

1i
3w
Ol
';U‘i\z-—'[

(2Q)

This follows from (18), (12) and (8).
Equations (14) and (19) are our basigc results; they
determine heat flow and force as functions of the distance of

approach.

6. The Interface Correlation Function

The two-dimensional integrals‘that appear in (14) and
(19) can be re-written by a transformation of variables into
a considerably simpler form.

The integrals that appear in (14) and (19) are of the
general type (the factor E " is introduced to make A (L)

dimensionless)
A (@ =8 [(h+g-I1)" o(h) o(g) dh dg  (21)

integrated over some suitable domain. We introduce new

variables by

oy
il

2x

i

X +y h+g
(22)
X -y h -g

Q
It
il

N
=



14

An(L) then becomes

A = 2fJ (DT o (xty) p(x-y) ax ay =
(23)
n
=2 [(BED) k) ax/m
where
K(x) = H [dy p(x+y) p(x-y) (24)
¥
A X
<
AN
N
y AN
¥ \\\b
\\\ \\\
N
N
N
\\Q,
\\ 5 ,Qq/
Fig. 8

The integral (24) is to be taken along the dotted lines
(fig. 8) in the (x,y) plane. Therefore the limits of inte-

gration are

X
K(x) = H [ dy p(x+y) p(x-y) (25)
-X
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if the path is analogous to (a) in Fig. 8 or

H-x
K(x) = 2H [ dy p(x+y) o (x-y) (26)
o]

for paths like (b). In the last step we used the obvious
symmetry of the integrand of (26).

For simplicity we shall restrict ourselves here to case
(b), i.e. we do not consider distance of approach I < H. This
can, however, easily be done if necessary.

K(x) will be called the interface correlation function.
It plays the dominant role in the theory of the contact between
two surfaces. To bring our result into its final form we

introduce a new variable

z=2x-L=h+g-1L (27)
in (24) whereupon the integrals Al become

A (L) = gl o[t K(—Z;%E) dz (28)

The limits of integration over z still have to be determined.
Let us first study the case of elastic contacts only.

Then the limits of the integration are given by z = 0 and

z = 2H - L = d respectively, as can easily be seen from Fig. 9.



A \\\\
E
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Fig. 9
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Figc 10

In the presence of elastic and inelastic contact points
the situation is as shown in Fig. 1Q. There the elastic inte-
grals go from O to ), the inelastic ones from ) to d. There-~
fore; the expression for heat flux g and the pressure p be-

come finally
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a3B . y zZRE
kAT / B Al/Z(L) (29)
v ¢ 372 z+L
= [ = K(=5-) dz Elastic contacts only
(o]
p = N . (30)
y [ _3/2 _ ,z+L PnR Z+L
% L Z RK(Z5=) dz + Sg2 [ = K(=5=) dz
Elastic and inelastic contacts
where
1 /“ﬁ _ 3 ,1-g?2
Y5875 ' 3 D=7 (=)
d =28 - L p=31,/2 (31)
™ D R
H-x

K(x) = 2H [ dy p(x+y) p(x~y)
0

Equations (29-31) are our final results. The form in which
Equation (29) is written has the advantage that both sides
are dimensionless and the square root is a factor of order

unity.

7. Examples

We shall calculate how the expectation values for the heat

flux and the force F for some simple distributipn functions.
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The first step is the calculation of the interface
correlation function.

The following height distribution functions will be

considered
a) pg(x) = 86(H - x)
b) py(x) =% 0 (H - x) (32)
c) pm(x) = (H - x)™ A

(vm is a normalization factor)

The corresponding interface correlation functions are

a) K(x) = H § (H - x)

b) K(x) =2 (€ - %) 0<x<H, (33
c) K(x) =w_(H - x)2m+l 0O <x < H,

(w, = normalization factor)

Inserting these correlation functions into the integrals
(29) and (30) respectively, we obtain the following expressions
for the heat flux and force (we restrict ourselves at the

moment to elastic contacts)

1/2 3/2

a) g = d
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5/2
4o d 4 7/2
b)q="1%“gz—° P=*3"g*ﬁzd/ (34)
g
¢) q = C_{.>/2 + 2m p = d7/2 + 2m
Therefore, simple power laws result
a) g = p'/3 b) q = p/’
(35)
) q = p(5+4m)/(7+4m)

(35a) is just the well known relation between heat flow and
force that results from the assumption that &ll asperities

have the same height H.

As an example for the transition from elastic to inelastic
deformations we calculate the heat flow in case b, the result
is

g 32
9= 785 "H?

4y 7/2
3557 ¢ d <A
b= (36)
2y 5/2 _ PR v 2
-§’§-I-_I°z' A {(7d-51) -+ ﬁw (d=x) = (A+21) d > A

Here the power law changes slowly from
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q=p to q=p (37)

when inelastic effects set in.

The remarkable comﬁon feature of all the examples given
above is that they result in power laws with exponents smaller
than one. In this respect our results are similar to those of
Held [4].

For more complicated height distribution functions the
heat flow can be calculated numerically only.

The strong dependence of the functional form of g(p) on
the height distribution indicates why attempts to calculate
the heat: flow from simple models are generally unsuccessful. -

The results obtained hitherto are in agreement with the
experimental data in the low and medium pressure region

(p < 1073

P) where power laws with exponents <1 are generally
observed. At higher pressures, however, a much stronger in-
crease of the heat flow is sometimes observed, suggesting power
laws g = p?. The standard explanation of this is that in this
pressure region a strong increase in the number of contact
points takes place. A quantitative formulation of this argument

can be given in our theory, by assuming a height distribution

of the form

p(h)=§e(}1—x)+(1~s)a(c;—x) (38)

G < H s < 1
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A typical curve g(p) that results from (38) is shown in

Fig. 11 (assuming inelastic contacts only).

q
A
AQ +
s = 0.1
G = 0.9775H
q,p: arbitrary units
4-
400

v
)

The onset of the change in slope at Py depends, of course, on
the values of the parameters used in (38), as does Py With
typical parameters s and G one obtains pz/p1 = 2~ 4, i.e.

the steep slope can be maintained only over a relatively small
pressure range. Since this is not in agreement with the
experiment, the slopes >1 will have to be interpreted in a

different way. This will be done in chapter 10.
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€. Comparison with Experiment

i

In this section we shall compare our theory with some
recent experimental measurements of thermal contact conductance.
For this purpose we choose a height distribution function

%3 x (H-x%) O0=<x<H

px) = (39)

The reason for this choice of p(x) is that (39) is a good
approximation to a Gaussian distribution of asperities, which
is to be expected because of the statistical distribution of
the asperities on the interface. The advantage of the choice
{39) over a Gaussian-ansatz for p(x) is that the integrals
reguired for the calculation of ¢ and F can be carried out
analytically when the distribution (39) is used.

Inserting (39) into (31) we obtain for the interface

correlation function

RK(x) = 285 [x2= H(x-H)2] (H~x)? (40)
This result is valid in the region H/2 < x < H.
Since most experiments are performed at pressures for

which inelastic contacts dominate we shall neglect the elastic

contribution to the total pressure in (30b). For the calculaticn
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of g and p resp. we need the integrals (¢ = d/H)

_ 64 9/2 _ 2
Al/z(a) = TE5IE & (143 104t + 16&%) (41)
=L £5 . 2
A (8) = =g £°(21 - 14g + 2¢%) (42)

Pressure and heat flow can be expressed in terms of these

integrals as

gB__ /2EE

%ot - ' B2 Piy2(®) (43)

p/P = %%E A, (£) (44)
For & << 1 an approximate power law

g = p0°9 (45)

results. It is interesting to note that Tien [10] has suggested

a phenomenological relation

g = pO85 (46)

in order to explain a large number of experimental data. The
relation suggested by Tien is (in our notation)

0.85

B
s = 0.55 (§) m (47)



surface
where m is the RMSVslope. In this theory B is the autocorre-

lation length of the surface.
The relation (45) derived here can be rewritten in a form

similar to (47)

0.4 0.9
gB_ . (BZ,” 2
AT (&) 2.8 (P) (48)
It differs from (47) by the numerical factor 2.8 instead of
0.55 and by the factor (B2/RH)°'?, which is related to the

slope of the surface as shown in Fig. 11

Fig, 11

In this figure an asperity of maximum height H is shown.

The relation between H, B and R is

sino = B/2R cosa = B%E (49)

or

H = R(l-cosq) B = 2R sina (50)
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and thus
2 254in2 in2 2
B2 _ 4R’sin?q _ 16 sin®a/2 cos?a/2 _ 4 cos2q/2
R2(1-cosqa) 2 sin4q/2
(51)
For O < o < 90° we have
g2 0.4 _
2.27 > (ﬁﬁ) > 1.75 (52)

We can therefore replace this factor within an accuracy of

12% by

g2 0.4

; (ﬁﬁ{ = 2 (53)

and (48) simplifies them toQ

L =55 B (54)
Here we have made the assumption that the asperities of maxi-

mal height touch one another, as shown in Fig. 11,

For surfaces for which this is not fulfilled (Fig. 12)
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B has to be defined as shown in the figure.

The main difference between (54) and Tien's relation (47)
is thus the lack of the factor ﬁ in our relation (54)., The
reason for this is, that thé results derived here are valid
for very rough surfaces, while Tien has concentrated on nonminally
flat surfaces (m << 1). Formal agreement between (47) and (54)
can be achieved if we put m = 10. We shall compare our theory
here with the experiments of Fried [8], since in this case all
the relevant surface parameters are known. The agreement between
theory and experiment is shown in Fig. 13.

The figure shows that the theory tends to overestimate
the heat flux by about a factor of 2 and predicts, furthermore,
a linear relation between 1ln g and 1ln p,-while the actual curve
seems to be nonlinear. We shall show, however, in chapter 3
that the disagreement of theory and experiment is about of the
order of the fluctuations of the heat flow which are to be
expected on purely statistical reasons. This disagreement is,

thus, practically unimportant.

A
| Fried TL
Stainless Steel S5 20%
3‘40’!" W 2 &
/Wl c tuw G-4%
a= gluwu
8
6
AO:"’ .3 o’ ¥ - % % el b ; ‘ i > KN/W(_L

S.403 10
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9. Surface Films and Electrical Conductivity

It has often been sﬁggested that the mechanism for inter-
facial thermal and electrical conductivity are rather similar.
Recent measurements by Fried [8] have shown that this is only
partially correct. A typical plot of the ratio electrical/thermal

resistance vs. pressure is shown in Fig. 14.

l\
Py
U ©
°\ ¢ 1 °
S Q (3
g o o Wiedemann - Frans
é , e Law
o e
b a
g 2 4 °
A e S + > P (kN /we?)

If the mechanisms for both electrical and thermal con~-
ductivity were the same, one would expect the ratio RE/RTh to

be equal to a constant

R /Ry = 7.35 1070 9-1113‘153"-9-5-’5 (55)

(at a temperature T = 27°C).

Actually the ratios are always higher than the one given
by the Wiedemann-Franz law (55). This indicates that the re-

sistance stemming from the surface film is the dominant one as
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far as electrical conductivity is concerned, while it can
probably be neglected for thermal conductivity. (There is,
however, no clear proof of this).

If both constriction resistance and surface film resistance
are imporﬁant;'the‘basic equation (6) for the heat flow has to

be changed to

AT/B2
1/2ka + b/ﬂazks

(56)

since the constriction resistance (1/2kp) and the surface film
resistance (b/ksaz) have to be added to pne another. In (56)
ks is the thermal conductivity, b the thickness of the surface
film,

Similarly the electrical current through one contact

element becomes

v

J = 1755w b/maZo_ (57)

where V is the voltage across the interface; o and og are the

electrical conductivities of metal and suffacexfilm ; resp.
If the effects of the surface film were small the ratio of
electrical/thermal resistance

1/20a + b/nazoS

JR., = = k/q (58)
"2/ P 1/2ka + b/va’k
S
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would be given by the Wiedemann-Franz law. The experimental
evidence is, however, that RE/RTh >»> k/o and a function of
pressure. This indicates that surface films are dominant as
far as the electrical conductivity is concerned, while the
constriction resistance is the important one for heat transfer.

Neglecting the appropriate terms in (56), (57), (58) we have

= 2ka ,nq (59)
B2
rao V
_ s
J = -5 (60)
, 2 ,b, k
RE/RTh == (3) gs (61)

Since the pressure p and the electrical current J are both

proportional to a? (for inelastic contacts), we obtain

J = const. p (62)

which agrees well with experiment [8].

10, The High Pressure Region

In the high pressure region (p > 10'"3

P) the approximation
(6) for the constriction resistance is not applicable anymore

and a more accurate expression has to be used. A particularly
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simple relation is the one given by Cetinkale and Fishenden [9]

q = rkanAT/B2 (63)

1,8 _
tan (a 1)

For B >> a this agrees with the expression discussed before (6).
If, however, B = a, i.e. if the contact points become large

then

- rka? AT (64)
(B~a) B2

Equation (61) has to be changed accordingly. It becomes

Rg/Rpy, = % B = a (65)
S
The strong dependence of (64) on a is the probable reason
for the striking increase of the heat flow at high pressures.
However, more work has to be done before quantitative pre-
dictions about the behaviour of the heat flow in the high

pressure region can be made.

11, Alternative Calculation of g

In this chapter we shall repeat our calculation of the
heat flow as a function of pressure with a different method.
This method, which takés into account the whole interface

simultaneously will enable us to take into account the whole
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interface at once and permit, furthermore, a calculation of
the fluctuations of the heat flow. These fluctuations result
when the two surfaces which form the interface are separated
and put together again in a slightly different position.
;For this purpose it is insufficient to deal with one
contact only and we have to take the whole interface into
account- at once. ‘The interface shall consist of N contact
squares, the height of the asperities beingihi and g; resp.,
i=1,2,..N. The total heat flow QI through the interface is

given by

N
= ap2 _ y1/2
Qp = aB? izl (h; + g, = L) (66)

The total force pressing the interface together is given by

N
— 2
F=1yB2 ] (h; +g
i=1 '

. ) 3/2 (67)
(We- shall consider elastic contacts only). Here we have to
average the heat flow not only over all possible valuyes of hi
and dgv bﬁt also over all values of L that are compatible with
the value of F given by (67). This can be accomplished by
including an integral | |

3/2

N
J(L) = [ans[F - yB% § (h,+g,~L) ] w(L) (68)
. 193

1=1
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into the averaging procedure. w(L) has to be pghogen such as

to normalize the integral to one. The integral (68) is of the

form
LS (£(L))W(L) = frmrome—r & (L~L ) w(L ) (69)
: FOATETE T of Wik,
where f(Lo) = 0, f'(Lo) = (%g) . The normalization J = 1
L=L
requires ©
¥ 1/2
w(n) = [£'(L )| = 2yB? izl(hi+gi—L) (70)

The ‘average of QI'oVer all possible values of hi' g, and
L is thus obtained in the same manner as before by integrating

over the height distribuytion' functions.

= 3 1/2
Q; = vB2 de hy de 94 faL QI(hi,gk,L) 3 %(hi+gi-L) /2,
N N N
_ ; 3/2
« T op(h) T op(h,) §[F-yB2 § (h_+g_-L)"/ €]

k=1 Koamp t I mzl mom

(71)

where él(hi’ék;L) is givén‘by (66) . We introduce new variables

by

h; + g, =L =2z, hy =gy = 2y {72)

and obtain inserting (66)
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N zZ,+L
3, = ...w%ii &z, T Jan o 7 22?2 g(r-p2y §22%) k(-G
2H . =1
(73)
where
K(x) = H [dzp(x~2)p (x+2) (74)

is the interface correlation function. The sum (z zi/z)2 con-
tains N terms of type z; qnd N(N-1) terms zi/g zi/z , 1 % k.
Because of the obvious symmetry of the jintegrand all wvalues

of i, k contribute equally to éI and thus (73) becomes

N z.+L
= _ 3NgyB' [N 3/2 —
Q = —;~%- fa7z; fau R K( )6(F~BZY X (zl+(N~1)/lez)
H i=1 ‘
(75)
To proceed further we use the well-known integral representation

of the §-function
_ dx _ixy
s(y) = Ii? e (76)

With the help of (76) the expression for 0; factorizes
into a product of N integrals of the form

3/2

I (L,x) = dza® o 1YR?x2 K (258 (17}

?
o, = EE&%EiE'Igf e'F¥ fan[a (L,x) 3 t(L,x) + (N-1) 3% 45 (Lyx) -

. Jf“z(L,x)] (78)
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This is the general expression for the heat flow through N
contact squares. To simplify this further we consider the
limit N >> 1 (in actual experiments N = 104). Putting F = NpB?2

and y = Nx (78) becomes

HE [N F A

= _ 3yaBY (dy ipB2y e Yy N-l ¥

v w-n 32, b N, (79)

P

To evaluate this we expand J_(L,%) into a pawer series

J_(L,x): = A (L) - ixYBA - 22y 7HE A (L) +
n( ,X)t = I’l( ) 1XYHAn+3/2(L) _”—i'_.'- “n+3 L s o

(80)
where A (L) are the integrals
A (L) = [az 2" R(EER) mPT (81)
The following limits are needed in (79)
L | 2 _ .2
lim J, (L&) = a, (1) lim Jl/z(L,§) = Ay o (0 (82)

N> N>

Lin I (L, ) = lin [1-iy § 2017 = expl-ivy Ay (L)1 (83)

(Observe here and in the next step that Ao(L) = 1), Thus él

becomes for N >> 1
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_ 4 i -
o = 4B j%% etFY IdL[Al(L)-I-(N.-l)Af/z(L)J

expl-ivy Ay ,o(L)] (84)
The integral over y can be carried out, the regult is

- L
0 = 2B [aL 6[F - vAy,, ()] (A (L) + (-1) B] (L)) (85)

The §-function shows that in the limit of infinite N only

one value of L contributes to the inteqral, i.e.

F o=y Ay /5(L) (86)
This shows that in the limit of infinitely large interfaces
the fluctuations vanish and a fixed value af F corresponds to

a fixed value of L. To evaiuqte’{aS)”we use (67) and note that

(see (24))
S A (L) =-nA . (L/H 87)
dL "n . n-1" . ‘
Thus 51 becomes

Qp = all=1) A 5 (L)) + @ B (L) /Ay 5 (L) (88)

and the average flow through one cantact square begomes



36

Q

= _ . _..:E _
Q= Hm g = By nll,) (89)

where L _ is determined by (86). This is identical with (29)
Therefore the simple analysis described in chapters 3-7 be-

comes exact in the limit of infinite N.

12. Finite Interfaces and Fluctuations

All experiments on interfacial conductivity suffer from
a lack of reproducibility. Whenever the 2 surfaces are slightly
shifted, a measyrgment of the heat flux will give results
that differ appreciably from thosg¢ obtained before. We shall
show here that this is hut a natqral consequence of the finite-
ness of the interface.

A calculation of the fluctuations of the heat current
turns out to be a rather complicated task, sjince Q and a2
have to be calculated to order 1/N. We neglected numerous such
-terms in the manipulations leading from (79) to (89). The terms
included in (88) that contribute in order 1 to Q; and thus in
order 1/N to 5 are only 2 out of 6 terms of this type. However,
the following qbservation simplifies our task considerably.
The two terms that are of arder 1 in (88) are A1/2 and Al/Al/Z“

Evaluation of these quantities for model (32 b) leads to
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_ pyht2
An(L) = (gfn L) n >0 (20)
H (n+1) (n+2)
Therefore we have
- 4 e 5/2 _ 5 J2H-L :
Brsa T 155272 (28~ 1) r A/By =R (91)

For low pressures -~ where fluctuations are largest and thus of
practical interest - 2H-IL << HY Hencge the term Al/Al/2 is the
leading one in the low pressure regiop on which we shall con-

centrate in the sequel. In thig case (88) can be approximated

by

Qp = & N Ay /o (L) + o A (L)/A 5 (L) (92)

An inspection of the terms neglected in the steps leading from
(78) to (92) are that they are all of the type Al/2 rather
than Al/Al/Z and can thus be peglected. The reasons why some
terms in the expression for the fluctuations are more impor-
tant than others will become clear below.

To calculate the fluctuation

Ag _ (é? - 52)1/2 (93)
0 Q?
we need Q2. This is given by



38

‘ _ _\3/2..
5 = 3/2 a2y [d% [l [4L To(n) To(g) IR v%(hk+gk L)~ 7]

. 2(h2+g%~L)1/2)3 (94)
L

Repeating the steps that lead from (70) to (80) we arrive

at

1(L,x) +

~r _ 3a2y dx _ikx N~
Q -t fzﬂ e fan [N J3/2(L,x) J,

L '[ .
+ 3N(N-1) T 5 (L,x) Ty (LX) Jj 2(L,x) +

+ N(N-1) (N=2) Ji/ZKL,x) J§"3(L,x)] (95)

The first term in (95) can be neglected in the limit of
‘large N, while the second one has to be taken into account in
a calculation of tpe fluctuations. The last term is, of course,
the leading one. After manipulations analogous ta these dis-

cussed before the expression faor ﬁ?‘becomes
07 = aN? Af/z(L) + 2a N A(L) + ... (96)

All terms that can he neglected in the region 2H-L << H have
been omitted in (96), Inserting our results into (93) we ob-
tain for the fluctuationsg

v

1 (97)
1/2

>
101 llOi
l

2l
~
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The fluctuation is proportional to N~1/2

: as one expects,
but is multiplied by the factor /KIVAl/z >> 1. The meaning
of this factor becomes transparent when we calculate the
number of contact squares that touch one another, i.e. the
number of contact elements. This number is given by

Z+L

n =N [dz o(z) K (=5~ (98)

Using the same model as before this becomes

— 2
n/N = L2ETL Ty (99)
2H2
while
2
2 225 H
A./A = - {100}
17172 54 (2H~L)2

Using (99) and (100) the fluctuation (96) becomes

225 1 5

A0 _ /225 1 /N |1 A3y
L9 /2% L /N, 1.5 (101)
0 VN /n

Thus we obtain the intuitively very satisfactpry result
that the fluctuatjons are proportional to the inverse sguare
root of the number of actual rather than possible contacts.

At the same time the approximations made above become

clear; The' terms neglected aboye contribute in ordex N“l/z

rather than n 172 to the fluctuations, Since § = 10? these
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fluctuations are only about 1% and can be neglected at the
present experimental accuracy.

The result (101) was derived in a special model., However,
it is of such a .simple nature that one expects it to hold
generally. Of course, the numerical factor in (101) will de-

pend on the form of the height distribution function.

13, Line-~like Correlations

Here we shall deal with the situation actually encountered
in measurements using milled saw tooth profiles. The different
ridges (lines) have a height distribution
o(h)dh = probability that a line has a height between h, h+dh

(102)

The variations of the height of the ridges along their
length can be taken into account by a distribution 7t («x) such

that

T(k)dk = prbbaﬁility that a point on g ridge has a height
between x and «x+dx above (or below) the average height
of the.ridge.

{103)

This implies
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fr(x)ak = 0 (104)
The formalism given before can easily be generalized to this

situation. The average heat flow through one caontact square

becomes

Q = Q(x;+x,+x,+x, ~L)
(105)
T(Xl)T(Xz)U(X3)G(X4) dxl dx2 dx3 dx4
where Q(x) is given by (10).
Introducing new coordinates
¥ TE¥ T g TRy TV
(106)
X, T Xy = 2zl Ry = Xy = 222

(105) becomes
Q = fQ(yl t vy - 1) wly) wly,) dy, dy,  (107)
where o(y) is defined by

w(y) = H [t(z+y) o(zry) dz (108)
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(107) shows that w(x) is the probability that an asperity
has a height between x and x+dx. From here on the formalism
works in exactly the»same way as befé:e, with the exception
of the fluctuations. These have to be treated differently,
since there is now a correlation bhetween the heights of the
contact point. This is best seen for 1(x) = §(x), i.e. the
height varies from ridge to ridge but not along the ridges.
Then there are no fluctuations of the heat flow at all. There-
fore, the distribution o(x) does not give xise to fluctuations,

while t(x) does. Therefore, the square of the heat flow becomes

Q% = [[Q(x,+x,+X +x,~L) o(x;) o(x,) dx, dx,12(109)

r(x3) r(x4) dx3 dx4
rther than

sz(x1+x2+x3+x4~L) o(x;) o(x,) t(x3) t(x,) dxldxzdx3dx4
(110)
(110) would be correct if the asperities were distribyted at
random.

That (109) rather than (110} is the correct expression

for 02 reduces the fluctuatibqsq
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This is the main reason for the hetter reproducibility
of the measurements for saw tooth milled surfaces, as com~
pared to polished surfaces. Because of the lack of experimen-
tal data on 1(x%) and o(x) we cannot compare the theory with
experiment at the moment. Both distributions can be obtained
easily by measuring several closely spaced profiles of the

test sample othogonal to the ridges.

14. Surface Waviness

In this section we shall consider the correlations of the
gsperities that are due to surface waviness. This can be treated
in our formalism by studying the simplified model of waviness

shown in Fig. 15.

mew

Fig, 15
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The surface is approxjmated by s patches of contact points,
each patch containing M contact squares. A height distribution

(waviness) is defined by

u(x)dx = probability that a patch has a height between x and

x+dx. (111)
The average heat flux through one contact square becomes

<5> = fé(L—xl"xz) U(Xl) u(Xz) Xm dxz (112)

where Q is given by (107). Inserting (107) into (112) we obtain

<Q>= fQ(x1+x2+x3+x4+x5+x6—L) tlx))r (x2)0(x3)c(x4)u(x5)u(xi6)

- a%x (113)

Introducing new variables by

it

xl+x3+x5 = 3yl X)X 3zl xz--x4 = 3u
(114)

3z

x2+x4+x6 = 3y2 xl*xs
<Q> becomes

<Q> = fQ(yl+y2"L) $(yy) ¢lyy) dy, dy,  (115)
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where

¢ly,) = g2 fdzl dz, r(y1+zl+zz) d(yl+zz~221) uly,+z,-22,)

(116)

(115) is again the standard formula (14) where the height
distribution function is given now by (116). The manner in
which 1 and ¢ can be measured has been indicated before; u(x)
can be determined by a flatness measurement with the help of

a dial indicator and a‘'surface plate. Therefore, all the dis-
tributions entering (116) can be determined experimentally.

Next we shall calculate the fluctuations of the heat flow.

For this purpose we write the total heat flow through the

interface in the form
S
G= ) G (117)

where G o is the heat flow through patch a:

1
)
G = Q. (118)
lao j=1 1¢
The average heat flow through one patch is
G, =mMQ.- (119a)

G=J]G, =MJ]Q (119b)
a a



46

<2 Qa> =g <> (120)

o
The bar denotes averaging over ¢ and t as before. The total
average heat flow thus becomes if we also average over the
patch distribution y

<G> =M s <§> (121

Next we have to calculate

M
G2 = (] Gla)z - azlGia * a;p GlaGlp - g (§ Qix)z *
* L e T e (122)

Averaging first over ¢ and r we have

G2 = 02 ~-1) 02 + M2 5 0
G M} Q% + JM(M-1) Q2 + M ; Q, Q (123)
[+ [+ [+ 2]
Next we average over u and obtain

<G2> = <G>2 4+ sM{<5r> o <52>} + SM2{<52> o <§>2} (124)

Therefore the fluctuations beconme

_4%_ ='§’ {@> ~ <0%>1/M + [<02> = <§33_]} (125)
<Q>
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II. USER'S TABLES

Abstract:

The formulae relating heat flux and applied pressure
between two surfaces in contact to parameters of the surfaces
given in the preceding part are rewritten in a form which
facilitates evaluation. We further present the results of a
computation of the integrals An(L) for several height dis-
tribution functions in a series of tables. Also, the factor

which multiplies the N—l/z

(N the number of possible contact
points) in the expression for the statistical fluctuation of

the heat flux is given for spherical and ridgelike asperities.



1. Introduction

In part I the heat flow through one contact square and
the applied force have been calculated from the height dis-
tribution function p and the surface parameters B, R and H.
They are given as certain integrals and are therefore related
to each other in a parametric form. Only for the very simplest
height distributions (e.g. if all asperities have the same
height) a simple algebraic relation between heat flow and
force may be written down. For this reason we give in the
tables belowsthe values of the integrals An(L) which have been
obtained by numerical integration (for several different dis-
tribution functions).

In chapter 2 we recast the relevant formulae in a form
which is better suited for evaluation. In chapter 3 we present
the tables, and chapter 4 contains simple examples of how to

use the tables as well as a discussion of several experiments.



2. Useful Form of the Eguations

In terms of the previously defined integral

2H~L
A (L) =8 " Log o e K(E%E) dz (1)

0

the expressions for heat flux g and pressure p may be written

as
Y A3/2(L) for elastic contacts only (3a)
p:
Y A3/2(2H-A) + B[Al(L) - Al(2H~K)] (3b)
where
2kAT , RH PnRH H ,RH 3
I eeermn— et R e f— Padudd P:-——u—o/m
¢ B2 5 o+ B 5z Y sz 2" 7D 'R
H-x

K(x) = 2H [ dy ol(x+ty) o(x-y) for x < H (4a)
o}

H]

X
H [ dy o (x+y) o (x-y) for x > H (4b)
-X

and L is the distance of approach between the two surfaces.

Instead of L we will use d = 2H-L. Furthermore p(x) is nor-

malized



H
[ o(x) dx =1 (5)
(o]

p (x) has the dimension of an inverse length while K(x) and
An(L) are dimensionless. It is therefore convenient to intro-
duce, instead of p(x), a dimensionless function E(g) and
dimensionless variable &, where the relation to p(x), K(x),

An(L) is given by

1

g =x/H , §=4d/H= (2H-L)/H , o(x) =g o(s)
K(x) = K(g) , A, (L) = An(G)
We have, therefore,
1 - —
[ ole)dg =1 , p(g) =0 for ¢ <O and £ > 1
[¢]
1-¢ - -
2 [ dn ple+n) p(£-n) £ <1
(¢]
K(g) =
g - -
[ an p(g+n) p(£-n) £ > 1
3
5 P on gy 4 28
An(6)=£g RK(1 + =) dg .

g and p are now given by

q = a K ,(6) (6)



Y A3/2(6) (7a)

Y Ry /p(A/H) + B[R (8) = K (A/H)] (7b)
Except for inelastic contacts all dependence on parameters of
the material are contained in the factors o and y. But in the

usual case of inelastic contacts A/H is a very small number

and one may therefore put A/H to zero to get

3. Evaluation of ﬁn(a) and Tables

. For simple distribution p(f) the integrals ﬁn(é) are

easily evaluated. For instance take
a) p(g) = 6(1-¢) b) () = 6e(1~g) .
Then we get

R(g) = 2(1-¢) R(g) = 48(1-6)3 (g2~ $(1-6)2) O < g < 1

~ - 1 n+2
a) An(é) - (n+1) (n+2) 8
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b) A = 64 § (1662 —~ 1048 + 143) /15015

1/2(6)

Kl(a) = §5(282 ~ 146 + 21)/70 (O < 6 < 1)

For more complicated distribution functions numerical evaluation
is preferable. This has been done, and the results are listed

in the tables for the following height distribution functions

P, (&) =1

p,(E) = 68(1-8)

- _ ~1

p5(E) = N, (£+0.1)

py(8) =N, sinng

ps(E) = Ny exp(-(2g-1)?) 0<g <1
Ng expl[-(12¢-4) 2] £ < 1/3

o5 () =
N, expl-(£-1/3)] £ > 1/3

-1

(The N,..N, are normalization factors, N, = Si(g) dg 3.

O syt

In Tables I - VI one finds in columns 1 - 5 §, Kl/z(é)? il(é)y
i3/2(6) and iv(d)y in columns 6 and 7 the fluctuation enhance-

ment factors Fl/z(d) and Fl(é) which are defined by



F (8) = /&, (8) / & (6) (8)

These factors enter in the expressions for the statistical

fluctuations of the heat flow

/z'il(cs)

X QS Wi AL
0T TR T g 2t )

Fl(é) is given in the tabies because in a recent work [1]
with accordingly machined surfaces (ridgelike asperities} of
the test probes a slightly different connection for & and F
was assumed, namely with & o« il(a) and F « 52(6) and there-
fore with a fluctuation enhancement factor Fl(é) instead of
F)/5(8). In Table VII we compare 51(6) with Al(a), where Al(é)
is defined by

eR(1 + 550 rtan M Er - DI .

O +—O

a,(8) =

This function replaces Kl(é) in a refined expression for the
heat flow which will be discussed below in connection with

Bhandari's experiment. (In Table VII the ratio B/H has been
fixed at a value of 2.1). One can see very easily that Al(d)

increases faster than il(é).



4. Comparison with Experiment

In this chapter we will compare our theory with several
of the large number of experiments. We will begin with the
only experiment which has been done following our proposed
experimental procedure and which shows that the statistical
fluctuations, esp. at low pressure, are extremelgy important.

a) Bhandari's experiment

Measurements with stainless steel 5S 303 have been done
at the University of Miami by Bhandari [1] using 15 pairs of
test probes with the same surface finish. As may be seen from
Fig. 1, the data scatter appreciably, e.g. at a pressure of
about 3000 psi the fluctuation around the mean value is 50%.
The three curves in Fig. 2 were calculated by Bhandari under
the following assumptions:

a) the asperities are ridgelike and of triangular shape with
opening angle 20 and the lay directions of two opposing test
probes are 90° apart. Then the modified formulae for contact

conductance hc and applied pressure p are

B2

p = IE tan2e‘X}(6) .

4B2

b) from an analysis of the surfaces a height distribution

function was deduced which resembled a Gaussian curve with



maximum at about 2000 p~-inches and a width of about 250 -
inches (Fig. 3).

Under these assumptions curve A in Fig. 2 has been cal-
culated. In curve B a different connection between contact
conductance of a single contact which has already been dis-
cussed in section , (viz. Q « z/tanul(B/z - 1) (see Eq.
(63) of Part I) instead of h « z, has been used.

A major change is obtained by folding surface waviness
into the height distribution (curve B in Fig. 2) which results
in an effective distribution function which reaches out much
longer (Fig. 3). It is an absolute prediction. The result is
curve C. The agreement is excellent. Let us note another
feature of the data: the ratio of the fluctuations of the
contact conductance increases with decreasing pressure. We
have

(3:t0.5) 103 BTU/(hr) (£t2) (°F)

it
it

at p 12000 psi h

(5:2) 102 BTU/ (hr) (£t2) (°F)

i
Ul

and at p 3500 psi h
This increase in the percentage error by a factor of nearly 3
is in good accordance with our predictions. (Compare f£.i. in
Table II the values of Fl for § = 0.5 (lower pressure) and

§ = 11)

b) Cassidy and Mark

Cassidy and Mark [2] measured contact conductance of stain-

less steel SS 414 in a pressure range between 300 and 1400 psi.
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Their results are very well described by a behaviour

n =

in accordance with our theory.

0.93

(Fig. 4a). Unfortunately their

determination of surface parameters cannot be used, because

the test probes were preloaded by arbitrary loads pricr to

actual heat conductance measurement and after determination

of surface parameters.

The surface used, therefore, was different from the one

analyzed before, since the whole surface was deformed inelasti-

cally by the preloading procedure.

As a check of our equations we use the simplified form

B h B p 0.9
kAT TR T 2e5 (P
(hc = gontact conductance).
From this a value B = 10~ 2 inch

perimental point. A look at the
(Fig. 4 of [2]) shows that this

¢) Fried's experiments

A careful determination of
a height distribution function,

tact conductance experiments of

(10)

may be deduced from one ex-
surface analyzer waviness trace

is a very reasonable result.

surface parameters, but not of
has been made in the many con-

Fried.

We will discuss here several measurements, one with stain-

less steel SS 304 (sample 1,2 of Fried [3]), another with
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aluminium T6 (sample 9,10) and two with aluminium T4 (Fried
IT [41).

Fried has measured the following surface parameters:

a) rms roughness: this corrvesponds to H/2

b) peak-to-peak ridge distance: B

c) flatness deviation, i.e. the amplitude of the waviness.

Neither the wavelength of the waviness nor R have been
determined. In view of the lack of a height distribution func-
tion, no absolute calculation is possible. Nevertheless, we
can use our tables to get information about the fluctuations
which are to be expected,

To this purpose we eliminate the unknown parameter R from

the equations to get

(11)

h B YA, (8) ‘
c 1 _ fp
2k ‘A‘l/z(a‘) - %,

Let us first consider stainless steel SS 304. By chopsing as

our point of reference h_ = 10%W/m2°C, p = 10%kN/m? and using

¢
B =10"% n (as determined by Fried) we find

/ﬁI(g)/Kl/2(6) = 10 ,

corresponding to § = 1/3 in Table II. As the measurements

cover a range of pressure between 1600 kN/m? (corresponding
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to 6=0.2) and 30000kN/m? (corresponding approximately to
§ = 0.4), the fluctuation enhancement factors are big. (Fig. 4b).

Similar considerations apply to aluminium T6. Now taking
for reference hc = 3.10“W/m2qc,3p35leﬁkN/mz.and B = 6010”5m
we find 6§ = 0,32. The arguments about fluctuations above re-
main valid (Fig. 5).

The expected scatter of the data.points.cannot be seen
in the figures as the points are the results of one single
experiment. Repetition of the measurements with other test
probes with identical surface finish would bring them into
the picture.

We. conclude this section with two iexamples of measurements
with aluminium T4.

Test probes 19 and 20 of Fried II [4] have a very fine
surface with a rms roughness of only 0.2 um.‘The data from two
different series of measurements with the same probes are shown
in Fig. 6. At low pressures (100 - 200 psi), the values of
contact conductance obtained differ by a factor of 4. The
curve is a prediction of our simplified theory and was calcu-
lated by (10) and deducing the unknown parameter B from fitting
the curve through one of the data points. As always happens,

B turns out to be of the right magnitude, namely B = 1,3610“4m°

Fig. 7 shows results with test probes 21 and 22, also

aluminium T4, but with a much coarser surface (roughness about

1.2 ym) . Here only one series of measurements exists and the
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data points fit quite well to our curve. Here again B is about
2,5010“4m.

Our results show that it is exceedingly important to
take into account surface waviness in any determination of
the interface characteristics. If this is omitted the theore-
tical curves will fit the data not too well but only a rough
agreement between theory and experiment will result, As
Bhandari has shown one can get excellent numerical predictions

of the heat flow if the statistical theory and the tables

presented here are used correctly.
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1046
9.942

. 9.440

8.977
8¢55C
Bsl54
7.787
T446
71269
6,822
£e35¢€
£.,298
6.056
5.828
5.615
5.414
5.225
5.047
4,878
4,719
$.569
4,426
4,291
4.163
4.041
3.62¢%
3.815



Ca3GEE~-C1
Co42CE~C1
C.447E-C1
Cad4i2E~(C1

C.€€SE-C1
C.TCEE-CT
C.744E-C1
C.7€2E-C1
C.€23E-C1
C.E€5E-C1
C.SCSE-C]
C.552E-C1
C.SSSE-C1
C.1C5E CC
C.1CSE CC
C.114E CC
C.12CE CC
C.125E CC
C.12CE CC
C.12€E CO
C.142E CC
C.147E CC
C.152€ CC
C.15SE CC

'

C.1€¢€E CC

R, (6)

C.15SE~(1
Ca171E~-C1
C.184E-(1
C.lS7E~(1

C.211E-C1

C.22€E-(1
Coc41E-(1
CozEEE~(]
C.27fE-(1
C.262E-(1

Ca211E~C1

C.321E-(C1

C.417E-C1
Ca441E~C1
C.4€6E-C1
C.4S2E=-C1

LS1SE-C]
C.547E-C1
C.575E-C1
C.eCEE-C1
C.e2EE=C]
Co€EEE~C1
0.7€2E-C1
0.72€E~C1
C.771E-C1
C.8CEE~C1
C.845E=C1

T?xb.j[/ib

-

Ay, &)

C.E44E=-C2
C.S13E-(2
C.SETE~(2
C.1CEE-C1
C.115E=C1
C.123E-Cl
C.122E-C1
C.14ZE-C1
0.153E-C1
C.1€4E-C1
C.175E-C1
C.187E-C1
C.2CCE-C1
C.z12E-C1
C.227E-C1
C.242E-(1
C.257E-C1
C.212E-C1
C.29CE-C]

<2CTE-(1
C.22€E=(1

Ce3245E~(1

C.365E-C1
C-285E-(1
C.4C7E-C1
C.43CE~-C1
C.453E~(1
Co477E~(1

A, ()

C.34%E~02
C.3€2E~C2
C-41EE-CZ
C.456E-C2
C-487E~C2
0.241E~CZ2
C.StTE~Ce
C.€37E~C2
C.€SCE=-C2
C.747E-C2
C.8C7E~C2
C.872E-C2
C.54CE~-C2
C.1C1E~Q1
C.l1(SE-C1
C.117E-C1
C.12£6E~G1
C.122E-C1
Co144E~C1
C.124E-C1
C.1€2E-C1
C.17€E-C1
C.188E~C1

C.2C0E-01

C.213E-C1
C.227E-C1
8.241E-C1
C.257E~C1
C.272E-01
C.28SE~C1

‘zhﬂg\

2,158
2,113
2,032
2.554
2.28C
2.8CS
2,742
2,611
2.615
2.556
2,456
2,445
2.352
2.342
2.254
2.248
2.2C3
2,161
z.12¢
2.G8C
2.C42
2.6C5
1.57C
1.53¢
1.5C3
1.871
1.841
1.811
1.783
1.75¢

T (&)

3.710
2.610
3.514
3,423
3.337
3,253
3.174
3.098
3,025
2.956
2.889
2.825
2.763
2.704
2.647
2.593
2.540
2.490
2.442
24395,
2.350
2.307
2,265
2.224
2.186
2.148
2.112
2.077
2.043
2.011



Tab. ft/h

5 AWK AWM AL®  AGY  FL® T
€51 (.17czE CC C,8§4E*c1" C.EC23E=C1 Co2C6E~C1 1.72¢ 1.976
Ce€2 Co19EE C(C CaSz4E~-C1 C.%2%E~CY C.224E-C1 1.7C4 isgéq
Ca%2 ColE5E CC ’CQSéﬁE-Cl «SSEE-C] Co3432E~C1 1:676 1.920
CoS4 C.162F CC C.1C1E (O ,554E-C1 C.3€32E~-C1 1.655 1.891
C.S5 (C.18SF CC C.1CEE (L Ca.€14E-(1 Q.3E83E-C1 1.632 1.8¢4
CaS¢ Co2CéE CL Cel11CE CC Co£44E~C1 (C.4CESF~C1 1.€1C 1.837
CeS7T Ce2lZE CL C.114E CC Co-€318E~(1 (C.427E~-C1 1.5E€ 1.811
CeS8 (o22CE CC QG.11SF CC Q.7C8E=C1 C.451E~=C1 1.5¢8 1.787
0.6 C.zz2iE CC Ca.l24E CC C.T41E-C1 C.475E-CI 1:.548 1.762
1.CC Co.225E CC Co12SE (C Co77¢E~-(1 e ECCE-C1 1.528 1,729



0.01C0O
C.02Q0
0.0300
0.04CQ
€.05C0
0.0600
0.0700
¢-.0800
C.09G0
C.1CCQ
£.1100
C.12CGC
¢.13C0
0.14C0
€.1500
C. 1600
C.17C0
0.18400
0.1900
O.ZOGO
0.2100
€.2200
0.23C0
C.24C0
0.25C0
0.26G0
0.2700
0.280C0
1 0.29C0
€.3000

A, (6)

4
(3

C.3E4E-Ce
C.219E-0Q5
0.6C7E~-0E
C.125E-04
C.220E-04
0.34GE~C4
0.51€6E-04
Q.724E~-C4
0.S78E~04
0.128E~03
C.163E~03
0.2C4E-02
0.251E-02
0.303E-Q3
0.362E-02
0.428E~-C3
C.501E-C?2
C.581E-C2
C.€6GE~C2
C.765E-C2
C.870E-03
C.582E-C3
C.11C0E-02
C.124E-02
C.138E-02
C.153€-02
0.16G9E-02
C.186E-02
0.204E~02
0.224E-02

T?CL¢E1/\
A, (8)

0.23%E-C7
0.1626~C6
C.65€¢E-C¢
0.156£-C5
0+3C6E-C5H
0.532C~C5
C.84%E-C5
C.127E~C4
0.182E-C4
0.281E~-C4
C.33€E~C4
Du43EE~C4h
0.55GE-C4
0.7C2€~C4
0.BEBE-C4
0e1CEE-C3
0.128F-C3
0.152E~C3
C.18CE-C3
C.211F~C3
0.2456-C3
0.283E~-(3
0.326E~-C3
0.372E-(3
0.422E~C3
0.478E~C3
0.528E~-C3
C.6C3E-C3
0.672E~C3
0.746E-C3

%)= Ny (fr0u1)”

A, &)

0.164E-C8
C.187E-C7
0.778E=C7
G.214E-C¢
0.469E=-0€
0.891E~Gé
C.153E-C5
0.24€E~CS
0.373E-C5
0.541E-C5
0.759E~GC5
0.103E~04
0.137E~C4
G.179E~C4
0.229E-C4
0.288E~04

CI5TE-C4
0.438E-04
C.532E-04
0.£39E-C4
0.762E~C4
C.SCLE~C4
0e1C6E-C3
0.123E-C3
C.143E~C3
0.165€-C3
0.189E-C3
0.215E-C3
0.245E-03
0.277E=-03

A B
0.1196-09  402.7
0.163E-C8  200.6
0.S81E-08  133.3
0.311E-07  $9.70
0.762E-07  79.52
0.159E-06  66.07
0.2556-06 56446
0.5C5F-06 49,25
0.8126-06  43.65
0.124E-05  39.16
0.183E-05  35.49
C.260E-05  32.43
0.3596-05  29.84
0.4856-05  27.63
C.641E-05  25.70
0.834E=05  24.02
0.1C7E-04  22.53
0.1356-04  21.21
0.168E-04  20.03
C.2CT7E-04  18.97
0.252E-04  18.01
0.3C5E-04  17.13
0.366E-04  16.33
0.436F=N4 15,60
0.515E-04  14.92
C.605E-04 14430
0.7C6E-04  13.73
0.820E-04  13.19
0.S48E=04  12.69
0.1C9E-03  12.23

FG)

455, 7
2272
151.0
113.0
90.12
T4.89
64,01
55.85
49,50
44,43
40.27
36,81
33.488
31.37
29.19
27.28
25.60
24,11
22.77
21.57
20.48
19,49
18.58
17.75
16.99
16.29
15.63

15.03

14.46
13.94



§

C.31C0
C.3200
C.3300
03400
0.3500
$+36C0
C.37C0
$.3800
C.3900

1.40C0

0.41C0
0.4200
0.43CC
0.44G0
C.45C0
C.4600
C.47G0
0.4800

0.4900"°

¢.5000
0.51C0
05200
0.53C0
0.5400
0.5500
0.5600
C.57CC
€.5800
$.5300Q
0.46000

A, (5

C.244E~C2
C.26€E-C2
0,28GFE~C2
0.314F~02
0.34CE~02
0.367E-02
C.3G8E~-C2
C.425E=-02
0.457E-02
C.450E~02
0.524E-02
0.5¢0E~02
0.5S8E-02
0.628E-02
C.67GE-C2
C.723E-Q2
C.768E-C2
0.815E-02
0.864E~-02
0.915E-C2
C+S¢E8E-02
C.1C2E~C1
C.1C08E-C1
0.114€E-01
C.120E-01
C.127E-01
C-134E-01
0.141FE-C1
C.148F=-C1
0.155E-01

Tab. 0 [2

A6

C.831E-C3
0.91GE~-C3
0.101F=-C2
0ulllbE~(2
0.122E~C2
0.134E-02
0.146E-C2
0.156E~-(2
Ca172E-(C2
0.1E8E-C2
0.2C3E-C2
$.220E~C2
0.237€-02
0.255E-C2
0.275E~-C2
€.265E~C2
0.317E~C2
C.332GE-C2
0.3¢3E-C2
0.388E-C2
C.414E-02
C.442F-C2
C-471E~-C2
0.501E~-C2
0.533E~02
0.5¢6E~C2
0.6C0E-C2
0.636E-C2
O.674E~(2
C.714E~C2

Kf’lz.(g)

0.312E-C3
0.35CE=-C3
0.292E-C3
0.437E-03
0.486E-C3
0.,539E~C3
0.596E~C3
0.&57E-C3
0.723E-C3
0.7S4E~C3
0.87CE~-C3
C.S51E=C3
0.1C4E~C2
0.113E-C2
C.123E-C2
C.133E-C2
0.145E-C2
Cal56E-C2
0.169E-02
0.182E~02
0.1S6E~C2
0.211E-02
0.,227E=C2
0.244E=02
C.261E-C2
0.2B0E-C2
0.299E=C2
0.320E-C2

«342E-02
0.364E=-C2

A, (&

0.125E-03
0.142E-03
0.162E-03
0.183E~03
0.,2C6E-03
0.232E-03
C.260E-03
0,250E~03
0.323E~03
0.356E-03
0,3G68E-03
3.4418-03
0.486--C3
0.525E-77
0.588F~-N3
0.€45E-03
0.7C7£-03
0.772E-03
0.842E-03

C.917E~03

C.GS8E-03
0.1C88-02
C.117E-02
C.127E~02
C»137E-02
0.148E-02
C.160E-02
0.172E-C2
G.186E~02
C.16GE~-02

Fr. (8)

i

11.79
11.38
11,00
10.64
10,30
S.973
G669
5.38C
5,105
8845
8.597
8,361
8,135
7.92C
T1.714
1.517
7.328
1,147
£.974
6.8C7
€646
6,452
£e343
€.200
€.062
£.928
5.8C0°
5.675
5.555
5.438

ey

13.44
12.98
12.55
12.14
11.75
11.39
11.04
10,72
10,40
10,11
9.830
9,562
9,307
9.064
8.831
8,608
8.395
8.190
70994
7.805
7.624
7.449
7.281
7.119
6.963
6.R13
6,667
6.527
6,391
6259



S

0.6100
0.62C0
N.6300
0.64C0
0.6500
0.66CC
£.67C0
C.68C0
€.6900
0.7000
0.71C0
0.,7260
0.73C0
0.7400
0.7500
C.76C0

0.7700

0,78G0
€.7900
€.80G0
C.81C0
€.8200
0.83C0
0.8400
0.8500
0.86C0O
C.87CC
€.88C0
€.89C0
0.90C0

A, ®

0.163E=-C1
0.171E~-01
0.180E-01
0.188E~01
0.167E-01
0.2G7E-01
0.21€E-C1
0.22¢6E-01
0.237€E-01
0.247F-01
0.258E~01
C.27CE~Q1
C.262E~C1
0.2S4E-C1
C.3207€6~01
0.320E-01
0.3234E=-C1
0.348E-C1
C.262E-01
C.371F-C1
C.3S3E-C1
C.4C%E~01
0.426E-01
0.443FE=-01
0.461E-01
C.47SE=C1
C.458E~C1
0.518E-01
0.536E-01
€.560E-01

Tab . W[5

—

A, (8

C.755E-C2
0.7S8E-C2
0.842E=C2
0.889E~C2
C.928E-C2
C.SEHE~C2
0.104E=-C1
C.11CE-(1
0.1156-C1
0.121E-C1
0.1276~C1
0.134E-C1
0.14CE=C1
0.147E-C1
0.154E-C1
0.162E~C1
0.170E~C1
0.178F~C1
0.1E4E-C1
0.165€6-C1
0.2C4E-C1
0.213F-C1
0.222E~C1
0.233E-C1
0.243F-01
0.254E~C1
0.265€-C1
0.27€6E~C1
0.288E-C1
0.3C1E=C1

.Rbhﬁﬁ\

0.388E~C2
Co413E=-C2
C.439E-02
0.467E=C2
CoedS6E=-02
C.526E~02
0.558E~C2
C.5G1E~-C2
0.626E~C2
Co662E=C?
0.7C0E~C2
0.739E~C2
C.7B1E-C2
0.824E~C2
0.869E~C2
C.916E~C2
C.S65E~02
0.102E-C1
0.107E~C1
0.112E-C1
0.118E~C1
0.124E-C1
0.130E~01
C.137E-01
0.144E-C1
0.151E-01
0.158E-C1
0,166E=C1
C.174E-C1
0.182E-C1

ﬁgﬁ?) N X:hKBB

0.214E~02
0.2306-02
0. 246E-02
0.263E-02
0.282E-02
0.201E-02
0.321E-02
0.343E~02
0.365£-02
0.389E-02
0.413E-02
0. 440E-02
0.467E=02
0. 4G6E=02
0. 526E~02
0.558E-07
0.551F=02
0.6256-02
0. €62E-02
0.700E=02
0.740E-02
0.781E-02
0.8256~02
C.870E-02
0.918E-02
0. S68E~02
0.1C26-01
0.107E-01
0.113E-01
0.115E=01

5,326
5.216
5.111
5,008
4,908
4.811
4,717
4.626
4.537
4,451
4,367
4.285
4.205
4,127
4,051
3,977
3.905
3.834
3.766
3.668
3.632
3,563
3.505
3,443
3.383
3.323
3.265
3,208
3,152
3,098

e
NGy

8.132
6.009
5.889
5.773
5.661
5.552



%

0.9100
C.52C0
€.9300
€.9400
€.9500
£.9600

0.5700

§.9800
0.99C0
1.00C0

Ay, 6)

0.582E-01
0.6C5E~Q1
0.628E-01
0.653E-01
C.678E-C1
C.7056-C1
0.732E-01
0.760E-01
0.750E-01
0.821€-01

Tab. T [l

A, (3)

0.314€-C1
0.327F~C1
0.341E-C1
0.385€E-C1
C.37CE~-C1

0.3E€E-(1

0.402E-C1
0.418e-C1
0.435E-C1
0.453E~-C1

Ay, 6

0.150E-C1
C.1$96-0C1
0.209E-C1
0.218E-C1
0.228E-C1
0.238E-01
0.249E-C1
C.260E-C1
C.272E-C1
0.284E-C1

A, ()

0,125E-01

0+ 131F-01)

0.138E~-01
0.145E~01
0.152E-01
0.160E-01
0.168E-01
0.176E~C1
0.1E84E=-C1
0.1G63E-01

Fi, (6

3.044
2,991
2.938
2.887
2.837
2.787
2.738
2.689
2.641
2.5%4

3.565
3.506
3:.448
3,391
3.335
3.280
3.226
3.172
3.119
3.067



§

€.0100
0.0200
0.0300
C.04C0
0.0500
0.C600
C.07C0
0.0800
0.0900
0.10C0
0.1100
€.1200
€.130¢C
0.1400
0.1500
€.1600
C.17C0
0.18C0
0.19C0
£.2000
€.2100
€.2200
0.2300
€.2400
€.2500
€.2600
0.2700
€.28C0
0.2900

- C.300CC

Tab. _l—_\://\ ?L\(g)‘/‘Nq ’M(Tcﬁ}

El/z (5)

0.413E-CS
C.G356-0¢
C.579E-07
0.211E-Cé¢
C.577E-Cé
0.131F-05
0.262E-0F
0.477E-C5
0.809E-05
C.13CE~-C4
0.15SE-04
0.254E=04
0.421E-04
0.587E-C4
G.8CCE~C4
0.107E-032
C.14CE=-03
0.181F-C2
C.23CF-03
0.285E-C3
0.35SE~C3

0.442E-03

0.538E-03
0.650E~-03
0.775E~-C3
C-627E~-C3
C.110E-02
0.12G6E-02
C.150E-C2
C<174E~-C2

Ai(8)

0.2C3E~-1C
C.65CE-CS
0.493E~C8
C.2CEE-CT
C.€24E-CT7
C.158E-CE
C.34CE~-0E
C.€62E-CE
0.116E~C5
C.2C2E~(5
0.325E~C5
0.5C2E-C5
0.748E-(C5
C.1CBE-C4
0.152E-C4
C.210E-C4
0.284E-C4
0.378E~C4
Oe4G4E~C4
0.6237€-C4
0.812E~C4
0.1C2E~C3
C.127€E~-03
0.157E-C3
0.192E-C3
C.234E-C3

0.281€-C3

0.337E~03
C.4C0E~C3
06473E“ca

E dia ({)

C.112E~-11

- S0GE-1C
0.473E-CS
C.230E-CE
C.785E~-C8
C.214E-07
0.49GE~-C7
0.1C4E~-C€
C.1GGE~Cé
0.254E~CE
C.E98E-Q6
0.G64E~Cé
C.150E~C5
0.225E~CS
0.328E-C5

0. 467E~CE

0.651E-C5
C.890E-05
C.120E-C4
C.158E-C4
0.207E=C4
0.267E-04
C.340E~04
0.429E-04
0.535E~C4
0.663E~-C4
C.814E~C4
C.592E-04
C.120E-03
C.144E=03

A (0)

0.677E~-13
C.433E-11
0.493E=10
C.277E-09
C.1C6E-C8
0.3156-08
0.7S5E~08
0.177E~07
0.359E~C7
0. 674E=07
0.119E~06
0.2C1E-06
0.3256-06
0.506E~06
C.765E-06
.112E-05
0.162E-05
0.227€-05
0.314E-05
0.427F=05
0.571E-05
0.754E-05
0.983E~05
0.127E-04
C.162E-04
0.2C4E=04
0.2556-04
0.317E-04
0.3S1E~04
0.478E~04

F%JK)

0-1090E 05
2726
1212,
£81.9
436.6
3C3.3
222.9
170.38
135.C
1G9.4
5Ca43
76.09
64,88
55,99
48.82
42.95
38.09
34.01
30.56
27.62
25.08
22.89
20.97
19.29
17.80
16.49
15.31
14.26
13.32
1247

0.1281F ™

3204,
1424
A01.3
513.0
38604
261.9
200.6
158.6
128.5
10643
89,38
C76.21
65.76
57.3%
50.44
44,72
39.93
35.88
32:42
29.44
26.86
24.61
22:.63
20,89
19.34
17.96
16.73
15.62
14.62



)

0,3100
C.32C0
€.33C0
0-.3400
0.3500
03600
€-3700
€.3800
€-39C0
C-4000
C-41CQ
0.4200
0.4300
C.44C0
C.4500
C.46CQC
0.47C0
0.4800
C+4900
C.50CQ
€.5100
0.5200
0.5300
C.5400
N.5500
0-56CC
C.5700
0.5800
C.59CC
0.6000

a—

A, 5

0.201€E~02
C.231E~02
C.265E-02
G.302E-02
0.343E-02
€C.287E~-C2
0.,436E-02
0-.490E-C2
0.548E-02
0.€612E~-C2
0.681E-C2
0.755E~-C2
0.835E~02
C.522E~-C2
C.1C1F~-Q1
C.111E-01
0.122E-C1
0.134E-01
C.l4€E-Q1
C-156E-01
0.173E-01
0.187€-01
0.203E~01
C.219E=C1
0.2327€E-01
0:.255E~01
0.274E-C1
0.265E-01
C.316E~-C1
0.339€E-01

“ﬁxb.fgfﬂ.

R, (6)

0.555E-C3

0.64GE-C3
0.754E-(3
0.872F-C3
0.1C1E-C2
C.115E~-C2
C.132E-C2
C.15C0E-C2
0.17CE~(2
C»163E~C2
0.217E-02
0.244E~C2
G.273E-C2
C.3CEE-C2
C.34CE-C2
0.378E-(2
C.416E-(2
0.464E~C2
0.512E-C2
C.563E-C2

0.618E~C2

C.676E-C2
0«743E-02
0.81Z2E=~(2
0.885E=(2
0.963E~C2
C.10%E~-(C1
0.114E-C1

0.123E-C1

C.133E~(C1

Asy, (8)

0.172E-C3
C.205E-C3
£.242E~C3
C.284E~-C3

»332E-C3

«387E-C3
Ce44GE-C3
0.518E-C3
0.566E~C3
C.€E82E~C3
C.779E~C3
0.887€E~-C3
0.101E-C2
0.114E~C2
0.128E~Q2
0.144E-C2
Ce162E~-02
C.181E-C2
C.202E-C2
0.224E~C2
C.249E-02
0.27¢E~C2
0.305E~-C2
G.337E~-C2
C.371E~C2
0.4C8E=-C2
0+447E-C2
C.4S0E-C2
0.536E~02
0.585E~C2

S

B, ()

C.580E~C4
C.7ClE-C4
0.841F-04
0.1C0E-03
0.,119E-03
0.141E-03
0.165E~03
0.154E=03
0.226E-03
0.262F-03
0.3C3E-03
0.349F-03
0.,4ClE~-03
C.458F£-03
0.523E-03
0.555E-03
0.674F=-03%
0.763E-03
0.860E-03
0.568E-03
0. 1C9E-02
0.122E-02
0.136E-02
0.151E=02
0. 168E~02
0.187E~02
0.2C76-02
0.229E-02
0.252E-02
0.278E-02

7 6)

11.70
11.01
10.37
9.791
9.26¢
£.772
8.324
7.911
7.529
7.176
6.848
E.543
6.260
5.995
5.748
5.518
5,301
5.099
4,908
4,729
4,560
4,401
4.252
4,110
3.976
3,849
3,729
3,616
3.508

"3.405

F A&

13.72
12.90
12.15
11,47
10.85
10.27
9.748
3,262
B.814
8,398
8.013
72655
7.321
7.010

6,720

6449
6194
5.956
5,732
5,521
5.323
5:136
4.960
4,793
4:636
4486
42345
4,211
4.084
3.963



C.6100
0.62G0
0.63G0
0.64C0
0.6560
0.6600
0.6700
0.6800
0.69C0
0.7000
0.7100
0.7200
C.73C0
0.7400
0.7500
0.76G0
0.7700
C.7800
C.79C0
0.8000
0.81C0
C.8200
C.8300
0.8400
0.8500
0.86C0
C.8700
0.8800
€.89C0
C.50C0

—

Ay, (8)

C.262E-01
0.387€~C1
C.413E-C1
C-.440£-01
0.468E-01
C.498E~C1
0.525E~C1
0.561E~C1
C«564E~01
C.€29E~C1
0.665E-01
0.7C2E-01
C.741E-Q1
0.781F~01
0.823€~01
C.865F-01
C.910E-0Q1
C.955€E-01
C.1G0E €O
0s1CSE CC
0.11C0E 0O
0-.115E 0OC
0.1218 GC
0.12¢6F CO
0.132€ QC
0.137E €O
C.143E CO
0.14SE CO
0.155E 0OC
0.161E QC

Tou'la.‘:‘\ﬁlb

A, )

C.144E-C1

G.155E-C1

0.1676~C1
0.17SE=-C1
C.1S3E-C1
0.207E-C1
0.221E-C1
0.2376-C1
0.253E-C1
C.27CF-C1
0.288E-C1
0.3C7E-C1
C.326E-01
0.347E-C1
0.368E~C1
0.350E-C1
0.414E~-C1
C.438E-C1
C.463E-01
C.48GE-CL
0.517E=Cl
0.545E-01
0.574E-C1
0. ECSE-C1
0.636E-C1
0.66GE-CL
0.7C3E~-C1
0.738E-01
0.774E-C1
0.811E-C1

Ry, (6

0.637E-C2
0.6S3E-C2
0.753E-C2
C.817E~C2
0.885E~C2
0.958E-C2
C.1C3E-C1
C.112E-C1
C.120E-Cl
0.129E-01
0.13SE-C1
C.149E-01
C.16CE-C1
C.172E-C1
C.184E-C1
0.166E~C1
C.2C9E-01
C.222E-01
0.238E-C1
0.254E=C1
C.270E-C1
0.287E-C1
C.3C4E~C1

.222E-C1
C.342E~C1
U.362E-01
C.382E-C1
0.405E=-C1
0.428E-01
C.451E-C1

A, (5

0s306E-02
N.335E-02
0.367E-02
C.402E~-N2
0,439E~-02
0.479E-02
0.522E~02
0.568F~02
0.€17E-02
0.6€9E-02
0.725E-02
0. 784E-02
0.847E-02
0.G615E~02
0.586E-02
0.1C6E-D1
0.114E£-01
0.123E~C1
0.132E-01
0.141E-01
0el51F~Cl
0.162F-01
0.173E~01
C.1E5E-01
0.157E~01
0.210F=-01
Col224F~01
0.239E~01
0.254E~-01
0.269E~01

Y:‘HI?_(& )

3.308
3.215
3.127
3.042
2.962
2.886
2,813
2,743
2.676
2.613
2.552
2.493
2.4317
2.384
2.332
2.283
2,236
2.190
2.147
2,105
2.065
2.026
1.989
1.953
1.918
1.885
1.853
1.822
1.793
1.764

Fidy
§
3.848
3,739
3.63%
3.536
3442
3.351
3.265
3,183
3.104
3,029
2.957
2.888
2.822
2.759
2.698
2,640
2.584
2.530
2:.479
2:429
2.38Y
2.335
2.291
2.248
2.207
2.168

24130

2.093
2.058
2,024



§

0.9100
0.9200
€.9300
€.9400
0.9500
0.9600
2.G7C0
€.98G0
0.9900
1.00CQ

A, ©

0.168¢E
C.174E
C-181€E
0.188E
0.155¢E
0.202E
0.206E
C.216E
0.224E
0.231E

00
€O
ce
cc
ce
co
oe
co
00
oc

Taé._‘-z//q

AL (8Y

0.850e~(C1

0.88%E-C1
0.920E~C1
C.S72E~(1
C.1C2E CC
0.106E (O
C.111F CC
0.115F CC
C.12CE CO
0.125E CQ

) ZX5&XA)

Co476E~C1
0.5C2E~-C1
0.528E~-C1
C.55¢€E~C1
0.585E~C1
G.614E-C1
C.€45E-C1
C.677E~C1
C.710E~C1
Ce744E~C1

A, (5

0-286E~01
0.3C3E-01
0.322E-01
0:341F-01
0.361E~01
0.3281E-01
0.4C3E~01
0« 426E~N01
0s449E~01
0.474E~01

Fiéj)

1.736
1.710
1,684
1.659
1.636
1.613
1.530
1.569
1:548
1.528

1.991
1-959
1.928
1.899
1.870
1.842
1.816
1.790
1.765
1.741



0.01C0
0.02C0
€.0300
€.0400
€.050C
¢.06C0
€.0700
0.0800
C.09CG
€.10C0
C.11C0
0.1200
€.1300
6.1400
0.15C0
C.160CC
0.17C0
C.1800
0.1900
C.2066G0
0.2100
0.22G0
€.2300
€.2400
C.25CC
0.2600
C.27C0
" 2800
€.2900
0.3000

A,®

C.66CF=-CE
C.383E-C5
0.1C8E~C4
C.227E-04
0.4C5E~04
0.652E-04
C.S82E-C4
0.14CE-03
6.152E-03
C.256E=-03
. 332E-C3
0.421E~C2
C.525E~03
0.E45E~C3
C.7683E-C3
0.S3GE-C3
C.112E-02
0.131E-02
0.153E-02
C.178E-02
0.Z05E=02
0.235F=02
0.268E-02
0.3C3E-C2
0.342E-02
C.365E-02
C.431E-C2
0.481E-G2
CEILE-C2
0.552E-02

Talb E/l

B, ®)

C.41CE~CYT
0.227E-Q¢
0.11€E-C5
C-280E-C5
0.5SEE-CH
G.G82E~CE
0,159E~-C4
0.242E~C4
0.352E~C4
0.4G2E~C4
0.667E~C4
0.BE2E-C4
C«114E~C3
0.145E-C3
0.182F~03
0.,225E~(3
C.2795E-C3
0.323E-03
0.3G68E~(3
0.473E~C3
C-557E~(3
C.€52E-(3
C.75GE~C3
0.877E~(3
0.1C1lE-C2
0-115E~-C2
G.121€~C2
0.14GF~-C2
C.168E~C2
0.18G9E~C2

% (§) = Ny ep (-o-17)

A3, ®)

C.28CE~-CE
C.2328E-CT
0.137E~Cé¢
0.38lE-C¢
C.84¢E~CE
C.1&3E~CS
C.28EE~C5
0.462E~0F
C.710E-CE
0.104E-C4
C.148E~C4
C.204E~C4
0.275€~C4

«363E~C4
C.47CE~C4
C.598E~C4
0.752E~C4
CaS34E~C4
C.115E-C3
0.139E-03
0.168E~C3
0.2CLlE~C3
C.23GE~C2
g.281€E~C2
C.33CE~C3
C.284E~C3
C.445E-C3
0.514E~-C3

«5SCE~C3
C.E674E~(3

A(5)

0.203E-05
C.234E-08
0.172E-07
0.5526~C7
0.1376-06
0.288E-C6
0.542E-06
0.S4CE-06
0.153E-05
0.2376-05
0.352E-05
0.5C6E=05
0.7C8E-05
0.SE6TE~05
0.1296-04
0. 170E-04
C.220E-04
0.281E-04
0.354E-C4
0.441E-04
0. 543E-04
0. 664E~04
0.8C5E-C4
C.S68E~04
0.116E-03
0.1376-03
0.1626-03
0. 1S0E~03
0.2226-03
0.2576~03

F;&(és

306.9
1514
GG.65
73.8¢C
58,31
47.99
40.63
35.12
30,34
27,42
24263
22.32
2C. 36
18.69
17.24%
15.98
14.87
13.89
13.01
12.22
11.52
18.88
1C.29

5.761

9.273
8,825
8.413
8,031
T.678
T:349

F &)

347.5
171.7
113.1
83,83
66,28
54,59
46,26
40.01
35,16
31.29
28,13
25,49
23,27
21.37
19,73
18.30
17.04
15,92
14.92
14.03
13.22
12.49
11.83
11.22

"10.67

10,16
9,684
9.248
8,844
8465



§

C.3100
C.32C0
0.2300
0.3400
0.3500
C.3600
0.376G0
€.23800C
€.35C0
0.40C0
€.4100
0. 4200
C.4300
0.44C0
C.45C0
C.46C0
C.4700
C.4800
0.4900
€.500G
0.51CC
0.5200
C.5300
0.5400
C.5500
€.56CC
€.5700
C.580C
£.5900
0.60C0

R, )

C.E54E-02
C.721F-02
0.7$2E-02
C.86GE-02
C.S$SCE-C2
0.104E-C1
0.113E-01
C.1232E-C1
0.122F-01
C.144E-C1
C.156E-C1
0.168E-01
0.181E-01
C.154€-01
C.2CGE-C1
Co224F-C1
C.235E-C1
C.256E-01
C.273E-C1
C.251F-C1
C.210E-01
0.230E-C1
0.351E=C1
0.372E-01
C.365E-01
C-418E-01
C.442E-01
0.467E-01
CG.4S4E-C1
C.521F~01

Tab. V12

A, (%)

C.212E-C2
0.237E-C2
0.2€656-C2
0.2G4E-C2
0.326E-(2
0.3E0E~C2
0.357E-C2
0.437F-02
0.47SE-C2
0.525E-C2
C.573E~(2
0.625E-C2
0.6€1E-C2
0.74GE-C2
C.8C2E-C2
0.86SE-C2
C.G40E-C2
C.1C1E-C1
0.1CSE-C1
0.118E-C1
0.1276-01
C.126E-C1
C.146E-C1
C.15€E-C1
0.167E-C1
0.178E-C1
0.1$CE=C1
0.2C2E-C1
0.21¢6E-C1
C.230E-01

7, 8

C.767E~C3
C.870E~-(C3
0.584E-C3
C.111E-C2
0e«124E~C2
C.13GE-C2
C.156E~C2
C.172E~C2
0.1G2E-C2
C.213E~C2
C.235E~C2
C.26CE-C2
C.28€E-(C2
0.214E-C2
0.344E~C2
G.37¢E-C2
C.41lE~C2
Os44EE~-C2
C.488E~C2
. £30E~C2
C.575E~-C2
C.¢23E-C2
O.€674E~C2
C.728E~C2
0.786E-C2
C.846E~C2
0.911E~C2
0.576E-C2
C.105E~C1
0.113E~-C1

A,(8)

0.268E-03
O.3436-03
C.3S3E~03
0.449E~03
C.510E-C3
0.579E-03
0.£556-03
0.738E~03
0.829E-03
0.930E-03
0. 1C4E=C2
0.116E-02
0.129E-02
0.143E-02
0.15SE-02
0.1756-02
0.1S3E~-C2
0.213E-02
0.234E=C2
0.257E=02
0.281E~02
0.307E-02
0.3356-02
0.366E-02
0.3$8E~02
0.4322E=02
0.469E=02
0.5C8E=02
0.55CE~C2
0.595E-02

Fy, (@

7,044
€.759
£.493
6.243
6,010
5.760
5.584
5.389
5,206
5.033
4,869
4.714
4.567
4,428
4.296
4.170
4.050
3.937
3.828
3.725
3.626
3.532
3.442
3.356
3.273
3.194
3.119
3.046
2.977
2.910

F

()

8,119
T7.793
7-488
7.202
$5.934
6.683
6.446
6.222
6.012
5,812
5.624
5:446
5.277
5.116
4,964
4,819
4,681
4,549
4.424
4.304
4.190
4.081
3.977
3.877
3.781
3.690
3.602
3.518
3.437
3,359



§

0.61C0
. €.62C0
' £.63C0
C.64C0
0.65C0
0.66C0
0.67CC
C.68C0
€. 6900
0.7000

C.71C0

0.7200
0.7360
0.74C0
C.7500
C.76C0
C.77C0
0.7800
0.79CC
€.8000
0.8100
0.82C0
€.8300
€.84CC
€.8500
.86CO
€.870C
C.88C0
€.8900
0.90C0

ﬂ%JS)

0.545E-C1
C.278E~C1

"0.€C8E~-C1

C.E3SE-01
C.e72E-C1
0.7056-C1
C.729E-C1
C.775E-01
C.811E-01
0.84SE-01
C.EETE-01

0.927E-01

C.SEBE-C1
0.101E 00
0.105E CC
C.11CE CO
C.114E ¢C
C.11SE CC
C.124E GC
C.12SE 0O
G.134E 00
0.12S$E OC
C.144E CC
0.14SE CC
C.155F CC
C.160E CO
0.16¢E CC
C.172E €O
0.178E CC

C.184E CC

Tab. V13

A, (%)

C.244E~-C1l
0.25SE~C1
0.275E-C1
G.2G1E-(1
C.3CE8E-C1
0.32¢E~C1
C.3244E-C1
0.3€4E-C1
0.383E-C1
C-4C4E~-C1
C.426E~-C1

C.448E-C1

C.471E-C1
0.4S5E~C1
0.520E-C1
0.544E-C1
0.572E-C1
C.6CCE-CL
0.628E-C1
0.657E-C1
0.688E~(1
0.71SE~C1
0.751E-C1
0.7B4E-C1
C.818F-C1
C.EE2E-C1
0.889E-C(1
C.S26E-C1
0.9€4E-C1
0.1CCE CO

Ao, (8

C.121E-C1
0.1296=-C1
0.1386-C1
C.147E-C1
C.1576-C1
C.168E-01
C.178E-C1
C.1S0E-C1
.202E-C1
0.214E~C1
0.227E-01
0.241E-C1
C.255E-C1
C.270E~-C1
0.285E-C1
C.3C1E-C1
C.218E-C1
C.3356-0C1
0.354E-C1
C.273E-C1
C.392E~C1
0.413E~C1
C.434E~01
0.456E-C1
0.478E-C1
C.502E-C1
0.527E-C1
0.552E=C1

.578E-C1
C.&C5E-C1

R, (8)

C.642E-02
Cs €S3E-02
0.746F-02
0.8C2E-N2
C.862E-02
C.S2€E~C2
C.%S3E~C2
0.,106E~01
0,114E-01
0.,122E-01
C.130E~01
0.13%E-01
C.148E~C1
C.158F~C1
0.168E-01
0.178E-01
0.160E~01
0.2ClE~-C1
C.214E-01
0.226E~01
C.24CE~C1
0.254E~C1
0.269E~01
0.284E~01
C.3C0E-Q1
0.317E-01
0.334E-01
0.352E~C1
0.371E-C1

«361E~C1

R, ()

2.846
2.784

2.725 T

2,668
2.614
2.561
2.51C
2461
2414
2.369
2,325
2.283
2242
2.203
2,145
2.129
2,093
2.059

2.026

1.994
1.563
1.933
1.904
1.876
1.849
1.823
1. 757
1.772
1.748
1.725

3.285
3.213

3144

3.078
3.014
2.953
2:894
2.837
2.782
2,729
2.678
2.628
2.581

2.535

2:.490
2o447
2406
2.365
2.327
2.289
2.252
2.217
2.183
2.150
2,118
2.087
2057
2,028
1.999
1.972



b

0.9100
¢.52C0
€.93CC
C.54CC
¢.95C0
€.5600
C.8700
C.98G0
£.99C0
1.0000

"Ruég)

C.1G6CF
0.1S6E
C.2C2E
C.2CSE
0.215E
0.222E
C.2Z8E
0.235E
0.242F
0,249E

a0
00
co
ac
co
co
co
0c
co
00

Tab. V [k

A 6

0.1C4E
0.1C8E
0.113E
C.117E
0.121E
0.12¢E
C.130F
. 13%E
0.14CE
0.145E

cao
co
(e
Ca
€0
o
€o
€e
CQ
Ga

.ﬁahﬂgs

0.633E-01
C.662E-C1
C.6G62E-C1
0.7123E~C1
0.754E~C1
G.787E=~C1
C.821E~C1
Ce855E~C1
0.851E~C1
C.S$28E~C1

.

R

0.411€-01
0.433E~01
0.455E-01
0.478E-01
0.5C1E=01
0.526E=01
0.552E=01
0.578E~01
0.6C6E=01
0.634E=-01

F, ()

1.703
1.681
1.66C
1.639
1.619
1.600
1.581
1.563
1.545
1.528

1.945
1.91%
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IITI. LARGE SCALE ELASTIC DEFORMATIONS OF IUTERFACES

1, Introduction

In the theories described in the previous chapters large
scale deformations of the interfaces have been neglected.
This is probably a good approximation, as long as thick cylin-
ders of small cross section are considered, which are used in
present experiments. In most applications one deals, however,
with very large and relatively thin surfaces. These surfaces
will undergo large scale elastic deformations, which can not
easily be described by the theories discussed before. A possible
method of incorporating these effects would be the choice of
a pressure dependent height distribution. Due to such effects
one expects significant differences between the result obtained
in standard measurements of thermal joint conductance and

actual applications.



2) Phenomenological Theory of Larde Scale Deformations

When two large and thin plates are pressed together

(pressure p) a situation results as shown in Fig. 1.

Fig. 1

Fig. 2

In A and C there will be two macro-contact points, each
consisting of many (inelastically) deformed asperities. These
asperities are the ones which are measured with the help of
profile readers and the theory of contact conductance deals
mainly with the microscopic situation shown in Fig. 2. At low

pressures there will generally be three such macro-contact



points for any given interface.

If the pressure is increased, however, a further macro-
scopic contact point will suddenly develop at B (Fig. 1),
due to an elastic deformation of the interface. This large
scale deformation has not been taken into account in any
existing theory of interfacial thermal conductivity. Only
the (mostly inelastic) deformations of the microscopic asperi-
ties shown in Fig. 2 have been considered hitherto.

To estimate the influence of these effects we shall
develop several simple models of the macroscopic features of
the contact. These models will alternatively describe the
deformations of thin plates or of elastically deformed infini-
tely thick bodies. All the models used here are derived from
examples contained in Landau-Lifschitz, Theory of Elasticity,
Veol. 7.

Consider first a thin plate (thickness d) which is sup-
ported at the points A and B (Fig. 1) . When the pressure p is

applied uniformly the plate will bend as shown in Fig. 3.




Approximating the two supporting macro-contacts by a

circle of radius R - where we assume the plate to be supported

~ we obtain for the amplitude T of the deformation

-~ 2
o= 3R = 0%)  pu o4 (1)
16h3E

where o is the Poisson constant and E the Young modul of the
material. Thus

R _ % 4
i

3

ot

1
1-0%

=i

(2)

We can consider this to be an equation for the average .

distance (R) of macro-contact points as a function of pressure.

T is a measure of the surface waviness. Since the number of

contact points N is proportional to R"2 we have

N « p+1/2 (3)

The fluctuations of the heat flow are

A0 (4)
Qg

A 10.000 fold increase in the pressure will therefore increase

the "thermal reliability" of the interface only by a factor 10C.



Ut

In the limit of an infinitely thick plate the analysis

proceeds similarly. The final result is

(5}

gl

_pl 1
R—-TZ/W

Thus the fluctuations become

(6)

Depending on the thickness of the plate we obtain therefore
different power laws (4) or (6) resp. For samples which are
of about equal diameter and thickness (as is the case in
Bhandari's experiment [1]) an intermediate power law

2 - p /3 (7)
can be used, which agrees well with Bhandari's experiment.

The heat flow Q can be calculated in a similar manner.
Since the considerations given here are only qualitative ideas
we shall not attempt to determine numerical constants accura-
tely, but concentrate only on the pressure dependence of the
heat flow.

We have seen that the average distance between macroscopic

asperities is



-1/n 1/m

(8)

il

n=2=2,m 1 for infinitely thick, n = 3, m = 2 for average,

n=4,m 4 for thin plates. The force F on one macro-con -

tact point is

F = pf/N

Fan
W
gy F

(f is the total interface area, N the number of macro-ccontact
points). This force F will be proportional to the area of the
macro-contact point (radius r)

F = pf/N « r? {10)
The total heat flow Q through the interface is then

Q=Nrxr « /pfN {11)

The number N of contact points is in turn given by

or

Q « £ /p/R2 {(13)



Therefore we obtain finally, inserting (8)

For plates of average thickness (n = 3, m = 2} this bocomes
q « p0983 T—‘l/z {j_s')

This is very similar to the law suggested by Tien [2]. For
thin plates (m = 4, n = 4) we obtain, however,

— o
0.75 P 0.25

g <P (16)

Only a very weak dependence on the waviness of the surface

described by T results in this case.



3. Conclusion

The approach suggested here promises to be a successful
tool for the predictions of the thermal joint conductance in
actual engineering applications. To supplement it we should
like to suggest the (commercial) development of a measuring
device for thermal joint conductance along the following

lines (Fig. 4).

A4

i permanent
sample S /////////b part

— .
>/
sample
permanent
part
a) Standard device b) New device

for the measurement of

interfacial thermal conductivity.

Fig. 4



In a standard apparatus (Fig,., 4a) for the measurement
of the thermal joint conductance thick samples are used. The
thermo-couples for the determination of the temperatufe gradi-
ent are applied to these samples. This is a very tedious task,
which has to be repeated for each individual measurement.

.The new device suggested here should be constructed as
shown in Fig. 4b. The thermo-couples should be attached ta
two cylinders, which are a permanent part of the apparatus.
This task can, therefore, be performed with high accuracy by
the manufacturers.

The surfaces which are of interest are the glued or
soldered in such a manner to the cylinders that (almost) no
resistance arises at these interfaces. (The best method for
this will have to be determined experimentally). Then a number
of samples - 3 to 5 - is inserted between the two surfaces
obtained in this way, so that the total number of interfaces
rises to 4 - 6. This increases the interface resistance and
makes it more easily measurable and, at the same time, reduces
the fluctuations greatly. Thus one measurement is sufficient
to determine the average thermal conductance of a small surface
sample and no repeated measurements are necessary.

Then the theory outlined above is applied in order to
arrive at values for the resistance of the large surfaces

used in the actual application.



10

We consider the combined experimental-theoretical method

described above to be the most pramising new development as

far as actual engineering applications involving interfacial

thermal conductivity are concerned.
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CRYSTAL GROWTH AT ZEROC GRAVITY CONDITIONS

R. Folk, R. Sexl

This report contains a survey of the theoretical literature
on crystal growth with special emphasis on the changes which
are to be expected when the crystal is grown under zero gravity

conditions.



I. Nucleation

Before a crystal can grow from vapour, solution or melt
nucleation must have taken place. Homogeneous nucleation occurs
without the aid of catalysis by other particles, e.g. gaseous
ions, impurities, suspended solids, etc., which are said to
produce heterogeneous nucleation. We will consider here only
homogeneous nucleation, following Gerlach [1]. The process of
nucleation is described by addition or loss of singlé atoms
to a cluster of atoms. Collision between clusters are highly
improbable so that bimolecular reactions are an adequate
description of the kinetics. To find the distribution of
clusters of various size we have to solve the following diffe-

rential difference equations:

le E E
== = Q(t) - a,N, + B, N, - o N+ 8 N
dt 171 22 m=1 mm mep Wm
(1)

de
& = Ome1Fp-r T o T BRI N F B N for m 2 2
where t = time,

T = temperature,

Nl(T,t) = concentration of single atoms of the nucleating
component,

Nm(Nl’T’t) = concentration of clusters containing m atoms,



am(NlT) = reaction rate constant for growth of a cluster
from size m to m+l,
sm(T) = reaction rate constant for decay of a cluster
from size m to m-1

Q(t) = rate of addition of single atoms to the system.

It may be shown that the o_ are proportional to N, if the

1

nucleating phase is a dilute solution or is a gas. On the

m

other hand the growth rate constants are independent of Ny

for nucleation of a phase from a pure liquid. We are interested
in the rate of nucleation, which is defined as the net rate

at which critical nuclei grow to the next larger size. The
critical nucleus is defined as the cluster of such a size

that the Gibbs free energy of formation, AG, has a maximum.

From [2]

4nr3
f—1 2
AG 4mrs + 3 AGV ’

where ¥ = ¢ %ﬁm radius of cluster with m atoms,
8 = volume of atom,
AGV = Gibbs free energy difference per unit volume,

y = specific interfacial free energy,

we get, upcn maximizing with respect to r or m, the free energy

of formation of a critical nucleus at rest.

3
AG = igilm (2)

C
2



To find the rate of nucleation we assume steady state
conditions (after sufficient time) in which the net rate of
growth of clusters of one size to the next larger size is
the same for clusters of all sizes up tc and including the
critical cluster size. The net rate of growth of clusters of

size m to mt+l may be denoted by I, so that

I =oa N - B

m mm m+1Nm+l =1 (3)

for all m < ¢ at steady state conditions.

At dynamical equilibrium (Im = 0) we have

N

e
m
e
Nm--l 8
We assume that small deviations of the am‘s and Bm's from

their equilibrium values may be neglected such that we may

write

= (4)

and, inserting (4) in (3), we get

Ny
In = op [y - g@mﬂ Ny d (5]

m+l

Solving this equation (5) gives the exact steady state solution

of our problem, which is



Z, (6)

where Zc is called the nonequilibrium factor.
Z, can only be evaluated in some special cases. First we

consider the case Bm >> B for m = ¢, which is called the

mtl
case of rapidly increasing stability nucleation. Then we get

from (6)
I =a N (7)

Equation (7) states that the steady state nucleation rate for
the case of rapidly increasing stability equals the rate of
growth of the pseudoequilibrium concentration of critical
nuclei. Inserting in (7) for o, and Ni we will see that we

get the nucleation rate derived by Volmer and Weber. When we

set
e —AGc/kT
Nc = N1 e (8)
a, = Ac w (9)
where Ac = cross section of the critical nucleus,

w frequency factor of impingement,

{7) becomes [2]



R 167y 3
"AGc/kT , 3ﬁG5kT
va = Ac w Nl e = g 4ﬁrc N1 e

From this it follows that in the case of rapidly increasing
stability nucleation there exists dynamical equilibrium bet-
ween the critical nuclei and the smaller nuclei. Tt is seen
that Zq describes the deviation from dynamical equilibrium.

In the second case we assume B R Binel for m ~ ¢ which
is called slowly increasing stability nucleation. By evaluating
Zc under these assumptions, we get an approximate egquation for
the nucleation rate

1/2
e W
I=oa, N () ' (11)
dzAGm
where w = - 3 ( ) p=c
dm2
Inserting for AGm gives
AG
W= - —C
3c¢?
and
( W )1/2 _ SZAG‘v
kT 1/2

81y (ykT)

which is the nonequilibrium factor derived by Becker and

DSring. The nucleation rate becomes [2]



2
Q AGv

I = I ° (12)
BD 8ny(ykT)l/2 W

The physical significance of rapidly oxr siowly increasing
stability nucleation is seen by combining (4} with

AGm

N =n e KT | (13)

where AG is the Gibbs free energy of formation of a cluster
of m atoms.

It is found that rapidly increasing stability nucleation
occurs in the nucleation of small critical nuclei at low
temperatures, whereas the slowly increasing stability nuclea-
tion will involve larger critical nuclei at higher temperatures.
The process of clustering itself is described by the phenomeno-
logical constants e Several physical situations may be

described by formulae (6), (7) or (11). For instance let

Nz = N? e kT P
and ~ ﬁEﬁ
a, = Nl e kT 7

where AGd is the free energy of activation for a surface
diffusion jump.

We get an expression of the form that has been derived



by Walton [3] for the heterogeneous nucleation of atoms on

a surface:

-(AG, + AG_ ) /kT
1 = yStl d c

w 1 (14).



I1. Molecular Kinetic Theories of Crvstal Growth

We will briefly sketch the models of crystal growth con-
sidered here. The simplest situation is given by an ideal
rough surface where atoms are added singly. A perfect singular
surface, which has no preferred growth sites, needs two
dimensional nucleaticon for growing. On an imperfect singular
interface growth takes place at screwdislocations. We will
treat here crystal growth from solution and only give short
hint%w,where there are differences from growth of crystals
from‘vapour or melt [5].

1) Growth of a rough surface [4]

The driving force of solidification is the difference
of the free energy AG between the two phases. It is a function
of supersaturation in the case of growing from vapour or
solution and temperature difference to the melting temperature

in the case of growing from melt.

AG = 1 k T 1In ¢

i

where i = number of ions formed from one molecule of solute,

supersaturation; actual concentration (or vapour

Qa
il

pressure) deviated by the eguilibrium concentration

{(pressure)



In the case of melt growth

AG = L ~ TAS

which becomes

AG:’Q“‘I‘:‘; L 7

where L latent heat,

Lo
m

H

melting temperature,

AS = change of entropy.

' The free energy of a particle can be represented by a

distribution like Fig. 1

Fig. 1

AGdeads is the activation free energy for leaving the surface,

and AG;

kink is the activation free energy for entering the kink

directly from solution.
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It is now assumed that the process determining the growth
rate is the integration of a growth unit into the kink and
not diffusion in the solution. This can be obtained by growth
in a perfectly stirred solution. Diffusion controlled growth
will be discussed lateron.

The velocity R of the growing interface is determined
in this case by the net exchange Q from solution to crystal

and the intermolecular spacing a.

R=0Q a (15)

The exchange rate (the flux per second through an area A2)

may be written

AGEY, . AG
.. kT - kink _ _ deads
Q = 5 expl T } exp{ T } (16)
If we insert the relation
. - ]
AG = 8Gyeaas 8Cp i nk (17)
we get
%
o AC yink _ G
R=a3§$e KT (1 -e ¥y
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In crystal growth from melt, it is assumed that the free
energy for entering a growth site AGikink is not much diffe-
rent from the free energy for making a diffusion jump in the
melt, and that the exponential factor may be expressed by the
diffusion constant. In the solidification process from
solution this assumption is certainly not valid because
desolvation processes may be regquired before the integration
can take place.

2) Two dimensional nucleation growth [4,2,6]

On a perfectly singular surface growth units coming out
of the solution (vapour or melt) do not find any place of
sufficient attraction. If there are two dimensional nuclei
on the surface their ledges act as growth sites for molecules
which are absorbed on the surface and diffuse in the absorption
layer or which enter the ledge directly from the solution.
As the considerations of Bennema [7]1, which are discussed
later, show, surface diffusion can play an essential role in
crystal growth from solution.

The rate of growth is deduced from the nucleation rate
I and the growth of these two dimensional nuclei. We have to
distinguish between two cases. In the first case the nucleation
rate is growth limiting. That means the time between two
consecutive nucleations on the crystal surface is much larger
than the time required to cover all the surface. Then the

growth velocity is given by
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R=221I |, (19)

where & is the height of the nucleus.

In the other case the growth rate of the nuclei is the
growth velocity determining part. The growth rate can be
evaluated by considering the area which is covered by the
nuclei as function of time. This area is proporticnal to the
third power of time. An approximation neglecting overlapping
and the fact that new nuclei start in the time the new layer
is covered gives the formula

R s 2 {wRé 1}1/3 ; (20)

where Ry is the growth rate of a nucleus.

The problem left now is to calculate the nucleation rate,
but we have considered this problem in the first part. We
take the formula of Volmer Weber (10) because it is assumed
that there are only small nuclei on the surface required and

the temperatures are not too high.
J=A_ uwNo (21)
(22)

where NS are the number of sites for nuclei.
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=9 . -
w = 2 : Ac 2nrcl ' (23)
so that AGc
21r _2Q -
I =8 —S - o KT | (21a)
S AZ

The same considerations as in part I give

r, = v/ AG {24)

AG, = T2y2/AG (25)

With this we get the two growth rates

AG}

kink - mey2

21N _ye? - _ kT - el

R= 0] = ——"e kT e kT (L& 3 e AGKT

432 AG
(26)
and AG 2
- 23 Ly
kT -2 173
- 2 1/3 2,1 = e 2 AGKT
R Z{WRN I} v {T (*M~Ka-~w) e } ’

where we have inserted for Ry the formula (18).

Because of the smallness of the nuclei involved (they
may not be larger than 3 atoms) it is troublesome to use the
macroscopic surface energy to compute the free energy of
formation. Therefore it is desirable to obtain an expression
for the nucleation rate which avoids those macroscopic quan-

tities. This has been done by Walton [3]. He calculated the
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equilibrium cluster concentration by minimizing the partition
function. The size of the critical cluster must be evaluated
by a trial and error analysis which is possible because of
the small number of atoms involved. Using formula (7) with

3 (AG = AG _4:ee) /KT
o = Ac st e deads sdiff ) (28)

where Ac = cross section of critical nucleus,
13
%w = rate of absorption of molecules at the surface,
AGdeads = enerqgy of absorption on the surface,

AGsdiff = enerqgy of surface diffusion,
S = mean spacing between two sites for nucleation

gives the nucleation rate.

Q'Sz)c e(CAGdeads

AV

1 + AEC)/kT
Nc-—*"z (
s

’ (29)

where v is the vibration frequency kT/h,
AE, = energy of formation of a critical cluster.

Q' can be calculated in the same way as Q, giving

.AGdeads AG

kT KT

0! T e [1 - e (30)

Inserting all these quantities into formulae (19) or (20)

gives the two linear growth rates.
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In the first case

R~ [1 - e ] ; (31)
and in the second case
- %% c/3+1
R~ [1 -~ e 1 (32)

3) Surface diffusion model of Burton et al [8], [7]

At low supersaturations the probability for two dimensional
nucleation is very low. Therefore there must be other sources
for crystal growth observed at this low supersaturations.
Thermal fluctuations produce in a low index plane no steps un-
less its temperature is close to the melting point. Steps
therefore cannot account for crystal growth from solution in
the case considered. Burton et al. proposed that screw dis-
locations act as sinks for growth units and the growth proceeds
by rotation of these screw dislocations.

The theory of this mechanism was originally developed by
Burton et al. [8] for crystal growth from vapour. Bennema [7]
showed that the spiral growth by surface diffusion is important
also in solidification from solution. This can be seen by the

following arguments.
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In principal the growth unit can enter directly from the
bulk of the solution into the kinks of the steps of the spirals
(this is assumed in the volume diffusion model discussed in
the next section) or it can first enter the surface phase or
absorption layer and then diffuse along the surface and possibly
along the step to the kinks. Fig. 2 shows the free energies

of all the processes mentioned.

. solution

kink o

FigO 2

AGdeads = activation energy for leaving the surface layer,
AG3an = dehydration energy for entering the surface layer,
AGdiff = activation energy for making a diffusion jump,
AGkink = activation energy for entering the kink.

Fig. 1 shows the case of the volume diffusion model.
It is now highly probable that the integration process
of growth units directly from solution into the kinks is a

more complicated process than entering the absorption layer,
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because the growth unit must be desolvated more completely

in the first case and the growth unit must be in a highly
ordered state for the integration process. From this it can
be seen, by comparing the growth rate predicted by the volume
diffusion model with the surface diffusion model, that, for
the range of supersaturation considered, the surface diffusion
model gives the faster growth rate. Because of the assumption
that AGaends AGsdiff’ which seems a reasonable quality of
the absorption layer, it may be possible that, although the
diffusion in the surface layer is much slower than in the

bulk solution, the surface diffusion mechanism gives the
fastest growth rate. The growth rate is found in the following
way. First the growth of a step in which a thermal fluctuation
produces kinks is considered. This is done by solving a
diffusion equation which connects the surface current with a
current from vapour. It is assumed that the movement of the
step can be neglected. Then a parallel sequence of steps with
distance Y, is considered. From this the growth of the steps
of the spiral can be evaluated by calculating Y, for a spiral.
This spiral winds itself up until the curvature at the centre
reaches the value of the critical radius (the radius of the
critical nucleus at the qiven“supersaturation). From all this
w, the angular velocity of the spiral, is evaluated. The growth

rate then becomes
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R = 5= ¢ (33)

where a is the heiqht of the step of the spiral.

By inserting for w, we finally get the growth rate

g? c1
R =(C -~ = tanh -— . (34)
o o
1
where
P 2
c B o DS Bso a/ %s d

0

and where 8 is a factor which takes into account that there

is no equilibrium surface concentration near the kink so that

o = (1—-B) o© ;
where O is the concentration near the kink. c, is a factor
which takes into account that the mean diffusion distance Ry
is not much greater than the distance x  between two kinks.
DS = diffusion constant of growth in absorption layer of a
crystal face,
n o= number of growth units in the surface layer per unit

area,
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Q = volume of a growth unit in the crystal,

edge free energy of a growth unit in a step,

<
|

e = a measure for the number of interacting growth spirals
of a domination group of spirals,

B, Ds’ co, xs, nSo can be expressed in terms of the energies

AG AG AG AGdeh [9] by using Eyring's one

kink’ sdiff’ deads’

particle kinetical formalism.,

4) Volume diffusion model of Burton et al. [8] and Chernov [10]

If we assume that the flux of absorbed growth units on
the surface layer can be neglected, the direct flux of growth
units from solution to kink is growth determining. As was
done in the surface diffusion model, a parallel sequence of
equidistant steps is considered. The distance then is taken
from a spiral. The task is to solve a diffusion equation in

the domain shown in Fig. 3

Y, is the distance between two steps. § is the thickness of

the unstirred layer. It is assumed that in this layer no
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convection takes place.

The difference between the models of Burton et al. and
Chernov lies in the assumption of Chernov that the steps are
linear continuous sinks whereas Burton et al. take into
account that the kinks are separated.

Chernov obtains the following expression for R

g ¢

= kT 2 Ba €. sinh 7171t
R = e:a(Y ) B Cy © [1 + 5 ln(Oa sinh Gc)] (35)
Burton et al. obtain
. ‘ 2BAT {8~y ) y
_ 27 A kT 2 0 BA 2oy -1
R = ¢ Toan 8 D No Q(Y ) o1 + %y + 2 " in % |
0 0“0 [¢] (o]
(36)
_ 4dvya _ 19vya
where Gc T ekT$6 ’ Yo ¥ TkTq '

N
0

number of growth units in solution per unit volume,
Cg = concentration at the saturation point,
and all other quantities have the same meaning as in (34).

It is seen that in the volume diffusion model the growth
rate depends on the thickness of the diffusion layer §, which
has to be calculated from hydrodynamics. Convection may alter
the growth velocity. All other models discussed above are in-

sensitive to convection. It should be mentioned that the spiral

growth mechanism applies to crystal growth from melt also.
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The only difference is that we have to calculate a heat con-
ducting problem instead of a diffusion problem. Chernov [10]

has derived a similar expression to (35) for this case.

5) Dislocationless growth of crystals [1i]

The kinetic growth mechanism in sections 3 and 4 was
based on the assumption that there are screw dislocations
as continuous sources of steps and thus as sinks for growth
sites. Distler and Zvyagin guestioned the general validity
of spiral growth at low supersaturation (or supercooling).
They suppose that there exist active local centers with a
long rénge effect on the solid surface. These active centers
should be surface defects (vacancies interstitial and impurity
atoms possessing more free energy than the neighboring per-
fect areas of the surface). The screw dislocations are not in
thermodynamical eguilibrium, while pointdefects are in equi-

librium and are invariably present in all crystals.



III. Diffusion Controlled Growth

In Part II we have considered crystal growth from solution,
where the attachment kinetic is the rate determining process.
It is not sufficient in any case, however, to consider only
the molecular process and not the transport of solute in the
solution. In general the concentration and temperature fields
in the solution will determine the uniformity of the growth
process. That means the shape of the interface of the crystal
depends on concentration and temperature fields. Instabilities,
such as dentritic growth, cell formation, segregation and
inclusion of mother liquid can occur when certain conditions

are fulfilled.

1) Growth rate [12]

A simple solute balance, neglecting solute capture by the
advancing surface, gives the linear growth rate on a plane
interface

' (37)

where p = density of the solid,

D = diffusion constant,
(%%)X=O = concentration gradient normal to the interface

evaluated at the interface.
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In crystal growth from a supercooled melt instead of a

solute balance we have to make an heat balance which leads to

1 3Ts BTL
BR=g Klgg =0 = ¥0l% =0 (38)

g
oy
®
(2]
0
0
t
{

= indices for solid resp. liquid,

K = thermal conductivities,

(.
il

latent heat,

s

temperature gradient.

The concentration gradient can now be expressed by

(39) =5 I
ax’ x=0 2

where Cs = concentration at the source,

C

T concentration at interface,

distance from source,

If there is now stirring or convection the concentration
gradient in the solution is reduced and the driving force is
only the concentration gradient in the stagnant layer of

thickness § before the interface. Then

(ES CS - CI
ax’ x=0 )
and
R=2 (c -c.) (39)
o8 S I



24

In general C. equals not the equilibrium concentration

I
at the given temperature but is something higher so that the
molecular kinetic process is driven.

We express the linear growth rate, after Brice [4], by

R=2a (c; -c) , (40)

where Ce is the equilibrium concentration, and the constants

A and n depend on the growth mechanism. They can be obtained
from part II by inserting for AG and evaluating the expressions,
neglecting terms of the order %c. Only in the case of the

surface nucleation mechanism is A alsc a function of CI - C’e°

2) The stability of a planar interface

The velocity of the crystal interface depends on the
diffusion field in solution growth or the temperature field
in melt growth. Till now we have studied only the growth of
planar interfaces, but there may be perturbations like bumps
or depressibnse These bumps are thought to be the origin of
dentrites. The theory of the stability of a planar interface
(or spherical particle, cylinder, parabola etc.) investigates
the growth or dissolution of such perturbations.

A first criterium for stability was given by Mullins and
Sekerka [13]. Thex analyzed the growth of a particle from
solution or melt, By solving the Laplace equation under the

growth determining boundary values they found that only
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particles up to a critical size grow with stable shapes. But
oo many simplifying assumptions have been made. Only the
effect of the surface free energy on the boundary condition,
which is a stabilizing effect, has been introduced. In this

case the interface concentration becomes

C;=C_ +C,TK , (41)

= X8
I'= 15

= gurface free enerqgy,

where is the capillary constant,

-
|

¢ = molar volume,
K = curvature of the perturbated surface,

C, = equilibrium concentration.

If there is surface diffusion, as considered by Coriell and
Parker [14] the same stabilizing effect as before (curvature)
drives the surface flow from a bump to a flat region on the
surface. This makes the original shape more stable. The

surface flux is related to the curxrvature by

where Ds = surface diffusion constant.
Another effective shape stabilizer is interface kinetics.

For a long time it was assumed that at the interface we have
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local eguilibrium (41). As mentioned in part III 1) the
deviation from the equilibrium value drives the molecular
kinetic process. Interface kinetics becomes important if the
kinetic coefficient A is very low. This is clear because then
the integration process is the slowest part in the whole
crystal growth process. Connecting (37) and (40) with the
boundary condition shows that sluggish kinetics can enhance
stability [15, 161].

Recently Brice [17] has discussed another criterion for
stability of a crystal interface during growth. He uses the
criterion that the gradient of the growth rate at the inter-
face shall be negative so that a bump grows more slowly and
a depression more rapidly than the rest of the interface.
That means

Lo (43)
From this a stability criterion can easily be derived for
solution, melt and wvapour growth by inserting for R. In all
these stability criteria many uncertain material parameter
are involved and only insufficient data are available to test
the relations thouroughly. Another important factor influencing
stability has been neglected till now. This is the influence

of convective flow.
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3) Convection in crystal growth

In crystal growth from an ggqueous solution, convection
increases the rate of solute transported to the growing crystal
and so increases the growth velocity. Moreover, in stagnant
solutions imperfect face development may be caused by the
effect of exhaustion of supersaturation and development of
starvation conditions. Depressions overgrowth and so inclusion
of mother liquor may occur. But also in stirred solutions
occlusion of mother liquor occurs [18]. This is explained by
the formation of instabilities of the flat crystal face. If
the supersaturation exceeds a critical limit appropriate to
the particular face,6agitation (convection) and temperature,
it is thought that variations in concentrations cause the flat
interface to break down. By overgrowth of such instabilities
mother liquor is included in the crystal.

In crystal growth from melt, impurity (dopant) inhomo-
genities can be observed [19, 20]. These inhomogenities in
the form of striations perpendicular to the growth direction
are caused by chgnges in the growth rate, which in turn are
caused by temperature fluctuations in the melt [21 - 23],
Instability of the liquid due to natural convection is thought
to be cause of these fluctuations. Theary has to predict the
onset of this instability in systems which are appropriate to
the growth system. Systems for which attention must be paid

to convective instability arise, for instance, in the Czochralski
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or in the floating zone techniques.

a) Natural convection induced by gravity

A well known phenomenon is the onset of natural con-
vection in liquid layers heated from below. Such a configura-
tion is‘instable‘againgt little disturbances in the fluid
velocity. After a critical value of the temperature gradient
is exceeded the hotter liquid begins to rise and the colder
begins to sink. A cellular pattern can be observed in the
fluid. Consider a horizontal infinitely extended system bet-
ween two boundaries [24]. The critical Rayleigh parameter
for this system is calculated in the following way:

The continuity, impulse. and energy equations are linearized
in the velocity and temperature disturbance. Buoyéncy effects

are taken into account in the force term only by setting

{

P po(l - BGz), where 8 = volume expansion coefficient,

G

b

temperature gradient in the undisturbed system.

Separation of variables lead to a system of differential
equations whose solutions must be specified by boundary con-
ditions. There may be two free, two rigid or one rigid and

one free boundaries. They may have zero, finite or infinite
conductivity. A system of algebraic equations for the coeffi-
cients of the linear independent solution is then obtained.
The determinant of the system has to be zero and so the
Rayleigh parameter is obtained as a function of the wavelength

of disturbance and the thermal boundary condition.
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The Rayleigh parameter is defined as

R = EEAEEE (44)

a av

where g = gravity acceleration,
AT = temperature difference,

L

characteristic length of the system,

!

o thermal diffusivity,

v

= viscosity.
The critical Rayleigh parameter is the minimum of all para-
meters for the various wavelengths. Table 1 gives the critical

parameters for some cases

]
% Both free [ 20] 657.5
Z Both rigid [20] isothermal 1707 .8
; One rigid, one free [20] 1100.7
| Both rigid [25] finite 720
% conductivity

Table 1

We see that finite conductivity enhances instability. Another
important effect on stability is produced by rotation of the

system (in the Csochralski method for instance). The same
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procedure as above gives the critical Rayieigh parameter as

a function of the Taylor number T

LY (45)

where Q@ = angular velocity.

A new and very important feature of the problem arises
because of the possibility of the onset of natural convection
as overstability. That means the fluid motion sets in as
periodic oscillations. These oscillations produce the stria-
tions in the crystal [26].

It can be seen that the critical parameter for the onset
of overstability is always less than that for stationary con-
vection. But the minimum value of the Rayleigh number for the
onset of‘either of the two forms of convection is a function
of the Prandtl number and the Taylor number. For very low
Prandtl numbers (as it is the case for metal melts) it can be
said that there exists a Taylor number above which convection

sets in in the overstable mode.

The onset of convection may not only be induced by thermal

but alsc by concentration gradients [27]. In such a case,
overstability results because the diffusivity of heat is
usually much greater than the diffusivity of solute. For in-
stability produced by concentration gradients alone the re-

sponsible parameter is:
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3

where AC = concentration difference,

9

it

change of volume with content of solute,

i

D diffusion coefficient.

If we have both gradients the condition for stability is

Ra

Ra s
+ < 1 R (47)
Rac Rasc

In liguid metals very low concentration gradients may lead to
overstability. These very low gradients may be produced by
the Soreteffect [28]; as Hurle et al. have recently shown.

b) Natural convection induced by surface tension

Investigations of flow instabilities in liquid films have
shown that there is onset of convection even when the system
should be thermally stable. This was explained by Pearson
[29], who analyzed the stability of a liquid system as mentioned
in part aj) with temperature dependent surface tension. Tem-
perature differences lead to different surface tensions and
fluid flow from parts of low to higher surface tension. As
before, convection sets in when a critical parameter, the

Maragoni number, is exceeded. The Maragoni number is defined by

M = . (48)



(98]
h

where S = change of surface tension with temperature.
The same analysis can be done for variation of surface tension

with concentration. Then the parameter is

S'ACL ;
MS = "‘5;)‘“"— 7 (49)
where S' = change of surface tension with temperature.

Contrary to the results in the case of gravity driven in-
stability, in this case rotation does not lead to overstable

modes of convection [30].



Conclusion

In the preceding chapters we have studied the various
aspects of crystal growth. First there is the molecular
kinetic process itself. The driving force is the supersatura-
tion or temperature difference from the melting point imme-
diately at the crystal surface. The law is found by con-
sideration of statistical mechanics which gives rates or
densities that are related to the energies involved in the
atomic process. This shows that there should be no effect
of zero gravity on the molecular kinetic process of crystalr
growth.

The second phase of crystal growth is the transport of
growth units to the growing surface through the solution,
melt or vapour. Various processes contribute to the transport:
diffusion, convection and thermodiffusion. It was shown
before that natural convection plays an important role in
crystal growth. Homogenity of a crystal, say doped semi-~
conductors or laser materials, can only be reached by control
of convection in the melt. In zero gravity crystal growth,
no buoyancy force can induce convection, but surface tension

can.
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