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COMPUTER PROGRAM FOR STATIC AND DYNAMIC AXISYMMETRIC 

NONLINEAR RESPONSE OF SYMMETRICALLY LOADED 

ORTHOTROPIC SHELLS OF REVOLUTION 

By Wendell B. Stephens 
Langley Research Center 

SUMMARY 

A computer program has been developed which determines the nonlinear behavior 
of symmetrically loaded elastic orthotropic shells of revolution. 
to either mechanical o r  thermal forces  and can be applied statically or dynamically. The 
analysis is based on Sanders' equations for shells with small  strains and moderately 
small  rotations and allows for variable stiffness properties of the shell along the merid- 
ian. Spatial derivatives a r e  approximated by finite differences, and integration with 
respect to time is carr ied out by the Houbolt method. For static behavior, o r  dynamic 
response at  each point in time, a Newton-Raphson method is applied for convergence to 
the nonlinear solution. The boundary conditions a r e  presented in a general form which 
allows either classical o r  elastic constra.ints to be used. 
in FORTRAN IV language, is described in detail and sample calculations a r e  included. 

The loading can be due 

The program, which is written 

INTRODUCTION 

The analysis of shells of revolution subjected to static, thermal, o r  time-dependent 
loads is an important problem in the design of missiles and space vehicles. 
difference solution for the linear bending behavior of an isotropic shell subjected to an 
arbi t rary static load is contained in reference 1 and is modeled after the analysis pro- 
cedure found in reference 2. 
the same problem in reference 3.  
accounts for dynamic loads and mater ia l  orthotropy. 
is useful for practical aerospace applications such as the study of launch, staging, and 
water-impact loadings of aeroshells. In addition, such an analysis would provide a means 
of determining the nonlinear prebuckling s t r e s s  distributions required for accurate sta- 
bility analyses. In this  report  a computer program is described which has been develaped 
to determine the axisymmetric nonlinear static and dynamic response including axisym- 
metr ic  static and dynamic buckling of an arbi t rary elastic orthotropic shell of revolution 

A finite- 

Geometrically nonlinear te rms  a r e  included for essentially 
However, there  remains a need for a program which 

Such a dynamic response analysis 



subjected to axisymmetric loads. The analysis, programing techniques, and the computer 
program documentation are presented as well as representative sample problems. 

The analysis is based on Sanders' nonlinear equations (ref. 4) with material orthot- 
ropy added as in reference 5. The governing partial differential equations are written in 
t e rms  of first-order spatial derivatives and solved numerically by using central differ- 
ences for  derivatives along the meridian and backward differences for time derivatives. 
Integration with respect to time is started by using the Houbolt technique (refs. 6 and 7). 
For  the boundary conditions, either classical o r  elastic constraints may be used. The 
nonlinear difference equations are solved for each time step or static load increment by 
the Newton-Raphson method (ref. 8). "Top-of -the-knee" static buckling is determined 
from the lack of convergence of the Newton-Raphson procedure. 

The program is divided into nine subroutines and seven user-supplied function sub- 
programs. A maximum of 101 equal stations is provided requiring an octal storage of 
70 000 memory words. The program is written in CDC version of FORTRAN IV language 
for operation in the CDC 6600/6400 digital computer at the Langley Research Center. 
The output consists of a problem description together with displacements, rotations, and 
moment and force resultants in tabular form. 

In order to present both the analysis and the computer program, appendixes are 
frequently used to simplify the text. Appendixes A, B, C, D, and E are used to clarify 
the presentation of the analysis, and appendixes F and G contain the program listing and 
a sample of the program output, respectively. 

SYMBOLS 

The units for physical quantities defined in this paper are given both in the U.S. 
Customary Units and in the International System of Uni t s  (SI). 
systems are given in appendix H. 

Factors relating the two 

a reference (or characteristic) length 

nondimensional orthotropic extensional material  constants defined in  c 117c12 9c22 - 
c11 equations (14); for  example, C11 = rHo 

orthotropic extensional material constants 

nondimensional orthotropic bending material constants defined in 
A2511 

equations (14); for example, D11 == 
0 0  

2 



- 
D 1 1 5 1 2  952 2 orthotropic bending material constants 

reference modulus of elasticity 

moduli of elasticity in principal directions, meridional and circumferential, 
respectively 

nondimensional moduli of elasticity in principal directions; for example, 

specific stiffness where pg is weight density 

nondimensional extensional strain,  meridional and circumferential directions, 
respectively; for example, el l  = ellq 

acceleration due to gravity 

shell thickness 

reference thickness 

maximum shell rise of spherical cap considered in sample problem 

nondimensional shell thickness, H/Ho 

temperature exponent in equation (17) 

Kl17K12,K22 nondimensional orthotropic material constants associated with 
coupling between extension and bending and defined in  equa- - 

1% 1 

EOHO 
tions (14); for example, K11 =2 

- 
Kll,X12,Z22 orthotropic material  constants associated with coupling between 

extension and bending 

kll,k22 principal change in curvatures, meridional and circumferential directions, 
respectively 

3 



Mll,M22 bending-moment resultants in  principal directions, meridional and circum- 
ferential, respectively 

m 1 l,m22 nondimensional bending-moment resultants i n  principal directions; for 
aM11 example, "11 =- 
OH: 

Nll,N22 membrane stress resultants, meridional and circumferential directions, 
respectively 

n number of stations along meridian 

n l  1+22 nondimensional membrane s t r e s s  resultants, meridional and circumferential, 

N1l 
OH, 

respectively; for example, n i l  = - 

PYP, lateral and meridional forces per  unit area, respectively 

critical symmetric buckling load P c r  

p * P  =- 

pc1 

P,Ps nondimensional lateral  and meridional forces  per unit a rea ,  respectively; 
Pa for example, p = - 
OH0 

nondimensional classical buckling pressure  of complete spherical shell pc1 
(see eq. (30)) 

Q transverse shear  resultant 

q nondimensional t ransverse shear  resultant, Q/oHo 

R radial distance from axis of symmetry to shell reference surface 

principal radii of curvature, meridional and circumferential directions, 
r e spe c tively 

4 



r nondimensional radial distance from axis of symmetry to  shell reference 
surface, R/a 

*1 
r17r2 a nondimensional principal radii of curvature; for example, r = - 

S distance measured along shell  meridian 

S nondimensional distance measured along meridian, S/a 

A s  nondimensional meridional difference increment 

T,T1,T2 temperature quantities defined with equation (17) 

t real t ime 

A t  real time increment 

ty,ty nondimensional thermal moment resultant in principal directions, defined in 
equations (16) 

t;,t; nondimensional thermal force resultant in principal directions, defined 
in equations (16) 

u,w meridional and normal displacement, respectively 

u7w nondimensional meridional and normal displacement, respectively; for 

example, u = LE! a 

X force vector with elements "11, q, and m l l  

Y displacement vector with elements u, w, and p 

z vector composed of x and y vectors 

@17% 
coefficients of linear thermal expansion in principal directions, meridional 

and circumferential, respectively 

- _ _ _  
ff ,P,Y, 6 coefficients of the acceleration difference equation (2 1) 
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Subscripts : 

nondimensional rotation, q p  

meridional rotation 

average deflection of spherical cap in  sample problem 

Kronecker delta 

membrane s t ra ins  

coordinate normal to reference surface of shell, positive outward, with origin 

at reference surface and nondimensionalized by Ho 

ratio of reference elasticity modulus to reference s t r e s s ,  

circumferential coordinate 

Eo/o 

nondimensional principal curvatures; for example, K~~ = aqkl 

ratio of reference thickness to characteristic length, Ho/a 

shell parameter defined by equation (31) 

Poisson’s ratios for meridional and circumferential directions, respectively 

mass  density 

reference s t r e s s  

nondimensional time, 

nondimensional time increment 

colatitude angle, angle between shell axis and normal to shell middle surface 

i 

6 

spatial station number, that is, 1, 2, . . ., n 



k 

m 

max 

matrix number, that is, 1, 2, . . ., 2n 

kth equation of set of equations a t  a point 

t ime step, that is, 1, 2, . . . 

maximum 

Matrices: 

XOLD ,X, } 3 x 1  
R?,Y ,w 

A prime indicates a derivative with respect to the nondimensional meridional 
distance s. 

A dot indicates a derivative with respect to nondimensional time 7. 

ANALYTICAL FORMULATION 

The shell analysis procedure is summarized in this section. Also included are the 
geometric description, derivation of the nonlinear equilibrium conditions) compatibility 
equations, and differencing scheme as well as the Newton-Raphson procedure for solution 
of the governing equations. 

Shell Geometry 

The shell geometry and coordinate system for the reference surface of a general 
shell of revolution are shown in figure 1. The geometry of the shell reference surface is 
defined by Cp and R. Any point i n  the shell may be located by specifying the orthogonal 

S coordinates s, 8, and [ where s = - and is the nondimensional meridional coordinate, a 
S is the meridional shell coordinate, a is the reference length of the shell, 8 is the 
circumferential coordinate, and is a coordinate normal to and originating at the shell 

7 



reference surface, positive outward. The nondimensional principal radii of curvature, 
r1 and '2, are (ref. 1) 

where the prime indicates a derivative with respect to  the nondimensional meridional 
distance s. The radii are nondimensionalized by use of the reference length a. 

Equilibrium Conditions 

By utilizing the results in reference 4 and the nondimensional variables described 
in reference 2, the nondimensional equilibrium equations become 

where rill and 1-92 are the stress resultants, "11 and "22 are the bending- 
moment resultants, u and w are the displacements, ps and p are the surface 
loads, q is the shear resultant, and /3 is the meridional rotation. These quantities 
are defined in figure 2. The te rm X is a nondimensional constant representing the 
ratio of the reference thickness Ho to the reference length a. The dots indicate deriv- 
atives with respect to nondimensional time 7. 

Rotational and Strain-Displacement Relationships 

The nondimensional rotation, strain-displacement relationships, and curvatures 
from reference 4 are 

p = w' - 4'u (5) 
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W u +- cos 4 s in  $I 
e22 =r r (7) 

K 1 1  = -P'  

The t e rms  ell and e22 are the nondimensional principal s t ra ins  and K~~ and K~~ 

are the nondimensional principal curvatures. 

Constitutive Equations 

For symmetrically loaded orthotropic shells of revolution nondimensional elasticity 
relationships obtained from reference 5 can be written as 

ml l  = X-2Kllell + X-2K12e22 + X- 2 DllKll + X-2D12K22 - t y  

m22 = A-  2 K12ell + X- 2 $2e22 + X-2D12K11 + X-2D22~22 - t? 

Since only axisymmetric behavior is considered, only these four relationships are 
required. The nondimensional stiffnesses a r e  given by 

> 

c 2 2  = de 
E20 

- v12v21 1 

XElO 

- v12v21 
K11= 

(Equations continued on next page) 

9 



where t,' is positive outward and c1 and 52 are the distances to the inner and outer 
shell surfaces, respectively, from the reference surface. 

Because of the symmetry of the orthotropic constants, u se  has been made of the 
relationship 

The nondimensional thermal forces and moments in the meridional and circumferential 

directions, respectively, due to a temperature T(s,C) are (ref. 1) 

b1 + v125) 1'" T 
tn - El07 

51 
- 

1 - v12v21 

10 



where a1 and 3 are the orthrotropic coefficients of thermal expansion in the prin- 
cipal directions. 

Temperature Profile 

The temperature is allowed to vary through the thickness of the shell and along the 
meridian as follows 

where the defines the temperature change from a standard temperature at the ref- 
erence surface and T2 is the difference between the temperatures of the shell outer 
and inner surfaces at c2 and <I. The exponent j is used to define the temperature 
thickness profile as a constant ( j  = 0) o r  as a linear variation through the thickness ( j  = 1) 
or as a nonlinear variation through the thickness (j 2 2). 

T1 

Finite-Difference Formulation of Governing Equations 

It is shown in appendix A that equations (2) to (13) can be written as six partial d i f -  

The set of equations in matrix form is 
ferential equations. 
order i n  time derivatives. 

These equations are first order in spatial derivatives and second 

1z1 + (H + fir. = e + ME 

where 

Here z is the solution vector of six variables, I is the 6 X 6 identity matrix, H and 
Ti are the linear and nonlinear 6 x 6 coefficient matrices of z, respectively, M is the 
6 X 6 mass matrix of z,  and e is the six-element load vector. The elements of H, fir, 
e, and M, are listed in appendix A. 

The governing equations are converted into difference equations by utilizing central 
differences for  the spatial derivatives and backward differences (refs. 6 and 7) for the 
time derivatives. As shown in  reference 7, this backward-difference scheme is 

11 



numerically stable. The spatial finite -diff erence representations 
halfway between stations as shown in figure 3 and are of the form 

i- 1 zi + z 
'i-1/2 = Z 

are written at a point 

The second-order time derivative in equations (18) is approximated at the ith station by 

where i = 1, 2, . . ., n and m = 1, 2, . . . . In equations (19), (20), and (21) the sub- 
scripts i and m indicate spatial and time stations, respectively, and A s  and A r  
are the spatial and time increments, respectively. The coefficients -%, Pm, ym, and 
6, depend on the time step and initial conditions and a r e  given in appendix B. Applica- 
tion of these finite-difference approximations (eqs. (19) to (21)) to the governing equa- 
tions (18) leads to the following se t  of nonlinear algebraic equations at the mth time step: 

- - 
- 

where 

- 
+ 6mzi - 1/2 ,m-3) I 

and i = 2, 3, . . ., n and m = 1, 2, 3, . . . . 
ditions at each edge of the shell define the problem to be solved and must be solved 
simultaneously to determine z at the mth time step. 

These equations with three boundary con- 
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Boundary Conditions 

As shown in  reference 4 the classical shell boundary conditions at either edge, 

s = O  and s=- '", are defined by either force resultants "11, q, and "11 or  dis- 

placements u, w, and p, so that 
a 

Here the subscript i is either 1 or  n and the 3 X 3 52 and A matrices and the 
3 X 1 I vector are required to define the boundary conditions. The vectors X i  and 
yi are 

These vectors define the force and displacement subvectors of z ,  respectively. Typical 
boundary conditions including general elastic constraints are discussed in appendix C. 

Computational Procedure 

The nonlinear s e t  of equations (22) and (24) are linearized by use of an iterative 
Newton-Raphson procedure (ref. 8). This is done by placing the Li-112 te rm and the 
2 term on the left-hand side of equations (22) and (24), respectively, and writing the kth 
equation at the i th station as 

where k is 1, 2, . . ., 6 for equation (22) and k = 1, 2, 3 for  equations (24). U s e  of the 
first two t e rms  of a Taylor 's  expansion for equation (26) together with an approximate 
solution vector S gives 

where i = 1, 2, . . ., n and where 6Zi is the correction vector which must be added to 
the approximate solution vector Zi so that equation (26) is satisfied. 

13 



The iterative procedure consists of adding the correction vector to the approximate 
solution vector to obtain an improved approximate solution. Thus 

where the superscript j indicates the jth iteration cycle. When 6zi becomes suffi- 
ciently small, convergence has been obtained. 

For  convenience in the solution of the simultaneous equations, the correction vector 
6zi is partitioned into the two three-element ordered subvectors 6xi and 6yi. Thus 
the se t  of governing equations (27) including the appropriate boundary conditions take the 
following form of a five-diagonal-banded matrix where each element is a 3 X 3 matrix. 

E3 

For  brevity, 6xi and 6yi a r e  written as X i  and y i  in equation (29). The first  

, respectively, and a r e  Smax and last rows a r e  the boundary conditions at  s = 0 and s = - a 
obtained from equations (24). The six first-order governing equations from equations (18) 
and (27) correspond to the pair of rows at 2(i-l) and 2i-1, respectively. Here n is 
equal to the number of spatial stations. The definitions of the A, B, C, D, E, and 
q matr ices  in t e r m s  of equations (2) to (13), (22), and (27) a r e  given in appendix D. 

14 



The set of equations (29) is solved by using a modified Potters method (refs. 2 or 9) 
for banded matrices. A presentation of the recurrence equations required for the Potters 
method is contained in appendix E. For each t ime step, the elements i n  the 3 X 3 matri- 
ces A, By Cy D, and E and the three-element vector q are functions of the shell 
properties, and the new displacement and stress state for the last three time steps. 

The vectors Z i , o  and ki ,o  at the initial t ime T = 0 must be given. Both the 
incorporation of the initial conditions into the problem and the definition of the -%, pm, 
ym, and xm coefficients for Em are contained in  reference 7 and appendix B. Appen- 
dix B also includes nonhomogeneous initial conditions. 

- 

This analysis and numerical solution has been programed in  FORTRAN IV and the 
resulting computer program (SADAgS) includes the input provisions of general shell 
shape, thermal and mechanical loads, structural  orthotropy, and arbitrary boundary con- 
ditions at each end of the shell. 

COMPUTER PROGRAM 

This section contains the description of the computer program SADAOS and is 
intended to be a user 's  document. 
and a sample printout in appendix G. In writing this program, various options on types 
of analyses, geometry, and boundary conditions have been included to eliminate the nec- 
essity of having the use r  develop subroutines. However, should these options be inade- 
quate, the program is subdivided into separate subroutines so  that further options can be 
exercised without a detailed knowledge of the program. 
are required to be programed by the user.  These function subprograms define the 
loading, shell thickness , temperature integrals , and initial conditions. In addition, input 
data and computer subroutine preparation are explained in  detail in later sections. 

A listing of the program is contained in appendix F 

Certain function subprograms 

Program Organization 

The flow chart is presented in the following block diagram. As an aid in  reading 
the block diagram, a list of subroutines and their description is presented in table 1. In 
table 2 the variables and constants are listed with their program names. 

15 



Read Namelists1 (1) I 

T Z  
(4) Call ABCDES 

I Ca I I DYNAMIKJ 
I 

i f  I D Y M  = 2 and  n o  IEikml 
_J I ( 5 ) j C a i i  LNCT-J 

convergence after 20 
attempts t h e n  P = AP/5 

(6' lP(aTTER) 

.-----(Convergence) (7) 
A 

Block diagram of SADACIS 

16 
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A detailed description of the computing in  each block of the block diagram is as follows: 

BLOCK (1): 

BLOCK (2): 

BLOCK (3): 

BLOCK (4): 

BLOCK (5): 

BLOCK (6): 

BLOCK (7): 

BLOCK (8): 

Namelist GIVEN containing basic input data is read in. If requested, the 
optional information on boundary conditions will be read in  through name- 
lists ELBgL and ELBGR. 

Shell geometry is defined at the i-1/2 increment midpoints along the shell 
meridian. The values defined by GEgMTY are r,  @, and @'. 

Boundary conditions at each end are set. Matrices C1, D1, E l ,  ql, 
Azn, Bzn, Czn, and qzn in  equation (29) are defined. 

Matrices A, B, C, D, E, and q from equation (29) are calculated. 
These matrices are further defined in  appendix D. These matrices are 
calculated for  each i = 2, 3 ,  . . . , n and, i n  turn, call the subroutines 
DYNAMIC (if IDYM = 1) and STIF. STIF sets the C, D, and K values 
f rom equations (14). DYNAMIC sets Cr, p, 7, 6 of equations (21). 

From equation (27) the te rm fk(?+Ti-l,S) is calculated and placed on the 
right-hand side of that equation. This corresponds to the q vector in 
equation (29). 

The Potters method o r  Gaussian elimination scheme described in  appendix E 

is used to solve equation (29) for the vector 6z where 6zi = c;]. The 

improved approximate vector is given by equation (28). 

If the norm of 
vector E, then the problem has converged. If 6z is not sufficiently small, 
a return is made to block (3) ,  and blocks (3) to (7) are repeated until con- 
vergence is obtained. If a static buckling prqblem (IDYM = 2) is being 
attempted, and after 20 iterations there is still no convergence, a return is 
made to the last converged load solution and a smaller load increment s tep 
is attempted. 

After convergence there is a tabular printout of the following variables at 
each station i: "11, q, "11, u, w, p ,  "22, m22, p, and ps. 

6z is very small  compared with the norm of the improved 

BLOCK (sa): If the analysis is a static stress analysis (IDYM = 0), the program 
terminates. 

(9b): If the analysis is a dynamic response (IDYM = 1) problem, the k and k 
vectors are calculated and an increment in t ime and time step is taken. 
This procedure is continued until KMAX steps are taken. 
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(9c): If static buckling load (IDYM = 2) is desired, the load is increased. If 
from block (7) the load increment has not been decreased five times, the 
problem returns to block (3). If five load increment reductions have taken 
place, the problem terminates. 

Input Data 

The following quantities i n  namelist GIVEN must be defined: N, NTYPE, CHAR, 
H@, S @ ,  RG, PHI@, PP, PPS, E@, El', E2, NU12, NU21, SIG@, NGNLIN, C@NV, IDYM, 
KMAX, DTAU, ALFA1, ALFA2, T1, T2, ITEMP, LBCL, LBCR, SL, SR, IFREQ, and 
ISTART. 
The first column of the data cards cannot be used. 
are as follows: 

The format for  the input data contained in a namelist is given in reference 10. 
The definitions of these quantities 

Name Type Interpretation 

N integer n, number of stations along the meridian 

NTYPE integer sets type of shell geometry to be analyzed: 
NTYPE = 1 denotes a cylindrical shell. 
R@ is the radius from the shell axis to the shell reference 
surface. 
PHI@, the colatitude angle, is 90°. 
S@ is the shell length. 

NTYPE = 2 denotes a conical shell. 
R@ is the radial distance to the f i r s t  station a t  S = 0 from the 
shell axis. 
S@ is the length along the shell meridian. 
PHI@ is the colatitude angle (i.e., 90° - Semivertex angle). 

R@ is the shell radius. 
PHI@ is the colatitude angle at S = S m a .  
S @  is calculated internally and is read in as zero. 

NTYPE = 4 denotes that the user  will read in a special geometry 
by adding statements to GEGMTY as required to define r,  
@' 
be used as desired by the programer. The statements are placed 
after the card labeled 50 and before the card labeled 60. 

NTYPE = 3 denotes a spherical cap. 

@, and 
at each i-1/2 station. Input constants RQ, PHI@, and S q  can 

CHAR real a, reference shell dimension to be selected by user  and used inter- 
nally for nondimensionalizing the geometry and output quantities 

HG r ea1 Ho, reference thickness 
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PPS 

EQI 

E l  

E2 

NU12 

Nu2  1 

SIG@ 

NQINLIN 

IDYM 

KMAX 

DTAU 

ALFA1 

ALFA2 

Type 

real 

r ea1 

real  

real 

real  

rea l  

rea l  

r ea1 

rea l  

r ea1 

rea l  

integer 

rea l  

integer 

integer 

r ea1 

real 

rea l  

Interpretation 

input quantity defined by NTYPE 

input quantity defined by NTYPE 

input quantity defined by NTYPE and read in degrees 

constant used to define p, the normal pressure,  in FUNCTION 
PUI) 

constant used to define ps, the meridional pressure,  in  
FUNCTION PS(1) 

Eo, reference elasticity modulus 

E l ,  elasticity modulus in meridional direction 

E2 , elasticity modulus in circumferential direction 

v12, Poisson's ratio in  the meridional direction 

v2 1, Poisson's ratio in  the circumferential direction 

u, reference s t r e s s  level; normally SIGQI = 1. 

If a linear solution is desired, set  N@NLIN = 0. 
t e rms  a r e  to be included, set  NgNLIN = 1. 

convergence criteria. 

the approximate solution vector ( Le. , w), to insure conver- 

gence to proper order  of magnitude. 

If static s t r e s s  analysis is desired, s e t  IDYM = 0. If dynamic 
response analysis is desired, set  IDYM = 1. If static buckling 
analysis is desired, s e t  IDYM = 2. 

number of t ime steps desired when IDYM = 1. 
of static-load solutions when IDYM = 2. 
on iterations when snap-through buckling (IDYM = 2) does not 
occur .) 

AT, size of the nondimensional time increment. AT =E At. 

If nonlinear 

Compares the e r r o r  norm with the norm of 

Usually C@NV = 1. X 

Maximum number 
(Provides an upper limit 

al, coefficient of thermal expansion in  the meridional direction 

q, coefficient of thermal expansion in  the circumferential 
direction 
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Name 

T 1  

T2 

ITEMP 

LBCL 

LBCR 

SL 

SR 

IFREQ 

ISTART 

Type 

r ea1 

rea l  

integer 

integer 

integer 

r ea1 

rea l  

integer 

integer 

Interpretation 

constant used to define T1 in equation (17) 

constant used to define T2 i n  equation (17) 

j , integer exponent used in equation (17) 

sets boundary condition at the i = 1 (S = 0) edge (see eqs. (C2) 

LBCL = 1 is a pole point 
LBCL = 2 is a pinned edge 
LBCL = 3 is a fixed edge 
LBCL = 4 is a free edge 
LBCL = 5 elastic constants in  namelist ELBqL must be given 

s e t s  boundary conditions at the i = n (S = S m a )  edge (see 
eqs. (C2) to (C5)): 
LBCR = 1 is a pole point 
LBCR = 2 is a pinned edge 
LBCR = 3 is a fixed edge 
LBCR = 4 is a f ree  edge 
LBCR = 5 elastic constants in namelist ELBOR must be given 

three-element a r r ay  equated to values defined by LBCL (see 
appendix C), equivalent to I1 i n  equations (24) and (Cl) 

three-element array equated to values defined by LBCR (see 
appendix C), equivalent to In in  equations (24) and (Cl) 

frequency of printout at t ime steps of dynamic-load problems 
(IDYM = 1) or  at load steps in the static buckling problem 
(IDYM = 2) 

Normally ISTART = 0. If ISTART = 1, use r  must supply non- 
homogeneous initial values to FUNCTION DV for deflections and 
velocities u, w, b, and w. 

to (C5)): 

The first input quantity in  namelist GIVEN is preceded by $GIVEN and the last 
input quantity is followed by $. For example, the first input card could be 

$GIVEN N = 21, NTYPE = 3, Hq = l., 

and the last namelist card could be 

SL(1) = O., O., O., SR(1) = O., O., O., IFREQ = 4, ISTART = O$ 
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Finally, one input card may contain a description of the problem. All 80 columns 
may be used. If no description is desired, a blank card must be included after the last 
namelist GIVEN data card. 

If LBCL = 5, then namelist ELBQ(L must be included in  the input. Two 3 X 3 matri -  
ces   st^ and AL a r e  read in  columnwise. Their elements specify the elastic con- 
straints at the first boundary of the meridian (i = 1). 
edge of a shell free to displace in  a horizontal plane and with an applied edge moment 
yields the boundary conditions 

For  example, a simply supported 

"11 cos @o + q sin @o = 0 

where @o is the colatitude angle at the boundary. Thus, the 51, A, and SL matr ices  
become 

If LBCR = 5 the namelist ELBgR must be included i n  the input. Two 3 X 3 matri -  
ces s2, and AR a r e  read in columnwise. Their elements specify the elastic con- 
straint at the last boundary of the meridian (i = n). 

User -Prepared Function Subprograms 

In addition to the input data, the user  must prepare certain function subprograms. 
These function subprograms must be written and included in  the program by the use r  to 
calculate the quantity at each half-station, i-1/2. For  example, at i = 2 the FUNCTION 
PL(1) will define the lateral nondimensional pressure at a point halfway between i = 1 
and i = 2. The i-1/2 station is shown in figure 3. The following table describes the 
function subprograms. 

FUNCTION Quantity Interpretation 

PL(1) ~ i - 1 / 2  (i = 2, 3, - - - 7  n) computes the nondimensional lateral 
pressure  
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FUNCTION 

ps (1) 

TDZ(1) 

TZDZ 

Quantity 

(i = 2, 3, . . ., n) Ps ,i - 1/2 

hi-1/2 (i = 2,  3, . . ., n) 

required when IDYM = 1 

required when ISTART = 1 

Intermetation 

computes the nondimensional meridional 
pres  s u r e  

computes the nondimensional thermal 
force integral 

computes the nondimensional thermal 
moment integral 

computes the nondimensional shell 
thickness 

locates t ime stations where a load is sud- 
denly applied or removed 

prescr ibes  the nonhomogeneous initial 
conditions : 
M = 1 denotes the u displacement at 

M = 2 denotes the w displacement at 

M = 3 denotes the i~ velocity at 

M = 4 denotes the w velocity at 

station i 

station i 

station i 

station i 

Program Output 

The output is divided into two parts. The first part  is a printout of the input data 
and shell geometry. The second par t  is the printout of rill, q, mil, u, w, p, p, 
ps, "22, and "22 at all stations for the converged solution. If the problem varies  with 
time, then the second part  is repeated KMAX times. 
sudden change in load (i.e., step loads denoted by IP = 1 in FUNCTION IP(K@UNT)) 
there  is an additional printout of the vectors u, w, h, and w. 

At a time station where there is a 

Program Limitations 

The program is limited to 101 spatial stations and 70 000 octal storage locations. 
At present there is no programed mechanism for allowing the orthotropic coefficients of 
thermal expansion a1 and 9 to vary through the thickness. This could be accom- 
plished by the user  by writing FUNCTION TDZ and FUNCTION TZDZ to include variable 
thermal coefficients q ( C )  and %(c) .  
22 
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In subroutine STIF these constants a r e  set up for a general orthotropic shell with 
the reference surface at the middle surface. The stiffnesses, that is, the Cij, Dij, and 

Kij Thus, the user  could, with minimal knowledge 
of the computer program and equations (14), al ter subroutine STIF to include a shell stiff- 
ened by rings or stringers smeared over appropriate increments (ref. 11) and using any 
reference surf ace. 

defined in  equations (14), are general. 

Analytical Limit ations 

For  static buckling problems (IDYM = 2) the buckling is limited to "top-of-the-knee" 
axisymmetric buckling loads. A detailed discussion of top-of-the-knee buckling is con- 
tained i n  reference 12. 

Errors in results will  normally be one of two types: (1) inconsistency of input data 
or (2) numerical e r r o r  inherent in the analysis. 
by careful scrutiny and checking of the input data and user-prepared function statements. 
The second type of e r r o r  can only be minimized by taking the increments in time and 
space small  enough to guarantee that a sufficient number of stations exist for an accurate 
solution. 
means of determining appropriate increment sizes. 

The first type of e r r o r  can be eliminated 

A comparison test of the results for various increment s izes  is an adequate 

SAMPLE PROBLEMS 

Spherical Cap With Dynamic Loading 

The first problem to be solved is one considered in references 12 and 13. 
tropic shallow spherical cap with clamped edges is subjected to a step pulse compressive 
pressure applied at 7 = 0 and removed at T = 5. The compressive nondimensional 
lateral  pressure is taken as 60 percent of the classical buckling pressure  pcl applied 
to a complete spherical shell where 

An iso- 

and ro = g  (fig. 4). The remaining shell properties a r e  a 

R = 100 in. (2.54 m) 

H = 1 in. (0.0254 m) 

23 



El = E2 = 10 x 106 psi (68.95 GN/m2) 

$I = 15.8094' 

These parameters  correspond to a shallow-shell parameter of As = 5 where 

and is the maximum shell r ise.  The reference length CHAR or a is set at 100 in. 
(2.54 m) and Eo is taken as 10 X lo6 psi (68.95 GN/m2) with H, and CJ set at unity. 
In addition, spatial increments a r e  set  at 1/25 of the meridian and the time increment 
(DTAU) is se t  at 0.25. The number of spatial stations and s ize  of the t ime increment for  
this problem were established by comparing increasingly small  spacings until stable 
solutions were obtained. The time response is desired out to T = 10 and a printout is 
requested at every fourth t ime increment. A complete listing of the program along with 
the results for this sample problem is contained in  appendixes F and G. 

The namelist GIVEN quantities become 

N = 26 
NTYPE = 3 
CHAR = 100. 
H @ =  1. 
s@ = 0. 
R@ = 100. 
PHI@ = 15.8094 
P P  = -0.6 
PPS = 0. 
E@ = 10. X 106 
E l  = 10. X 106 
E2 = 10. X lo6 
NU12 = 0.3 
NU21 = 0.3 
SIG@ = 1.0 
N@NLIN = 1 
c@Nv = 0.001 
IDYM = 1 
K.MAX = 40 
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DTAU = 0.25 
ALFA1 = 0. 
ALFA2 = 0. 
T 1 =  0. 
T2 = 0. 
ITEMP = 0 
LBCL = 1 
LBCR = 3 
SL = o., o., 0. 
SR = O.,  O., 0. 
IFREQ = 4 
ISTART = 0 

The descriptive card comment is 

SAMPLE PROBLEM FOR A CLAMPED SPHERICAL CAP WITH LAMBDA = 5. 

The namelists ELBQIL and ELBQIR a r e  not needed since neither LBCL or LBCR is 
se t  equal to five. 

The FUNCTION IP se t s  the time steps m at which there a r e  step load changes. 
The input data (DTAU) was selected to have an incremental size,  AT = 0.25. Therefore, 
the abrupt or  sudden load changes occur at stations m = 0 and m = 20 for 7 = 0 and 
7 = 5, respectively. In the program the subscript m is represented by KQIUNT. If 
there  is no sudden change in load, IP is se t  equal to zero. If there is sudden change in 
load, IP is set  equal to one at that t ime station. The user-supplied statements for 
FUNCTION IP(K@UNT) become 

IP = 0 
IF (KQIUNT .EQ. 0) IP = 1 
IF (KQIUNT .EQ. 20) IP = 1 

The user-supplied information to FUNCTION T(1) is 

T = l.O/H@ 

where T defines h at a station i-1/2. 

FUNCTION PL(1) and FUNCTION PS(1) set the lateral  and meridional loads. For  
the sample problem a compressive uniform lateral load is used. Thus, in  FUNCTION 
PS(1) the user-supplied statement is 

PS = 0. 
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Common statements provide the values for ETA (q ) ,  LAM (A), NU12 (v12), 
NU21 (qi), ROA (ro), PP, and KgUNT to be set in  the function statement. Therefore, 
the user-supplied statements for FUNCTION PL(1) become 

.PCL = 2.*LAM*ETA/(3.*(1 - NU12*NU21))**.5*(T(I)/ROA)**2*EIO 
PLL = PP*PCL 
P L  = PLL 
IF (KgUNT .EQ. 0) PL  = 0. 
IF (KGUNT .GT. 20) P L  = 0. 
IF (IACC .NE. 1) GO TO 1 
IF (KgUNT .EQ. 0) P L  = PLL 
IF (KgUNT .EQ. 20) P L  = 0. 

1 CONTINUE 
Here IACC is computed internally at time points where the load changes abruptly (Le., a 
step load) leaving the load doubly defined at that point i n  time. The first definition of a 
doubly defined load point at the mth time station (represented by KOUNT) is placed before 
the IACC statement card and the second definition of P L  at that time-step point m is 
placed after the IACC statement. 
at KQ(UNT equal to 0 and 20. Therefore, a t  KQUNT equals 0 the statement before the 
IACC statement is 

In this sample problem the abrupt load changes occur 

IF (KQUNT .EQ. 0) P L  = 0. 

and after the IACC statement is 

IF (KgUNT .EQ. 0) P L  = PLL 

At time station m = 20 the statement before the IACC statement is 

IF (KqUNT .GT. 20) P L  = 0. 

and after the IACC statement is 

IF (KQ(UNT .EQ. 20) P L  = 0. 

At m = 20 the load is being suddenly removed so that initially the loading is equal to 
PLL and finally is equal to zero. 
makes the loading compressive. 

The negative sign in  the namelist GIVEN quantity PP 

Since ISTART = 0, the FUNCTION DV(M,I) will not be called. It is interesting to 
note that since the initial conditions are zero, ISTART could be either one or  zero. 
zi,o = i i , o  = 0, the input to FUNCTION DV for ISTART = 1 would have been DV = 0. 

tions (16) and input constants for  use in  defining a1, 9, T i ,  T2, and j are provided 
for in the namelist GIVEN through ALFA1, ALFA%, T1, T2, and ITEMP, respectively. 

Since 

FUNCTION TDZ and FUNCTION TZDZ are completely contained as defined by equa- 
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The statements appearing in appendix F for these subroutines assume that the reference 
surface is located at the mid surface. 

A listing of the program with this sample problem is contained in appendix F. A 
special nondimensional value A, the average inward deflection, is computed and printed 
for ease of comparison with references 12 and 13. The value A will be printed when- 
ever NTYPE = 3. The output to KgUNT = 4 is contained in  appendix G .  

The results for 60 percent of classical buckling load (this sample problem) and 
other percentages are summarized in figure 5. 
erence 12 is quite good. 
mulation and time increment sizes. 
P* = 0.4 but poor for P* = 0.6 and T > 2. The discrepancy between the present 
results and those of reference 13 for P* = 0.6 is attributed to the use of a five-degree- 
of-freedom analysis in that study as compared with 26 finite-difference stations in the 
present study. Reference 13 reports a dynamic buckling load of Pcr = 0.52. In refer- 
ence 12 the is 0.65 which agrees closely with the present result of 0.68 as shown 
in figure 6. 

The agreement with the results in ref- 

The agreement with reference 13 is also good for 
The discrepancies are attributed to differences in problem for- 

Pc, 

An extensive study utilizing the program for both static and dynamic buckling has 
Also contained in reference 14 is a thorough discussion of been made in reference 14. 

both static and dynamic buckling cri teria.  

Thermally Loaded Clamped Cylinder 

This sample problem demonstrates the use of the program for analyzing thermal 
loads. The problem chosen is that one contained in reference 15 where an isotropic cyl- 
inder clamped a t  the f i r s t  station and clamped and on rollers in the longitudinal direction 
at the final edge undergoes a linear temperature rise of 350° F (194.4 K) from one end of 
the shell to the other. The analysis is linear and the shell dimensions are 

Smax = 48 in. 
R = 12 in. 
H = 2 in. 
"12 = "21 = 0.3 
E 1  = E2 = 28 x 106 psi 
a1 = % = 9.5 x 10-6 in./in./OF (17.1 X 10-6 m/m/K) 

Thus, namelist GIVEN becomes 

(1.2192 m) 
(0.3048 m) 

(0.0508 m) 

(193 GN/m2) 

N = 21 
NTYPE = 1 
C H A R  = 1. 
H@ = 1. 
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S@ = 48. 
R@ = 12. 
PHI@ = 90. 
PP = 0. 
PPS = 0. 
E @ =  1. 
E l  = 28. X lo6 
E2 = 28. X lo6 
NU12 = 0.3 
NU21 = 0.3 
SIG@ = 1.0 
N@NLIN = o 
CQINV = .001 
IDYM = 0 
K M A X = O  
DTAU = 0. 
ALFA1 = 9.5 X 10-6 
ALFA2 = 9.5 X 10-6 
T1 = 350. 
T2 = 0. 
ITEMP = 0 
LBCL = 3 
LBCR = 5 
SL = o., o., 0. 
SR = O., O., 0. 
IFREQ = 1 
ISTART = 0 

The FUNCTION T(1) requires the statement 

The FUNCTION TDZ(1) requires the statement 
T = 2./H(b 

TDZ = T(I)*Tl*((FL@AT (I) - 1.5)/FL@AT (N-1))**2 

Since equation (17) is now simply T = T i  then T1 = 350 - 
The description card comment becomes 

Since LBCR = 5 then namelist ELBqR becomes 

(:8r 

THERMAL PROBLEM OF MENDELSON PG 186. 

OMEGAR (1,l) = 1.0, 8*0. 
ALAMDAR (1,l) = 4*0., l., 3*0., 1. 

where the elements a r e  read in columnwise. These input data correspond to the boundary 
conditions at i = n. 
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The right-hand side of this equation is supplied by the vector SR in  the namelist GIVEN. 

Functions PL,  PS, IP, DV, and TZDZ require only the following cards,  respectively: 

P L  = 0. 
PS = 0. 
IP = 0. 
DV = 0. 
TZDZ = 0. 

The results of this analysis are compared with those of reference 15 i n  figure 7. 
The comparison is good; the differences are attributed to the fact that in reference 15 the 
isotropic shell is approximated by a six-layered shell and the u deformations are 
neglected. 

CONCLUDING REMARKS 

A computer program has been developed to analyze thin shells of revolution which 
are both elastically and thermally orthotropic and are subjected to either mechanical o r  
thermal loads. These loads can be applied either statically o r  dynamically. The program 
has many options concerning geometry, boundary conditions, and loading built into the 
subroutines. 
etry changes to be made easily without a detailed knowledge of the entire program. 
present report describes the numerical analysis procedure and serves  as the user 's  man- 
ual for the resulting computer program. 

In addition, the basic subroutines of the program allow stiffness and geom- 
The 

A sample problem of the dynamic response of a spherical cap is included. The 

A second example of a cylinder loaded thermally is 
sample problem demonstrates the input data preparation for  the program as well as the 
accuracy of the results obtained. 
included to show the input data required for that problem. 
existing results is good. 

Here again the agreement with 

Langley Research Center, 
National Aeronautics and Space Administration, 

Hampton, Va., September 18, 1970. 
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APPENDIX A 

REDUCTION TO SIX GOVERNING EQUATIONS 

The six governing equations comprising equations (18) are derived in  this appendix. 
Equations (2) to (13) are reduced to six equations for the six unknowns "11, q,  "11, u, 
w, and p. Equations (10) and (12) are rewritten to  define e l l  and K~~ as 

When these expressions for e l l  and K~~ 

the following equations result: 
a r e  substituted into equations (11) and (13) 

where the coefficients are 
-4 

1 
5 2  = ,(C12D11 X G  - K11.12) 

1 
M12 =,(.11K12 - c12.11) 

N3 =- 1 (DllK12 - D12Kll) 
X4 G 

1 
M3 = --(C1lD12 X2G - KllK12) J 

(Equations continued on next page) 
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APPENDIX A 

=.2(C11D11 x - K?1) 

The quantities e22 and ~ 2 2  are eliminated from equations (Al) to  (A4) by using equa- 
tions (7) and (9). 
tions (2), (3), and (4) yields the first three equations in equations (18). 
equations (Al) and (A2) into equations (6) and (8) yields the fourth and sixth equations of 
equations (18). Finally, equation (5) can be utilized as the definition of p for the fifth 
equation of equations (18). Thus, the elements of the k, fi, and M matrices and of 
the e vector i n  equations (18) are defined as follows. The elements of the k matrix 

Then substituting equations (A3) and (A4) into the equilibrium equa- 
Substitution of 

(E12 + “22) 
cos @ s in  @ 

r2  
h15 = - 

(E12 + c22) 
sin2@ h25 = -~ 

r 2  

cos @ h31 = -- r N3 

h33 =T@ cos @ - M3) 

(E3 + x-2K22) 
cos @ s in  @ 

r 2  
h35 = - 

h12 = @ I  

h14 = -- 

cos2@ - 
h16 =-(.21 r2  + K22) 

cos @ 
h22 =r 

cos @ s in  @ 
h24 = - r 2  (E12 + c 2  

h32 = -A- 2 

h34 = -- ‘OS2@(E3 + 
r 2  

h36 =,Z @ (K3 + 

(Equations continued on next page) 
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K11 h43 =- G 

h51 = h52 = h53 = h55 = 0 

h56 = -1 

cos @ 
M12 h64 = -- 

2 rh 

The elements of the 6 matrix are all zero  except 

1 - @ t  h l l = -  P r 
- cos @ 
h21 =y 

J 
The elements of the e vector are 

\ 

c11 h63 =- 
G 

e3 =- cos r 4 (N3t; + M3ty - t?) J 
(Equations continued on next page) 
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\ e5 = 0 

The only nonzero elements of the mass matrix M are 

M i 4  = M25 = 1 
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APPENDIX B 

TIME DERIVATIVES AND INITIAL CONDITIONS 

It is seen from equations (18) and (A9) that the t ime derivative t e r m s  arise only in  
the displacement vector yi. Thus, as shown in  reference 7, the 7- t e r m s  can be 
written as 

1,m 

- - 
where m indicates a time step. The constants Em, Pm, ym, and Zm are defined 
in  reference 7 by use of Houbolt's initial starting procedure for  homogeneous initial con- 
ditions of yi,o = $i,o = 0. The procedure is presented here  for general nonhomogeneous 
initial conditions where yi,o and y i , ~  are given. 
can be calculated. Also the following difference equations at m = 0 can be used to define 

From equations (2) and (3), Yi,o 

i i , o  and f i ,o  as 

These two equations can be rewritten to define the fictional t ime points yi, - 
Then use can be made of the general backward-difference equation 

and 

Therefore, by using equations (B2) and (B3) to eliminate the fictional points from - - - 
equation (B4) at m = 1 and m = 2, values of -%, Pm, ym, and 6, of equation (Bl) 
are obtained as follows: 

At m = O  
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At m = 1, equation (El) becomes 

and 

At m = 2, equation (Bl) becomes 

and 

- - - - 
cY2=2 p2 = -4 Y2 = 2 62 = 0 

At m 2 3 ,  equations (Bl) and (B4) are identical and 

- - - - 
am = 2 pm = -5 Y ,  = 4 6, = -1 

Equations (B4) to (B6) completely specify all time derivatives and initial conditions. Sim- 
ilar results for nonhomogeneous initial conditions were obtained in reference 16. 

This procedure of using initial conditions is employed a t  every time point where 
there is a sudden change in load. 
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APPENDIX C 

DEFINITION OF BOUNDARY CONDITIONS 

The system of equations defined in  equations (18) and appendix A requires three 
boundary conditions at each edge. These conditions are derived in  reference 4 and are 
defined by a combination of the following variables: 

Thus, z is a six-element vector and the boundary matrix contains only three equations 
at each end. Therefore z i  is divided into two subvectors X i  and yi where 

as shown i n  figure 3 the left boundary is at station i = 1 and the right boundary is at 
i = n. Therefore 

where the subscripts 1 and n refer to the first (s = 0) and last  ( s = - stations, 

respectively. In the program the vector I at i = 1 is SL and at i = n is SR. Both 
SL and SR a r e  three-element arrays.  The following conditions can be applied to either 
boundary: 

For a pole point where u = q = /3 = 0, the matr ices  51, A, and 1 become 

0 0  

1 : 
0 0  

- 
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For a pinned boundary where u = w = m i l  = 0, the matr ices  52, A, and I become 

For a clamped boundary where u = w = p = 0, the matrices 52, A, and I become 

52 = Null matrix A = I  I = Null vector (C4) 

For a f ree  edge where n l l  = q = "11 = 0, the matr ices  become 

5 2 = I  A = Null matrix I = Null vector (C 5) 

Finally, for a boundary with general elastic constraints, 52 and A must be 
defined by the particular problem and read in through namelists ELBgL and ELBQR. 
The vector I is always read in  through namelist GIVEN. For these boundary condi- 
tions, the elastic boundary conditions on the left (i = 1) edge a r e  read in through namelist 
ELB@L and on the right (i = n) edge through ELBQR. In other words, all nine elements 
of both SZ and A must be specified. 
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DEFINITIONSOF A, B, C ,  D, E,AND q MATRICES 

Equations (22), (26), (27), and (29) are related in  the following manner: 

where k = 1 , 2  , . . . ,  6 and i = 2 , 3  , . . . ,  n. For k = l , 2 , 3  

A2(i-1) = Null matrix 

where the barred vectors indicate the approximate solutions. For  k = 4, 5, 6 

(Equations continued on next page) 
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Equations (Cl) are related to equations (24) and (29) in  the following manner. For 
i = l  

c1= nL 

D 1 =  RL 

E 1  = Null matrix 

91 = ZL 

For i = n 

A2n = Null matrix 
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The complete set of equations becomes 

Dl F1 

c 2  D2 E2 

B3 c 3  D3 E3 F3 

r 

X. 

Y 1  

x2 

xi 
Y i  

% 

where F1 and Fg a r e  null matrices added for a later programing convenience as 
discussed i n  appendix E. Since they a r e  null matrices at this point, they do not affect 
any of the previous definitions in  equation (29). 
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RECURRENCE EQUATIONS 

If for convenience 6xi and 6yi are represented by xi and yi, a recurrence 
solution to equation (D6) can be obtained based on the Potters method (ref. 9). To insure 
nonsingularity, elements cll,  9 2 ,  and c33 of matrix C1 must not be zero. If 
either c11 or c33 i s z e r o i n  C1, thenrow o n e o r  threeof  C1, D1, El, F1, and 
q1 must be interchanged with row one or three, respectively, of B2, C2, D2, E2, and 
92. If c22 is zero,  then several  row manipulations must take place. First, row two of 
C1, D1, E l ,  F1, and q1 is placedin row two of B2, C2, D2, E2, and 92; row two 
of B2, C2, D2, Ea, and q2 is p lacedinrow three of A4, B4, C4, D4, E4, and 
q4; row three of A4, B4, C4, D4, E4, and q4 is placed in row three of A3, B3, 
C3, D3, E3, and F3; and row three of A3, B3, C3, D3, E3, and q3 is placed in  
row two of B1, C l ,  D1, E l ,  F1, and q1 to complete the cycle. Simpler substitu- 
tions could be made fo r  specific shells and boundary conditions but the preceding row 
interchanges yield nonsingularity for all shells. Elements can exist in the F1 and F3 
matrices of equation (D6) as a result  of the row interchanging. Since C1 is nonsingular 
then 

where 

and, in general 
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where 

The exceptions (in addition to eqs. (El )  and (E2)) are as follows: 

At r = 2  

At r = 3  
Y 

At r = 4  

At r = 5  

Also at r = 2N, A ~ N ,  D ~ N ,  E ~ N ,  and E21q-1 are null matrices and equations (E3) 
reduce to 

Thus, the procedure of solving equation (D6) is to sweep down the diagonal to solve for 
yn and Xn and then back up the diagonal using equation (E3) to solve for all 5 and yi. 
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The 3 X 3 matrix multiplications, additions, and inversions are performed by the CDC 
library subroutine MATRIX as detailed in  reference 17. 
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PROGRAM LISTING 

The program listing for the sample problem is as follows: 
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SURROUTINE G F C P T Y  ( N T Y P F )  
C T P I S  S U S R O U T I h E  CPLCULAT.ES THE GEOblETKY A T  Tk-F S T A T I O N  M I I > P O I N T ( I - I / Z )  
C IF N T Y P E  = 4 THE L S E R  A U S T  D E F I N E  P ( I I ,  p t I r ( r )  A m  D P ~ ( I ( I )  3 6  
t COFRESPOND W I T H  l - I S  C E S I R E D  GETNFTRY. T P E S E  I ) E F I N I T I C f ' I S  SHUtJLQ R F  
C I O C A T E C I  B F T k E E N  1 t . F  tA'3EL S T A T E M E h T S  5 0  PhC 5 0 .  

CC!JPflY/HC1/ R O A ,  h ,  P d I n ,  S O A ,  DS,  DK 
ccVvrr4 / m i  01 R ( ICI 1, i-'+i I ( i o 1  1, CPP I ( io! 1 
CflMMPN / R L 1 4 /  OSfr DEL,  R P H I ,  AN 

C A T A  P I  / 3 . 1 4 1 5 $ 2 6 5 3 5 8 ? 7 9 3  / 
PPYT = P P I O *  P I  / 1 R O . O  
K1= N-1 
bh = N I  
I F  ( N T Y P F  .NE. 3 ) GO T C  10 

C S  = S O A /  A N  

F ( I )  = R O A  
P U I ( 1 )  = P P H I  

2 0  TPHI(1) = 0.0 
rfl T I  50 

13 I F  ( N T Y P E  .WE. 2 1 G I  T O  30 

C T P F  S P E L L  I S  A c y L r R D m  HI-EN N T Y P E  I S  I 

C O  2 0  I = !,N 

C TFE W E L L  I S  A C C V F  N 1 E V  N T Y P E  i s  7 
T S  = S 7 A /  A N  
T R  = r l S  * C C S ( G F k 1 )  
P(!)=ROA-DP/Z. 
FHi(1) = F P H I  
CPHI(?1 = 0.c 
ro 40  I = 2 ,  N 
F ( I )  = R ( I - 1 )  + CR 
F H I I I )  = R P V I  

C O  Ttl 6 0  
4 3  CPYI(1) = 0.0 

30 J F  ( N T Y P F  .NE. ? I  SC T:J 51: 
C TI-E S H F L L  I S  A S F C F P I C A L  CbP WI-EN YTYPE I S  3 

2 : l A  = R O A * R P P I  
C S  = S O A /  AN 
f F  1 = K P I i I  / A N  
P L l R = l  . /R@A 
f P U X  ( 1  1 = P C P  
F H J ( 1 )  = - 0 F I / 2 .  
F ( 1 1  = KOP*SIN(Fkl(I)) 
En 70 I = 2 r N  
FHI(I) = P H I ( 1  - 1 )  + D F I  
F ( 1 )  = ROP * S I h ( P V I ( 1 ) )  

70 C P H I  ( I ) = A T , R  
GO T O  5 0  

50 I F  ( N T Y P E  .NE. 4 )  GC TO 6 0  
60 F E T U R N  

END OF S U B R O L T I h E  GFCMTY 
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EO TO L7 
22 I F  {LBCP. .NE. 5 )  GC Tn 17 

IF IITER .EQ. 1 1  P R I N T  23 
23 F O R M A T I  40x9 *TFE FIGHT BOUNDARY I S  Ahf E L P S T I C  CDNSTRALNf*  

DC! 24 M = 1 ~ 3  
CO 2 4  M M = l r 3  
@ I L p Mv M M  1 =Or EG B F f P' T YM 1 

24 C l L T M T  MM)=ALAHLAR(MTHX) 
17 RETURN 

FND 13F BOCON 
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SUBROUTINE ANSWERS(  NTYPE, XI L R C L ,  L B C R )  
T H I S  SUBROUTINE C b L C U L A T E S  AND PR I N T S  N-THETA AN0 M-TVFTA.  
THE L O A D  VECTORS A R E  ALSO P R I N T E D  WITH TPESE VALIJES.  
C C M M O N / B L l /  ROAp h~ P F f 1 0 1  SOAI C S c  DR 
CCMMON/BL6/ C 1 1 ,  C 1 2 ,  C 2 2 7  K 1 1 ,  K l Z r  K 2 2 ,  E l l ,  012, 0 2 2  
CUMMON/BL8/  L A P I  E l 0 1  E201 N U 1 2 t  N u 3 1 1  E T 6  
CCMMGN / B L 1 0 /  

CCKMDN / B L 1 4 /  CS2t DEL, R P H I ,  AN 
C I M E N S I O N  X ( 2 0 2 1 3 )  
P E A L  L A M 9  K l l ~  K121 K22 
PEAL N 1 2 1  N 3 r  P l 2 r  p3t KB12r K 3  
PEAL h J U l Z I  NU21  

R ( 1 C 1 1 9 P H  I ( 101  1 9 CP H I  ( 10 1 
C D M M O N / B L 1 1 / A L F A l ,  ALF  A2 9 T l ,  T 2  9 I T F Y P  

C ALL GEC VTY ( K T  Y P E 1 
L = 2 * N  

1 FOPMAT( / 5 X * S T A T I C h * 7 X + N T Y E T A * l 4 X * M T ! - i E T A *  14X + R A D 1  AL LOAD+7X*MFR 101 
I A N  L f l A D * )  

P R I N T  1 
C O  2 I = l r N  

CALL S T I F ( 1 )  
F T A L =  ETA/LA t . (  
I TPNUS= E T A /  f l0-hLZ1*NU12 
7 N 1 = E I9 * E T A N b  S* { P LF A 1 + \ ]U12  * A  L F A2 1 * T D Z ( I 1 
T N 2 = E 2 0 + E T A N U S * ( P L F A 2 + Y U 2 1 + A L F P 1  ) *  T ! l Z (  1 )  
T M l = E  l O * E T A L  +: (ALF A l + Q U L 2 * A L F b Z  1 *TZOZ ( I 1 
TM?=FZO*ETAL * ( A L F A 2 + V U ? l * A L f A l  ) * T Z D Z (  1 ) 
L I = x  ( 2* I , 1 1 
h I = X I  ? * I ,  2 1 
P I = X  ( 2* I ,3 1 
I F ( I o N E . 1 )  G O  7 C z  1 C  
F I = P Y I (  1 )  +DFL 
f?FI= DPHI( ! )  

C.0 T 3  I 1  

C F I =  D P H I ( I )  
P I =  R(T)+DS?*CCS(FHI(I) 1 

I F  I 1  .NE. 1 )  CC T O  3 
I f  (LRCL .NE. 1 1  Cc! T!I 1 2  

RI= ( R (  1 ) + R (  2 )  1 / 2 0  

13 F l = P Y I (  I ) + n F L  

11 C n h ' T T N U E  

1. P= 
P F =  ( -3 . + X (  2 

( -3 * X  I 2 9 1 t 4  * X  ( 4 ~ 1 1  - X  6 t 1 1 1 / ( 2 *!3S I 
3 ) + 4 o * X ( 4 r  3 )  - X (  6 ~ 3 )  1 /(.? .*DS 1 
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F UACT I P N  D V (  C T I 1 
C DV(lr1) S F T S  TI -F  I h l T I 4 L  U DISPLACEPFNT 
C D b ( 2 r I  1 S E T S  TI -E I h I T I A L  \4 C I S P L A C F Y F N T  
c D L l 3 , T )  S E T S  TI-F: I h I T I A L  IJ V F L C C I T Y  
C D V ( 4 v l )  S E T S  Tt-E I k I T I 4 L  d V E L O C I T Y  

c v-0. 

E N D  C F  CV 
RFTURrJ 
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SGI VEN 

NTY P E 

N 

RO 

SO 

HO 

En 

El 

E 2  

N U 1 2  

NU2 1 

SIGO 

NflNL I N  

CONV 

P H I 0  

LRCL 

LHCR 

PP 

PP s 

SL 

SR 

CHAR 

I D Y M  

KMAX 

DTAU 

APPENDIX G 

SAMPLE PRINTOUT 

The printout for the sample problem is as follows: 

= 31 

= 26, 

= O.lEtC3r 

= 0.0, 

= O.lEtC1, 

= O . l E + C B ,  

= O.~E+CE, 

= O.lEtCR1 

= 0.3Ei00, 

= 0.3EtOOv 

= O.lE+Ol, 

= 11 

= O.lE-CZ, 

= 0.15BCS4E+0Z1 

= I 1  

= 31 

= 

= 0.0, 

= 0.0, 0.01 0.0, 

= 0.0, 0.01 0.0, 

= O.lE+C?, 

= 1, 

= 401 

= 0.25Et001 

-0 6 F +OO, 



T1 = 0.0, 

T2 = 0.0, 

A L F A 1  = 0.0, 

ALFA2 = 0.9, 

ITEMP = 01 

IFREP = 4, 

I S T b R T  = 0, 

SEN0 
SAMPLE PROBLEH F O R  A CLACPEC S F I - E R I C L C  C A P  & I T P  C A Y 4 0 4  - f 



I f  I D Y M = O  T H E  SHELL I S  LOADED S T A T I C A L L Y  
I F  I C Y Y = l T t i E  S H E L L  I S  LOADED O Y N A M I C A L L Y  
I F  l n Y M = 2  THE SHELL S T A T I C  B U C K L I N G  L O A D  I S  C A L C U L A T E D  

FCR 7 H I S  RUN, ICYM= 1 

hUP'BEH OF S T A T I U N S  = 2 6  

PFP I D I A N / R E F F R E N C E  K A T I O  = - 2 ' 1 5 9 2 6  

HAD I U S / R E F E R € N C E  KAT I O  = 1 .oooooo 

I W I C K /  A E F  KAD R A T I D  = .010000 

E l / E O  = 1 . 0 0 0 0 0 0  E 2 / E O  = 

N U 1 2  = .300000 N U 2 1  = 

E U / S G  = 1ccc0000.700030 R E F  D I S T  = 

I F  N O N L I N  = 0 LJNLY L I N E A R  TERMS ARE USED 
I F  h O F I L I N  = 1 N C N L T N T A R  TERMS U S E D  

FOR T H I S  RUN N C h L I N  = 1 

l . O D O 0  00 

.300000  

1 0 0 . 0 0 0 0 0 0  



S T A T I O N  NO 

1 
2 

. 3  
4 
5 
6 
7 
9 
9 

10  
11 
1 2  
1 3  
1 4  
1 5  
1 6  
17 
1 8  
1 9  
2 0  
2 1  
2 2  
2 3  
2 4  
2 5  
26  

M E R I D I A N  C I S  

0. 
I. 10 37C4E-02 
2.207409E-C2 
3. a111  1 3 ~ - 0 2  
4.41 4817E-02 
5.518522E-02 

7.725930E-C2 
8.8296 3 5E- 02 
9 .$33339F-02 
1.103704E-01 
1.214075E-C1 
1.724445E-01 
1.43481 6E- 01 

1. 655556E- 0 1  
1 .'76 W 2 7 E - 0  1 
1.876297E-01 
1.9@ 6668E-01 
2.C9703AE-01 
2.207409E-C1 

2.428150E-01 
2.538520E-C1 
2.648890E-01 
2.759 26  1E- C 1 

6 622226E-02 

1..5451 BSF-01 

2.317779F-01 

THE LEFT OMEGA M A T R I X  

0. 0. 
0. 1.00000E+00 
0. 0. 

TL-IE R I G H T  OMEGA W A T R I X  

0 .  
0. 
0. 

0. 
0.  
0. 

THE G F C M E T R Y  OF T F E  SPELL F n L L o w S  
R A D I A L  O I S  6 N G L E I R A D )  CUR VATUP € (  OF [ / O S 1  

-5.6C2033E-Ce -2.775558E-17 1.000000E+00 
1.1C3697E-02 i . i 0 3 7 n 4 ~ - 0 7  1 . O o C O O O F + O O  
2 2C7257F-02 2.2C7409F-02 ~.OOoOOCF+CO 
3.3 10553E-02 3.31111 3E-02 1.00000QF+00 
4.4!3445E-Oi 4.4 14@17E-C2 1.000000E+00 
5.515799E-Ct  5.5 1 a522 F-02 1.@00000E+00 
6 .  t 17482E-02 6. t 2 ? ? ? h F - C 2  ~ . O O O O O O F + O O  
7.718359E-02 7.725Q3OF-02 1 :000000E+c0 
8. E 1829  5E-C2 8.829635 E-02 1.000000F+OO 
9.917157E-02 C.g3?=39F-02 1 . 0 0 0 0 0 O E + 0 0  
1 .1014R lF -01  1. 1C3704FL01 ?.00000OE+00 
1.711112E-C1 1.214075E-Cl 1 .  ooooooF+nc 
1.320596E-01 1.3 z4445  E - C ?  1 .  @00000E+00 
1.429919F-Cl  I 4 7 4 9  16 F-'I 1 ! . O O O O O O F + O O  
1.539067E-Ql  1.54518AF-01 I. ~ O O O Q ( I E + O O  
1.648C2SE-01 1 . 6 5 5 c i h E - 0 1  1.000000F+@0 
l .75678SE-01  :. 7 C 5 727 F- C 1 1.0C0900E+00 
1 . a 6 5 3 3 5 ~ - o i  1.P76297F-91 1.000000E+00 
1 . q 7 3 t 5 5 F - C l  1 . 9 e 6 ~ . 6 ~ ~ - n i  1.0000@0E+CO 
2.081733E-01 2.097038F- 01  I .  oooooo=+Oo 
2.199559E-0' 2 s ? 0 7 W a  E-01 l.OOCOOOF+OO 
2 - 2 5  7117E-0 1 2.31.777QF- C1 i.ooonoot+o~ 
2.40439 hE -0 1 2.42RISOE-01 1.0000(!0E+00 

: . 0 0 0 0 0 0 E + 0 0  2 .5113@lE-C1  2.539570E-02 
2. t 18061E-0 1 2.64Rfi JOC- 0 1  I .  O C O O O O F + r ) O  
2.724422F-01 2.759251F-0; 1.000000'+00 

T H E  MAXIMUM 5PELL RISF IS . 03782569  

T Y F  L E F T  PCUNCARY C C N D I T I O N  I S  4 POLE P C I N T  
THE R I G H T  POUNCAPY CCINDITIPR I S  F I X E 0  

T k F  SHELL T Y I C K Y F S S  = 1 .oooonooo 

T Y E  L E F T  LAYPOA WATRIX 

0 .  
0. 
0 .  

0. 
3.  
n. 

( h )  + :.oopooF+no 0. n. I U I  = 0. 
I C )  + 3. 0 .  n. I W )  = 0. 

t 0. 0. 1. Onnox +oo I P )  = 0. 
THE K I W T  L ~ R D A  VATPIX 

I h )  i 1.07@OOF+00 0 .  9. I U )  = 0. 
I C 1  + 0. 1 . O C C O O E + 0 0  0. ( W I  = 0. 
t c )  + n. 0. 1. CCOOOE +OO I F 1  = 0. 

b 



Qo 
0 S T A T I O N  NO 

STAT 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
1 1  
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
2 2  
2 3  
24 
2 5  
26 

ON 

10 
11 
12 
13 
'1 4 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 

N-S RESUL 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

N T Y E T A  
0 .  
0. 
0. 
0 .  
0. 
0 .  
0 .  
0. 
0 .  
0 .  
0. 
0. 
0. 
0 .  
0 .  
9. 
0. 
0. 
0 .  
0.  
3 .  
0. 
0.  
0. 
0 .  
0. 

ANT SHEAR FCRCE 

0 .  
0. 
0.  
0. 
0. 
0. 
0. 
0 ,  
0. 
0. 
0 .  
0. 
0. 
0. 
0. 
0. 
0. 
0 .  
0. 
0. 
0.  
0. 
0 .  
0 .  
0 .  
0. 

YTHETA 
0. 
0 .  
0 .  
0 .  
0 .  
0 .  
0 .  
0 .  
0. 
0 .  
0 .  
0 .  
0. 
0 .  
0. 
0 .  
0 .  
0. 
0 .  
0. 
C. 
0 .  
0. 
0. 
0 .  
0 .  

P - S  R E S U L T A N T  

C .  
0. 
C. 
0. 
C. 
C. 
0. 
C. 
C. 
C. 
0. 
0.  
0. 
0 .  
0. 
0. 
C .  
0. 
0. 
0. 
0 .  
C. 
0. 
0 .  
C .  
0. 

RADIAL LOAD 
0 .  
0. 
0 .  
0. 
0. 
0 .  
0. 
0 .  
0. 
0. 
0. 
0.  
0. 
0.  
0. 
0 .  
0. 
0 .  
0. 
0. 
0 .  
0 .  
0. 
0 .  
0. 
0. 

U-OEFORMAT 

0. 
0 .  
0. 
0 .  
0. 
0. 
0.  
0.  
0. 
0. 
0. 
0 .  
0 .  
0 .  
0 .  
0. 
0 .  
0.  
0 .  
0.  
0 .  
0.  
0. 
0 .  
0 .  
0 .  

Y E P I D I A N  
0. 
0.  
0. 
9. 
0 .  
0 .  
0. 
0 .  
0. 
0. 
0 .  
0 .  
0. 
0. 
0 .  
0 .  
0 .  
0 .  
0. 
0. 
0 .  
0 .  
0 .  
9. 
0 .  
0. 

ON W-DEFOPMATI ON 

0. 
0.  
0. 
0. 
0. 
0. 
0 .  
0. 
0. 
0. 
0. 
0. 
0 .  
0 .  
0. 
0. 
0. 
0. 
0. 
0. 
0 .  
0 .  
0 .  
0. 
0. 
0 .  

BETA RCTAT ION 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0 .  
0. 
0. 
0. 
0. 
0.  
0. 
0. 
0.  
0. 
0.  
0. 
0 .  
0. 
C. 
0.  
0. 

. 



S T A T I O N  N3 U DOT 

1 C. 

3 C. 
4 C. 
5 C. 
6 C. 
7 C. 
9 c .  

1 0  C. 
11 C. 
1 2  C. 
1 5  C .  
14 C .  
1 5  C .  
16 C .  
17 C .  
1 8  C .  
1 9  C .  
2 0  C ,  
2 1  C .  
2 2  C. 
2 3  C .  
2 4  C .  
2 5  C .  
2 6  C .  

2 r. 

9 r. 

KOUNT TAU 
0 0.c0000 
1 .25OCO - .50000 
3 .75000 
7 

0. 
C. 
C .  
C. 
C. 
0 .  
0. 
C. 
0. 
C. 
0. 
0. 
0. 
0. 
C. 
0. 
C. 
0 .  
0. 
C. 
0. 
C. 
0. 
0. 
C. 
0. 

W COT 

DEL 
3.00000 
-.OC555 -. 0 3342 
-.Oh606 

0. 
0. 
C. 
0. 
C. 
C. 
C. 
C. 
0. 
C. 
0. 
0 .  
C. 
0. 
C. 
0. 
0 .  
C. 
0 .  
C. 
0. 
0. 
C. 
0. 
C.  
0 .  

U DCTOOT W DOTDOT 

0. 
- 7 , ? 6 2 7 3 0 3 Q F + 0 4  
-7 .26273039F+C4 
-7.2627303GE+CL 
-7 .26273039E+04 
- 7.2  t, 2 7 3 @ 3 CF + 04 
-7.  ? 6 2 7 3 0 3 ? F + 9 4  

- 7 . 2 6 7 7 3 0 3 9 € + 0 4  
- 7.2 6 7 7 3 0 ? S F + 0 
-7 .2627303@F+Co 
-7.  2 t 2 7 3 0 3 r E + O L  
-7.2677307QF+O'~ 
-7.762730?oF+OL 
-7 .?h773039E+04 
- 7.2  6 2 7 3 03  ? F + 0 4  
-7 .26273039 '+04 
-7 .26273 0?9F +04 
-7.  2 6 2 7 3 0 3 c F + 0 4  
-7.7627 303CFtOh 
- 7 . 2 6 2 7 3 0 3 9 F t 0 4  
-7 . '6273039F+04 
- 7 .  ? 6 2 7 3 0 3 " f + 0 4  
- 7 . 2 6 2 7 3 0 3 9 f  + O h  
-7 .26773035E+@L 
-7.26 9 7303qE +Oh 

- 7 . 7 6 2 7 3 0 3 ~ ~ + 0 4  

1 T E R b T I O N S  C Y C L E S  XNORM 
1 3 0. 
4 3 5.13873E-OR 
7 3 1.60563E-06 

10 3 5.6P624F-06 



Q) 

O3 S T A T I O N  NO 

1 
2 
3 
4 
5 
6 
7 
8 
9 

LO 
11 
1 2  
1 3  
1 4  
1 5  
1 6  
1 7  
1 8  
19 
2 0  
2 1  
2 2  
2 3  
2 4  
2 5  
2 6  

N-S R E S U L T A N T  

-i. 9 5 3 6 0 8 C E t C 4  
- 2 . 9 5 3 6 5 0 7 € + 6 4  
-2 .9547457E+C4 
- 2 . 9 5 6 9 0 0 3 E t C 4  
-2 .9604770F+C4 
-2 .965902  7 E t C 4  
- 2 . 9 7 3 5 9 7 5 E i C 4  
-2 .9838686E+C4 
-2 .996812  1 E t C 4  
- 3 . 0 1 2 2 0 0 1 E t C 4  
-2 .029391  3 E t C 4  
-3.04728 2 9F i C 4  
- 3 . 0 6 4 3 2 7 1 E i C 4  - 3.0 7 e 6 3  02E+ C4 
-3.0881279E+C4 - 3.090807 BEtC4 - 1.0 8 4 9  2 4 5 F + C 4 
- 3 . 0 6 9 1 5 1 7 E i C 4  
- 7 . 0 4 2 6 5 0 4 € + C 4  
-7.00508C 8E+C4 
-2 .?5663 t  1E+C4 
- 7 . 8 9 8 1 6 4 3 E I C 4  
-?.8313785E+C4 - 7.7 5 9 0 5 4  OE+ C 4 
- 2 . 6 8 5 0 7 S l F + C 4  
- 2 . 0 1 4 3 1 1  5 F i C 4  

SHEAR F O R C E  

0. 
1.0@23427E+C2 
2.OC92910E+C2 
2. C2847C2FtC7  
2 .7904913E+02  
2.3625C43E+C? 
1 .2494226F+02  

- 5 . 7 7 0 1 1 1 3 F + O l  
-3 .045937RE+C2 
-5 .9597947E+02  
-5 .9818565F+C2 
-1 , IE498R6E+C3 
- 1 . 3 4 2 4 1 8 2 € + 0 3  
-1 .377151ZE+C3 
-1.22757C8E+O1 
-8 .75321  11E+C2 
-3 .  ? 4 1 6 € 5 4 E + C 2  

3 . 4 7 2 8 1 7 1 € + 0 2  
l . O S l 5 3 4 5 E + C 3  
? .8C71110F+03  
2 .4095469F+03  
2 .9424411E+C3 
3.OS074CRE+03 
3.1792366E+C3 
3 .1539024E+03  
3. C494946E+03  

P - S  R F S ( J L T A N T  

2.267P ?C9F+04  
2 . 8 6 ~  102  OF + 0 4  
4 .2857757F+04  
h .?P57895F+04  
P . 79435cqF+@4 
1.10079C?E+O5 
L.239? 35AF +C 5 
1 .??9107RC+C5 
1 .C050515F+05 
5 . 1 5 9 6 7 5 9 c + 0 4  

- 1 . 2 9 q 7 A ? X  +@5 
-7.54401796F+Oi 
-? . .35527:  BF+05 
- 5  .C750267F + O i  
-6 .C017726F+OS 
-6.4 3 9 ' 0  1. ?E +C 5 
-&.22872?1F+'35 
- 5 . 2 7 A 7 7 4 2 € + 0 5  
-3 .58$7597F+05  
-1 .2521299E+05  

1.571 9226C +O 5 
4.6877244E+05 
7 .  C 11 482  7F + 0 5  
1 .1101977F+06  
1 .4104055F+05  

-2.57 5 ? 7 2 a ~ + 0 4  

U-DEFORMAT 1 Oh' 

0 .  
7 . 2 3 0 2 1 8 2 € + 0 1  
1 . 4 4 0 1  R13E+@7 
2 . 1 9 7 5 t 5 4 E + 0 2  
2.9 2" 5' 58E+ 02  
' . h900004E+O? 
4 .50?298PE+02  
5.3 57 5 5 t 4 F + O  7 

7 . 7 4 a 2 6 ! 3 E + 0 2  
R.313'7418F+O? 
?. 4 7 4 9 5 3  7 F + 0 2  
1.07044OqF+C7 
1 , 1 3 h 9 9 4 6 E t O ?  
L. 3 2 0 0 3 2  5E t C  3 
1 .42P5b  ) 8 E + O ?  
1. 5Oo1152F+03  
1 .5436201EtO '  
1 .520750ZE+03  
1.431 4766C+O? 
1.27601 24E+93  
1. O527499E+03  
8 .  I143043E+@7 
5. ' 909605F+O? 
2 .  6 4 8 7 1  e 7 E i  0 2  
0 .  

6 . 2 6 2 7 c e i ~ + o 2  

W - O E F C P M A T  I ' l Y  

-2.77 I 3 ~ 4 4 ~ + 0 4  

- ~ . ~ ? ~ P s ~ o F + I - I ~  

-7 - 7 1  325 '6F+04  
- 7 .77  1 6 9 7 0 € + 0 4  

- 7.7 E. 34 3 5 1 E+ O't 
-? .77$P577F+O4 
-7 .  P! Q5$77€+34 
- 2 .  a7CS4s5F+P4 
-2  .Q36707cF  t0+ 
-3.01 ! 4 0 1 7 F + 3 4  
-7 .09072CLc+04  
- 3.1 4 1 ? 34  1 + 0 4  
-7.71 3?420F+04 
- ' .2?"P?2hF+04 
-7. 105f .4hCC+g4 
-2 .0961?37F+04  
- 2 . 9 7 O C  544E+04  
- 7 .  h b t l 5 6 4 F + 0 4  
-2.3?5009'E+O4 
- 1 . 9 & 4 0 5 9 4 F + 3 4  
-1.51 ? O 2 3 ? E + O 4  
-: .07?555PC+O't 
- 6 - 5 2 ?  P 535F +rJ3 
-3.1R?h67nE+O3 
-R. 467536'=E+O? 

n. 

B E T A  ~ C T A T I r 3 A I  

0. 
-2 .3794093  E t o 3  
-5 .8643052E+C3 
-1. ? 2 6 7 6 5 0 E + 0 4  
- l . Q 1 1 4 1 2 2 E + 0 4  
- 2. e4  2 7727  F t C 4 
- 4 . 1 5 ? ? 3 5 P C t 0 4  
- 5 . 4 2 5 ' 5 9 F F t C 4  
-6 .5336675F+C& 
- 7 . 2 0 9 7 6 3 5 E t 0 4  
-7 .1 '9576CEtC4  
- h . O 1 4 ! 3 3 9 E t 0 4  
-? .5756736E+C4 

3.177??7?F+03 
5 . 6 ? 3 1 9 6 L c + W  
I. 7 1  761 7 9 E t C 5  
l . Q 3 2 ? 2 0 7 F t 0 5  
2. t544C?PE+C5 
3 .?q750 !  1 E t C 5  
3 .175402LF iO5  

3 . Q 3 1 9 6 ? @ F i O 5  
3. S03?44bE+05  
2 . 7 0 3 0 5 7 3 E t C 5  
1. S 2 1 7 3 6 i F + f l 5  
0. 

4. n 0 8 2 3 ~ 7 ~ t c 5  

9 : 
51' 
0 



S T A T I O N  
1 
2 
3 
4 
5 
6 
7 
R 
9 

10 
11 
12 
1 3  
1 4  
15 
1 6  
I 7  
18 
19 
20 
2 1  
22 
23 
24  
25 
26  

NTHETA 
-2 .95441172F t04  
-2.5 542 e l  8 6 E t 0 4  
-2 .55764316Et04  
-2 .96507017Et04  
-2 .97841122Et04  
-2.99939064Et04 
-3.C311C440Et04 
- 3  .C1465333EtQ4 
-3.12 77 58 4 1 E t  0 4  - 3. I F 7 6  39 1 7 E t  0 4  
-3 .24784323Et04  
-3.2S8R5603Et04 
-7 .32891747EtO4  
-3.3249 09 0 1 F t 0 4  
-3 .27457223F t04  
-3 .16833667€+04  
-3.001 1 7 6 9 1 F t 0 4  
-2.773851 7 2 E t 0 4  
-2.493 3 99 23 F t 0 4  
-2.172981 9 7 F t 0 4  - 1 .8 3 1 360 5 7  E t  0 4  
-1.4S22'X 58E+04 
- 1 . 1 ~ 4 0 1 0 9 5 E t 0 4  
-9.3RR00207Et03 
-7 .92555514Et03  
-7.84293439Et03 

K OUNT TAU 
4 1 .ooooo 
5 1.250CO 
6 1 .5ooco  
7 1.75000 

MTPETO 
2 .05951423Et04  
2.65 59722  7CtO4  
3.4Q924142EtO4 
4 .75047e34Et04  
6.24306 2 0 9 F t 0 4  

8.9442 1317  E t 0 4  
9 .52912993Et04  
q .15545C59Et04  
7 .57877822F t04  
4.5961 CS77EtC4 
2.0335 1 5 6 4 E t 0 3  

- 5 . 3 3 3 9 4 2 0 3 F t 0 4  
- 1.1748 7579E t o  5 
-1 .02388537Et05  
-2.40531?81E+C5 
-2.8341 4555  E+05 
-3.0?365017E+05 
-2.94RSOF68Et05 
-2.55 514C43FtO5 
- 1.8641 3 57OEt05  
-9 .15657540F t04  

2.27596'54Et04 
1.50 49 6 473E t o  5 

4.24921677EtCC 

DEL 
- . l o 2 8 7  -. 1 3 9 9 4  
-.17430 
-.20398 

7.7401C341Et04 

2 . a 5 0 0 4 2 9 1 ~ + 0 5  

R A D I A L  L O A 0  
-7.2 t 2 7303  SF t 0 4  
-7.2C 2 7 3 0 3 9 F t 0 4  
- 7 . 2 6 ? 7 3 0 3 7 c t 0 4  
-7 .2 t  273079F+C4 
- 7 . 7 6 2 7 3 0 3 q r + 0 4  
- 7 . 2 6 2 7 3 0 3 9 E t 0 4  
-7.2t  277 c 3 9 E  t @ 4  
-7 .26273039F+04 
-7 .?C i77C3  7 F t C 4  
-7 .76273039F t04  
- 7 . 2 t 2 7 3 0 3 9 € + 0 4  
-7.26273039$+04 
-7.26273 3 3 9 F t O h  
-7.26 27303cE+C+ 
-7 .26273039Et04  
-7.762'303CiEt C4 
-7 .26273039Et04  
-7.2627303$F+04 
- 7 . 2 f 2 7 3 0 3 5 F t C 4  
- 7 . 2 6 2 7 3 0 3 9 t t O l  
-7.2t 2 7 3 0 3 9 ~ t  c 4  
-7.?627393"E+C4 
-7 .2627303QEt  C!L 
-7. ? t273C7JF+C4 
-7.2627303qEtO4 
- 7 . Z t 2 7 3 0 3 9 E t C 4  

M E R I D I A N  L I A ?  
I). 
0. 
0. 
0. 
9. 
0. 
0. 
0 .  
3 . 
0. 
0. 
0. 
0. 
9. 
9. 
0. 
0. 
0.  
0.  
0. 
0.  
0.  
0 .  
0. 
0. 
0.  

I T F f i b T I C N S  C Y C L F S  XNORH 
I ?  3 9.30397E-04 
16  7 L.QP932F-C5 
IS 3 1.3162OF-05 
22 3 1.06050E-C5 



I I I  I I  I 

Length 
Modulus of axial 

stress, elasticity 

II I I I I I I  I I 111 II 111111111.11111111 I I 11111111111l1 1111111111111111.1111111 

in. 2.54 x 10-2 

psi 6.895 X lo3 

APPENDIX H 

CONVERSION OF U.S. CUSTOMARY UNITS TO SI UNITS 

The International System of Units (SI) was adopted by the Eleventh General Con- 
ference on Weights and Measures in  1960. (See ref. 18.) Conversion factors for  the 
units used in  this report  are given in  the following table: 

Conversion factor I Physical quantity (U.S. Customary Unit 1 

I degree Fahrenheit IK = (OF + 459.67)/1.8 -- ~ 

Temperature 

SI Unit 
(**2 

meter (m) 

new ton/met er2 (N/m2) 
kelvin (K) 

* Multiply value given in  U.S. Customary Unit by conversion factor to obtain 

The prefix giga (G) is used to indicate lo9 units. 

equivalent value in  SI unit. 
** 
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TABLE 1. - SUBROUTINE DESCRIPTIONS 

FORTRAN name 

GEQIMTY 

BWQIN 

ABCDES 

FUNCT 

PQITTER 

DYNAMIC 

ANSWERS 

STIF 

IMTIAL 

MATRIX 

Description 
____ 

Calculates shell  geometry, that is, r, $, and $' 

Sets proper boundary conditions 

Calculates coefficients of A, B, C,  D, E, and q matrices 

Calculates negative of fk(Zi7Zi-17S) in  equation (27) 

Calculates P, Q, and R matrices and then solves for the Newton- 
Raphson corrections 62 

- 
Calculates Cy, 

and X m , ~ - 3  
0, 7, and 5 and s to re s  Xm,Z-17 Xm,z-2, 

Calculates "22 and m22 and prints "22, m22, p, and ps 

Calculates constitutive coefficients i n  equations (14) 

Initializes yi,o and yi,o vectors when the initial conditions are 

Perform basic matrix operations as detailed in  reference 16 

other than zero 
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TABLE 2.- GLOSSARY OF FORTRAN VARIABLE NAMES 

'i 

s 

x (1st element) 

x (2d element) 

x (3d element) 

y (1st element) 

y (2d element) 

y (3d element) 

z 

6Z 

c y 1 7  a2 - - 
a, P, 7, 

Program name 

CHAR 

c11, c12,  c 2 2  

E@ 

D11, D12, D22 

E10, E20 

EM11, EM22 

HQI 

T (1) 

ITEMP 

K11, K12, K22 

KQ~UNT 

N 
PL ,  PS 

X 

ALFA1, ALFA2 

AL, BE, GA, DE 

-__ - - _____ 
Description 

-~ 
Reference length 

Constants i n  equations (10) and (11) 

Constants i n  equations (12) and (13) 

Reference modulus of elasticity 

Nondimensional moduli of elasticity 

Membrane s t ra ins ,  used in  ANSWERS 

Reference shell  thickness 

Nondimensional shell  thickness 

Temperature exponent in equation (17) 

Constants i n  equations (10) to (13) 

Step in  t ime 

Number of stations 
Nondimensional loads, see FUNCTION P L  and 

FUNCTION PS 

Nondimensional radial  distance at station i- 1/2 
defined in  GEgMTY 

Nondimensional meridional distance 

"11 when j odd 

q when j odd 

"11 when j odd 

u when j even 

w when j even 

p when j even 

Matrix of unknown 

Matrix of Newton-Raphson corrections to z 

Constants i n  equations (16) 

Constants in  equation (21) 
___ - ___ -_-__ 
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I 

TABLE 2.- GLOSSARY OF FORTRAN VARIABLE NAMES - Concluded 

Variable 

77 

K1l' K22 

v12, v21 
x 
AS 

tf;", ty 
t;, tg 

A r  

A s  

@i 

q 

Program name 
-. _._ 

ETA 

AK11, AK22 

NU12, NU21 

LAM 

LAMS 

TM1, TM2 

TN1, TN2 

Description 

E o p  

Nondimensional principal curvatures 

Poisson's ra t ios  

Ratio of H a 

Shell parameter  

Thermal  moment resultants 

Thermal force resultants 

Nondimensional t ime increment 

Nondimensional meridional increment 

Colatitude angle at i-1/2 

Colatitude angle change at i-1/2 

01 

- _  
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I 
I O P = R  

i OIP = R 1 

Figure 1.- Surface geometry and coordinates. 
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8 8 

(a) Membrane and trans- 
verse  force resultants. 

(b) Moment resultants. 

8 

@ 
(c) Load per unit (d) Displacements 

area.  and rotation. 

Figure 2.- Positive sense of f x c e s ,  moments, loads, 
displacements, and rotations. 

0 
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i -1 

i = n  

(a) Shell meridian divided into 
equal increments. 

(b) Location of i-1/2 station. 

Figure 3 . -  Locations of boundaries, stztions, and midpoints of shell and 
shell  meridian increments. 

Figure 4.- Spherical cap geometry. 
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s- 1.0 
0 

V 
a, 

a, 
-c) 

.- + 
- 
cc 

y 0.8 
CTJ 

c 
a, m 

a, 

3 
.- 

2 0.6 
k 

0.4 

0.2 

0 
Dimensionless time, T 

Figure 5.- Deflection response of clamped spherical cap for various 
uniformly distributed pressures.  (Load duration is from T = 0 
to T = 5.) 
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x m 
E 

Q 
s- 
0 

u a 
a 
0 

0 
L 
m 
S 

.- + 
- - 
3 

E 

E 

.- 
3 

x 
.- 
2! 

2.0 

1.6 

1.2 

.8 

.4 

0 

A,  = 5  

- -Results in reference 12 // 

I ' I  

.2 .4 .6 .8 
Load parameter, Px  

- __ 

1.0 

Figure 6.- Dynamic buckling of clamped spherical cap subjected to 
uniformly distributed step pulses. (Load duration is from 
7 = 0 to 7 = 5.) 
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Present resu Its 
- - Results in reference 15 

40 x 103 
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Figure 7.- Outer surface thermal s t r e s s  variation along shell length. 
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