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SECTION 1

INTRODUCTION

Panel flutter is the self-excited oscillation of a plate or shell when
exposed to an airflow along its surface. Linear theory indicates there is a
critical dynamic pressure above which the plate motion becomes unstable and
grows exponentially with time. At large deflections, however, nonlinear ef-
fects (mainly midplane stretching forces) come into play and restrain the
motion to a bounded limit cycle. For realistic assesaments of the significance
of panel flutter, the nonlinear theory must be investigated. An excellent,

up~to-date summary of panel flutter is given by Dowalll.

The physical nature of the problem is described in Appendix A. Various
methods can be used to inve.iigate nonlinear panel flutter. First of all, there
is the direct numerical integration of the equations of motion from given initial
conditions. This has been used with considerable success by Dowe112'3'4; see

also Evensen and Olsons. Seéondly, the equations of motion can be placed on an

analogue computer with nonlinear components, and the response observed. Kobayashi6

and Bolotin7 have used this method. Thirdiy, the harmonic balance method can be
usad to determine limit cycles; see for example, KobayashiG, Bolotin’, Evensen
and Olsons, and Eastep and McIntoshB. Fcurthly, perturbation methods can be used
to obtain neighboring solutions to the linear problem: Olson and Fung9 used the
Kryloff and Bogoliuboff method; more recently Morinolo has used the multiple time
scaling technique. Finally, the Lyapunov stability criteria can be used to study
qualitatively the nonlinear behavior of the response. Such a technique has been

employed by Librescull.

The present report will concentrate on perturbation methods and harmonic
balance methods for nonlinear panel flutter. The previously published work
with these two methods has been limited specifically to two modes. This will
be extended here in a systeamatic fashion to an arbitrary number of modes, and
results will be given for as many as twenty modes. It is believed that the
present perturbation and harmonic balance methods developed here may provide
useful énd efficient alternatives to the longer, more straightforward airect“
numerical integration method in studying nonlinear panel flutter problems.
Also, these methods developed here may be of interest in the study of related

vibration problems.
1
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SECTION 2

PERTURBATION METHODS

2.1 Introduction to the Multiple-Time-Scaling Technique

In order to introduce the multiple time-scaling technique in a simple
way, it is convenient to discuss first an application of this method to an
elementary nonlinear problem. Consider the vibrations of a system of a mass
with a nonlinear spring, described by the equation

KtXtex® zo 0 ¢ €| | (2.1)
If € = 0, the problem reduces to the linear equation
Xo # Xo= 0 | @2
whose solution is given by
it it 1
X,z AR+ A"€ = 2Real [AC*] (2.3)

where i = V=1 , A is an arbitrary constant and A* is its complex conjugate.
For € ¥ 0, one can think of lOlVing the problem by "disturbing” the solution
of the linear system; that is by setting

Xt E)= X () +EX (2)+E Xell)t -~ -~ (2.4)
Combining Eqs. l.bxand 1.4, and equating terms of the same order of magnitude
(i.e., terms multiplying like powers of €) yields the following system of recur-

rence equations: .

Xo + Xe= 0 " (oxder 1) (2.5)

v/ - 3
Xo+ Xi=-Xo (oxder €) | (2.6)

and so on. Equation 2.5 is equal to Eq. 2.2 and its solution is given by
Eq. 2.3. Combining Eqs. 2.3 and 2.6 yields

R 43,2~ (A s ah 30044 e

whose solution is




Ne(Be™ 150 ")+ 41464 426

;z s2 (LA e - rarAte™ )
(2.8)

whore B is another arbitrary constant, with B* being its complex conjugate.

Finally, combining ®gs. 2.3 and 2.8 with 2.4 yields

8 ot

X=2Real [(A+éB )+ edA’C
+EFiAAte" J+0te)

(2.9)

The term which contains to‘t is called a "secular term". Terms of this kind

play a very important role in the singular perturbation techniques, and the nature

of secular terms is discussed in the following. Pirst, it should be noted that the
3 solution cbtained by neglecting the term of order e is not bounded. 1In fact,
i the amplitude of the term teit becomes infinitely large as t goes to infinity. i
This is in contradiction to the fact that Eq. 2.1 has a first integral |

(energy integral)

X, x
3 4-'£§-+£
which implies that the solution remains finite. In addition, the solution

of Eq. 2.1 can be obtained in terms of Jacobian elliptic functions which are ;
periodic functions, whereas the function obtained from Eq. 2.9 disregarding L "z

terms of order 82 does not have this property of per.?.odicity. Thus, this method

x* ~
;’_- = constant i (2.10)

seems to destroy the finiteness and the periodicity present in the true solution.

The nature of the secular terms can be understood better by examining the
solution obtained by using the multiple-time-scaling technique which allows one
to obtain the "correct" solution. This solution is given (later) in Eq. 2. 26 as

X=2 Rea/L (A +€B,) e/t ERAA I
+€—A d!(’ff}Ao‘lﬂ ]‘r O (e ) (2.11)
' Lo

3
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The Tayl.: series representation of this equation is given by

Xz 2Real [A,€" 16 (8 + F4°€"°

+z (AN te” ) ] +oce) (2.12)
which is identical to Eq. 2.9. It is apparent from Eqs. 2.11 and 2.12 that since
the frequency changes with €, any attempt to obtain a power series representation
(as given by Eq. 2.4) for the solution, will always yield secular terms. In other
words, the solution given by Eq. 2.9 is correct but has the defect that in order
to maintain the properties of finiteness and periodicity, the complete series
nust be considered. This makes the method useless from the practical point

of view.

In order to circumvent this difficulty several methods have been intro-
duced, as for instance the slowly varying amplitude method (described in
Section 3), the Kryloff-Bogoliuboff method (Ref. 12), the two-variable expan-

- sion procedure (Refs. 13 and 14), and the multiple time-scaling technique.

In the following, the multiple time-scaling technique is described in detail.

It should be emphasized that other methods (Refs. 13 and 14, for example)
yield exactly the same results (to order of 85) in this case, but they cannot be
applied in a more systematic way to creat more general cases. In particular, the
two-variable expansion procedure introduced by Cole and Kevorkian (see Refs. 13
and 14) is often simpler to use than the multiple~-time-scaling technique, tut it
is not always applicable. A comparison nf the two methods is made in Appendix B
of Ref. 19.

The multiple time-scaling technique un# introduéed by different re-
searchers independently (see €.g., Refs. 15, 16, and 17). The basic concept
is the following. Note that € disappears from the arguments of the functions
on the right-hand side of the equation, if Eq. 2.11 is written in the form
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X=2Real [(4,+£8,) @ " "FAA2)

/ 3 ‘3(t, '144 ," f
tEF A e * 4“] + 0 (&)

(2.13)
where to = t, tl = €t. This suggests that the solution can be found as
follows: it is assumed that the solution of Eq. 2.1 is of the form

XzXo(to, ), =)t EX Aoty Ve - ... 4 OE™) (10
where
te=t , t,=6¢t, - - ,lh=E" - - (2.15)

are considered to be independent (and are called "independent multiple time
scales") so that

d a ditn 2‘ n?d . > 3 (2.16)

,mat,, dt “E FT o at, + & Cee

where N may be finite.
As is shown in che following, the use of the multiple-time-scaling introduces
enough flexibility in the scheme so that the secular terms can be avoided. It
should be noted that this is not possible in all cases. Cases in which the
method fails are discussed in Sections 3, 4, and 5 of Ref. 19.

Next, the concepts described above are applied to solve Eq. 2.1. Combin-
ing Egs. 2.1, 2 15, and 2.16 yields

(at‘*zgat,at, ) '”)(Xn‘ EXit- - - )

S (Kt €Xov o )JHE(HutEN t-n )
\ (2.17)

Equating terms of the same order of magnitude (i.e., terms which are multiplied
by the same power of €) yields |

3 Xo

=0 N | 2,
—-—-at: + Xo (oxder 1) (2.18)




an X 3
Py + X =-( 235 t.;;,'fX‘ ) (order €) (2.19)
and 80 on. The solution of Eq. 2.18 is given by
ity = its
Xo: Ao(t:i"'“ )e + A':(tn"”)e (2.20)
where now Ao is not an arbitrary constant but rather a function of tl' tz,
and so on. Combining Egs. 2.19 and 2.20 yields
a'x. A:f
gy + s -
a2t X, 2 ( l. e at‘ )
| - 3 Lt ° 2 0 b -it, =3¢,
(A e 3h 4" e“tapue’ s 4°E™)
(2.21)
The solution of this equation is given by
X, =2 Real [B.C"+ 3!-,4.33‘3*’
. ‘to
+( 2 A - af‘v )yLe’™ ]
(2.22)
which contains a secular term unless
=) ‘ (2.23)
""‘A' -2 L Ao

2t, 2
This is a differential equation for A as a function of t, and its solution is*

/1,=,4.e£§4"4'*f (2.24)

In fact, setting A - pe 16 in BEq. 1. 22 yields aplat = 0, 39/3t = 3/2(0 )

which yield p = pl = const. and 0 = 3/2(9 t “+ 8 ):that is Eq. 2. 24 vhere

A.‘l = pleielu a complex function of tz. t3 and so on.
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Combining Eqs. 2.22 and 2.23 yields
Xi= 2 &a/[B, es + 7’ A° e""‘-j (2.25)

which does not contain secular terms. Finally, combining Egs. 2.14, 2,20,
and 2,25 yields

X=2 Real {(Ao +€Bo )e"to‘f‘ E'SLA.’ e‘.st' } +0 (E*)  (2.26)

or using Eqs. 2.15 and 2.24

X = 2Rol [(A+EB,) @'/'* E£ 4412

3 "
t€ _;I_A'leUCI'PSrA,A, )i f+0(f.) (2.27)
where .
-t'-‘é- ,A* 1,
B, =B¢e A4 = B,+0(E) (2.28)
Finally, Eq. 2.27 can be written as
: swit
X =2Real {[(A+eB, ) e seda’e froe)
with
w = |+E .zé A AT (2.30)

which shows that the solution is a periodic function w.th frequency depending
upon €. :

2.2 Analysis of Two Modes -

In Subsection 2.1, the multiple-time-scaling technique is used to study
a very simple equation. In order to study nonlinear panel flutter problems,
the method should be generalized .o treat systems of differential equations.
For the sake of simplicity, the generalization of the method is described first
for the case of a system of two differential equations with two unknowms. This
is done in this subsection. The more general case of N equations with N un-
knowns is described in Subsection 2.3.
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2.2.1 The Method of Solution

Consider a two-mode system* (see Appendix A for the expression of the
coefficients),

W T3 Wt W -AWat (CuW+CaWs )W, =0

Wat 9. W, +Q; Wzt AW, +(G,w + C“w:) W;=0 (2.31)
Consider the corresponding linear system

wl +gnWl + -ng M -AW2:0
W, +3aWo 1 QW2 t AW =0 (2.32)

For A = 0, the solution is stable (vibrations of exponentially decreasing
amplitude) , but there exists a critical (flutter) value, A’vot‘ the dynamic
pressure parameter such that for A > Ar, the solution is unstable (vibrations
of exponentially growiny amplitude occur). For A = AP, the solution is at the
limit of stability; that is, the solution contains a component which represents
harmonic vibrations (constant amplitude) of frequency Wy (flutmr frequency) .
The values of Ap and “’p are obtained as follows. Consider the a‘\gebraic sys-
tem corresponding to Eq. 2.32, given by

KR 2 W j ]

A P &P+

~ (2.33)

The values of l\! and w, are obtained by setting

p= L we (2.34)
and setting the determinant (its real and imaginary part, independently) of
the coefficients of Eq. 2.33 equal to zero. This yields

(-wr 407 J-wf+ 25 )-8 G wF +Ap=0 12.35
§uwp-wr+0% )+ g uwp-wi+0Q] )=0 (2.36)

Note that 1‘. =e, A and that for simplicity g, and g, are assumed to be inde-
pendent of € (see also Subsection 2.4.3).




From Eq. 4.36 one obtains*

Wr = 3.Q:45. Q0 (2.37)

¢ 4.
Combining Eqs. 2.3§ iéz 2.37 and solving for Ar yields

3: 3. g.. LRI 3..0: "’&Qf
7 *——(gng,)‘ (Q,-&F )+3,33 3 49, (2.38)

Thus the undamped** part of the solution of the linear problem for A = AP
(trat is at the stability boundary) is given by

-l € ] e

=2 Real ( A{ulj e‘“”t)

(2.39)
where, combining Egs. 2.32 and 2.39
U = =F tid WetQ) A (2.40)
2. 2
orwew AF - W +ng W +Q,
-a- 8 (2.41)
3
with
-1 E;" 2 ‘
- - (2042)
X = - tan ——‘——3-;_0', We < 0 |
It is assumed W # 0. The case W, = 0 is discussed in Ref. 19.

F
It is worth noting that the full solution of the problem contains also a

term which decreases exponentially to zero.
‘*In fact, with the use of Egqs. 2.37 and 2.38:

st [0 )4 den]- . [ 8,,3@1-:27)“3, ]

i (2i-qi) + g2 -Sathal i il %
- /‘-F ‘3+3)’ 9.+ §. J

-LTan éLﬂk
-'él e i‘ n;wF
3; -9

T T e




As mentioned above, the solution of the linear problem becomes unstable,
that is the amplitude becomes infinitely large for A > Ar On the other hand,
the solution of the nonlinear problem grows only to a finite value. The limit-
ing solution (as t * ®) is a periodic solution with constant amplitude. This is
due to the fact that the increase in A is “compensated for" by the effect of

the nonlinear terms.

Thus, the increase in A and the effect of the nonlinear terms must be
(mathematically speaking) of the same order of magnitude. Assume that € is
the order of magnitude of w, and w_; then a "compensation"” is obtained by

1 2
setting
! {Wu j s E{W (2.43)
W) o (w
b and* 3
-A' aAF tel (2.44)

Corbining Eqs. 2.31, 2.43, and 2.44 yields

W. 1 3, W» "I'.ﬂ: G;l -A-pwa s fz [i 7‘\:/—:" (Cv;\blg"' cu{:’:)ﬂ ]
:"M.l, +3,W: 0, W, A, W, =€'[5 K/,—(G,Q.‘*C,,W:)Wa] (2.45)

which shows that Eqs. 2.43 and 2.44 produce the desired "compensation" between
the variation of A and the effect of the nonlinear terms. |

Next, note that only e? appears in Eq. 2.45 so that only even powers of
k € are involved in the sorlution. This suggests that the solution can be obtained
in the form

W= €W = €Wy (to 2o )+ EP W,y (0,2, )t -
; W, =€ Wx = € Wair (L, ) t €° Wia (‘to,‘fa," )tee s (2.46) z

4 where (just as in the preceding subuction)

DHEE T TN A,

* . :
The plus sign is used to study the behavior for A > % and the minus sign is
used to study the behavior of A < A,.

10




to=t, t,=¢€'t,. .- - (2.47)
are considered to be independent variables so that

d o 2 d

— D emm— — « © o » ‘2048)

Y A T A

2.2.2 The Solution of the Problem and the
Equation for A(tz)

Combining Eqs. 2.32, 2.46, and 2.48 yields

2 2 a! s
(5%: VE 2555+ JENAE W+ )43, (S tE5E - *)

X (f\\‘u‘i’e’M;"' . ‘}'l'.Q.: (EWt E'Wiat - - ')“ (-A-fi 22)
X (fWu *E’Waa*"')'f C,.(fN,,+ E'W,;f e °)’ |
+Cl Ewy t Bwiee) (EWe + EWast- - )=

LRTTE SRS (TIY JVRSR ST Y YL
X(EWut E3Wot - )+.0; (EWyt CQMJ*"‘)T(AFIE‘)

{ (EM. + £SW'3"' = ’)1’ C”‘EWM + E’l\/.;-tu-f(i W..'ri' W3gf"‘)

, | ;
1Ca(EWL +E3W,3+ - - - )= 0 (2.49)
Equating terms of the same order of magnitude yields the following set of

recurrent systems of differential equations:

System of oxder €

3’W.. aw“ 2
ST et T W - AWy =0
sa Wo b g, :\;:' +£23 Wy tAs Wy=0 .50,

11
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System of order e’

i:“ﬁ ‘fé} +-§2:‘“h9 “/\F W,y =

[2 %t, 'f'g' aw" 3 wz., 'f CMNN"" cl:Wu W:.']

3W35+g, o +Q w”-‘»_/\_rw,,z

3
-[2 iﬁ; 18, 33 aW-. + W,, +C, Wy Wart c,,w,,] (2.51)

and so on.

Equation 2.50 ig equivalent to the linear system given by Eq. 2.32. The
undamped part of its solution is given by (see Eq. 2.39)

{xf,J‘A{u'}e‘“"*" +A*“..} Siort

= 2 Real [ A {J} e‘“’t' ]

where A is a function of tz. « « o and u is given by Bq. 2.41. As mentioned
earlier, the full solution of Eq. 2.18 contains alsc a part which is damped.
This part is not of interest for the solution of the nonlinear problem. 1In
fact, only the asymptotic behavior (as t + ®) of the solution is of interest
here andwas is shown in Ref. 10, all of the terms originating from the dhmpod
part of the solution of the linear system go exponentially to zero. Thus, for
the sake of simplicity, the damped part of the solution is disregarded in the
following.

(2.52)

Next, consider the solution of Eq. 2.51 Combining P~s. 2.51 and 2.52
yields

8Wu 3. aNu +.Q.7W|3"/\-r W + 2020
2t |
3”” +, 220 4.0 Wy tAp Wes + 2220 (2.53)
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e

” 2'%"/{(2‘“)’”3)358 Ft-rUAewrt.

t ey [A'e "y sppp et rts ]

s CLA Wy par Urzqyr)e r®] ]

Zs = 2 Real {(2'-'“’; t$,) U ngi em;-t,i A e<9rts

tCa U™ ™ pipt 2y yur ) et ]

: t Cal AU ™1 A3yt it ] s
Z:= 2 Rea/[ 2 oterte + 2% it ]
Z,= 2 Real [ Z:'C‘,’wpt"f Z23 @’ivrt ] (2.55)

- with

Z''= (2cw tg, ) 24 ‘uA +[3c,,-r(uf2uu")c,,]AA

Z' = (2: wrtg,) 2 u+A+[(zuru")c,,+3u WCJAR (2.56)
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and

m = (Cut Cau?) A®

(3) 3
Next, note that zl. and 22 contain terms proportional to ewFt. These
yield secular terms unless z{“ and z;“ satisfy a special condition (Eq. 2.62).

In order to derive this condition, it is convenient to consider the

system

3't’ 3‘ aw“ '* Qa Wis -AF Was 1 zm e‘w’*" 0

W, .

at:’ +3: 5% aw”"’-az Wis ‘U\.; W, + Z“'e“"r* (2.58)
Assume that

Wis = ,P'e; em"t'

Wass B (2.59)

Combining Eqs. 2.58 and 2,59 yields

" ow tigwer A ]
w?*"s F ¥ ﬁm z:n

. : w o
_ Ag —wp tigwprlda | (F, z9| (26 &
The determinant of the matrix is zero (by definition of Wy and A’) , which
means that the ﬂ.ut. row is proportional to the second row, the oonstant of

proporuomuty. be:i.nq equal to u; ir fact Eg.2.40 yields '

C.= - iy e 0 Y, ¥ - |
4 AN -0 +:.3,w,+ﬂ' (2.61)

14




with u given by Eq. 2.41 Thus, Eq. 2.60 cannot be solved*, unless

Z2'=uz, (2.62)

If this condition is catisfied, the two equations are not independent. Thus,
it is sufficient to satisfy only one of them; for instance, the second onec.
Purthermore, there are more unknowns than equations. Hence a particular solu-

tion of Eq. 2.60 can be obtained by setting p{l’ = 0 and obtaining pgl) from
; the second equation; this yields
? ") (0]
{ P‘m } = i'“' (2.63)
LT

~hus, the solution of Eq. 2.51, disregarding the dampged part, is given

W " w,t uu,i
oy | = 2 Real B/J} 1’“,]) {1’}

W,

g by

R e

(2.64)

5‘ . where pl(_l) and pél) are given by Eq. 2.63, B is a complex function of t2' | S I
k e o o, and | '

por ) [ Iwprigaoreal A e

) o)

. A qgrigany 12y [ B,

Pinally, combining Eqs. 2.46, 2.52, and 2.64 yields §

{:‘"}:‘?Rea’ ((€A+£'B)[J]+E{ :::J)é“’f*_;es :: e 1:|

+ 0(€%) | (2.66)

- ‘ L
In other words, the assumption made with Bqg. 2.59 is not correct. In fact,
the solution contains, in general, terms like t eiw?t (secular term).

s
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where W is given by Eq. 2.37 A and B are complex fuuctions of t., . . . ,
o) (1) (3) (3) 2
P, and p,  are given by Eq. 2.63, and finally P, and P,

Eq. 2.65.

are given by

2.2.3 The Punction A(tz)

Thus far, the original problem has been solved to the order 83 under
cthe condition that BEq. 2.62 is satisfied. This condition yields a differential
equation for A as a function of tz. It should be noted that Eq. 2.62 is neces-
sary in order to avoid secular terms; hence (as in the problem considered in
Section 1), avoiding secular terms clefines the functional dependence of A on
tz. The reminder of this subsection is devoted to the discussion of this func-
tion dependence.

Combining Eqs. 2.54 and 2.62 yielcds

2)'-uy = [20wr 0-u)4(8,-g0%)] 2
F2UA +[3¢,t (U2ud )C,y-(24+UUY)C,,

_5u3u¢ C,s] A‘Aizo (2.67)
or
;Tt; +'BA +)'A A* = (2.68)
with
B=igau a9
Y =zl3c+( u+2uu°' ) 2UHU)G, 3u3tf'c,, (2.70)

where | | 1

c:(*=a?t'fd,—.(1—u‘)-‘Hg,.g3 U*) (2.71)




-

R,

A
¥

TR

The soluticn of Eq. 2,68 is given by*

A:Mlew (2.72)

]
In fact, combining Eqs. 2.68, 2.72, and 2.75 yields

(alM _“M’_f )e -—(ﬂR*LPI)‘A"e _()I"iL)))IA‘,e‘f

or by separating real and imaginary parts

2 _ pelAl- i 1A)? "

a'tz =-Ps - % IAI° *

Equation (a) can be written as

/ /.
5, (Tap )= 2P (3r T e )

whose solution is

J/ 28et>
e = K€

which is equivalent to Eq. 2.73. Then Eq. (b) yields

- t=

=Pt - )’f/AIdtﬁy)__'gItz); LI,

which is equivalent to Eq. 2.74.
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with

Als -2k emE g E

YD = -faft; aeﬂ (' [GR ‘-fk : ﬁ(‘)#'Vﬁ

=-(pr - 7;8)/1 Vi - (- skt p
= - (B - 2 s
== (P - Bt B b A+ 8

(2.74)

where k and ¢° are two arbitrary functions of t4, ts, « « « , and the follow-
ing relations have been used:

B=Prtifr
)I-’ /R +iJ; , (2.75)

To summarize,the solution of Eq. 2.31 is given by Eq. 2.66 where A is
obtained by combining Eqs. 2.72, 2.73, and 2.74. All the quantities are known,
exce>t B, k, and ¢°. It is worth noting that B is a function of tz, whereas k
and ¢° are a function of t4; these functional dependences are obtained by
avoiding the secular term in the expressions of w,. and w (see Section 2 of

15 25
Ref. 15).

Next, the asympyotic behavior of the solution as t + ® is examined.
For the sake of simplicity, only the terms of order € are considered here;
combining Eqs. 2.66 and 2.72 and disregarding terms of order 83 yields

(] -2kt [eA (] € ]

ol 'to";"‘)
ol Real [0} €T ]

(2.76)
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where ¢ is given by Eq. 2.74 and according to Eq. 2.73, IAl is given by

|A|=[-;,l§ + kot T

‘[“3?'3 + 5 @R ]”‘

(2.77)
with
Sk=sign(k)
tep ;_;é; n |K/ | (2.78)

The function |A| has a different behavior, depending upon the signs of BR and
YR (the four possible behaviors are plotted in Figs. 1, 2, 3, and 4). Note

that:

Pr2 0 for AS Ag (2.79)

since the linear case is unstable }BR < 0) for A > A.* The four cases are
examined in the following. Assume first that (Cases 1 and 2)

R >0 (2.80)

which corresponds to "hard-sp.:ing"” nonlinear terms (stabilizing nonlinear terms).

Case 1:
If A> A? (By < 0) as t, + ©, one obtains (see Eq.2.73 and Pig. 1 ):
Al = If!_ /}5 (2.81)
“ I

and (see Eq. 2.74 )

2
*The solution of the linear case behaves like e-e BR# cos (Wt + ¢) as is seen

by setting YR = 0 in Eq. 2.77.
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}e. = W tz +)€0,0 (2.82)

with

w, =-p1 -E-ﬁ A (2.83)

}0 ), -Zd/ /+ ¥ (2.84)

Thus for Yg > 0, and A > AF‘BR < 0), the asymptotic behavior of the solution
as t +® ig given by

Wil_ o, |FBr % 1] tlwptetastatf,) (2.85)
{WJ- 2 //&/ kea/{uje

or, using the definition to =t, t
(Eq. 2.41)

, " €2t (Bq. 2.47) and the definition of u

Wi = 2 /%/”cas (Wt + Foo)

W2eo =-2/%"%/& Cos (wt+2L,,+ X ) (2.86)

with (see Eq. 2.83)
wgwp.,.g?wl:u#-f'(p!’% i) (2.87)

Equation 2.86 shows that the steady solution represents oscillations
of given amplitude (steady limit cycle oscillations). The transient solution
given by Eq. 2.76 shows that the amplitude IJ\I of the solution grows (decrease)
to the value |A|_ (see Fig. 1), if the amplitude at time t = 0 is lower
(greater) than [a|_

Case 2:
On the other hand, for A < A!"BR > 0), Eq. 2.77 shows that

‘A' - e"ﬁﬁ{tl'tV)

20
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as t2 + ® , Thus, the solution is fully stable and its amplitude goes to zero
as t + @ (Pig. 2). |

AT D

Next, assume (Cases 3 and 4) that

: fr <0
which corresponds to "soft-spring” nonlinear terms (destabilizing nonlinear
terms). Note that Eq. 2.77 is still valid.

W e e e

TE TS

completely stable (Case 2, Pig. 2).**

Case 3:
For A < A (B, > 0), the diagram of |A| (see Fig. 3), shows that the
i solution grows to infinity (or goes to zero) if the initial condition is
5 such that, at
™
Br % B
t=0, Al >[5/ (e /A/</—-/)
T I
; respectively. This case corresponds to unstable limit cycle oscillations.*
" Case 4:
On the other hand, for A > A?,~:he solution is strongly unstable, and
goes to infinity in finite time (tz = tzp’ as is shown in Pig. 4. )
Summarizing, consider first, A > AF’ Then, if there exists a limit
cycle, it is stable (Case 1, Fig. 1); otherwise the solution is strongly un- :
A stable (Case 4, Fig. 4). On the other hand, for A < AP' if there exists a }
{ limit cycle, this is unstable (Case 3, Fig. 3); otherwise the solution is
# e

*This case is discussed in more detail in Ref. 10.
**It should be noted that these conclusions (limit cycle stable for A > AF:
unstable for A < A?) are true only if BR > 0 (linear solution unstable)
for A > AP’
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2.3 The N Mode Case

In the preceding section, the nonlinear flutter problem was studied for
the two-mode case. The results can be generalized to the N mode case. This
generalization is described in the following.

2.3.1 The Pormulation of the Problem

Consider the N mode Galerkin system for the nonlinear panel-flutter
problem. For a plate without imperfections, the differential equations are
given by the following (see Appendix A):

3 Map ¥ S, %
A Mo + 26 T + ;_‘"k,., Wpt 1.3 Exp Wy

+£ Crpar WoWeW,+ 0 (€7) =0
) Pore npg fWJ r (2.88)
where M np’ G np’ xnp’ Enp and C npqr are known coefficients and € is the order of

magnitude on woe This equation generalizes Eq. 2.31 of Subsection 2.2.

In order to study Eq. 2.88, it is convenient to write it in matrix nota-

(IM] 55+ [6] 2 + [KI+A [ED{W]

] +{C}+O(€’)=O (2.89)
{w}-= { Wal | (2.90)
(M1 = [My]
[4]= [Gnp] a2
[K]"'[an] (?‘93’

. |
Note that here an are assumed to be independent of €. A generalization is
considered in Subsection 2.4.3.

W
1
i
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[E]=[ E”] (2.94)
{C} ={%r C,."r Wrwgmj (2.95)

The corresponding linecr system is given by

(M4« [G]-a% +[K]+ALE] ){w}=0 (2.96)
Just as for the two-mode case, there is a value, AF' of A such that for
A= J\Fr (2.97)
Equation 2.96 has a particular solution which is purely harmonic:
twet .
{W}"(U}e ’ +{u"}e“¥ (2.98)

In order to find the values of Ar and Wg s combine Eqs. 2.96 and 2.98. This
yields the corresponding algebraic system

[F]{U} =0 (2.99)

[F]:,(-w;[n]+iwf[q-]+[l(]+l;['5]) (2.100)

with

This system has a nontrivial solution, if

Det.[F]=0 | (2.101)

This is a complex equation; by setting the real and the imaginary parts equal
to zero, independently, one obtains a set of two equations with two unknowns:
Ap and we. If Eq. 2.101 is satisfied, the eigenvector {u} can be obtained by
solving Eq. 2.99. |

Consider next, the nonlinear problem. In order tb‘solve it, the same
concepts used in Subsection 2.2 are used here in a slightly more general

form. Set "
] {

Y
1
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[We] ={ wie]

are functions of to' tz, and so on, with

=£"t

where

so that

d
BTt' +£ Btz

Combining Eqs. 2.88, 2.102, 2.103, and 2.106 yields

(eMI(S 28t )+ (91 Gt €52

+HApte)E] [ ETWH € fws+-

+(E'{C}e)+0(e%)= o
with

(C]=(2 Capgrm, Wi W |

g 20

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

-+ )+[K]

‘)

(2.107)

(2.108)

Equating terms of the same order of magnitude yields the following set of

recurrent systems:

System of Order €

( [M]3f at' t [G] ot t [K]+ ).-,;{'E] ){W'} (2.109)
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System of Order 83

(MIZ+ [6),+[KI+ A [E]) Wi}
- 2[M] Sy, (W] (6] (W] 7 [E]fw} - o]

(2.110)

and so on. Note that the differential operator on the left-hand side is the
sam¢ in all the systems.

2.3.2 The Solution of the Problem

Equation 2.109 is equivalent to the linearised system, Eq. 2.96; the
steady-state solution* of Eq. 2.109 is given by (see Eqg. 2.98)

{w]=Aful € s pt fur) &'

=2 Rea/ ('4 [U} etwpi.) (2.111)
where A is a function of tz. t“. « o e} Wy is a root of !ﬁ. 2.101 and
{u} = {Ua} | (2112

is the complex eigenvector of the linear problem and is found by solving
Eq. 2. 99. A

Next consider the system of order 83 (Eq.2.110). Pirst, the explicit

expression for {C"} is derived. Combining Eqs.2.108, 2.111, and 2.112 yields

(612 2 o g€ i35

X(Auze“?_hqi st )x(Au.-B ‘f‘A‘u: )
=2 Real (A (R} € + A4 (H] ) s

'As mentioned in the preceding section, the exponentially damped part does not
give any relevant contribution to the limit solution. For a complete solution
of the problem see Ref. 10.

25




with

{Ho}‘-'- {"%mc‘ufzr Ur U5 u, }

{H.} = {1;%. Carzr (Ur Ul U+ UrU;Ur + u; Uy Uy ) } (2.114)

FPinally, combining Eqs. 2.110 and 2.113 yields

([M];'t:':f (615 4+ [K] + A pLE] )(W,}*[Z}zo (2.115)

where
{Z} = 2 Real [{E“'} e““”'t., [z“'f et rt ] (2.116)

with

{zm}= {H'] A’ (2.117)

[2"]= (20w [M]+06]){u} 24
HET{UIA +[H]AA 2.

Mext, it should be noted that the term which contains e “P® yields
secular t:-ms unless the vector {81) satisfies a special condition. This con-
dition generalizes the condition for the two-mode case (Eq. 2.62), which can
be written as

2} 119

L1, -Uy {-z;'"}"'o | (2.119)

The condition for N modes is discussed in the following. Consider a : |
particular integral of the equation ;

(M1 + (G144 [KI + A[E] ) {Wy]

+ {Zw} eai“’r‘tq,-}(?nn} éiu;t'.z 0 (2.1200 ; :
Assume a solution of the form ‘
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{w,} = {P‘"} e‘w’{o {'F’m} (2.121)
Then (P(l’} must satisfy the equation

(71 (7"} =~ (2"

with (F) given by Eq. 2.100. The determinant of this equation is zero

(Eq. 2.101), which implies that it is possible to obtain a linear combination
of the coefficient of the equation which is identically equal to zero. In
other words, there exists a vector {U“} such that

LU, [F]=0 (2.123)

The vector Lp?; will be mentioned as the lert eigenvector (i.e., the
transpose of the eigenvector of the transpose of (F]).

Thus, Eq. 2.122 cannot be solved unless the linear combinations (with

(1)

the same coefficients) of the components of 2 are also zero; in other

words, Eq. 2.122 can be sclved (that is the solution of Eq. 2.120 has the form

~given in Eq. 2.122), only if the condition

LUy {Z"'} =0 (2.124)

is satisfied. This is the desired condition for avoiding secular terms.
Equation 2.124 is a generalization of Eq. 2.119 which is valid only for the two-

mode case.

This conﬂitfon for "no-secular terms"” yields a differential equation

for A as a function of t In fact, combining Egqs. 2.118 and 2.123 one obtains

2.

+ A+)YAA =0 (2.125)

where

+ .a..:. LU, [EJ{U! (2.126)

27

5 A
¥ = ZLut 4 {H J i | (2.127) U




PR FSp P . R

with

A=LUD (2w M)+ [§)] ){U} (2.128)

Equatinn 2.125 is identical to Eq. 2.68. Thus its solution is obtained by com-
bining Eqs. 2.72, 2.73, and 2.74, which yields

K’elf'zfz LN LRIy

(2.129)

A (_ + K e‘h*g )

where according to Eq. 2.75, BR and BI (or v, and v,) are the real and

the imaginary part of 8 (or y, respectively). Note that the definitions of

B and y given in Eqs. 2.126 and 2.127 are similar to those given in Eqs. 2.69
and 2.70 for the two-mode case.* Pinally, Eg. 2.122 can be solved by setting
the first component of {p!1)} equal to zero and disregarding the first equation.
In matrix notation this can be written as

[_Pm}: [L‘..”] {z"’} : (2.130)

 J
In this case

(R TTE 0 N 3 N MR T =

o 3Cyt (u‘+2uu“ )C.‘
[G] [o 3,] {H'}- {{zufu*)c,,wu‘u' c,.}
which yields, by use of Eqs. 2.126, 2.127, and 2.128
B= ot LUy [s}fu}ﬁ.,—:-m
]

with {=: uJ {H } [3 c""" (u‘.‘,)uu‘)c '(ZU‘#UU*) -3&’ ‘qu

Jd = LUJ(ZL“)F[MJ"’[G]”U} 2cw=t' u)+9,-4,u

in agreement with Egs. 2.69, 2 70, and 2.71. .



TR TR T el

- ’ ok M g

where 0 | 0
|
0 L

and where (L] is the inverse of the (N-1) x (N-1l) matrix obtained from (F] by
eliminating the first row and the first column.

Thus the solution for {W3} can now be obtained and is given by

{ Wy} = 2 Real [(B (uf +{P"} ) €F™ (7} e""*t"] (2.132)

where {P(l,} is given by Eq. 2.130, B is a function of‘tz. ¢« » +» o and

{P‘”} - [ L‘.”J {Z‘”} (2.133)

where
[ £'])=- [‘ 9w [M]+ i3%[G]+[K]*AF[E]]-' (2.134)

Firally, combining Egqs. 2.103, 2.111, and 2.132, the solution of Eq. 2.88 is
given by

{W} =2 Real [(EA + 838 }{u} 8‘.“#'1- 53{*)0)}6"“’;‘*0

+ £ {P‘”} e“"""" ] | (2.135)

with A given by Eq. 2,129,

2.3.3 Discussion of Results

In order to describe the behavior of the solution. it is convenient
to consider only the terms of order €; combining Eqs. 2.129 and 2.135 and
neglecting terms of order 83 yields

[W}z 2 Real [EA fu} giurt ] | |
= 2¢ Al Real [{U 1_\\9‘:%1"&?] | | (2.136)

29

B e T




with ¢ given by Eq. 2.131 and

%
|A]= [-E{f--}/(ezﬂrb] =.[_E.: +5.€

with sk and t2 0 defined by Eq. 2.46. Equation 2.136 is similar to Eq. 2.76.
’

The behavior is exactly the same. The conclusions made in Subsection 2.2.3

lpﬂ(t:' ta’o) ]"'/2
(2.137)

are repeated here. Note first that (just as for the two-mode case)

ﬁ‘ 3 ' 'for 2 lF (2.138

since the linear solution is unstable for A > Xr. Thus, for YR >0
(stabilizing or hard-spring nonlinear terms), the solution is stable for
A< AP (Pig. 2), whereas for )\ > A?. there is a stable limit cycle (Pig. 1),

and the steady-state oscillations are given by

{ 4 Boro ) .
{W}L.C.z 26./% pe“/((u} € “pirs )"012 ) (2.139)

~*ith w given by Eq. 2.87 and ¢ o is an arbitrary constant (see Eq. 2.84)
’

or
Wn, = ze[%“ Real (. eu%uf"')\)

Note that € is defined by Eq.2.102. On the other hand, for YR <0
(destabilizing or soft-spring nonlinear terms) the solution is strongly unstable
(goes to infinity in finite time) for )\ > )'F' whereas for A < )‘r there exists 4
a limit cycle (with oscillation given by Eq.2.140), but this is unstable
(see Figs. 3 and 4).

(2.140

It is worth noting that, from ‘the above conclusions, one can say, in
general, that limit cycles with \ > Ap are stable, whereas those with
A< A‘r are unstable. ' : ’

2.4 The Numerical Procedure

N T R

In this subsection the procedure used for the numerical application is
described. |

MR
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2.4.1 Summary of the Method

In the preceding section it is shown that the limit cycle solution is
obtained as follows. First, solve tne linear problem

[FJ{U}:O (2.141)
with |

[Fl=-wy[M]+iwe [G]+[KI+A[E] (2.142)
which yields the two eigenvalues w, and A and the eigenvector {U}. Evaluate
also the left eigenvector {U”} defined by

LuLJ [F]:_o | (2.143)
or, by taking the transpose equation

[.F ]7{uu}=o (2.144)

where the superscript T means "transpose". Evaluate the following complex
numbers (Eqs. 2.126 and 2.127)

B=1—LUY [E]{U} (AZA,) (2.145)

J = o LUt {H] (2.146)
where (Eq. 2.128)

A=Luy(2iwe[M]+[G] ){u} (2.147)
In Eq. 2.146 the vector {H,} is given by (see Eq. 2.114)

{H} {},” (2.148)
with ;

ha ™ 5-} Cnﬁr ( Ur“g“: t “ru;urf “;Ug Uy ) (2.149)

vhere u, is the kt® component of {U} and u*k
Next, consider the real parts and the imaginary parts of 8 and Yy

is the complex conjugate of u, .
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B=pBr+(iPs (2.150)
=0 +i8 |

Note that according to Eq. 2.138

Br$ O for A ZA; (2.151)

Next, consider the sign of YR‘ If YR > 0 then the limit cycle is stable and
exists only for A > AF: on the other hand, for Y. < 0 the limit cycle is un-
stable and exists only for A < lr. Thus, in both cases the solution is

given as follows. PFor

A= Agd £? (for A2A;) (2.152)

there exists a limit cycle (stable for Y, > 0, unstable for v, < 0). The
limit cycle oscillations are given by

{WL‘M= E Y Real { fuj e

where ¢ is an arbitrary phase angle,

£ = m (2.154)

,3
W:z/%l/

is called the "limit cycle amplitude parameter". The frequency w, is given
by (see Eq. 2.87) ' ‘ ,

W= Ws 3 £ ( Bz -—% &z ) (for A %A; ) (2.155)

2.4.2 The Left Eigenvector

(Ot +P) )
(2.153)

and finally

Next, it should be noted that the left-eigenvactor [UL] can be obtained
from the vector {U} in a very simple way, if the matrices [M), [G], [K), and
[B] are such that
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CMW]= [Mf"] ) [q'uplz [G',J, [K"]:[U for n + p = even

[Mwl=0 , fan]= 0, [Knp]=0 for n + p=odd  (2.156)
and

[:E;’p]="[5?n] for n + p = odd
[Enr]‘: 0 for n + p = even (2.157)

Then it is immediately verified that

[TIIMT [T]=[M]
[(T1(6T[7]=(a]
[7]0kT [71=[K]
(T](E][7]=[E] (2:18)

where

[]’]: "..‘ :-r("«)hj

- (2.159)

Thus, combining Eqs. 2.142 and 2.158 yields

[S10FT'[7]=[F] @160

where the superscript T indicates the “transpose". Thus, Eq.2.141 is equiva-

[I]“:]T[]]{u}"o (2.161)

which shows that the solution of Eq. 2.143 is given by

| (U"}':[T] {u} B (2.162)
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or
LUS= LU, ,-W, Us ~Uy, - - (2.163)

2.4.3 Damping Coefficients Depending Upon A

As shown in Ref. 10 (see also Appendix A), the matrix of the damping
coefficients is of the form

[G ]‘&[G'] t -Ix [g ] (2.164)

or, by expanding in series of € (see Eq. 2.152)

(6 }&[6'] +Ja:[G ]2 zr £[& J+0()
=[G'o]-+- 52 [G:J"’ O (g*) (2.165)

with

[&.}&[G’] R [& ]
[qz] [q ] (2.166)

It is easily shown that the results summarized in Subsection 2.4.l1 are still
valid, if [G) is replaced b'{ [G ] and the definition of B is modified as
follows*: i

= :t-—'-Lu_, ([E]-H.w; [G:] )(U} (2.167)

o i'ius is the formulation used in the numerical application, with Iy = 0

Because Eq.2.110 contains, in this case, an additional t.erm, on *'te right-
hand side, of the form

61, (W)= 7 2Rl [ oy L] fub ™ ]
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2.5 Extension of the Theoretical Analysis

The analysis presented here is limited in several respects:

(a) It is limited to w3 order terms
(b) It assumes implicitly that the flutter frequency wF is

greater than zero.
(c) The terms qn are often greater than € = A - XF which

is the asymptotic expansion parameter.
It is of interest to investigate further these limitations. In order
to obtain simple results, these three problems have been studied, using the
simple model of two modes

Wi+ Wy 12 Wo-A Wa 00 W) +Ca Wiwited Wi+ d wiWit d Wit 0

Wat 90 Wy +.90% Wa +AL Wi 1 Cy, Wi Wa +C, 0,2 +0, Wt d, WinSrd, W)= 0
(2.168)

The details of the analysis are given in Ref. 19. The results
summarized here extend the analysis to include the items (a), (b), and

(c) mentioned above.

2.5.1 Effect of the Fifth Order Nonlinear Terms

Depending upon the sign of a coefficient which represents the effect of
the fifth order nonlinear terms, the parabola which gives the amplitude of the
limit cycle versus A can bend back. The limit cycle oscillations disappear

\ > Noeritical - (2.169)

2.5.2 Flutter-Buckling Interaction

for a value

The region of stability of the linear system is obtained by studing
the stability of the equation

4
P+d P -A
Det. =0
j\. 'P""eg?"'ﬂzz (2.170)
This is a fourth or;;r algebraic equation of the ﬁ;pe
p*+aP>+bP 4+ cPtol =0 (2.171)
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The stability conditions for this equation are

a>o , bso ,C>0,d>0, c-abc +a*d<0  (2.172)

The curves ¢ = 0, d = 0, and c2 - abc + azd = 0 define the region of stability.

It can be noted that the condition ¢ = 0 corresponds to the case where
wb = 0, Thus, the analysis given before fails in the neighborhood of the
point of intersection of the flutter curve with the buckling curve (where the

flutter frequency wp can be of the order €).

To study the nonlinear behavior of the system, the multiple time-scaling
technique was used. The zero order system is the one with A = A. and membrane
force N = N,. These are (by definition) the values of A and N such that
Flutter conditi
c? -abe + a¥d=0 ( on)
Cf"o (Buckling condition) (2.173)

which also imply that ¢ = 0. Since ¢ = 0 and d = 0, the algebraic equation
given by Eq. 5.4 has a double root p = 0. The other two roots are complex
conjugates with negative real parts. Thus, the "nondamped” part of ‘he solu-
tion does not depend upon the time to. The solution can be written as

[W.}=(U}A(f,,t,,...) (2.174)

The first order system does not yiold any secular terms. In order to
avoid the secular terms in the second order system, the following equation
must be satisfied

s
-g% +PA+IA =0 (2.175)
vhere a, B, and Y are known coefficients which depend upon the coefficients
of Eq. 2.168. Equation 2.175 can be integrated to yield

i'(%)&-*%ﬁAaisz;fA‘: E ,» (2.176)

where e is the energy of the system. The solution of this equation can be
obtained in terms of Jacobian elliptic functions cn(T,k) and dn(T,k) as
follows:
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1. Por 8 < 0 and é? >0,0or8B>0

A=A cn(wt, k) (2.177)
2. rw3<o.n48 <0
A=A, dncwt, k) -

In BEqs. 2.177 and 2.178.5 0 and k are expressed in terms of A, B and Y.

Pirally, avoiding secular terms in the third order system yields a
differential equation which gives the variation of f? with tz.

2.5.3 Small Damping Coefficients

In order to verify the validity of the analysis for very small values
of the damping coefficient, the system obtained from Bq. 2.31 by setting

= € 3., (2.179)
has been studied. The results show that in this case the multiple-time-
scaling technique fails. More precisely, it can predict the variation of the
amplttude during the transient, but cannot predict the change in frequency.

It is believed that the failure is due to the fact that the function e lleg
(which replaces the function e ~1/9 n) does not have any asymptotic expansion

as € tends to zero. Nevertheless, the limit cycle oscillation obtained by
assuning 9, " o(e) appears similar to that obtained by assuming 9, " 0(l1).
Further analysis is needed. '
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SECTION 3

HARMONIC BALANCE METHODS

3.1 Analysis for Two Modes

The governing differential equations can be written in the form*

W g T, + QI W @AW +Co Wt CaWWS=0 1)
Wz *gufwa t 'Q: W, + e)lANI + Ca W,’W.fcu V\I:=0 (3.2)

vwhere the various coefficients are defined in Appendix A for panels with 2-
dimensional simply-supported, 3-dimensional simply-supported, and 3-dimensional
clamped-clamped edge conditions.

Assume the limit cycle solutions to be of the form

Wa(t)= On in Wit + bnCos Wt pay,2 (3.3)

vhere .n and bn are constant coefficients.

Combining Eqs. 3.1, 3.2, and 3.3 and balancing the first harmonic,
yields | |

fi=[al-w+3 cua’+b) )+ 3 Ca(3ai+ b3 )]0
t1-F0w +4 Cauba b, +1€,0,%0
fa=[l-w*+3 Gi(a% B )+ Ca (4343b; )],
t[§ 0w +3 €12 bs 10, +18 b2=0
fo=[h-w'+2 Ba(at+bh )14 Cal3a%5) Ja,
+[-§;l"w+-§ CuQibi JbatA €:Q,=0
f) = [Q3- w2 Cual0l4b; ) + 4 G (Q1+3b) ] by
*[ggx’w + 2'- C.,Q.b,]a, + A8, b,=0 (3.4)

rorgsco,cmmwiugi-ﬁ'g"i (see Appendix A and Eq. 2.31)
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These four equations are solved by the Newton-Raphson msthod (sse Appendix B).
The A, which has to be greater than Acritical
solution, is treated as an unknown. Also w, which is not known beforehand, is
treated as an unknown in the iteration process. There are thus four equations
for four unknowns, x = (A, w, &,y bz). Values for the quantities a, and b1
are assumed, and remain unchanged in the iteration process. If one allows
a = 0, then the magnitude of bl will determine the level of the limit cycle
amplitude. The Newton-Raphson iteration formula is as follows:

-

( J\ffw TJlf‘ i fﬁi ‘a{; E?f. j!fl /r{a(!f)

A W dAx 2ba

w W' | | 2 af 2f af, ‘
-] 9A oW 2% 5b, F;(é)

Ci:' a: .EH; a{; <3FS ot _f (Zf)
g\ oW 2@ b ¥ <

b/ |26 ok oh 2| | g g

LSX ow o4, ;E‘ (3.5)

Z-z

The criterion of convergence employed is that the absolute value of the ratio
of correction to the previous value of each X element is smaller than 1 x 10”5

3.2 Analysis for N Modes

The governing differential equations can be written in the form*

1/2
* | ~
For 9p = 0, one can write Gmn = A‘ Gum (see Appendix A and Eq. 2.38).
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3 Mpn Wn A"f Gn Wn ﬂ-f Kon w,,+a,§E,,,w,,

he) L EH

Zf}“’ C;«nrg W Wrwl =0

form=1, 2, ... N
where M mn’ Yan’ © are all defined in Appendix A for 2-dim. simply-
supported, 3-dim ‘simyly-supported, and 3-dim. clamped~clamped edge boundary
conditions.

(3.6)

Again, assume that
Walt) = Ontinwt+ by Coo a)f for n=1,2...N (3.7)

where a and b are constant coefficients. Substituting Eq. 3.6 §in Eq. 3.5
and balar:ing the first harmonic, one obtains 2-N simultaneous algebraic

equations:

‘fzm-:‘x) [ g Mwm («) t Z Kmn* liy Eum ]au

nal

"A w‘fqﬁnbh +%ﬁCnmr: [30 a,.a;
+ bu‘;razf bnasz + an"*bz ] -

me=1l,2, ...N

'F:an (5) -‘-'-['f anw“ff f’fhn +A£ Emn]bn" ‘
ffl&) £ Gwn a.. +3‘f (‘m.ﬂ[s‘»br"ﬁ

+Oalphy + Qebp By L.,a,, ay)=0

mal.z....n

(3.8)

(3.9

Equatioas 3.8 and 3.9 reprennt 2N equations which mny he mritten 1n vectoy -
form as ’ - '
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5 ' a
\ fwll)/ \ (3.10)

Again, solving by the Newton-Raphson iteration technique

4 _ at LYy Bt (3.11)
(X7)= (&)= JT(2) Fi%) o
where J(gi) is the Jacobian of F({f) and is defined in Appendix B.

The convergence criterion is the same as that in the two-mode solution.

3.3 stability of Solutions

The present method gives both stable and unstable solutions; hence each
limit-cycle solution must be checked foxr srability by giving a small perturba-
tio:: to the limit cycle soiution.

Let
Wa(t)= [ Qn *ﬁ({’)] sin wt ¢+ [ bnt 3n ('“] coswt (.12

where

| falk) | << [ dn] |}"(*)|<<|l,,,]

~and a n’ b are .imit cycle solutions; the quantities C (t) and (t) represent

perturbations to a and b ’ respectively. B

Upon employing Eq. 3.12 in Eq. 3.6, subtracting the'e;eady-state limitEE

'cycle solution, and retaining only the linear terms in C and E s One obtains'

a set of linear differential equations in ¢ and E Assuming that ; (t) and
E (t) are slowly varying functions of time, one can neglect C (t). € (t) in
comparieon with § (t) and »E (t) , respectively, since

41




3t

'} K

-2-'!<I

ﬁ,u;
fu)

-‘3"- < | (3.13)
’ w

where W is the frequency of the steady-state oscillations. Finally, one ob-
tains a set of 2N first-order differential equations,

ZwZ Mon £ = @' 5 Mandn * AZCT,..,(ww%)

nel

*Z K‘Mh }n */{ Z Emn n +Z— Z Cmnrz[s(bul'gz'f

+ bnbz Sf'f Lrbz $,) + bn affz 'rl’nasz
+ ar a;.}n + "ran:& *bz anf"i Qn az jf

t by Ge X + 0 Oy gzﬂ,.a,f,,]:cs (3.14)

<203 Mund, - 07 3 Man by 2 2 G (03,- )

fe) hel

+z Knn s A2 Ennfo t 4 zc....,z[sw-%

e
t G.0p fp 2 ar!ﬂgﬁ) + a,.br f 1’@.5{31::
1 "7 QZ "fn "' arbn}z +Or Lx 3, "" Lubz ﬁr
POb3 +Obp3, 4 by fy J20 wam
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and placing these in Egs. 3.14 and 3.15, dividing Eq. 3.14 by -2w, Eq. 3.15
by 2w, and writing in matrix form, one obtains

{Q - o m'} £=0 (3.16)

(o]

where Ml and Q are defined in Appendix C. This is an eigenvalue problem; a
can be found by the power method. If the real parts of all a's are negative,
one has a stable limit cycle. If one of the real parts is positive, one has

an unstable limit-cycle solution.

3.4 sStatic Buckling Solution

Setting dwn/dt and clzwnldt:2 in Eq. 3.5 equal to zero, one gets the equa-
tion for static buckling

N N N

Ko Wa + E +2 C =0  (3.17) &
ﬁgl mad Wh l ,LZ,, mn W n,p.gs! i {1 Wa WrWZ

This can be programmed for soluticn by the Newton-Raphson iteration technique

in the same way as the previous flutter equations, Eqs. 3.8 and 3.9, only now,

the unknown vector is taken as x= (W,, W,, . . . W) and A is assumed known. ;
The corresponding Jacobian, J(X), is defined in Appendix B. There is, however, B
a limit on A beyond which no static buckling exists. This point can be visu- B ;'
alied by solving the two-mode solution of a 2-dim. simply-supported panel
analytically. The governing equations are a: :

2 | 2 | i %

ﬂl W|."' Ae‘g wz + (Cu W.'-r 4 C" Ng ) W| = 0 | (3.18) ;‘

v _ i

2 - 2 wHW =0 ' ;

LW =ACaW, + (40, WHIGCW, )W, = (3.19)

_ Taking 4 x W, x Eq. 3.18 - W, x Eq. 3.19, and dividing by le,, gives ‘

W+ aW, == = (4 Q- IW W, 5200
\ 12

i
i

43




BEmploying Eq. 3,20 in Eq. 3.13 gives

W, = - QW A8, (3.21)
A C,+(40}-05)C. W

Substituting the above two relations in either Eq.3.19, and using the 73
relation dﬂi - ﬂ: - - 12174 gives

1 2

| 2 Cn
Wi (@l -6 tfrtarigr ]-Ae: |

K Wi hen [aifens [sent-arer |+ A€ |
| * 121°C, Fens [3ent - 427 ] (3.22)

W, is real, and 136 "D ‘41'6,: b 61[4 so the first requirement is

~ 2 2 ‘
Q< | o Re <=7 (3.23)
The second requirement is that

’f 36nt-4X€e; >0 & X< ant/et (3.24)
N This is the upper bound of A.

Note: B

@ 1 oi[-61*+ [ 36 n' 4,1e. ]-X€; »0

_there are two solutions. -

(b) I! Qr[-67% 136 ﬂt‘ql e" } (Aeoz< _(7. ['6W -f35'l'~4/\3’J
there is one solution.

@ 1 gl[-ev-[3eviate: ]<Xel
7 there is no solution. :
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This may give another bound to A, but it will depend upon Rx’

The general M-mode case (Eq. 3.17) is solved by the Newton-Raphson technique.
The Jacobian of Eq. 3.17 is defined in Appendix B.

3.5 Transient Solutiors

The tine needed for the panel flutter to reach its steady state is of
interest. Of immediate concern is the transient response of tha envelope of
the panel flutter. For simplicity, tive fluttering frequency is assumed to be
constant at its final steady-state value, throughout the process of reachi:g

the steady state. Assume

Wa= Onft)sin wt +balt) coswt (3.25)

where a (t) and b_(t) are slowly varying functions of time. Again, using
the properties of a slowly varying function, one finds that

(Qn=-wWhn ) sinwt + ( f;,,+ooa..)coswt

We= (m2whbn-wWan)sinwt 4(2wd, - Wbn)coswt (3-26)

Substituting these relations into Eq. 3.6, the first harmonic gives

y R
2w )él M’"" a" 1 l ”Z.‘.Gmhb *l”wz Gf‘hn Qn ‘ :

N
t Z.'(Kmn + AEmn=w*Mmn) by

l;"'

*Z’Z Cmnrz [31’”5")31’5«%0&'} bpﬂ..aa* Lzana?]=0 (3.27)‘ ]

-ngan *A’l tha‘n ,{ UZ ba)
(Khn "'A E‘mn - szhm ) a'ﬂ
,,,,-,C~~rz [3a.,araz* Onbybg+ Oy bbyt G 5»%]-0(3.28)

Solving Eqs. 3.27 and 3.28 by the Runge-Kutta method, one can get the transient

response of the panel-flutter envelope.
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SECTION 4

RESULTS FOR THE TWO-DIMENSIONAL PLATE

A computer program has been written for solving general panel-flutter
problems subject to different boundary conditions.

For the two-dimensional plate, the harmonic balance method takes less
than 1/10 of a minute of computing time on the IBM 360/65 computer to get one
point in a 6-mode analysis and less than 3/10 of a minute for a 20-mode analy-
sis. The pnﬁturbaticn method takes even less time, since after finding the
parameter § and the right-hand vector, the entire amplitude versus dynamic
pressure can be obtained almost irmediately.

Compared with Doweil's direct integration method (Ref. 4), which takes
from 2 to 10 minutes, the harmonic balance method and the perturbagion method
save much time, yet the results agree very well as can be seen in ?ig. 5.

Pig. 7. Since the limit cycle solu;ion is a traveling wave, the deflection
‘”shapes shown in FPig. 7 represent the maximum deflection of every point of the

4.1 The Harmonic Balance Method

Consider, first, the question of convergence. Several observations can
be made by looking at the results shown in Fig. 6:
(a) for the range of aerodynamic force and amplitude of interest
here, six modes are required for good convergence.
(b) convergence is better for a limit cycle of low amplitude than = )
L for high amplitude because a high aerodynamic pressure associ- . k ﬁ
" ated with a high amplitude teﬁd; to blow the peak of deflec- Y ﬁ ’
tion to the rear; hence tha;defleétion shape deviates more | o
from the shape of the first few modes.

It has beén found(*hat four modes are required for good convergence for R =

- ar%, WM = .01 while six modes are needed for R_= 0, /M = .0l. The reason
for this cbservaticn is that the peak moves toward the cen‘ ter exther by the mid-
plane force or by the lessening of aerodynamic force needed for the same ampli-
tude. A comparison of d.flection shapes for these two cases is shown in

plate in the airxflow direction. y e
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4.1.1 Limit Cycle Solution

The effects of two important parameters (the mass ratio, U/M, and the in-
plane loading, Rx) on the limit cycle amplitude are described in the following.
Consider first, the effect of mass ratio: the limit cycle amplitude, W/h, vs.
dynamic pressure for a different mass ratio u/M is shown in Fig. 8. This mass

ratio u/M is a measure of the amount of aerodynamic damping pressant. It is ob-
vious that damping has a stabilizing effect. The results obtained here agree

with Dowell's’.

Next, consider the effect of the inplane loading. As shown in Fig. 9,
the inplane compressive loading aggravates the peak deflection and also causes
the panel to flutter at a lower aerodynamic pressure. Note that the classical
? Euler buckling load is Rx - - ﬂz. For R* < -ﬂz, there is both a flutter solu-
s tion and scatic buckling solution. Some static buckling solutions are shown in

Fig. 10 for the two-mode case. From Fig. 10 one sees that A has an upper limit
for static buckling to exist. For Rk > - 3ﬂ2, the li.*t is well below the
9ﬂ2/aiz lgmit set in Subsection 3.4. For R* - - 4ﬂ2, there are two solutions,

and the séability analysie shows that the lower branch is unstable.

4.1.2 Transient Response

A program has been written for a general N-mode solution. The Runge-
Kutta-Gill integration method has bean used. For the two-mode case it works

@
;, out quite well. The time increment can be set very large (about 1/4 of the
,,%Z period cf real vibration). But as one increases the mode number to six, one
g has to decrease the time increment to such a small size (about 1/120 of tie
f%. period of limit cycle oscillation) that this envelope analysis ha< l{ﬁtle ad-
| i? vantage over the direct integration method. One explanation iuwthat during

the transient period, amplitudes of damped modes are not necessarily small and
they vibrate at their own frequencies, which are quite far away from the

limit cycle frequency; hence the assumption that a slowly varying character

of a_ and °h is no longer valid.* W%When a large time increment is used, higher

i n
Ji*

1f w‘({’-A e‘df&ﬁ’/'t

quency, A 6 is a constant, and . A (t) is & damped oscille: ting function. Then
A‘U’-)— Ao e( dtifw-w)]t "v. and when ««¢|, w,»w Adt) is no longer a
slowly-varyxng function. \

< Aelt) ef“’* | where w is the limit cycle fre-

iy
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modes could caus¢ numerical instability. A typical transient response curve
is shown in Pig. 1l1l.

4.2 The Perturbation Method

As can be seen in Pig. 5, the results of the perturbation method agree
very wall with those of the harmonic balance method. Since the perturbation
mathod gives the solution in analytical form, additional information car be ob-
tained by considering the parametevrs upon which the solution depends.

4.2.1 The Limit Cycle Solution

It should be noted that the solution (Eqs. 2.153 and 2.154) obtained
by the perturbation method shows that the curves A vs. A correspond to a
parabola with a horizontal axis. The parabola is fully described by the
two parameters Y and X?. Thus it is convenient to gonsidor the continuous
variation of these two parameters Ly changing the inplane loading.

Consider, first, the effect of inplane loading on a critical dynamic
pressure. PFrom Fig. 12,it is clear that the critical dynamic pressure de-
creases as inplane compressives loading increases. For the range of inplane
loading investigated here, a linear relation seems to hold. |

Next, consider the effec’. of inplane loading on |¥}: |¥| is a measure-
ment of the opening of the W/h vs. A curve and hence is a measurement of the
"rigidity" of the panel. Figure 13 shows |¢| as a function of the inplane
loading. It is clear that |¢] ' grows with inplane compressive loading. In
the range nf R* iavestigated here, a linear realation seems td hold fairly well.

4.2.2 The Transient Response

The transient response (Eé. 2.129) is described by the | T
parameter BR: BR is a scale to measure the time required for geaching a |
steady-state vibration. The effect of inplane loading on BR is given in

Pig. 14. It is clear from Fig. 14 that the time required to reacn a steady-
state solution decreases with increasing inplane compressive stress.
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A SECTION S
RESULTS FOR A THREE-DIMENSTONAL CLAMPED-CLAMPED PLATE

A complete edge restraint, as typical of a clamped-clamped panel, is
used in this analysis. Other edge restraints could be similarly incorporated
in the analysis if desired. All of the results presented here are for complete
edge restraints.

For the three-dimensional clamped-clamped plate (see Fig. A.2 of Appendix
A) ,the harmonic balance method takes approximately 6 seconds of computing time
on the IBM 360/65 comjuter for nne point in the 6-mode solution. On the other
hand, the perturbation m: "“od takes 9 seconds to obtain all the necessary in-
L formation for the whole curve. Again, both methods are highly effective when
g comparad with three minutes for one point in the direct integration method of
Ref. 18.

: 5.1 Harmonic Balance

The present investigation concerning limit cycle behavior shows that
both ﬁhe inplane stresses and the length-to-width ratio (a/b) affect the con-
vergence of the solution. From Figs. 15 and 16, one can see that for a/b = 1,
5 six modgg are required for good convergence if R.x = - 4u2, whereas an eight-

; mode analysis is needed i€ R = 0. Alsc, it has been found that (not shown in
. ? a plot) that for a/b = 3 and R*a= 0, fourteen modes are required for good
i convargénce. Thus, length-to-width ratio is another important factor which

affects converqence.

The coefficients of the nondimensional panel-flutter equation depend upon
the parameters H/M, R ' Ry, and a/b. The effect of these parameters on the
limit- ycle solution is described in the following.

The effect of mass ratio for the 2-d1m. and 3-dim. plate is essentially i
of the same character. As can be seen in Fig. 17, when the mass ratio de-
creases, the plate becomes more and mor: flexible.

Concerning the effect of the inplane force, it is noted that the effect
of Ry at low a/b is small as can be expected, since (a/b) is associated with
every Ry in the equation. The effect of Ry at a/b = 1, as can be seen in
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Table 1, is still neglic.ile. Accordingly, the effect of R* was rcudied with

Ry = J. As can be seen in Figs. 18 and 19, the effect of the inplane loading

is of the same pattern for both a/b = .0} and a/b = 1.0. An interesting ob-
servation has been made: that is, if one transfers these curves for different

Rx (on Pig. 18,for example) horizontally, so that the W/h = 0 of each »f ihmage
curves coincides, then for W/h < 1.0, all of these curves almost coincide. There-
fore, the effect of 1nplane loading is mainly on the critical aerodynam’c pres-
sure, whereas the inplanc loudinq effect on the opening of the curve is neg-

ligible.

Finally, consider the effect of the length-to-width ratio, a/b. 1In
Pig. 20, the flutter amplitude vs dynamic pressure is shown for a/b = .01,
a/b = 1.0, and a/b = 2,0. It is clear from the figure that an increase of
a/b will aZfect not only the cricical aerodynamic pressure, but also the
“opening” of the curva. The largu a/b is, the "stiffer” is the plate.

5.2 The Perturbation Method

The perturbation solution for a 3-dim. plate also shows good agreement
with the harmonic balance solution for W/h < 1.0. As can he seen in Figs. 18
and 20, some curves are in good agreement even up to W/h = 1.4. As already
mentioned, the eolution obtained by the perturbation method ts given by a
parabola with a horizontal axis. The behavior of the paxama:ezs k and ¥
(which determine the pn:abola) as a function c¢f th2 lcngth-to-width ratio a/h
15 described in the following. L

5.2.1 The Limit sycle S 0¢ution

In Pig. 21, the critical aerodynamic preszsure A at which flutter occurs
is given as a function of the aspact ratio for R - 0, - ﬂz, and - 2w2, and
Ry =0. It il clear from tre figure that A is qroata: for q:eatex a/b, and
smaller for la:ga: inplane compressive stxess. Also the qharactcriltics are
similar for different inplano stress. The parameter IW!,Nwhich is a measure

of the "ocpening” in the dynamic pressure vs amplitude curve is given in Pig.22.

It is clear from Fig. 22 that |J| decreases as a/b increases; for the same a/b,

IWI does not change much as the inplane stress varies. This is ccnsistant with
the ohzervation made in Subaection 5.1.1 about the deflection shape.
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5.2.2 The Transient Response

The transient response is determined by the parameter BR' which is a
measuremsent for the time required to reach the steady state. Migure 23 ghows
that the larger the length-to-width ratio, the shorter the time required to
reach a steady state. It is also clear that the influence of irplane stress
on BR is greater for a amaller length-to-width ratio.
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