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A B S T R A C T  

Th i s  r e p o r t  d e s c r i b e s  a  new approach t o  t h e  modeling 
of  e c l i p s i n g  b i n a r y  s t a r  sys tems.  Modern o b s e r v a t i o n a l  and 
a n a l y t i c a l  t o o l s ,  i n c l u d i n g  p h o t o m u l t i p l i e r  t ubes ,  ex t remely  
s t a b l e  v o l t a g e  s u p p l i e s  and a m p l i f i e r s ,  and d i g i t a l  computers ,  
p rov ide  t h e  p o s s i b i l i t y  of o b t a i n i n g  and ana lyz ing  h i g h l y  
a c c u r a t e  l i g h t  v e r s u s  t ime cu rves  o f  such e c l i p s i n g  s t a r s ,  

The a n a l y s i s  of e c l i p s i n g  b i n a r y  s t a r s  p rov ide s  our 
pr imary s o u r c e  of  knowledge abou t  t h e  p h y s i c a l  p r o p e r t i e s  of 
s t a r s  - mass, r a d i u s ,  l uminos i t y ,  d e n s i t y  and i n t e n s i t y  
g r a d i e n t s .  

C u r r e n t l y ,  t h e  main l i m i t a t i o n  on pho tomet r i c  
accuracy  i s  t h e  v a r i a b i l i t y  of  t h e  p r o p e r t i e s  o f  t h e  e a r t h ' s  
atmosphere.  Te lescopes  l o c a t e d  i n  space  shou ld  b e  a b l e  t o  
p rov ide  pho tomet r i c  accuracy  which i s  l i m i t e d  on ly  by t h e  
i n t r i n s i c  c a p a b i l i t y  of t h e  photon d e t e c t o r s .  

The c u r r e n t  approach t o  a n a l y z i n g  e c l i p s i n g  b i n a r y  
l i g h t  cu rve s  i s  w i t h  a  model developed more t han  h a l f  a 
c e n t u r y  ago. Modern o b s e r v a t i o n s  a r e  approaching an  accuracy  
g r e a t e r  t h a n  t h a t  o f  t h i s  model, and space-based o b s e r v a t i o n s  
w i l l  f a r  exceed t h e  p r e c i s i o n  o f  t h i s  t e chn ique .  

The model d e s c r i b e d  i n  t h i s  r e p o r t  t a k e s  advantage  
of  a  d i g i t a l  computer and t h u s  a l l ows  a  r e d u c t i o n  i n  t h e  n u h e r  
of  s i m p l i f y i n g  assumpt ions .  The v a l i d i t y  o f  t h i s  model i s  
t e s t e d  through a n a l y s i s  of numer ica l  i n t e g r a t i o n  e r r o r s ,  corn- 

2 p a r i s o n  w i t h  t h e  s p h e r i c a l  model, p a r a m e t r i c  s t u d i e s ,  and 
* a p p l i c a t i o n  t o  o b s e r v a t i o n a l  d a t a .  I t  i s  concluded t h a t  t h e  
m - model i s  a  v a l i d  r e p r e s e n t a t i o n  of e c l i p s i n g  systems,  and t h a t  
% it i s  a  u s e f u l  t o o l  f o r  t h e  a n a l y s i s  of  such sys tems.  - 
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INTRODUCTION 

Knowledge about t h e  p h y s i c a l  p r o p e r t i e s  of s t a r s  i s  
c r u c i a l  t o  unders tanding t h e i r  energy gene ra t ion ,  r a d i a t i v e  
p roces ses ,  and evo lu t iona ry  cyc le .  Such q u a n t i t i e s  a s  mass, 
r a d i u s ,  s u r f  ace tempera ture ,  luminos i ty ,  d e n s i t y  g r a d i e n t ,  
v a r i a t i o n  i n  i n t e n s i t y  ac ros s  t h e  s u r f a c e ,  e t c .  a r e  known i n  
d e t a i l  f o r  only  one s t a r  - o u r  sun.  The main source  of informa- 
t i o n  f o r  o t h e r  s t a r s  comes from t h e  s tudy  of va r ious  c l a s s e s  
of double s t a r s  - two s t a r s  i n  o r b i t a l  motion about t h e i r  cornon 
c e n t e r  of g r a v i t y .  

Visua l  double s t a r s  a r e  widely  enough sepa ra t ed  so 
t h a t  t h e i r o r b i t a l  motion, p r o j e c t e d  on t h e  "p lane  of t h e  sl<yr8, 
may be followed. Sepa ra t ions  vary from s e v e r a l  seconds of a r c  
down t o  t h e  r e s o l u t i o n  l i m i t  s e t  by t h e  t e l e scope  and t h e  Earth's 
atmosphere. Per iods  vary from about  f i v e  y e a r s  up t o  thousands 
of  y e a r s .  I f  t h e  d i s t a n c e  t o  t h e  double s t a r  system can be 
determined,  then t h e  masses and i n t r i n s i c  l u m i n o s i t i e s  ( a b s o l u t e  j 
magnitudes) can be  determined.  

* Spec t roscopic  b ina ry  s t a r s  a r e  double s t a r s  which have 
a  l a r g e  enough o r b i t a l  v e l o c i t y  component i n  t h e  l i n e  of s i g h t  
t o  produce a  measurable change i n  t h e  Doppler s h i f t  of l i n e s  i n  
t h e  spectrum. O r b i t a l  v e l o c i t i e s  vary from n e a r l y  500 kmlsec 
down t o  t h e  l i m i t s  of  measurements, a  few km/sec. Per iods  range 
from a  few hours  t o  more than  a  decade. A few s p e c t r o s c o p i c  
b ina ry  stars a r e  v i s u a l  double s t a r s ,  b u t  t h e  v a s t  ma jo r i t y  a r e  
unreso lvab le .  I f  t h e  two s t a r s  a r e  q u i t e  comparable i n  bright- 
n e s s ,  then each s t a r  can be d e t e c t e d  by t h e  p e r i o d i c  doubl ing 
of t h e  s p e c t r a l  l i n e s ,  a s  one s t a r  approaches us and t h e  o t h e r  
recedes .  I n  most c a s e s ,  however, only one of t h e  two s t a r s  is 
v i s i b l e  s p e c t r o s c o p i c a l l y  and one s e e s  i t s  abso rp t ion  l i n e s  
p e r i o d i c a l l y  s h i f t i n g  redward and blueward. Not much in format ion  
i s  a v a i l a b l e  from t h e s e  s i n g l e - l i n e  (one spectrum) b i n a r i e s ,  but 
t h e  masses of double - l ine  (two spectrum) b i n a r i e s  can be deter- 
mined i f  t h e  i n c l i n a t i o n  of t h e  p lane  of t h e  o r b i t  can be  
determined.  The i n c l i n a t i o n  ( ang le  between t h e  o r b i t a l  p l ane  
and t h e  p l ane  of t h e  sky)  can be found i f  t h e  spec t roscop ic  
b ina ry  i s  a l s o  a  v i s u a l  double s t a r  o r  an e c l i p s i n g  b ina ry  s t a r ,  



Eclipsing binary stars are spectroscopic binary stars 
which have orbital plane oriented in such a way (inclination 
near 90°) that they nearly include the earth. Hence the ob- 
served luminosity of the unresolved stars is periodically 
reduced as the stars alternately eclopse each other. The 
study of the light curves (intensity vs time) of eclipsing 
binaries gives us our greatest knowledge about the physical 
properties of stars. Figure 1 shows a typical light curve. 
The ordinate of a light curve may be expressed in actual time 
units or, equivalently, in orbital longitude (oO to 360'1 or 
phase (o to 1). We can determine the relative radii of the two 
stars (in terms of their separation), their physical distortion 
(which is related to density distribution), their limb darkening 
(decrease of intensity from the center to the limb), their 
relative brightness, and such interactive phenomena as re- 
flection (the heating of one star by the other). If the star 
system is a double-line, spectroscopic, eclipsing binary, the 
radii can be expressed in absolute units and the masses 
determined. 

The experimental precision of these light curves depends 
on instrument sensitivity and on night to night reproducibility. 
The introduction of photomultiplier tubes and stable electronic 
has improved precision until it is now limited by the variability 
of the atmosphere. Space-based telescopes such as those planned 
for the shuttle and space station program will provide a major 
advance in data gathering, eliminating atmospheric limits 
associated with Earth-based telescopes. This report describes 
a method of analyzing light curves with great precision. 

BACKGROUND 

The traditional approach to the solution for the 
physical parameters of eclipsing binary stars has been based an 
the mathematical simplicity of the "spherical model", in which I- -,\ 

the stars are assumed to be perfect spheres. H. N. Russell 
developed this elegant approach to what would have otherwise 
been an intractable problem. Many methods of application of 
this model have been developed; the most notable being that sf - 

Russell and Merrill (lgl and that of Kopal ( 8 )  . The Kopal method 
is an iterative procedure and lends itself well to computer - 

(6) application (e.g. , ~urkevich'~) , Huf fer and Collins These (16 
methods require either extensive tables, as generated by Merrilb - 

and ~sesevich'~~'~~), or special functions generated by the corn- 
(10) ) puter during solution (J~rkevich'~) and Linnell . I12 all 

cases, however, the use of the computer has still been tied to 
the spherical model. 



A more powerful  a p p l i c a t i o n  of t h e  computer would be 
t o  d i s c a r d  t h e  s p h e r i c a l  model and t h e  dubious procedure of 
r e c t i f i c a t i o n *  by t a k i n g  i n t o  account  i n  a  more e x a c t  manner 
t h e  complex i t i es  of b i n a r y  s t a r s .  The u s u a l  p e r t u r b a t i o n s  of 
t h e  s p h e r i c a l  model can be  r ep re sen ted  by s t r a i g h t - f o r w a r d  
p h y s i c a l  models. Thus it i s  now reasonable  t o  b u i l d ,  i n  a 
computer, a d e t a i l e d  model of an e c l i p s i n g  b ina ry  system and 
s tudy  wi th  g r e a t  accuracy t h e  e f f e c t s  of non - sphe r i c i t y ,  gravity 
b r i g h t e n i n g ,  r e f l e c t i o n ,  limb darkening,  and o r b i t a l  e c c e n t r i c i t y .  
Recent ly ,  t h i s  s t r a i g h t - f  orward approach has  been i n v e s t i g a t e d  

i n  va r ious  a s p e c t s  (Lucy ( I4)  , H i l l  and Hutchings , Cochran ( 3 1  ) . 
The procedure d i scussed  h e r e i n  was f i r s t  de sc r ibed  

conceptua l ly  a t  t he  Berkeley meeting of t h e  IAU ( 2 4 )  . However, 
t h e  approach proved t o o  ambit ious  f o r  computers of t h a t  e r a ,  

THE MODEL 

This model of e c l i p s i n g  b ina ry  systems t akes  i n t o  
account t h e  b e s t  understood geometr ic  and photometr ic  d i s t o r -  
t i o n s ,  i nc lud ing  limb darkening,  g r a v i t y  b r i g h t e n i n g ,  and 
r e f l e c t i o n .  Other impor tan t  p e r t u r b a t i o n s ,  such a s  gas- 
s t reaming ,  a r e  much more complex i n  n a t u r e  and a r e  n o t  con- 
s i d e r e d  a t  t h i s  t ime.  

The photospher ic  s u r f a c e  of each s t a r  i s  assumed to 
be r e p r e s e n t a b l e  by a  t r i - a x i a l  e l l i p s o i d ,  wi th  t h e  major axes 
p o i n t i n g  toward each o t h e r  a t  p e r i a s t r o n .  The o r b i t  may be 
e c c e n t r i c ,  and t h e  s t a r s  r o t a t e  i n  t h e i r  o r b i t a l  p lane  wi th  a 
pe r iod  e q u a l  t o  t h e  o r b i t a l  pe r iod .  I t  i s  presumed t h a t  t i d a l  
f o r c e s  between two c l o s e  s t a r s  w i l l  have fo rced  t h e  pe r iod  
synchronism and t h e  coplanar  r o t a t i o n .  The model i s  desc r ibed  
by t h e  fo l lowing  parameters : 

O r b i t a l  Parameters 

Per iod  o f  r e v o l u t i o n  P 

Time of conjunc t ion  

Semi-major a x i s  of  o r b i t  Ro 

*An impor tan t  a s p e c t  of t h e  s p h e r i c a l  model i s  t h e  r educ t ion  
of  d i s t o r t e d  s t a r s  t o  spheres  by " r e c t i f i c a t i o n " .  The out-of-  
e c l i p s 2  l i g h t  v a r i a t i o n  i s  analyzed f o r  i t s  Four i e r  harmonics,  
and t h e  e n t i r e  l i g h t  curve i s  r e c t i f i e d  by t h e  a d d i t i o n  of and 
d i v i s i o n  by a p p r o p r i a t e  Four i e r  c o e f f i c i e n t s .  R e c t i f i c a t i o n  
a l s o  removes r e f l e c t i o n  e f f e c t s .  



O r b i t a l  e c c e n t r i c i t y  e  

Longitude of p e r i a s  t r o n  w 

I n c l i n a t i o n  i 

Geometric Parameters 

Semi-axes of s t a r  "A" aAt bbA, CCA 

Semi-axes of s t a r  " 3 "  aB,  bBi3" C B 

Photometr ic  Parameters 
- - 

Surface  i n t e n s i t y  (de f ined  below) IA, IB 

L i m b  darkening c o e f f i c i e n t  
U~ "B 

Gravi ty  b r i g h t e n i n g  c o e f f i c i e n t  v  v  
A '  J3 

Ref l ec t ion  c o e f f i c i e n t  (a lbedo)  w w  A' B 

A. O r b i t a l  Parameters 

The o r b i t a l  parameters  a r e  de f ined  i n  t h e  u sua l  s ense  
f o r  b ina ry  s t a r  o r b i t s  ( s e e  F igure  2 ) .  I n  o r d e r  t o  avoid t h e  
ambiguity i n  w a s  e  approaches ze ro ,  e  and w a r e  always used i n  
t h e  combinations e  s i n  w and e  cos W .  

B.  Geometric Parameters 

Chandrasekhar (') showed t h a t ,  t o  t h i r d  o r d e r  i n  v * .  
a  t i d a l l y  d i s t o r t e d  r o t a t i n g  po ly t rope  could be approximated 
by a  t r i - a x i a l  e l l i p s o i d .  For very c l o s e  s t a r s  ( v  2 1 / 2 1 ,  
i gno r ing  h i g h e r  terms i n  v produces d e v i a t i o n  from theory  i n  
t h e  semi-major a x i s  of about 6 %  f o r  s t a r s  of  equa l  mass. 

I t  i s  impor tan t  t o  no te  t h r e e  impor tan t  cons ide ra t ions  
which r e l a t e  t o  t h e  use  of a  t r i - a x i a l  e l l i p s o i d  i n  t h i s  model, 
F i r s t ,  t h e r e  i s  no r e l a t i o n s h i p  between t h e  use of  an e l l i p s a i d  
i n  t h i s  con tex t  and t h e  use of t h e  " e l l i p s o i d a l  model" in recti- 
f i c a t i o n .  I n  t he  l a t t e r  case  t h e  i sopho te s  a r e  c o n c e n t r i c ,  
s i m i l a r  e l l i p s e s ,  which i s  f a r  from t h e  r e a l  s i t u a t i o n  ( s e e  
Figure  3 ) .  Second, t h e r e  i s  no a  p r i o r i  reason t o  assume that 

r a d i u s  o f  unper turbed s t a r  
kL) = - 

s e p a r a t i o n  of  c e n t e r s  



t h e  photospheres of d i s t o r t e d ,  t u r b u l e n t  s t a r s  a r e  any b e t t e r  
r ep re sen ted  by ano the r  form, such a s  t h e  o f t e n - c i t e d  Roche 
model. Other ,  complex, c o n f i g u r a t i o n s  a r e  d i scus sed  i n  t h e  

( 9 )  work of Kopal , Lucy (13)  , and Mart in  (15)  , which sugges t s  

t h e r e  i s  a  v a r i e t y  of proposed s t a r  shapes  t o  choose from, 
Th i rd ,  given t h i s  v a r i e t y  of shapes ,  t h e  e l l i p s o i d  i s  very 
a t t r a c t i v e  from a  computat ional  p o i n t  of view. The f a c t  t h a t  
an e l l i p s o i d  p r o j e c t s  on t h e  p lane  of t h e  sky a s  an e l l i p s e  
i s  p a r t i c u l a r l y  u s e f u l  i n  performing a c c u r a t e  e c l i p s e  i n t e g r a t i o n s .  

The two stars a r e  n o t  i d e n t i f i e d  i n  t h e  u sua l  way as  
" l a r g e r "  and " s m a l l e r " ,  b u t  r a t h e r  a s  s t a r  "A" and s t a r  " B i ' ~  
S t a r  A i s  e c l i p s e d  a t  t h e  deeper  e c l i p s e  and i s  considered t o  
be t h e  c e n t r a l  s t a r  about which B r evo lves .  

I t  i s  convenient  t o  r e p l a c e  t h e  s i x  geometr ic  param- 
e t e r s  ( t h e  s t a r  axes )  wi th  s i x  dimensionless  parameters .  

which a r e  r e l a t e d  t o  t h e  a c t u a l  axes by t h e  fo l lowing:  

The E a r e  t h e  e l l i p t i c i t i e s  i n  t h e  a-b ( o r b i t a l )  p lane  and t h e  
5 measure how much t h e  e l l i p t i c i t y  i n  t h e  b-c p lane  d i f f e r s  
from t h a t .  The parameter k  i s  de f ined  i n  a  s l i g h t l y  d i f f e r e n t  
manner than it i s  f o r  t h e  s p h e r i c a l  model. By d e f i n i n g  k a s  
t h e  r a t i o  of  t h e  semi-major a x i s  of s t a r  B t o  t h a t  of  s t a r  A ,  
k can be  g r e a t e r  than u n i t y  i f  s t a r  B i s  t h e  l a r g e r .  Benee 
primary e c l i p s e  i s  an o c c u l t a t i o n  i f  k  > 1 and a  t r a n s i t  i f  
k < 1. The semi-major a x i s  of  t h e  o r b i t ,  Re, i s  used a s  t h e  

V 

u n i t  of l e n g t h ,  s o  t h a t  "a"  r e p r e s e n t s  t h e  semi-major a x i s  of 
s t a r  A i n  dimensionless  u n i t s .  



From t h e  work of Chandrasekhar we could exp res s  
t h e  s i x  axes of t h e  s t a r s  a s  func t ions  of  a ,  k ,  t h e  mass ratio, 
and t h e  p o l y t r o p i c  i n d i c e s .  For g e n e r a l i t y ,  however, i n  t h i s  
model t h e  a d d i t i o n a l  degrees  of  freedom provided by s e p a r a t e  
E 

E~~ 
iA, and ig a r e  r e t a i n e d  i n  l i e u  o f  t h e  mass r a t i o ,  

The s t a r  shapes  a r e  desc r ibed  i n  g r e a t e r  d e t a i l  i n  Appendix A, 

C. Photometr ic  Parameters 

L i m b  darkening i s  expressed  h e r e  by t h e  u s u a l  l i n e a r  
1 aw 

I = I o ( l  - u +  u  cos y) 12)  

where y i s  t h e  fo re sho r t en ing  angle  and u  i s  t h e  limb dark.ening 
c o e f f i c i e n t .  I. i s  t h e  i n t e n s i t y  of t h e  "sub-ear th"  p o i n t ,  

where t h e  l i n e  of s i g h t  from t h e  obse rve r  i s  normal t o  t h e  s t e l l a r  
s u r f a c e  and y = 0. For a  d i s t o r t e d  s t a r ,  t h i s  p o i n t  i s  g e n e r a l l y  
n o t  a t  t h e  c e n t e r  of  t h e  apparen t  d i s k .  I sopho te s ,  con tours  of 
c o n s t a n t  y ,  a r e  n o t  s i m i l a r  e l l i p s e s  f o r  an e l l i p s o i d a l  s t a r ,  
as was shown i n  F igure  3. 

The r e l a t i v e  s u r f a c e  i n t e n s i t i e s  of  t h e  two stars 
cannot  be  uniquely  de f ined  i n  t h e  same way a s  i s  p o s s i b l e  f o r  
s p h e r i c a l  s t a r s ,  s i n c e  t h e  apparen t  b r i g h t n e s s  i s  c o n s t a n t l y  
changing wi th  o r b i t a l  phase. Thus t h e  i n t e n s i t y  r a t i o ,  j, i s  
de f ined  a t  t ime = T = Tc + P/4  a s  Q 

where I i s  t h e  va lue  of I. a t  quad ra tu re .  * 

The g r a v i t y  b r i g h t e n i n g  c o e f f i c i e n t ,  v ,  i s  de f ined  t o  
be l i k e  limb darkening,  s o  t h a t  

*For c i r c u l a r  o r b i t s  T i s  t ime of quad ra tu re .  Although 
Q 

t h i s  i s  n o t  g e n e r a l l y  t r u e  f o r  e c c e n t r i c  o r b i t s ,  t h e  term 
"quadra ture"  w i l l  be used t o  d e s c r i b e  IC' + P/4 .  

C 



where r i s  t h e  l o c a l  r a d i u s  and i s  r a d i u s  t o  t h e  sub-ear th  
p o i n t  a t  quad ra tu re ,  where I i s  def ined .  The d e r i v a t i o n  of 
Equation ( 4 )  i s  o u t l i n e d  i n  Appendix B.  The parameter  v i s  

t h e  nega t ive  of  b  a s  de f ined  by ~ o ~ a l ' ~ ) .  I f  l o c a l  f l u x  v a r i e s  

d i r e c t l y  a s  l o c a l  g r a v i t y  (27)  , then v  i s  approximately - 4 .  If 
f l u x  i s  l e s s  s e n s i t i v e  t o  l o c a l  g r a v i t y ,  a s  sugges ted  by 

Lucy (12), then  v  may be more l i k e  -1.5. 

Two s t a r s  very c l o s e  t o g e t h e r  w i l l  h e a t  each o t h e r  
s o  t h a t  t h e  i n t r i n s i c  r a d i a t i o n ,  Io, i s  i n  e f f e c t  augmented 

by r a d i a t i o n  which i s  " r e f l e c t e d " .  I n  t h e  p r e s e n t  model, r e f l e e -  
t i o n  e f f e c t  i s  inc luded  a s  an a lbedo  parameter ,  w ,  s o  that t h e  
t o t a l  r e f l e c t e d  l i g h t  i s  j u s t  w t imes t h e  i n t e g r a t e d  i n c i d e n t  
l i g h t .  I n  any r e s t r i c t e d  s p e c t r a l  r eg ion ,  w may be more o r  less 
than  u n i t y ,  s i n c e  r e f l e c t i o n  w i l l  g e n e r a l l y  involve  a  r e d i s  tri- 
S u t i o n  of s p e c t r a l  energy.  E a r l i e r  t r ea tmen t s  of r e f l e c t i o n  
have conta ined  many s i m p l i f y i n g  assumptions due t o  t h e  complex 
geometry which was used,  e s p e c i a l l y  i n  t h e  penumbral reg ions  
where t h e  source  s t a r  i s  p a r t i a l l y  below t h e  l o c a l  hor izon  (e-g, , 

Russe l l  (18)  and ~ o ~ a l (  * )  ) . The geometr ic  complex i t i es  are 
qu ick ly  removed, however, by a  s imple  v e c t o r  t r e a t m e n t  of t h e  

problem (Chen and ~ e i n ( ~ )  and Wood (25)  1 .  

A t  t h e  p r e s e n t ,  a  more a c c u r a t e  a s t r o p h y s i c a l  t r e a t -  
ment of r e f l e c t i o n ,  such a s  t h a t  used by H i l l  and Hutchings (5) , 
i s  n o t  cons idered  t o  be u s e f u l .  The computation of r e f l e c t i o n  
has  such a  major impact on t h e  running time of any computer 
program which c a l c u l a t e s  l i g h t  curves ,  t h a t  low-accuracy i n t e -  
g r a t i o n  schemes must be used. The t r ade -o f f  i s  g e n e r a l l y  
between accu ra t e  i n t e g r a t i o n  of a  s imple  r e f l e c t i o n  model o r  
poor i n t e g r a t i o n  of a  s o p h i s t i c a t e d  r e f l e c t i o n  model. I n  truth, 
n e i t h e r  model may r e p r e s e n t  t h e  t r u e  e f f e c t  i n  a  t u r b u l e n t  
atmosphere. 

The photometr ic  parameters  a r e  desc r ibed  i n  more 
d e t a i l  i n  Appendix B. 

D. Sys tem Luminosity 

The t o t a l  observed luminos i ty  of a  s t a r  i s  thus  given 
by an i n t e g r a l  over  t h e  apparen t  d i s k :  

= /I ( I ~  + I*)  (1 - u + u cos y) dA , 



where I i s  t h e  normal emergent i n t e n s i t y  given by Equation (4) 
0 

and I *  is  t h e  normal component of  t h e  r e f l e c t e d  i n t e n s i t y ,  given 
by 

L* i s  t h e  i n c i d e n t  f l u x  from t h e  o t h e r  s t a r ,  found from an 
Equation l i k e  ( 5 ) ,  b u t  which t a k e s  i n t o  account  t h e  unique 
geometry ( s e e  Appendix B )  . The t o t a l  system luminos i ty  a t  
any t i m e  t i s  

where t h e  l i g h t  l o s t  i n  e c l i p s e ,  LE,  is  found from Equation (51, 

i n t e g r a t e d  over  t h e  over lapping  a rea .  The system luminos i ty  
i s  normalized a t  quad ra tu re ;  LTOT (TQ) = LA(TQ)  + LB ( T O )  = 1. 

- 
Because of t h i s  no rma l i za t ion ,  bo th  s u r f a c e  i n t e n s i t i e s ,  
and q, a r e  determined by j  (Equation ( 3 )  ) . 

I V .  VERIFICATION OF THE MODEL 

I t  i s  imposs ib le  t o  prove t h e  "accuracy" of t h e  model, 
b u t  i t s  v a l i d i t y  can be checked i n  a  v a r i e t y  of ways, inc l~zdi i lg  
a p p l i c a t i o n  t o  r e a l  e c l i p s i n g  s y s  tems . 
A. Accuracy of  Numerical I n t e g r a t i o n  

Numerical i n t e g r a t i o n s  a r e  performed us ing  t h e  Gauss 
quad ra tu re  method. Table 1 shovs t h e  accuracy of t h e  i n t e g r a t i o n  
compared t o  t h e  e x a c t  i n t e g r a t i o n  f o r  a  s p h e r i c a l  s t a r * .  
Numerically,  t h e  same accuracy should p r e v a i l  f o r  d i s t o r t e d  
s t a r s ,  however p r e c i s e  a n a l y t i c  a n a l y s i s  i s  n o t  p o s s i b l e  i n  
genera l .  For an undarkened e l l i p s e ,  t h e  i n t e n s i t y  i s  j u s t  
nab, and t h e  accuracy of  numerical  i n t e g r a t i o n  ag rees  wi th  
t h a t  above. I n  t h e  g e n e r a l  ca se ,  we can exp res s  t h e  e r r o r  
( i n  magnitudes) of t h e  c o a r s e r  i n t e g r a t i o n s  compared wi th  the 
1 6  x  16 i n t e g r a t i o n .  I n  Table I we have shown t h e  mean s y s -  
t ema t i c  e r r o r  (wi th  r e s p e c t  t o  16 x  1 6  i n t e g r a t i o n )  and t h e  
r o o t  mean square  s c a t t e r  about  t h i s  mean. S ince  10-point  
i n t e g r a t i o n  prov ides  adequate accuracy f o r  any g r a p h i c a l  pre- 
s e n t a t i o n ,  a l l  r e s u l t s  d i s cus sed  i n  t h i s  paper  w i l l  be  based 
on t h a t  i n t e g r a t i o n a l  accuracy.  

- 

*For a  s p h e r i c a l  s t a r  of r a d i u s  r and no r e f l e c t i o n ,  
Z Equation ( 5 )  i s  e x a c t l y  i n t e g r a b l e  t o  L = I o n r  (1 - u/3) 



B.  Comparison wi th  t h e  S p h e r i c a l  Model 

Using t h e  a lpha- func t ion  t a b l e s  of  ~ e r r i l l ' l ~ )  primary 
and secondary e c l i p s e s  were genera ted  f o r  a  p a i r  of limb- 
darkened s p h e r i c a l  stars. The comparison wi th  t h i s  model i s  
shown i n  Table 2 ,  where we s e e  t h e  l a r g e s t  d e v i a t i o n  i s  about 
.0003. 

I t  i s  p o s s i b l e  t o  use  t h i s  model t o  gene ra t e  alpha- 
f u n c t i o n s ,  u s ing  t h e  r e l a t i o n s h i p s  ( i n  M e r r i l l '  s n o t a t i o n )  

For primary e c l i p s e  as  a t r a n s i t ,  i n  t h e  p r e s e n t  n o t a t i o n  
Equations ( 8 )  become 

L '  , t h e  luminos i ty  a t  t ime t i n  primary e c l i p s e ,  and L " ,  t h e  
luminos i ty  a t  t ime t + P/2  i n  secondary e c l i p s e  a r e  c a l c u l a t e d  
from Equation ( 7 ) .  T ( u , k )  i s  taken from M e r r i l l ' s  t a b l e s  Time 
t was chosen t o  p rov ide  even t a b u l a r  va lues  of  p  f o r  comparison 
wi th  t a b l e s .  Spot  checks of  a lpha  func t ions  genera ted  in t h i s  

manner wi th  t a b u l a t i o n s  of  erri ill (lG) and L i n n e l l  (11) f o r  u = . Q  
show d e v i a t i o n s  of no more than + . 0 0 0 2 .  No b e t t e r  agreement 
can be expected wi th  t h e  i n t e g r a t i o n  accuracy used. 

C. Paramet r ic  S t u d i e s  

Examination of t h e  e f f e c t s  of v a r i a t i o n  of i s o l a t e d  
parameters  can provide a  g r e a t  d e a l  of i n s i g h t  i n t o  t h e  ope ra t ion  
of t h e  model. Such i n v e s t i g a t i o n s  have proven inva luab le  i n  
developing and "debugging" t h e  computer program. A "s tandard"  
l i g h t  curve (F igure  4 )  i s  adopted wi th  t h e  parameters  l i s t e d  
i n  Table 111, and we w i l l  examine t h e  s e n s i t i v i t y  t o  changes 
i n  a  number of  t h e  o r b i t a l  parameters .  



Figure  5 shows t h e  combined e f f e c t s  of  e l l i p t i c i t y  
and g r a v i t y  b r igh ten ing .  An i n c r e a s e  i n  t h e  g r a v i t y  e f f e c t  
( a  more nega t ive  v)  looks  very much l i k e  i n c r e a s e d  e l l i p t i c i t y ,  
Because of t h i s  c l o s e  coupl ing ,  it w i l l  probably be necessary  
t o  determine v from theory  i n  most cases. 

F igure  6 shows t h e  e f f e c t  of  v a r i a t i o n  of t h e  r a t i o  of 
t h e  r a d i i  through un i ty .  The curve l a b e l e d  0 . 9  i s  a t r a n s i t  i n  
primary e c l i p s e ,  and t h e  o t h e r  curves  a r e  o c c u l t a t i o n s .  A change 
i n  k a f f e c t s  t h e  dep ths  of bo th  e c l i p s e s  and a l t e r s  t h e i r  widths, 

Figure  7 shows t h e  e f f e c t  of  r e f l e c t i o n .  The i n f l u e n c e  
on t h e  shoulder  of  primary e c l i p s e  i s  n o t  p e r c e p t a b l e  on t h i s  
s c a l e ,  s i n c e  t h e  f a i n t e r  s t a r  has  a l e s s e r  i n f l u e n c e  on t h e  
b r i g h t e r  s t a r .  Curves a r e  l a b e l e d  by t h e  va lue  of  w / 2 n  (l - u/21 , 
Thus 0 . 2  corresponds t o  an a lbedo of  0.88,  and 0 . 4  t o  an a lbedo  
of 1.76.  F igure  8 shows a d e t a i l  of  t h e  shou lde r s  of  a much 
c l o s e r  b i n a r y  system. The u n i t  a lbedo  curve i s  about  0 . 0 %  
magnitude b r i g h t e r  a t  phase .35 than  a t  phase .15. R e f l e c t i o n  
e f f e c t  i n t roduces  t h i s  d i s t i n c t i v e  asymmetry i n t o  t h e  l i g h t  
curve.  

Figure  9 shows t h e  d e t a i l  of t h e  bottom of primary 
and secondary e c l i p s e  f o r  a v a r i e t y  of limb darkening param- 
e t e r s .  The depth of  primary e c l i p s e  i n c r e a s e s  a s  t h e  Limb 
darkening o f  t h e  secondary s t a r  i s  inc reased .  The depth of 
secondary e c l i p s e  i s  l i kewise  coupled t o  t h e  limb darkening 
o f  t h e  primary s t a r .  A novel  f e a t u r e  i s  t h e  shape of second- 
a r y  e c l i p s e  ( a  t r a n s i t )  f o r  ze ro  limb darkening.  For t h e s e  
e l l i p s o i d a l  s t a r s ,  t h e  e c l i p s e d  a r e a  a c t u a l l y  passes  through 
a maximum about  0 . 0 1  i n  phase on each s i d e  of mid-ecl ipse .  

F igure  1 0  shows t h e  e f f e c t  of v a r i a t i o n  of t h e  r a d i u s  
of t h e  primary s t a r .  S ince  t h e  r a t i o  o f  r a d i i  i s  f i x e d ,  t h e  
r a d i u s  of  t h e  secondary s ta r  v a r i e s  i n  t h e  same sense .  E c l i p s e  
depth i s  unchanged, b u t  t h e r e  i s  a s t r o n g  e f f e c t  on e c l i p s e  
width.  Notice t h a t  a  1 0 %  change i n  r a d i u s  changes t h e  s t e e p  
p o r t i o n  of primary e c l i p s e  by more than  0.05 magnitude, 

Figure  11 shows t h e  e f f e c t  of v a r i a t i o n  o f  t h e  r e l a t i v e  
s u r f a c e  i n t e n s i t i e s .  The b r i g h t e r  t h e  secondary s t a r ,  t h e  m o r e  
n e a r l y  equa l  a r e  t h e  e c l i p s e s .  Not ice  a l s o  t h e  e f f e c t  upon 
r e f l e c t i o n .  For j = .9 t h e  shou lde r  be fo re  primary e c l i p s e  
i s  r a i s e d  and t h a t  b e f o r e  secondary depressed.  

F igure  1 2  shows t h e  d e t a i l  of  t h e  bottom of  primary 
and secondary e c l i p s e  f o r  s m a l l  changes of i n c l i n a t i o n  nea r  90"- 
A s  long a s  e c l i p s e  i s  t o t a l ,  i t s  depth i s  unchanged. A s  Long 
a s  l i m b  darkening on t h e  secondary s t a r  i s  n o t  ze ro ,  t h e  transit 
e c l i p s e s  a r e  changed i n  depth by a change i n  i n c l i n a t i o n .  



D. Comparison wi th  Observed L igh t  Curves 

The b e s t  tes t  of t h e  model i s  i t s  a b i l i t y  t o  fit 
r e a l ,  observed l i g h t  curves .  Here we show t h e  r e s u l t s  of 
t r i a l - a n d - e r r o r  f i t t i n g  t o  obse rva t ions  o f  s e v e r a l  e c l i p s i n g  
b i n a r i e s .  

1. VS Hydrae 

The obse rva t ions  of  VZ Hydrae were taken from Walker  (23) 
H i s  l i g h t  curve i s  shown i n  F igure  1. There i s  no obvious i n t e r -  
a c t i o n  between t h e  components, s o  t h e  stars a r e  taken t o  be 
spheres .  S t a r t i n g  wi th  Walker' s e lements ,  t h e  parameters  were 
a d j u s t e d  t o  improve t h e  f i t  i n  primary e c l i p s e .  The f i n a l  fit 
t o  t h e  V obse rva t ions*  i s  shown i n  F igure  13 ,  and t h e  e lements  
l i s t e d  i n  Table 111. I t  i s  n o t  s u r p r i s i n g ,  b u t  comfort ing t o  
s e e  t h a t  t h i s  model works f o r  a r e a l  s p h e r i c a l  system. 

2 .  EG Cepheii  

A more i n t e r e s t i n g  t e s t  of t h e  model i s  provided by 
( 4 1  a p p l i c a t i o n  t o  t h i s  c l o s e  system a s  observed by Cochran 

The V l i g h t  curve shows no evidence of  r e f l e c t i o n  e f f e c t .  
F igure  8  showed t h e  e f f e c t  of  r e f l e c t i o n  f o r  a  system l i k e  
EG Cep. The h o t t e r  s t a r  h e a t s  t h e  f a c i n g  s i d e  of  t h e  c o o l e r  
s t a r  and t h i s  h o t  s i d e  comes i n c r e a s i n g l y  more i n t o  view past 
phase .25,  u n t i l  it i s  e c l i p s e d  by t h e  h o t t e r  s t a r .  Thus t h e  
system i s  apprec iab ly  b r i g h t e r  a t  phase .35 (and .65) than a t  
phase .15 (and . 8 5 ) .  This i s  n o t  t h e  case  f o r  EG Cep, s o  t h e  
V a lbedo  i s  taken  t o  be  zero.  F igure  1 4  shows t h e  f i t  t o  t h e  
obse rva t ions  u s ing  t h i s  model and t h e  parameters  of Table 111, 

3. ~ 1 1 4 3  Cygni (HR 7484) 

A good t e s t  o f  t h e  a b i l i t y  of  t h e  model t o  handle  
e c c e n t r i c  o r b i t s  i s  provided by t h e  system V1143 Cygni, a s  ob- 

s e rved  by Snowden and Koch ( 2 0 ) .  The i r  publ i shed  e lements  were 
ha rd ly  changed t o  prov ide  t h e  f i t  shown i n  F igure  15. The 
va lues  of e s i n  w and e  cos w from Table I11 y i e l d  e  = ,542, 
and w = 48.3 O .  Note t h a t  k  > 1, s o  t h e  comparable va lues  
normally publ i shed  would be  a  = .061 and k  = .902 .  

*"V" r e f e r s  t o  a  s p e c i f i c  yellow f i l t e r  passband i n  the 
s t a n d a r d  ( U , B  , V )  photometr ic  system. 



4 .  RU U r s a  Minoris  

Blue obse rva t ions  of  RU U m i  ( 2 6 )  were f i t  a s  shown i n  
F igure  16 by t h e  e lements  i n  Table 111. This i s  a  very c l o s e  
system which is  very much l i k e  W Ursa Major is  systems.  The 
normal s p h e r i c a l  model i s  q u i t e  inadequa te  f o r  handl ing  such 
s y s  tems . 
V. APPLICATION 

A t  t h i s  p o i n t ,  we have e s t a b l i s h e d  t h a t  t h e  model 
reproduces t h e  s p h e r i c a l  model e x a c t l y  f o r  s p h e r i c a l  s t a r s ,  
and t h a t  t h e  model produces c r e d i b l e  r e s u l t s  f o r  d i s t o r t e d  
systems. The model was based on a number of  assumptions ,  such 
a s  synchronism of  r o t a t i o n  and r evo lu t ion .  Using t h e  e x i s t i n g  
model as a  b a s i c  framework upon which t o  b u i l d ,  va r ious  e f f e c t s  
n o t  i n h e r e n t l y  p a r t  of  t h e  model can be i n v e s t i g a t e d .  In this 
manner, it may be p o s s i b l e  t o  ga in  more i n s i g h t  i n t o  such e f f e c t s  
a s  non- l inear  limb darkening ,  non-synchronism of r o t a t i o n ,  
a tmospher ic  e c l i p s e s ,  r e f l e c t i o n  wi th  t h e  ho t - spo t  n o t  a t  t h e  
s u b - s t e l l a r  p o i n t ,  e t c .  

Another impor tan t  a p p l i c a t i o n  of t h e  model w i l l  be 
i n  t h e  a c t u a l  s o l u t i o n  of e c l i p s i n g  systems.  I n  t h i s  pape r ,  
r e a l  systems have been f i t  wi th  a  t r i a l - a n d - e r r o r  procedure ,  
An a lgo r i t hm which w i l l  a l low automated s o l u t i o n  i n  t h e  cam- 
p u t e r  i s  under development. 

A. Atmospheric E c l i p s e s  

For a  t e s t  of t h e  e f f e c t  of a  "fuzzy" s t a r  edge,  a 
s t a r  was given an absorb ing  atmosphere, s p e c i f i a b l e  by a s c a l e  
h e i g h t .  Thus a l i g h t  ray  reach ing  t h e  observer  from t h e  e c l i p s e d  
s t a r  i s  a t t e n u a t e d :  

where J i s  t h e  emi t t ed  i n t e n s i t y  and J i s  t h e  r ece ived  in t en -  
0 

s i t y .  The o p t i c a l  depth  i s  given by 

where T i s  t h e  o p t i c a l  depth  a t  t h e  " s u r f a c e " ,  assumed t o  be 
0 

4/3 f o r  t h e  l i m b .  The apparen t  d i s t a n c e  of t h e  r ay  above t h e  
limb i s  given by r ,  and h  i s  t h e  s c a l e  h e i g h t .  For h/a 2 . O O k ,  the 
e f f e c t  i s  ha rd ly  pe rcep tab l e  ( f o r  k  > >  . 0 0 1 ) .  F igure  17 shows 
t h e  e f f e c t  of t h i s  absorbing atmosphere f o r  h/a = .1 and h/a = -01, 



B. Phase of Re f l ec t ion  

The unequal h e i g h t s  of  maxima observed i n  W Ursa 
Major is  systems a r e  a  p a r t i c u l a r  problem t o  exp la in .  O r b i t a l  
e c c e n t r i c i t y  combined wi th  r e f l e c t i o n  could produce unequal 
maxima. However, W UMa systems have n e a r l y  c i r c u l a r  o r b i t s ,  
s o  such an e f f e c t  would be very smal l .  What t h e s e  systems 
r e q u i r e  t o  e x p l a i n  them i s  an e f f e c t  t h a t  i s  d i f f e r e n t  a t  
each quadra tu re ;  t h e  s t a r s  need t o  be h o t t e r  on one s i d e  than 
t h e  o t h e r .  A s imple  way t o  produce t h i s  e f f e c t  i n  t h e  model 
i s  t o  i n t roduce  a  phase s h i f t  i n  t h e  r e f l e c t i o n  e f f e c t .  What 
would be t h e  e f f e c t  i f  C o r i o l i s  f o r c e s  moved t h e  " h o t  s p o t "  
away from t h e  s u b - s t e l l a r  p o i n t ?  The asymmetry of t h i s  e f f e c t  
depends s t r o n g l y  on t h e  r e l a t i v e  i n t e n s i t i e s ,  j ,  and on t h e  
r e l a t i v e  a lbedos ,  wA and wB. An example of t h e  e f f e c t  i s  

shown i n  F igure  18 f o r  r e f l e c t i o n  l e a d  o r  l a g  of 1 0 '  and t h e  
e lements  i n d i c a t e d  i n  Table I11 f o r  "Phase S h i f t " .  The maxima 
d i f f e r  i n  h e i g h t  by about  0.016 magnitude, and r e v e r s e  r o l e s  
dependent upon phase l e a d  o r  l ag .  Normalization a t  phase -25 
has forced  a l l  t h e  e f f e c t  i n t o  t h e  maximum fo l lowing  secondary 
e c l i p s e .  

C. Skew S t a r s  

The model assumes t h a t  t h e  s t a r s  r o t a t e  i n  t h e  o r b i t a l  
p lane  wi th  t h e  major axes a l i gned .  F igure  19 shows t h e  e f f e c t  
on t h e  l i g h t  i f  one s ta r  i s  i n c l i n e d  5' t o  t h e  o r b i t a l  p lane  and 
has  t h e  major a x i s  o u t  of al ignment by 5'. The r i s i n g  and 
f a l l i n g  branches a r e  made unsymmetric, b u t  t h e  h e i g h t s  of maxima 
a r e  p reserved .  

V I  . RELATION TO PHYSICAL PARAMETERS 

The p h y s i c a l  parameters  which d e s c r i b e  a  s t a r  a r e  i t s  
mass, r a d i u s ,  luminos i ty  (energy ou tpu t )  , t empera ture ,  d e n s i t y  
g r a d i e n t ,  chemical composit ion,  s u r f a c e  g r a v i t y ,  a tmospher ic  
t u rbu lence ,  and o t h e r s .  These p r o p e r t i e s  a r e  determined through 
t h e  combined r e s u l t s  of  spec t roscopy  and photometry. I n  p a r t i c -  
u l a r ,  l e t  us s e e  how photometr ic  de te rmina t ion  of  t h e  l i g h t  curve 
of an e c l i p s i n g  b i n a r y  can l e a d  t o  t h e  de te rmina t ion  of t h e  mass, 
r a d i u s ,  luminos i ty  and temperature  of two s t a r s .  

A s  de sc r ibed  i n  t h e  i n t r o d u c t i o n ,  o u r  b e s t  ho ld  on 
t h e s e  q u a n t i t i e s  i s  i n  t h e  ca se  of  double- l ined s p e c t r o s c o p i c  
e c l i p s i n g  b i n a r i e s .  Through r a d i a l  v e l o c i t y  measurements ( i n  
km/sec) and a p p l i c a t i o n  o f  Kep le r ' s  Law, we o b t a i n  Ro s i n  i i n  

km and (mA + % ) s i n 3  i i n  s o l a r  masses, where rn and mg a r e  t h e  A 
masses of t h e  two s t a r s .  Thus t h e  combination of t h i s  i n f o r -  
mation wi th  t h e  photomet r ic  s o l u t i o n  g ives  us t h e  s t e l l a r  masses 
and axes i n  a b s o l u t e  terms.  A s  i s  shown i n  Appendix A ,  t h e  mass 
a l s o  i s  r e l a t e d  t o  t h e  s t e l l a r  axes f o r  c l o s e ,  i n t e r a c t i v e  star 
s y s  tems . 



The de te rmina t ion  of luminos i ty  and temperature  i s  
a s s i s t e d  by e c l i p s i n g  b i n a r y  s o l u t i o n s .  The luminos i ty  of a 
s t a r  i s  dependent upon i t s  s u r f a c e  a r e a  and upon i t s  temper- 
a t u r e .  I f  T i s  t h e  e f f e c t i v e  temperature  ( i . e . ,  t h e  temper- e 
a t u r e  of a  b lack  body energy curve which most n e a r l y  r e p l i c a t e s  
t h e  s t a r ' s  energy curve)  then  we can say  

The r a d i u s ,  r ,  i s  determined from t h e  e c l i p s i n g  b i n a r y  so2u t ion ,  
I n  t h e  case  of  d i s t o r t e d  s t a r s ,  t h e  c a l c u l a t i o n  o f  s u r f a c e  area 
i s  more complex. The e f f e c t i v e  temperature  i s  determined from 
spectrophotometry .  

The fo l lowing  t a b u l a t i o n  r e l a t e s  t h e  model and p h y s i c a l  
parameters  : 

Model Pl-rys i c a l  
Par,ame t e r s  Parameters Remark 

P ,  i ,  T c r  p ,  i ,  Tc,  Defines o r b i t  shape and 
o r i e n t a t i o n  i n  space, 

esinw, e I  w,  Ro P ,  T C ,  e ,  w ,  R can be 
Q 

ecos  W ,  Ro 
determined spectroscop-  
i c a l l y .  

a ,  k, € 9  5 a l ;  unper turbed Related through theo- 
r a d i u s  r e t i c a l  exp res s ions  

[equa t ion  (A-2) 1 . 
q ;  mass r a t i o  

j r  u I  V ,  w Ye; e f f e c t i v e  Rela ted  through tlaeo- 
temperature  r e t i c a l  a s t r o p h v s i c s :  

T~ I p e r  P and K 
Pe; e l e c t r o n  9  v 

p r e s s u r e  d e f i n e  a  s t e l l a r  a tnos-  
phere ,  and t h a t  atrnos- 
phere  determines  u, va w P gas p r e s s u r e  

g  ' and j . 
K . abso rp t ion  v c o e f f i c i e n t  



V I I  . CONCLUSIONS 

Conceptual ly ,  t h e  model desc r ibed  h e r e i n  i s  s u p e r i o r  
t o  t h e  s p h e r i c a l  model because it accounts  i n  a  more s t r a i g h t  
forward way f o r  t h e  "photometr ic  p e r t u r b a t i o n s "  of  t h e  s p h e r i c a l  
model. I n  a d d i t i o n ,  t h e  model has  passed a l l  pa rame t r i c  t e s t s  
and has  proven i t s  a b i l i t y  t o  match observed l i g h t  curves ,  W e  
conclude t h a t  t h e  model i s  a  v a l i d  r e p r e s e n t a t i o n  of e c l i p s i n g  
b i n a r y  s t a r  systems,  i n c l u d i n g  very c l o s e  systems.  

Using t h i s  model a s  a  t o o l ,  we can now a t t a c k  t h e  
fo l lowing  problems : 

1) Determine model parameters  f o r  observed 
systems,  u s ing  an i t e r a t i v e  l ea s t - squa re s  
technique.  

2 )  Examine t h e  e f f e c t s  of t h e  model assumptions 
(e. g. , coplanar  r o t a t i o n )  . 

3)  Examine t h e  e f f e c t s  of o t h e r  photometr ic  
d i s tu rbances  , such a s  extended atmospheres 
and gas-s treaming . 

4 )  Examine t h e  e f f e c t  of more s o p h i s t i c a t e d  
r e f l e c t i o n  c a l c u l a t i o n s .  

Attachments 
Appendices A-C 
References 
Tables 1-111 
Figures  1-22  

D. B. Wood 



APPENDIX A 

E l l i p s o i d a l  S t a r  

1. D i s t o r t e d  Poly t rope  

A p o l y t r o p i c  s t e l l a r  model i s  one i n  which t h e  radial 
d e n s i t y  d i s t r i b u t i o n  i s  desc r ibed  by an exponent,  n ,  c a l l e d  t h e  

p o l y t r o p i c  index.  Chandrasekhar analyzed t h e  d i s t o r t i o n s  o f  
such po ly t ropes  under t h e  i n f l u e n c e  of  r o t a t i o n  and t i d a l  i n t e r -  
a c t i o n .  Le t  q  be t h e  m a s s  r a t i o  ( p e r t u r b i n g  s t a r  mass/perturbed 
s t a r  mass) , a. be t h e  r a d i u s  of  t h e  p o l y t r o p i c  sphere  be fo re  

d i s t o r t i o n ,  and v be a. expressed  i n  u n i t s  of t h e  s ta r  s e p a r a t i o n ,  

R. Chandrasekhar showed t h a t  t h e  d e v i a t i o n s  from t h e  unper turbed 
sphere  ( r a d i u s  a  ) could be expressed  a s  

0 

where a  i s  t h e  ex t ens ion  i n  t h e  e q u a t o r i a l  p lane  toward t h e  1 
p e r t u r b i n g  s t a r ,  a 2  i s  t h e  d i a m e t r i c a l l y  oppos i t e  e x t e n s i o n ,  

a 3  i s  t h e  ex t ens ion  i n  t h e  e q u a t o r i a l  p lane  pe rpend icu la r  t o  

o1 and a and a 4  i s  t h e  p o l a r  ex t ens ion  ( c o n t r a c t i o n ) .  The 2 '  
A i  a r e  weak func t ions  of t h e  p o l y t r o p i c  index ,  and a r e  a l l  

nea r  u n i t y  f o r  t h e  range of a p p l i c a b l e  i n d i c e s  ( 3  s n  s 5) . 
I f  terms i n  v 4  and h i g h e r  a r e  ignored ,  - 

"1 - O 2  
and t h e  star 

i s  a  t r i a x i a l  e l l i p s o i d  wi th  axes given by 



The e r r o r  i n  t h e  l e n g t h  of t h e  semi-major a x i s  i n  this 
4 e l l i p s o i d  approximation i s  approximately qv . For extremely 

c l o s e  s t a r s  ( v  . 5 )  t h e  e r r o r  i s  about  6 %  f o r  u n i t  mass r a t i o ,  
Normally t h e  va lue  of  v does n o t  exceed . 4 ,  and t h e  e r r o r  for 
u n i t  m a s s  r a t i o  would be  l e s s  than  3%. 

2. Coordinate Transformation 

I n  a  coo rd ina t e  system wi th  axes f i x e d  i n  t h e  s t a r ,  
t h e  s u r f a c e  of t h e  e l l i p s o i d a l  s t a r  i s  given by 

To determine t h e  s t e l l a r  e c l i p s e d  o r  unec l ipsed  i n t e n s i t y  as 
seen  by a  d i s t a n t  obse rve r ,  we a r e  i n t e r e s t e d  i n  t h e  p r o j e c t i o n  
of  t h i s  s t a r  on t h e  "p lane  of  t h e  sky" ;  t h a t  i s  a  p lane  t angen t  
t o  t h e  c e l e s t i a l  sphere  a t  t h e  p o i n t  where it i s  p i e r c e d  by t h e  
o b s e r v e r ' s  l i n e  of s i g h t .  I f  we d e f i n e  t h e  y-z p lane  as t h e  
p lane  of t h e  sky ,  wi th  t h e  obse rve r  on t h e  -x a x i s ,  then the 
equa t ion  of t h e  e l l i p s o i d  becomes 

where 

2 2  2  2  2 2  2  2  2 2  2  
A =  b  c  cos B ' s in  i + a c  s i n  B ' s in  i + a b  cos i 

2 2  2  2 2  2  B = b c  s i n  8 '  + a c  cos 0 '  

2 2  2  2  2 2  2  2  2 2  2  
C = b c cos B'cos i + a c  s i n  B'cos i + a b s i n  i 

2 2  2  2 2  2 2 2  F =  (b  c  cos 8' + a c s i n  8' - a b  ) s i n i  c o s i  . 



8' i s  t h e  angle  t h a t  t h e  s t a r  has  r o t a t e d  from t h e  l i n e  of 
s i g h t  ( i . e . ,  t h e  angle  between t h e  p r o j e c t i o n  of t h e  -x a x i s  
on t h e  o r b i t a l  ( x l - y 1  ) plane  and t h e  major ( + x l  ) a x i s  of t h e  
s t a r )  ; i i s  t h e  o r b i t a l  i n c l i n a t i o n .  

The cos ine  of t h e  angle  between t h e  l i n e  of sight 
and t h e  normal t o  where i t  i n t e r s e c t s  t h e  s t e l l a r  s u r f a c e  
( l imb darkening ang le )  i s  given by 

cos y = (Ax + Dy + Fz)/T (A-6 1 

where 

2 T = [x2(A2 + D2 + F2)  + y 2 ( ~ 2  + II2 + E 2 )  + z 2 ( c 2  + E 2  + F ) 

+ 2 xy(AD + BD + EF) + 2xz(AF + CF + D E )  ba-71 

+ 2yz(BE + CE + DF)] 1/2 

T o  d e s c r i b e  t h e  s t a r  e n t i r e l y  i n  t e r m s  of plane-of-the-sky 
c o o r d i n a t e s ,  equa t ion  (A-4 )  i s  so lved  f o r  x:  

where 

The o u t l i n e  o f  t h e  "apparen t"  s t a r  ( i . e . ,  t h e  pro-. 
j e c t i o n  of  t h e  s t a r  on t h e  p lane  of t h e  sky)  i s  formed by 
s e t t i n g  cosy = 0 i n  Equation (A-6)  : 



This i s  an e l l i p s e  w i th  axes given by 

The i n t e g r a t i o n s  of Equation ( 5 )  a r e  performed over  
t h i s  e l l i p s e  f o r  c a l c u l a t i o n  of t o t a l  i n t e n s i t y .  I n t e g r a t i o n  
of e c l i p s e d  i n t e n s i t y  is over  t h e  a r e a  common t o  two i n t e r s e c t i n g  
e l l i p s e s .  



APPENDIX B 

Photometr ic  Parameters 

1. Limb Darkenins 

The l i n e a r  limb darkening law (Equation ( 2 )  ) i s  based 
on s o l u t i o n  of t h e  t r a n s f e r  equa t ion  f o r  t h e  ca se  of r a d i a t i v e  
e q u i l i b r i u m  i n  a  s t e l l a r  atmosphere which i s ,  a t  l e a s t  l o c a l l y ,  
p lane  p a r a l l e l .  I t  i s  normal t o  d e f i n e  t h e  s t e l l a r  s u r f a c e  a t  
o p t i c a l  depth  2/3 ( i . e . ,  where t h e  a t t e n u a t i o n  of r a d i a t i o n  i s  

e  -2'3). I n  t h i s  case  limb darkening i s  given by 

I = 1 0 ( 0 . 4  + 0 .6  cos y )  . (B-1) 

Equation ( 2 )  i s  a  g e n e r a l i z a t i o n  of t h i s  s o l u t i o n  which i s  
l i n e a r ,  r e p l a c i n g  t h e  numerical  c o e f f i c i e n t s  w i th  one g e n e r a l  
c o e f f i c i e n t ,  u. 

2 .  Gravi ty  ~ r i g h t e n i n g  - 
The l o c a l  e f f e c t i v e  temperature  of  a  s t a r  i s  pro- 

p o r t i o n a l  t o  t h e  l o c a l  s u r f a c e  g r a v i t y :  

I n  1924 von Ze ipe l  ( 2 7 )  showed t h a t  t h e  exponent was 1 / 4 .  

Recently Lucy ( 1 2  c a l c u l a t e d  t h a t  when convect ion occurs  i n  
t h e  o u t e r  l a y e r s  of t h e  s t a r ,  6 i s  more l i k e  0.08. 

We compare t h e  l o c a l  va lues  of  T and g  t o  t h e  mean - 
values  over  t h e  s t a r ,  T and g: 

The f l u x  of  r a d i a t i o n  from t h e  s t a r ,  a t  a p a r t i c u l a r  wavelength,  
A ,  i s  given by the Planck l a w :  



From t h e  Planck law we can w r i t e  an exp res s ion  f o r  J/J, and 
perform a Taylor  expansion f o r  T % T. I n  a d d i t i o n ,  equa t ion  
( B - 3 )  can be  expanded f o r  T .L T. I f  we e l i m i n a t e  t h e  f ac to r  - 
( T  - T)/F, which is  common t o  t h e s e  two s e r i e s  expansions ,  
and ignore  h i g h e r  o r d e r  terms,  we g e t  

where 

From t h e  work of Chandrasekhar t h e  s u r f a c e  gravity 
can be r e l a t e d  t o  t h e  r a d i u s :  

where A i s  t h a t  de f ined  i n  Appendix A. I f  we l e t  
2 

then we have t h e  g r a v i t y  b r i g h t e n i n g  law 

- 
For convenience of t h e  model, r and 3 a r e  taken  t o  be t h e  
va lues  a t  t h e  sub-ear th  p o i n t  a t  quad ra tu re .  Not ice  t h a t  
s i n c e  A 2 1, we c a n w r i t e  2 



where a  = c2/hT. Thus v  can be  t h e o r e t i c a l l y  determined f o r  

any A ,  g iven t h e  e f f e c t i v e  temperature  and t h e  va lue  of  a .  

3. R e f l e c t i o n  E f f e c t  

The geometry of t h e  r e f l e c t i o n  e f f e c t  i s  shown i n  
F igure  20. Consider t h e  t h r e e  u n i t  v e c t o r s  shown i n  t h e  f i g u r e :  
3 -+ 
v  i s  t h e  normal t o  a r e a  dA on t h e  r e f l e c t i n g  s t a r ;  v  i s  t h e  1 1 3 

-'i 

v e c t o r  d i r e c t e d  from dAl t o  a r e a  dA2 on t h e  source  s t a r ;  v is 2 
t h e  normal t o  t h a t  a r e a  on t h e  source  s t a r .  For  dA2 t o  be  

v i s i b l e  from dA, ( t h u s  c o n t r i b u t i n g  t o  t h e  r e f l e c t i o n )  t h e  dot 
-+ -+ -+ -+ 

-L 

produc t  v  - v  must be  p o s i t i v e  and v2 v3 must be  nega t ive .  
1 3  

The i n t e n s i t y  r ece ived  a t  dA1 from dA2 i s  found from cons ider ing  

t h e  normal emergent i n t e n s i t y  a t  dA2 [Equation ( 4 )  1 , t h e  l i m b  
i 

darkening on t h e  source  s t a r  [Equation ( 2 )  w i th  cos y = G 2  * v j  I .  
i n v e r s e  square  r educ t ion  of  i n t e n s i t y  a t  dA and t h e  fore -  

'-+ 3 
s h o r t e n i n g  angle  f o r  t h e  i n c i d e n t  f l u x  (from vl * v 3 ) .  The 

f l u x  i n c i d e n t  on dAl i s  thus  given by 

where d  i s  t h e  d i s t a n c e  between dA1 and dA2. 

This energy i s  cons idered  t o  be r e f l e c t e d  i s o t r o p i c a l k y  
over  a  hemisphere wi th  an a lbedo  w. The p o r t i o n  o f  t h i s  energy 
which i s  r e f l e c t e d  normal t o  dAl i s  t h u s  

The process  i s  r e c i p r o c a l ,  s o  s t a r  A i l l u m i n a t e s  star 
B and v i c e  versa .  Second o r d e r  r e f l e c t i o n  i s  n o t  inc luded .  That 
i s ,  IO2 i n  Equation (B-11) i s  n o t  augmented by l i g h t  i n c i d e n t  

from s t a r  "1" .  



APPENDIX C 

O r b i t a l  Mechanics 

1. Bas ic  Equations 

The b a s i c  equa t ions ,  which may be found i n  any 
c e l e s t i a l  mechanics t e x t ,  a r e  given below. The mean anomaly 
i s  de f ined  a s  

where To i s  t h e  t ime of  p e r i a s t r o n  passage.  The r a d i u s  v e c t o r  

i s  de f ined  a s  

R = R (1-e cos  E ) ,  
0 

(G-21 

where R ( r l )  i s  t h e  semi-major a x i s  of  t h e  o r b i t  and E i s  the 
0 

e c c e n t r i c  anomaly, r e l a t e d  t o  M by 

E-e s i n  E = P4 ( C - 3 )  

The t r u e  anomaly i s  de f ined  a s  ( s e e  F igure  21) 

where 8 ,  t h e  o r b i t a l  l ong i tude ,  i s  measured from t h e  line of 
s i g h t  ( 0  = 0 a t  c o n j u n c t i o n ) .  The long i tude  of p e r i a s t r o n ,  w ,  
i s  measured from t h e  " e n t e r i n g "  node, where t h e  o r b i t  c r o s s e s  
t o  t h e  o b s e r v e r ' s  s i d e  of  t h e  p lane  of  t h e  sky. The e c c e n t r i c  
and t r u e  anomalies a r e  r e l a t e d  by 

cos E = 
COS v + e  

1 + e  cos v  

s i n  E = fZ2" s i n  v  l + e  cos v 



2 .  Der iva t ion  

Time of P e r i a s t r o n  

A t  con junc t ion ,  t = Tc and 0 = 0, s o  from Equation 
( C - 4 )  : 

s o  t h a t  equa t ions  ( C - 5 )  become 

cos E = s i n  w  + e  c  l + e s i n w  

COS w cos E = 
C 

Y C - 7  
1 + e  s i n  w 

Thus a t  con junc t ion  Equation (C-3 )  becomes 

cos-' { s i n w + e  - cos w ~ ' ~ ~ ~ 2  = - 2lT 
1 + e  s i n  w 1 + e  s i n  o P (Tc - To)  

For t h e  given e  s i n  w, e  cos w,  Tc and P ,  Equation 

((2-8) i s  used t o  c a l c u l a t e  To. The proper  quadran t  f o r  t h e  

a rccos  i s  determined from t h e  s i g n  of 

e  cos wdl - e  Z e  s i n  E = - 
1 + e  s i n  w 

* Time Dependent Var i ab l e s  

Equation ( C - 3 )  i s  so lved  f o r  E ,  u s ing  Equation (@-I) 
f o r  a  given t. The s o l u t i o n  of ( C - 3 ) ,  known a s  " K e p l e r A s  
Equat ion" ,  i s  i t e r a t e d  t o  convergence from 

I 

Ei+l 
= Ei + 1-e cos  Ei I 



which i s  convenien t ly  w r i t t e n  

e s i n  E, -E; + M 
I I A E =  

1 - e  cos Ei 

and convergence e s t a b l i s h e d  when AE i s  s u f f i c i e n t l y  sma l l .  

The i n i t i a l  va lue  of  E i s  Eo = Mo = M f o r  sma l l  e .  

I f  e  > . 7 5 ,  E - (7~+M)/2. 
0 

Expansion of (C- 4 )  i n  t r i gonomet r i c  func t ions  y i e l d s  

e  s i n  8 = e  s i n  w s i n  v - e  cos w cos v 
( C - - 1 2 )  

e  cos 8 = e  s i n  w cos  v + e  cos w s i n  v  

where s i n  v  and cos v  a r e  found by i n v e r s i o n  of Equat ions  (C-51 : 

s i n  v  = d Z - 2  s i n  E 
1 - e  cos E 

cos E - e  
COS v  = 1 - e  cos E 

Thus, g iven t ,  ( C - 1 1 )  i s  used t o  c a l c u l a t e  E, then 
(C-13) t o  c a l c u l a t e  s i n  v  and cos v ,  and ( C - 1 2 )  t o  c a l c u l a t e  8, 

The r a d i u s  v e c t o r  i s  given by ( C - 2 ) .  

- S t e l l a r  Rota t ion  

The s t a r s  a r e  assumed t o  r o t a t e  w i t h  o r b i t a l  pe r iod  P, 
The r o t a t i o n a l  motion i s  taken t o  be  uniform, even f o r  e c c e n t r i c  
o r b i t s ,  s o  t h a t  t h e  r o t a t i o n  w i l l  l a g  t h e  r e v o l u t i o n  excep t  on 
t h e  apse.  Thus t h e  r o t a t i o n  angle  of t h e  s t a r ,  8 ' , i s  given by 
Equation (C-4 )  wi th  M s u b s t i t u t e d  f o r  v: 



This produces a  sma l l  angula r  d e v i a t i o n  between t h e  semi-ma jor 
a x i s  and t h e  d i r e c t i o n  t o  t h e  o t h e r  s t a r ,  a s  shown i n  Figure 2 2 ;  

O = ~ - ~ ' = V - M .  (G-45) 

0 '  i s  t h e  angle  used i n  Appendix A. 
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TABLE I11 

Parameters For Systems Discussed I n  Text - 
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PHASE 

FIGURE 9 .  EFFECT OF LIMB DARKENING. CURVES ARE LABELED WiTH 
1 0 x u  and l 0 x u  

A B .  
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FIGURE 12. EFFECT OF INCLINATION NEAR 90". FROM TOP TO BOTTOM 
I N  EACH ECLIPSE, CURVES ARE i = 86", 87", 88" (REF.), 90'. 
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FIGURE 16 - FIT TO OBSERVATIONS OF RU UMi 













FIGURE 22. I N  AN ECCENTRIC ORBIT, ROTATION AND REVOLUTION MAY NOT COINCIDE; 

@ MEASURES THE DISPARITY. 




