General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



EXACT INTERVALS AND TESTS FOR MEDIAN WHEN ONE
“SAMPLE" VALUc POSSIBLY AN OUTLIER
by
John E. Walsh

Technical Report No. 87
Department of Statistics ONR Contract

Reproduction in whole or in part is permitted
for any purpocz of the United States Government

This document has been approved for public release
and sale; its distribution is unlimited.

DEPARTMENT OF STATISTICS
Southern Methodist University
Dallas, Texas 75222

.y =

N71-26090

k<“«,d{R) / K“‘“’L"
‘ 3

4

O i

e \ Py i~ 0T
S IR eIt

b AL L L ! R AP0 T p

s

o NUTARE TATEL S
“ < '



-

EXACT INTERVALS AND TESTS FOR MEDIAN WHEN ONE
"SAMPLE" VALUE POSSIBLY AN OUTLIER

¥

by

John E. Walsh

Technizal Report No. 87
Department of Statistics ONR Contract

December 18, 1970

Regsearch sponsored by the Office of Naval Research
Contract N000l4-68-A~0.15
Project NR 042-260

Reproduction in whole or in part is permitted
fo: any purpose of the United States Government.

This document hLas been qurbvad for public release
and sale; its distribution is unlimited.

DEPARTMENT OF STATISTICS
- Southuyn Methodic:. University




EXACT INTERVALS AND TESTS FOR MEDiAN WEEN ONE
"SAMPLE" VALUE POSSIBLY AN OUTLIER

John E. Walsh
Southern Methodist University *

ABSTRACT

Available are n observations (continuouvs data) that are believed
to he a random sample. Desired are confidence intervals and significance
tests for the population median. However, there is the possibility that
either the largest or the smallest observation is an outl’er. That is,
the population yielding this observation differs from the population
yielding the other n - 1 observations. If this happens. intervals and
tests are desired for the median of the population yielding the n - 1
observations. Some analysis difficulties won".d be avyided if intervals and
tests could be developed that simaltaneously ara applicable for all three
of these situations. More spacifically, a‘confidencq coefficient, or
significance level, has the same valué for all three situaticas. It
is found that two-sided intervals and tests based on two symmetrically lo-
cated order statistics (not the largest and smallest) have this property.
Also, some extensions are éonsidered wherein each observation can be from

a different popwlation.

* Research partially supported by Mobil Raaﬁaxch and Development Corpor-
ation and by NASA Grant NGR 44-007-»028. Also asaociated withONR Contract
N00014~68~A=0515. ‘ .




INTRODUCTION AND DISCUSSION

The data are n independent observations that are continuous data
and are believed to be a random sample. Tha order statistics of these
observations are

x(1l) < x(2) < ... < x(n).
Confidence intervals and significance tests are desired for the median 6
(not necessarily unique) of the population sampled. However, the exper-
imental situation is such that either x(1l) or x(n) might possibly be an
outlier. That is, the population yielding the observation that is x(1),
or the observation x(n), and the population providing the other n - 1
observations do not have a common median. If this outlier situation
should happen to exist, intervals and tests are desired for the median 6
of the population yielding the n = 1 other observations. 1Incidentally,
recognition of this outlier possibility could arise in any manner
(examination of the observations, past experience with data from this
source, the desire to be careful, etc.).

When x(1) is an outlier, x(2), ... , x(n) constitute a random
sample of size n - 1. In this sample, x(2) is the smallest value, x(3)
is the next to smallest value, etc. Likewise, x(1), ... , x(n -~ 1) provide
a random sample of size n - 1 when x(n) is an outlier. 1In this sample,
x(n - 1) is the largest value, x(n - 2) is the next to largest value,
etc.

One approach to this investigation probiem is to first develop a
method for deciding which of the three situations (random sample, x(1)

an outlier, x(n) an outlier) exists. Then, intervals and tests for ©



would be developed for that situation. Unfortunately, meaningful rejec-
tion of an outlier when virtually nothing is known about properties of the
population sampled is a formidable problem. Even if a satisfactcry
procedure were available, the decision reached might be incorrect.

A more attractive approach would be to develop intervals and tests
that apply simultaneously to all three situations. That is, a confidence
interval has the same confidence coefficient for the three situacions.
Also, a test has the samc significrace level for all three situations.
Fortunately, intervals and tests with this property can be developed.

In fact, the well-known equal-tail sign tests, and the corresponding two-
sided confidence intervals, are shown to have this property (when x(1)
and x(n) are not used). For convenience of presentation, only the
confidence intervals are explicitly considered. However, the property
for the corresponding tests follows in a direct fashion, since the tests
can be obtained from the intervals.

If the n observations were truly a random sample, the well=-known
confidence intervals defined by

Plx(i) SO <x(n+1-4)) =1~ (" i:zl(‘.‘) (1)
j=0\3
are applicable. These are the confidence intervals considered (for
2 s i< n/2). The relationship (1) is found to also hold when x(1l) is
an outlier and when x(n) is an outlier.

Verification of this property is given in the next section. The

final section contains a discussion of some extensions. For example,

the results apply when the observations are independent and from



continuous populations that are believed to have a common median 6.
Also, results can be obtained for cases where the data are ..ot con-

tinucus.

VERIFICATION

Only the situation where x(l) is an outlier receives consideration.
A similar method provides verification that (1) holds when x(n) is
an outlier.
In general, the value of P[x(i) < 6 < x(n + 1 - i)] can be
expressed as unity minus
Plx(i) > 0] + P[x(n + 1 - 1) < 0).

When x(1) is an outlier,
n-1 1 1,
Plx(i) > 0] = ()" ( )

z
j=0 “ 3

5 [(n—l (. 1)] ’

n-1
where (_1 ) is zero. However, ( 0 ) (0) and

() + () - G)

for 1 S § < i. Thus, the value of P[x(i) S @ S x(n +1 - i)] is

i=2
Plx(n + 1 = i) < 8] = ()"t “71)
’

and their sum is

n-1l i=1 n
1 - (%) 5 () ,
j=0 \J/
which is the value of (1). It is to be noticed that Pix(i) > 6] does not

differ much from Plx(n + 1 - i) < 0] when i is of at least moderate size

(oxdinarily implies that n is at least moderately large).



EXTENSIONS

The preceding results are stated in the manner commonly used when
cosidering the possibility of an outlier. However, the random sample
requirements are not necessary. The intervals and tests apply, exactly,
under more general conditions. Specifically they are usable when the
circumstances are such that the observations are independent and from
cuntinuous populations that are belisved to have a common median 6
(not necessarily unique). However, eith«r x(1) or x(n) might be an
outlier, in the sense that the population yielding this observation
has a median that is different from the common median 8 for the popu-~
lations yielding the other n = 1 observations.

The requirement of continuous populations is unnecessary if ties
in observed values are resolved by randomization (all possibilities
equally likely). Then, the confidence coefficients and significance
levels are still exact. 1In any case,

g im
Px(i) SO Sxn+1l-4)]21-= (% T (3)
=1

for all three situations.



—_— ANCLASSIFIED

Secunty Clas<ification

P — —
DOCUMENT CONTROL DATA-R&D
Security classihication of title, hods !l abstract aidandexing annotation nrast he entered whan the aveeall ot (0 Lo saficdy
1 CHISINATING ACTIVITY Corporate author 280 HEFOR G SECLUINTY CLASSIFICATION
. UNCLASSIFIED
SOUTHERN METHODIST UNIVERSITY 2b. GROUP
' UNCLASSIFIED

X
J REPORT TITLE

"Exact intervals and tests for median when one 'sample' value possibly an outlier"

4 DESCRIPTIVE NOTES (Type ol report and, inclusive dotes)
Technical Report

8. AUTHORIS) (First name, middle initial, last name)

Jchn E. Walsh

8 REPORTY DATE - 78, TOTAL NO., OF PAGES VYl!. NO. OF RLFS
December 18, 1970 5 ! 0
A48, CONTRACT OR GRANT NOD. 08, ORIGINATOR'S REFPCRT NUMBERIS)

N00014-68-A~-0515

b, PROJEC T NC.

NR 042-260 87

c. 9b. OTHER REPORT NOI!3) (Any ather numbers that may be as-ipn:d
this report)

d,

10. CISTRIBUTION STATEMENT
This document has been approved for public release and sale; its distribution is

‘unlimited. Reproduction in whole or in part is permitted for any purpose of the
United States Government.

1. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

Office of Naval Research

13. ABSTRACT

Available are n observations (continuous data) that are believed to be a
random sample. Desired are confidence intervals and significance tests for the
population median. However, there is the possibility that either the largest or the
smallest observation is an ocutlier. That is, the population yielding this observa-
tion differs from the population yielding the other n - 1 observations. If this
happens, intervals and tests are desired for the median of the population yielding
the n - 1 observations. Some analysis difficulties would be avoided if intervals and
tests could be developed that simultaneously are applicable for all three of these
situations. More specifically, a confidence coefficient, or significance level, has
the same value for all three situations. It is found that two-sided intervals and
tests based on two symmetrically located order statistics (not the largest and small-
est) have this prpperty. Also, some extensions are considered wherein each observa-
i tion can be from a different population.

FORM
DD 2. 1473 (PacE 1) UNCLASSIFIED
S/N 0101-807-6811 Security Classification




	GeneralDisclaimer.pdf
	0026A01.pdf
	0026A02.pdf
	0026A03.pdf
	0026A04.pdf
	0026A05.pdf
	0026A06.pdf
	0026A07.pdf
	0026A08.pdf

