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ABSTRACT

This report is the second in a series of four volumes devoted to cer-
tain classes of electromagnetic scattering problems, The general program
of work is aimed at providing a tractable computer program for calculating
the power scattered by a large, homogeneous body bounded by a smooth,
undulated surface when it is illuminated by an incident field of finite extent.
Such a model would provide the expected doppler spectrum for the velocity
landing radar on the lunar module for certain deterministically rough lunar
landing sites. The techniques used, however, are applicable to a very wide
class of problems; therefore, it is desirable to maintain generality as long
as possible, Thus, the first reports of the series may {deceptively) appear
to be . . . ''too abstract to be useful."

Volume I gave a construction by Debye's method of certain classes
of electromagnetic fields with strongly convergent series expansions in
terms of the well known m, n fields of Stratton, This report {Volume II)
is motivated by the question: Which scattering problems may be solved
using these classes of electromagnetic fields? The question may be mathe-
matically formulated as a problem involving a certain linear and continuous
operator (called the solvability operator) in a suitable Hilbert space. The
answer appears in terms of the dimension of the range of the solvability
operator. The dimension of the range is denumerably infinite, This re-
sult suggestis that a large class of scattering problems might be solvable
by the method described here, It will be shown that any classical spherical
scattering problem with non-zero inner conductivity, zero outer conductivity, £
and a complex refractive index greater than 1 in modulus is a special case
of problems solvable by using Debye's conatruction, Volume III of the
series will be devoted to the construction of solutions and demonstration
of test cases, Volume IV will apply the ideas and programs to the lunar
refiectivity problem mentioned above, The method proposed for construct-
ing solutions is a straightforward application of the theoretical develop-

ments in the first two volumes,
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PREFACE

One of the weak links in the mathematical models proposed for
assessing the lunar module landing radar (LM LR) is the method of com-
puting the power returned to the radar by the moon's surface. An attempt
has been made to provide an analytical formulation of an electromagnetic
theory model with a measure of the accuracy with which the model may be
numerically implemented, In this model, the incident electromagnetic
field, the shape of the lunar surface; and the electromagnetic parameters
of the moon are given, It is necessary to compute the power return by in-
voking Maxwell's equations and the well-known boundary conditions at the
lunar surface, This report is Volume Il in a series of four reports, The
first two volumes contain the results of a purely mathematical investigation
on the applicability of a certain method to obtain the numerical soclutions;
the final two volumes deal with construction of algorithms, test cases, and

suggested applications — among them the lunar reflectivity model,

In the lunar reflectivity problem, the LM landing radar is located at
a given point above the lunar surface. The radar transmits an electro-
magnetic field of given description which strikes moon but does not illumi-
nate all of the lunar surface. This incident field excites elements of charge
and current which; in turn, act as sources of a secondary field, part of
which is refiected (scattered) back to the radar. A part of the total power
scattered is available at the radar, It is necessary to calculate the total
power returned to the radar, and also the so~called power spectrum; i.e.,
the energy which at the radar unit crosses in unit time an element of unit
area at a given orientation with respect to the lunar surface. The assump-~
tions are as follows. The moon is assumed to be a linear homogenous
isotropic medium of given electromagnetic parameters of which the con-
ductivity must be positive. The conductivity of free space is assumed
to be zero, The lunar surface is assumed to be a sufficiently smooth,
though not necessary spherical, surface. The topography is assumed to be
known at least in the area illuminated by the incident radar beam. It is also
assumed that the radar unit does not itself rescatter the energy it receives
from the scattered field nor does it affect the scattered field in any way.
Subject to these assumptions, the answer must be in accord with electro-

magnetic theory, This may be regarded as being the mathematical theory

*! PRECEDING PAGE BLANK NOT FILMEL
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of Maxwell's partial differential equations, the solutions of which are re-
quired to behave in a prescribed manner at interfaces between media of
differing electromagnetic constants and in regions of space far from the
sources of the fields, Viewed in this context, the lunar reflectivity prob-
lem is a boundary value problem or more specifically, an electromagnetic
scattering problem, In its general context, the problem has applications
in radar meteorolugy, astronomy, and colloid chemistry., (See van de

Hulst (Reference 1) and Kerker (Reference 2.)

One scattering problem already considered is that of the plane polar-
ized monochromatic wave incident upon a spherical scatterer, The solu-
tion was given independently by several sources* although it is usually
attributed to Mie (Reference 3), The soclution was actually an algorithm,
and one formidable enough that its systematic numerical exploration had to
await the development of fast digital computers. Although, from the purely
mathematical standpoint, Mie's solution is only formal, programs have
been prepared in recent years to tabulate the solution. (See, for example,
References 4, 5, and 6). Comparisons with experiments (for example,
References 2 and 7) have fostered the conviction that the results are valid,
Stratton's interpretation of the technique suggests the pattern for generali-
zations and for setting the theory on a rigorous mathematical foundation
(Reference 8, pages 563-570). The general investigation to be described
in this series of reports arose partly in response to this suggestion, In
the course of this investigation, it will be shown (in the present report)
that Mie's solution is mathematically valid, at least for an interesting
range of scattering parameters.

The above method of solution calls for using series of fields m, __,
Hi.mn (Reference 3, page 416) with constant coefficients to be determined
so that the boundary conditions are satisfied, The fields m, n are con-
structed by the application of suitable operators to appropriate classes of
solutions which arise when Ilelmholtz's scalar equation is separated into
spherical coordinates, These are the spherical Bessel and Hankel func-

tions and the spherical harmonics -~ all functions that have been extensively

*See N. Logan "Early History of the Mie Solution, "' Jour, Opt. Soc. Amer,
53, p. 342, 343,
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studied and tabulated. The construction of the fields m, n is due essentially
to Peter Debye (Reference 9). (C. H. Wilcox in Reference 10, pages 167-
171 gives a history of the subject.) A rigorous survey of the method with
generalizations appropriate to this report is contained in a previous report

{Reference 11),

The motivating question for the present mathematical investigation
was: What classes of scattering problems may be solved by the use of the
above method? To state the question precisely, it was necessary to define
""scattering problem' precisely. This is presented in Section 1, Sections
2 and 3 deal with uniqueness and existence theorems, respectively, In this
report, these theorems appear as '"uniqueness and existence theorems
relative to the above method.' In Section 4, it will be shown that the class
A of problems which may be solved by this method contains an interesting
class of spherical scattering problems and hence the class A is not void,
The answer to the motivating question in a more general case is related to
the dimension of the range of a certain linear operator (the solvability
operator) whose domain is a certain Hilbert space., The range contains a

denumerably infinite, linearly independent set which may be readily ex-
hibited,

The linearly independent set alluded to above may be orthogonalized
by the application of the Gram-Schmidt process to form a set which spans
the same lirear manifold as the original set, This statement is the basis
for a straightforward algorithm described in Volume III of this series,
"Construction of General Programs for the Numerical Solution of Certain
Electromagnetic Scattering Problems" (Reference 12)., Applications to the
lunar reflectivity study will be discussed in the fourth report of the series,
'"Electromagnetic Scattering of Waves of Finite Extent Incident Upon a
Smooth, Undulated, Extended Surface' (Reference 13).

In describing the mathematical applicability investigation of the pres-
ent report, it was necessary to rely on many details in the classical theory,
the introduction of which would have necessitated innumerable digressions
or a lengthy appendix., Volume I of the series was meant to include all
material of this type and to give all the background and special results
needed for this volume. Volume I is '"Debye’s Construction of Vector

Wave Functions from Scalar Wave Functions' (Reference 11). Notations,

xiil



definitions and theorems established in Volume I will be used in this re-
port {Volume II) freely and sometimes without further reference. A list

of symbols is provided for reference. Volumes I, II, III, and IV, taken

in that order, give a thorough and logically organized exposition of the
investigation.
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1. ELECTROMAGNETIC SCATTERING PROBLEMS

1.1 INTRODUCTION

Electromagnetic scattering problems are boundary value problems
that involve Maxwell's equations. In general, a boundary value problem
is said to be well-set if it defines one, and only one, solution, and if the
solution ''varies continuously with variations in the data.' Reference to
standard texts such as Stratton (Reference 8), Panofsky and Phillips (Ref-
erence 14), and Smythe (Reference 15), and to the literature on the subject
shows that the type of scattering problem to be dealt with here is not rigor-
ously stated anywhere and that well-setness propositions are not available,
The present repurt is intended to provide what may be called "'well-setness
propositions relative to a given method.'! The problems involve time-
harmonic, electromagnetic fields in linear homogeneous isotropic media,
with the incident (driving) field being given in a medium of zero conductivity
and the scatterer being bounded by a smootk, star-like surface, the in-
terior of which has positive conductivity. It shall not be assumed that the
scatterer is a perfect conductor, nor that the incident field is a plane-
polarized wave of infinite extent, All fields will be assumed to be time-
harmonic, In view of the purely mathematical nature of this investigation
and of the disorganized state of affairs regarding the well-setness proposi-
tion, the statement of the problem cannot be referred to previous treat-
ments, nor to the suggestive power of pici.:uresque phrases such as those
used above, The main purpose of Section 1 is to give a careful mathemati-
cal statement of the problem, and one which assumes no knowledge of
physics or of electromagnetic theory, A secondaryaim of Section 1 is to
codify and simplify notations, without which most subsequent calculations
would bristle with unneccessary symbols and the results would be over-

loaded with repetitive and lengthy locutions,

Terms like 'Maxwell's equations, ' '"electromagnetic field,' '"consti-
tutive relations,' 'linear homogenous isotropic media,' etc.,, are all de-
fined in Sections 1,2 through 1,8, Section 1.9 summarizes important ideas
from Volume I of this series (Reference 11), Briefly, the objective of

Volume [ was to show how to construct electromagnetic fields on domains
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of the form

D, =|r |r] < a

or

D2a= b o lrl >a

from pairs (vl, VZ) of elements in /' Z(Q). The resulting fields were shown
to possess strongly convergent series expansions involving the vector fields
m, n, (Stratton, Reference 8, page 416). One important property of fields
for D,. constructed by this process is demonstrated in Section 1,10, Its
physical interpretation is that the '"energy carried to infinity by the outer
field per unit time' is finite (and non-negative). The domains on which
electromagnetic fields are to be considered are bounded by surfaces called
stars, the definition and properties of which are given in Section 1. 11.

The results given may be generalized to a wider class of surfaces without
requiring basic emmendations in proof. Such a generalization, however,
requires attention to differential geometry and will be reserved for later
investigations, The statement of the electromagnetic scattering problem
is given in Section 1.12. Several papers dealing with the proposed con-
struction of solutions for this problem are mentioned in Section 1,12,
These usually assume the well-setness theorem, as well as representation
theorems for the desired solutions and vary in the degree of mathematical

justification provided,
1.2 MAXWELL'S EQUATIONS

The experimental researches of Coulomb, Ampere, and Faraday led
Maxwell to the belief that all effects pertaining to macroscopic electric
and magnetic phenomena could be explained as consequences of the equa-
tions

vxE+B=0
(1-1)

vxH-D=7

by suitable interpretation of the vector fields f:, H, ﬁ, B, J which satisfy

Equation (1-1), It is said that an electromagnetic field exists in a domain

1-2
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D of E3 if E;H, etc. are each# CZ(D) functions on D into the product
space (/113. From the books of Smythe (Reference 15), Panofsky and Phillips
(Reference 14), and Stratton (Reference 8), it appears that much of elec-
tromagnetic field theory is merely an interpretation of mathematical con-
sequences of Equation (1-~1) and that the success of this program to date
has justified Maxwell's belief in (1-1). The Equations (1-1) are called

Maxwell's equations,
1.3 EQUATION OF CONTINUITY

According to the interpretation of electromagnetic theory, the field

J is related to a scalar function p by the equation

v [3’(?, t)l + %[p(;, t)l =0, (r,t) eDx .7, (1-2)

The scalar function p(;, t) is called the free charge density, and the vector

J is called the current density, The equation (1-2) expresses the principle

known as "'conservation of charge' and is called the equation of continuity,
1.4 DIVERGENCE EQUATIONS

Maxwell's first equation yields

veB=% |v- B, 0l = o,
and hence, at each ;E_D,

v. B = f(r) , independent of time, (1-3)

Similarly, the second Maxwell equation gives

v. [BFE )+ 7T, 0] = 0,

igea’

"c% lv" [5(;9‘&)]' +v-[J(r,e)=0

=a‘Somae\t:i'l.meut.s VIE .’, is denoted ag the set of reals, (Refer to the list of
symbols, )

i-3



But from the equation of continuity,

2 |v- [BF 0] -pF 0] =0
and hence, at each r ¢ D,

v. [D(T, )] = p(z, t) + g(7), ¥ (r,t) e Dx.7. (1-4)

The interchange of space and time differentiation operators is justified by
the hypothesis that all fields occurring infl-1are in* C° (Dx.7,%>). In
(1-3) and (1-4) it is then postulated that f(r) = g(r) = 0 V r ¢ D, so that

these equations read

B

1]
o

(1-3)

o
i
2

v
Vo
These are called the divergence equations,

1.5 CONSTITUTIVE RELATIONS

If D is a domain of E3 occupied by matter, and an electromagnetic
field (E, ﬁ, ﬁ, ﬁ, T) pervades D, the question is: How do the physical
properties of the matter occupying D affect the electromagnetic field?

For a large variety of materials, the answer is contained in the relations

D=%E, B=ufH , T=%¢E (1-6)
where ¥, §, and 7 are matrices (eij(;)), (“ij(;)h {o ij(?)). respectively, of
functions which may be experimentally measured or derived from gquantum-
mechanical theories. In any case, they are characteristic of the matter

occupying D,

The relations{l -6)are called constitutive relations. A large variety
of materials may be completely characterized for all purposes of electro-
magnetic theory by relations(l -6}of the form described. These materials

are said to be linear,

™A = if'fg g =Y and ff_cnl,’:l’pl .

{-4
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If, in (1-6), all the elements of the matrices [eij(;)], [yij(;)], [a-ij(;.:)]

are independent of T in D, then the material is said to be linear and homo-

genous. If, in addition, the matrices are of the special form

eij = E6ij 9 P-ij = “‘Sij 9 G'ij = U"6ij ) {1-7)

where 6ij is Kronecker's delta, then the material is said to be linear,

homogeneous, and isotropic, Many materials are of this type, They are

the only materials which will enter this discussion.

For the purposes of this document, then, the constitutive relations
take the form

D=¢E , B=pH , T= o (1-8)

where ¢, n, and o are real constants associated with the matter occupying
D. Given ¢, p, o, all mention is dropped of the matter occupying D and
the statement is made that the field (E, H, D, B, J) pervading D is associ-

ated with ¢, u, o, in D, It shall always be assumed

(¢, By o) e ‘Zfz{(e, poa)|le > 0, u >0, o 20}, {1-9)

The subsets will be defined

/,={te, w0} €>0, u>0,0 =0} (1-10)
and

/= {te, wy o)le > 0, p>0, 0 >0}, (1-11)

The constants (¢, p, o) will be called the electromagnetic parameters
associated with D, If ¢, 4, o are given for D, it can sometimes be said

that the electromagnetic triple © = (¢, u, o) is associated with D,
1.6 RELAXATION TIME

If the domain D is occupied by a linear, homogeneous, isotropic
medium with ¢ > 0, from the equation of continuity and the constitutive
relationse it follows that

.é%_ p(?, t) + (%)p(?’ t)=0, V(r,the D X f {1 «12)

i-5
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The solution to this differential equation is

p(r, t) = p(r, 0) exp !-(gé)tl , ¥ {r,t) € Dx g, {(1-13)

This shows that if p(?, 0) is bounded in a linear, homogeneous, isotropic
medium for which o >0, then

lim
t -

p(r,t)=0 , Y TeD, (1-14)
Since the quantity

(£) (1-15)

called the relaxation time of the medium, is usually small, the divergence

equations for these media are usually written

Ve B

0 —
(r,t) e Dx .7, (1-16)

ol
b
=

Ve

1f ¢=0, it is postulated that p = 0.
1.7 POSTULATES FOR THE ELECTROMAGNETIC FIELD

The properties of the electromagnetic fields to be considered are

summarized into the follcwing two postulates.

Postulate 1,

An electromagnetic field pervading the domain D which is occupied

by a linear, homogeneous, isotropic medium of electromagnetic param-
eters €, p, ¢ with

c =(e, p,0) ¢ /- (1-17)

- on Dx .7, (1-18)
D=0



and also

D=¢E,B=pH, J=0E {(1-19)

-

g

All fields. // = (E, H, D, B, )= (Ml’ M,, Mj, M, MS)T are composed
of M, € % (Dx.7).

If D is occupied by free space, the above equations are used with* (See
Stratton, Reference 8 pages 22 and 23)

2 2 ]

EO = 8. 854 x 10'12 coulomb gec
kgm_m
r
-6 kgmr m.
o = 1,257x 10 o {1-20)
coulomb

9 = 0. )

Postulate 2,

Given a domain D and an element ce / , then any. Ve
M, € CZ(D x .7, %3) and .M satisfies (1-19) and (1-20) is an electromagnetic

field associated with ¢ on D,

Definition 1.,

Given D C E3 and ¢ € 7, denote by . /f(D,?:') the clase of all electro-

magnetic fields associated with ¢ on D,

Henceforth, unless otherwise n.oted, the quantities @ ¢ -}?0, c =
(e, m,0)¢ ¥} will be assumed to be given, and the symbol D will stand for a

domain in E .,
1.8 TIME-HARMONIC FIELDS

The following two theorems show that the time-independent part of
time-harmonic electromagnetic fields are vector wave functions
{Chapter VI of Volume I) and that, conversely, from vector wave functions,

time-harmonic electromagnetic fields can be constructed., The proofs are

* . . .
For a discussion of units, see Stratton (Reference 8, pages 16-23),
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trivial calculations with Maxwell's equations and the constitutive relations

and will not be given,

Theorem 1

Given. ff € ./[(D, c)3

M - -'3"?'-ee"'j‘mt on Dx -/ (1-21a)

then

Foec? (0,47
and
F, each satisfy the system
— 2 —
VxUxF-kF=0, v. F=z0 on D (1-22)
where
2 .2 c
ki =G ep + iopn {1-23)
The fields F, are related by
- 1 - 9
E= m vV x H
3 (1-24)
— -1 —
H= -5; Vx E
and
D=¢E, B=pH, J=¢E,. (1-25)
The converese is
Theorem 2
) - 3
Givenany F:D—=7 "3
Fec?(D)
and
UxUxF-k*F=0, V-F=0 on D (1-26)

i-8



where

2 ~2 . o~
kMzwep+iocpw,

then the construction

either

E-T, n:% vxF, BD=¢E, B=uR T=oF

eE ,

i
<
X
€I
€I

"
=5
o/

i
wi

u
=
Lu

i
Bl

and

f =

e on Dx J

~1wiokTE

defines an element of - /{(D, c)e

It is easy to show that

M M, D, 21,2 =M+ M) e MDD,

It follows that if F

struction

1

q

- 1 -
E-F +oome YV F2

]
[

vxFI+F2

L]
o E

“
0

and

M

=gt
e

(1-27)

(1 -28)

(1-29)

(1-30)

and fz are any two solutions of {1-28), then the con-

(1-31)

(1-32)



<
*
?

defines an element, //3 of f/{D,c). Since (Vx"i#"-)i, i=1,2 are also solu-
tions of (1-26), it follows by Theorem 1 that E and H are related by (1-24),

./ (D, T, %) denotes the subset of_,//(D,E), every element of which has the

form (1), In (1-21b), the vector wave functions f, ﬁ, etc, associated with
ﬁ, f—i, etc. are called the time-independent parts of the electromagnetic

field //l . The vector wave functions E, H, . . . are themselves often
called electromagnetic fields, but this usage will not be followed, reserv-

ing the term electromagnetic field for the concept explained in Postulate 1,

The number k of (1-27) will now be uniquely defined by specifying

Im(k) >0, (1-33)
Generally,
[k(m, E')]‘?' e Ny=Kk@®,c)e 7,
where

"/,'2 :{z | Re(z) >0, 0% Im(z)< Re(z)} . (1-34)

The number k is called the propagation constant. It is purely real if, and

only if, ¢ =0 i, e.,
e [, 2 k@®,<,) e 4, (1-35)
Otherwise, in view of its definition,
S e/ =k@e)e?

1 {1-36)

where

%'1 - ‘/fa - A, . (1-37)

These regicns are illustrated in Figure 1-1; kl will be used for propaga-

tion constants in Zl and kz for propagation constants in A4,

The time-independent parts of -,1/1 e M (D, c, &) satisfy
(1-38)

i1-10



Figure 1-1. Location of Complex Propagation Constants
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Vector fields (E, H) which satisfy these equations automatically satisfy the
divergence equations. The following theorems give a very symmetrical
characterization of time-harmonic fields, Again the proofs are trivial

calculations which are omitted,

Theorem 3

Given @ and ¢, let k = k(&@, c) and suppose (.'7/,-‘25’) € [CZ(D,WB):,Z

is any solution of the system

Vx.fa/:k.‘ﬁg

- {1-39)
VxH =k .
Then the relations
E-(@e+in 1% expli N, Im@e+ i)t /% > 0
H= (Eb‘p)-llz exp(-i -g;) 4
o (1-40)
D=cE -
B = uH
T = UE o
and _
M, - [E, 7 B, 5 7] exp (130 (1-41)

determine an element /{1 of -/”(D, <, W

The converse of Theorem 3 is Theorem 4,

Theorem 4

Given & and ¢, let k = k(%, ¢} and suppose (E,H, * ° °) are the time

independent parts of some el¢ ment Of-/{(D,E,E\). Then the vector fieldsﬁ/,

i-12
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4 defined by

E=(0e+ icr)_]‘/z expli %) ﬁiﬂ
, (1-42)

H=@o ' exp (i pd

are CZ(D, ({:3) solutions of
vV X Jf: k g
vxPB=xd.

It is easy to show that if (Tf, H) are any two CZ(D,%’B) solution of
(1-38), then both E and H satisfy {(1-26), The pair (E, H) determines an
element of ,-//(D, c, @) by the process

(1-43)

exp(-~iwt) . (1-44)

In using this notation, it is understood that the ¢, p, ¢ and & used in

the process are precisely those used in the system (1 -35) satisfied by

(E,H).
Denote
£ 0,5, ={ ar -[-E—] ée [CZ(D, z 3)]2 :
& satisfies{g o g; = ;‘E“H;GG)E}} (1-45)
It should be noted that
G- ;é”’ {D, ¢, &) - £ (D,c,%) . (1-46)

i-13



1.9 THE CLASSES 7, 7'(&,¢,) and 7', 4'3,%))

In Volume I, Chapter V (Reference 11), it was shown how a class of

solutions to

v+ k%u = 0 (1-47)

)
can be constructed from the elements of / 2(52), In Volume I, Chapter VI
(Reference 11), it was seen that when this class of scalar wave functions

is passed through Debye's process

M=V Xur
o (1-48)
N = EV XM ,
the resulting M and N vectors are solutions of the system
VXVYXF-kF=0, v-F=0, (1-49)

Finally, in the last section of that report, it was shown how solutions of
(1-47) can be used to generate time-harmonic electromagnetic fields,
specifically, elements of //(D,'E, @). It is thus evident that a class of ele-
ments of '{/(D, ¢, w) can be generated from :!”2(52). The details of this
process will be outlined in this section; which is the formal connecting

link between Volume I (Reference 11) and the material of this volume,

The choice of notation and conventions was made with an eye towards
the work in the sections to follow., Figure 1-2 illustrates the geometrical

ideas involved., Fix a and b »

0<a<bhb<ow. (1-50)
Select
@>0 \l
- y/
c, € b/ P (1-51)

S eV,
O

i-14
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Figure 1-2,

(Va ' V4)

Geometrical Concepts Used in Section 1. 9
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and denote, as usual,

y
k, = k(& <))
? (1-52)
kz = k(w’ Cz) ° J
Operators
_ _[2 ]2_0,, -
yZaczw [ / (s a) (S (Dzas Cas w)
and

2 2 . - .
//'Ib?:'lz"o:[-(/) (Sb’] = Dy € W)

will be defined below such that the application of (4 to the elements of the
ranges

/'Za-é'g;[ylz(sa)} =1 (/I(w’ CZ)C (g(DZa’ E2’ w)
/187, a7 )] =7, 46, = Dedoy, T, B

will yield elements in .//{(DZa, -EZ’ @) and //(le, Fl’ w) respectively.
Many important properties of these fields will follow immediately from

their definition and from the appendix of Volume I (Reference 11},

The notation for much of what follows may be streamlined by the use
of the index sets Figure 1-3).

Yy ={mm) in (N, m @)

:’4/1 ={(n,m) | n 6(%, m ¢ {n)}

N ——— g e

(1-53)
4 5 ={(m,m) | n e(% m € {nd}
and also
AI = '.’)lllx{l} ]5
AZ =W2X{Z} i {1-54)
|

Ag=df gx{1,2} .

1-16
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Figure 1-3. Index Sets Used for Sequences f
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Elements (n,m, j) of A 0 will be denoted A, v, or p. With this notation,
the sequence of normalized spherical harmonics described in Volume I,
Chapter II, Section 3 {Reference 11) is

&= {9 rery}. (1-55)

For any element v in T(m, the Fourier coefficients are
ax=(v,8,3), 2 €Ay (1-56)

and this sequence of coefficients satisfies
1/2
2
vll = { flvl dw} =3{|aA|Z|J\£AO}. (1-57)
2

Also, the Laplace series

Z{a) ex(w|reng}. (1-58)

converges in mean square to vi{w).

The main results of Volume I; Chapter V {Reference 11) are sum-
marized in Figure 1-4, Visualize (See Figure 1-2)

V1=E{ a?\.‘!@XIAEAO} (1-59)

as being elements of ffz( Sa) for g=1,2, and as elements of ,(fz( Sb)
for £ = 3,4, The mappings '

a, : %5~ 748y

ap 1 LS~ L 28y

are of no concern here, The operator ﬂza satisfies the unicity property®
and takes fz(sa) into a subset of ”/{Dza, kz). This is a set of solutions

*See Reference 11, Chapter V, Section 3

1-18
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0al<2(vl ,7)

r

(/gzﬁ(v] . T

ﬁﬂkz(vzn ?)

L’V‘Dzb' k,) J

OUTER FIELDS

INNER FIELDS

4K/ ’JM,?\%

£(D'b’ ?31’ F[;':) N

Kglby(&l?l)
,§2E(v3. P PIEE L M
P .,

flb(v4, T
\—

2+
\ F S v, T)

Figure 1-4. Schematic for Definitions




to
vzu+%2u=o

on D, . It was shown in Volume I, Chapter VI (Reference 11) that the

vector fields

f

'ﬁ(z) (v, TI=V X [ﬁ Za(v’ T) ?]

’ (1-60)

N (v, = vxM@ (v, 7)
2

/

each satisfy the system

vxvxf-ﬁzfzo, ve F=0,

Therefore, from the last section, it follows that both

M%) (v, D)

ZE
6 v -

: (1-61)
-ik

2 —=(2) -
__—ﬁpz N (vl,r)

and

0 2H —(2) -
& (vgs ;) = : N (VZ’ r)
-ik
g M (v, D
Gy, Var T

{1-62)

are elements of (g(Dza, -C-Z’ w), and hence

2E 2H
6w me 0, (1-63)

must also be an element of é’mh, ‘52, @

A gimilar pattern exists for inner fields. The operator S satisfies

1b
the unicity property* and takes 7 Z(S.b) into a subset of 7/"(0 kl). This

1b’

E

£
Reference 11, Chapter V, Section 5.
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is a set of solutions to

V2u+k12u=0

on D By Volume I, Chapter VI (Reference 11), the vector fields

1%’

MY (v, H=ox[ S (v, TF]

) {1-64)
8 (0,9 = & v x5 (0,7
1
each satisfy the systemn
VXUXFE - klz':ﬁ"’= 0, Ve £=0
It follows from the results of the last section that both
- 1 —
ﬁ ) (v3, r)“1
& 1E(v},?;-“) =| o (1-65)
o N (v, F)
| @iy 3 -
and
N'(l) (V49.;)-1
et (v, V=] (1-66)
;_l_lil_m'(l) (v,, T)
-my'l 4, ol
and hence also
[é”iE(v3,?) +& vy, ‘r’)] (1-67)

are each elements of ﬁ(D , € w).
ib* 1,

Figure 1-4 gives a schematic for the construction. With this background,
the following definitions should not be unexpected.
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Definition 2

Given & > 0 and c, € ' 2 let k, = k(Q, ¢,). The outer Debye

operator is defined as

2ac w [fz(m] (F( Za [P &)

and

_ @2E, = 2H, =
@2a2:'2$ (visv) =  “Ftv, P+ ST vy, D

Definition 3,

Given @ > 0 and El € 71 , let kI = k(G, El)" The inner Debye opera-

tor is defined as

2
2 i
i — e ol — - A
glbclw"{'l (9’] O (le,cl,w)

L&.‘\N

16c,5{73: Va) = 8y D+ vy D

The theorems which follow collect those results bearing on the elements
of

[ 2
Yyp Lo cp) = f’nb"ala[fz.”z(m] 1 (1-68)
and
B 2

i1-22



which are immediate consequence of material already presented or found
in the appendix. The following notation will be used:

. ={2)
™y
k. h'({k,a)
2E ~ ZE 2 2 -1_1 . .
(ﬁ (r} = 5] ('—K_n;__¢l)9r = '1k2 —{2) (-7,
mn —_—n
Wi 5 A
L -
[ =@
A
k h' (k a)
2H ~ - .
65°° (=8 ( A)a 1')'-‘: -ik, —(2) (1-70k)
Wi rnA
[ ¢ -
= ()
. 1J'(k b) - .
(ﬂ ED=g!E T )]k g (1-71a)
Wy A
—1) |
T
k b)
' 1H ; 1J t - y
P )_(5 A),r =|-ik; ) (1-71b)
Wit ™A ’
| o
A= (n,m,j) € Ag ' (1-72)
where the nonzero constants A_ . and the vector fields mA R n have
already been described in Volume I, Chapter VI (Reference 11)
Theorem 5
v1=z{au¢“AEAo}, £=1,2 {1-73a)
A |
_ mn 2B
@23.'62’&1("1"'2) ‘Z k'_—_-_zhgl(kza) (“Al‘fx + axzé”hm)x €Ajuh,{ (1-73b)

Oon rGDZao

2) The series on the RHS of (1-73b} converges subnormally on DZa'

i-23
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3} If {’;A is any one of the fields occurring under the summation signs in
(1-73b), £€» a, and

Eae ) =[5 (s, o
then
EA_(‘E’ wF 0
H,(§,0) # O
4) If 3 E>a>
0

2a€2$(v1,v2) =T)' VvV wef ,
then
231 2320V xen)ua,

Theorem 6

vg=Z{ayg®rln€Ay}, £=3,4 (1-74a)

A
oo _ mn ¢ 1E 1M
T 1ve,5 Ve va) =L 3 (am B+ argly )

. A€A; u A, § (1-74b)
KTk, ) 1 zi

on rele.

The series on the RHS of {1 -75b) converge subnormally on le.

If gh is any of the fields occurring under the summation signs in
(1-74b), £<b, and

E (£, w)
£7\(§’ w) =

——

Ma(ﬁ,w)
then

Ey(4,w)# 0

My(4,w)# O
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@1b31w("3"’4) y TeEn,

ol

then

1.10 ENERGY RADIATED TO INFINITY BY 47 222 (8, c,) FIELDS

The elements of the class g@ 2a ,(!)(w, EZ) are time-harmonic electro -
magnetic fields on the outer domain ‘@Za . Every electromagnetic field
in this class may be expanded into subnormally convergent series of
E)‘, 'ﬁ;\ vectors., It will now be shown that evéry field of this class satis-
fies a very natural radiation condition; ''the energy radiated to infinity per
unit time is non-negative and finite''., An exact expression will be devel-
oped for this quantity in terms of the Fourier coefficients of the underlying

f[)Z(S'Z) functions, This expression will play an important part in the sequel.

Theorem 7

Given ¢ >0, @ > 0, c = (€, p,0)€ 7;, k = k(G,EZ) and
V1=z{a2\¢>\,7\€1\0}’ vz=Z{bA¢A|A€AO} (1-75a)

4
are any two elements of Vs 2(&’2), and

E

- g

2e TV V) . (1-75b)
H

Then

A —
Reifsgr- (ExH )dai

1 n(n + 1 [
lay | +|b;\|]
-z Vs 31 kh! (ke)|© L

A€ Al.,AZ( (1-75¢)
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Define

™
P

{li
b
::i >
=’

(o]

o

P

andaA=BA=0

mn

AT KhT (ke) 2A
n

A= (n, m, i) EAI UA

2
AGAO -(AIUAZ)O

Then, in view of Appendix A, *

53] [ 70 0, 50 | |

me g [ [ v [70)]

and so

where

AEA.()%’

ik 2 v v * .V

+BAG;DK]|(A,V) €(Ag x Ao)“

AV=[ %, (my % ny) dw

A - -
D{Efnr o {myx n;)dw

1-26 -

(1-76)

(1-77)

(1-78)

(1-79)

* — -
In this proof, r = § is set in the pertinent definitions of m(r, w}, n{r, wj.



Pt

Now by straightforward calculations* using Volume I, Chapter VI,
Table I (Reference 11) and certain identities of Volume I, Chapter II
(Reference 11), and Appendix A of this volume, it can be shown that

2
Ci=DR=0 V (A, v)eAy. (1-80)
and
V_ .
V(Asv)EAO
V¥
By =6, F (1-81)
where
0 A’GAO..(AIUA.Z)
E,=
A ¥ ~IN
”mhnan’AeAlqu i (1-82)
and
0 A‘EAO-(AIUAZ)
F,=
A x m
-wemhn)fnsn , €A uA, - (1-83)

Then the RHS of {1-78) is

L2 ,
== | PRSI IND)| ET

2
k s L] ] 4
=§1r-.5— 23 [ eman(/Re(xhan))]ahlz + Re(-ihan)Iﬁhlzl A= {n,m,i) ¢ AOE g .

{1-84)

*Theie calculations are contained in Appendix B of this volume.

1-27



It can be easily shown that

. . 2
Re(ih H*) = Re(-ibl X)) = wlj ,y | ()= (;}—5) . (1-85)

This result and

k=08 [fue (1-86)

yvields the desired formula (1-75c}.

It is important to realize that the RHS of (1-75¢) is independent of §,

and also that the summations range over precisely the same index set as
in (1-73b). The quantity

f?'c (ExH") da
S

3

may be interpreted (Stratton, Reference 8, pages 131-137) as the amount

1

_l'
5 Re =5 RHS of (1-75c¢)

of energy per unit time carried outward thr ugh the spherical surface Sg .
It follows that

£ e oo %Re f?a (Ex H') da =-;1,_- RHS of (1-75¢) (1-87)
S
§

is the amount of energy per unit time radiated fo infinity by the electro-
magnetic field % lEZ’ ﬁzl 1 ;
1.11 STARS

In this section, a class of surfaces that form boundaries for the
domain D will be defined, Some of the subsequent developments will be
valid for much more general surfaces than stars; however, such generali-

zations will be reserved for later investigations.

Definition 4

A star is a point set S in E3, for which there exists a point O called

a center of S so that for any Cartesian coordinate system XYZ about

i-28



( O 3 fe Cl (% (‘%0)* with the property,

g = l(x’ v 2)| (%, v, 2) = (0,0,0) and ||(x, v, z)|| = f(w), where w= -n-(—‘-li—%n-(;, . Z i .

The notation

2 1/2

(x5 v, 2l = (x? + y% + 2% . (1-88)
has been used.

Theorem 8

A star is a closed, regular surface in the sense of Kellogg (Reference
16, pages 100-112),

Proof: The proof follows without difficulty from Kellogg's definitions.

In terms of the usual spherical coordinates in xyz

X = r 8ind cos¢
y = r s8in § sin¢ {1-89)
(. Z=TCOB§

the star S is represented by

r = f(69¢) Ef(w) b

L o I

where

>

w = (9, 9) denotes a point on £

The interior domain of the star S or, more simply, the interior of
S is the domain

e

D, = l(r,w)l 0s r< flw)] , (1-90)

e

and the exterior domain of the star S or, more simply, the exterior of 8§
is the domain

D, = l(r, Wl r >f(w)l . (1-91)

* .'%0 denotes the set of positive reals; Q the set of points on the surface of
the unit sphere; i, e,, the set of all points distant 1 from O,

A AR Dol 4 SR WL T T
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The space curves

@(bo) = €6, ¢0),0 , ¢4)| o< [0,n]

, b€ [0,2n]
(1-92)
8(60) = [(8,8), 0,,0)| ec [o0,2m)], 6y €[o,m)

form a system of (not necessarily orthogonal) curves on S and may be used
to define a system of vectors tangential to 8. The poles of S (under this

coordinatization) are
P, ;(f(o,qn, o,¢)
P, :(t(m &), m,4). (1-93)

For this coordinatization

S'=S --l(.‘P1 U P?_)]

2 =0-[0,¢) 6] . (1-94)
The position vector of S from O is
R = flw) £ . (1-95)
Then the vectors
Rg = fy £+£8
Re = for+ £ (1-96)

are defined on S' with respect to the unit base vectors (9, 39 3) of the
coordinate system (1-89). The vectors Ry and Ry are tangential to S at
points where they are defined, Moreover

|Re|2 =5+ £ 50
[Re |2 =+ >0

!

on §', {1-97)

Also
Rox R = 1°8 - 1108 + 1194 (1-98)
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and hence
Rgx Ry |°>0 on 5. (1-99)

It follows that the vectors

A 1 e -

g(ayw) =TT Re
Rgl

(6,0 = —1— R, ' (1-100)
|Re|

A(,0) = £(0,0) x2(0,8) |

are continuous functions of position on Q' {(or on 8'). The relations (1-100)

may be used to find the functions aij(ﬂ,ﬁ) in the transformation

£ = a; () A+ alz(w) /§\ + 3-13(0’)? 1

v

8= a5, (w) D+ azz(w)§ + a23(w)§:\

(1-101)

3= a‘31(°’) B+ a3z(w)§ + a33(w)§ )

which is defined at every point of S8', The functions ai.(w) are all CO(Q')e
A

The vectors £{w) and {{w) are unit vectors which are tangent to S at

the point {f{w), w). Moreover £ x¢ # 0 on S' so that any vector ¢ which at

{(f{w), w) is tangent to $ may be written in a unique manner as
A
%==El€ (w) + b & {w) .

The vector n {w) is a unit vector which is normal to S at (f{w), w) and is
directed into the exterior of S, It is called the unit outward normal to S.
The unit inward normal to S at {f{w), w) €S' is

quw) = -Blw) . (1-102)

The unit outward normal is independent of the coordinatization f{w) and
XYZ used to define it; n may be defined (uniquely) even at the poles Py,
PZ of S, But ? and ? do depend on the particular coordinatization XYZ of 8,
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From (1-99) it is clear that

Mo £20 vwe . (1-103)

This means that the line through the center O which pierces S at (f(w), w) is
not tangent to S at that point, no matter how the coordinates of S are
defined. Equivalently, in (1-101)

a“(w)>0 Vwe Q. (1-104)

Another useful property of stars is that 3¢ >0 such that the point
sets

n
t

1 |(r"°)l ¥ lf(“’) 'E” (1-105)

L€2]
'

2 = |0 r =) +€]]

are also stars,

"Given the star S(f,Dl, DZ’ 3) »s 0 ' Mmeans that S is a star about
some center O; that about some spherical coordinate system with origin
O, the star is given by r = f(w); that D, is the domain interior to S and D,
is the domain exterior to S; and that A is the unit outward normal at points
of S, Figure 1-5 illustrates this terminology. The stated properties of

stars are summarized:

Theorem 9

Given the star S(f, D), D,, ), then

A : .
n is a continuous vector-valued function on Q {on S),

£« fi = 0 at points of §',

and the vectors

- (1-106)
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Geometrical Concepts Associated with Stars
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form a set of unit tangent vectors to S on S' and are each continuous,
vector-valued functions of position on S' (on £'). Moreover,@ X @ = 0 on §',
Also,3¢ > 0 2

S, = I(r,w)I r [f(w) -e”

(1-107)

SZ = |(r, w)l r [f(w) +€“

are stars whose centers are both at O,

1.12 STATEMENT OF THE SCATTERING PROBLEM
W(S! av Eln Ezn 63 go) (Figu‘l‘e 1”6)

A, Given
a) a star S{f, D, D,, )

and
b} an electromagnetic triple E'ie Vi associated with Di . i= 1,2,
and

¢) a positive number §, and the domain

D(S,8) = |(r, )| &w) < r< (fw) +6)] D,

such that If{w) + 6} is a star,

d; $o € & (D(S,08), T,y )

g lirn
(W) = T~ f{w) £ (x5 W)
05 (r,w) €D, [60 ,w:]

exists and in which (l';os(w) € 'Cl(ﬂg %3)]2 y
B, find
a pair (glg 6'2) € Ig(Dl’gl’a) X g(D23329 “’)]

C. such that

a) the limits

lim
ﬁis(w)! r — f{w) [gi(r,w)]g i=1,2

{r,w) € Di
i-34
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exist,

b) gise[c:lm, ‘(53)12, i=1,2

¢} and

2(w) x [6’03“"’ + f,o5w)] = n(w) x £ vV we

and
S'l.lp 4 f _,(!j o
d) 3 > P f(w) » 621 J?_C (@, ©,) o
2¢
Remarks

1. A '"solution" to the scattering problem ,C_’P(S, 3, <©, EZ’ 6, go) is now
sharply defined as any pair ( (f‘)’l, £ ) described in (B) which satisfies all

the conditions in {C).

2, When S is a sphere, §=«, and §, is a plane monochromatic wave,
i, e, one of the form

'i:"o 4 Eq exp (ik,2)
(‘305 _ = A kz
HO J E-Zg EO exp (ikzz) (1 -108)

the problem Q has been formally solved (References 3 and 9), Stratton's
exposgition of this problem (Reference 8, pages 563-570) will be discussed
in Section 4, It contains the elements of the more general method to be
proposed., The condition C(d) of @ is no weaker or stronger than that used
in the solution to the spherical problem. The boundary conditions are the
usual ones arrived at by hueristic arguments (Stratton, Reference 8, pages
34-38 and 482-488)., The radiation condition C{d) leads (rigorously) to the
physically-nice property: the energy per unit time radiated to infinity is

finite (Theorem 7).

3. The literature contains various constructive methods proposed for
dealing with scattering problems with S more general than a sphere.
Methods for perfect conductors have been given by Waterman (Reference
17}, Andreason {Reference 18), and Schultz (References 19 and 20).
Moglich's treatment (Reference 21} has many errors (Armijo (Reference

22) and has never been implemented numerically, Greenberg and Libelo
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(Reference 23) and W, M, Watson (Reference 24) have proposed general
methods, Stevenson's technique (Reference 25) reduces the problem to a
series of problems in potential theory, In addition to these, there are
various classical approximate methods which apply to special cases

(van de Hulst, Reference 1), The method to be studied in this report deals
with scatterers which have nonzero, positive, finite conductivity and are
embedded in media of zero conductivity (perfect dielectrics). For these
cases, only lirnited success, at best, has been reported in implementing
the methods proposed, The ranges of applicability of various methods for
a prolate conducting spheroid have been discussed b:- Mathur and Mueller
(Reference 26).

4, The present investigation into the scattering problem is motivated
by certain questions which should be reviewed in the light of the material
heretofore presented. If a scattering problem 1”}’(5, Zl’ EZ’ 6, go) has

been given, with boundary the star

A
S (f, Dy, D,, A)

Select real constants a, b so that (Figure 1-7)

inf )
0 <ac< wle(w)
and § (1-109)

sup
wle(w)<b <°<’.J

Let these be used ir Definitions 2 and 3 to generate the classes
Ty 46, <)
and
Dra G, <)
which are subclasses of (,‘;’(le, El’ w) and 6’(D2a, EZ’ w), respectively.
Consider the questions

Question 1. Among all pairs (§,, £,,) in

U1p L@ ) x GFoa 1@, <), (1-110)
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Figure 1-7. Choice of Auxiliary Domains for a Given Scattering Problem
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do there exist some for which the boundary condition C (c) in the statement

of the scattering problem W(s, @, -51, ?2 55 go) is satisfied?
7

Question 2, If (((gdil)v é’ (21)) and i = 1, 2 are any two solutions of,@(s, w, T

1?
"(:'2, 5 (g’o), is the following true
[ - 2 -
eV @m=4{"m v Fep,
3 0 = 2 > . * (1-111)
ng (r) = ,‘,’2 (F) v r € D,

If the answer to Question 1 is '"yes, " then the pair

b1,.. » b2 (1-112)
( IDI II)2

is clearly a solution to (S, 8, E.l’ ?Z’ 6, (g)o), If, in addition, the
answer to Question 2 is also "yes, ', then (1-112) is the unique solution
to gﬂ(s, &, Zl’ EZ’ 6, (3’0). But note that ''solution to @(S, @, 7:-1, ?:_2,

5, é}’o)” is now a phrase to be understood in the sharp and narrow sense

of Remark 1,

To further emphasize the above point, consider Figure 1-8, which

gives a schematic of the logical situation.

Denote

3)(132,32,83)={ 8!%’:( E,, ﬁz)eg (D,, c,, &),

glif_n.o %Re[f 2 'ﬁ'z (£,Q) x['ﬁz (gga)l*da.“< -u} ,
S (1-113)
Then, by Theorem 7,
Y2a LB,%;) € JD,, T,, B) (1-114)

and if ¢ is the number which satisfies condition C(d) then

2, 4@,%, ¢ 200,,5,,9 . (1-115)

But is has not been established that every element of @(DZ, c,, ) is also
] e . - ) o =
in QZa 7@, c;) or in QZC 7@, <, )
i-39



1 -40



Question 3. Thus, is it conceivable that there is a pair (6’1, é’z, ) in

(D), <[, @ x 2D, T, 3 (1-116)

such that

q . (f?,., =
o ¢ ¥, L@ ) (1-117)
DZC

and yet “%’19 (g)Z) satisfies all other requirements of {c). By definition,

{ .;’1, (F;‘Z) would not be a solution to Qp(s, @, "(':'1, S5y 6 &5“0), and yet, on

a broader and more natural interpretation of solution, it would have to

be admitted as a solution, An investigation aimed at resolving this matter
might lead to a restatement of the scattering problem in order to emcom-
pass a more general situation. If this could be done while retaining all the
theorems thus far established, it would be a real contribution to the theory.
In the meantime, it will be shown in the remainder of this volume and in
those that follow, Volumes III and IV (References 12 and 13), that the above

statement of the problem is both meaningful and useful,

The chapters that follow describe attempts to mathematize Questions
1 and 2, Section 2 gives an affirmative answer to Question 2, The purpose
of Section 3 is to show how Question 1 may be posed as a problem involving
a certain linear and continuous operator T (solvability operator) whose
domain and codomain are the Hilbert space (féﬂz (Q))4° The mathematical
properties of this operator T translate to gualitative features of the pro-
posed construction which are independent of the means used to implement
it. Section 3 gives a theorem on T which will be applied in Volume III to
construct a straightforward algorithm for numerical construction of
solutions to solvable or nearly solvable problems. Section 4 shows that
there exists at least one clags of such problems., This class of problems
forms a useful class of scattering problems with spherical boundaries and
incident field (S’O given by (a) below, Thus, Section 4 serves the following
purpocses:

a. Exhibit a problem amenable to the proposed method,

b. Place the classical treatment on a firm mathematical foundation,

¢, Show that the classical problemn may justifably be used as a

touchstone for perfecting general purpose programs to deal with

more general problems,
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2. UNIQUENESS

Theorem 10

Let the electromagnetic scattering problem W(S, @y -;1, —EZ’ 63 £O)
be specified,
Suppose ((fl(l), 'I:'I'l(l))(f
fori=1, 2,

2(1’, -I:I'él))) is a solution to 9"(8, s :1’ -ZZ’ 6, ((;'O)

Then

VrTreE™ . (2-1)

(]

F . (2-2)
=(1) ={2)
]'32 EZ

il
i

vty 7(2)
M H
e 1 L

A. It is easy to verify that the difference field is a solutiop to

Pis, B Ty T 6 6

where (‘}'00 = EO’ ﬁ'o) is any "incident field" so that

3x§0=axﬁ058 on S, (2-3)
600 = (T, ) is sucha field, Fix § > (2-3) holds.
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B. Suppose; then, that .ﬁris any solution to W(S, @, —C-l’ —Ezs 0y "00)'

Then
¥ X El =iw}.L1H1
— - (2-4)
V X Hl = (0'1 - 1wel)E1
and hence
VXEI =iw|J.1H1
— —,fon D1 . (2-5)
(v X Hl)* = (o) +iwe ) By

If these are used in conjunction with the identity

v (B, xH) =H ‘vxE -E

the result is

bt

Vo(EIXH |ZonD

;) = i'&pllﬁlla - (o) +iBe)|E, L

and by the divergence theorem
Yo ¥ = 2 A T 2 = 2
fﬁe(EIXHl)da=-o—1f lEll dv+1wf (H1|H1' -e1|E1')dv,
S R, R

1
(2-6)

where

=D, uS , (2-7)

Ry=D,

Let c' be the number c of the condition C(d) satisfied by ). Choose

§>c', and define (see Figure 2-1)

S, = l(r, w)'r=§i ‘
D, = l(r, w)] flw) < r< g| » (2-8)
Rye =SuD,, u Sg . , ﬁ.
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Apply the technique of the above paragraph to EZ’ >

A o — sm— * A . e v
Lnl (B, x H,*)da + j; ?(E,x H,*)da
=12 = |2
(p.ZlHZI - 6, |E,|D)av.

=0, [ |'E2|2dv+i€5f
R

2t Roe

Next, choosee¢ €(0,6)> (Figure 2-2)

It

5, = {(ry@)[ r = [fw) -€]}

S, = {0 v = [flw) + €])

H, on Rze to obtain

(2-9)

(2-10)

are both stars, This is possible by Theorem 11, Consider the stars

Sl( [f(m) - € ], D(1, 1,€), D(1;2,¢€), ?101)

Sz([f(w) +€] s D(2,1,€), D(2,2,€), QOZ)

and the associated domains

DeaD

1 n D(1,2,¢€)

1

D = D{2,1,¢)nD

2 FA

By definition of €, D ¢ D(S,6). The notation

2¢€
iEESUDiEUSig 1=152

will be used,

2-4
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Figure 2-2. Domains Used to Obtain the Energy Balance Integral Identity
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€ to obtain

The technique used before is applied to (E; f—l_l) on R

1

;

A . el =3 Au — IT &
f Ngy (Elel*)da+f f. (E;xH,*)da
S S
1
=0 | B %ar +55 [ (o) % - € Drav. (2-14)
1 1 11H] 121
Rle Rle

The technique is applied to ((EO + EZ)’ (HO + HZ}) on RZE to obtain

A L= - = = ¥
fs n,, [(E0+E2)x(HO+H2)

2 da + fs 31 . l(f0+"ﬁz)x(ﬁ0+ﬁz)*]da

_ - = |2 - — T 12 elF LF 2
= - o-zj |E0+E2| da+1w[ (;L2|H0+Hz| - Z|E0+E2| ydv .
RZE RZE
| (2-15)

(2-14) and (2-15) are added to obtain

A - = e o - A = =
fs ng, -[(EO2 + E,) x (Hy + Hy) ]da - js ny, - (E % H,")da
2 1

+[S|f—}- €, x ") - 8. [(B)+ E,) x [y + A" ea

= = =12
= - (o, [R £ %dv+o, fa By + E,l® av)
le 2¢

+id f (“zlﬁo + }TZI ¢ ezl'fo - Ezlz) dv
RZe
+f (p1|ﬁ1!2 - el|i:'1|2)dv], (2-16)
Rle

The integrand of the surface integral over S may be dealt with by using

vector identities and the boundary conditions at S:
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I T A - ~ %, A = = .

= ne (B xHY) -1 EgxH)+8. E,x B, +3- (E,xHy)
+ (E. x 7"
n- (Eg> H, )

- 5* . AxE |1_{* AxE.)+H. E)+ 83" E

= Hp - naXxE -]Hy - (axEg)+H, - mxE)+Hy - (RxE)
—-— A —

+I-12 (an0)|

_—-—*‘ A — R A = A aven P A —

= (anl)-'Ho l(an0)+(anz)}+I—I2 I(anZ)
A —

+(I"‘EO)H

—_— % — *® -_— I

--H1 (anl)- (HO +H2)* nx(EO-!-EZ)H

— % — — A =

= H, - (’ﬁxEl)- (H, +H2)-(n><E1)|

= ;- (Hy +H, ) (anl)

— A — —_ A _— *

-El-an(H0+HZ)-an1 = 0 (2-17)

This shows that the integral over S in (2-16) is identically equal to zero.

if € goes to zero in (2-16), the {energy balance) identity
a - [(E,x E,) x @, x )" f- (E,xH, )da=0  (2-18
'[Snl.!( 0% 2)x(Hotz) da+fsn (1 1) a= (2-18)

is obtained.

/)



This identity may be written

A —_— —_— % A —_— —
+ [R - (E,xH, )da+ [B- (E x T )da=0,
1 2 2 1 1
S S
But since for the present scattering problem
A= A=
n x EO =n X HO - O on S,

it follows from (2-20) that,

a result which in view of (2-6) and (2-9); may be written

i =12 - 12 A — -— W
- UI'IRIIEI' dv + GZ];QZLEZl dv + Re j;g r- (EZxH2 ) da

+ i &fR (p1|1-—-11|2 . €I|El|2) dv + GfR E(pzlﬁJz - ezlle 2) dv
1 2

-Imf'r‘-(ic'zxﬁz*)da =0.
S

2-8
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C. By Theorem 5,

1l
=
NI—‘
Tl m
v e
=
C
s 1°
= |+
[\S R FS)
3"”
|
M
+4]
& o
™
+
o
>
S

AeAl u A
2
Denote
F(£) = Im fs r- (B, x "ﬁ;)da
£
Then
- (0'1[ |E1|2 dv + 13\/ c2 E nn + 1) 2'[iah|2 + lb?jz ] ahe Ayu A, )
R, k,” VM2 |h'n (k)

* i(ale (MII"}'Ill ¢ Gllﬁllz) dv * mfRzg(”zlﬁzlz - E2|Ezi2) dv - Fm) =0.

It follows that

=1
i
Rl
il
ol

on R

and also that

a,k =bh=0 VAGAIUAZ

E. =

2 HZE 0 on Dc,
D, It remains to show that
E2=H2=0 onR2=SUD2.
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It has been shown that for each wef, EZ (ryw)=0 onr€ (c',), The
necessary extension follows from the result

Ez (ry w) = 4}” fslﬁx(VxE2)¢+(ﬁxE2)xVLp+(ﬁ- ']'5':2)\)74, ds,

valid for (r, w) € DZ’ and where

eikzp
b=
ik ;
vy = A ikze 2? e1k2P ' 1 A
= P P pz "‘(lkz-_ﬁ-)q-’p'

This result is due to Wilcox (Reference 27, pages 116-120). In view of
the fact that

A — N . ~
anZ":nx(Vsz):O on S,

the above may be written

ik
—- _ 2 A = A 1 A = y
Ez(r, w) = I fs (n - EZMJP da--;ﬁr- fs(n’ EZ)T da ,

fz(r, 0, ¢ ) may be considered as a function of r, The Cartesian

components ofs may be found from Figure 2-3:

- [(£() sin6 cos 6) 1+ (£w) sine sine)}+ (£w) coso - k)
[i£]? + £2 1z

- 2rf{w) cosei

and the element of area da may be written

da = [ﬂw)lz dw .
2y
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A
Figure 2-3. Domains Used to Find the Cartesian Components of p

The Cartesian components of fz (r; 0, ¢) are of the form

:ikZ
F{r) = e Qg(m') yi{r, flo'), w') bl(r, w') dw!

1 n _(r, flw'), w') 1 I
- 0 glw") o(r. TN, o) bz(r, w'dw' .,

Write

f-2rfcos® + r° --(f - reia)(i‘ - re"ie) ;

from which it follows that

il/Z

p=lf-2rfcosﬂ+r =0

r = £(6, & )e¥i€

2-11



This shows that the functions

1/2
exp | ik, [£°(w) - 22 f(w) cos ® + 2°] |

1/2\)
([fz(co) - 2z f{w)ycosb + z.z] )

are holomorphic .verywhere on the z-plane except at

qJ.Z

j y j=1l, 2

z = flw) e¥10

By arguing as in the proof of Theorem 3 in the Appendix of Volume I
(Reference 11) {or Hille, Reference 28, [page 182]) it can be shown that

the function

F‘(z) =_i;% fsz
A

g0 (2, flw'), w') b, (2, »') do'

L

v J 80 ¥, (2 "), @) by (2 ') dw!

is holomorphic on (Figure 2-4)

‘ = Rell sup
) = =R R>

and it is clear that
if"(z) = F{(r) for z=re¢ (f(0, ¢ ); @),

The remainder of the proof follows by analytic continuation,
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3. SOLVABILITY

3.1 THE GENERAL SOLVABILITY OPERATOR

The motivation and details for this section have already been pro-
vided in Section 1.12. Figure 1-8 should serve to review the definitions
of basic geometrical concepts. The notations developed in Section 1.9
hold in toto. Figure 1-5 reviews the pertinent functions and spaces. It
is assumed that a particular scattering problem 9’(8, w, EI’ -EZ’ 6, 60)

has been given with the boundary of the star

S(f, D,, D,, f)

and that the radii a,b have already been selected. The coordinate sys-
tem which gives rise to the representation of S by f and the choice of

a, b will remain fixed. The unit tangent base vectors g and 2 and the
functicns aji(w) constructed in equations (1-101) and (1-102), respectively,

from f{w) are assumed to be available,
An operator is needed that takes pairs (KI, A,) of vector-valued

functions on the annulus

A =D

ab = D2a " Dypo
which contains 8§, and gives the tangential components of Kl and Kz on S,

Definition 5,

The boundary operator 90 is the mapping

9o, €] = %0 D]

given by
- e
(&,],) "¢
- A
Ayl )8
/&), &) = e A
Bp|a) ¢
{Azls) "5




In terms of the operator ,9/, the boundary condition
A 't /] A 7]
hx [l 46, =nx 6,
in the statement of (S, & , €y €y by go) may be phrased as
e 7 v _ £
716, - 6,]- ¢, (3-1)

Y 4
The space f/Z(m is a Hilbert space A'if the operations are defined

in the usual ;vay (Stone, Reference 29, pages 29-32), The space
.%’4 E{ffz(mi with operations

— » - . » . /4 )

fi - (f(ll)s fg)s fgl)s ffil)) E’% y 1=1, 2
=5

fl + f2 =f = (fl’ f29 f3, f4)
where

£= 1), (2

i i i

) - 4

=’ —

af, = laf,, af,, afy, af,)
and

4 4
- (1) (2),_ (1) (2)*
0 5= S @, )=> fﬁfi £2ay

i=1 i=1

g
is also a Hilbert space, A complete orthonormal set for-x4 is given by

1

|T,, [ve AOI (3-2)

where
8

by =Agx (4) (3=3)
and :

n T % 0 0, 0

Ty * 0,%,, 0, 0 L

Tyg =05 0y ¢k’ 0

Tag %[0 0, 0, & ] | (3-4)
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Definition 6.

The general solvability operator is the mapping

T A4—X*
defined by
TV = 9”[57 (Va, v,) - 7 .. vo)l
‘ 1bT,%' '3’ V4 2aT,3 " 1’ 2’|
where

Theorem 11,

B
T is linear and continuous on.l‘i. The range of T is a proper
subset of.l'wl.

Proof: Linearity follows from the linearity of all operators involved in

the definition. The proof of continuity depends on the fact that if

Tv

g (3-5)
then g; ECO(SZ), 3 C independent of v Gﬁ 3
IT5 1l < clIv I v veX?, (3-6)

Since g; eCO(Q),

_ 4 1/2 4 1/2 4
LT D [T R DT T RPRAC ob
i=1 izl i=1
{(3-7)
4 A A A
"T;”'E 2'\!—“_2 :’?SEgil = 2af7 lsupl(ﬁll y-¢ - {EZL) ° §|+ BU.PHEIS) - §
i=1 ®

- (’E'le bo£l+ ... etc,l (3-8)
L
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and

A A
Sup|Elr)§ E(r) ,t_l %ﬁglfl(r)“€|+ I:EIS)IE )¢

Tes

1A

s%‘égml(?)n?‘;“?mz(r)l (3-9)
Consider; e.g.,
E"z (r) = me(vl, rirl +§1-2VxVx[ﬁ(vz, T)r]). (3=10)
P 7Y = S| vxlfv,, P)T]I + -klz] 9P| UxVx[Plv,, T)Tl .
(3=11)
But
vx@f7t = Ovxr + (Vhx T = (Vf[Klaz(vl) - K,v 1 dw)x r (3-12)
and
vf[KlaZ(vl) - szll dew = f[(vxl)az(vlp - (vxz)vl Jdw. (3-13)
Hence

TRIvxlgrlls TE (fn[ (VK )e,(v)) - (VK,)v,] dw) Xz

(s sup

The Cauchy-Schwartz inequality is used to obtain

4 Bup
res

f(VK )az(v )dw f(vxz)vlde, (3-14)

9P | wxl(/F]< b(M la, (vl + M, llv, 1) (3-15)

a, has already been shown to be bounded so

2P joxl /1) < clivlis cliwl (3-16)

A similar pattern may be applied to bound all the terms on the RHS of
{3-8).
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3.2 THE SOLVABILITY OPERATOR

The closed linear manifold g
—f— 4 _
,sz vV = (vl, Var Vg v4)€_/y , (vi,¢h) =0V Ace AO - (A.l UAz)e .
(3-17)
is spanned by the orthonormal set
{r,{ven'} (3-18)
where
A' = (Al U .’LZ)X <4>n (3“’19)

The zero element of ﬂ’will be denoted 0,

Definition 7.

The solvability operator is the restriction of T to 7

In view of (1-73) and {1-74), it is clear that the range of To is precisely
the range of T,

Theorem 12.

1) 'I‘0 is linear and continuous on g
2) The range of TO is a proper subset of%4.
3) T, takes g‘l-l onto its range.
Proof: (1) and (2) follow from Theorem 1l. To prove {3}, suppose the con-

trary. Then avi €ed,i=12 > Vl = v, and T?l = T'\'FZ,

Since 'I‘O is linear and since §is a linear space, the element
V=Y, -V, E(vl, Vo Vi v4)
is not Ox € ﬂf and yet

TF) =90, T).



In view of the definition of the solvability operator T

R
; -/Zaczw(vl "z”D

(-711)'2:' Sv3r Vgl
2 D
1
- 2 0
is a solution to P(S, &, s Cyr 8, b
800

and

It therefore follows from the proof of the

00) ?

0

where

r M

0'

2

(3=21)

Uniqueness Theorem that

E. (7 0
g B
165,50V Vall = =|_ |V <D (3-22)
D H () 0
1 1
X L
E, ('r')-‘ BJ
Yo~ V¥ e D (3-23)
25,5V V2l = =|_| """ -
D, Hl('r‘) 0
- o} L
In particular forn,§ >
o<n<a
b < £ <o, (3-24)
by Theorem 5 and 6, for allw € Q
A . 0
mn s 1E 2H _
E klj;-l(kln)(a)\?’(g'\ (’ﬂ,w)+aA4 -?,A (n.w)) AG‘A]_LAz s
0
v (3-25)
and
A 2E 0
SALL a ({)'  2H . -
Zkh'(kﬁ)(“ A (‘E*w)+a1\2f’4\ (guw)) AEAI-AZ = 11>
I'n 2 0
(3-26)
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and by the orthogonality properties of Eu), EU) (Appendix A), it follows

that

Ay =090 E) € (A uA) XD (3-27)

and this implies that v = Ox , contrary to the original supposition,

3.3 THE RANGE OF TO IS LARGE

The theorem of the last section may be used to show that the range
of T contains a denumerably infinite linearly independent set; i.e., the

0
linearly range of ’I‘O is large.

Theorem 13,

Given finite N =1 and

x; €4 ie N>
3
!Xi lie <N> I is linearly independent,

then
l(Txi)I ie <N>] is linearly independent.
Proof:

N —_
.2 b, (TX)=0
i=1

!

= (by Theorer: 10}
% 0
b, X; = 0
= L

=5 {by linear independence)

b, = 0vie (.
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3.4 ACTION OF T, ON A BASIS FOR VA

Define the orthogonal set

a'——A—-*—“—- Tki s (A,i) € (AIUAz)x{ll 2}
mn
Xai ™ ]
1 Sply ) (A, i) € ( ) x {3, 4}
+———7T,. , (A,i} e (A, uA,) X 13, .
| A Al 1772 (3-28)
The set
. t
ixli I(J\,l)eAl

ay” na
spans the closed linear manifold -fg; i.e., it is a basis for ] The action

of 'I‘0 on this basis gives the sequence

|T0xM_ '(A,i) ¢ A" (3-29)

4
of elements in }f This sequence is described in more detail in Table 3-1
for S'given by
e A general star

e A surface of revolution with the Z-axis of the coordinates
chosen to define T( taken along the axis of revolution

e A sphere.
The table will be of use in Section 4 and also in Volumes III and 1IV.

The calculation of the entries of Table 3=1 will be illustrated with

one example, which will serve to review the definitions. Denote

k. h' (k,a)
-—Z—AB——g——, A=(n, m, i) € A
mn

0
n

00

*Here A = (n, m, j) ¢ AIUAZ“
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Then
ToXay = Tolocymy) = =c, T, [#,, 0, 0, 0]

)

“Ca y[glb}?la‘(o, 0) "gzazza“mh, O)J

11

te, yng (¢A,?)

i M(z)(% ]
=c.
A -k, o N
Bu, N ey "’J (3-30)
where
(M%) (8, 7) = Y Gare (6 ) 7]
| @ ’
N (e),r) = il?,v x §1(?) (#,, T). J (3-31)

On the other hand, by Theorem 6 in Volume I, Chapter V, it follows
that

., - hn(kzr)
Vg (0 ) =D | by au ey e (0 m, 00 Ao
Z2'n' 2
where
- - M
a.”- (¢Aa ¢A) = Gpn
and hence

- |
0ak2(¢&, r)s= W hn(‘kzr)@A

1
= 1 (kya) Palke?) [Amn P ltcose) w, ‘WL (3.32)

3-9



Thus

A
VX[ﬂakz(Q\, T)T| = kzh;:?kﬁza) VX hn(kzr) an (cos G)Wim(tp) r
(3-33)
i.e,,
4 (2) 2) 94
MO = o B @)
1 (3-34)
=5(2), . = n__ =(2) ~
LN (¢A'r)_— W n)\ (r)J
It follows that (see (1-70))
E(AZ) (x) 2E
¢ )
T X, = ik, _2) - = 4L \ (¥) . {(3.35)
TR r)
T
To give more details,
’ —{2 FAUN
) - MR + mGNe
4 (3-36)
(2 2) A (?) (2)/\
YRR tNoA 8+ N

where the coefficients of ?, '5\, $ are given in Table I of Volume I

(Reference 11),

~
r

A
[

? =

Using (1-101)

N
an n+ alz

a

7\
3
21ﬁ+a22'€+
N\
£

3-10
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and the notation

[ (2)]
Nia

(2) _ (2)
Ny~ =1 Noy

(2)
_Néx

r .
(2)
Mys

Ve T BT I ¢ B

(2)
Max

and also Bodewig's notation
(a'ij) = (anls a'l'ZJ a°3) ?
(3-36) may be written as

'E;Z) = (M{Z), a.l)ﬁ-i- (Miz). a.2)§+ (MA(Z). a°3)2

?)52) = (NA(Z)- a,l)ﬁ-i- (NA(Z)- a,z)2+ (N{Z)- 3,3)3

and so, by (3-35)

[~ 9

Mx ° acz

M- a.

3-1i1

(3-38)

(3-39)

(3-40)

(3-41)

(3-42)



-
Mya222 ¥ M3z, ]
Moa223 + Mg, a5
-ik
TaXy, = X2 (3-43)
0 J
Mol Izt Naataz t Naatse
-ikz
Br, N1a%12 * Naa%zs * Naa2ss
L -
which may be written
B aZZT az, T
(2) (1)
M,y Mo,
| %23 733
T.X =
07Aal - - .
ik %12 222 232
/T 1A a 2A a 3A a
13 723 %33 ]
n N -
(3-44)
Then from Table 3-1 of Volume I (Reference 11),
[~ ['azz' fa. 1]
= mh l'lmS - h -rmc 32
nn m . n n m
Ldaﬂ | 233
ToX | mnl
a I'a_ 1 -4
=ik 12 22 232
2lnn+1) m , y
;pz [ k,r hnpn Cm [a”] +'/Yn.""r:]c"rr: ay3 " mﬂ’nn:” a
. L 23] [733] |
r = f{w)
(3-45)

3-12
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For a surface of revolution with the axis of revolution lying about

the Z-axis of coordinates; the matrix (aij) of (3-37) will have the form

-
a5; 3, O]
(aij) = la;) 2,5, ol , (3-46)
_ 0 0 1]
i, e,
aj3 T a,3 = a3) Tag, =0 (3-47a)
and
azy = 1, (3-47h)
This and (3-45) gives the element Toxlmnl of the table for S a surface of
revolution,

Finally, for S a star, the matrix (aij) of {3-37) has the elements

a;; = 6ij (3-48)

This and the previously computed entry in the table gives the entry

Toxlmnl for 8' a sphere.

The remaining entries may be filled in by using Table 3-1 and the
first row of Table 3-1 by formal substitutions,

3.5 SOLVABILITY BY DEBYE'S METHOD

Consider the mapping

.- y? (3-49)

given by

= [ - 7 - -
Viv) = (jlbcla""s"’d !Dl J '/Zaczw (vysv,) |Dz) (3-50)

3-13,



where
T; = (VIS Vz’ V3, V4) € '@"

Suppose -(/5’0 falls in the range of T,; then it is clear that

0;

=] )
VT, (Y6 (3-51)

"

is the unique solution to .O}(S, @ El’ ?:2’ 6, (‘10) .

On the other hand; it is also possible that for any Yy € TO l.f] 38, go)a
by € 6(D(S, 8), Ty B)
and
- = (/Il
7 =8 .
In this case,

Py e (X Tol2D (3-52)

For some applications, the question:

Given € > 0 (acceptably small), does there exist }
{3-53)

aye TOIL@’.] 3 |y - .(/g’oll < € ?

is more meaningful,

At present; the above questions have not been mathematically resolved,
In view of this uneatisfactory state of affairs, the question may be asked:
Are there any scattering problems (S, &, Fl’ ?2, 8, (gjo) for which
.rfﬁo € TO!;’{] ? The answer is yes, as will be shown in the next section,

At this point in the development of the theory, if .@ is not one of
the problems demonstrated to be soclvable in the next section, the follow-
ing problem must be pogsed: Find that y' ¢ Toiffi ?

15 - YE N s 17-FE 0 v Fer, 7] (3-54)

3-14



Then; if
”:;I '-(/(;61'0” <€
for some acceptably small ¢,

]l -
VT, )

is taken as the approximate solution, Numerical means for constructing

y' with the property (3-54) will be the subject of Volume IIL

3-15



Table 3-1, Action of Solvability Operator on a
Complete Orthogonal Set

-1 - 8 a Burface of Revolution
v TV 3 8 Gemeral Stay with axis of revolutien along 5 a Sphere
+ Z-anis of coordinates
- 1 s a . 8 - mh, n'“s
[ NN g T '
y .ZJJ _'33 " hn TI:Cm hn Tn crn
Krmnl -
a3 [a n+ 1 = ¥ fc
-1k -1 “ily | 12 %22 52 ik Hr—l bLPRc o, + N S 8, ik n'n"m
l y lma 3'7:- JEFD hw “c"','u *J:‘f‘l:lc"‘ *23 -na:‘":l’“‘ B3 T‘*f TR mE "“I;lums T-Eif - m .i'ﬂ,“sm
- . a [a mh_a™c mhul'l:'Cm
m‘f,i,, (+ mb n:,cm) R (2™ ) 32 ol Cin %22 -
§ a3 -a“ - h' L sm AL sm
xlmul »
-k k 832 H'i&.!.! i DT . I X, B
=(2) 2 «ik 12 22 nilt
| T, "zan Ty [-‘-‘-L'i-:‘.'_ll ha’ms [ ]* x, m' [l a3 + m.r‘u:'cm[.”]] #[ e e + m.’:‘ n:’cm ‘wT:' m'*:ll;"c
Va 7 ) v A e
[ W2 (23D b pme X s™c ¥ gms | 2 LAY € L at Cm
fe 17 m)[ ] afn 'm s P Om 8y r m L] i m." ll‘msml” . m.’; lﬂ'sm
Yymm2 |
4 e ) -ik, et -1k - b ':”m'zz | wmh,, n:'sm
wl mll'lllJ B, m - b ¢™c —i o o2
L *¥2 2 "2 BB m e, ey * By "n Cm | - ky 'f:‘cm
= n(m v 1) 12 -'iE-’JJhPmS ay, +A I8 a ‘!:f:‘sm
" 2ma 7 hPmS ",'a'm " ]+mx| cm[ ] 2¥ m 12 Ta'sn"m 22 ™
J + m-rl'l n,;"“cm m«:: ", Cm
H2mna
-y _ iy || -k, - -tk mh, Wy Co8z -xy ™, KC,,
W 2ma | Ty mh, !,, ™ ™ ‘l! -'“_3 - h.r':'sm '@ - b v:'Sm
[ =i - mi, 18, N a7 2 Co [.R. -y 80 - mg s
&t 'BSJ * JuTn Cm =iy ’mc
Hygm ¥ ;
- - _m ik [ asl) pm ['lll ; - 222 ot as (32 -iky 3‘;—%—‘-’1 o Cmbi2* l_fz'cmln J s il
Bmn 7 In¥a Cm *#5"5 Om M ol Bm - =
.WT ] B’Tl- 1 ay L.ZSJ %35 °"‘l - m}u #’m ""‘l "‘, .n sn;l
; a [ mj @C, 8 mj fig'C
[ “{rlr'm miy mcm .33 -y ".:sm .” " n': " M m "
_(f L “23 ) 23 ) "I "m < Ja o Sm
X2mnd . .
" -y -k, .l 22 32 ik mﬁ%u 1P 812 *efn Ta Bt 22 ik F o7 Sm
= & | n(n *» 1} j pms . m/ a™c el | fbont |
| iy maj "y ¥ ‘an n a 5m ay i'n 'm ' uu‘ .II:’C Wiy m’/nlln Con
[ q:uln " M7 ;r“ JnP:‘Cm IZ] - l‘ T:‘Cm azﬂ - m}n ﬂ:"sm r.u] ﬂ%l;r_” jn’?cmall M 0‘:’. Cm'zz n fﬂmcm
23 53 . "‘J: D Sm - mf, aps
Himme / -
) a Y - . Y .oom
ML R ITE L 2 LH ik ™, 8, 5,85 -mj ols,
=, Mime|l ET - mi aps, “igTh € e il
[ =1 J 1 [ a, | o23) " m .”H upy -y 7 n Cpy ;;l" ‘i f.-. c,, :’
F - - [ s [ aia+ 1
.!‘lll,w -EE'TU' In l Sm [ ] } "‘ms e - mj“ll:'cm .n] IInl" ’jup:s“‘.ﬂ * A’?’m‘zz I =
. "L s em e, e
/
o | *22] 32 i, ™ 8] Cp®az i [ fi, Cp,
T el Sy in 12 [ %23 ) T ST 3“—;. AR e ] T,L[ L ]

1
The elomente L p—g defined 1n Table I of Volume 1 {Roference 11).

h the argumants of wm i ir,a, 18 (rewh it io assumed that 1 o ({8, ), where ({8, @) gives the Toprosemation of the mar 5
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4. THE CLASSICAL SPHERICAL PROBLEM IS SOLVABLE

If 350, & ¢ fy, &,¢ ), and
- 3
r = flwy=c
5=8
c
1 6= i (4-)
A .
iE_ exp [1k2r cos g
bo 7z vx|1TE ik,r cos @
i m ‘1 Oexp[x LT €Os ” J

in the scattering problem (S, &, &, €,, 6, | ), the resulting special
case is the classical spherical scattering problem. In this chapter, con-
sideration will be given to problems of this type for which the complex

relative refractive index, defined as

k, k(@ §)
= = = o, 4.2
TEE, T k@, Ty (4-2)

is greater than 1 in modulus. It has already been pointed out that Stratton's
treatment of this problem is formal and that it prompted the developments
described in Sections 2 and 3, The purpose of this section is to demon-
strate that the spherical scattering problem {4-~1) is certainly solvable if
Im| > 1. This means that the class of problems solvable by Debye's
method is not void. Alternatively, the formulation ,/}’given in Section 1,12
of scattering problems is meaningful at least for S a sphere and the scat-
tering parameters presently under consideration, These solvable spheri-
cal scattering problems may be used as a check for general purpose

programs based on the general method.
4,1 STRATTON's TREATMENT OF THE CLASSICAL PROBLEM

The statement of the scattering problem in Stratton is not altogether
clear. In particular, the radiation condition to be satisfied is left open.

Besides the assumption of existence and uniqueness, Stratton assumes not



only the expansibility of the desired solutions in the domains le, DZb

but the convergence of these series on the boundary S as well, and strong
enough convergence to justify the formulation of the boundary conditions

in terms of these series. Also, Stratton's derivation of the ser.es repre-
sentation of the incident field ,{’0 of (1) is purely formal. Finally, the solu-
tion obtained is a sequence of fractions, and it is not immedijately evident
that the denominators of these fractions are never zero. The nature of
these objections will be discussed first, and then the objections will be

removed,

4.1.1 Critique of the Derivation of the Vector Plane Wave Expansion

On page 419, Stratton (Reference 8) derives the formula

A < {0) {0)
1 exp [ikzr cos 6]= 3 [anﬁ:li?,ln + bnﬁlln:] (4-3a)
where
( _:n 2n+1
71 n{n + 1)
{
_ .n+l 2n+1
 Pn 7 - n(n+1) (4-3b)
and
@0 = o [j_(k,r)P™ (cos 0) . _ (9]
A = Vx [ (k)P jm'¥
A= (n, m:j)EAIUAZ
50 Lo (0 " (4-3¢)
ATk, A

The derivation of the formula is by the following pattern: Assume that the

(0) (0}

LLHS is expansible as a series of vectors m5in and Ny then derive the
coefficients a, F in the expansion by the use of the formula from Volume

I, Chapter IV, {97) (Reference 11)

exp [ik,r cos 6] = f‘:o i2n+1)j_ (k,r)P_ (cos ) (4-4)
nc



and the formulae of Theorem 2 in Volume I, Chapter VI, (Reference 11)
giving the orthonormality property for m, n fields. The trouble with this
procedure is that the constants which result may give rise to a RHS of

(4=-3a) which, even if it converges, may hot converge to the (desired) LHS

from which it was constructed. A rigorous direct proof of formula (4=-3a)

is given in Section 4. 2.

4.1.2 Critique of Method Used to Fit Boundary Conditions

Stratton's treatment of the classical problem is given as Table 4-1.
The symmetry which results in this problem gives rise to a considerable
simplification in the determination of the constant coefficients., However,
it is not known ahead of time that the series (1b) and (lc¢) in Table 41 for
the desired solution will converge sufficiently strongly on Sc’ or for that
matter anywhere else {to the desired solution), to justify the formulation
of the boundary condition. It must, therefore, be granted that the sequence
of coefficients obtained is still open to question. Rigor demands that with

these coefficients, the series (1b) and (lc) must be shown to converge on

S strongly enough to justify the rearrangements implicit in (2) and also

that, with these coefficients, the series (lb) and (lc) converge to electro-

magnetic fields on D, and DZc’ respectively, These questions have thus

lc
far been ignored in view of the neatness of the final form and the authority

of the source. They cannot be ignored in the present well-setness

inve stigation.

The notation of Table 4=1 is almost that of Stratton. The correspond-

ence is Stratton This Report
pp- 564-565 (Volume 1I)

E;IIL E‘i(i)n

" | e

Tl A1

IT]I()ll)n r-Ef'éll)n

=0, | o8

R0l 3 in




(1)

(2}

The Debye representation of the fielde is assumed to be

o (0
go = ?Eo exp(ik, 2) = E, nzl b ImZ(lL -
{ta) ko E
k
~ X2 270
“0 =3} I;EB EB Elp(lkz!) = = ’;';E’ nz
_ t —(1) Bt mil}
E =E, 2 |' TR S e
{1b) N -
! =(1) 1)
Hl‘*T#l_EO nza o |6 Btk + i 2 Rt l
— =(2) 7 oz}
E2=E .gx Pa [.'n M2in 15 Plia
{lc}
k
ﬁ'=__ig [b (Zl+ l (3)
2 oy nsl n22in

i, e., from Table ! of Volume [:

’Eozsongl Dnl'i[ﬂ:ﬁujnopicll
{2a)
'Ffo _ql_ g nn+l P s ]
L]
E,:E, n; Dn[-ihzlﬂuizir—u th:‘cl|
{Zb) -
A e
o}
Efzongl D, "":.Ig'&rll_:_llinp:ucll
{2c) . -
ﬁfal_l*: nzl{":lﬂk%%_lljup:ssll

The boundary conditions at v = ¢ Iead to

~={D)
] D 'mlln +imn

={0)

®ltn

={0)

?+[jn0n::cl - i r’no'ﬁl‘cx‘ #e [ Ino nsx“ ,n(} n 51|‘l

?*l nU nl ".?'l"'l ,’nﬂ

]

boa, . o . NG
T2 S 6+ I-Jnﬁ Th Gy v ,’nﬂ < ‘l

?+la“n'h cl-ib;_fn-r:‘c]] 3+l afn rls +iv] ¥ nls |é]

n nn

A t . 1 P 4
th”"u"n uncl -xbn ,’

A .. 1 .
r+!-bn1nnnsl+snn}

o
t . 1 g 4 1 r 1 P 2 1
g Dn,"n In nncl "bn’re?ncl "nhnuncl*lbn‘l;rncll

1 IA l r 1 Lo | l A r 1 r w _l A
Sl 7« |-vrn 7 5 +ial ¥ s e+|-hnhn'r Cl““n"nfncxl’!

n

1
nn

A t 1 L.t t A
Ctll +|-Injn?nsl+lbn "nnnsllil

l]a +l b!‘l"nfnc +ia;jnﬂ:’cllg, ‘

o

: z Dn ljno"

n=1

Cy -1 jnOTtlacll
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The boundary conditions at ¢ = ¢ lead to

[ & -
ngi Dn,a;;nn Cl-xhn}nficl-a;hnnlc +ib'Ir C' = ngl Dn'"nﬂnicl"ynﬂricl]
{3a} - -
ngl Dn,-atj § +lbn}nnisl+‘:hnf:tsl—ib;” nls l = Zl Dnl-"nﬂrnsl*lr’nﬂ ninsll
3 [ < k kS
nglnt-—l bt i o s+11;Jnrnsl|+;r;|b?hnnnsl-,.".t’f S'“ _;ngl Dnl~jn0nisl‘i/’n0risl'
3b) § = =
z b —k—l-’-btJTC+:l nlc +——- brhfc -..'l 1;1 l :___2_2 p 1. I c . 1
nop nlad n }n n !I non 1 Cy wip, n | a0 n l+1jn0nncll
The eystem (3) will be formally satisfied if there are conatant an . b; . a.; . b; such that
( [

apip femd 1y - ivh f qem) vl caTh (e m! e i® Kooy r
(4a})

AT LRy Bt ]

- j, (em) T} 4 b:} ofem) n:’ +al hn(c)‘r'l: -1b: ¥ @ =~ te) ,-:l . i} (@) n;

{4} ) . . . \ vaelo,ﬂ'l
(-b mpzjtcrn}ﬂ +Llnmpz}n(cm)‘i’n+bnplhn(a)nn-ia pix(ﬂ‘r —ull-j(C)n +:; {e) T

{4b)

.

-b m oy j {fam) 7 +ia my, }ntcm)n:‘-&b:pl h“(u}'i':.l - inrul,,r fe) « =Ky l jta)T *‘l {a)w
which is equivalent to

[

b Sem il [P -] S [ - 6] | |

‘z; jptem) - ar h [l}‘ { 2 ('r ;) ] = jule) [(':l)z - (TDZ] ' ¢
() -
|,; mu, j Sem) - al u, hn(ﬂ‘ [(g:)z } (,L)?-} = gy Jgte) [(:;)Z . (f;)z]
& !-b: misy pfem) + bE hn(¢}| [(l':" 2 6:)2] = - jgta) [(,!1‘)2 . (f:x)Z]

The system (5) is identically satisfied by the solutions of the systems

(5b)

al j(em) -a'h (@ .
n
(6a) |

b, (-m}f)f plem) - (am) b: _l’n(ﬂ) = iﬂm)’f
and {6b)
a mp, ;n[cm) - l; "1-1':;(‘3 z Pl}n(d

-t TP {am} + b° n H1 h Al = -pyi (e}
i.e., by

soLh j,lem) e / («} - ¥y J, (-l(cm)} (em)

BT
n Il‘l]nﬂm_ i'l"zﬁzs Jt j
(7a}

by i@ f fem) -k, m i gem) f (@)
T n‘ﬂj:{_am) T Hpm Jni"“".l’n(‘”
and (7b}

t ¥y jn(Cm) “.l' n‘a) ! hn(e’ € ,ntc,
*n " R Jemy e P TET - Ey hnﬁucm)? fem}

ot e f e -y e )
T hni«:)/ a8m) - By m ] (em} g (e}




(£)

The corresponding table for n'}’ is obtained by formally replacing m by n

in all entries above.

Also
: This Report
Quantity Stratton (Volume II)
radius of sphere a c
size ratio p = kza. a = kzc
k) 5
relative refractive index N =—— m =+—
k k
2 2
Recall that (Figure 1-1)
V)
Kk, ¢ A,
and
ey ¢ /1'
(
and hence
m € K’lo

4.1.3 Critique of the Formally-Obtained Solution

Note that in (7a) and (7b) on Table 4-1, it is not immediately evident

that the denominators are always non-zero.
4,2 JUSTIFICATION OF FORMAL SOLUTION
This section removes all the objections raised in Section 4-1.

4,2.1 Direct Proof of Plane Wave Expansion

The proof of the plane wave expansion (4-3) is based on the formula
(Volume I, Chapter IV, Section 7)

exp[ik,r cos8]= 3 i™(2n+1)j_(k,r) P, (cos ), (4-5)
n=0

PRECEDING P 7E BLANK NOT ™" ‘I
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which is a special case of the degenerate form of Gegenhauer's addition
theorem (Theorem 7 in Volume I, Chapter IV (Reference 11) corresponding
to ¥ = +1/2 and of the formula given in Volume I, Chapter 4, Section 6
(104) {(Reference 11)

-1 . ,_cCos8z ., sinz |, 2, & 0 2n+l o,
z = exp (izn) = —+ in = -i{l =n") ngl TR Pn(q)Jn(z)
(4-6)
for
z Ekzr
n=cos 0 (4=T7)

which follows from the above theorem by setting v==1/2,

The convenient notation {(4-7) will be followed. The convergence
properties of the series in {4-6) are naturally those stated for the general
theorem and are sufficient to guarantee rearrangements and term-by-
term differentiation, the resulting series again converging subnormally on
E3, etc. It will be evident from the proof that the statement of the theorem,

though adequate for the present work, may be generalized.

Theorem 14:

For any real r and 6 and for any k2 € .@0,

X0
tespling cosols £ o, 30, - 50
1

n-=

=>

<[ % o, MEtlplq ]

n=1

+ i D, [jnﬂlncl - % (zin]' Tln CI]S

n=1 . .

2 A
+ 21 D [-jnrlnsl + i-i— [zjn]’ﬂlnsl] ¢ (4-8)
n=

4-8



in which

and

The series on the RHS of (4-8) converge subnormally on EB.

Proof:
Since ?:sinacos¢?+cosecos¢§-sinepqi}
and
M31n = R GE  -g,7isé
=2t plos v L palcd - Lz pnls, 0

it suffices to show that

e 8in § cos @ = =i Z D]n

iz
81 n

2]
cos § cos @ = }: Dn [jnnilcl - i% [zjn]'rlncl]

i
Me
w]

B

A2 (- sin ¢)

. N I | ]
[-JnTLSl + 1;[23n]' l'lnS1

are identities,

To establish {4-10), it suffices to establish

sin d e

izn > in 2n+l1l n{n+l}.
§ n{n+1) z Jn n’

4-9-

(4-9)

(4-10)

(4-11)

(4=12)

(4-13)



which is

—_— @ o]
2 .n . 1 , 1.
v1 =1 Z iM2n+ 1) P_(nlj () = -i< E: 1"(2n+1)PnJr1
n=0 n=l
0 dP
.1 E: .n 2 n .
= -:I.En:l 1 (2n+l) 1 =] dY] n

20
.1 2 . .
-y Vien® ) 2L s 0P )
ns=

(4-14)
and this is clearly the identity
M el®h s b iin? Bleimn ) - el
(4=15)
To show {4=11), note that
L P
n__
m, =sm§-p;1 {4-106)
and
1 1 |
e} dP ; dP
1 __n_ : n _ Z_d_ 2 2-_9_
'rn_ae_-andq ——\/l-r] a (1 =n7) I
2 1/2 1/2 2 -1/2
= =(1 = 17) (1-17) Pp=nll-n ) Py

: ,2 " '
‘{1: ] )Pn- r]Pn

-,[(1 - 'lz)P;;-ﬂZr] P'n]+ npP!

“[l-ntn+ 1) P ]+ nPLl

H]

n(in+1) Pn— r]P]'n.

(4-17)

4-10




Using these identities, it is seen that (4~11) would follow from

0
e**" cos © cos g = 2 Dn
n=1l

e 1
inTT, € - i< [zjn]" T;cl! (4-18)
i. e,

0 0
.n . n2n+l |, o1 . 1p . | PP |
N 1"(2n+1)jn Pn = E : i j = i=[zjn] = - ij' T
nZ;O n(nt){'n'n z n nn

n=1
S .n 2n+l 1
- 1 and . P s . . - ; .
_x§11 alaFT) annwl[-zwjn+J;1] [n(n-i-l)Pn r]Pn] (4=19)
if it could be shown that
0 o] 2 1 l
s 1 . . I n+ . . .
i {2n+1 P = i wile=3 4+i'linn+1)P
q1’1;0 ent iy n n;l n{n+T) I[ZJn Jn][( ) n]
= 2n+1 1
.n 2n . L.l .
+n§11 nzn+1)’3n+l[ﬁjn+3;{|n P;‘!.
. ) @
=) in(2n+1)jnPn-iE i"(2n+1)j'P_
n= 1 n=1
= 5 Zn+l ]
.n 2n NN ,
+ nzl i mljn-l‘l[; Jn+_]:1]r| P;i, (4-20)
and this is
izn_ =i | izn | 30 ) izn
Ne == le _Jo(z)‘ i kP ‘e -Jo(z)l
= 1 2n+1 i % .n 2n+l SN .n 20+l
.n 2n . i .n 2n A .n 2n o
+n;11 nin+1§']np;1+z"n;11 nln-i-I}JnPn'*'mn: : nﬁn-#-li‘]n Pn
= ;i_leizﬂ -z~1 sin zi -i-é%- leiz“-z'l sin zl
+(-inz"l) £, 2) 4infin, 2), (4-21)
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in which
_ .n Zn+1
£(n, z) = o~ i n{n + I)P’ (’7).] (z). (4"22)

Suppose =+ 1. Then (4-22) may be written (Volume I, Chapter IV
{104))

@

ttn2) = 2, 2L B () (a)
n=1
271 L1 dap 2"l ) 2-! )
=i{fi=-n) z "e""ai(l=n) =z cosz+n{l-n") =z~ sinz, (4=23)

This identity may be used to show

ne'* = . --[ 121 _ 2=1 sin z] . i [eizrz‘ 2! sin z]

-4 oz

+ (1 +inz" ) fin, 2) + in £2(, 2) (4-24)
by a straightforward algebraic exercise,
This shows that (4-21) and hence also (4-11) is an identity.

Finally, to show (4=12):

izn _ . N S 1
-5, e = Z B [-Jn'r}1 S +i— [zgn]’nnsl] . (4-25)

n=1

It suffices to demonstrate

8

n . .n 2n+l | . J1. .
. Z i (2n+1)pn(n)3n(z) 11!1;(_2:1_)l-Jn[n(nH)Pn-ﬂP;J+1[~5Jn+J;1]P;1

n=0

" Ms

il

[« o]
2n+l .
S R o

n{n+l})°"n " n

n=1
1 § 02 = o 2
.1 .n_en+l iR n+l ., o
+1z Ell n(n+l)‘] P +1r§1 mjnpn’ j

(4-26)

4-12



i.e.,

iz [e-iz‘n - 2~Y sin z] +(n+ i-i-)f(n, z) +if (n,2).  (4-27)

That (4-27) is an identity follows from (4-23) by a straightforward
exercise,

The identities (4~11) and (4-12) have been established for 7 complex
and not equal tox1. The remainder of the proof follows by analytic con-
tinuation and the convergence properties of the series in the degenerate
Gegenbauer's addition theorem (Theorem 7, Volume I, Chapter IV
(Reference 11)) from which {4-22) is derived, and by a well-known theo-

rem on induced convergence {Hille, Reference 7, page 192).

To form the plane-wave expansion of ft:0 in {4-5)

using the Theorem above and also Theorem 1, Volume I, Chapter VI

{Reference 11)

T X [E. exp (ik,r cos 9)]

0 0) .—(0
vx| 5 0, [0, - 7]

© [~
= E Dn (v X m‘zol) ) i (vx nﬁ;}]

nzl |
-3 D k 70 _ iy w0 |
= 2 Dok Rz -tk ™ygn
n=-1 .
= =ik ﬁ D r_r'l(o) +1n(0) (4-28)
=t & Tn{Tlin " " 21nf

Then

-k o
— -. /.\ - 2 . (0) -.(0)
Ho = Fuz v x[Texp ikyr cos 0] = z— X D, [ ®y1n * %200 |

(4-29)

4-13



It follows that

i ={0) _ ,=(0) A
Ey2D, [ Moin " Miln
o - i — (0) {0)
wi . —_
55“2 Dn[(vx m ) - 1(V>< n“n)]
- f,. - .1- o
=(0) ={0)
M31n Min
[o4]
= %o n>:=:1 Pn -ik 1 | ik {
T_a|:_1.__wﬁ,l(0) 2 ( Vxn(c))
\ Gk, | k, 21 prz ks, 1ln -J
o
¢ _ ¢ OE (OH
tg=Ey 2 D [”Zln O11n
n=1
A more useful form for the purposes below is obtained from (4-29):
E ED [m(o) 1?1';.(101) :l ]
£ -
_2 — (0) —(0)
| Gp2 Eo 2.0 [mll i | (4-30)
: 1 -3 1
JnO”nCI t jno Tncl
: 1
- =j 07‘ S + 1j O'n'n 1
JE - E D
0 0 n=1 n . 1 . 1
“lno™ 1t ’v.vgno ™ 51
'kZ
o~ . 1 ]
Bl t ‘,fno "lncl (4-31)

4,2.2 Interpretatiova of the Classical Method in the Light of the General
Method

The approach taken in the follewing sections will be:
1} Assume that the problem is solvable
2) Define the constant coefficients conveniently

2} Prove that these constant coefficients are well-defined

4-14



4) Prove that the above sequence of coefficients of the problem
really is solvable; i, e., that

—— - — g4

3ved T, v=T98,.

It turns out that the solution is exactly the classical solution, The
above procedure shows that the classical solution arrived at by formal

techniques is rigorously valid,

Since the process outlined in (1) through (4) above can be carried

out for any a, b 3
inf FUR < <
0<ax weﬂf(w) = wc‘ﬂf(w) b ”
(Figure 1-8), it follows; by the use of certain identity theorems that

electromagnetic fields which comprise solutions to scattering problems of

the form considered in this chapter are capable of being extended into

domains which properly include the ones on which they were originally
defined, * The details of these considerations will be reserved for further

investigations not in this series of reports,

Assume that .@(Sc, Wy El’ Cys ®, (6@0) is solvable. Then, for some

choice of a, b 2

O0<a<cc<bg =,

T, v =98,. (4-32)
To identify this v denote,
v = (vl, Vo Vi v4)T (4-33a)
and suppose
vi =3 b, 9, [nea g} e®. (4-33b)

%
A physical interpretation of this result amounts to an "Inverse of
. Huygens' Principle',
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Denote

kzh'n(kza)
- A » l=(n,m,i)e(A1UA2)x {1, 2}
mn
k,j 'k, b)
dy= 2'n ' ’ A:(n,m,i)e(AluAZ)x {3, 4},
A
mn

and define the sequence

] !
| anj|® e a

Bgepey + for (b jie (Away) x |1, 2|
bh. =
0 Aj

Then the series (4-33b) may be written

= EOZ‘ By s re Ay Az\
V3 (Eodk)(dk¢k)
by )
v A d, 9
|4 LQEodx ( & %)‘

which is just

— . t
V-EOE ahjx}\jl(h, i) € Al .
This means that (4-32) is

EOEHa”(THy‘M,ﬁG N|=Vﬁo.

4-16

I |Egd ey 5 for () e (Ajuhy) x |3 4] .

(4-34)

(4-35)

(4-36)

(4-37)

(4-38)

(4-39)



From Table 3-1 and (4-31), this equation may be written

E0.9’§£J

~

- __(2) _
a lmn +a
lmnl -1k2 _(2) Z2mnl
o Y mn
| “k2 N -
[ =) ]
+ %1 mn a
Imn2 -ikz _(2) 2mn2
=
pr.z 1mn_
i —(1) |
lmn
*eimn3 | " —-(1) %2mn3
pr'l lrnn
i =(1)
+ a lrnn a
1mn4 -ikl (1) 2mn4
=g
wp,l lmn
- .
Q0
=E0 z Dn
n=1

4-17

: 1 . 1
(JnO IIn'lf/’/nO Tn) Cl
-} 1. 1
( Jno Tn*"jno l-In) S1

-’ 1 . 1
{ Jno Mp+ }nO Tn)sl

'—(2)
Zmn
mar
33;.1.2 f2mn |
T =(2)
Zmn
—11(2 _(2)
W 5 Momn
[ =]
Zmn
il IEE)
D Nomn
T i
- (1) ]
Zmn
gar P0)
© Momn
'kz
A )
2 ('Jno T
-

(n, m) e!’{ﬂlu@/Z

"

+1/n0 I)C

(4-40)



However; by Table 3-1 and the orthogonality properties of the

sequence iCm, Sml, the LLHS of the above equation reduces to

(

aZlnl
n=1
\
+ %21n
Denote
A3
Then
Denote

3

—

-ik

Wi,

1
hnnncl
-h rls

n nl
’l'} 1
./tnfnsl
A nlc

n n1

[ j

2

nlc
n n 1l

: 1
“Jn Tnsl

4 1
-ikl P nTnsl

Wi . 1
1 /nnncl
|

t e 1n2

+ %11n4

akj =0 V(A j)e (A" - A3) .

a?\j=DnaRj’

4-18

(Asj) e A'.

B A rlc
nnl
HNuls
n nl
Lik. | P RS
it 3
) -hn'rrllcl
- 1
‘ nTnci
.J nls
“n"n i
.
-ik, g ML
1 ’jn‘récl
"

J

L (4-41)

=i(n, 1;2,1)y (n;1,1,2);, (n,1,2,3);, (n,1,1,4);. C(Al UAZ)X<4>



Then (4-41) is

[ hn nil'lcl /'(;1 T;CI jn Hzlicl rjn'rrllc—l [_aZInl—-
{g hnTl%tSl -';fnn:xsl _jn711181 #n H:ISIA #11n2
nél o %01:1::- }Kx: 1%151 ;:é hnnzrllsl ;1:11 jn 711'1 Sl-:%ll jnnrllsl 421n3

-ik ik -ik ik

1'1;12_2‘ n r11C1 T:Ti_ h 7hC) wlull nla 1135 JaTnC) *11n4

b P R . -

(4-42)

From (4-41) and (4-40), it can be seen that (4-40) would be satisfied

if constants 'ahjl could be found such that

1 "l : 1
hnnn Xn?n Jnnn
. 1 Al o 1
hnTn 'lnnn Jn‘rn
-ik ik -ik
2 ¥yl 2 1 1 1
u“pz"ynrn Su, h T, waplr;n'rn
o -k, ol k2 . iRy,
mp.z n n sz nTn Bp.l nln
Denote
t
a = A
n 2in3
.
-ib” = A
n 11n4

I r. m r~
nfn aZlnl
r 1
"fnnn ) 1n2
ik -k
) I | - 2
Ty In®, 221n3 B,
ik -k,
‘Gs—ul InTn 21l1n4 Bp.z
J L 4 L
-3 =
221nl
o T
+ib” =
n- 21ln2

ey

; 1 . 4 l
-‘no“n“l,/no Ta

. 1., 4 1
“Jnp Tt f/nO L

. 1. 1
(=i Myt /nﬂ LY

; l,. 1
‘-JnO Tatt /nO nn)—J

(4-43)

(4-44)



and multiply the third and fourth equations of (4-43) by - Bplpz/kz to

obtain
_hnnL ly/n T}'l Jnn]ﬁ -ir/n‘rl;.]_ ra; (‘jnnng‘j-i,fnﬂ T}-I)T
R S A1 0 | I I ISR Y
s Agrl o wh ol ,m Sutl -uymi ML fa, by Cigg bt /o eh)
. Y . , ) | : .
-1“1'/{nnrl1 mh, 7Y M r/nn:lq -miyin T Lbn by (3o Thti /o MH)
(4-45)
which is exactly the system (4) of Table 4-1.
This shows that if a:;, b;, al:, b;l is exactly the sequence given by (7) of
Table 4-1, then the sequences IbAjl given by
bAj =0V (A j) e (A - A3) (4-462)
and
f k.h' (k.a)
- 2 n 2
Po1,2,1= P21 “Fo Pn T A %a
k_h! (k,a)
Pn,1,1,25 P1n2 " "o Pn T A Pn
T k. ' (k,b) (4-46D)
b b =F_D ._lﬁl_i__ at
n2,1,3= "21ln3 ~ 70 "n AL n
k.j!(k,b)
. 1"'n'"1 t
Py 1,1,4=P1ing 7 "1E D A b,
L In
where
.n 2n+ 1
Dn n{n + 1) (4-46c¢)
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and

2n + 1
Al =\/ S— n(n + 1) (4-464)

(as before) define a v 3 (4-32) is formally satisfied, It must now be
shown that the sequence of fractions in (7) of Table 4«1 are always well-

defined and also that the v is actually an element of ,ﬁf

4. 2.3 The Scattering Coefficients Are Well-Defined

The determinant of the system (7a) in Table 4-1 is

A sy py) = - (@) (em) + mush, (@) (am)

(4-47)

and that of (7b) in Table 4=-1is

A(Z) {z, m )= {em)h_{(a) - mu, j_(am)H_(a)
n (@mikp )= uy g n M2 Jn ale)

(4-48)

Theorem 15

For n e<j\/>and Ty Mys By 655’0, me?,’l y
A!Sl) (a’m, p.l, “2)95 0 P (l):' l, 2 .
Proof: Suppose
A @, m )= 0 (4-49)
n (G Rp ) -

for some n €<./V> and (Gy P-l: “23 m) G{Jﬂg x c(g”l °
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Then

i (@)iyam) = mp,h (a) ¢ (am)

- it
sy Aple) g (am)
(@) 7o = =
Lh (a)+hi(@) = j (em)+ j!(am)
M1> a a m me Jn Jn
by h (a) - jn(am)

My h'(a) j (am)
(E;>1+ah() l-t;(am) (am)

But by Volume I, Chapter III (44) and (45)

h'(a) 7
jplem) ~
mnnJ @m) ~ y 1 (am)

and hence (4-50) implies

“‘1 ] ~
('";I;)gl +n-.7[’n+%(a)§ =1 +n~fﬁn+%(am)

P‘l ,';" _ ~
(—;;) Im[;/n+% (a)] = Im[f}n+% (am)] ,

which contradicts the results of Theorems 8 and ¢ in Volume I,

Chapter III. This proves the theorem for £= 1,

4-22

(4-50)

(4-51)



For =2,

2
af% (@, myum,y) =0

= | (4-52)
pyby(e) f am) - mp,j (am) X (a) = 0
M falem) | Hn'®) (4-53)
i/ |{am)j (em) - eh _(a)f °

This may be written

3] 1 1 j. (em) 1 1 h;l(a)
(——) + .1’1 = —E + ‘a' hn(u) (4-54)

and again by Volume I, Chapter 1II, Section 3 (Reference 11) the above is
J +1({z)
(z)" (2" (2) v x x= Y

(4-55)
where

f
]
]
m
N

=)

- {4-56)

N
0
[+
3
m
N

By the proof of Theorem 9 in Chapter III, Volume I {(Reference 11} the LHS
of {4-55) is

Set

z° = E+in ., (4-57)



Then

Im {LHS of (4-55)’ = ep

! E€+m n=l (€ -j

since 7 > 0.

On the other hand; the RHS of (4-55) may be written

h:l ()

—12-+-12- X
x b h_(x)
n

:-lz+-1w2- [n -_)%// { (x)] = (n+l)-—]-'§-i2-.13 (%)
X X X

{
n+-2 X v+-2

and hence
2

rlE (0] x

Im IRHS of (4-55)[ = - —%Im [,}?v(x)] = + >0. (4-59)
X

Thus, (4-58) and {4-59) show that (4-55) is a contradiction,

4,2,.4 The Classical Problem is Solvable

It remains only to show that the series of positive constants

2
2

lejl Ireauh, b, je® (4-60)

with the sequences !bAj! defined by (4-46), are convergent,

The series in (4-60) reduce to

= Dn t 1‘2 .
|b =E. k l§ +— h (k,a)a y j=1

2
1 n, 1,2, 1/} 0 %2 A

| In

708

2 = |D . rz )
11,1,1,2I I B L A hn(n.7la)b11 y J=2

8

[
1
A
|

|b
1

o

=

(4-61)

1
B!
ON
=
=
(o
™

2
b
1'“,2,1,3' n=l

M8

|b
1

H
=1
<« [ %]
=
[
[3%]
=
H
1[Ms

2 _
n, 1,1, 4l

i

n
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|
-

where a; y a.t ’ b; y b; are given by (7) of Table 4-1 . Note that

g 2| n | _2n+1 o7 - @mt/2 (e }/?
n Aln ni{n+1) {Y(@2n+1)n(n+1) 11'1(“"‘1)!3/2 ’
(4-62)
and hence
lim g =0",
Nee o D (4-63)

Theorem 16,

For { =1 and 2,

lim

e QO

lml:»l‘ﬁb' !ALI)(a,m,p.l,pZ}=°°.

1

Proof: Write

A (D
n

-1y Hpl@) jfem) + mp, b (a) f (am)

i

- 1y % h_(a) + h;(a)] jplem) + mp, hn(a)[gl-r;-l jylam) + j,;(am)}

}

-y ha) j(@m) -, hl(e) j (am)

It

K
+=2h_(a) j_(am) + m p, h_(a) j! (em)

’ 1

1 j;(am) h;l(a)
~Jplem) h (a) § (u; - pyd+ uz[(cm) W - Bfe fh—n-(gj

\
and use the asyrnptotic estimates of Volume I, Chapter III, Section 4

(Reference 11) to obtain

] n-1
m _ 1] tam)® }[; @n-1y [(u c )+ o, (amy Blem) ___ {2n+ 1)
Sn N“l‘z“*“"’“-l W) ent T g »
( (n+ 1) 1t n+l
; {2n - 1)) a
- Ml @! an+2 C i (2n- D1
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. m i

=-1-;-2'—'m (n2 - pt) +p2n +pl (n+ 1)

n
. m 1
= i 5 (né - pl) + np2 + pin + i

x

n

m i
2 2n + 1

= i B2 +n (pd + pi)

a

A
n

_ 1 |m|"
-2
a

1
2n+ 1 ”z*:é’z 71 0 eyt )= .

L = 2, the calculation is

!, fem) b (@) - my, j (em) K (o)

= hn(a)[;%jn(am) - j;(am)] -, §_ (am)[ h_(a) + h! (a)]

ol [Tl n(a) _] (am) + My h (Q)J (am)
.‘Z‘/mP-Z . ) .
- - Jn(am) hn(a) - my, Jn(am) hn(a)

p (am) h;l(a)
= --J (am) h (a) (—- - mp.2)+ Ml '—'r'—— }.],2 hn(a)
w1 M n(em)®" ! . (@n+ 1
SolT7 zn+1l(‘z?{ - m“z)’“ K1 ¢ (Zn+ DY n

a (em)
an+l

ifn+1) Zn- 1}
2™ N+ 2 =i {2n- 1),
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o ogml ] (=L ) 1 1
2 Zon+i\m -~ MW/t M enedt p,m =

n

(2) . . m 1 1 1
St T mr i |m (R pm (- D)
- _ 1 -
STz My (I+n) m" lw*(l-l)rnm1
e (2n+1) @
(2) _ tl_ n+ 1 n-1 . ,1 1 1 n+1
Aa i mrTr™ - ig-DgmEErm
a a
1 n+1 n-1 1 1 1 n+1l
217 Za71 Il e T 1'“§3n+1|m|
a a
H 1 1 |m)? ’m'n-l
= ——Z-(n+1) -i;-]. —-zl l o
a @

Corollary 1,

[m | >1

3 C independent of n ¢ <N> 3

0<c<aia,m,pu,p,) for 21,2

Proof: Follows easily from Theorem 15 and 16,

Theorem 17,

The v defined by (4-33b) and (4-46) is an element of T

Proof: The proof uses Corollary |l 2bove and the asymptotic estimates of
Volume I, Chapter III, Section 4 (Reference {1). For the C of Corollary 1,
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r
a

n

1 .
< El“’l Jplem) a/}/n(a) - by iy(e) (am)fn(am)l

¢ 1 | plem) [ (a) inl@ f, am)‘

“H . i1, N M2 1

= _]n(am) [&- Jn(a) + Jn(a) + = jam | _] {a) -—J (am) +J (em)
K11, . ! .

< |iplem) j (e} + === j, (am) j] (a)

B2 1. . Ha .
7 iple) plem) + = lam{] j () j| (am)
1 . . ¢ P am)®  n(a)?" !
=T by )t ip(e) j(em) )+ —= (Z(n+)1),'.' (Z(n-)!-l).','
M2 a” n (azm)n"1
*g e EmITn C TEarn
- . ]T
_.LrJn
Also
(/r __1_( + ) a” Larn) ! rljamlzn
nTCHMIT R (2n+1)" @n+ DI " T Tan+ nnl2
+_”_2_ am 1 nlam|2n3_
) C leml (2n + 1) 2
2n 2n
1 1 |am| 1 nlam]|
== (py + Byl | = + = (e, + 1) .
¢TI Mo ] © 2o+ 1)1]? SR

a=k2c
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In view of

. . (n+1)(2n-~ 1)1}
hn(k2 a) ~ i

(kza)n+2
and
kj
am:kzc-EE:klc , a=k2c ’
k.c 2n
1 1 1 (n+1){2n - 1)/
h! (k,a) of ¥ | ~= (uy + 1)
n' 2 n C 1 2 |m| [(2n+ 1).,.,]2 |k2a|n+2
Ik c 2n t
- f
+gn Sl () 4y BELLER)
[(2n+ 1)21] | kzal
21 n h
S AR R U5 (kyc) B
ST\ TR Y InT Y (2n+ 1000 k,a k,a
-
2y n
., n@m+y (09° 1[4
@En+D 2o+ 1)1| k,a kKa| |
2
I PR 2 (n+ 1)° tye)
=TT Kya| Tm+D{zn+ 7| k,a
But
an(n+%)
(2n+ 1))} =
‘/Tr
1 - \/ m T < v T 3
[
(2n+ 1))) an"(n-hz-) 2n (n+1)!
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and therefore

n
2
2 (k,c)
1 1 |“ n+l Jr (11
h' (kya) of ¥ I T (B + 1) k,a| Zn+1 nl |2 k,a
Therefore
)3 [ Phlkp2) 2| < o
and hence also
v
Zldnh;ﬁ'anl*{m \
This shows that
D
n v
z K—l'— h;l(kza) an co
n
and hence also
2 2.2 <« Dn ¢
= - — < @
vl © =2 { ba| aedyun, [=Efky D | g—hi(k,a)a
n=1 in
2 f
Le, v € (<)
The calculations to show that
vje jfz(sz)

for j = 2, 3, 4 are very similar,
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APPENDIX A

PROPERTIES OF THE FIELDS i, ) 5 (1)
o .
This appendix is a continuation of Volume I Chapter VI {(Reference
11). It makes use of the notations introduced in Section 1.9. The objec-
tive is to provide material in support of Theorems 5, 6, and 7, which was
not given in Volume I (Reference 11}. The notational conventions of Vol-

ume | and of Section 1.9 will remain in force.

Recall that

qum (d) = Slj cos mo + sz sin mod (A-1)
and
w0 = v x (1, 0,0 B (cos 0w (@) 7]
=) _ 1 — (1)
Jmn k VXm _;rnn
4 (2) l}(nsmnj) € AO .
-_— - m A
m =V X [(hn (k,x) B (cos 6) 4y (d:)) |
—(2) 1 -~ (2)
L nn =k k, vXm s | (A=2)
The components of m (ﬂ) K(” in the usual unit spherical base system ?"9

A

9, ¢ are given in Table I of Volume I, Chapter VI (Reference 11).

Lemma A-]

For (n, m) E_ugl}o,

1) ;fn (k;r) =0
‘I)n (kzr) 0

Z) r M

1 {(n) =0 for

(n, m) e @l
T () E0  for (n.m) e W -, = {(0,0)}

A-1



3) nnm (M) =0 for (n,m)e 4,

4) an (n) #0  for (n,m) e ¥,

Proof: For (1), using (44), Volume I, Chapter III (Reference 11)

Z 1 8 . I (k)
Fatm) =y oy [r g Gy =Ty () = 0
-9
0 (kgT) .
1=-(k,r)e—r——=u-n4+ | { (k,r)
1 Jn(klr) /n+52 1

g

Pt

o=1m{ y’n+%(klr)].

But by Theorem 9, Volume I, Chapter III (Reference 11)

ol

Im { 7

Thus (A-4) is a contradiction and so (A-3) is false.

n+—2

Similarly:

'”}1 (k,r) = 0

Ozlmi.i'

i (kzr) } .

n+ —'2
But by Theorem 8, Volume I, Chapter IIl (Reference 11),

Im!” q (kzr)}< 0, since (kzr) € '#0 .
{
n + >
This shows that (A-7) is a contradiction and hence (A-6) is false.

To show {2), note that forn =0, m = 0 also

and o
BPO {n) _ apo (n)‘al _

o - .
o M =—3g—=""35 =F5°7"

while, for {(n, m) ¢ Yy

. ¢/ (
- (klr)].‘» 0 since k1 € {)1 = (klr) € 61 .

(A-3)

(A-4)

(A-5)

(A-6)

(A=T7)

(A-8)

(A=9)



T (n) =0 (A-10)

m m m
8P " (n) ) d " (n) dn _ dP_ "= (n) - m
36 dn de dn n

) 7 d 2rzn/Z a™ Pn (n)
= - l-x-aﬁ (1-7]) dnm =0
=%
, m/2d™ P_ (n)
(1 -7n") — = constant
m
dn
=
2 m/2d7 P_ (n)
(1-n") =0
dnm
—1
d™ P (n)
= (A=11)
dn
=4
me-1l i
P (=2 amn, 0smsSn, (A-12)
i=0 1! ‘

This is a contradiction, since Pn (n) is known to be a polynomial of order

exactly n. This proves (2).

To show (3), note that

, m/2d™ P_ (n)

L an () ) (1-n7) dn™ 0 2;m.--l)/z. a™ P, (n) .
n ; lﬂﬂz (1..7]2)1/2 - =N d?’]m =
{A-13)
m
TR0,
dnm

which implies (A-12), and this has already been noted to be a contradic-
tion. Thus, (3) is proved.



To show (4), observe

/——-——— P (n)
(n) = ( ———

dn

d™ P (n)
— = =0
dn

a contradiction.

Theorem A=1

Let£ > 0and r = 0. Thenforf =1, 2,

'“-(n )

A
1 8=0
mn

(ga w)

5
ERQ (€, w)] $¢9

1

.J

lmn
llifrl (gn -0) T
ll‘(l;lll')l (gn \-’) ! %;0
LLllfl‘fT’)l (gs w)Jlgﬁo
while
(. (0 (F o |
lmn r) =
4 y Vr  for (n, m)e 4, - I}IE{(O,O)}.
= (1) T |
lrnn (r) =

TR0 v, me g - (0,0} =y,

(A-14)

(A-15)



Also

while

Proof:

onality over spheres.

T

_ann (€, w)- ez 0

e

Fom (6 )] " =0

f

E‘z:gzi (r) =0

[ r—
o (8 )] -8 =0
0 (6 0] - 80

(B 6 @) |- Twop v mc y,  (a-16)
[— (1) T A

\ » V¥ for (n, m)e (_I}o - 2) . (A-17)

The results (A-15) and (A-17) follow by inspection of Table I in
Volume I, Chapter VI (Reference 11), while (A-14) and (A-16) are easily
proved by contradiction using Lemma A-1.

One important property of the r‘-ﬁ)\(”. 'ﬁ'xu) fields is their orthog-

ture of these orthogonality properties:

(

O O~

O O~

3

RGOS [ A TR R RS VAT

50 6w B 6w e =s N e

ERNE &M m):r dw =0

This property has already been noted in Volume I,

Chapter VI (Reference 11). Tables A-1 and A-2 give a more Jdetailed pic-

2
v {(\ V) ‘AO

{(A-18a)

[Hh“) (€, w)] ' [ﬁv(” {€, m)]* dw =0

A-5



( )(gs w), n ( )(gn w)

Table A-1. Orthogonality Properties of m
&) =) =(1) (1)
M mn M2mm! 3 mint Bomm!
() m (1) 0 0 0
M 'mn 1l mn
o) (1)
M 2mn 0 MZmn 0 0
'"(1) 0 0 (1) 0
lmn lmn
=(1) (1)
nomn 0 0 0 NZmn
1 0 ,k=(n,m,i)eA0~(AluA2)
M)
limn 2 .
wem|Jn(k1€)| B on® el m i) e (Aj u Ay) .
' A= (nymyi) eAg- (A U A,)
NAIEE
imn . 2
itk ) 2 .
me Bon n{n+. —E-lf— + l’; nl » A= (n,m,i) ¢ Al uh, .




where

{
M, () = o)
{ y  for \¢ (Al ] AZ) (A=18b)
J
LNr,f Y (g) =0
and
(1 (2) ’
M, () =0
) ) » ¥ N € A‘O - (A1 ] Az) (A-18c)
LNK () =0
To establish these properties, the following formulas will be
needed:
prm(cos;e)l?m(coae)sni.mede»--.t;“"r2~ (nm)t | '
0 n n' T "n  2n+l] {(n-m)! (A-19)
e
T
m m 2 ._m m ] _ o n! (n, m) ¢ Yo
_{; [ Th Tpe v I I, ] sin 6 d@ = 5. B ] are (4
(A-20)
.[-W m . m m m] . (n,m) ¢ 4,
0 [ T Dn‘ + l'ln T sin 6 d6 = 0, n' e <J%~> {A-21)



Table A-2. Orthogonality Properties of Y_I-IK(Z) (€, w)y Hx(z) (Es w)
= (2) = (2) 7{(2) 7(2)
M mm! Mrmm! " mm Bomm?
=) M@ 0 . :
mn lmn
- (2) (2)
Momn 0 MZmn 0 0
_(Z) 0 0 N(z) 0
B 1mn lmn
=(2) (2)
n2mn 0 0 0 N;’.mn
4 O 8 K € AO"“ (AI L] Az)
M
imn 2
| e 1h (6) "B » Aen v A,
2) 0 ,)\GAO-(AIUAZ)
N, 4
imn
( 2&)
me  Bon | Botl) | S + X | » e u A,
{
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kN
3
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a

Do Dvepengimperda B T O

where

__2 (n+m)i
Bian = Zntl (n-m)1 20} (A-22)

Of these, (A-19) iz established in Whittaker and Watson (Reference 30
pages 324, 325), while (A-20) and (A-21) are proved below.

{A-19) may be written

1
2 i
SR o B, ) an = 6 ol (A-23)

To prove (A-21), observe that

op P ™ P ap ™
56 + 8in 0 d8 .

T i
m_ m m_m} . _
fg [Tn Tar POy o ]Bmeda‘f 5in 6 5ind 06

0

Integrate by parts to obtain

map ™ -1 [d p ™
n m n_{d m - d
P de = f (..ﬂ) P 1) 7_JT (A-24)
fb 36 ' n % dn_\de/| " n ! -+

m
. j‘-l [dPrdl (JCP(_ /1-x2):|P.m(x)7'—d—"7
1 * 1 -x
+1 (d P ™ (x)
= - -_/; ( gx )Pn,m(x)dx
+1

- {P. " (x) P, (x)

-1

+1 aP™ (x)
e () o



Since

m/2 A P (x)
p™ (x) = (l-xz) —_n
n m
dx

it follows that

m -—
Pn (x) I x=k]j = o, for (n, m) ¢ l}a

and hence
rop™ +1 (dpqu))
m - m
J; 56 Pn‘ dé = = i Pn' (x) dx
=1
$1 d pnm (x)
= J, Pn' (x) P dx
Hence

+1 1faP™ (x) aP_™ (x)
e e ()]

-1_

=0, (n, m) ¢ falZ'

But by {A-24), this may be written

r

0

56 an] de =0; (n, m)e 4, -

m m
9 Pn 8 Pn,
80 n'

This proves (A-21) for (n, m) ¢ ‘.“2‘
To establish {(A-20),

pP™ ap™ ap™
m _ n_ _ n_ d(cos 8) _n_f 2
™ T Tee - ax de ~ - " Tax 1-x (A-25)
A-10

s AT



e el S e R

b o o

B < ¢ eI

D S T, mtsz@ : -‘ww TP TSP y 5

LW

and

m n
Il = 7—-T (A-Zﬁ)
n l = x

It follows that the LHS of (A-20) is

-1 ap™ ap ™ pm pm
n 2 n' ,/ l 2 n n!
- [—dx—‘/”‘][ 1"‘]”’“ e

+1 dx ; 1=-x% ; X
m m m m
_ f+1 (- xz’) d Pn ‘ d Pn' . mz Pn Pn' dx (A-27)
4] dx dx 1 - xz )

Since an {x) satisfies

2
-5 enmene=2 s, (A-28)
1 = x

it follows that (A-27) may be written

m m m
dx dx nt dx dx

-1

+n{n+1) an dx , (A=29)

and integration by parts and (A-19) yields

m - ¥
dP +1 +1 d P
(R S A P Y [P N
+1 i dp™
+ [ p P lu-ah 2] ax
-] -

+1
+nn +1) f p MpMgx
=]

2 (ném)!
=n(n+1) 6, T (oorol

A-11




The formulas (A-18a), (A-18b), {A-18c) encompassing Tables A-1
and A-2 will now be established. Using a natural notation,

(;;;(1) 5(1))

lmn’ " lpy

L

. m : m
[Fmanre[ouna]
- .

‘ . m . T8
+ L [- Jg ™ Cm] [- i, 7, C“] dw

" =mp gy, (S 8,) (nnm. “v“)

o iatrg A e

+ip3," (€ ©) (Tnm, T,,,“)

r

j
I
pv_1

m

B I T L.

. m _p . _
i, (G Cp) (Tn ’ TV) if moru=0

s . K m M wd
| L-+ jp 3,7 (G CIJ (Tn , T, ) if  (m, W S AD>
~ )
B A 1) I T8 . -
k | I (6m 31") (Tn » T, ) if morupu=0
N = ¢ 0 if m=p

[fmrm+manmnvm] 5in 6d6 m=p

0 n v n
i [jn i, tem (fno, Tvo) if morp=0
= 0 if mwep

L]

'
i
A
{
3
}
i

This shows

s - . (& 2
(mlixl‘zn. ml(»ll"li’n’) =W émnpv ‘m Ijnl an if (dn. m), {(n?, m‘)) € :5;1

A-12




; = {1} == {1 .

¢ Al 0 o go-

i Also

=) =), . opm AL

?} (mlmn’ mZp.v = ,{? - m Jn nn Sm] [+ M Jv Ilv ) dw

- _ T

l' + f [“' Jn Tn Cm] [- JV 'T’V S“‘ dw = 0

and clearly also

(Bt @) =0

2mn’ T lpv

However, by the symmetry of Table 3=1, it can be seen that

=({1) =(l}) . m oW
(m?,mn' Mouv] =W BIn (Crne Cp,) n, .o,
+ iy 3y Sy S,) («.-nm. -rvﬂ)
0 if m or pu=0

uv . |2 . 2
6mn w];nl B nlf (n,m), (v, pu) e Y,

m
i.e.,
(;ﬁ(“ ) 5“)) =7 &mnw |jnl2 B n i ((n. m), (ve M) ¢ f‘p‘zz

Zmn PAVRY

and

(ﬁ%é‘j&n, Exéii) =0 if either (n, m)or (v, p)isin #y - 4,

The results above may be summarized as

(Ex{l). fﬁé”) =5, M)

A-13




sree bt — .

where

(1)
M =0 for ker-(AlUAZ)

A
and
M}sn =we |_}n|2’ B _,>0 for X=(n m,i)e(AjuA,).
Next,

(1) -(l)) n(n+l) . m v (v+l) . v *
{nlmn’ B py f k.t nFn %m k€ jy P, Gyl de

m , [ ]
+ J{;[.’in r cm] U" e c“] do
*
+ jg;[-m fa n " sm] [- " ,‘fu nt s“] dw

=B {(n+l) v (u+11 . K m o
e nlv Cmt S (B 2)

o d *‘f’: m “’
+ fu f, ©Cqe C) ('rn \ Tv)

* m m
*Em ?n jv S Sp) (Hn ’ nv)
B e

_nn+l)v (v+1) . * m n
lklgl jnJv 6m m") Pn ' Pv

(TR . m ' m 78
+w6m ‘c;n ?v*[‘m (Tn ,rw)+pm60 (ﬂn .!'lv)]
F 0 if pem or nxy

n {n+l) I l 2 {n+m}}

LL"ZL in "Zn¥l (n-m)!

2 (n+m)i

e

ifpu=mandn=v

L+ " I? nl ‘m Zn+l (n-m)! n (n+l)
. 2
| n (klﬁb .
" 6mnﬂv ¢, By | B (n4i) --—E—-kl + | ?n!

A-14



The above results may be summarized by

( (1) m) =5 PN gor ((n. m), (v, M) ¢ 4o

%1 mn’ lp.v n lmn
where
0 for (n, m)e #4- «!ﬂl = {(0, 0)}
N 4
Nimn i, O8] 2 2
™ B, | 0 (ntl) klg + I,’n‘ >0

for (n, m) ¢ "djl .
It is clear by inspection of Table 3«1 that

1) g0 1 =(1 2
( ltn);na nz(p.z) ( Z(mn i(p.zﬂ) v ((rn. n), (M. y))g 'yﬂ

Consider, however

={1) ={1) n {(n+l + m
(nZ(mn Z(p.v) n'k);l A J n (Sm' S ) ( n Pvp‘)
%1

S g o (209

- m m
+mp‘ ’n "fv (Cm. Cu)(ﬂn . l'lv)

/

{ 0 if n, vy, morpu=0
=
§ MgV |n§n+lnzl IZ__L n+m)i |
l“ m n lk ﬁlz Jn! Zn+l (n=m
1 »

2n+l (n~-m)!

Herice

(-m -m) 5 W N1

B2mn’ Zuv mn Zmn

B R et ‘ ‘A-35



where

N“) _ 0 for (n, m) e "}0 = .'Jz
Zmn 2
i (k§) ,
Lweman n {n+l) —-i;lfé—' +|jn] for (n, m) ¢ Wa

The results above may be summarized by

(—m, ;m) _s v D
v

Y A A
where
(0 for As(mom, i) cAy- (A, A,
N _
VT £)| 2
i, (k
k'u‘ € an n {n+l) ﬁﬁ%- + I‘ynfzi

for A={n, m, i} eAl 1] Az .
Next, it is clear that
(r‘al(gn EI‘;D =-mij, §," (5, S (unm. fv*‘)
+ M jn ‘yV* (Cm, SH) (Tnm. nvp) =0.

However
(mlmn' Rouv) == ™1y } v Sy Sp,) 2
- . i * m 13
Win §,°(Cpe C) ("n , nv)

requires slightly more attention.
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(“(1) =(1)
Imn’ z,.w} o
‘"6mHmjn,f}v*.[ [Ilm'rm+'rmlljn] sin 8d6 = 0 .

The result

={1) =(1)
(‘HZmn' an.v)

is clear by inspection,

while
(M =MY_ . 4 m _p
(Zmn' Bpy) 5™ “Jv (Crp Cp) M,
m
+ g gv* (S0 S“) ('rn .Il\f")
' 0 if m=0 or p=0
= ¢
T8 . *f" m _m _m_m§ , _
LK mjnjv A VR S S 8in 6de =0 .

From

=(1)  =(I m =mY
(nlmn’ mly.) ( lpy’ nlmn)

it follows that

( (1) —m)
lmn’ lpv

The results

=({1) =(1) ~(1) =(1) =(1) =—(1)

(nlmn’ mZp,v B 2mn’ mlp.v "omn’ M2pv) © =0
follow by similar reasoning from earlier results. This establishes
Table A-1.

To establish Table A-2, note that from Table I of Volume I, Chap-
ter IV (Reference 11), it is clear that the sequences

A-17



m, A EAOI

{H{Z’ N € Ao}

may be formally obtained from the sequences

{;ﬁ{“ A € AO}

{H{” A Ao}

by the formal replacements

This establishes Table A-2,
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APPENDIX B

CALCULATION OF CERTAIN INTEGRALS

The integrals™

A é 2. (fﬁxmx ﬁv(z)*) i (B-1)
B," =£ ¢ . (ii)\(z)x ﬁvm*) de (B-2)
o, - é o (@ x e (B-3)
D" %’ P (ﬁhw) x -ﬁv(zp*) des (B-4)

were encountered in Section 1. 10. The purpose of this appendix is to
record the calculations leading to the results (1-80), (1-81), (1-82) and
(1-83) of Section 1. 10. The superscript (2) will be dropped.

Note that
v __f A - — % A
-AX = r- (nv X m, ) dw = Bv . (B-5)

Hence it is necessary to calculate only (B-1}), (B-3), and (B-4). For this
purpose, use Table ]I of Volumne I (Reference 11} and the relations

Pefxb=-08xb

*The arguments of all m, T fields are (€, w).

B-1



Consider

lpyv =, (=
Almn -é ] (mlmnx nlp.v)da.
3

=my h }{ m,S)( Hp')'i'h ”v {(C_., C )} (‘T'nmn Tvu>
= m * M M
ne h A, I:emrn + mp I rxv]
This gives
(76 "0 if m=0oru=0andn=Oorv =0
1 *[ m ‘ - =
Algn= 41-r6“m h ’{V(Tn p.) if m=0o0orpu=0
m * [ m m 2 o-m_m| . =
L" h #vj; [Tn + m II Hv]BdeB,m-g.L
( BgV * i = =
2w 6 6 hn;;‘n Bon if m=0orpu=20
=4
n6 Y6 n i *B s I =l
; m n n n mn
i.e.,
1 » 2 ”2
0 if ((n, my), (v.u))e Yo - Y,
Lyw  _
Almn ™ )
2
mo e b ?1 Bmn if ((n, m), (v, p,))e A

Next, cbeserve that

2uv o m ¢ ot m k)
ASH -mph_ K (s_, c,) (nn . nv) +hn.%’v (Cppr 8,) ('rn ) T )-0 .

Also,

Az“; = -mp h_ I (C .C)(nn I )+h 7(v .cﬂ;(fnm, -rv*‘)=0.

B-2



C But

2uy  _ x m _ W Y2 ( m ;.L)
ag =muh A NG o (B m ) rn F N s (r

r

0 if m=0orpu=0

]
P

,,_TI'
x5 *n A f [Tme+m2Hmnm] sin 6 dO
m n v v

\ o L™ 7V n
i e,
Aﬁ“‘" .
¥ mn e 2 + : ,
i LW ﬁmu hn'”v 2n +1 %2 - :ﬁ%i n{n + 1) s((n, m), (v, p,))e UPK

The above results may be summarized as

Y St P

C A" =5"E, v v) e AT

where

oy S, w weesm T

where

k | .
-1r¢mh -’an s X.GAIU AZ .




Next, to show that

First

L
'
3
=
= o
%
7%
@]
————
=]
B
=
=

v ) -k hy hv* (Conr S“) (T nm’ Tvp)

]
<o

Alsc

Zp'v = A- T 1 d
Clmn [)r (mlrrmmeg.w) ©

= * m M * mn [
mhnhv (Sm, S“) (IIn » TV) +uhnhv (Cm” Cp.)(‘rn R I'Iv)

r

0 if m=0oru=0

T
m *
["Bpt mhnhvf

[Hm'rm""rmﬂvm] sinede=0,
0

n v n

the latter result holding for

(m, 1) e <ASC

and hence
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R SRR SO & SRS e T RS R KT TR s SR L S AT R T

Also by inspection,

cgi‘:n:o v((n, m), (v p.)) € @02

The above results, taken together with theorem A-1 vield

c’ =0 v (A, v)e Ay

It remains only to examine th- First, by inspection

lpv
Dlmn 0

Next

2Py _ AL [ *
Dimn = z; £ (nlnm>< ﬁzp.v) de

L ”;1 ;yn*(cm' cu) (Tnm° nf) tm ﬂn 7(: ¥(Sm' SM) (Hnm’ Tv“)

1
> -

and by Appendix A,

Sy _ )
Dlmn 0
2
and hence also b v ((n, m), (v, u))t Yo -
I _
DZmn 0 ]
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Finally, it is evident by inspection that

py AN =
D -f r (nzmx an.v) dw

2mn Q

It has been shown that
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1IST OF SYMBOLS

In Order of Appearance

Symbole given in Volume I (Reference 11) will not be repeated here.

Section 1.
(E, H# B, B, 3"} General time-varying electromagnetic field

p Charge density
€, B, T Elecﬁromagnetic constants

) : H :2, Y 1 Regimes of definition for electromagnetic constants
C=E(¢, p, o)

&8 Time frequency of harmonically time-varying
electromagnetic fields

w A point on the unit sphere 0

(E., H B, D, :]-') Time-independent parts of an electromagnetic field
of time-variation exp(-i¥¢)

Ch X, M ={flf2X = ¥, feC®x))

A (D, T A class of electromagnetic fields on D ¢ E3 a8sso-

ciated withc ¢ J (See Definition 1) .
k Propagation constant
((;0' ‘61. (gz Regions in the complex plane
Ny Set of strictly positive reals

MAD, T ¥ Subset of . (D, T) consisting of fields of time
variation exp(-ilt)

z(Ds <, @) A space of pairs (E, H) of related vector wave
functions associated withTe¢ | and &

4 A mapping with domain g (D, T, @) and range
.H(D, T )

{”ou gll gz index sets
Al, AZ,AO Index sets
M v, m| Fort =2 (see1-60)

Nt (v, ¥) Forl a1 (See 1-64)
S-1
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See (1-61) and (1-62). These are
elements of £ (DZa" EZ' @)

See (1-65) and (1-66)» These are
elements of (D} El’ 3)

(See Definition 2)

(See Definition 3)

See (1-70) and (1-71)

A star S given by r = f(w) with
interior domain Dj, exterior
domainADz, and unit outward normal
vector n (See Section 1. 11}

Unit base vectors for the usual
spherical coordinate system

Unit vectors tangential to S

An electromagnetic scattering prob-
lem involving a scatterer bounded by

a star S(f, D], Dy, fi) with T, an
electromagnetic triple in 7/'1 ass0-~
ciated with the domain B, i = 1, 2;
and with incident field ¢ g of time
variation e -iwt given in a sub-
domain D(S, §) of ''width" § in D)
immediately adjacent to S. (See

Figure 1-7.)

A solution to an electromagnetic
scattering problem

ok



. e T T L 2
W am . w te - Tabger P R ey vy -.“"‘-;0 g P
REE A P S VSRR L LY
LI A . 'h\-(:"- nd .5”:i "‘".. . .

Section 3

® = {‘Pk IA ¢ Ay}
Ag'= Ay X <4>
fry e AO’ }

An operator which gives the
tangential components on S

of pairs of vector-valued func-
tions on an annulus containing
S

The usual Hilbert space on
VR

The usyal Hilbert space on

The usual normalized complete
orthogonal set of spherical
harmonics

An index set

A comflete orthogonal set

for ¥

The general solvability oper-
ator (See Definition 6)

A closed linear manifold m.l"*

An index set
The solvability operator
An orthogonal set spanning ¥

An operator for forming
candidates for solution to
scattering problems

Most often used as an index in
A = (n, m, i) ¢« Ag; also used
to denote the relative refractive

index m = k) /k,

Unit base vectors for the usual
Cartesian coordinate system

Size ratio of scattering theory

S-5 cperpour—ERAME



Sequence of "scattering coefficients'' for the classical
scattering problems (See Table 4-1)

An index set
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10.

11.

i2.

13.

14.

15.
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