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Abstract

A two-parameter family of distributions is generated by considering the random
variable

113 ‘
Yn = 2«3,

i=1
where the x; are independent and distributed N (0, ¢%). For ¢* = 1, ,, is said to have
the chi-square distribution with n degrees of freedom. This report is concerned
with the use of sample quantiles in solving the following estimation problems
associated with this distribution:

(1) Estimating o® when n is known.

(2) Estimating n when ¢ =

(3) Estimating the product no® when neither n nor ¢ is known.

(4) Estimating both n and ¢* when neither is known.

(5) Estimating o for the special cases where v, = Vy, and v; = V5.

Monte Carlo methods are used in applying the various estimators, and the results
are listed.
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Estimating the Parameters of the Chi-Square and

Some Related Distributions Using Quantiles

I. Infroduction

This report presents additional results of the continuing
investigation into the use of sample quantiles for data
compression of space telemetry. Most of the previous
results of this investigation are given in Refs. 1-4. Refer-
ence 1 deals with the problem of efficiently estimating
the parameters of a normal distribution, using up to 20
quantiles, and also describes two goodness-of-fit tests, each
using four quantiles. References 2-4 are concerned with
hypothesis testing and estimation of the correlation coeffi-
cient of a bivariate normal distribution, using up to eight
quantiles. In Ref. 5, estimators are given for the param-
eters of an extreme-value distribution, using up to 10
quantiles.

In this report, we consider initially the distribution of
the sum of the squares of n independent, normally dis-
tributed random variables, each with zero mean and vari-
ance ¢°. For ¢* =1, this distribution is known as the
chi-square (x?) distribution with n degrees of freedom
(d.f.). For identification purposes, we will designate the
generalized form as the x* distribution with a scale fac-
tor (o?).

JPL TECHNICAL REPORT 32-1532

With respect to this distribution and assuming that » is
known and the sample size is large, we first construct
asymptotically optimum and unbiased quantile estimators
of ¢, using k quantiles, for k=1,2, - - - ,8 and for
n=12 ---,32,34, - - -,40,50,60. The efficiencies of
the quantile estimators are also determined, for each value
of n and k, relative to the maximum-likelihood (M.L.)
estimators.

Estimating the power of white Gaussian noise is equiv-
alent to estimating o* for a y? distribution with a scale
factor. The problem of estimating o¢* also arises in non-
coherent communication analysis.

The x* distribution has only one parameter, n. When n
is unknown, it must be estimated in order for the distri-
bution to be completely specified. Accordingly, guantile
estimators of n are constructed using up to six quantiles.
For an assumed sample size of m = 100, the probability
that the quantile estimate of n will equal n is compared
with the same probability when the M.L. estimator is
used, forn=1,2, - - - ,5,10,15, - - - ,70. The probabil-
ity that each quantile estimate of n will differ from n by
at most one is also given.



The estimation of the length of noise bursts is equiva-
lent to estimating the d.f. of a x?* distribution.

For the case where both n and ¢? are unknown, quantile
estimators of the mean, ne®, using from two to six quan-
tiles, are constructed from the optimum estimators of ¢*
for n = 20. With this estimate, 7ic?, and the same quan-
tiles used in estimating it, an unusual type of quantile
estimator is constructed, using four and six quantiles, in
order to estimate n and o* individually.

Two distributions which are related to the x* distribu-
tion with a scale factor are of special practical interest.
These are the square roots of the x? distributions with a
scale factor and two and three d.f. Asymptotically opti-
mum and unbiased estimators of ¢ are constructed for
each case, using up to six quantiles. The efficiencies of
these estimators are also determined relative to the M.L.
estimators.

Finally, a Monte Carlo study was made for each type
of estimator, and the results were listed.

il. Review of Quantiles

To define a quantile, consider m independent values
-, %, taken from a distribution of a continuous
type with distribution function G (x) and density func-
tion g (x). The pth quantile, or the quantile of order p of
the distribution or population, denoted by ¢,, is defined
as the root of the equation G (g,) = p; that is,

p=["acw=[*ewas

The corresponding sample quantile z, is defined as fol-
lows: If the sample values are arranged in non-decreasing
order of magnitude

xl, Xy "

) <Xy < - < Kmy
then x; is called the ith-order statistic and
Zp = X(rmpl+)

where [mp] is the greatest integer < mp.

If g (x) is differentiable in some neighborhood of each
quantile value considered, it has been shown (Ref. 6) that
the joint distribution of any number of quantiles is asymp-
totically normal as n— « and that, asymptotically,

E(z) =&
i <228
_ [P —p)]*
Piz ™ [Pz 1- Pl):l

where p;, is the correlation between z, and z,, and
P1 < Pe.

Throughout this report, we will denote by k, (x) and
K, (x) the density function and distribution function,
respectively, of the x* distribution with n d.f., given by

L
n

n/2 —

27 (%)

K, (2) =f k., (£) det

kn(x) = X2t e/ x>0

The density function of the x? distribution with a scale
factor is easily derived, and is given by

;15. kn <(_j:;> — _.__]‘__H__xn/2-1 e—w/zoﬂ’ x S 0
2r/2 g™ T <—2->

Thus, one has

p= ;12. / “L (;’i—) dx = / it e () di = / "k (x) dx

Hence, one sees that, asymptotically, if z, is a sample
quantile of order p from a x* distribution with a scale
factor, then

E(z) = =0

JPL TECHNICAL REPORT 32-1532



and, since

1 /g\_ 1
k(%)= 7k

0_2

o*p(l—p)

V) = Tk @)

so that the moments of the sample quantiles of a x* dis-
tribution with a scale factor are expressable in terms of
the x? distribution.

When ¢ (> 1) quantiles are being considered, the sample
quantiles will be denoted as z; of order p;,i = 1,2, - - - ,¢
and p; < p; for i < . The corresponding population quan-
tile of the x* distribution will be denoted by ¢;.

lll. Estimating the Parameter o° of a x* Distribution
With a Scale Factor, Using Quantiles

The quantile estimators of o® will be constructed as
linear combinations of k quantiles of the form

o= éﬂizi (1

where the 8; and the orders of the quantiles will be chosen
so as to satisfy simultaneously the following two condi-
tions:

(1) The expected value of 5*(E (6*)) = o*.

(2) Var (6%) = minimum.

Beginning with one quantile, one has, for a given value
of n and a fixed value of p,

©

= Bz E(0%) = BLyot
It is evident that in order to satisfy the first condition,
we must put 8 = 1/,. The variance of G* is given by

4
ny . O'P(1—p)
var (0?) = ——————-
)= mER @)
so that the second condition will be satisfied if the order
of the quantile is chosen to minimize var (62). It is more
convenient, however, to adopt the equivalent procedure

JPL TECHNICAL REPORT 32-1532

of minimizing var (6*) with respect to {,. Accordingly,
one has

op

&;:kn(‘:p)
kot Kalld), o
AT (n—2-—1¢,)

Then, setting 2 var (6%)/0f, = 0 results in

[N\e]

Lokn (L) (L —2p) —p(1—p)(n— ) =0 (2)

Solving Eq. (2) for p gives the optimum order of the
single sample quantile used in estimating o°.

For k> 1, from Eq. (1) one has
k
E(Uz) =¢* 3 Bidi
i=1
and ¢* will be unbiased if we put
k
2 Bidi=1

The minimization of var (6°) will be accomplished in two
steps. Since B can now be expressed as

k-1 N
(l - Z Bifi)
ﬁk — ’bgl ¥ (3)
%

we first determine the values of the remaining 8; which
will minimize var (6?) for a fixed set of the p,.

Let ¢% denote the variance of z; and o;; the covariance
between z; and z;. Then one has

k k-1 k
var (62) = ;lﬂwi +23 2 Bifioi (4)

P21 f=i+1

Substituting in Eq. (4) the value of 3 given in Eq. (3)
and then setting the partial derivatives of var (6*) with
respect to 8; equal to zero fori = 1,2, - - -,k — Lresults
in k — 1 linear equations of the form

k-
ZlAijIszbi, 121,2,35{*"1
i=1

&3



where
Ay = pof + Giok/Lx — 2ioin,
Aij = Lo/ + Cvois — Lioin — Liogn,
Aji = Ay

b; = Liok/&x — oin, i=12 ---,k—1

The values of the B; obtained from the above set of k — 1
linear equations and Eq. (3) are those which minimize
var (62) for the fixed set of p;. Then, by varying the p;
and determining the values of the B; for each variation
by the above procedure, the set of p; and B; are obtained

for which var (52) is an absolute minimum and E (%) = o°.

Using all the m sample values, the M.L. estimator of ¢
and its variance for each n are given by

1
nm i=1

2 4
var (&?) = #:-ﬁ

The efficiency of 5 is defined for all values of k and n as

20t
Mo\ . 2T
of (&) nmvar (%)

Tables 1-5 give the optimum orders of the quantiles
and the coefficients to be used in the estimators

).
¢ =3 Bizi
4=1

for k= 1(1)6 and n = 1(1)32(2)40(10)60. The efficiencies

are also given.

For intermediate values of n, interpolation should give
good results. For 60 < n < 70, extrapolation should also
give good results. For n > 70, since the x* distribution
approaches normality as n-» o, one can use the estimators
of the mean of a normal distribution given in Ref. 1
(p. 104) for k =1,2,4, - - - ,20. For k= 3,5, - - - ,9, the
estimators given in Ref. 7 (p. 279) can be used. It should
be noted, however, that since the mean of a x? distribu-

i=12, -

i=1,2 k=2

k=1

j=idl,

tion with a scale factor is no? the estimators given in
Refs. 1 and 7 should be divided by n to obtain the esti-
mate of o*.

For n = 2, the density function of a x* distribution with
a scale factor is

1 x 1
. — ) o i /207
a* k. ( a® ) 202 ¢

which is the density of an exponential distribution of the
form

Aer

where, in this case, A = 1/2¢% Now, if we denote by ;
and z;, i = 1,2, - - -, k, the population and sample quan-
tiles, respectively, of an exponential distribution with an
unknown parameter A, of the same orders as given in
Tables 1-5 for n = 2, then if ¢; again denotes the cor-
responding population quantile of the x? distribution with
two d.f., one has

szz)\z i:]-:z).")k
and if we let
&
o= 2 IBizw
4=1
then
k
_ = Bids 1
BW=3 af= ) Gi= g

Thus, multiplying by two the estimators of ¢2 for n =2
gives the optimum, unbiased k-quantile estimator of 1/A
of the exponential distribution for each value of k.

JPL TECHNICAL REPORT 32-1532



Table 1. Optimum orders p;, coefficients 8;, and efficiencies of quantile estimators of ¢*
for a x* distribution with a scale factor and n d.f. of the form

K
ot =3 Bz, fork=1,2
=1

k=1 k=2

" P B Eff (5°) P p: B B Eff (69
1 0.8617 0.4552 0.6522 0.7458 0.9540 0.4150 0.1157 0.8244
2 0.7968 0.3138 0.6476 0.6385 0.9265 0.2616 0.08955 0.8202
3 0.7575 0.2391 0.6451 0.5781 0.9075 0.1878 0.07344 0.817¢
4 0.7306 0.1931 0.6435 0.5387 0.8939 0.1455 0.06223 0.8164
5 0.7107 0.1619 0.6424 0.5107 0.8827 0.1180 0.05423 0.8154
6 0.6951 0.1394 0.6416 0.4903 0.8745 0.09909 0.04788 0.8146
7 0.6826 0.1223 0.6410 0.4730 0.8665 0.08511 0.04316 0.8141
8 0.6722 0.1090 0.6405 0.4601 0.8604 0.07452 0.03917 0.8136
9 0.6634 0.09829 0.6401 0.4476 0.8547 0.06619 0.03600 0.8132
10 0.6558 0.08950 0.6398 0.4383 0.8494 0.05944 0.03330 0.812¢
n 0.6492 0.08215 0.6396 0.4297 0.8454 0.05396 0.03094 0.8127
12 0.6434 0.07592 0.6394 0.4235 0.8419 0.04938 0.02885 0.8125
13 0.6382 0.07056 0.6391 0.4168 0.8383 0.04546 0.02711 0.31232
14 0.6335 0.06591 0.6390 0.4106 0.8351 0.04212 0.02557 0.8121
15 0.6292 0.06185 0.6388 0.4062 0.8323 0.03922 0.02416 0.8120
16 0.6254 0.05824 0.6387 0.4013 0.8294 0.03667 0.02294 0.8119
17 0.6219 0.05503 0.6386 0.3973 0.8273 0.03445 0.02180 0.8118
18 0.6186 0.05216 0.6385 0.3935 0.8250 0.03247 0.02079 0.8117
19 0.6156 0.04958 0.6384 0.3898 0.8227 0.03068 0.01989 0.8116
20 0.6129 0.04724 0.6383 0.3869 0.8209 0.02910 0.01904 0.8115
21 0.6102 0.04511 0.6382 0.3841 0.8200 0.02769 0.01822 0.8114
22 0.6078 0.04316 0.6382 0.3814 0.8176 0.02636 0.01755 0.8113
23 0.6056 0.04137 0.6381 0.3781 0.8157 0.02515 0.01692 0.8113
24 0.6034 0.03973 0.6381 0.3755 0.8139 0.02405 0.01633 0.8112
25 0.6014 0.03821 0.6380 0.3735 0.8126 0.02306 0.01575 0.8112
26 0.5995 0.03681 0.6379 0.3710 0.8111 0.02213 0.01524 0.8111
27 0.5978 0.03550 0.6379 0.3697 0.8101 0.02128 0.01473 0.8111
28 0.5961 0.03428 0.6378 0.3673 0.8085 0.02048 0.01429 0.8110
29 0.5945 0.03315 0.6378 0.3654 0.8074 0.01974 0.01385 0.8110
30 0.5929 0.03208 0.6378 0.3647 0.8066 0.01907 0.01343 0.8110
31 0.5915 0.03108 0.6377 0.3624 0.8053 0.01842 0.01306 0.8109
32 0.5901 0.03015 0.6377 0.3611 0.8044 0.01782 0.01269 0.8109
34 0.5874 0.02843 0.6376 0.3576 0.8022 0.01672 0.01204 0.8108
36 0.5851 0.02690 0.6376 0.3557 0.8006 0.01576 0.01144 0.8108
38 0.5828 0.02553 0.6375 0.3533 0.7993 0.01490 0.01089 0.8107
40 0.5808 0.02429 0.6375 0.3504 0.7972 0.01411 0.01042 0.8107
50 0.5725 0.01954 0.6373 0.3414 0.7904 0.01118 0.008525 0.8105
60 0.5663 0.01635 0.6372 0.3351 0.7857 0.009246 0.007213 0.8104
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Table 2. Optimum orders p;, coefficients 3;, and efficiencies of quantile estimators of o® fora
x? distribution with a scale factor and n d.f.,
3
=3 Bizi
t=1
n P P2 Ps B1 B2 Bs Eff (3°)
1 0.6599 0.8904 0.9793 0.3808 0.1557 0.04750 0.8943
2 0.5300 0.8305 0.9656 0.2240 0.1131 0.03861 0.8911
3 0.4581 0.7895 0.9550 0.1534 0.08928 0.03311 0.8892
4 0.4168 0.7629 0.9475 0.1150 0.07306 0.02863 0.8880
5 0.3872 0.7428 0.9415 0.09123 0.06189 0.02529 0.8871
& 0.3639 0.7254 0.9362 0.07501 0.05390 0.02278 0.8865
7 0.3461 0.7110 0.9315 0.06339 0.04767 0.02082 0.8860
8 0.3326 0.6997 0.9276 0.05477 0.04269 0.01911 0.8857
9 0.3213 0.6900 0.9243 0.04811 0.03866 0.01768 0.8854
10 0.3118 0.6808 0.9211 0.04278 0.03534 0.01649 0.8851
11 0.3038 0.6742 0.9187 0.03853 0.03252 0.01539 0.8849
12 0.2962 0.6669 0.9162 0.03494 0.03017 0.01449 0.8847
13 0.2906 0.6611 0.9139 0.03197 0.02808 0.01369 0.8846
14 0.2852 0.6558 0.2119 0.02945 0.02628 0.01296 0.8844
15 0.2799 0.6510 0.9102 0.02727 0.02472 0.01231 0.8843
16 0.2762 0.6466 0.9083 0.02539 0.02328 0.01173 0.8842
17 0.2719 0.6426 0.9069 0.02373 0.02205 0.01119 0.8841
18 0.2683 0.6389 0.9054 0.02227 0.02092 0.01071 0.8840
19 0.2654 0.6355 0.9039 0.02097 0.01989 0.01028 0.8840
20 0.2625 0.6323 0.9026 0.01981 0.01897 0.009875 0.8839
21 0.2597 0.6294 0.9014 0.01877 0.01813 0.009501 0.8838
22 0.2568 0.6266 0.9004 0.01782 0.01738 0.009152 0.8838
23 0.2546 0.6240 0.8992 0.01697 0.01666 0.008834 0.8837
24 0.2523 0.6215 0.8982 0.01619 0.01602 0.008537 0.8837
25 0.2506 0.6192 0.8971 0.01548 0.01540 0.008266 0.8836
26 0.2483 0.6170 0.8963 0.01481 0.01485 0.008002 0.8836
27 0.2466 0.6150 0.8954 0.01421 0.01433 0.007760 0.8836
28 0.2448 0.6130 0.8946 0.01365 0.01385 0.007532 0.8835
29 0.2435 0.6111 0.8937 0.01314 0.01339 0.007323 0.8835
30 0.2417 0.6093 0.8930 0.01265 0.01297 0.007117 0.8835
31 0.2404 0.6077 0.8922 0.01221 0.01257 0.006928 0.8834
a2 0.2391 0.6060 0.8915 0.01779 0.01219 0.006748 0.8834
34 0.2363 0.6030 0.8902 0.01103 0.01151 0.006413 0.8834
36 0.2340 0.6002 0.8890 0.01036 0.01090 0.006112 0.8833
38 0.2320 0.5977 0.8874 0.009761 0.01034 0.005841 0.8833
40 0.2300 0.5953 0.8867 0.009227 0.009848 0.005591 0.8832
50 0.2218 0.5852 0.8821 0.007227 0.007941 0.004619 0.8831
&0 0.2166 0.5783 0.8787 0.005937 .0.006647 0.003934 0.8830

JPL TECHNICAL REPORT 32-7532




Table 3. Optimum orders p;, coefficients 38;, and efficiencies of quantile estimators of ¢* fora

x? distribution with a scale factor and n d.f.,

4
ot = 3 Bizy
B

n P p: [ 2 Pa B B Ba B Eff 167)
1 0.5972 0.8308 0.9429 0.9890 0.3530 0.1697 0.07626 0.02417 0.9294
2 0.4512 0.7418 0.9067 0.9810 0.1954 0.1181 0.05977 0.02046 0.9269
3 0.3763 0.6869 0.8814 0.9750 0.1290 0.08970 0.04908 0.01775 0.8254
4 0.3338 0.6503 0.8636 0.9705 0.09406 0.07182 0.04145 0.01559 0.92458
5 0.3031 0.6219 0.8487 0.9664 0.07290 0.05983 0.03606 0.01405 0.9238
é 0.2828 0.6021 0.8374 0.9633 0.05919 0.05103 0.03178 0.01271 0.9223
7 0.2661 0.5845 0.8268 0.9602 0.04941 0.04445 0.02855 0.01173 0.9229
8 0.2521 0.5695 0.8184 0.9579 0.04215 0.03948 0.02595 0.01082 0.9226
4 0.2412 0.5572 0.8104 0.9555 0.03666 0.03538 0.02378 0.01012 0.9224
10 0.2320 0.5463 0.8040 0.9535 0.03233 0.03210 0.02195 0.009475 0.9222
11 0.2249 0.5373 0.7985 0.9518 0.02889 0.02933 0.02037 0.008893 0.9220
12 0.2180 0.5291 0.7932 0.9501 0.02605 0.02701 0.01901 0.008415 0.9219
13 0.2136 0.5232 0.7891 0.9488 0.02366 0.02497 0.0177¢9 0.007944 0.9217
14 0.2085 0.5170 0.7849 0.9474 0.02178 0.02326 0.01674 0.007556 0.9216
15 0.2048 0.5120 0.7812 0.9462 0.02011 0.02173 0.01579 0.007197 0.9215
16 0.2005 0.5066 0.7775 0.9450 0.01863 0.02041 0.01498 0.006881 0.9214
17 0.1975 0.5022 0.7746 0.9440 0.01737 0.01923 0.01422 0.006581 0.9214
18 0.1944 0.4981 0.7716 0.9429 0.01625 0.01817 0.01355 0.006315 0.2213
19 0.1907 0.4929 0.7683 0.9419 0.01521 0.01725 0.01297 0.006080 0.9212
20 0.1882 0.4898 0.7658 0.9410 0.01434 0.01639 0.01240 0.005853 0.9212
21 0.1857 0.4863 0.7635 0.9402 0.01355 0.01563 0.01189 0.005640 Q.9211
22 0.1836 0.4830 0.7610 0.9394 0.01283 0.01491 0.01143 0.005451 0.9211
23 0.1815 0.4804 0.7591 0.9387 0.01219 0.01427 0.01098 0.005267 0.9210
24 0.1794 0.4773 0.7569 0.9380 0.01160 0.01368 0.01059 0.005097 0.9210
25 0.1778 0.4748 0.7553 0.9373 0.01107 0.01314 0.01021 0.004938 Q.9210
26 0.1760 0.4720 0.7530 0.9365 0.01057 0.01262 0.009873 0.004300 0.9209
27 0.1743 0.4697 0.7512 0.9360 0.01012 0.01216 0.009550 0.004659 0.9209
28 0.1730 0.4676 0.7500 0.9355 0.009706 0.01173 0.009243 0.004521 0.9209
29 0.1720 0.4660 0.7485 0.9349 0.009337 0.01132 0.008951 0.004398 0.9209
30 0.1706 0.4640 0.7470 0.9344 0.008979 0.01094 0.008685 0.004280 0.9208
31 0.1692 0.4620 0.7453 0.9338 0.008643 0.01058 0.008437 0.004175 0.9208
32 0.1682 0.4601 0.7441 0.9333 0.008335 0.01025 0.008199 0.004071 0.9208
34 0.1656 0.4564 0.7415 0.9324 0.007767 0.009652 0.007769 0.003877 0.9207
36 0.1640 0.4538 0.7392 0.9315 0.007288 0.009105 0.007372 0.003702 0.9207
38 0.1623 0.4513 0.7374 0.9309 0.006859 0.008628 0.007015 0.003534 0.9207
40 0.1606 0.4485 0.7352 0.9301 0.006468 0.008192 0.006697 0.003392 0.9206
50 0.1543 0.4383 0.7270 0.9269 0.005035 0.006535 0.005452 0.002818 0.9205
60 0.1500 0.4316 0.7213 0.9247 0.004118 0.005433 0.004594 0.002408 0.92058
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Table 4. Optimum orders p;, coefficients B;, and efficiencies of quantile estimators of o* fora

x® distribution with a scale factor and n d.f.,

5
=3 Bizy
i=1

n P p: ps ps ps B B: Bz B Bs Eff (5°)

i 0.5497 0.7793 0.9034 0.9669 0.9936 0.3292 0.1735 0.09233 0.04294 0.01380 0.9496

2 0.3935 0.6671 0.8436 0.9433 0.9885 0.1731 0.1160 0.06998 0.03548 0.01215 0.9476

3 0.3177 0.6006 0.8032 0.9262 0.9845 0.1103 0.08537 0.05601 0.03006 0.01076 0.9464
4 (0.2734 0.5562 0.7740 0.2131 0.9813 0.07841 0.06690 0.04660 0.02605 0.009658 0.9456

5 0.2447 0.5255 0.7528 0.9030 0.9788 0.05982 0.05477 0.03973 0.02289 0.008724 0.9451

é 0.2244 0.5015 0.7359 0.8945 0.9766 0.04776 0.04622 0.03463 0.02047 0,007978 0.9447
7 0.2088 0.4834 0.7220 0.8877 0.9748 0.03949 0.03989 0.03068 0.01851 0.007327 0.9444

B 0.1966 0.4666 0.7088 0.8811 0.9730 0.03334 0.03494 0.02764 0.01699 0.006842 0.9441

9 0.1871 0.4547 0.6995 0.8759 0.9715 0.02884 0.03114 0.02502 0.01561 0.006388 0.9439
10 0.178¢% 0.4431 0.6901 0.8708 0.9701 0.02525 0.02801 0.02292 0.01451 0.006010 0.9437
11 0.1726 0.4342 0.6825 0.8665 0.9688 0.02247 0.02543 0.02110 0.01354 0.005672 0.9436
12 01671 0.4261 0.6757 0.8628 0.9677 0.02018 0.02327 0.01957 0.01268 0.005369 0.9435
13 0.1623 0.4193 0.6703 0.8595 0.9668 0.01830 0.02147 0.01823 0.01191 0,005087 0.9434
14 0.1576 0.4130 0.6648 0.8567 0.9659 0.01669 0.01992 0.01709 0.01125 0.004834 0.9433
15 0.1547 0.4077 0.6604 0.8540 0.9651 0.01537 0.01855 0.01605 0.01604 0.004610 0.9432
16 C.1517 0.4028 0.6558 0.8516 0.9643 0.01422 0.01734 0.01515 0.01011 0.004407 0.9432
7 0.1492 0.3988 0.6522 0.8491 0.9636 0.01324 0.01629 0.01432 0.009623 0.004227 0.9431
18 0.1461 0.3942 0.6483 0.8469 0.9629 0.01233 0.01537 0.01360 0.009193 0.004057 0.9430
19 0.1435 0.3905 0.6447 0.8447 0.9622 0.01155 0.01453 0.01294 0.008800 0.003911 0.9430
20 0.1414 0.3869 0.6413 0.8426 0.9617 0.01086 0.01378 0.01234 0.008447 0.003767 0.9429
21 0.1391 0.3835 0.6382 0.8408 0.9610 0.01024 0.01310 0.01180 0.008112 0.003641 0.9429
22 0.1378 0.3801 0.6352 0.8391 0.9605 0.009687 0.01246 0.01131 0.007809 0.003516 0.9429
23 0.1355 0.3769 0.6320 0.8372 0.9599 0.009167 0.01190 0.01086 0.007535 0.003408 0.9428
24 0.1340 0.3743 0.6294 0.8356 0.9594 0.008717 0.01138 0.01044 0.007273 0.003306 0.9428
25 0.1325 0.3718 0.6269 0.8340 0.9588 0.008302 0.01091 0.01004 0.007030 0.003207 0.9428
26 0.1309 0.3693 0.6246 0.8323 0.9584 0.007919 0.01047 0.009674 0.006805 0.003119 0.9427
27 0.1296 0.3669 0.6224 0.8313 0.9580 0.007571 0.01007 0.009350 0.006587 0.003026 0.9427
28 0.1284 0.3646 0.6199 0.8298 0.9576 0.007248 0.009681 0.009038 0.006397 0.002945 0.9427
2% 0.1270 0.3628 0.6184 0.8288 0.9572 0.006953 0.009346 0.008740 0.006202 0.002865 0.9427
30 01260 0.3605 0.6160 0.8272 0.9567 0.006677 0.009008 0.008464 0.006033 0.002799 0.9427
a 0.1250 0.3588 0.6147 0.8266 0.9564 0.006425 0.008713 0.008213 0.005855 0.002723 0.9426
32 0.1242 0.3576 0.6135 0.8257 0.9562 0.006199 0.008433 0.007964 0.005691 0.002652 0.9426
34 0.1223 0.3542 0.6102 0.8237 0.9555 0.005770 0.007916 0.007521 0.005402 0.002529 0.9426
36 0.1206 0.3505 0.6064 0.8212 0.9547 0.005387 0.007443 0.007125 0.005154 0.002427 0.9426
38 0.1190 0.3478 0.6037 0.8194 0.9542 0.005057 0.007034 0.006766 0.004916 0.002325 0.9425
40 0.1174 0.3451 0.6012 0.8179 0.9536 0.004758 0.006670 0.006446 0.004699 0.002232 0.9425
50 0.111% 0.3351 0.5912 0.8113 0.9513 0.003676 0.005286 0.005200 0.003851 0.001862 0.9424
&0 0.1080 0.3281 0.5839 0.8064 0.9496 0.002986 0.004372 0.004357 0.003266 0.001599 0.9423
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Table 5. Optimum orders p;, coefficients 8, and efficiencies of quantile estimators of o° for o
x* distribution with a scale factor and n d.f.,
6
= 2 Bizi
=1

n p1 [23 ps3 ps Ps Ps B B Bs B Bs Bs Eff (3

1105116 07326 | 0.8629 | 0.9386 | 0.9787 | 0.9958 | 0.3073 0.1726 0.1021 0.05680 | 0.02706 | 0.008220 | 0.9622

2 | 0.3478 0.6042 | 07828 | 0.8978 | 0.9631 | 0.9925 | 0.1554 0.1114 0.07462 | 0.04509 | 0.02282 | 0.007811 | 0.9606

3| 0.2732 0.5319 | 07309 | 0.8684 | 0.9508 | 0.9897 | 0.09639 | 0.07966 | 0.05783 | 0.03718 | 0.01981 | 0.007055 | 0.9596

4| 02275 0.4799 | 0.6927 | 0.8462 | 0.9414 | 0.9875 | 0.06648 | 0.06154 | 0.04762 | 0.03178 | 0.01743 | 0.006398 | 0.9590

5 | 0.2026 0.4506 | 0.6677 | 0.8306 | 0.9344 | 0.9858 | 0.05029 | 0.04949 | 0.03977 | 002742 | 0.01542 | 0.005782 | 0.5585

6101837 | 04264 | 06485 | 08184 | 09287 | 0.9844 | 003972 | 0.04142 | 0.03430 | 0.02411 | 0.01381 | 0.005274 | 0.9582

7 | 01712 0.4093 | 0.6327 | 0.8080 | 0.9239 | 0.9831 | 0.03269 | 0.03534 | 0.03001 | 0.02155 | 0.01253 | 0.004859 | 0.9579

8 | 0.1614 0.3941 0.6192 0.7994 0.9198 0.9820 0.02750 0.03074 0.02676 0.01950 0.01147 0.004507 0.9577

9 | 0.1520 0.3806 0.6067 0.7906 0.9155 0.9809 0.02358 0.02717 0.02411 0.01786 0.01066 0.004247 0.9576
10 | 0.1454 | 0.3712 | 0.5981 | 07846 | 09126 | 0.9801 | 0.02066 | 0.02438 | 0.02191 0.01640 | 0.009883 | 0.003964 | 0.9574
11 | 0.1389 0.3606 0.5880 0.7773 0.9087 0.9791 0.01820 0.02200 0.02011 0.01523 0.009307 | 0.003780 0.9573
12 | 0.1333 0.3525 0.5804 0.7725 0.9063 0.9784 0.01626 0.02010 0.01860 0.01420 0.008719 | 0.003568 0.9572
13 | 0.1290 0.3449 | 0.5728 | 07667 | 0.9033 | 09775 | 0.01466 | 0.01842 | 0.01726 | 0.01332 | 0.008256 | 0.003415 | 09571
14 | 0.1247 | 0.3377 | 0.5658 | 07615 | 0.9007 | 0.9769 | 0.01329 | 0.01701 | 0.01611 0.01255 | 0.007845 | 0.003263 | 0.9571
151 0.1214 0.3316 | 0.5586 | 0.7563 | 0.8978 | 0.9761 | 001217 | 0.01573 | 0.01509 | 0.01188 | 0.007489 | C.003141 | 0.9570
16 ] 0.1182 | 0.3265 | 0.5533 | 07520 | 0.8956 | 0.9754 | 0.01120 | 0.01468 | 0.01418 | 0.01125 | 0.007145 | 0.003021 | 0.9569
17 | 0.1154 0.3209 | 0.5470 | 07477 | 0.8933 | 0.9747 | 0.01035 | 0.01371 | 0.01340 | 0.01072 | 0.006845 | 0.0029%4 | 0.9569
18 | 0.1126 0.3155 0.5417 0.7436 0.8912 0.9742 0.009590 | 0.01287 0.01270 0.01023 0.006573 | 0.002806 0.9568
19 | 0.1102 0.3110 | 0.5367 | 07399 | 0.8891 | 0.9736 | 0.008940 | 0.01212 | 0.01206 | 0.009775 | 0.006322 | 0.002714 | 0.9568
20 | 0.1081 0.3072 | 0.5327 | 07365 | 0.8875 | 0.9731 | 0.008377 | 0.01146 | 0.01147 | 0.009361 | 0.006083 | 0.002623 | 0.9568
21 | 0.1057 0.3029 0.5288 0.7337 0.8860 0.9727 0.007848 | 0.01087 0.01097 0.008979 | 0.005845 | 0.002536 Q.9567
22 | 0.10356 0.2994 0.5251 0.7312 0.8847 0.9723 0.007385 | 0.01034 0.01050 0.008630 | 0.005643 | 0.002452 0.9567
23 | 0.1018 0.2959 | 0.5210 | 07280 | 0.8830 | 0.9718 | 0.006972 | 0.009834 | 0.01005 | 0.008317 | 0.005464 | 0.002382 | 0.9567
24 | 0.1000 | 0.2930 | 0.5177 | 07254 | 0.8817 | 0.9714 | 0.006602 | 0.009390 | 0.009640 | 0.008021 | 0.005285 | 0.002313 | 0.9566
25 | 0.09923 | 0.2913 | 0.5162 | 07238 | 0.8805 | 0.9710 | 0.006298 | 0.008998 | 0.009257 | 0.007708 | 0.005106 | 0.002246 | 0.9566
26 | 0.09866 | 0.2902 | 0.5148 | 07223 | 0.8797 | 0.9708 | 0.006030 | 0.008634 | 0.008895 | 0.007427 | 0.004936 | 0.002177 | 0.9566
27 | 0.09771 0.2879 0.5117 0.7202 0.8785 0.9704 0.005760 | 0.008272 | 0.008570 | 0.007189 | 0.004788 | 0.002122 0.9566
28 | 0.09670 | 0.2862 | 0.5094 | 07181 | 0.8773 | 0.9701 | 0.005514 | 0007952 | 0.008259 | 0.006960 | 0.004652 | 0.002067 | 0.9566
29 | 0.09594 | 0.2845 | 0.5076 | 07166 | 0.8763 | 0.9698 | 0.005290 | 0.007658 | ¢ 007978 | 0.006734 | 0.004519 | 0.002013 | 0.9565
30 | 0.09514 0.2828 0.5059 0.7152 0.8756 0.9695 0.005080 | 0.007385 | 0.007718 0.006530 | 0.004389 | 0.001959 0.95658
31 | 0.09429 0.2816 0.5043 0.7138 0.8750 0.9693 0.004888 | 0.007135 | 0.007469 | 0.006339 | 0.004266 | 0.001%08 0.9565
32 | 0.09367 0.2803 0.5032 0.7130 0.8744 0.9691 0.004712 | 0.006903 | 0.007242 0.006149 | 0.004146 | 0.001858 0.9565
34 | 0.09258 0.2783 0.5007 0.7107 0.8730 0.9687 0.004397 | 0.006474 | 0.006813 | 0.005808 | 0.003933 | 0.001772 0.9565
36 | 0.09133 | 0.2762 | 0.4983 | 07086 | 0.8716 | 0.9682 | 0.004114 | 0.006098 | 0.006436 | 0.005501 | 0.003741 | 0.001694 | 0.9564
38 | 0.09044 0.2740 0.4961 0.7068 0.8707 0.9680 0.003866 | 0.005755 | 0.006104 | 0.005232 | 0.003566 | 0.001418 0.9564
40 | 0.08940 | 0.2723 | 0.4939 | 07053 | 0.8697 | 0.9676 | 0.003643 | 0.005453 | 0.005817 | 0.004987 | 0.003406 | 0.001551 | 0.9564
50 | 0.08550 | 0.2642 | 0.4849 | 0.6976 | 0.8651 | 0.9661 | 0.002816 | 0.004304 | 0.004649 | 0.004041 | 0.002795 | 0.001292 | ©.9563
60 | 0.08201 | 0.2572 | 0.4763 | 0.6904 | 0.8609 | 0.9648 | 0.002273 | 0.003539 | 0.003873 | 0.003410 | 0.002385 | 0.001115 | 0.9563
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V. Estimating the Mean of a x* Distribution
Using Quantiles

Estimating the mean of a x* distribution is equivalent
to estimating the number of d.f. since E (x) =n. The
quantile estimators of n will be constructed on an entirely
different basis than was used for estimating o* in the
preceding section. If one looks at the entries in Table 7
of Bef. §, which gives the values of the probability inte-
gral of the yx* distribution for n = 1(1)30(2)70, one ob-
serves that the median, the quantile of order 0.5, falls
between n — 1 and n for all values of n listed. Thus, a
simple one-quantile estimate of n can be obtained by de-
termining the sample median, and if it falls between [ — 1
and [, take I as 7. More formally, the estimator would be

)

A =12(08)]+1=[n]+1

where [x] denotes the greatest integer =ux.

It is useful to establish a criterion for deciding how
“good” one estimator is as compared with another; we
will therefore use as a criterion the probability thatn = n.
In order to compute this probability, we first determine
the mean and variance of n*, and then we have

prob (A = n) = prob(n — 1 < n* Z n)
which can easily be computed by assuming the asymptotic
normality of n*.

The moments of 7 are computed as follows:

E(f)= 3 jprob(R=1)= 3 jprob(j —1Z n* <)
ji=1

E@@?) = 3 ffprob(@={) = 3 fprob(j — 1< n*<j)

Because of the assumption that n* is normal, if we
choose that quantile which, for a given value of n,
E(n*) =n — 0.5, we are likely to get a better estimator
than that using the median. However, this reasoning is
complicated by the fact that the optimum order of the
quantile for one value of n is not necessarily optimum for
another value, and, in the absence of any knowledge con-
cerning the value of n, we must specify the order to be
used whatever n happens to be. Nevertheless, it turns
out that by using p = 0.5085, the order for which
E(n*) =n — 0.5 (from which it follows that E (1) = n)
for n = 30, we obtain results that are slightly better for
all values of n than those obtained by using p = 0.5.

10

Table 6 gives the results for p =0.5085 and n = 1( )5(5)70.
Included in the table is the probability that 7 will differ
from n by at most one. Column 6 gives the prob (R = n)
for p = 0.5. It should be emphasized that in all cases a
sample size of m = 100 was assumed and that the prob-
abilities in the table apply only for this sample size. It can
be seen from the table that for no value of n does E (n)
differ substantially from n.

In general, the two most common statistics used for
estimating the mean of a distribution are the sample mean
% and the M.L. equation. Sometimes the estimators from
these two statistics coincide, but in this case they do not.
In order to compare the quantile estimators with those
obtained from x and the M.L. equation, the following
procedures were adopted.

In the case of %, we took as the estimate of n
7i = the nearest integer to¥

Then, because of the large sample size (m = 100), we
assumed that x is normal, with mean n and variance 2n/m
and computed prob (fi=n)=prob (n—05Ix<n+0.5)
andprob(n—1<A<n+1) =prob(n—1.5<x<n+15).

To compute the probability that the M.L. estimator of
n is equal to n, one has the following:

1 m m
Ly = —— 1T s exp(~ S ..
mn/2 o =1 i=1
2 r<2>
nm n
InL,= "Tlnz mlnr<2>

+<n~ 2) 2 lnx,- - 2 Xisz

2 i=1 =1

The M.L. estimator of n is taken to be that positive integer
for which InL, 1s a maximum. Denoting the M.L. esti-
mate of n by n 7, the prob (n =n) is equivalent to the
probability that InL, is greater than both InL,., and
In L,.,,. This is the same as

Pl‘ob<mln2 +2m[ln1‘(%> _ lnr<n ; 1>}
=) (3))
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Table 6. Probabilities associated with estimating the mean (d.f.) of a x* distribution using one quantile,

the sample mean, and the M.L. estimator

p = 0.5085 p =05 x M.L.
n E " M Prob Prob_ Prob Prob _Probs_ AProb
H=n n—1<Aln+1) " =n) (" =n) n—1<F<n+ 1) = n
1 0.4733 1.0 1.0 1.0 1.0 0.9998 1.0 1.0
2 1.4207 1.9829 0.9785 1.0 0.9722 0.9876 1.0 0.9956
3 2.4117 2.9512 0.9222 1.0 0.9070 0.9588 1.0 0.9810
4 3.4115 3.9330 0.8648 1.0 0.8462 0.9229 1.0 0.9540
5 4.4141 4.9253 0.8136 1.0 0.7945 0.8862 1.0 0.9199
10 9.4341 9.9345 0.6401 0.9940 0.6264 0.7364 0.9992 0.7610
15 14.4534 14.9534 0.5420 0.9740 0.5325 0.6387 0.9938 0.6552
20 19.4705 19.9705 0.4778 0.9451 0.4710 0.5708 0.9823 0.5827
25 24.4859 24.9859 0.4318 0.9131 0.4267 0.5205 0.9661 0.5295
30 29.5 30.0 0.3968 0.8811 0.3929 0.4814 0.9472 0.4885
35 34.5131 35.0131 0.3691 0.8505 0.3661 0.4499 0.9270 0.4557
40 39.5253 40.0253 0.3464 0.8219 0.3440 0.4239 0.9065 0.4287
45 44.5368 45.0368 0.3275 0.7952 0.3256 0.4018 0.8862 0.4059
50 49.5476 50.0476 0.3113 07706 0.3098 0.3829 0.8664 0.3865
55 54.5580 55.0580 0.2973 07478 0.2961 0.3664 0.8473 0.2696
60 59.5680 60.0680 0.2850 07267 0.2841 0.3519 0.8291 0.3547
65 64.5775 65.0775 0.2741 0.7071 0.2733 0.3390 0.81169 0.3415
70 69.5867 70.0867 0.2644 0.6889 0.2638 0.3274 07951 0.3296
A=zl 1= [ +1
T = nearest integer to X
2 = M.L estimate
m = 100
Assuming that meet this condition and then optimizing for some inter-
mediate value of n=n, under the constraint that
Z E (n}) = n, — 0.5. Good results were obtained with this
2 Inz; procedure when an estimator was desired which was to

b=l

is normal, the mean and variance of Inx; were computed
and used to find the prob (ﬁ = n). The results for these
estimators are also given in Table 6, in which a proba-
bility of one means that the actual probability was
>0.9999.

The ideal estimator of n using more than one quantile
for, say, n = n, would be of the form

A k
m=[3 Bzl +1l=[n]+1 k>I

where the 8; and p; were selected so as to maximize
prob (n; = n;). However, if no restraint were placed on
the value of E (n¥), this method of choosing the 8; and p;
would give very poor results even for values of n close to
n,. In order for an estimator to be of practical value over
the entire range of values of n, it is essential that E (n*)
should lie between n — 1 and n for all values of n, prefer-
ably as close to n — 0.5 as possible. This can best be
accomplished by first choosing values of 8; and p; which
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be used for all possible values of n. The choice of n, = 30
was dictated by the fact that prob (i = n), even when only
one quantile is used, is quite large for small values of »,
but is small for relatively large values of n, so that it
seems more important to try to increase this probability
for large values of n even if by doing so it is degraded
somewhat for small values.

In some practical situations, it may be known that
a < n < b. In this case, optimization for some value of n
in the interval (a,b) will give a better estimate than the
one designed for all values. Therefore, estimators which
have been optimized for values of n other than n = 30
will also be given.

A simple estimator of n using two quantiles, given by
7=1[05(z(025) +z(0.75)] +1=[n*] +1

meets the requirement n — 1 << n* < n for all values of n
and is a better estimator than the optimum one-quantile
estimator for n > 4. However, optimizing with respect to

11



p: and p, and keeping By = B; = 0.5 for n = 30 results
in the estimator

T = [0.5 (2 (0.2643) + 2(0.7280))] + 1 = [n%,] + 1

30

which is a better estimator than 7 for all values of n and
better than the one-quantile estimator for n > 2. Table 7
lists the pertinent details associated with 7is.

Optimization with respect to the B; as well as the p;
for n = 30 results in prob (@ = n) = 0.44290 for n = 30
as compared to 0.44288 for the same probability when

Ea . . . . . . “ -
s is used. The improvement is so insignificant that it is
not worthwhile considering.

Optimization for n = 10 gives the following:
p, = 02579 B, = 0.4827

p, = 07268 B, =0.5096

prob (7, = n) = 0.7016 forn = 10

Optimization for n = 4 also results in

p, = 0.2384 B1 = 04754

», = 0.7270 B2 = 0.5087
prob (7, = n) = 09177 forn = 4
By comparing the above probabilities with the corre-
sponding ones given in Table 7, it can be seen that n
and %,, should be used only for values of n close to 4

and 10, respectively, when two quantiles are used to
estimate 7.

To estimate n using three quantiles, we considered an
estimator of the form

A= [8.(z + 2z5) + Baza] + 1

and, to start with, put

B, =025 p, =025
183 = 0-5 pg - 0-5
ps =075

Table 7. Probabilities associated with estimating the
mean (d.f.) of a x* distribution using two quantiles

n E (") E (@) (’ﬁpgbn) h—1 Zpin?bZ n+ 1
1 0.6602 1.0024 0.9976 1.0

2 1.6087 2.0209 0.9775 1.0

3 2.5588 3.0395 0.9427 1.0

4 3.5761 4.0493 0.9013 1.0

5 4.5678 5.0529 0.8598 1.0

10 9.5441 10.0432 0.6978 0.9980
15 14.5295 15.0294 0.5975 0.9880
20 19.5181 20.0181 0.5298 0.9697
25 24,5085 25.0085 0.4806 0.9468
30 29.50 30.00 0.4429 0.9218
35 34.4923 34.9923 0.4127 0.8966
40 39.4851 39.9851 0.3880 0.8719
45 44,4785 44,9785 0.3672 0.8482
50 49.4722 49.9722 0.3494 0.8257
55 54,4663 54,9663 0.3339 0.8045
60 59.4607 59.9601 0.3203 0.7846
65 64.4553 64,9553 0.3083 0.7658
70 69.4501 69.9501 0.2975 0.7481

m = 100
= [0.5(z{0.2643) + z(0.7280)1 + 1 = [n'] + 1

For these values, 7 is an excellent estimator for n < 10
and, in fact, is a better estimator than the optimum two-
quantile estimator for all values of n. Keeping 8, and 8.
fixed and optimizing with respect to the p; for n = 30
gives the estimator

o = [0.25 (2 (0.1327) + 2 (0.8575)) + 0.5z (0.4846)] + 1

which is better than 7 for n > 10. Optimization for n = 4
and n = 10 gives the following:

7, = [0.25 (2 (0.08524) + z (0.8585)) + 0.5z (0.4537)] + 1
Mo = [0.25 (2 (0.1207) + 2 (0.8577)) + 0.5z (0.4726)] + 1
Optimization with respect to the 8; as well as the p;
produces no significant improvement, even for the values
of n for which the optimization was carried out. Hence,

Table 8 gives prob (n =n) and prob(n — 1 Z 7 n + 1)
only for the above four estimators.

For the estimator of n using four quantiles, given by

1 =[0.25(2(0.2) + z(0.4) + 2 (0.6) + 2 (0.8))]
+1=[n]+1
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Table 8. Probabilities associated with estimating the mean (d.f.) of a x* distribution using three quantiles

Prob Prob Prob Prob Prob Prob Prob _Prob

n R=n |—1TA<n+1]| Be=n [ h—1<hw<n+N]| Ae=10 [ (h—1he<n+1| Bi=n | h—1<Hh<n+ 1}
1 1.0 1.0 0.9752 1.0 0.9820 1.0 0.9893 1.0

2 0.9931 1.0 0.9364 1.0 0.9559 1.0 0.9792 1.0

3 0.9639 1.0 0.9028 1.0 0.9311 1.0 0.9642 1.0

4 0.9220 1.0 0.8711 1.0 0.9030 1.0 0.9333 1.0

5 0.8785 1.0 0.8401 1.0 0.8719 1.0 0.8902 1.0

10 0.7097 0.9985 0.7068 0.9984 0.7234 0.9989 0.6719 0.9975
15 0.6067 0.9896 0.6137 0.9507 0.6181 0.9913

20 0.5377 0.9726 0.5475 0.9758 0.5446 0.9789
25 0.4877 0.9507 0.4981 0.9560 0.4907 0.9524
30 0.4494 0.9267 0.4595 0.9337 0.4493 0.9268
35 0.4189 0.9021 0.4285 0.9104
40 0.3938 0.8780 0.4028 0.8871
45 0.3727 0.8548 0.3811 0.8644
50 0.3547 0.8327 0.3625 0.8426
55 0.3390 0.8118 0.3464 0.8218
50 0.3253 07921 0.3322 0.8020

65 0.3131 07735 0.3195 0.7833

70 0.3022 0.7560 0.3082 0.7657

7= [0.25(z(0.25) + z{0.75)) + 0.5z (0.5)] + 1

[0.25 (z (0.1327) + z(0.8575)) + 0.5 z (0.4846)] + 1
[0.25 {2 (0.1207) + z{0.8577)) + 0.5 z (0.4726)] + 1
[0.25 (z (0.08524) + z(0.8585)) + 0.5 z (0.4537)] + 1
m = 100

>
i

E (n*) is approximately n = 0.4 for all values of n > 1.
Holding the B, fixed at 0.25 and optimizing with respect
to the p; for n = 30, 10, and 4 gives the estimators

a0 = [0.25 (2 (0.1277) + z(0.3618) + z(0.6069)
+ z(0.8590))] + 1

Mo = [0.25 (2 (0.1139) + z(0.3460) + z (0.5976)
+ 2(0.8581))] + 1

e = [0.25 (2 (0.07487) + z(0.3167) + z (0.5847)
+ 2 (0.8580))] + 1

Table 9 lists prob (@ =n) and prob(n — 1Z7 T n + 1)
for the above four estimators.

For the four-quantile estimator of the form
n = [ (7 + 7)) + Bz +25)] +1

optimization with respect to both 8; and p; for n = 30,

10, and 4 gives the following:

o = [0.1944 (2 (0.0962) + 2 (0.8875)) + 0.3072 (z (0.3288)
+ 2(0.6289))] + 1

prob (ﬁgo =n) = 0.4692 forn =30
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o = [0.1968 (z (0.0868) + z (0.8857)) + 0.3079 (z (0.3082)
+2(0.6166))] + 1

prob (7}, = n) = 0.7349 forn = 10

= [0.1871 (2 (0.0381) + 2 (0.8927)) + 0.3171 (z (0.2733)
+ 2(0.6130))] + 1

prob (7, =n) = 09407  forn =4

To estimate n using five quantiles, we first form the
estimator

ﬁ—“—[ﬁl(z1+z2+z4+z5)+,83z3] -+ 1

where p; =j/6,j=1,2, - - - ,5and 8, = 0.125, 8, = 0.5.

Fixing 8, and B, and optimizing with respect to the p;
for n = 30 and n = 10 gives estimators which are not as
good as the comparable ones using four quantiles. Opti-
mization for n = 4 does give results that compare favor-
ably with the estimator using four quantiles. Fixing the
p; and optimizing with respect to the 8; for n = 30 gives
the following estimator, which is better than 7, using
four quantiles for n > 10:

Tao = [0.208 (21 + 2 + 24 + 25) + 0.163z(3)] + 1



Table 9. Probabilities associated with estimating the mean (d.f.) of a x* distribution using four quantiles

{z
fe = [0.25(2(0.1277) + 2{0.3618) -+ z(0.6069) -+ z (0.8590))] + 1
e = [0.25{z (0.1139) + z(0.3460) + z(0.5976) + z(0.8581))] + 1
= [0.25{z [0.07487) + z(0.3167) + z{0.5847) + z{0.8580)] + 1
m == 100

Prob _Prob Prob _Prob _ Prob _Prob Prob _Prob
n B=n |b-128<a+D]| Bu=n |0=1Z u<n+D]| Ro=n [ 0—1ZH8<a+D]| B=n | 0—1ZHn+1)
1 0.9980 1.0 0.9542 1.0 0.9674 1.0 0.9807 1.0
2 0.9774 1.0 0.9141 1.0 0.9426 1.0 0.9749 1.0
3 0.9435 1.0 0.8837 1.0 0.9223 1.0 0.9654 1.0
4 0.9047 1.0 0.8566 1.0 0.8996 1.0 0.9388 1.0
5 0.8660 1.0 0.8302 1.0 0.8732 1.0 0.8964 1.0
10 0.7121 0.9986 0.7106 0.9986 0.7333 0.9991 0.6580 0.9973
15 0.6142 0.9908 0.6215 0.9918 0.6270 0.9925
20 0.5471 0.9757 0.5563 0.9784 0.5514 0.9771
25 0.4578 0.9559 0.5068 0.9602 0.4955 0.9550
30 0.4597 0.9338 0.4680 0.9392
35 0.4291 0.9109 0.4365 0.9169
40 0.4039 0.8882 0.4104 0.8944
43 0.3827 0.8661 0.3883 0.8722
50 0.3645 0.8449 0.3693 0.8508
55 0.3486 0.8247 0.3528 0.8302
50 0.3347 0.8056 0.3383 0.8106
65 0.3223 0.7875 0.3253 0.7920
70 0.3111 0.7703 0.3137 0.7744
7= [0.25(2{0.2) + z(0.4) + z(0.6) + z{0.8)] +1

For 8, = 0.208, B8, = 0.163, and optimizing with respect
to the p; for n = 30 gives the following:

7, = [0.208 (2 (0.1101) + z (0.3075) + z (0.6745)
+ 2(0.8844)) + 0.163z (0.4894)] + 1

prob (M, = n) = 04724  forn = 30
T able 10 presents pr ob (?=n) and prob (n—1Z A n+1)

form m, n,m, n,,,
The six-quantile estimator of n, given by
1 6
-[s2= ]+
i/ i=12 -6

was first constructed, where p; =

Then, optimizing with respect to the p; for n = 30, 10, 4
gave

o = ( (2 (0.08242) + 2 (0.2366) -+ z(0.3978)

+ 2(0.5632) + z (0.7326) + z (0.9052))] +1

14

o = [i (z (0.06856) + z (0.2169) + z (0.3802)

2(0.5507) + z (0.7259) + z (0.9044))] +1

= [% (z(0.02699) + z (0.1740) + z (0.3508)

2(0.5333) + 2 (0.7182) + z (0.9043))] +1

Table 11 gives prob (7 =mn) and prob (n— 1< n+1)

for the above four estimators.

A comparison between the probabilities associated with
the quantile estimators given in Tables 6-11 and those
associated with the M.L. estimator indicates that very
little can be gained by using more than six quantiles.
More important, perhaps, is the decision as to which esti-
mator to use. The tables were designed to aid the user
as much as possible in making this decision. Of particular
significance, we believe, is the high probability, even for
large values of n and a small number of quantiles, that
the estimate will differ from the true value of n by no
more than one. One should also bear in mind that a sam-
ple size of 100, as was assumed in the above analysis, is by
no means large when quantiles are being considered in

JPL TECHNICAL REPORT 32-71532



Table 10. Probabilities associated with estimating the mean (d.f.) of a x* distribution using five quaniiles

n Prob _Prob_ Prob Prob__ Prob _Prob _
@ =n) (n—l<ﬁ<n+1) (A = n) (n“‘lZﬁso<n+” (fls = n) n—1<m<n+1
1 0.9999 1.0 0.9926 1.0 0.9704 1.0
2 0.9912 1.0 0.9628 1.0 0.9688 1.0
3 0.9624 1.0 0.9259 1.0 0.9646 1.0
4 0.9223 1.0 0.8905 1.0 0.9414 1.0
5 0.8804 1.0 0.8563 1.0 0.8968 1.0
10 07146 0.9987 07171 0.9988 0.6157 0.9960
15 0.6120 0.9904 0.6284 0.9921
20 0.5429 0.9743 0.5575 0.9788
25 0.4927 0.9533 0.5077 0.9608
30 0.4542 0.9301 0.4691 0.9399
35 0.4235 0.9061 0.4375 0.9177
40 0.3982 0.8825 0.4113 0.8953
45 0.3769 0.8597 0.3890 0.8728
50 0.3588 0.8379 0.3699 0.8515
55 0.3430 0.8172 0.3534 0.8310
60 0.3291 0.7976 0.3392 0.8111
65 0.3168 0.7792 0.3257 0.7926
70 0.3058 0.7617 0.3141 0.7749
7 = [0.125 (2 (0.1667) + 2(0.3333) + z(0.6667) -+ 2 (0.8333)) + 0.5z(0.5)] + 1
i = [0.208 {2 (0.1667) + z(0.3333) + z(0.6667) + z(0.8333)} + 0.163 z{0.5)] + 1
s = [0.125 (2 (0.01545) + z(0.1198) + z(0.7871) + z(0.9281)) + 0.5 z(0.4428)] + 1
m = 100
Table 11. Probabilities associated with estimating the mean (d.f.) of a x® distribution using six quantiles
n AProb __Pr/eb_ Prob _Piob_ Prob _Prob AProb _Prob
wW=n |G—-1<AZn+N| Gu=n | —1ZF<n+1| Bo=n [=1ZFn+N| Gi=n [ b—1<HIn+ B
1 0.9881 1.0 0.9020 1.0 0.9314 1.0 0.9594 1.0
2 0.9481 1.0 0.8665 1.0 0.9146 1.0 0.9653 ]
3 0.9068 1.0 0.8434 1.0 0.9029 1.0 0.9655 1.0
4 0.8686 1.0 0.8241 1.0 0.8887 1.0 0.9453 1.0
5 0.8335 1.0 0.8052 1.0 0.8697 1.0 0.9016 1.0
10 0.6971 0.9982 0.7085 0.9986 0.7433 0.9993 0.6098 0.9963
15 0.6077 0.9900 0.6269 0.9925 0.6345 0.9934
20 0.5448 0.9752 0.5639 0.9805 0.5545 0.9782
25 0.4978 0.9561 0.5952 0.9638 0.4950 0.9553
30 0.4611 0.9349 0.4758 0.9440 0.4492 0.9279
35 0.4314 0.9129 0.4439 0.9226
40 0.4068 0.8910 0.4173 0.9007
45 0.3895 0.8697 0.3947 0.8689
50 0.3679 0.8492 0.3752 0.8577
55 0.3523 0.8296 0.3582 0.8372
60 0.3384 0.8109 0.3432 0.8175
65 0.3261 0.7932 0.3299 0.7988
70 0.3150 0.7765 0.3180 0.7810

~

m = 100

= [:-l— (2(0.1429) + z(0.2857) + z(0.4286) + z(0.5714) + z(0.7143) + 2(0.8571))] +1
T = [—;— (2 (0.08242) + z(0.2366) + z(0.3978) + z(0.5632) + z(0.7326) + z(0.9052))] +1
o = I:]z (z (0.06856) + z(0.2169) + z(0.3802) -+ z(0.5506) + z(0.7259) + z(0.9044)):| +1

ny = [—3; (2{0.02699) + z{0.1740) + z(0.3508) + z{0.5333) + z(0.7182) + 2(0.9043))] +1
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order to effect data compression of space telemetry, and
the larger the sample size, the less becomes the probability
of error.

V. Estimating n and 0° Using Quantiles When
Neither Is Known

In Section III, we constructed quantile estimators for
o* when n is assumed to be known, and in Section IV, we
described quantile estimators for n when, in effect, ¢* is
assumed to be equal to one. But suppose we know neither
of these parameters and would like to estimate them using
quantiles. To accomplish this, we will first construct
k-quantile estimators of the mean no® for k = 2(1)6. Then,
for k=4 and 6, we will describe estimators of n using
the same quantiles as were used to estimate no?, and then
take %% = no?/7i as the estimate for o®.

For a given value of n, say n = n,, if we multiply by
n, the coeflicients of the k-quantile estimator of o* for
n = n, given in Section III, we then have the optimum,
unbiased estimator of n,¢?, the mean of a x* distribution
with a scale factor and n, d.f. However, n is unknown,
and since we must use the same estimator no matter what
n happens to be, the question then becomes whether we
can find a value of n, such that the estimator obtained in
this way will be adequate for all or most of the values of
n, in the sense that the bias will be small and the efficiency
remain high for n 5£ n,. Estimators of ne? were constructed
using this method by letting n, = 20, and are given by

a

no? = 0.5820z (0.3869) + 0.3808z (0.8209)

A

no? = 0.3963z (0.2625) + 0.3793z (0.6323)
+ 0.1975z (0.9026)

‘no? = 0.2868z (0.1882) + 0.3278z (0.4898)
+ 0.2479z (0.7685) + 0.1171z (0.9410)

no? = 0.2172z (0.1414) + 0.2755z (0.3869)
+ 0.2468z (0.6413) + 0.1689z (0.8426)
+ 0.07534% (0.9617)

s

no? = 0.1675z (0.1081) + 0.2291z (0.3072)
+ 0.2294z (0.5327) + 0.1872z (0.7365)
+ 0.1217z (0.8875) + 0.05246z (0.9731)
Table 12 presents the normalized expected values and

efficiencies of the estimators. The efficiencies are given
relative to the sample mean, which has a variance of

2no*/m. It can be seen that the bias of the estimators is
quite small for n > 2, and for k = 6 the bias is not exces-
sive even for n = 1 and 2. The high efficiencies shown for
n = 1 and 2 are not too meaningful because they are due
in part to the nature of the bias of the estimators.

Now, given that we have used, say, the above six-
quantile estimator of no?, we would have immediately
available to us the values of six sample quantiles z;,
i=1, - - ,86, of specified orders p; and the calculated
estimate no?. If we define

zp = %
P A,
No

i=1,---,6

each z} can be considered as being approximately equal
to the sample quantile of order p; of a set of sample values
taken from a population with the distribution associated
with the random variable y = x/n, where x has the x*
distribution with n d.f. The density function associated
with this distribution is given by

n\"™2
&)
A (e
2
The problem now is to estimate n using the 2, the values

of which are assumed to be independent of ¢*. A some-
what unusual method will now be proposed for doing this.

yn/2«1 e /2

nk, (ny) =

Defining S, as
Sp=2zi+z5+2— 2 —2— 2

we calculate intervals (a,, b,) for n = 1(1)60, where

_ (E(S) + E(San))

an 2 forn < 60
E(S, S,

bn=( ( )+2E( 1)) forn>1

g = 0

b]_ = o0

The estimate of n can now be taken as 7 = ¢ if S, falls
in the interval (ay, b;) for ¢t < 60, and if S, < beo, n = 60.
In order to estimate n in this manner, a table of intervals
(@n, bn) is required and will be given. But in order to
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Table 12. The normalized expected values and efficiencies of k-quantile estimators of the mean, no’,

of the x” distribution with a scale factor and nd.f., fork = 2,3,4,5,and 6

k=2 k=3 k— 4 k— 5 k=26

n S =~ =~ = = =~ N =~ o~ =
E (no®}/no® Eff (no™) E {no*)/no* Eff (no™) E (no?)/no* Eff (no™) E (no®)/nd* Eff (no”) E (ne*1/no” Eff (ne”)

1 0.8363 0.9977 0.8949 1.0023 0.9267 1.0057 0.9462 1.0050 0.9575 1.0060
2 0.9397 0.8634 0.9601 0.9242 0.9717 0.9492 0.9791 0.9641 0.982¢ 0.9745
3 0.9731 0.8289 0.9821 0.8978 0.9871 0.9313 0.9905 0.9507 0.99219 0.9638
4 0.9877 0.8157 0.9918 0.8875 0.9941 0.9239 0.9957 0.9449 0.9961 0.9591
5 0.9949 0.8097 0.9967 0.8827 0.9977 0.9204 0.9984 0.9422 0.9983 0.9568
10 1.0031 0.8055 1.0022 0.8792 1.0017 0.9177 1.0014 0.9401 1.000% 0.9547
15 1.0021 0.8083 1.0014 0.8814 1.0011 0.9193 1.0009 0.9414 1.0006 0.9557
20 1.0 0.8114 1.0 0.883¢9 1.0 0.9212 1.0 0.9429 1.0 0.9568
25 0.9981 0.8141 0.9986 0.8861 0.9989 0.9228 0.9992 0.9442 0.9994 0.9578
30 0.9964 0.8163 0.9974 0.8879 0.9980 0.9242 0.9984 0.9454 0.9938 0.9587
35 0.9948 0.8183 0.9962 0.8895 0.9972 0.9254 0.9978 0.9464 0.9983 0.9595
40 0.9935 0.8200 0.9953 0.8909 0.9964 0.9265 0.9972 0.9472 0.9678 0.9601
45 0.9923 0.8215 0.9944 0.8921 0.9958 0.9274 0.9967 0.9480 0.9974 0.9607
50 0.9912 0.8228 0.9936 0.8931 0.9952 0.9282 0.9962 0.9486 0.9971 0.9612
60 0.9894 0.8251 0.9923 0.8950 0.9942 0.9296 0.9954 0.9497 0.9965 0.8621

eliminate the need for consulting a table, the following
procedure can be adopted. Define n.n},n} as

n¥ = 60.8422 — 37.7767S, + 9.5807S; — 1.1090S52
+ 0.048115¢4
nk = 139.0614 — 127.7894S,, + 44.0720S; — 5.3841S52
nt = 325.8605 — 462.3892S,, + 244.8333S; — 45.66355%
If 2.6135 < S, < 6.9285, compute n¥. If 1.6555 < S, <
2.6135, compute ni. If 1.0341 < S,, < 1.6555, compute n}.

Then 7 = nearest integer to n! for the appropriate value
of j.

If S,<6.9285 %=1 n'is a quartic such that
ni(E(S8,) =n for n=1,2,4,7,10; n} and n? are cubics
such that n}(E(S,)) =n, for n=10,13,17,20 and
ni(E(Sn) = n, for n =20, 30, 40, 50.

When the same calculations were performed for esti-
mating n using four quantiles and defining S, as

S, =2+ 2L — 2 — 2
the following results were obtained:

n% = 62.0627 — 66.51008, + 29.1473S3 + 5.8457S;
— 0.4407S¢

né = 139.7787 — 219.1982S, + 128.9406S3
— 26.8681S?

JPL TECHNICAL REPORT 32-1532

ni = 326.9103 — 790.1756S, + 712.50955%
— 226.309752

If 15309 < S, < 3.9452, compute n¥. If 0.9720 < 8, <
1.5309, compute n¥. If 0.6097 < S, < 0.9720, compute n}.
Then 7 is defined as in the six-quantile case except that
here, if S, > 3.9452, fi = 1.

Table 13 lists the a, and b, for estimating n using four
and six quantiles. Table 14 gives the values of n* when
the appropriate n’; is evaluated at E (5,).

Finally, given the estimates no? and 7 from the same
set of quantiles, one can take as the estimate of ¢°

A

no

(5]

~
0,2

=

VI. Estimating the Parameters of Two Distributions
Related to the x°, Using Quantiles

If the horizontal and vertical deviations x, and %, of a
shot from the center of the target are independent and
normal (0, ¢?), the distance x = Y x} + x3 from the center
will have the density function

2

x? x
kLi—)=-"—- g-r/20"
o P\ ¢? a°

Thus, x is the square root of a random variable that has
the x* distribution with a scale factor and two d.f.



Table 13. Values of a, and b, to be used in estimating n, the number of d.f. of a x* distribution with a scale factor,

using k quantiles, for k = 4, 6, when n and ¢® are unknown

k=4 k=6 k=4 k=6
n n
=73 bs an b, an b, an bn

i 3.9452 0 6.9285 0 31 0.8443 0.8586 1.4373 1.4617

2 3.1070 3.9452 5.3685 6.9285 32 0.8308 0.8443 1.4142 1.4373

3 2.6285 3.1070 4.51N 5.3685 33 0.8178 0.8308 1.3922 1.4142

4 2.3139 2.6285 3.9683 4.5191 34 0.8055 0.8178 1.3711 1.3922

3 2.0879 2.3139 3.5752 3.9683 35 0.7936 0.8055 1.3508 1.3711

6 1.9157 2.0879 3.2769 3.5752 36 0.7823 0.7936 1.3316 1.3508

7 1.7790 1.9157 3.0399 3.2769 37 0.7714 0.7823 1.3130 1.3316

8 1.6673 1.7790 2.8473 3.0399 38 0.7610 0.7714 1.2952 1.3130

9 1.5738 1.6673 2.6872 2.8473 39 0.7510 0.7610 1.2781 1.2952
10 1.4941 1.5738 2.5502 2.6872 40 0.7413 0.7510 1.2616 1.2781
i1 1.4251 1.4941 2.4316 2.5502 41 0.7321 0.7413 1.2458 1.2616
12 1.3644 1.4251 2.3278 2.4316 42 0.723 0.7321 1.2305 1.2458
13 1.3111 1.3646 2.2360 2.3278 43 0.7145 0.7231 1.2158 1.2305
14 1.2633 1.3111 2.1540 2.3360 44 0.7061 0.7145 1.2016 1.2158
15 1.2202 1.2633 2.0502 2.1540 45 0.6981 0.7061 1.1879 1.2016
16 11812 1.2202 2.0134 2.0802 46 0.6903 0.6981 1.1746 1.1879
17 1.1456 1.1812 1.9524 2.0134 47 0.6827 0.6903 1.1617 1.1746
18 1.1132 1.1456 1.8966 1.9524 48 0.6754 0.6827 1.1493 1.1617
19 1.0831 1.1132 1.8452 1.8966 49 0.6684 0.6754 1.1372 1.1493
20 1.0551 1.0831 1.7976 1.8452 50 0.6615 0.6684 1.1254 1.1372
21 1.0294 1.0551 1.7536 1.7976 51 0.6541 0.6615 1.1141 1.1254
22 1.0053 1.0294 17124 1.7536 52 0.6476 0.6541 1.1031 1.1141
23 0.9829 1.0053 1.6741 1.7124 53 0.6421 0.6476 1.0924 1.1031
24 0.9618 0.9829 1.6381 1.6741 54 0.6360 0.6421 1.0820 1.0924
23 0.9421 0.9618 1.6044 1.6381 55 0.6300 0.6360 1.0719 1.0820
2% 0.9235 0.9421 1.5725 1.6044 56 0.6243 0.6301 1.0621 1.0719
7 0.9059 0.9235 1.5426 1.5725 57 0.6187 0.6243 1.0525 1.0621
28 0.8893 0.9059 1.5141 1.5426 58 0.6150 0.6187 1.0431 1.0525
9 0.8735 0.8893 1.4872 1.5141 59 0.6097 0.6150 1.0341 1.0431
30 0.8586 0.8735 1.4617 1.4872 S 60 0 0.6097 0 1.0341

JPL TECHNICAL REPORT 32-1532




Table 14. n* evalvated at E (S,) for

n=1,2, - - ,60and k=4,6
k=4 k=6 k=4 k=6
n n
n* (E(S.)) n’" (E(5.) n* (E (8.)) n* (E (§.))
1 1.0 1.0 31 30.9801 30.9796
2 2.0 2.0 32 31.9657 31.9653
3 3.0824 3.0923 33 32.9567 32.9571
4 4.0 4.0 34 33.9536 33.9505
5 4.9603 4.9573 35 34.9553 34.9554
6 5.9700 5.9683 36 35.9595 35.9583
7 7.0 7.0 37 36.9674 36.9650
8 8.0249 8.0263 38 37.9773 37.9775
9 9.0283 9.0295 39 38.9883 38.9864
10 10.0 10.0 40 40.0 40.0
1 11.0224 11.0226 41 41.0121 41.0088
12 12.0135 12.0138 42 42,0218 42.0224
13 13.0 13.0 43 43.0304 43.0316
14 13.9914 13.9905 44 44,0376 44.0331
15 14.9899 14.9897 45 45.0406 45.0383
16 15.9937 15.9931 46 46.0406 46.0378
17 17.0 17.0 47 47.0379 47.0365
18 18.0051 18.0051 48 48.0302 48.0246
19 19.0059 19.0067 49 49.0169 49.0157
20 20.0 20.0 50 50.0 50.0
21 20.9843 20.9841 51 50.9776 50.9753
22 21.9574 21.9571 52 52.1751 51.9484
23 22.9177 22.9185 53 52.9156 52.9089
24 23.8639 23.8645 54 53.8741 53.8730
25 25.1696 25.1707 55 54,8283 54.8211
26 26,1328 26.1324 56 55.7752 557703
27 27.0945 27.0947 57 56.7166 56.7098
28 28.0585 28.0558 58 57.6498 57.6482
29 29.0264 29.0264 59 58.5767 58.5744
30 30.0 30.0 60 59.4963 59.4869
A = nearest integer to n*

The mean and variance of this distribution are

o \/g = 1.2533¢

(2 — 1) o? = 0.4292¢

E(x)

i

i

var (x) 5

and the mode is at x = o.

The M.L. estimator ¥ of o and its asymptotic variance

are given by
1 m
¥ JRT— 2
TN 2m E "

0_2

var (5) = —

4m
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The unbiased estimator ¢*, obtained by using the sam-
ple mean, and its variance are given by

0.2
var (o*) = 0.2732 pooy

so that the efficiency of o relative to 7 is 0.9146.

Optimum asymptotically unbiased k-quantile estimators
of ¢ of the form

k
o= > Biz;
i=1

were constructed for k =1, - - - ,6 by the same method
used in Section III to obtain estimators for ¢%. The details
will therefore be omitted. Table 15 lists the orders of the
quantiles, the coefficients, and the spacings {;, which rep-
resent E (z,)/o. It can be seen from the table that for
k > 3, the efficiencies of the quantile estimators are higher
than that of ¢*

Table 15. Optimum orders p;, the corresponding coeffi-
cients 8; and spacings {;, and efficiencies of quantile
estimators of the parameter o of the square reot of a ¥*
distribution with a scale factor and twe d.f.

k 1 2 3 4 5 [
p: | 0.7968 0.6378 0.5291 | 0.4512 0.3942 0.3476
B:| 0.5602 0.3696 0.2746 | 0.2140 0.1736 0.1436
G| 17852 1.4252 1.2272 | 1.0955 1.0012 0.9243
pz 0.9263 0.8295 | 07418 0.6682 0.6039
B 0.2072 0.2134 | 0.1944 0.1720 0.1516
oS 2,2840 1.8810 | 1.6455 1.4854 1.361
pa 0.9653 | 0.9067 0.8441 0.7826
Bs 0.1009 | 0.1302 0.1347 0.1305
) 2.5930 | 2.1780 1.9279 1.747
ps 0.9810 0.9437 0.8978
B 0.05762 | 0.08468 | 0.09643
e 2.8160 2.3987 2,136
ps 0.9886 0.9631
Bs 0.03609 | 0.05858
¢ 2.9905 2.569
ps 0.9925
Bs 0.02443
o 3.128
Eff | 0.6476 0.8202 0.8910 | 0.9269 0.9476 0.9606

k
=3 Bizi, k=1,""",6

i=1
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If the components x4, &3, x5 of the velocity of a molecule
with respect to a system of rectangular coordinates are
independent and normal (0, ¢*), the velocity

x=VYax}+x%+ 8

will have the density function

2x 2 2 x?
b kg x_o — - L e—w‘~’/202
o2 e 3

w g

with a mean and variance given by

E (x) = 20 \/% = 1.5958¢

var (x) = (3 - §) o® = (0.4535¢2
K

with the mode at x = ¢ ¥ 2.

The M.L. estimator ¥ and the estimator ¢* obtained
from the sample mean, and their variances, are given by

so that eff (¢*) = 0.9358.

Optimum k-quantile estimators of o were constructed
of the form

%
o= 3 Bz
P=1
for k=1, - - - 8. Like Table 15, Table 16 lists the orders

of the guantiles p;, the coefficients 8; of the estimators,
and the optimum spacings. For k > 4, the efficiency of
the quantile estimators exceeds that of o*.

20

Table 16. Optimum orders p;, the corresponding coeffi-
cients 3; and spacings {;, and efficiencies of quantile
estimators of the parameter o of the square root of a x*
distribution with a scale factor and three d.f.

k 1 2 3 4 5 6
p1 | 07576 0.5778 | 0.4589 | 0.3775 0.3177 | 0.2730
B | 04890 | 03131 | 0.2252 0.1713 0.1352 0.1101
& | 2.0451 1.6756 | 1.4676 1.3287 1.2247 1.1442
pz 0.9076 | 07899 | 0.6870 0.6008 0.5309
s 0.1874 | 0.1897 0.1690 0.1467 | 0.1269
L 25360 | 2.127 1.887 1718 1.592
pa 0.9552 | 0.8814 0.8035 0.7307
Bs 0.09369 | 0.1187 0.1212 0.1150
& 2.839 2.421 2,169 1.982
Ps 0.9750 0.9264 | 0.8685
Ba 0.05434 | 0.07904 | 0.08827
& 3.057 2.636 2.371
ps 0.9846 0.9509
Bs 0.03460 | 0.05544
& 3.226 2.803
Pe 0.9898
Be 0.02364
$s 3.361
Eff | 0.6451 0.8179 | 0.8892 0.9254 0.9464 | 0.9596

k:1,"',6

5

A

g = E ,BiZ{,
i=1

i=

VII. Estimating the Parameters Using Real Data

In order to generate m independent sample values that
can be assumed to be taken from a population which has
a x* distribution with a scale factor and n d.f.,, the fol-
lowing procedure was adopted. First, nm independent
random numbers Pi, Ps, © * ° , Pnm, €ach uniformly dis-
tributed over (0,1), were generated. Then the pairwise
transformations

y; = ocos(2mp;) V —2Inpj
i=135, -
Yin = osin(2mp;) V —2Inpy.,

,mm — 1

were performed, and it can be shown that the y; are inde-
pendent and N (0, ¢%). Finally, the transformation

nj

xX; = 2 y%,

i=n(j-1)+1

provides the m sample values with the required distri-
bution.
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For n = 10, ¢® = 1, and m = 100, 25 sets of sample val-
ues were generated. For each set, the optimum k quan-
tiles were determined for k= 1,2, - - - ,6 and used to
obtain estimates of ¢2. The M.L. estimates were also com-
puted. Denoting by &7 the average of the 25 estimates
of o* using k quantiles, and by 7 the average of the
25 M.L. estimates, the following results were obtained:

fl

%= 1.0143(0.0389) % = 1.0153(0.0409)

52 = 1.0159 (0.0463) 2 = 1.0206 (0.0411)

52 = 1.0083 (0.0476) %2 = 1.0236 (0.0398)

%2 = 1.0236 (0.0459)

where the numbers in parentheses denote the sample
standard deviation of the estimates, given by

/ ZZ (x; ;155)2

For n = 10 and m = 100, 25 sets of sample values were
generated for a x* distribution: For each set, the M.L.
estimate 7, n* =% and M k=1, - - - ,6, the estimates
using k quantiles were determined. The results in terms
of the number of times a particular estimate was obtained
are as follows:

Esi- ool a2 | A | A | 2 | A
mate
9 3 5 2 2 3 1
10 292 19 17 18 21 19 18 20
11 3 3 3 5 4 4 4 4

For n = 20, the following results were obtained:

Est-| = el 2 1A lala s la
mate 1 2 3 4 5 6
18 2 1 1

20 15 14| 13|16 | 11} 10 | 16 | 15
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When both ¢ and n are unknown, estimates can be
obtained using all the sample values by the method of
moments. One equates the first two sample moments, x
and s° with the corresponding population moments and
solves the two equations for n and o® Thus, solving
T = no® and §* = 2ne* gives 7° = §%/2%, 71 = Z%° /5%

For ¢> =1, m =100, and n = 10,20, 30, fifty sets of
sample values were generated for each value of n. The
estimators given in Section V using four and six quantiles
were used to determine 7, 52, fs, and 52 for each set of
sample values. The estimates 7 and & were also com-
puted. The averages of the estimates as well as their sam-
ple standard deviations are:

For n = 10,

7 = 1046 (1.515) 32 = 0.9814(0.1432)

7. = 10.57(1.893) %% = 0.9728(0.1746)

fie = 10.30(L787) o3 = 1.0025 (0.1715)
For n = 20,

7= 20.20(2.703) T = 1.0144(0.1440)

f.=1044(3.176) o3 = 1.0478(0.1636)

P =19.62(3.036) %% = 1.0499 (0.1813)

For n = 30,

7 =2978(4.358) 3 = 1.0258(0.1501)

e =30.34(4737) 52 = 1.0361(0.1630)

e = 30.16 (5.270) o2 = 1.0189(0.1908)

Sets of sample values were generated in order to esti-
mate the mean no® of a x* distribution with a scale factor
when n and ¢® are unknown, using the sample mean
and the k-quantile estimators given in Section V, for
k=2 +--,6;, m=100 and ¢* =1 in ail cases.

Let m; denote the number of sets of m sample values
generated for a given value of n. Let x denote the aver-
age of m, estimates of ne® using all the sample values,
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e
and nof the average of m, estimates using k quantiles.
Then, for n =6 and m, = 25,

- ~

% = 6.046(0.3300)  noj = 6.051 (0.3469)
= =
nol = 5.984(0.4181)  no? = 6.061 (0.3415)

b
N

fl

3

6.11(0.3217)  no? = 6.052(0.3544)

5
a3

where the numbers in parentheses again denote the sam-
ple standard deviation of the estimates.

Forn = 10 and m, = 85,

— A

%= 10.071(0.4705)  7no? = 10.108 (0.5011)
not = 10.162 (0.5710)  ne? = 10.136 (0.5113)
not = 10.155(0.5174)  not = 10.087 (0.4850)

Forn = 20, and m, = 110,

b

% = 20.109 (0.5861) noi = 20.089 (0.5912)
= =
noi = 20.114 (0.6577) not = 20.158 (0.6296)
s s
nol = 20.168 (0.6157)  ne? = 20.108 (0.5955)

For n = 30 and m., = 80,

_ N

% = 29.978 (0.6984) noi = 29.865 (0.7436)
A =
not = 29.868 (0.8022) no? = 29.954 (0.6910)
D =
nof = 29.852 (0.7415) nei = 29.904 (0.7296)

For ¢* = 1 and m = 100, 25 sets of sample values were
generated from the square root of a x? distribution with
a scale factor and two d.f. The M.L. estimate &, the esti-
mate ¢* from the sample mean, and the k-quantile esti-
mates o, k=1, - + - ,6 were determined for each set. The

22

averages and the sample deviations of the estimates are
as follows:
T = 09937 (0.0494) &, = 0.9905 (0.0523)

o = 0.9894 (0.0520) o, = 1.0014(0.0533)

q

M

%, = 1.0075 (0.0663) s = 0.9912 (0.0503)

q

%2 = 0.9930(0.0501) % = 0.9982 (0.0537)

The same statistics were determined for the square root
of a x* distribution with a scale factor and three d.f.:

7= 1.0028 (0.0501) @, = 0.9985 (0.0548)

* = 1.005 (0.0494) %, = 1.0059 (0.0534)

%= 0.9985(0.0704) &5 = 1.0017 (0.0499)

%. = 1.0010 (0.0563) %5 = 1.0033 (0.0524)

VIill. Conclusion

It can be seen that the efficiencies of the k-quantile esti-
mators of o* given in Tables 1-5 are decreasing functions
of n. Since the x* distribution approaches the normal as
n->co, the limiting value of these efficiencies is the effi-
ciency of the corresponding optimum k-quantile estimator
of the mean of a normal distribution, as given in Refs. 1

and 7.

Although prob(n =n) and prob(n—1<a<n+ 1)
for the estimators 7 as defined in Tables 6-11 decrease as
n increases, the rate of decrease for large n also decreases,
so that even for n > 70, 7 should give excellent results
when compared to the M.L. estimator and the estimate
obtained from the sample mean.

The results of the Monte Carlo study with respect to
the estimators of n and ¢* when neither are known show
that, by comparison with the estimates obtained from all
the sample values, the quantile estimators can be con-
sidered good estimators. However, the large sample stan-
dard deviation of the estimates again points up the im-
portance of a large sample size in many areas of parameter
estimation.
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