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Local Behavior of Autonomous Neutral Functional Differential Equations

by gt
Jack K. Hale g;x

A neutral functional differential equation is a model for an

21 % :%;,é
hail ¥
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hereditary system which depends upon the present and past values of the
gtate and the derivative of the state of the system as a function of time,
In this generality, it does not seem possible to develop a general qualita-
tive theory. 1In the past few years, my colleagues and I have introduced

a special class of these systems which is simple enough to have many in-
teresting mathematical properties and yet sufficiently general to include
retarded functional differential equations, difference equations and several
'important applications. Considered separaﬁely; many bfAthe results which
have been obtained appear at first glance to be special. In this papef,

we formulate some basic problems for a more restricted class of neutral
functional differential equations in an abstract manner and then indicate

the manner in which the alluded to special results contributé to a general

qualitétive theory in the neighborhood of an equilibrium point.
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Suppose r >0 is a given real number, E is an n-dimension

linear vector space with norm |+| and C = ¢([-r,0],E") is the space

of continuous functions mapping the interval [-r,0] into E" with |o

sup lp(0)] for ¢ € . ILet 2(C,E”) be the space of bounded linear
-r< 60

operators with [|B| = inf{k: |Bp] < Ko|} for any B € B(C,E"). Let

G c #(c,Eh) ve defined by

0
G = (¢ C B(C,E"): o(e) = 0(0)-2(0), @) = [ [du(6)le(e),

r
B an n X n matrix function of bounded variation and

nonatomic at zero}

where we say an n X n matrix function p of bounded variation on [-r,0]

is nonatomic at zero if there is a continuous nonnegative scalar function

. : (e} .
v(s), s >C, 7(0) =0 such that |[ [du(8)19(6)| < v(s)|®| for all s >0,
-

©® €C. Let { Dbe the closure of an open bounded subset & of C,

F=(f: 0 —>En, f,f' continuous and bounded in Q}

and let [[f]] = sup _{|£(@)] + |£7(@)l]} for £e F If A>0 and
Pef

x: [o-r,0+A] —->En, then for any + e [o,0+A] we let [-r,0] - E"

X_tt
be defined by kt(e) = x(t+8), -r < 8 < 0.



For any pair (G,f) ¢ & X &, we define a neutral functional

differential equation and designate it as NFDE(G,f) by a relation
(1) S0k, = £(x)
dt "t £/

For any ¢ in Q, a solution x(p) of (1) through ¢ is a continuous
function x: [-r,A) »E® for some A >0 such that xt(m) €Q, t € [0,4),
G(x.) is continuously differentiable on (0,A) and satisfies (1) on
(O,A). For the purpose'of this paper, we assume that all solutions remain
in O for all t >0 <for each NFDE(G,f) in GxF Of course, this
implies that in our definition of ¥ and & we have implicitly put
limitations which will ensure this latter property.

For any given NFDE(G,f) and a solution x(9,G,f) through @,

we can define a mapping

(2) TG,f(t): Q-Qq, TG,f(t)cp = %,(9,6,%)

for t > 0. The following properxties are consequences of the same type of

.

arguments used in [1,2]:

(3) _TG, f(t)cp is continuously differentiable in (G,f,t,p) €

Y xFx[0,0) X Q.

(W) T, (0) = I, the identity
G’f .

3

(5) T, (548)0 = Tp (8)T, ()9, 20, s>0.



In particular, T is a dynamical system.

G, f

By a linear neutral functional differential equation, we mean a
NFDE(G,L) with (G,L) € ¥ X £Z(C,En). In this case, the family of opera-
tors {TG,L(t)} form a strongly continuous semigroup of linear operators
on C.

OQur fundamental goal is to obtain as much information as pos-
sible about the properties of solutions of a NFDE(G,f) and to discover
in what sense these properties are insensitive to small changes in (G,f)
in the topology of 9 x j?l One can hope to eventually develop a qualita-
tive theory in the spirit of the recent generic theory for ordinary dif-
ferential equations. bUnfortunate1y5 at the present time we must limit our
considerations to the heighborhood of an equilibrium peoint. Even for this
theory, more restrictions are imposed on the equation. We indicate below
the nature of the theory and point out occasionally the implications of the
hypothéses for some nonlécal préblems in.NFDE'S.

Before embarking on details, it is worthwhile to mention that
there is nothing magic about the space C as the'underlying space for the
quinition of a NFDE. Any of the Sobolev spaces JW(k)

P
legitimate and, in fact, as the global theory evolves, it certainly will

are perfectly

be advantageous to have a norm which is differentiable.

For any G ¢ ¥, let

(6) ag = inf{a: there is a constant X = K(a) with the solution
operator Tg of G&(x.) =0 satisfying ”Tg(t)n < Keat, t > 0}



that is, a, dis the type of the semigroup of linear operators Tg(t) acting

G
on the Banach space {¢ € C: G(¢) = 0}. Following [5], the operator G
is said to be stable if aG>< 0.

In terms of aG, a fundamental property which is a consequence

of the proof in [12] is that, for any (G,f) ¢ & X é?; there is a continuous

linear operator V: C — C such that

(1) T, o(V) = To(t)s g (6

where Tg(t) is the semigroup of operators given in the definition (6) and
Té f(t) is complei=ly continuous for +t > r. -In particular, if G 1is

2
stable, then for any a, ay < -0 <0, there is a constant X = K(x) such

that
(8) l22(e)] < k™, > o0.

_Consequently, TG,f(t) is a contraction operator plus a completely continuous
operator for t sufficiently large and? in particular, has the fixed point
property. Also, the representation (7) and relation (8) show that TG,f(t)
has a smoothing property in the sense that the image of a bounded set under
TG,f(t) gets closer and closer to a. compact set as t gets large., This
property has recently been exploited in a global theory of dissipative
processes (see [4]).

Another basic implication of the hypothesis that G 1s stable

is that the union of orbits with initial values in a compact set being



bounded implies this union is precompact. See the above mentioned paper
[4] for an application to dissipative processes and see [3] for a rather
complete theory of stability using ILiapunov functionals,

If (GL) ¢ & X_Q?(C,En), thén the charécteristic values of

NFDE(G,L) are defined to be the roots A of the characteristic equation

def e Ao
(9) det A(M,G,L) = det[ra(e™'I) - L(e"I)] = 0.

It is shown in [5] that'there are only a finite number of roots of (9)

with real parts >a if a >a. If a>a, and Ne,G,L) =

{A: det A(A,G,T) = 0, Re A >a}, then it is a constquence of [6] that there
are only a finite number of solutions of NFDE(G,L) of the form p(t)ekt,

A e Na,G L), p(t) a polynomial, Furthermore, the initial wvalues of

- these solutions form a finite dimensional subspace of C which is invariant
under TG,L(t) and there is a complementary subspace of C also invari-
antlunder TG)L(t).- If we de?ignate the corresponding projection operators
by m(G,L,a) and w‘L(G,L,a) difI—'lT(G,L, a), then it is shown in [5] that

there is a constant K = K(a,G,L) such that

(10) HTG’L(t)'ITJ'(G,L,a)H < Keat, t > 0.

Furthermore, T, L(t)W(G,Iba) is equivalent to a linear ordinary dif-
y )

ferential equation with constant coefficlents with the spectrum of the

coefficient matrix being A(a,G,L). We shall refer to w(G,L,a),

ﬂJ(G,Iwa) as the projéctions associated with the decomposition of C



by AMa,G,L).

The estimate (10) was obtained using rather complicated argu-
ments in Laplace transforms. Using the representation t?) for TG,L(t)’
one can also obtain this estimate from some general results in functional
analysis dealing with completely continuous perturbations of bounded opera-
tors. It is instructive to investigate this approach for two reasonsf
1) The ideas lead to an extension of Floquet theory for periodic systems
which will not be exploited here; 2) Later remarks will indicate the
need for a more detailed functional analytic investigation of completely
continuous perturbations of bounded operators.

Suppose A is a bounded linear operator and B 1s a completely
continuous linear 6perator mapping some Banach space X into itself,

A complex number A 1is called a normal eigenvalue of A if its generalized
eigenspace Xk is finite dimensional and X ;’XX Q Yh where Yk is also
invariant under A. A point A is called a normal point of A if A '

is either in the resolvent set of A or A 1is a normal eigenvalue. Let
E(A) be the set of normal points of A, If C is any connected component
of S(A) and ¢ contains at least one point of the resolvent set of A+4B,
then C is a connected component of S(A+B) (see [T, p. 22]). To apply
this to our problem, note that the spectral radius of Tg(r) is exp(raG)
and, therefore, exp Ar is in S(Tg(r)) for any A with Re A >a, >a..

Since TG L(t) is a strongly continuous semigroup, there is certainly a
£

A with Re )\.Za

1 Such that exp Ar is in the resolvent set of T, L(r).
. ,



Since Té L(r) is completély continuous, any A with Re A > ay is in
{]
o(T, (). Consequently, the spectral radius of T, (r)ﬂ‘L(GbIba‘) is
G, L ] G, L 1

< exp a;r and estimate (10) follows by a standard procedure.

From the preceding remarks, it looks as if we should give up
Laplace transforms and use only functional analysis. However, recall
that we wish to study properties of the equations which are insensitive
to small changes in G,L. In particular, we need the foilowing result:

For any fixed a > ap, there is a neighborhood U of (G,L) in

G, L
& x B(C,E") and a positive number K = K(a,U, ;) such that
. £ )
(11) ”TE i(t)W‘L(E%T;a)H < Keat, t >0, for all (G,I) € Ug 1
3 - - 'y

The functional analytic approach does not seem to suffice for
such general estimates and one must geﬁ more invo%yed with the aétails
of the spectrum of'each operator. Estimate (11) could be obtained as a
consequence of the method of integral manifolds to be mentiqned later, but
we prefer to proceed in a more detailed manner to obtain some results of
independent interest. These propositions are stated as lemmas with only

brief indications of the proofs.

Iemma 1. For any €& > 0, there exists an open neighborhood UG(S) in

¥ such that a5 < aGﬂa for every G € UG(S)o Furthermore, for any

a > a4, there is a constant K = K(a,Uc(e),S) such that

Iz5 (0 <%, >0,



for every G € UG(E',)o

Proof: To find a , we must estimate the solutions of E(Xt) =0 for
t > 0. Writing this as G(Xt) = (G-E)(x_b) and using the same type of

argument as used in the proof of Lemma 3.4 of [3], one obtains the result.

@ there is an open neighborhood UG of G in ¥

and & © = ®a,U;) >0 such that |det _é(e)\’.I)[ >8 on Re A =a for all

Lemma 2. For any a > a

GeUG.

Proof: Choose € >0 such that a+€ <a and a neighborhood UG(&';) as
in Lemma l. Then Lemma 3.4 of [5] implies that all roots of det .G'(eVI) =0

are to the left of the line Re A = a..é < a+€ and there is a &a,G) >0
such thet |det G (exgl)] > 8a,G) on Re L =a. for each G € UG(E:).

If no neighborhood and O exists as stated in the lemma, then there are

sequences G, € UG(S), G2 G as k- and A = Ak(Gk) » Re Ay = a,
: A o :
k

such that |det Gk(e I)l <3k, k=1,2,e00 » The proof now proceeds

as in the proof of Lemma 3.4 of [5] using the appropriate generalization of

Lemma 3.2 of [5].

Lemma 3. For any a > aj, there is an open neighborhood T of (G,L)

G,L

the characteristic equa-

in gx@(C,EH) such that for each (G,I) ¢ Us 1,
>

tion

det A(A,G,I) =0



has the same finite number of characteristic roots with Re A > a. Further-

more, if W(E%E;a), ﬂi(aglba) are the projection operators associated with

the decomposition of C by A« a,G,L), then there is a constant K = K(a,UG L)
2

such that (11) holds for every (G,I) €U

6,1’ Furthermore, W(E%f;a) is

continuously differentiable in E@f.

Proof: The remark about the number of roots is proved in the same manner
as in the proof of Lemma 3.5 of [5]. The existence of the projectiqn opera-~
tor is a consequence of the general theory in [6]. The continuity and dif-
ferentiability of the projection follows from the contour integral repre-
sentation of the projection (see, e.g. [T, pp. 14-15]). To obtain the
estimate (11), repeat the proof of Theorem 4.1 in [5].

As a first application of the previous results, let us consider
as in [5] the saddle point property. Suppdse‘ G is stable,_no roots of
the characteristic -equation (9) lie on the imaginary axis‘and m(G,L,0),
ﬁL(G,Iyo) are the projection operators associated with the decomposition
of C by A(O,GQL). Since G is stable, there is an a, <0 such that

0

m(G,L,a) = m(G,L,0) for a < a<O0. We know that T, L(t)n(G,L,o) is
Ak

0]
equivalent to a linear ordinary differential equation whose coefficient
matrix has spectrum with positive real parts and “TG L(t)#l(G,Ibo)H <
, A . 3 , =
Kexpat for t >0 and some K >0, a <O. Therefore, the solutions

of the NFDE(G,L) in C is similar to a saddle point as shown in the

accompanying figure.
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Figure 1 -
From Lemma 35, there is a neighborhood UG of G in ¥ such that the same
behavior is preserved for (G,L) with G ¢ U, end m(G,1,0) replaced by

(G, L,0).
In what sense is this qualitative picture preserved for (G,f)

in a neighborhood of (G,L)? We say the saddle point property of (G,L)

is preserved if (G,L) is as described above and there are an open'néighf

borhood U, ;. of (GIL) in Y x5 and a neighborhood W of @ =0-
y _ ,

such that the following properties hold:
(1) In W, there is a unique equilibrium point e(G,f) which

is continuously differentiable in (E,f) for each (E,f) € Uy L°
2

(ii) The stable and unsteble manifolds of e(G,f) in W are

continuously differentiable in (E,f) € UG and are diffeomorphic to
2

L
those of (G,L) in W.

(iii) Any solution of the NFDE(G,f) with initial value in W
which is not on the stable manifold must leave W 1in a finite time for

each (G,f) € UG,L’
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Theorem 1. The saddle point property of (G;L) is preserved.

Proof: Suppose G € U, the neighborhood given by Lemma 3. For any f ¢ A

G’
consider the NFDE(G,f) written as

%G-E(xt) = L(x,) * h(x,)

(12) def
h(p) = £(e)-L(9)

The variation of constants formula implies the initial value problem for
(12) is equivalent to

t
(13) - X = T-ﬁ,L(t)q) + (f) TB-,‘L(t-s)xOh(xs)ds :

- where Xb is the nXn m?trix function én [-r,0] with 'Xb(e) =0 .
for -r < 6'<0, Xa(O) =1 (see [6, p..lj]). With the known estimates
of TE;L(t) on 7(D,L,0), Wi(fﬁluo) given by Lemma 3, one can repeat the»
ﬁroof of a similar theorem for retarded equafions giVéﬁ in [Sjﬂ(sée,‘also'
(9.

In general, the solution operator TG,f(t) of a NFDE(D,Tf)
need not be one-to-one, On the othef hand, if the funection p of bounded
variation used in the definition of G has a jump at -r glven by a non-
singglar matrix B, then it is shown in [2] that TG,f(t) is a homeo-
morphism. Consequently, on an open dense set V in Y x %, one can assume

TG f(t) is a homeomorphism, We can thus introduce on V the concept of
s ,
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trajectory equivalence of NFDE's as in ordinary differential equations.
The details have not been worked out, but there should be no essential dif-
ficulty in proving the following result: If (G,L) ¢ V and (G,L) has
the saddle point property, then there are a neighborhood W of ¢ =0 and
a neighborhood UCV of (G,L) such that (G,f) is equivalent to (G,L)
in W for each (G,f) ¢ U.

An important subclass of NFDE's are the retarded functional dif-
ferential equations; namely, those NFDE(G,f) for which G(¢) = ¢(0).
In this case, one can state conditions on (G,f) to ensure that Tbe(t)
is one-to-one (see [2]), but this map will never be a homeomorphism if
r > 0. Therefore, even the definition of trajecto;y equivalence seems to
be a challenging problem.

Now let us turnd to a more difficult question. Suppose we are

given a. NFDE(G,f)  with ~G - stable, £(0) =0, £ = L+f,, L = £2(0), p

1’
roots of the characteristic equation (9) have zero real parts and the re-
maining roots have negative real parts. Knowing the behavior of solutions

of the 'NFDE(G,f),_is.it possiﬁleito discuss the behavior of solutions of
the N@E('@,'f) for all - (G,f) -ina -neighborhood' of {G,f)? A partial
answer to this question is given below.

Since G is stable, there is a d < O such that no characteristic
roots of (9) lie in the strip d < Re A < 0. Choose a real number a such
that d < a < 0. Then Lemma 3 implies there are a neighborhood UG of
é in ,?% projection operators W(E;L,a), WJ(Eglba) associated with the

decomposition of C by Na,G,L) and a constant X = K(é,UG) such that



13

(11) is satisfied for each (G,L) € Us x {L}. Furthermore, the dimension

of the projection operators TT(-G—, L, a) is p for every GevU For any

G'.

T e %, write the NME(G,T) as

S8(x,) = Lx,) + h(x),

(1k)
by (@) = [E(9)-£(p)] + [£(@)-L(®)]1.
As before, the variation of constants formula for (14) is

T
(15) x, () = TE,L(t)CP + {) TE,L(t-s)XOh]ng)ds.

Using this relation and the known estimates on T—C; L(t)’ one can apply
’ f)
the same reasoning as in [10] for retarded functional differential equa-

tions to obtain the following results.

Theorem 2. Under the above hypotheses on (G,f), there are an open neigh-

borhood UG,f of (G,f) in ¥ x% open neighborhoods V,W of ¢ =0,
positive constants K,a and a diffeomorphism b -f:> (G, L, a)CNV-W
' ’ J

such that the set

Mé-ﬁ: = {p eCso = h-é-,-fw, Vv e m(G,L,a)C}

is a local integral manifold of the NFDE(G,f) for (G, ) €U The

G, f.

solutions of the NFDE(-D-,?) on M@ F is equivalent to an ordinary
’ 2



1k

differential equation and hs + 1is differentiable in (G,%) « Uy g Finally,
2 2
any solution x(¢) of the NFDE(G,f) satisfies
|2, (0)-bg 77(T, I,)x,(0)| < K" o]
% G,-f"’T 2 t -—
as long as xt(q)) €W, W(E,L,a)xt(cp) eV,
Corollary 1. With h—d 7 as in Theorem 2, any solution =x(¢) satisfying
2
x,c(cP) €W, W(G,L,a)xt(q)) eV for t <O must lie on M@,f’

Following the ideas used in the proof of Theorem 3.3 in [11] and

Theorems 4.3 and 7.1l of [10] one can obtain

Corollary 2. Suppose UG £ is the neighborhood of Theorem 2, (-é,?) € UG P
E )

and there is a unique equilibrium point (say ¢ = 0) -of the NFDE(G,T).

If the zero solution of the ordinary differential equafion on M-(‘;f is
2

uﬁifoxjmly asymptotically stable (unstable) , then the zero solution of ‘the

4 NFDE(G,f) is uniformly asymptotically stable (unstable).

- Corollary 3. -Let U V,W be the neighborhoods of Theorem 2 and suppose

G, £? B
(G,T) « Ug, e+ If x(p) is a solution of the NFDE(T,T) with m(G,L,a)x () €V,

xt(q)) €W for t >0, then the w-limit set of ¢ Dbelongs to M—d 7 and is
2

an invariant set. Furthermore, if there. is a neighborhood on M@' F which
2

is positively invariant under the corresponding ordinary differential ‘equai-
tion, then there is a neighborhood W' of @ = O such that the «-limit set
of every solution of the NFDE(G",_f') with initial value @ € W' belongs to

¥,
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As an application of Corollary'5 to a bifurcation problem, con-

sider the system

d
—.EG(Xt’S) = f(Xt,g)

where € 1is a small real parameter and G(9,£), £f(9,€) are very smooth
functions of ¢, for ¢ € C, |€] <€y £(0,€) = 0. Suppose L(°,8) is
the derivative of f£(¢,€) with respect to @ evaluated at © = O. Sup-
pose the characteristic equation det A(N,G(°*,€),1(*,€)) =0 has a pair
© of simple roots v(€) + ip(€), 3V(€)‘> 0 for & £0, v(0) =0, u(& >0,

[SI < €, the remaining roots have negatlve real parts and there is a

O)
8 >0 such that B3(e,6) S < -8<0, [e:l <€qe If we further assume that
the zero solution of the NFDE(GE,0),f(-,0)) is uniformly asymptotically
stable, thenACorollary~5 and -a Poiocaré'- Bendixson argument imply-tbere

is af least ome 2:Etr1v1al periodic solution of the NFRE(G(-,E),f(=,€))

for 0 < €< E',l, Sl Suff1c1ently small.

Of:coorsé, to determihe when therzéro_solution of a system With'
'f toots‘on-the ioéginary axis is unifofmly'asymptotlcally:stable is'an.éx-'_
tremely difficult problem even for ordinary differential equations. Some
success for NFDE's has recently been obtained in [11] for all roots on the
imaginary axis being zero and for the general case by A, Hausrath in a Ph.D.
thesis at Brown. Basiec to this 1nvest1gatlon is Corollary 2. This corollary
1mp11es that 1t is” suff1c1ent-to dlSCuSS the ordinary differential equation |
oo ME;?. Thereforo, one can hope to approximate the manifold Mﬁ;? to a
sufficient accuracy so that a decision can be made. This is the approach

that was taken in the above papers and the final sufficient conditions are

expféséed in terms of'coﬁpdfable'quantities.
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