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FOREWORD

This report describes work performed under Contract NAS5-11193 for the
NASA Goddard Space Flight Center. It consists of two parts. PartI presents the
analytical development and Part II describes the SWINGBY computer program,

iii



A oy
PRECEDING PAGE BLANK NOT FILMED

ABSTRACT

SWINGBY is a segmented two-body low thrust interplanetary swingby trajectory
and performance optimization program. The program explicitly includes both planeto-
centric and heliocentric phases by linking together a series of two¥ody, low thrust
trajectories that are alternately planetocentric and heliocentric. At the patch points, the
position and velocity are continuous, although the gravitational acceleration is discon-
tinuous. Particular attention is given to the severe sensitivity problem inherent in
swingby trajectories, and the program is designed to greatly alleviate the problem.

Wide flexibility is provided in selecting the performance index and in specifying boundary
conditions, Provisions are also made for generating optimum single leg trajectories.

The indirect method of optimization is employed,



. PRECEDING PAGI BLANK NOT FILMED
TABLE OF CONTENTS
Page
Foreword .......... . ceeenann cesessesssessenaanon o cieeeteaas cee iii
Abstract .. iieueiiortierneneereeansenesennsna ceeesenan Creseceraenens \%
Part I - Analysis and Problem Definition ..... ceessan Cecesisenssnasssrne I-1
Nomenclature ................ tssosecscasoseceens toeessesesseas .. I-2
Introduction ...oevvvveeeeeoon toosasseee cecessosssonsoestasasensee I-11
Problem Formulation ........... Ceestusecenas ceeeseseeee ceeaee I-13
Desired Program Features .......... cosass cossevanans ceeeanane I-13
Propulsion System Characteristics ...... cerseesane cessecas ceees I-14
Equations of Motion ......000eveee cheeessesen cececesnreee I-18
Expanded State Equations ......... 6t s esesseetsescoant s eats a0 I-20
Boundary Conditions ...... ceessosens tosescesssser et esensonee I-25
Starting Conditions ......... tseesseccosssscoenes I-31
Necessary Conditions ...eeeveeenrennens checsesoosssessessnns I-34
The Solution .............. cresoesssnnoas coseseoecans I1-44
Optimal Control Equations ...... ceoecaes teoteseennasans I-44
Jump Conditions at Sphere of Influence ..... cessacsesene cessssaaas I-49
Transversality Conditions ......o0eevue. Cesesessncsssnnas coseens I-52
Appendix A - Boundary Conditions ..... Gesesessessossscsssssssassanaes o I =17
Planetary Missions ........ I-77
Probe and Extra-ecliptic Missions ..... I-82
Appendix B - Alternate Boundary and Transversality
Conditions for Planetary MiSSions ...c.veeeeeecees cesens I-84
Appendix C -~ Alternate Procedure for Problems with Imposed Coasting
Within Swingby Planet's Sphere of Influence ....oc0v... treereneons chieens I-90
Part II ~ Swingby Program User's Manual .. ....eoeevoeeecececensnscssens IIm-1
Introduction ......coonvevnnennne tecsacssansoo ceeane cescsassesons o II -2
Swingby Program Capabilities ....... cesesesacan ceeocenanne ceseceess II-5
Swingby Input and Output ........... creeesesecennen tecesesesenencess Il ~-10
INPUT ........ ceteon cesecens ceoseeasoneees tessessosscsacsassees I =10
OUTPUT ... iiiiiiierernoncanans cesessseceeans coseesoesenesanes II - 32
Brief Subroutine Descriptions «...eeeeeeesesoosessanssconsesonens ee. I =37

Swingby Program Machine Requirements .......coveeeeeenenonenenes. II-43
Examplecas‘es.....D.0.00D....l..ﬁ.ll.l.l.....‘..lliﬂll..l..l.o.. II-44
References '

vii



PART 1

ANALYSIS AND PROBRLEM DEFINITION



Symbol

NOMENCLATURE

Definition

Vector of control parameters.
Arbitrary set of unit vectors.

Coefficients in polynomial expression for power variation
with solar distance,

Reference thrust acceleration, equal to the thrust evaluated
at 1 AU divided by the initial spacecraft mass.

Coefficient in equation for propulsion system efficiency.

Vector of parameters representing arbitrary functions of the
boundary values of the state variables.

Coefficients in the expression for the initial spacecraft mass.

Jet exhaust speed of the low thrust propulsion system.

Constant appearing in the equation for the propulsion
system efficiency.

Eccentricity of the launch hyperbola,

Eccentrlclty of the hyperbolic trajectory approaching the
target planet prior to the retro maneuver.

Unit vector in the direction of thrust.

Scalar function defined by equation (88),

Hyperbohc anomaly of the launch hyperbola at the sphere of
influence,

Scalar function defined by equation (157).

Hyperbolic anomaly of the target planet approach hyperbola at
the sphere of mfluence
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Definition

Right hand side of general first order differential equation
before and after, respectively, an event which causes the form
of the differential equation to change.

General form of the vector of discontinuities in state variables.

Element of G associated with the mass ratio.

Planetocentric angular momentum vector at the closest
approach point of the swingby planet.

Step function, equal to one inside the swingby planet sphere
of influence and equal to zero outside.

Step function, equal to one if the switch function is positive
and equal to zero if the switch function is negative.

Inclination of the heliocentric trajectory relative to the ecliptic
plane,

Unit vectors along the axes of an inertial Cartesian coordinate system,
i directed toward the Vernal Equinox, k along the ecliptic North
Pole, and J =k x .

Inclination of the launch hyperbola relative to the equatorial
plane of the launch planet.

Inclination of the approach hyperbola relative to the equatorial
plane of the target planet.

Variational Hamiltonian.

Flag set equal to zero for optimal thrusting within swingby
planet sphere of influence and equal to one for imposed coasting.

Flag set equal to one if the low thrust propulsion system is to
be jettisoned prior to the retro maneuver and equal to zero
otherwise,

Flag set equal to one if a retro stage is to be employed and
equal to zero otherwise.

Flag set equal to one if the low thrust propellant tankage is to
be jettisoned prior to a retro maneuver and equal to zero
otherwise.
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Definition

Tankage factor of retro stage,
Structural factor of spacecraft;
Low thrust propellant tankage factor.

Swingby planet scientific package mass factor.

Unit vectors along axes of Cartesian coordinate system associated
with launch planet; n is direction of launch planet North Pole,

1 along the vector kxn,andm =n x71.
e e e

e e

Unit vectors defined as above, except associated with the
swingby planet.

Unit vectors defined as above, except associated with the
target planet.

Inert mass of the retro stage.

Net spacecraft mass.

Initial spacecraft mass.

Low-thrust propellant mass.

Retro propellant mass.

Low thrust propulsion system mass.

Retro stage mass.

Spacecraft structural mass (proportional to initial mass).

Low thrust propellant tankage mass.

- Mass of scientific package jettisoned at the swingby planet.
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Definition

Lagrange multiplier vector used to adjoin state variable
discontinuities to the performance index.

Heliocentric position vector of the swingby planet.

Net conditioned power.

Heliocentric position vector of the launch planet.

Beam power of the propulsion system.

Reference power of the propulsion system, evaluated at 1 AU,
Heliocentric position vector of the target planet.

Vector function defined by equation (26).
Heliocentric distance of the spacecraft.
Heliocentric position vector of the spacecraft.

Spacecraft position relative to the launch planet at exit from its
sphere of influence.

Radius of the launch parking orbit.
Radius of the launch planet sphere of influence.
Distance from the center of the swingby planet.

Planetocentric position vector of the spacecraft relative to
the swingby planet,

Radius of the swingby planet sphere of influence.

Spacecraft position relative to the target planet at entry into

o its sphere of influence,

Apocenter distance of the final orbit about the target planet,
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Definition

Pericenter distance of the final orbit about the target planet.

Radius of the sphere of influence of the target planet.

Dummy variable of integration,

Value of s at which the sphere of influence is crossed.

Time,

Arrival date at the target.

Date of departure from the launch planet.

Time at the sphere of influence of a planet.

Date of swingby.

Time within the sphere of influence of the target planet.
Time within the sphere of influence of the launch planet.

Vector of control variables.
Heliocentric speed of the spacecraft.
Heliocentric velocity of the spacecraft.

Characteristic speed required at the launch parking orbit
to achieve the specified launch energy.

Escape speed at the launch parking orbit,
Same as v .
e

Speed relative to the launch planet at exit from the sphere

~ of influence.

Final heliocentric velocity vector.
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Definition

Speed relative to the swingby planet at closest approach,

Incremental speed required of the retro stage.

Speed relative to the target planet at pericenter of the approach
hyperbola before the retro maneuver.

Speed relative to the target planet at entry of the sphere of
influence.

Hyperbolic excess speed at the target planet,

Hyperbolic excess velocity at the target planet.
Hyperbolic excess speed at the launch planet,

Vector of state variables.

Cartesian components of the final heliocentric position.
Limiting value of the arbitrary function x(s) at s=s as s
approaches sp from s > sp. P

Limiting value of the arbitrary function k(s) at s=s_ as s
approaches sp from s <sp. P

Specific propulsion system mass.

Ratio of instantaneous power to power at 1 AU. Also denotes
heliocentric flight path angle in discussion of end conditions.

Flight path angle relative to the launch planet at exit from the
sphere of influence.

Flight path angle relative to the swingby planet.

Flight path angle relative to the target planet at entry into
the sphere of influence.

Derivative of the ratio of instantaneous power to reference power

with respect to heliocentric distance.
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Definition

Constant increment of science package jettisoned at the
swingby planet.

Total mission duration.
First leg flight time.
Second leg flight time.

Propulsion system efficiency.

Derivative of efficiency with respect to jet exhaust speed.
Magnitude of the vector A.

Vector of variables adjoint to the state variables.

Function defined by equation (66),

Lagrange multiplier adjoint to the reference thrust acceleration.

Lagrange multiplier adjoint to the low thrust jet exhaust speed.
Vector of variables adjoint to the heliocentric position vector.
Lagrange multiplier adjoint to time.

Vector of variables adjoint to the heliocentric velocity vector.
Magnitude of AV .

Lagrange multiplier adjoint to the mass ratio.

Gravitational constant of the sun.

Gravitational constant of the launch planet.
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Definition

Gravitational constant of the swingby planet.
Gravitational constant of the target planet,

Ratio of instantaneous spacecraft mass to initial mass. Also,'
Lagrange multiplier used to adjoin function defining discontinuity
time to the performance index.

Function defined by equation (24) or, for the more general
problem, by equation (49).

Switch function, defined by equations (81).

Time interval between the swingby passage point and the sphere
of influence of the launch or target planet.

Performance index.
Augmented performance index.

Partial derivative of ¢ w.r.t. reference thrust acceleration.
Partial derivative of ¢ w.r.t. jet exhaust speed.

Partial derivative of ¢ w.r.t. time.

Partial derivative of ¢ w.r.t. arrival hyperbolic excess speed.
Partial derivative of ¢ w.r.t. departure hyperbolic excess
speed.

Partial derivative of ¢ w.r.t. mass ratio.

General form of the end condition constraints.

Angular position of spacecraft measured in the osculating
heliocentric trajectory plane from the line of ascending node
positive in the direction of motion.
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Definition

Angular position of the spacecraft at the launch planet sphere of
influence, measured in the planetocentric trajectory plane from
the line of ascending node, positive in the direction of motion.

= w - L
es yes

Angular position of the spacecraft at the swingby passage point
measured in the osculating planetocentric trajectory plane from

the line of ascending node, positive in the direction of motion.

Angular position of the spacecraft at the target planet sphere of
influence measured in the planetocentric trajectory plane from
the line of ascending node, positive in the direction of motion.

="%s_‘yts'

Longitude of the ascending node of the heliocentric trajectory
on the ecliptic plane measured eastward from i.

Longitude of the ascending node of the planetocentric launch
hyperbola on the launch planet equatorial plane measured
eastward from ?;e .

Longitude of the ascending node of the osculating planetocentric
trajectory relative to the swingby planet on the planet's equatorial
plane measured eastward from 1p

Longitude of the ascending node of the planetocentric arrival
hyperbola on the target planet equatorial plane measured

eastward from Zt .

Denotes that () is evaluated along first and second trajectory
leg, respectively. -

First, second, and third time derivative of (), respectively.
First and second derivative, respectively, of () w.r.t. s.

Denotes prescribed value of () in Appendix A.
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INTRODUCTION

The fact that significant performance gains may be achieved with the use of
swingby (gravity-assist) trajectories for certain ballistic interplanetary and solar
system missions has been known for some time. These gains may either be realized
in terms of increased scientific payload for a given mission duration or, conversely,
in terms of a reduction in flight'time at littie or no cost in payload. Swingby missions
to nearby planets that appear particularly promising include Mercury probe missions
past Venus 1 and short-duration round-trips to Mars employing a swingby past Venus

on either the out-bound or homebound legs. Because of its great mass, Jupiter

has received much attention as a potential swingby planet for such missions as out-of-

the-ecliptic, solar, and deep space probes,4’ o and flybys of the outer planets.

The extent to which the use of swingby trajectories are applicable to interplanetafy
and solar system missions employing electric propulsion can only be conjectured at
the present time, because no concerted effort has been made to assess the performance
of this particular combinatioﬁ of trajectory profile and propulsion system. The singular
contribution to this subject is by Flandro,8 who showed that significant performance
gains may be achieved for Jupiter swingby missions to the outer planets by using solar
electric propulsion on the Earth-Jupiter leg. He obtained the low-thrust swingby tra-
jectories by linking the appropriate post-Jupiter bailistic continuation trajectory to an
optimum low-thrust Earth-Jupiter flyby trajectory. This is probably not the optimum
swingby trajectory; however, for solar electric propulsion, it may be a good approxima- |

tion to the optimum. Flandro did not compare the performance of low-thrust swingbys
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with that of low-thrust direct flights to a specific destination. However, his data were
compared to the author's unpublished low-thrust flyby trajectory data to the outer
planets for the same launch vehicle and specific propulsion system mass. This
comparison indicated that a payload gain of 30-50 percent or, conversely, a reduction
in mission duration of 25 percent, may be achieved through the use of the Jupiter

swingby for low-thrust missions to Uranus or Neptune.

The potential attractiveness of low-thrust swingby trajectories has not been
overlooked in the past. The present absence of definitive information on the subject is
simply due to the fact that it is an exceedingly difficult problem,and no computer
programs capable of treating the problem are currently available. The generation of
optimum low-thrust trajectory data for direct flights from Earth to a specific destina-
tion is no simple task, and introduction of the dynamics and the effects of an intermedi-
ate planetary encounter greatly magnifies the complexity and increases the dimen-

sionality of the problem.

In this report, the necessary groundwork is laid for t‘t;e development of
a patched-conic low-thrust swingby trajectory optimization computer program. The
problem to be treated is explicitly stated and formulated for solution by an indirect
method of optimizaj:ion. The Pontryagin‘Maximum Principle is then applied to yield
the necessary conditions that must be satisfied by the solution to the problem. Through-
out the formulation of the préblem and sélution, care is taken to assure maximum
flexibility in choosing the type of missiqn, the mode of operation, and the variety of

~ boundary conditions.

I-12



PROBLEM FORMULATION

Desired Program Features

The problem we seek to solve is that of finding an optimum low-thrust trajectory
employing a gravitational assist from an intermediate planet. We wish to obtain the solu-
tion of this problem within the framework of a patched-conic formulation. That is, two-
body motion is assumed throughout the mission with planetocentric motion assumed
within a planet's sphere of influence and heliocentric motion outside. At the sphere of
influence the trajectories in the two reference frames are patched so as to maintain

continuity in both position and velocity.

To provide as much flexibility as possible in the operation of the program, a number
of program options and features are desired. Among these are the following:

1) Permit optimal thrusting or imposed coasting within the sphere of

influence of the swingby planet.

2) Allow specification of constraints on the swingby trajectory in terms of

passage distance, passage speed, and/or inclination to the planet's equator,

3) Permit end conditions compatible with missions to non-specific space points,
such as distance or inclination out-of-the-ecliptic, heliocentric distance,

etc., as well as flyby and orbiter missions to any of the planets.

4) Incorporate a sufficiently general propulsion system model to permit simu-
lating either nuclear-electric or solar-electric propulsion with high thrust

maneuvers at each end.
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5) Relate Earth-launch conditions to capabilities of specific launch vehicles.

Thrusting within the spheres of influence of either the launch or target planets will not
be permitted; however, motion and time within the spheres are included in the formula-

tion,

Propulsion System Characteristics

The low thrust propulsion system model will assume constant jet exhaust speed
(i.e., constant specific impulse) for both nuclear and solar electric systems. For solar
electric systems, the net conditioned power will be taken as a function of the heliocentric

distance, i.e.,
b () =P, Y() | (1)

where pC (r) is the net conditioned power at a distance r from the sun, p0 is the net
conditioned power at 1 AU, and ‘% represents the variation in power as a function of

distance. It will be assumed here that 7 is of the form

s

o i/2 @)

1
Y TS Y
r

with the a, being a set of input constants satisfying the constraint

2.a, =1 ; | (3)‘

It is possible that the right side of (2) may bé negative for certain values of r.

If this occurs, it is understood that ¥ (r) will be set to zero.
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For nuclear electric propulsion systems, the same formulation will be employed;

however, we will impose the identity

Y =1 (4)

The overall efficiency, 7, of the propulsion system will be taken as a function of the

jet exhaust speed, c. The specific form assumed is

n=——s )

where b and d are input constants. Thus the jet, or beam, power, pj, of the pro-

pulsion system is

pj=npc=n7po=7moaoc/2 (6)

where a0 represents the thrust acceleration at 1 AU and mo is the initial spacecraft
mass. The mass of the propulsion system, mps’ is assumed to be linearly proportional

to the power at 1 AU, i.e.,

m s = ep, ()

where « denotes the specific mass of the propulsion system.

Spacecraft Mass Components

In addition to the propulsion system, the spacecraft is assumed to be comprised
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of low-thrust propellant and tankage, structure, retro propulsion system, and a mass
package that is jettisoned upon approach of the swingby planet. The masses of these
various systems will be denoted mp and m ¢ for the propellant and tankage, respec-
tively; ms for the structure, mr for the retro propulsion system, and mX for the
package jettisoned at the swingby planet. The spacecraft mass in excess of these items
will be termed net spacecraft mass and denoted mn. Then the initial spacecraft mass

is written as the sum of these components as follows:

m “=m +m-+m+m-+m+m-+m (8)
0 ps p t s r X n

The initial spacecraft mass is equated to the payload of the specified launch vehicle,
which is related to the launch energy (departure hyperbolic!excess speed). Since the
launch vehicle payload capability may be closely approximated with a simple exponential

equation in the characteristic velocity, we assume mo to be of the form

-v /b
_ c 2
m0 ble -b3 9)
where f———z——-z—
Vc='\/v°°d +Ve (10)

with Ved being the departure excess speed and Ve the escape speed from a 185
kilometer circular orbit, and b 1’ bz, and b3 are input constants representing a

specific launch vehicle. The low-thrust propellant and tankage masses are evaluated
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mp = J;; (-m) dt (11)
o

mt = ktmp (12)

where to and tf denote initial and final times, respectively, m is the propellant

flow rate of the propulsion system, and kt is a specified proportionality factor. The

structure mass is linearly proportional to the initial mass, i.e.,

m =k m K (13)

with k being a specified constant. The retro propulsion system is comprised of
S
propellant, mpr, and inert mass, mi, which are evaluated as follows:

-v /e

_ _ _ s . _ rr
mpr = (m0 mp mX Jpsmps ]tmt) (1-e ) (14)

m =km (15)
where jps and j ¢ are input flags, equal to one if the low thrust propulsion system and
tankage are to be jettisoned prior to the retro maneuver and equal to zero otherwise,
vr is the velocity increment to be supplied by the retro stage, c. is the retro jet exhaust

speed, and kr is a specified constant. The mass of the science package jettisoned at

the swingby planet is written

m_ = AmX + kxmo (16)
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where both Amx and kX are specified constants.

Equations of Motion

The two-body equations of motion of the spacecraft outside the sphere of influence

* .
of any planet may be written: -
ay
L o’ -. R
R = ho T B (17)
r
a 'y
p=-h — (18)
o c

where a; ¢, and v are as defined previously, R is the heliocentric position vector,
r= IRI, v is the ratio of instantaneous mass to initial mass, ET is a unit vector in
the direction of thrust, p is the gravitational constant of the sun, and ho is a step
function,equal to one if the low thrust propuls’ion system is on and zero if the propulsion

system is off. Within the sphere of influence of the swingby planet, two-body motion

relative to the planet is assumed and the acceleration may be written

. ao‘y Rp
Rp = (1-5,) ho_ = ety -r-3— (19)
p
where we define
R =R-P 20
p | (20)

*Upper case letters denote vectors, lower case letters with bars denote unit
vectors, and all other lower case symbols denote scalars.
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R =R-P (21)

with up being the gravitational constant of the swingby planet, rp = l Rp |, and P

and P are the position and velocity, respectively, of the swingby planet. The flag
j is input,equal to one if imposed coasting within the sphere of influence is desired
c

and equal to zero otherwise. Finally, we make the assumption that, within the sphere

of influence,

ﬁ=%ﬁ§ (22)

where P is the acceleration of the swingby planet as obtained from whatever

ephemeris model is being used. P, P and P are functions only of time.

The equations (17) and (19) may be combined by introducing the Heaviside

step function hp with properties

_J1if p>0

hp Q0 if p<o (23)
where =yr =T 24

P=r s~ Ty (24)
with rps being a specified value representing the radius of the sphere of influence
of the swingby planet. That is

ay '
R = -1 —o—. a - _E. -
R=( ]chp) ho ” e~ K r3 hpQ (25)
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R LS
where Q=u P ~-y—-P (26)
p 3 3
r r
p
Also, we may write
ao'y
o=~ (1-jh ) b —- (27)

Consequently, equations (25) and (27) represent the complete set of equations of
motion and are valid throughout both the heliocentric and planetocentric phases of the

~
trajectory.

Expanded State Equations

Our problem is to determine the optimum direction of éT as a function of
time and the conditions under which ho_ switches optimally between zero and one,
subject to the condition that the spacecraft pass within the sphere of influence of the
swingby planet. We also seek optimum values of selected boundary conditions as
well as certain propulsion system parameters. Two optimization criteria are of
particular interest—maximum net spacecraft mass and minimum mission duration.
This optimization problem begins upon leaving the sphere of influence of the launch

planet and terminates upon entry into the sphere of influence of the target planet.

This would be a standard problem in the calculus of variations were it not for the
express and implied constraints imposed at an intermediate point of the problem (i.e.,
at the time of swingby). Variational problems with intermediate point constraints are

treated classically using a technique known as the D enbow transformation. The purpose
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of the Denbow transformation is to convert the original problem with intermediate point

cc;nstraints into one with only end-point constrqints. This is accomplished by separating
the path into a series of segments, the end-points of which are the end and the intermediate
constraint points of the original problem. A dummy variable of integration is then intro-
duced which is linear in time but scaled such that the time duration of each segment
corresponds to the interval [0,1] of the dummy variable. Finally a complete set

of state variables is introduced for each segment, and equations of motion are developed
with the dummy variable as the independent variable of integration. The standard Varia-

tional calculus approach may then be applied to the expanded set of equations of motion.

We will employ this general approach by separating the total mission into two
segments, the first corresponding to the launch-to-swingby planet trajectory and the
second corresponding to the swingby-to-target planet trajectory. Specifically, the point
at which the two segments are separated is the point of closest approach of the swingby
planet. A slight deviation from the standard application of the Denbow transformation
will be pursued because we wish to commence the integration of both trajectory segments
at the swingby planet and proceed in both directions to the launch and target planets.

. It is thought that this approach will help to reduce the sensitivity of the boundary value

problem and thereby facilitate convergence.

In pursuit of our objective, we introduce the notation of pre-subscripts 1 and
2 to distinguish between variables associated with the first and second trajectory segments,
respectively. Now, eliminate the second-order differential equations in favor of first-.

order equations by introducing the velocity vector, V, in the state; i.e.,
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ao ly 4
} = -1 h a - cmn— -
1V ) e 5 1% T3 1B 1P a® (28)
1 r
1
a__y
. . 01
TR S LV
for the first segment, and
oR =,V
. aoz'y -
oV = (dg oh ) 9Py v 2T T 32 2l 29 (29)
r
2
aoz" ;

oV =~ Al Zh;) e o

for the second segment. To convert these equations to the dummy independent variable,
which will be denoted s, it is necessary to specify the relationships between time on
each segment and s. Let 1ts and 2ts represent time on the first segment at the
sphere of influence of the launch planet and time on the second segment at the sphere of
influence of the target planet, respectively, and denote tsw as the time of closest
"approach of the swingby pianet. Then, since we wish to integrate in both directi‘ons from

the swingby closest’approach point, we specify that s = 0 corresponds to the closest

approach point of both segments and s =1 corresponds to departing the launch planet
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sphere of influence on the first segment and entering the target planet sphere of influence
on the second segment, Denoting lt and 2t as time along the first and second segments,

respectively, and defining the parameters

1 sw 1s
(30)
ZT - 2ts - 1:sw
then time on each segment is related to s as follows:
t=t -
1 sw IT S
(31)
t=t +
2 sSwW ZT S
Denoting derivatives with respect to s with the prime, one obtains by inspection
t' = -~
1 17
(32
! =
ot T o7
Furthermsre, since
y=d d _t
(Or=d (ya
(33)

2( )=d2( )/d 21;

the expanded set of equations of motion with s as the independent variable is immedi-
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ately obtained from the chain rule;i.e.,

= R ' = -
B RV

ao 17

' = ‘.]t’.:_ [... o __u_ h ]
AR AL L K PP L L ML e PP
1 r
1
Y
. ol
V= o (1- h
VT Y ST R e S
1= R 4+ =
of TRt =, ToV
a
vi= Vot [(13 h) h Jo2” o Q]
2 c2'p 20 v 2°T SRPLIY)
2
a__y
V= 4= i 02
2V 2"'2t 2T @ ]czhp) 2h0' c

Equations (32) and (34) constitute the complete set of equations of motion; equations

(32) are included because time must now be considered as a state variable since it has

been replaced as the independent variable of integration but still appears explicitly in

(34) through the ephemeris terms in Q.
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Boundary Conditions

To maximize the flexibility and usefulﬁess of the program, it is desirable to
provide for as many and as varied boundary conditions as possible. The possible varia-
tions in the coordinate systems and specific parameters in which one may wish to express
boundary conditions are astronomical, Consequently, it is necessary to decide at the
outset upon the types of missions that the program is to be capable of treating and to

define a reasonable set of parameters that will be of interest for each mission,

We are specifically interested in unmanned scientific missions, originating at
the Earth, which swing by a planet enroute to some ultimate destination, Therefore,
there are three points along the trajectory where the imposition of boundary conditions
will be of general interest. The first point is, of course, at Earth departure, the second
is at the swingby point, and the third is at the final destination. The specific boundary
conditions provided for are listed in Appendix A. The considerations given in selecting

these are indicated in the following paragraphs.

The assumed sequence of events in the Earth-departure phase is as follows:

1) The launch vehicle places the spacecraft in a 185 kilometer altitude circular
parking orbit about the Earth.

2) At the éppropriate point in the parkinrg orbit, the upper stage of the launch
vehicle injects the spacecraft onto an escape trajectory with an excess

speed v q
3) The spacecraft coasts to the sphere of influence of the Earth where the

electric engines are turned on and the first heliocentric segment then begins.

The initial time of the problem (i.e., launch date) will be taken as the time of injection
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of the spacecraft onto the hyperbolic escape trajectory, even though the optimization
problem does not commence until several hours later when the spacecraft reaches the
sphere of influence. We are interested in boundary conditions at the sphere of influence
where a total of eight degrees of freedom exist, six to define geocentric position and
velocity, one to define mass, and one to define time (time is the one degree of freedom
necessary to convert from geocentric to heliocentric position and velocity). Of these
eight, two are used in specifying the radii of the parking orbit reo and the sphere of
influence res ; two others, v, d and time at the sphere of influence 1’cS , will be
made available as independent parameters of the problem which may be fixed or optimized;
and one, the initial mass ratio is, by definition, required to be unity. The remaining
three degrees of freedoni are left open and will be determined as an output of the
solution. The specific equations representing the constraints at Earth are given in
(A.4) with pe denoting the gravitational constant of Earth and Pe (1) denoting the
position of Earth at time 1t(l). Note that the second of equations (A.4) is required

because we have introduced a new variable v, which is not independent of the state

d
variables. The optional constraints on time at the sphere of influence and departure

excess speed are represented by the first of equations (A.8) and (A.9). It may be

helpful to note at this point that the required equality of 1’c(l) and the independent parameter

lts is not expressly written in the Appendix A. This is not an oversight but simply a
recognition that the required equality is trivially satisfied on all trajectories because
it is used as the stopping condition of the numerical integration. A similar situation

exists at the target between 21:(1) and 2ts.

If it is desired to fix the launch date (i.e., the date of departure from the

parking orbit about Earth), the constraint (A.14) is imposed where tw d is the time
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within the Earth's sphere of influence, starting with injection from the parking orbit,

and is computed as follows:

_ 3 -
tog (ue/vmd) (e sinhf -f ) (35)
with
_ 2
ee sl+ reovmd /“e
(36)
r v 2
f =cosh—1 [(1 +-—e-s—f-(l)/e ]
e M e

At the swingby point, there are a total of sixteen degrees of freedom -- eight
related to each‘of the two segments. Half of this total are used in the simple statement
that the state is continuous at the swingby point. These are represented by equations
(A.1) in Appendix A. Because of the desire to provide the capability of fixing such
swingby trajectory parameters as radial distonce, speed, and inclination, it is helpful
to introduce the polar coordinates of the planetocentric position and velocity at the
swingby point. Of the six coordinates required, three are, of course, the passage
distance rp, the passage speed vp, and the inclination to the swingby planet's
equator ip. A fourth coordinate, whose choice is convenient, is the flight path angle
-yp which, by definition, is zero at the passage point. The fifth and sixth coordinates,
which are chosen somewhat arbitrarily, are the angle Qp ~defining the orientation of
the line of ascending node of the swingby trajectory and equatorial planes relative to the
autumnal equinox of the swingby planet,and the angle c% defining the angular position of

the spacecraft in the plane of motion relative to the line of ascending node. The statement

I-27



that yp is zero is equivalent to the first of equations (A.3). The latter five equations

in (A.3) provide a mathematical definition of the other five polar coordinates. In

these equations, the unit vector ﬁp is a specified vector representing the normal to the
swingby planet's equatorial plane in the direction of the planet's spin about its polar

axis, and k is the unit vector normal to the ecliptic in the direction of the celestial
north pole. The autumnal equinox of the swingby planet is defined as the direction

along (1_<xﬁp). Because we h;we chosen to employ plane;ocentric rather than heliocentric
coordinates as independent parameters of the problem, the six equations represented by
(A.2) are required to relate the two coordinate systems. The options of constraining
the passage distance, speed and/or inclination are represented by equations (A.6),

while similar options for mass ratio and time of swingby are represented by (A.7).

At the destination there again are eight degrees of freedom and the manner in
which these are used as boundary conditions will depend upon the particulér type of
mission under investigation. For example, if the ultimate destination is a planet,
it is most convenient to write‘ the boundary conditions in planetocentric coordinates.

On the other hand, for space probe missions, the only meaningful coordinate system

in which to express the boundary conditions is heliocentric. Specifically, we are
primarily interested in providing boundary conditions that are consistent with four
basic types of missions. These are the planetary orbiter, the planetary flyby, the
deep space or solar probe, and the out-of-the-ecliptic missions, Associated with each
of these mission types are parameters of common interest that will be made available

as boundary conditions.
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For planetary orbiter and flyby missions, the point at which we must concern
ourselves with the eight degrees of freedom is the point of entry of the target planet
sphere of influence. The sequence of events within the sphere of influence is basically
the mirror image of that at Earth departure. For orbiter missions the spacecraft
coasts from the sphere of influence to the pericenter of the planetocentric hyperbolic
trajectory, where a chemical retro stage is employed to inject the spacecraft into an
elliptic capture orbit, The ﬂyby; missions are identical except no retro maneuver is
performed. In either case, the parameters of primary interest are the final pericenter
distance r, ., the radius of the sphere of influence r

tf

excess speed vqoa . Since these are direct counterparts of the primary parameters

b 1 and possibly the arrival

at Earth departure, the equations of constraint at the target for planetary missions are
very similar to those for Earth departure and are given in (A.5) where M, denotes the
gravitational constant of the target planet. The optional constraints on the independent

parameters, vwa and 2ts are represented by the latter of equations (A.8) and (A.9),

respectively, while the optional constraints on final mass ratio and arrival date are given
in (A.13) and (A.15), respectively. In (A.15), the parameter twa , which is the
time within the target planet's sphere of influence to the point of closest approach, is

computed in a manner analogous to that of t 4 inequations (35) and (36). That is,

d
tma is given by

37)

- 3 . _
tma = (“t/vcba ) (et sinh f ¢ f t)
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where

2
=1+
€ =1t Van /K

(38)

2
r, v
= cosh L [(1 , 18 wa_)/et J
t

t K

For purposes of computing the retro propellant requirements for planetary orbiter
missions, the assumed retro maneuver will be comprised of an impulsive thrust
maneuver at the pericenter of the planetocentric approach hyperbola. Thus, the retro

velocity increment, Vr’ may be written

24, T
2 t ta
v =/vm + 20 /r.—/———- (39)
r a t tf rtf(rtf+rta)

where r ta is the apocenter distance of the desired final capture orbit. This value of

v, is then used in (14) to evaluate the retro propellant requirement.

Boundary conditions of solar and deep space probes are generally stated in terms
of a final solar distance with possible limitations on either time or mass. For extra-
ecliptic missions, the boundary condition is more than likely to be inclination to the ecliptic
with possible constraints on radial distance, mass, and/or time. For such conditions,
it is most convenient to work in a polar coordinate system. However, there also exist
many problems which fit in either of these categories for which Cartesian coordinates

are more appropriate. Examples include problems for which the final space state (i.e.,
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position and velocity) is completely specified or extra-ecliptic missions for which a
specific component of position or velocity normal to the ecliptic plane is to be achieved.
Consequently, the capability of expressing end conditions in either Cartesian coordinates,
as represented by equations (A.18) - (A.20), or polar coordinates, as represented: by

equations (A. 21), will be provided. B

Certain optional constraints are required for all types of missions. These
include constraints pertaining to the engine parameters, such as equations (A.10) and
(A.11), and to the net spacecraft mass, given by (A.12). The individual segment
flight times and the total mission duration are also parameters of interest for most
missions and are provided as optional constraints through equations (A.16) and
(A.17). Of course, since there is no sphere of influence at the destination for probe

and extra-ecliptic missions, the time interval twa is taken to be zero.

Starting Conditions

Given a set of planetocentric polar coordinates of the spatial state at the
swingby point, one must then transform to the ecliptic Cartesian coordinate system
in which the integration is performed. This is quite easily accomplished after first

forming a planetocentric equatorial Cartesian coordinate system with unit vectors

T,p , 'rh_p , and Ep along the orthogonal axes. Recall that ﬁ'p is along the polar axis of

the swingby planet and is input in the ecliptic Cartesian coordinaté system with unit

vectors ?, ]T, and k. Providing Hp is not input collinear with E, then define

kxn
' (40)

‘k}',:___
P Ikxnl
p
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That is, Zp is defined to be directed towards the autumnal equinox of the swingby

planet. Tf np is input such that
lkxn [ =0 (41)
p ;
then we will arbitrarily set
Zp =-1 | . (42)
Finally, the right-handed set is completed by defining

m =n x4 (43)
P P P

The planetocentric position and velocity vectors may then be written

F (0)=r ,:(cosw cosQ) -sinw sinQ cosi_) 4L +(cosw sinf)_+sinwcos§ _cosi )m
2'p P p p p U A p P p P PP

+ sinw sini_n J (44)
P PP

zﬁ 0) =v [—-(sinw cos§l +cosw sin{) cosi )E —(sinoi)sinﬂ -cosw cos§l cosi )I-I-i
p p p p p p pp p p p p p

+ cosw sini_n ] (45)
P P P

which yield sz(O) and 2Rp(O) in the ecliptic system since fp, m, and n_ are
known in that system. The final step required is to convert from the planetocentric

ecliptic to the heliocentric ecliptic by simply adding the position and velocity of the

swingby planet, i.e.,

L2



2R(O) = 2Rp(O) + 2P(O)

(46)
= R + P
2V = R (0) + P(0)
Clearly, continuity considerations at the swingby point coupled with the identities
P(0)= P
1 ,(O) 2 © .
(47)

20) = ,P()

yield the vectors 1Rp(O), 1Rp(O), 1R(O), and 1\/ (0) immediately.
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NECESSARY CONDITIONS

To outline the necessary conditions that must be satisfied by the solution to the
optimization problem at hand, it is helpful to first restate the problem in a general
form. To this end, let the state at any point s in the interval [0, 1] be denoted

X(s), and require that X(s) satisfy the differential equations

X(s)' = F1[X(s) , Us), A, s] 0<s<s_

(48)
X(s)' = F2[X(s) , Uis), A, s] sp<s <1

where the prime denotes derivatives with respect to s, U(s) is a vector of control
variables and A is a vector of control parameters. The point s=sp is determined

from the constraint

p[X(sp')] =0 (49)

The superscript minus implies the limit as s approaches sp from the left. At

s=sp, we also admit the possibility of a discontinuity in the state of the form

. )
X(Sp ) - X(Sp) = G (B) (30)

where B is a vector denoting parameters related to the boundary conditions of the

problem. The boundary conditions are expressed in the general form

v[X(@©), X1), A, B]=0 | | N (51)
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Except at s=sp, X(s) is required to be a continuous and piecewise-differentiable
function of s, while U(s) is required to be piecewise-continuous and differentiable ex-
cept at a finite number of points. The problem to be solved is that of choosing

U(s), A, and B so as to minimize the function
¢[X(@1), A, B] (52)
subject to the satisfaction of the constraints (51).

To verify that the original problem is contained in the more general problem
stated above, note the following observations. The sixteen state variables of the
problem (i.e., the position and velocity components, mass ratio and time on each of
the two segments) are represented by X(s). The dummy variable s and its range are
taken to be the same as in the original problem. The control variables, thrust direction
and the switch step function ho ,» are contained in U(s), whereas A includes the engine
parameters ao and c¢ . The crossing of the sphere of influence occurs at <s=sp at
which time the governing equations of motion switch from F 1 to F2 . The value of
sp is determined by the satisfaction of (49), which is equation (24) in the original
problem. The capability of accounting for jettison ing a mass package at the swingby
planet is provided through (50). All boundary conditions specified in the preceding
section are contained in the general set given by (51), and the general form of ¢ covers
both net spacecraft mass and time, which are the primary performance indices of immedi-

ate interest. Note that the assumption to minimize ¢ does not restrict the generality

of the problem,since ¢ may be equated to the negative of a function which is to be maxi-
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mized. The vector B is introduced with the intention of using its elements, which would
be functions of the initial and/or final values of one or more of the state variables, as
independent parameters in the solution of the boundary value problem. It may be argued
that, since the intercepts of the swingby planet sphere of influence may not occur at the
same value of s on the two segments, there should be one additional equation repre-
sented in (48) covering the range _sp 1<s <sp2 where Sp 1 and sz denote the two
values of s where the crossings occur. Technically this argument is correct; however,
because the equations of motion for the two segments are completely uncoupled, the
corner conditions at the two points of discontinuity are also uncoupled. Consequently,

the general equations to be derived for one point of discontinuity may then be applied to

the crossings independently.

The general approach to the solution of the problem stated above may be found
in most textbooks ‘of optimization theory employing the indirect method. The approach
employed here is similar to that of Reference 9. We begin by writing the augmented
function @¢* by adjoining to @ the constraint equations (48) - (50) through the intro-

’____,ductioh of a set of Lagrange multipliers as follows:

¢+ =¢+vp+N-[x<s;> -X(s)) - G ®)]

,Sv 1
p
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where v, N, and A(s) are the multipliers. We then seek the necessary conditions

for which ¢* is a minimum, i.e., for which

dg* =0 (54)

Proceeding formally, one may write

x_ 39 ) 3 ¥ __ . dx(s-
d¢” = 53y 49X + 35 dA+ sz - dB+ ) (Sp>
3G
+ N [dX(s - dX(s ") - 57 dEB]
0 3F 3F 3F
f A [GX'--——éx-aU GU_W 0A ] ds
1 3F, 3F, oF,
+fs+ A- [6X' _ﬁ_ X - gl-f—&U—ﬁaA] ds (55)
p
and noting that
SZ sz Sz
| a-exyas=n-ex|?- [, (A 6x) as (56)
S X S S
1 1
6X = dX - X'ds | (57)
89 S
dF _ | dF
and J‘SlA-—aK.GAdS_(J.Sl (A -g-A-)dS>dA (58)
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then (55) may be rewritten

S 3F, 1 3F,

- AT P RIS VOV
p

ap - - + ) +
+[V§(§§ -N+ A ] axe ) [N - As ) ] ax(s )

1
+ rg T - (g = ___B_Q__ .
+ [A(sp) - X (sp) - A(sp) - X (sp )] dsp + XD dX(1) + [A dX]

- ’ N+A--—l 60X ds - A—afl 6U ds
0

j L I LN PV -
S

p

, i L
Because the variations in X(sp ), X(sp ) and sp are independent, the satisfaction

of (54) requires that the coefficients of these variations be zero, i.e.,

op

V—m;):)—N+A(Sp)=O

+
N - A(sp) =

(60)
Ay ex ) -AET) - X'sT) =0
p p/ p p)
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Now eliminate N from (60), multiply the first of equations (60) by X (sp'), and

add the latter of (60) to obtain
- + + - ”
' A 1 - X! = (6
vo'(s )+ (sp_>(X<sp) X'(s)) ) =0 (61)

Solving for v and substituting into the first equation of (60) then yields the jump con-

ditions in the adjoint variables A(s) at s=sp.

As )= A+ Ae)) (X6 - X6))) s 62)

X
( ) (sp )

A parameter that will be of particular interest shortly is the variational Hamiltonian

j defined
ji(s) = A(s) - X'(s) (63)

The latter of equations (60) indicates that j is continuous at s =sp. The variations in
A, B, X(0) and X(1) are not totally independent but are related through the differen-

tial form of equations (51), i.e.,

oW ¥ v ) _ ,
dv= X0 dX(O) o) dX(1) + 53— dA + == dB =0 (64)

Consequently, these constraint equations (64), combined with the collection of remaining

terms outside the integrals in (59), i.e.,
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(22 : (38 _ At 3GV, 39 ol
(= +AA> aa+ (35 - AE) =) 4B + gz AX() + [A-ax]) =0 (65)

together lead to the particular necessary conditions known as transversality conditions.
These conditions are formed by eliminating from (65) as many differentials as there
are equations in (64). The differentials remaining after this is done are totally
independent and, setting their coefficients to zero individually, produces the trans-

versality conditions. In writing (65) we have employed the relationship

Sp BFl 1 BFZ
AA=—jO A-B—A— ds - S+A'a—A— ds (66)
p

Finally, we are left with the integral terms in (59) and, since the variations in state
and control variables are independent, the satisfaction of (54) requires that the in-

dividual integrands be zero. This, of course, leads to the well-known necessary conditions

known as the Euler-Lagrange, or adjoint, equations.

BFI _
! = = — 0<s <
A A X s sp
(67)
BFZ .
A= - A—™ s <ss1
oX p

and the optimal control equations
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A—t = 0<s<s

(68)

+
A=—=0 s <s<1
P

In terms of j, the variational Hamiltonian defined in (63), these equations may
equivalently be written

! —

=- = (69)

= =0 (70)

The satisfaction of the preceding conditions assures the satisfaction of (54). The
trouble is that the solution of (54) is not generally unique since any extremum of ¢*
(and therefore @), whether it be a minimum, maximum or saddlepoint with respect to
the control parameters and variables, will satisfy (54). Furthermore, to this point in
the formulation of the general solution, the class of admissible control variables has
been implicitly limited to be continuous, unconstrained functions of s . In the original
problem, ho represents a control variable that is both constrained and discontinuous,

Hence, it is necessary to admit as possible solutions a larger class of control variables,

Both of these problems are analyzed in detail in both References 9 and 10,

and the development of the results will not be repeated here. The answer to both
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problems is given by what is now known as the Maximum Principle. Basically this
principle states that, out of all admissible controls which result in the satisfaction

of all end and transversality conditions, the control which minimizes the function ¢

is that which results in the maximum value of the variational Hamiltonian j at every
point along the path. This principle does not require that the maximum of j be a
stationary maximum; thus in the case of h(J , one simply selects the particular value

which yields the larger value of j.

In summary, the necessary conditions that ¢ be a minimum are that:

1) The control is chosen to maximize the variational Hamiltonian, j, which

depends on the adjoint variables, A, that are governed by the differential

equations (69) ,

2) The control parameters and open boundary conditions are chosen to satisfy

the transversality conditions (65) subject to the constraints (64) ,
3) The adjoint variables may be discontinuous at points of imposed discon-

tinuity in the derivatives (i.e., at s=sp) and the jumps are given by (62).

It may be helpful to note at this point that the use of the Maximum Principle
yields a local minimum of ¢ with respect to the control variables but not necessarily
with respect to the control parameters and open boundary conditions. With respect to

these parameters, ¢ may be a maximum, a minimum, or a saddle point.

A well-known property of the variational Hamiltonian is that it is a constant of

=42 ,



the motion providing the dummy variable s cdoes not appear explicitly in the state

equations. This is easily shown as follows. Differentiating (63) yields
jl - A’ X!+ A X" (71)

But, from (69) and noting that

oX' oX'

M = 1 +t ——
X oX X os
(72)

and 3 _ 4 X

oX oX
then

ox!' X! oX!' X!

"= A= X'+ A= X'+ Ae—=A— 73

'=-Azg X' +Ag X s s (73)
Thus, since X' does not contain s explicitiy.in the problem of interest, we must
have

i'=0 (74)

which implies j is a constant.
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THE SOLUTION

Optimal Control Equations

To determine the optimum thrust direction along the path and the points at whicn
the engines are switched on or off, one must first consider the variational Hamiltonian,
j. Denoting )\x as the variable adjoint to any state variable x, the variational

Hamiltonian for our problem is
— . ! + . 1 + i + ! + . ! + . ! + 1 -+ +1 7
R B ALY ALY A R oR AV AV A (75)

or, after substituting equations (32) and (34),

T T ) o
where
Y v
= - (1- o1 A 1
P77 MgV - g by by v GAV e T Y 3 (1 v ik
1
. (1 v 19 "M | T
Y v
. . Y7 s 02 .5 _2 .
o) T AR 2V T Wi ph) b v GAY Br - T N -5 GAy B
. zr
- th (ZAV-ZQ) oA | (78)
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The division of j into two terms, one term associated with each of the two trajectory
segments, serves to emphasize the fact that the equations are completely uncoupled;

therefore, the maximization of 1j and _j independently is identical to the maximiza-

2

tion of j. Because of the particular form of (73) and (74), it is possible to maximize

lj with respect to léT and 1ha_,and 2j with respect to zéT and zho.simply by

inspection. Since the coefficients

Y a oY

a
ol .
) .h and 1~ i, th) 2ho

h
clplolv

1-j
oV

are both non-negative, then it is seen that 1j is maximized with respect to léT
by choosing 1§T diametrically opposed to lAV, and 2j is maximized with respect
to 2éT by choosing 26T aligned with 2AV' That is to say, we choose 15 T such

that

1Aviitr TNy (79)

where X = | 1AV| , and choose & such that

oMy 287 = oy (80)
where 2)\.V= | 2/\7 l After incorporating these results in the expression for j, the

conditions for switching 1ho and 2ho between their permissible values of zero and

one are also determined by inspection. Defining the s‘witching functions, lo and Y
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1
= F —
19710 T 1My
(81)
_ 2
27 " oAy T oMy
then the optimal choices for lhcr and 2h0' are clearly
h :f0if o<0
1o (1 if 100
(82)
_ [0 if o<o0
2ho {1 if §c>0
Upon substituting these results in (73) and (74), one then obtains
=(1 - ) Olyo A V+-1"—( +. h (A-.Q-_A
1 Jclploll/l 1°R"1 14y 1R 1 p1™ 1Y "1t
1
(83)
3027
i = - et + - —-
SR PP LU v 20 2Mr 2V~ 3 GAY R - ,h ooy 29 * oA
of

Euler-Lagrange Equations

The Euler-Lagrange equations (69) for the problem of interest here may be
‘written by inspection using (72) and (77) with (20), (21), and (26) recalling that

P, P, and P are functions only of time.
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a__y*
§ o= s ol _H _ uu
18R 17{(1 Je1P0 1% Tr 1% R 518y T (AR R
11 r
1 1"
b 3u
P ___.E . SH
Hh 5N 5 GAv 1R 1Ry 3 1Ayt 5(1 v Rw{
lp 1p 1 1"
Ay 1mhk
a_ vy
- s ol
DR LA L L 2 My
1
“ . Sup . ces
Mt pLT(lAV 1 )_:'5"' GAy 1B (B P) *ahy 1P]
1'p 1'p
(84)
N—-T{(l ) _h OZWUR—E-A+§E(A-R)R
2R ooPd oy v 2% 32%vT "5 LWhviaa
2 2 r r
2 2
" 3, .
} D _ P _B 3K 1
2P L7320 5 B R 2 3 oMy Ay SRR (L
r r r
2p 2°p , 2 2
2 yv= " 2T
a _y
A 02
2y 2T Moy oy =5 92y
vV
2
" .
V= 2+ h | P
M= Tl LT3 (A D) T QA 2R)(R P)"Lzsz ]
r r
2p 2'p :
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where * denotes d7y/dr. Anticipating a desire to optimize the engine parameters

ao and c¢, and the time increments _T and 27' , it is convenient to introduce at this

point the concept of adjoint variables associated with each of these parameters, as implied

in equation (66). That is, define -
9 gj
! = . L i
A a aa ;A c oT
o ) 2
. . (85)
A' = - _a_J.. . A" - .é.i
1" 7 o T 2T 821'

which, using the initial conditions

A @ =X 0= X (0)=,) (0)=0

(86)
o)
lead to the integrals that are needed in the first term of the transversality condition
(65). Using (76) and (83), equations (85) become
17 oY
'o=a - -j h) h —
My =T @018 1B T 19 2T 0R ) BBy o0
o] 1 ' 2
(87)
2, ‘y 2
! - h e
Mo = 1T 021 =3 2 My T chhp?zc 2 oty



Jump Conditions at Sphere of Influence

The equations for the jump conditions are given in general form by (62).
It is interesting to note that, in the second term on the right hand side of (62), the

quantity

f= 1_ A@ﬂ-00$ﬁ-xw§3) (88)
' P p p
P (Sp)

is a scalar. Therefore, it becomes clear that any particular element of A is dis-
continuous at s=sp only if p is an explicit function of the state variable to which
that element of A is adjoint. For our problem, p is a function of R and ft;

hence, we may expect discontinuities only in AR and At_ .

To evaluate the scalar f for each of the two segments, it may first be noted

from (24) that

;
1 »
T (8 = T (RS R Gs))

1P =1 n 48 =
ps

1 Plp
(89)
r

"2Tzrp<2sp)="rp Ry GS)

2P == 5T S) R (5))

Then, in writing the discontinuities in the state variable derivatives
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+ ‘ 2 AYAR! c \ :]
V! - v = h - -
V) VI Gs =T ] Yo 1V NN, /T visy 1
1 '1p 11
a Y
+ - ol
t - ' = s
1Y G5 1Y Q%) T 1T 1P o
(90)
a vy A i
N [ 02 2V, J
5V 555) = oV S,) = 5T g ol oV <2AV )t oQ
a Y
+ - 02
V! - ! = e i ———————
e S P LS PP M
where v(s+)= v(s—)+m /m (91)
1 1p 1 1p X o0
the expressions for the two scalars 1f and 2f become
i ,o(s )
_ 1 cl 1p /1 1 ) AL
! F {1hoaoly[ Vi) 1A\ vsh  wis- ]lAV 1Q}
P 17 1% 1745 1Y%
(92)
Y
=_._1_[' —O.E... .
of T Ueale o 20 Yy 2Q:|
2 p 2

with all variables being evaluated at s =ls; unless otherwise indicated., Finally, upon

noting that
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R r
i ip
(93)
3 - P
ip N iRp i
dt r
i ip
for i =1 or 2, then the discontinuities in the adjoint variables may be written
f
+ - 1
A = A -
12rG%) T 18rG5p) * T 1D
f
+ -1
= — e— . P
%G5 T MG T T (R D)
lp
(94)
f
+ , - 2
= \ R
ARlsy) =, AgrGsy) ST 2D
+ - f .
Zkt(zsp) =«:‘£>\t(28p) - ;r; (ZRpOZP)

It is interesting to note t,hat, although the adjoint variables may be discontinuous,
the last of equations (60) ind ,l}ate that the variational Hamiltonian j is continuous at
s= lsp and s=zsp. Itisa gy,’“‘_hple extension to prove that 1j : and 2]‘ are also con-

tinuous functions at the discontin_uity poinfs and, like j, are;constants of the motion.
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Transversality Conditions

Undoubtedly, the most complex and tedious aspect of the application of the
necessary conditions is that of developing the transversality conditions., To a large
extent, the flexibility of a trajectory optimization program is measured by the
variety of combinations available in specifying (or not specifying) boundary conditions.
Since each combination of open and fixed boundary conditions generally leads to a
different set of transversality conditions, the number of potentially interesting sets is
exceedingly large. Consequently, the transversality conditions developed here will
be limited to those concomitant with selected proklems of the missions discussed
previously in the PROBLEM FORMULATION section, for which the specific boundary con-

ditions permitted are listed in Appendix A.

As stated previously, the transversality equations are obtained from the simul-
taneous solution of equations (64) and (65). Since A and B appear in these equations,
it is necessary to first define the elements of these two veciors. In the development of
the necessary conditions, the vector A was included to encompass any engine parameters
which one may wish to optimize. For the problem at hand, such engine parameters are
the initial thrust acceleration a_ and the jet exhaust speed c. The vector B was in-
tended to represent independent parameters of the boundary value problem which are
not state variables. Specifically, we shall include in B the hyperbolic excess speeds,

v, and v_, at departure from Earth and arrival at the destination, respectively.

d a
Additionally, B shall include the polar coordinates of the planetocentric position and
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velocity at the closest approach point. These are rp, vp, ip, Qp, and ai) . Note
that only {ive coordinates are required since we have defined the point of interest to
be the closest approach point, which implies flight path angle (and true anomaly)
is zero.

The vector G of discontinuities in the state variables contains, for the problem
of interest here, all zero elements except for the one associated with massratio on the

first segment. Furthermore, this one non-zero element is a function only of one ele-

ment of B, the departure excess speed v, q° Denoting the non-zero element of G

as gu , then

mx Amx
gU - m - m * kx (95)
o o
such that
og . Amx dmo _
v . 2 av (36)
mo od

where the derivative dmo/ dv is obtained by differentiating the curve fit of the

°d
launch vehicle performance data. Finally, upon noting that 1)‘v is continuous at

s= one may write
lsp’ y

A G gB=- 2 (s ) e dv (97)
p’ 3B 1"v 17p moz dv .~ =d
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The performance index ¢ is permitted to represent either the negative of

the net spacecraft mass or the total mission duration. Since

-9 . 3 . o2 .
dp = =+ dA + == dB+aX(1) dx(1) (98)

the contribution of the performance index to the various terms in (65) is found by

forming the total differentials

dg = - dm_ (99)

if net spacecraft mass is to be maximized, or

dg=d (At ) (100)

if mission duration is to be minimized. Considering first the case of maximizing

net spacecraft mass, note that the mass of the low-thrust propellant may be written

mp = mo(l-zu(l)) - mx | (101)

Substituting this into (8), rearranging and solving for mn yields

aaoc .
my = my [p0) ) ke -k @k - 2 ]+ k, Am
(102)
-v /e oa ¢
. rr . . . o 1.
i Atk ) (1-e ) {mo[zva) e N T AL Amx}

~I-54




where jr is input one if a high—thrust retro maneuver is to be performed and zero

otherwise. Differentiating (102) and changing signs then gives the desired result

-v /e

am, = [, 0 0o ) (222 ]

1 . B
- I;l-: {mn-kt Amx [I“Jt]r(1+kr) (l-e

—vr/c
i.1l+tk) v e aa ¢
r r g . 0
¥ = {mo[zv(l) T i ]+th Amx} Vea
e NV, +2;4t/rtf
—vr/cr
-m_ [ (k) - (1+k) (L+k ) (1-e )] d,u(1) (103)

where 7+ denotes dr/dc which is obtained from the differentiation of (15).

Proceeding to the case of minimization of the mission duration, one immediately

obtains from the definition of At

’ i.e. ’
= - +
Atm zt(l) lt(l) + tcd twa (104)
the differential d(Atm)
ot ot
dAt )=d t1) -d.t1) + —9 qv  +—22 gy (105)
d og
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With some alegebraic manipulation, the two partial derivatives indicated in (105)

are obtained by differentiating equations (35) - (38) in the form

ot t ' . )
=d =-3 =d + 2 |_(e coshf -1)r -(e -coshf )r 1
v v 2 . LYe e es ' e e eod
od od Vv e sinhf
od e e
(106)
atma twa 9
5o =-3 z + 5 [(etcos hft—l) rts—(et-cos hft) rtf]
®g ®a v e sinhf
o t t

Denoting ¢X as the partial derivative of ¢ with respect to any parameter
x, where ¢ represents either of the two permissible performance indices and
¢x 'is the coefficient of the differential dx in the appropriate equations (103) or

(105), expand the general equation (65) in terms of the parameters of the problem

at hand, i.e.,

1
[ . . . . + '

AR TR A VA d v A d b Aptd Ry Ayrdy Y 2>‘udzu+2>‘tdth0

Amx dm0

A + '
+ <¢a + . )dao+<¢c )xc)dc+<¢v +1)\V(lsp) 5 Tv >dV°°d
o o) od mo od
+
+ A d T (1)dT
+ =

+ ¢V°°a dea+¢2v(1)dzv 1) +¢1t(1)d1t(1) ¢2t(1)d2t(1) 0 (107)

where, from the solution of the latter two of Equations (87),
A ==10 5 A (1) ==

and where, by definition
lerz dit(O) -d 1t(1) dz'r = dzt(l) -d zt(O).

We now seek to derive, for all specific problems of interest contained in the class of

_problems stated in the problem formulation, the various transversality conditions
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arising from the mutual satisfaction of equation (107) and the differential form of

the appropriate (i.e., appropriate for a given problem) set of constraint equations in

Appendix A.

To begin, consider the boundary conditions at the swingby point, i.e., at
s=0. Letting x represent any one of the eight state variables, it may be seen from
(A.1) that

d x(0) = d_x(0) (108)

Since (A.1) is always applicable, we may employ (108) to eliminate the differentials

dlx(O) from (107). Once this is done, terms of the form
(IAX(O) + ZAX(O)) d x(0) (109)

appear in (107), and it is helpful from the standpoint of abbreviating notation to

introduce

A =2 00+ ) () m (110)

That is, the lack of a pre-subscript 1 or 2 will imply the sum and it will be under-
stood that we are considering the point s=0. Now remove from equation (107) the
terms pertaining explicitly to the point s = 0. Using the notation indicated in (110),

these terms are written

-AR- d2R(0) - AV' d2V(O) - AVdZV(O) - ()\tflj —2j) d2to | | (111)

where the solutions of the differential equations for IAT and 2)\7_ have been employed.

157




In general this expression may not be equated to zero because it is possible for the
variations in 2t(O) to be related to varia,t}ons in other dates through the constraints
(A.16). However, we may replace the variations in the heiiocentric position and

velocity with those referenced to the swingby planet through the use of (A. 2), i.e.,

dR(0) = P(0)d,t(0) + dsz(O)

(112)
d,V(0) = ,B(0) d,(0) + dsz(O)

Upon substituting (112) into (111), collecting terms, and noting that there are no
additional constraints involving Rp(O) and i%p(O) other than (A.3) and none involving

21/(0) other than the first of (A.7), one obtains

AR- dsz(O) + AV’ dsz(O) =0 , (113)

A 4,v(0) =0 (114)

Furthermore, in the absence of both the constraints (A.16), we have the additional
condition
« PO)+ A PO)+ X+ _j-j =
(AR 9 (0) AV 2P(O) Xt 1] 2J)dzt(O) 0 (115)
If 2u(O) is specified through the first of equations (A.7), then (114) is identically

satisfied, since d2V(0) is zero. But if 2v(O) is left open,then (114) can only be

satisfied if the coefficient of dzv(O) is zero. This leads to the transversality condition
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A, = A0 + ) (0) =0 (116)

Similar arguments lead to the result that, if the swingby date 2t(O) is not fixed and

if the conditions leading to (115) are met,

GARO* R ARON PO+ (AL O +,A0(0) -, BO)+ X (0)+,) (0)F i-,3=0 (117)

The constraint equations (A.3) are equivalent to the equations (44) and (45) which
define 2Rp(0) and 2I'{p(O) in terms of the five independent polar coordinates rp, Vp,
ip, Qp, and u.f) assuming -yp=0. By differentiating (44) and (45) and introducing

the angular momentum at the swingby point, defined by

H = R (0)x R (0 118
b= 2RO X R (0) (118)
one obtains
1 rp : - p2 P(O)
dsz(O) = T sz(O) drp+;’— 2Rp(0)d (.%'*‘ (npszp(O))de r Vv sini pd lp
p PP P
(119)
) v oR _(0)
d, R 0 = = oR (O dv -—‘l oR (O)dw+(n x R L) dQ +—2-———p——Hdi
p p p rp«psmlp P p

which may be substituted directly inio (113). Because of the independence of the

resultant differentials, the satisfaction of (107) requires that
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(A

7 9B (O))drp=0

R (0))dv =0
(A ()) v,

VvV 2

2 =
[rp (Ag R (0) (A SR 0)) ]d w =0
(120)

f(A xR (0)) (Avszp(O))]d0p=0
[(np- GROO) (Ap H )+ @ - R 0) Ay H) ]d L=

As before, the satisfaction of (120) is achieved either by fixing the independent
parameter, which means the differential is zero, or by leaving the independent parameter
open and forcing the coefficient to zero, which yields the transvex:sality condition. Thus,
the transversality conditions which must be satisfied if wp and/or Qp are left unspecified

are, respectively,

2 . T 2 . =
T (AR @) +yAL0) 2Rp(O)-vp(1AV(0)+2AV(0)) oR(0) =0

(121)
n - [(1AR(0) # AR 0) %R O+ (A 0)+, B0 0) )xzﬁpm)] =

The other three transversality conditions
(1AR(0) T oAR(0) oR (0)
(A + A, 0] 2I’%p«» =0 a22)

(np- 2Rp(O) ) (lAR(O) -i‘-zAR(O) ) Hp+ (np- sz(O)) (lA.V(O) +2AV(O)) ‘H
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are imp;i)sed if rp, vp, and/or ip, respectively, are left unspecified.

ngonsider now the transversality conditions arising from the fact that the state,
at Earth departure, is not entirely specified. Collecting the terms within the square

brackets of (107) that pertain to the Earth-departure phase, we have
1/\R(l) . le(l) +1AV(1)- y le(l) +1Av(1)d1u(1) +1At(1) dlt(l) (123)

We first note that the third term in (123) may be eliminated immediately because
the requirement that 1V(l) always equal one implies that the differential d 1ll(l)
vanishes, Converting to differentials of geocentric position and velocity with the

equations

d,R(1) =dR (1) + P_(1)d t(1)

(124)
d1V(1) =d Re(l) + Pe(l) dl‘t(l)

expression (123) may be rewritten
1AR(1) -d Re(l) +1AV(1) . dRe(jt) + [1AR(1) . Pe(l) +1AV(1)° Pe(l) +1At(1)}31t(1) (125)

where Re (1) represents the geocentric position of the spacecraft and Pe is the helio-
centric position of Earth, both evaluated at date 1t(1). The bracketed term in (125)

may be combined with appropriate terms on the left side of (107) such that, if there are
no constraints placed on the launch date, the first segment flight time, or the total

mission duration, then one must have . |
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g p . _
[¢1t(1)+1AR(1)- Pe(1)+1AV(1)- Pe(1)+1)\t(1)ludlt(1) =0 (126)

Consequently if 1t(l) is not fixed, we are left with the transversality condition

@ + AR(l) . Pe(1)+1AV(1) . Pe(1)+1)\t(1) +1j =0 (127)

t
VRS
Turning attention to the first two terms of (125) , we seek to write Re (1) and ﬁe(l)
(and hence dRe(l) and dRe(l)) in terms of the two fixed parameters reo and res

and the independent parameter v Of course, three additional parameters are

4
necessary to uniquely define Re (1) and ﬁe(l). An example of the three additional
parameters would be the two angles defining the direction of Re (1) plus an azimuth
angle defining the velocity heading. However, since the physical problem is independent
of the particular choice of the three additional parameters, the transversality conditions
associated with any specific set of three must be equivalent to those for any other set.
To make use of this fact, first consider any vector X which is written in terms of

its magnitude x and a series of angles o, B, +¥,--, which define the orientation of

X relative to a fixed coordinate system. Let these angles be defined such that they
represént rotations about the unit vectors 5., b, E, - - -, respectively. Then, in
general, dX may be written

dx=-§-. dx + @ x X) da+ b x X) dB+ (c x X) dy+ - - - (128)

T
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e

Applying this result to our problem, we first note that if one is given Lo’ res’ and

Vg the dynamics of the motion at the sphere of influence are also known. That is,

the speed vS and flight path angle ‘yes are computed

2
= +
ves A/vﬂf*d 2Me/res
(129)
-1 I: 2 7
= +
yes cos ;reo“/éwd 2“e/reo /res Ves ]
Consequently, denoting as Oi’ a,, and oz3 the three independent angular rotations
required to specify Re(l) and f?e(l), we may write
1) =R , , o
R (1) =R, (o %y O ]
(130)
: = R , o a
Rea) Re l:Ves’ yes, 1’ az’ 3]
Note that Tog is not included as an argument of Re since it is always fix.ed. Now,
since ozl, o 9’ o 3 are completely arbitrary, for convenience we select them to be
the necessary rotations about the unit vectors 1, 'j, and l_{, respectively. Thus,
from (128)
= + i + (ic
dRe(l_) (ix Re) doz1 g x Re) d‘az k x Re) da3
(131)
. I.Re ﬁeXRe .
_ e ‘ PR Tt - .
aR (1) = =2 dv__ +( xRe)d‘yes (xR )de + (xR )de,+ kxR )da,

es IR xR |
e e
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and from (129)

od
dv. = —— dv
es v od
€es
(132)
P Ovm d(ve 2-v 2)
d'yes == 2 —= dvaod
v v (R'R)
eoes e e
where
_ 2
Voo »/de+2pe/reo (133)

Upon substituting (131) into the first two terms of (125), collecting and rearranging
terms, and setting the coefficients of da 1 daz, and da3 to zero, one obtains

the vector of three transversality conditions
Re(l) X 1/\R(l) + Re‘l) X 1AV(l) =0 (134)

where 0 is the null vector. An additional term involving de q arises from the first

two terms on the right side of the latter of equations (131). Forming the dot product
of AV(l) with these two terms, employing the relations (132), and adding to the term in-

volving de d in (107), one obtains an expression which, if there are no constraints on the

may be written

reference power or net spacecraft mass and no constraints involving tw q’

2 2

v v, -v )
od . €0 eB \
[T A - r@w+ - (LA, R Q)
v 2 [1 A% e (Re(l)'Re(l) <1 A"/ e )]
Am dm
X 0 -
lkv(ls )-;—2—- —— + ¢ } dV = (135)
o
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Then, if v d is left open, one is left with the transversality condition that the

coefficient of dvm in (135) must vanish.

d
Proceeding immediately to consider the transversality conditions at the destina-

tion for planetary missions, recall that the independent parameters of interest are

direct counterparts at the two ends, and that the options available for specifying or

leaving open the spatial end conditions at the two points are identical. Hence, the

form of the transversality conditions are identical and we may simply write them

down. Because three degrees of freedom are left open in defining the planetocentric

spacecraft position and velocity vectors, Rt(l) and Rt(l) respectively, at Zt(]_),

we require that
R (1) x ,A (1) + Rta) x A1) =0 (136)

Alternate forms of the transversality conditions (134) and (136) are presented in

Appendix B which possess properties more amenable tosolution by numerical means

than those given above. Hence, the conditions as given in Appendix B are recommended.
If Vma is not specified and there are no constraints involving tma or net

spacecraft mass, then the condition

2 2
v (Ve =V, )
©q . tf ts . _ o
3 [2/\7(1) R.(1) + R <2Av R, (1) ) ] e, =0 (187)
Ve (R,(1)' R, (1)) ©a

must be satisfied. If the final mass ratio is not fixed and the net spacecraft mass is

not constrained, then

A ) + 8

=0 ,: | | (138)
oV .
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and if there are no constraints involving 2‘t(l)

¢2t(1) +2AR(1) . Pt(1)+ 2AV(1) . pt(1)+ zxt(l) ..2]' =0 (139)

For probe and extra-ecliptic missions, the transversality conditions associated

with final mass ratio and time are the same as for planetary missions with

t = = 1'>t(1> =P @)= (140)

whereas those associated with the spatial coordinates are different but are considerably
simpler. For example, if the final boundary conditions are expressed in the Cartesian
coordinate system, any compornent of the position or velocity that is left open gives

rise to a transversality condition requiring the vanishing of the variable adjoint to

the open component. That is, if 2x(1) is left open, then

2kx(l) =0 (141)

is a transversality condition to be satisfied. If a retro stage is permitted, it will be
assumed that the direction that the retro incremental velocity is imparted will be

left open. Defining the vector

Vaoa = 2V(l) - Vf N (142)

with magnitude Vegw W see from (128) that

v
__®a ~ - .
V(1) = ——dv_ +@xV_)da +®xV_)da (143)

g

2
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where a and b are unit vectors about which the two independent rotations ozl and

o 9’ which define the orientation of Vma, are made. Then forming the dot product

y@-d V(l =~V <2A.V(1) v a) v ot (VmaszV(l))(a_ldalJrEdaZ) (144)

=¥}

and imposing the condition that the coefficients of daz1 and do 9 must vanish inde-

pendently if (107) is to be satisfied, we see that since a and b are arbitrary we

must have

- )
V x 2AV(1) 0 {145)

®°a

which implies Vma must be collinear with 2AV(l). Substituting this result into the
first term on the right side of (144) and adding to the term containing dea in

(107) yields for Vea unspecified
+
® —2xva>=0 (146)
a

The ambiguity in sign arises because (145) requires that Vooa either be aligned with

or opposed to 2AV(l). The correct sign is dependent upon the sign of ¢V - . Since
@g
kv(l) is non-negative, the;::arrect choice of sign is the opposite of the sign of

) . For maximizing net spacecraft mass, ¢V is positive; hence the negative sign
Vma ©g .
is chosen in (146). For minimum mission duration, ¢V is zero and the choice of

g
signs is immaterial.

If polar coordinates are employed for end conditions of probe or extra-ecliptic

missions, the transversality conditions may be obtained in a manner analogous to that
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employed for the conditions at Earth, However, because of potential interest in the
four parameters r, v, ¥, and i at the final point, we will select two specific
additional parameters consistent with these to complete the set of six needed to uniquely
define 2R(l) and 2V(1). In particular, we select the osculating elements ), defining
the longitude of ascending node, and w, defining the angular position in the plane of
motion relative to the ascending node, The four angles involved represent rotations

.about four unit vectors as follows

V)X R(1) )
Y - = -a

L,V x R
- Ex%Ra)sza» _:

lkx(,R()x, V(1))

(147)

Q: k

JRM)X, V(1) )
W: = a

LROx, V)

Proceeding as before, using (128), one obtains
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<2AR(1) R )dzr 1) =0

(2AV(1) + V() ) d,v(1) = 0

(v x A m)dyw =0

|

(148)

b - [2R(1) x AL )+ V(1) x 2AV(1)]d2i(1) =0
k. [23(1) x A1)+, V(1) szVa)] 4,8(1) =0
a - [2R(1) x, AL M)+, V@) x, A Q) :] d, (1) = 0

Thus, the transversality conditions, caused by leaving open any of the six polar parameters
r, v, % i, §, and w are given by the coefficients of the appropriate differentials

in (148).

Providing there are no constraints imposed on either the reference power or
the net spacecraft mass, the transversality conditions which result in optimum thrust

acceleration and jet exhaust speed are written by inspection of (107), i.e.,

g tA_ =0 . (149)

yields the optimum ao, while
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6 +X =0 (150)

yields the optimum c.

The preceding constitutes a complete list of the transversality conditions for
the original problem in the absence of any constraints (A.11) - (A.17). The effect

of introducing any one or more of these constraints will now be discussed.

It will be assumed that, if the reference power is constrained in the form of
(A.11), at least one of the two engine parameters, ao and c, will be left open. I

a_ is open, we eliminate dao from (107) using the equation

dm

da =-a [(-—l-—i)dc+—1-—-9 dv . | (151)
o o c n m0 ded od ,

Multiplying this expression by the coefficient of dao in (107) and adding the two
resulting terms to the corresponding terms in (107), it is immediately seen that the b
effect of fixing the reference power is to eliminate the two conditions (149) and (150)

in favor of the one condition

¢c+>\c-ao<¢a +>‘a)(%_-—:;t)=0 | (152)

o o

and to add the term

m dv (¢a * Xa ) | | (153) :
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to the coefficient of dvm in (135). If a0 is fixed, then (149) is no longer applicable,

d

and dc is eliminated from (107) using

dc=—<—i—-n*) 1 9 4y (154)

and the effect of fixing reference power is to eliminate (150) while adding the

term

-1 dm
1 n* 1 o
( c T ) (%”‘c) m_ dv_, (155)
to the coefficient of dvm d in (135).

The specification of net spacecraft mass is meaningful only if it is not the
performance index. Therefore, we will assume that (A.12) will only be employed
if mission duration is to be minimized. We will also assume that if m is fixed,
the final mass ratio 2!/(1) will be left open so that dzu(l) may be eliminated from

(107) using (103). From (103) it is seen that, if the reference power is not fixed
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an 1 dm0
v . Hl_‘:mn -k Am, (1 - ]tfr) ] av (156)

od o) od

—vr/c
-a_r_n_r_l _ (m e m jr(1+kr)vm e
vaa p x 0t t]ps ps / >
RYA SN +2“t/rtf
amn
3,1 o [ (1+ky) - (1+]jk,) fr]
where
, -Vr/cr

fr =i, @k ) (1-e ) (157)

If the reference power is fixed, the net spacecraft mass is independent of both a,
and c. Consequently,the right-hand side of the first two of equations (156) are then

zero and the third becomes

amn 1 , d'm0
ov mo [mnﬂnps-ktAmx_fr (Jpsmps_]tktAmx) ] dv& d

(158)
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Thus, solving for dzv(l) yields

om om om om om

=_] 0 I L | . DI
au) = - [ da 4= do k5 dvrst dv ]/ 3 vy 99
0 od ®3 2

Since ¢ is zero when ¢ is mission duration, the only term in (107) containing

2V(l)
dzu(l) is the one with the coefficient zk l)(1). Upon multiplying (159) by 2)\v(l), sub-
stituting into (107) and collecting terms, it is seen that the effect on the transversality

conditions of fixing m is to add the term

an amn
-2AU0J = / 3U0) (160)
o) 2
to the left side of (149); to add the term
amn amn
MO 5/ 5,(1) (161)
to the left side of (150); to add the term
an amP
- A (1) / 5= (162)
2y avm d azu(l)
to the coefficient of de d in (135); and to add the term
om amn
(163)

- (1) — /
2"y avma azv(l)
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to the left side of (137). Furthermore, the transversality condition (152) and the

additive terms (153) and (155), which arise when reference power is fixed, must
be modified when m is fixed. The modifications are made by simply replacing

¢a with the term (160) and by replacing ¢c with (161). Note that both ¢ and

a
0 0

@ are zero when ¢ is mission duration.
c

Finally, consider the effects 6n the transversality conditions of specifying various
dates and/or flight times through equations (A, 14) - (A.17). First, it may be noted
that the only parameters other than times that are involved in equations (A.14) - (A 17)

are v_ and vma. Consequently, only the transversality conditions associated with

d

the dates and the excess speeds can be affected, and these effects are completely
independent of those associated with fixing either the net spacecraft mass or the

reference power.

If it is desired to prescribe the launch date, then from (A.14)

3t 4
d tl) - 5— dv__ =0 (164)

ood d

and the transversality condition (127) is eliminated in favor of an additional term to

be added to the coefficient of dv‘=° in (135). This term is

d

3t
. I . od
[¢1t(1)+1AR(1) b W)+ Ay B 1)+ 1>Lt<1)+1]]_a.v_m_d (165)
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Similarly, prescribing the arrival date as per (A.15) results in the elimination of

(139) while adding the term

3t
. .o Ll ®g
- [gs by + 2 AR P AW B+ A1) -5 | 53 (166)

2 ®a

to the left side of (137) providing, of course, that the arrival excess speed is left

open. Note that (166) is zero for probe and extra-ecliptic missions because of (140).

Fixing the flight time of the first segment implies that

atwd
dv =0 (167)

va d od

d t(0) - d_t(1) +

where the identity between 1t(O) and 2t(0) has been employed. If, in addition, the

launch date is specified through (A.14), one obtains the simple result
d,t(0) = 0 (168)

which is, of course, equivalent to fixing the swingby date. Whenever alternate choices
of specifying constraints are available, the preferable choice is the one that employs the
specification of independent rather than dependent parameters, because that choice
reduces the dimensionality of the boundary value problem. If both launch and swingby
date are left open, d 1t(l) may be eliminated from (107) using (167), and the results
are 1) to replace equations (117) and (127) in favor of their difference, and 2) to add

in (135). Similarly, specification of the

the term (165) to the coefficient of dv_ d

I-75



second segment flight time with open swingby and arrival dates results in replacing
equations (117) an'c\i“é (139) with their difference, and in adding the term (166) to the
left side of (137). If both segment flight times are éonstrained, the three transversality
conditions (117), (127), and (139) are replaced with the sum of (127) and (139)

less (117), the term (165) is added to the coefficient of dvmd in (135), and the

term (166) is added to the left side of (137).

Providing both la:nch and arrival dates are left open, a constraint on total

mission duration leads to

3, A,
dyt(1) - d_t(1) + 3

ded + > dvaoa =0 (169)
od ®ga

Therefore, after eliminating dlt(l) from (107) using (169), one finds that the effect
on the transversality conditions is to eliminate (127) and (139) in favor of their sum,

to add the term (165) to the coefficient of dv_ . in (135), and to add (166) to the

d
left side of (137). Various combinations of fixed mission duration with fixed segment

flight times or dates are equivalent to problems treated above, and the transversality

conditions are identical to those for the equivalent problem.

I-76



APPENDIX A - BOUNDARY CONDITIONS

Planetary Missions v

For missions involving the use of an ephemeris to define the position and
velocity of the destination as a function of time, the following boundary conditions

must be satisfied. At the swingby point (s=0)

(RO - ,R©) =0

VO - V) =0

(A.1)
1u(O) - 2u(O) =0
1t(O) - 2t(O) =0
which assure continuity;
2R(O) - 2P(O) - sz(O) =0
(A.2)

pV(0) - PO) - R (@) =0

which relate heliocentric and planetocentric Cartesian components of spacecraft

position and velocity; and

sz(O) - sz(O) =0
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|2Rp(0) | - = 0
‘sz(O)I_ Vp =0
R (0)x R (0)) n - i =0
(2 p( )x2 p( )) np rpvpcomp A3

R (0)-n_-r sini sinw =0
2'p P P P P

R '-xﬁ -r Exr-m cos  cos w -8in ! sinw cosi)=0
2'p (k D) P' p‘( p p P p P’

“which relate the planetocentric Cartesian coordinates to the polar coordinates used
as independent parameters of the problem. All of these equations are satisfied trivially

(i.e., inputs are chosen such that the equations are satisfied). At Earth departure,

the constraint equations are

R -P,Mm)|-r =0

—5
. 2 e _
|1V(1) - Pe(1)| v S+ — =0

od
es

(A. 4)
(RM - P @)x (VD) - P @)l - 2, e _
G e 1 VA ey LoV Vag T

VD -1=0
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The first three equations of (A.4) assure compatibility with the assumption of
ballistic transfer from the low altitude Earth parking orbit to the sphere of influence,

while the latter results from the definition of v. At the destination, the constraints are

|2R(1) - P.(1) | - r =0

: [ 2 2H
Ly - Pyl -+ —— =0 (A.5)

>a rts

. / , )
[GRM) - P,a)x (V@) - Pap | -1y Wy "+ — =0

whieh assure compatibility with the assumption that the spacecraft coasts from the

sphere of influence to the pericenter distance Tip where the high thrust maneuver,

if there is one, is performed.

To provide program flexibility, a number of constraints are optional. Among

these are most of the independent parameters, such as the polar swingby parameters,

(A. 6)

. '-ce t .cbl
| ]
[en)
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the mass ratio and time at swingby

MO -V =0

sw
(A.7)
t0) -t =0
2 (0) swW
the times at the sphere of influence
tQ) - t =0
H0) -t
(A. 8)
2t(l) - 2ts =0
the depariure and arrival excess speeds
v, q- v, q =0
v =-%¥ =0 (A.9)
©g  ®3
and the engine parameters
a -a =0
o o}
(A.10)
c-¢c=0

where the tildes denote the desired values. Of course, being independent parameters,

equations (A.6) - (A.10) are all satisfied trivially by input.
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Other optional constraints which may be of interest in specific problems

include the reference power

aaocmo/Zn—po=O (A.11)

the net spacecraft mass

m -m =0 | | (A.12)

the final mass ratio

sz(l) - l7f =0 ' (A.13)

and certain date and flight time parameters such as launch date

1t(l) - tmd - fo =0 ‘ (A. 14)
arrival date
2t(1) + tma - ff =0 (A.15)

individual segment flight times

~

- At. =0

: 1t(O) - 11:(1) + twd 1

(A.16)
ot +t - t(0) - At, =0
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and total mission duration

- + +t -At =0
2t(1) 1t(1) tmd oa Am

Certain combinations of the optional boundary conditions above are mutually exclusive

(A.17)

because they are not independent. An example would be the combination (A.14), (A.15),

and (A.17). A careful examination of equations (A.7) - (A.17) will uncover several
other examples. Of course boundary condition (A.12) is not permitted if the net
spacecraft mass is to be maximized; likewise, (A.17) is not permitted if mission

duration is to be minimized.

Probe and Extra-ecliptic Missions

For any mission for which the destination is not given by an ephemeris, the
permissible boundary conditions are identical to those in the preceding paragraphs,
with the exception of equations (A.5) which are replaced. It shall be understood,

however, that the time interval twa is zero.

In place of equations (A.5), a number of optional final conditions will be

permitted. Among these will be the individual Cartesian components of final position

2x(l) - xf= 0
' 2z(l) - zf =0
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and/or velocity (assuming no retro maneuver)

K1) =i, = 0
y1)-y.=0

2 t (A.19)
J2(1) - 2.0

If a retro maneuver is permitted, then (A.19) is replaced by the single equation

|2V(1) - vfl =V, =0 (A. 20)

In the latter case, the retro incremental velocity is taken to be equal to vma. The
remaining boundary condition possibilities that are of particular interest in this type

of problem include the following polar coordinates:

|2R(1)| -1, =0

L,V -V, =0

-1 (A.21)
sin | |,RW VO /| ,R)| [,va)| ] - ¥, =0

cos_l[(zR(l)XZV(l)) ‘k/ |2R(1)x2V(1) |] -1, =0

{[kx (Z‘R(I)XZV(l))]xi— }-k

-1 -
tan [ [kx(zR(l)sz(l))]x’f 1 %=0
RO x [kx (RW)x, V(1) ]} - (RO x, V(1)

=0

11 2
tan - W,
[ [LROx, V) | Tkx (RM)x VAT 2»R(l.) ] f
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APPENDIX B - ALTERNATE BOUNDARY AND TRANSVERSALITY

CONDITIONS FOR PLANETARY MISSIONS

Consider the vector transversality condition (136) that must be satisfied upon

entry into the sphere of influence of the target planet, i.e.,

RtszRH'RtszV:o (B.1)

with all quantities being evaluated at s=1. An important observation that may be
made from this equation is that, if it is to be satisfied, the four vectors Rt’ Rt’

ZAR and 2/\] must all lie in the same plane., Consequently, fcr the converged
solution, the vectors 2AR and ZAV define the plane of motion of the hyperbolie approach
trajectory relative to the target planet at the time of entry into the target planet's

sphere of influence. Thus, if we define the unit vector n, along the planetocentric

t
angular momentum vector, i.e.,

" TR xR 5.2
then for the converged solution we will have

A x
ﬁt=i|2 sziR| (B.3)
| 2AV 2" R i

If one is given the vectors ZAR and ZAV at the sphere of influence, then the direction

of the planetocentric angular momentum vector (and hence the inclination of the hyper-
bolic trajectory relative to the ecliptic plane) is known except for the ambiguity in signs.
Once this ambiguity is resolved, then the inclination of the planetocentric hyperbola
relative to the ecliptic plane is

- &) ©<i <m | (8. 4)

i=cos!@
t .

t

i
i
£
i
i:
|

SRR N E NN
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where k is the unit vector normal to the ecliptic. Furthermore, the ascending node
of the planetocentric hyperbola on the ecliptic plane relative to the vernal equinox direc-

tion is given by

Q, = cos ! (Zt 1) = sin © (Zt - ) (0=Q =2m (B.5)

where i is the unit vector in the ecliptic plane in the direction of the vernal equinox
and j completes the right-handed Cartesian coordinate system; 4 is a unit vector

t
in the ecliptie plane in the direction of the subject ascending node and is given by

kxn
7 =t (B.6)
t - - .
Ikxntl

Thus, except for the ambiguity in the sign of ﬁt’ the optimal orientation of the planeto-
centric hyperbolic arrival trajectory is known. There remains only one degree of
freedom in specifying the position and velocity of the spacecraft at entry of the sphere
of influence. Let this degree of freedom be represented by the angle wts between

Lt’ the direction of the line of nodes, and Rt’ the planetocentric position vector at
entry of the sphere of influence. The optimum value of this angle may be obtained by

" solving for the root of the r_lt - component of the vector equation (B.1). That is, we

seek the value of wts which results in the satisfaction of

ﬁt . (RtszR + Rtszv) = ZAR . (ﬁtht)' + 2Av' (ﬁtxﬁt) =0 B.7)

Rewriting the cross product terms

ntht = rtS (- sin wts Lt + cos wts mt)
(B. 8)
-~ r . = . - ]
= -— : + -
yERL = = Vg 008 (W %) 4 tsin(w -y ) m
where == :
m, =n x4 : B.9)
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and Ty Vts, and Yts are the (known) planetocentric radial distance, speed, and
flight path angle, respectively, at entry of the sphere of influence. Then, through the
use of double angle formulas, substituting (B.8) into (B.7) and rearranging terms,

the following expression is obtained for wts

1| TieGAg @) - v, feos YAy &) -sin Y Ay ™yl

u%s = tan - - -~ -
TGRS GAG 4 Heosy (A my]

(B.10)

Clearly this equation for a%s yields two solutions, one differing from the other by

T radians. Consequently, there are two ambiguities, one associated with the choice
of nt and the other with U%s’ that must be resolved before a unique set of parameters
representing the position and velocity upon entry into the sphere of influence can be
defined.. Once these ambiguities are resolved (or a choice is made for numerical
testing), the planetocentric position and velocity at the sphere of influence may be

evaluated as follows:
= -l - : r + . +8i N v
R =1 [(cos w_ cos Qt sin i _sin Qt cosi)i +(cos w sin Qt sin w cos S'%cos i) ]

+ sin aéssm i k ] (B.11)

I = - vy /0 + ~ s O - in . _ ~ L
R Vig ,: (sin W €08 Qt cos w sin Qt cos lt) i -(sin w g5 Qt cos , COs thos lt) i

t t t t t
+ ~ . s .
cos wts sln lt k ] (B.12)
where
wts_ - %s T ytﬁs (B.13)
The combination of the three end conditions (A.5) and the three components of (136)
~may then be replaced with the six equations represented by
R(1)-R_ -P,(1)=0
2 t t
(B.14)

oB(L) - R - P (1) =0
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The equations (B.14) are recommended over the combination of (A.5) and
(136). The reason for this is that the functions involved in equations (A.5) are basically
quadratic, non-negative quantities, the desired roots of which are frequently difficult
to isolate numerically because they lie near the bottom of a trough. The equations
(B.14), on the other hand, contain functions which behave linearly over considerably
larger changes in the independent parameters in the vicinity of the solution and, hence,

are more amenable to numerical solution.

The physical end conditidns and associated transversality conditions that must
be satisfied at exit from the launch planet sphere of influence for swingby mission are
identical in form to those for the target planet. Hence, an alternate set of boundary
conditions may be written for departure from the launch planet that are identical in
form to those given above for arrival at the target planet. Specifically, the alternate

conditions may be written

JR@) -R - P_(1)=0
(B. 15)
JRW-R_-P (1)=0

where Re and i{e are the planetocentric position and velocity of the spacecraft at

‘departure of the sphere of influence and are given by the equations.

=r [(cosw cos ) -sinw sinfl cosi )i +(cosw sinQ +sinw_ cos cosi )]
e es es e es e e es e es e e

+sin w sini k ] (B. 16)
es e '

R =v [—(sin&: cos ) +cos & sin{) cosi )i -(sin@ cosw cos® cosf cosi )j
e es es e es e t es es es e e

~ - 7 ‘
+ in i i .17
cos wes sin lek | B.17)

where _ 1 AVx 1 AR

L LA A
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(B.18)

R s S
Qe—cos (&e i) = sin (&e j)

-1 res(lAR. me) Ves [cos 7es (1AV. L_e) -sin yes (lAV' me)]

w =tan .
es - ] - =
res(lAR Le) ¥ Ves [sin Yes(lAV Le) T8 Yos (1AV me)]

Note that again two ambiguities appear in the equations for selecting the optimum

position and velocity vectors.

There is insufficient information available at this point to resolve the ambiguities
that have arisen above. Before any decisions are made, it is important to understand
the reasons for and sources of the ambiguities. Consider first the sign of the vectors
ﬁt and ﬁe. Clearly these represent uncertainties in the sense of the planetocentric
motion at the target and launch planets, respectively. That is, the uncertainty is as to
whether the motion is posigrade or retrograde in each of the two cases. It so happens
that there will exist a locally optimum solution for each case; hence, the ambiguity in
the choice of solutions. At the launch planet, the choice is clear; one must pick the
posigrade orbit from launch vehicle payload considerations. It is also likely that posi-
grade orbits at the target planet would also be desirable. However, this may not
necessarily be true, particularly if a notable payload advantage is available with the

locally optimum retrograde solution.
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Once the direction of motion is chosen, there remains at each terminal the
ambiguities in the selections of wts and wes. The important point to remember
regarding these choices is that one of the two possible choices for each variable
represents a local optimum while the other is merely a saddle point solution. That
is to say, given the best possible choice of all other parameters, of the two possible
choices of the w at one end, the one choice is the best one could possibly make and
the other is the worst choice. At the present time there is no known mathematical
proof available as to which solution is optimum. However, past experiences with many
numerical examples have indicated that the appropriate choice is the one that results
in a planetocentric velocity vector that is nearly diametrically opposed to the primer
vector (the other solution makes them nearly aligned). This information is offered at

this point merely as a suggestion rather than a rule; consequently the user should

exercise care to investigate this ambiguity for each mission application,
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i
APPENDIX C - ALTERNATE PROCEDURE FOR PROBLEMS

WITH IMPOSED COASTING WITHIN SWINGBY PLANET'S SPHERE OF INFLUENCE

Due to the extremely rapid and large fluctuations that are known to occur in
certain of the adjoint variables in the close proximity of a planet, a very sensitive
relationship exists between the end conditions at the launch and target planets and the
guesses of these adjoint variables at the passage point. Consequently, there exists a
correspondihgly sensitive boundary value problem that has exhibited extremely poor
convergence qualities. A method has been developed, however, which greatly allevi-
ates this difficulty in problems in which coasting flight is imposed within the sphere

of influence of the swingby planet,

If thrusting is not permitted within the ic,phere of influence, a given set of the
six passage conditions rp, vp, ip, Qp, wp, and tp completely define the spacecraft
path within the planetocentric phase. This also implies, of course, that the behavior
of the adjoint variables within the sphere have absolutely no effect on the planeto-
centric path, As a consequence, it is possible to completely disregard the adjoint
variables within the sphere by simply moving the point at which the adjoint variables
are guessed from the passage point to the crossings of the sphere of influence. That
is to say, rather than guess two sets of adjoint variables (one for each leg) at the
swingby point, one instead guesses a set for the first leg at entry of the sphere and
another set for the second leg at exit of the sphere. The spacecraft states at entry
and exit are easily written as explicit functions of the state at passage using the
Therefore, one may start the optimization problem at the swingby planet's sphere
of influence on both legs by simply defining s = 0 to represent entry of the sphere on
the first leg and exit of the sphere on the second leg. In this way the consideration
of the behavior of the adjoint variables in the sphere of influence is comipletely avoided,
and the new independent parameters(same functions, but evaluated at a different point)

are considerably more stable and less sensitive.



The implementation of the above technical approach is relatively simple.
The state and adjoint equations remain unchanged except for the simplification that
results upon recognizing that the step function hp is identically zero throughout the
interval s =0 to s =1. The only significant changes are the expressions for the
boundary conditions at s =0 and the concomitant changes in the transversality

conditions.

To obtain the new boundary conditions at s =0, define

s g M
vole vl 2B
p
rv 2
e =1+ P =p
p I-‘p

such that the time tmp and the travel angle szs between the passage point at a

distance rp and the sphere of influence at a distance rps are given by

7]

t = p(e sinh f —f)

°°pv3p P p
*®p

l'bps = cOS_l[é:EI:; (ep+1) B 1) /ep ]
2

-1 r svm
where f =cosh [<1+-L—-P—>/e ]
P “p p

Then the speed vps and flight path angle yps at exit of the sphere are obtained

from the equations




y =t (2 s )
s 1+e cos
P p wPS

The planetocentric positions iRp(O) and velocities iRp(O)’ i=1or 2, may then
be written

R 0O=r {l_cos w + cos § -sin (w + sin{l cosi :l-l:
lp() ps L L (pwps) P (pwps) p p-p
-+ [cos (W +YP )sinQ +sin(w+P_)cos§ cosi ]rﬁ
- p 'ps P P ps b p p
+sin (WY )sini n }
( P wps) P P

. — wiy - + —] -
R (0)=v {-[sin Wty - cos Q) +cos (w + - sin§? cosi | 4
L P( ) ps ( p ¢I3'f5 ‘)’ps) p ( p ¢PS yPS) p p_l P

[' (W +§ +y )sinQ -c¢ (w:ra,b +'y ycos 2 ¢ si]_
- | sin Y - i - cos - ) m
Y q)PS ps p P ps ps p P p

X

- + -
+ cos (W + -y sini n }
( p a‘bpS pS) P p

where the upper sign applies for i=1 and the lower sign for i=2. This convention is

also employed throughout the remainder of this appendix, The unit vectors 4 , m

_ p
and np are as defined in equations (40) - (43). The actual boundary conditions for

the state are then given by
VOo)y=P ¢ +t )+ R (0
YO =P Tt )+ R (O
=Pt + + )
RO =Pt )+ R (0)

t0)=t *t
i P =p
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= +
VO 1Vp mx/mo

vo=v
oV (0) 2%
The general form of the transversality condition remains essentially unchanged

from (107) except that the second term in the coefficient of dvco , Which arose due to

the discontinuity in mass at s = 1sp, is absent. Since the poin1cz1 at which the mass

is discontinuous now occurs at s=0 rather than 1sp, the equivalent of this term arises
directly from the quantity 1)LV(O) d 1V (0) contained in the bracketed term. We concern
ourselves here only with those terms in (107) pertaining to the boundary s =0, since
all other terms and conditions remain unchanged from the main text. That is, we
desire to derive the appropriate equations which will replace (116), (117), (121),

and (122).

The differentials of the boundary conditions above are written
d.V(©O)=P ¢ + ) @dt *dt_ ) +d R (0
(VO =P i) @t Fdt ) +dR ()
d.R(0) =Pt *t ) @t *dt )+dR (0
(RO) =Pt H_ ) @t ) +dR (0)
d t(0) = dt +dt
1 p *p

d.v©)=dv - X2 gy
1 p
m

d,v(0) =dv_

where _
_ np X Hp 1 _
diRp(O) = (np X iRp(O,)) d Qp+ <-l-l-p—s—m—ll-) X iRp(O));l 1p+ Tp (priRp$O))(dwp+d szs)
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. lh (0) - . n xH .
dR (0)= P dv +@ xR (0)d +(—p—.1?— x R (0) di
ip Vos ps pip p hpsml ip p

1 : - +
+ A M xR O) @w +dy  =dy )

Butsince t _, v , ¥ and ¥ are functions onlyof r and v_ (assuming
®p° ps  ps - ps p p
rpS is a specified constant), it is possible to write for dx, where x represents

any one of the four parameters above,

dx = aéj—_{- drp + 2: dv
p p P
and thereby eliminate all differentials except those of the state at swingby. The

equations for the indicated partial derivatives are:

Btm 7} Arr I (e coshf —1)/ r
P-P B (e +)sinhf -3t +-L5 PP (5. P +1)coshf )]
or 2 2Lv p P ®p Vv e sinhf r p p
P rpva ©°p ®*p P P ps
atwp vp 2rp erq rp
= i - + ~. ol ’ T v— {
5V 2[V slnhfp 3t°°p Y (epcoshfp 1)1 z coshfp)]
P Vo, P ©p p s
v
ps “P
Brp ZV
' P ps
oV \
ps _ D
oV \
p ps
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QY r \'s

ps . -2.B D
arp <COS wps 2r > By e smz,b
o) 2r v r

¢’ D <cos¢> -—E->
ov L e siny r

Y pp ps
% cot y 7}

= _1\

or rp r v 2 /

P P ps
% cot ¥ v2

ps _ __ ‘ps ( P _1>
dv v v 2

b b DS

Extracting from (107) only those terms pertaining to the boundary s =0,

and substituting the above differentials, one may then write

FET—

2
—Y [lAvdVH\R dR+A du+xdt]+ A (Dd 0 - A _(1)d,t0)

Amx dm(‘)
= - +
5 T 1w Tag T GA ) v,
m0 eod

oe + , .+ ) . - - :
- [ZAV Pllos Vol Pltyg )+ phmpit Ay Pt )+ A P )+ A+ 1]}”p
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where all adjoint variables and state variables appearing on the right hand side are

evaluated at s=0, and where the notation
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has been employed.

The first term on the right hand side of the equation above is added to the

other terms in (107) containing dvm and replaces the similar term containing

d
1)L U( 1sp) that was discarded earlier. The coefficients of the remaining seven differ-
entials constitute the new transversality conditions that were sought. Note that the
condition associated with mass ratio remains unchanged while those associated with

p
legs is no longer equal. The conditions associated with rp and vp contain a number

t, w‘p’ Qp, and i differ slightly due to the fact that the state at s=0 on the two
p

of new terms due to the dependence of the state at entry and exit of the sphere of

influence on those two parameters.
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SWINGBY PROGRAM USER'S MANUAL

Introduction

SWINGBY is the name given to the segmented two-body low thrust swingby
trajectory optimization program. SWINGBY is a program conceived to yield optimum
low thrust trajectory and performance data for missions incorporating a swingby of
an intermediate planet enroute to the desired destination. It is designed to accomplish
this in a manner which minimizes the effects of the high sensitivities of the problem on
the behavior of the boundary value problem. The program is also suitable for gener-
ating ballistic swingby trajectories in the patched-conic mode,

This manual provides the user with the necessary instructions and information
to operate the program. The manual contains a general program description, a
statement of the major program capabilities, features and options, a detailed descrip-
tion of the program inputs and outputs, a summary description of the individual sub-
routines which comprise the SWINGBY program, a statement of the program machine
requirements, and a sample problem,.
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General Program Description

The SWINGBY program is designed to generate optimal low thrust interplanetary
trajectories incorporating a gravitational assist (swingby) of an intermediate planet,.
With the appropriate choice of inputs, the program can also generate standard trajec-
tories with no swingby maneuver. A patched conic trajectory formulation is employed
such that the overall mission trajectory is comprised of a series of appropriate
planetocentric and heliocentric arcs which are connected or linked together at the
spheres of influence of the planets. Continuity in both position and velocity is maintained
at these patch points, although a discontinuity in gravitational acceleration will exist
across any sphere of influence.

Swingby trajectories are strongly dependent upon the relative angular positions
and motion of the planets involved. An analytic ephemeris of each planet is included
in the program and is used to determine the position and velocity of a planet on any
particular date of interest. In the ephemeris the elements of the planetary orbits are
expressed as quadratic functions of Julian century relative to an ecliptic reference
frame of date.

The indirect method is used in generating the optimal trajectories; i.e., the
solution is taken to be that which satisfies the Necessary Conditions as derived by the
application of the Pontryagin Maximum Principle. To obtain an optimal trajectory it is
necessary to solve a set of non-linear ordinary differential equations representing the
motion of the spacecraft simultaneously with a like set of equations which are adjoint
to these equations of motion. During thrust phases these equations are solved by
mimerical integration using a fourth-order Runge Kutta technique. The independent
variable of integration is the generalized universal anomaly B defined implicitly
through the equation

. n
B=w/r
where L is the gravitational constant of the attracting body, r is the distance of the
spacecraft from that body and n is an input constant. For coast phases a closed form

solution of the differential equations is used and is evaluated at constant intervals of a
universal anomaly defined implicitly by the equation

B=i/r

The technical approach employed in calculating the trajectories takes cognizance
of the high sensitivities of the post-encounter leg to the conditions at swingby. To mini-
mize the effects of these sensitivities in solving the boundary value problem, the com-
putation of all trajectories is begun at the closest approach point of the swingby planet.
The Earth-to-swingby planet leg is integrated backwards starting in the planetocentric
reference frame at the closest approach point. The integration proceeds to the sphere
of influence of the swingby planet at which time the motion is switched to the heliocentric
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reference frame., The backward integration then continues to the time at which exit

from the Earth's sphere of influence is desired. The swingby planet-to-target leg is
integrated forward in the same manner to the desired time of entry of the target

planet sphere of influence (or simply to the final time for area missions). Thus, the
dependent parameters of the boundary value problem include conditions at both Earth
departure and target arrival, and the independent parameters are basically the conditions
at closest approach of the swingby planet,

Because the above formulation still exhibits rather serious sensitivity problems,
an alternate formulation is also available in the program as an option. In this alter-
nate formulation, which has proven to greatly alleviate the sensitivity problem, the
optimization problem begins at the entry and exit points of the sphere of influence,

This is accomplished by prohibiting the use of thrust within the sphere of influence such
that the planetocentric motion of the spacecraft is strictly two-body and the behavior

of the adjoint variables inside the sphere may be completely ignored. The physical
passage conditions are still employed as independent parameters of the boundary value
problem, but the adjoint variables at passage are replaced by the same variables
evaluated at the sphere of influence.

The mission profile is based on the assumption that the spacecraft departs
from a low altitude orbit about the launch planet with a velocity in excess of that
necessary for escape from the planet's gravitational field. The initial mass of the
spacecraft is a function of the hyperbolic excess speed at departure and is evaluated
through a formula that approximates the performance of a specified launch vehicle.

The option is provided for including in the mission profile a high thrust retro maneuver
at the target. A choice of end conditions representative of a wide variety of planetary
orbiter and flyby missions as well as area missions are available.

The low-thrust propulsion system is assumed to be power-limited with constant
jet exhaust speed. The propulsion system efficiency is written as a function of the jet
exhaust speed while the power is assumed to be a polynomial function of the solar
distance. Imposing the condition that power be constant is an input option.
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SWINGBY Program Capabilities

In addition ic the analytic ephemeris mentioned in the preceding section, the
program contains for eacli planet a set of constants including the gravitational constant,
the equatorial radius, the radiuz of the sphere of influence, and the ecliptic longitude
and latitude of the North Pole., The assumed values of these constants are presented
for all nine planets of the solar system in Table 1. Because of the uncertainty of many
of these parameters, the capability of overriding the built-in values by input is pro-
vided. Any combination of the nine planets in the solar system may be assigned as
the launch, swingby, and/or target planets.

TABLE 1

Planetary Constants

Planet Gravitational Planet Sphere of Longitude of Latitude of
or Sun Constant Radius Influence North Pole North Pole
(km3/sec?) (km) (106km) (deg) (deg)
Sun 1.327180x1011 - - - -
Mercury *  2.175620x104% 2500. .113 90. 90.
Venus 3. 248534x10° 6100. .616 90. 90.
Earth 3.486032x109 6378.165 .928 90, 66.556
Mars 4.297780x10% 3415, 577 355. 855 64. 552
Jupiter 1.267069x108 69880, 48.188 247.238 87. 840
Saturn 3.791794x107  57540. 54.502 78. 957 61.933
Uranus 5.786726x106  25500. 51.746 77.437 -7.930
Neptune 6.976309x106  25000. 86. 069 312. 342 61.218
Pluto 3.317819x10° 6350. 26. 958 90, 96.

The program also contains a complete set of constants which characterize
the low thrust propulsion system. Those presently stored in the program are repre-
sentative of expected sclar electric propulsion technology in the mid-to late-1970's.
To facilitate the study of changes in technology or of other types of propulsion systems,
the capability of overriding by input all of the built-in propulsion system constants is
provided. The assumed form of the variation in power with solar distance is

n
y={ 1 . a,
7\ mn = i
r

-i /2)

4 co
OL”
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where 7y denotes the ratio of power at any distance r to power at r =1 AU, a are

a set of constant coefficients representative of a particular type (and design) of A power
source, and m and n are a pair of exponents introduced to provide more flexibility
in writing y. The efficiency 7 of the propulsion system is written

2
n:——b_c..__ +e

2
c +d2

where c is the jet exhaust speed, and b, d, and e ave a set of coefficients repre-
sentative of a particular propulsion system.

The spacecraft is divided into a number of mass components including low thrust
‘propellant, propulsion system (prof)ortional to power at 1 AU), tankage (proportional
to propellant), structure (proportional to initial mass), swingby planet science package,
and retro stage. Any mass remaining is termed net spacecraft mass. A complete set
of proportionality factors is built into the program and the option is provided for
overriding any or all of them. The retro stage is itself divided into two components,
the propellant and the inert mass. The latter is assumed to be proportional to the
retro propellant. The swingby planet science package is a mass component that is
jettisoned upon entry of the swingby planet sphere of influence. Mathematically, it is

expressed as the sum of a constant mass increment and an amount proportional to the
initial mass.

The initial mass mo. of the spacecraft is calculated using the equation

m_=b —Vc/l?z-b
o 1° 3

where Vc is the velocity of the spacecraft at departure of the parking orbit and

b.,, b,, and b_ are three constants which represent the performance of the prescribed
launch vehicle. ~Currently, there are stored in the program, sets of the three coefficients
representative of 24 existing and potential launch vehicles. These coefficients were
computed using a least squares curve fit to launch vehicle performance data contained fs
in Reference 11, Of course, the data are valid only for cases for which the Earth is

the departure planet. In those cases involving departures from planets other than Earth
or for launch vehicles other than those included in the library or for cases in which the 3
initial mass is independent of launch vehicle capability, a feature which permits user 2
specification of the three coefficients is provided.
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An option is provided permitting one to employ a high thrust retro stage at the
target. The magnitude of the velocity increment cancelled by the stage may be fixed
or optimized, but the direction is always optimized. For planetary missions the
increment is always imparted at the closest approach point to the target such that the
injection point lies on the apsis cf the final planetocentric orbit. Input flags are made
available which provide the options as to whether or not the low thrusi propulsion system
and/or tankage are to be jettisoned prior to the retro maneuver.

The switching on and off of the electric propulsion system is generally determined
by the switch function, a variable arising in the solution of the optimization problem.
The switch function nominally governs the operation of the propulsion system in the
heliocentric phases and within the sphere of influence of the swingby planet. However,
thrusting is not permitted within the spheres of influence of the launch and target planets.
An option is also provided which permits one to override the switch function and impose
coasting when within the sphere of influence of the swingby planet. In heliocentric
phases coasting is arbitrarily imposed for solar electric propulsion systems when the
solar distance is less than about 0.47 AU. This is because the stored coefficients
used in the mathematical representation of the power ratio v lead to negative values
- of vy at distances less than this critical radius. This is, -of course, a physically un-
realizable situation and is rectified simply by setting y equal to zero. With the option
of inputting a new set of coefficients for 9, one must also input the value of the critical
radius, if any.

The most difficult part of generating optimum swingby trajectories is, of
course, the solving of the two point boundary value problenmi. The basic philosophy
of the iterator used to solve this problem is given in Reference 13. This iterator is
extremely versatile and has been found to possess very strong convergence properties
for low thrust trajectory applications. For bourndary value problems in which the
number of dependent and independent parameters is equal, the iterator is basically a
Newton-Raphson technique. If there are more dependent than independent parameters,
the iterator will yield a (weighted) least squares solution. And, if there are more in-
dependent than dependent parameters, one has the option of using the degrees of free-
dom to extremize any specified function. Much of the versatility of this iterator is due
to the fact that any function that is available as a dependent parameter is also available
as a performance index when operating in this latter (optimize) mode. In this optimize
mode, the iterator has been found to have a sizable radius of convergence, but the rate
of convergence is somewhat slow since it is a direct parameter optimization technique.
Nevertheless, it has frequent utility because it permits one to consider a new or different
performance index on a moment's notice with absolutely no reference to any associated
transversality conditions. One additional feature that is available with this iterator is
the capability to declare an interval constraint for any dependent variable. Unlike a
normal constraint for which the variable is driven to the center of a specified tolerance,
the interval constraint requires only that the variable be within specified bounds. If
this condition is satisfied, the iterator operates as if the dependent variable were not
constrained. The partial derivatives required by the iterator are evaluated by per-
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turbing the nominal trajectory and employing finite differences.

A total of 30 independent parameters are made available in the program for
possible optimization or specification. These include the spacecraft position and
velocity relative to the swingby planet, the mass ratio and the time at swingby, the
times of exit from the launch planet's sphere of influence and entry into the target's
sphere, the hyperbolic excess speeds at the launch and target planets, and the reference
thrust acceleration and jet exhaust speed. The remaining 16 independent parameters
consist of two complete sets of adjoint variables (Lagrange multipliers), one set to
begin the backward integration of the first leg and the other to begin the forward integra-
tion of the second leg. Of course, not all of the 30 available independent parameters would
be flagged for any one case. A feature is included which attempts to reduce as much as
possible the number of independent parameters (and hence the order of the boundary
value problem) for all swingby trajectories. In any case where a degree of freedom is
left open in specifying the state of the spacecraft at swingby, there results a trans-
versality condition involving the state and the two sets of Lagrange multipliers, that
must be satisfied by the solution. Each such transversality condition is used to elimi-
nate one of the multipliers of the first leg as an independent parameter. This feature
is not available when using the alternate formulation discussed in the preceding section,
The planetocentric position and velocity of the spacecraft at swingby is expressed in
terms of the radius, speed, flight path angle, inclination, node angle, and angular
position relative to the node. Of these the flight path angle is always taken to be zero
because this is essentially the definition of a swingby or closest approach point. The
remaining five position and velocity parameters are optionally available as independent
parameters,

Although a maximum of 34 dependent parameters are computed for any one case,
a great many more parameters are actually available for use in the boundary value
problem. In many instances the same core location is used for several mutually ex-
clusive dependent parameters. The specific choices for a particular case are selected
by input flags. The first six dependent parameter possibilities consist of a combination
of physical constraints and transversality conditions associated with the exit of the
sphere of influence of the launch planet. These conditions are compatible with the specified
sphere of influence radius, the specified radius of the circular parking orbit, and the
assumption of ballistic transfer from the parking orbit to the sphere of influence along
a trajectory with energy defined by the departure hyperbolic excess speed. The second
set of six dependent parameters relate to the position, velocity, and/or associated trans-
versality conditions at the target and several forms of the constraints are available.
Under one constraint mode setting, the target is assumed to be a planet or other finite
body moving along a specified ephemeris, and the available dependent parameters are
identical in form to the first set of six associated with the launch planet. There are
two other target constraint modes, both of which are included for use in area missions.
The two modes differ in that one permits specification of the constraints in Cartesian
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coordinates and the other in polar coordinates, In both of the latter two modes, one
specifies through an input trigger whether the constraint is the coordinate itself or the
associated transversality condition. Other potential dependent parameters include the
mass ratios at launch and at the target, the launch date, the target arrival date, the
first and second leg flight times, the total mission duration, the reference power, the
net spacecraft mass, and a host of transversality conditions associated with the follow-
ing quantities: final mass ratio, launch date, arrival date, launch excess speed, arrival
excess speed, reference thrust acceleration, jet exhaust speed, and passage distance
speed, inclination, node angle, angular position, mass ratio, and time. The transver-
sality conditions provided are sufficient to treat either maximum net spacecraft mass
or minimum mission duration. The choice of either of these performance indices is
made by input flag, and the appropriate selection of terms in the transversality con-
ditions are made automatically,

A program feature which facilitates the computation of several optimal trajec-
tories over a range of values of some parameter is available. When this feature is
flagged, the entire set of independent parameters that resulted in the solution for one
value of the parameter being varied is used as the first guess for the next value of
the parameter. The alternative to this feature is to input a set of independent parameters
for each case,
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SWINGBY Input and Output

INPUT

Inputs to SWINGBY are given through the namelist feature of the IBM Fortran
IV programming language. The input namelist is named MINPUT, and every input
required or used in the program is declared by name in the list. The general form for
assigning an input value toa quantity is, simply

NAME = VALUE

where NAME is the name assigned to the variable and is included in the namelist,

and VALUE is a numerical or logical quantity consistent in form (i.e., logical, integer,
or real) with NAME. Unless otherwise specified, all MINPUT names commencing

with the letters I-N represent integers, whereas all names commencing with the letters

A-H or O-Z are double precision floating point numbers. All input data sets must
begin with the characters

&MINPUT

commencing in card column 2 and followed by at least one blank, and end with the

characters
&END

Preceded by at least one blank if data is contained on the same card, Card Column 1 is
ignored on all input cards,. Multiple data assignments on a single card is permissible
if separated by commas. A comma following the last VALUE on a card is optional.

The order of the input data assignments is arbitrary; i.e., they need not be in the

same order as listed in the namelist. In fact, there is no requirement that any specific
input parameter be represented in the input data set. If no value is included in the
inputs for a particular parameter, the default value, if any, is used. If there is no
default value, the value used is that which happened to be in the particular core location
assigned to the parameter at the time of execution. For other details regarding the

namelist feature, the reader is referred to the IBM System/360 Fortran IV Language
Manual.

A number of the SWINGBY program inputs relate principally to the control of
the program operation. These are:

IPFM Performance index flag governing the computation of the
transversality conditions.

IPFM

0 Optimize mode (See BY array input description)
(1)* Net spacecraft mass is to be maximized
2 Mission duration is to be minimized

I

*Possible input values enclosed in parentheses denote default values.

II-10



FRWD Logical constant indicating whether or not there is to be a pre-
encounter trajectory leg (i.e., standard or swingby trajectory).

FRWD = . TRUE. No pre-encounter (backward integrated)
trajectory

= (.FALSE.) Both pre- and post-encounter trajectories

MUPDAT Flag indicating whether independent parameters at end of one case
are to be used as first guesses for next case.
MUPDAT = 0 Do not update
(1) Update
NSET () NSET(1) Not used for input
I=1, ---,5 NSET (2) Not used for input
NSET (3) Maximum number of iterations permitted in

attempting to satisfy point and interval con-
straints. If zero, no upper limit imposed.
Default value is 0.

NSET 4) Number of nominal trajectories that use the
same partial derivative matrix. If NSET (4)=0
or 1, a partial matrix is generated for every
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