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ABSTRACT

PERT=Program Evaluation and Review Technigue-analysis
is described and the error® which can result from PERT
analysis—are indicated. A model for performing the PERT
calculations without these errors resulting is derived
and output from this model is displayed. A system for
project management incorporating this model is described.

A program listing of the model implemented is presented.
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CHAPTER 1

INTRODUCTION

1.1  BACKGROUND

eEffective management of a research and development
projecprrequires the early establishment of a project schedule
and‘aifrequent review of progress to ensure that the schedule
is being get. This sché&ule provides the basis for the speci-
ﬂication_df a completion date and serves as a planning tool
for the estimation of total cost as well as for the scheduling
of material deliveries, manpower and facilities allocation,
subassembly delivery dates, etc, Actual progress is compared
to this schedule to detect any deviation which might occur
so that a revised schédule cah be proﬂﬂced, or action taken
to correct the deviation,

Pgrfg;miﬂg any such project involves the execution of
1engtﬁy/ég§uences of individual tasks., Consequently, ex-
pected completion time is a complex function based on the
expected duration of sach individual task each: of-which is
calculated with some degree of uncertainty. PERT - Program
Evaluaﬁion and Review Technique -~ is a management tool which
provides for the systematic expfession of the interrelation-
ships between the individual tasks of a project and for the
statistical estimation of overall completion time given

estimates of time required to perform the invidual tasks.
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Although there are many kinds of jobs which involve
the performance of a number of interrelated tasks, PERT is
not utilized for all of these; for example, other techniques
are applied to the scheduling of a job shop or assembly line
activities, In the construction industry, a technique known
as the Critical Path Method (CPM) is employed; the CPM approach
is basically the same as that which will be described for
PERT, with the exception that the time required to accomplish
each task is regarded as a deterministic, rather than prob-
abilistic, quantity, Any project composed of tasks about
which significant experience and historical data are available
is a strong candidate for CPM.

PERT is applied specifically in the management of those
projects involving tasks which are unique to the particular
project, rather than being of a routine or repetitive nature,
It may be said that the planners of a project employing
PERT are faced with the problem of estimating creativity;
however, it is assumed thét the manager or engineer respon-
sible for providing the time estimates for a particular task
has sufficient experience in similar jobs to enable him to
specify a range of times in which the task may be expected to
be accomplished and to provide a reasonable "most likely"
time for its accomplishment,

Since individual tasks, or sequences of tasks, can
frequently be performed simultaneously, there may be flexibility

in the schedule time requirements for certain of the tasks,



The PERT calculations produce a schedule listing completion
times for each of tke tasks as well as for the entire project
and indicate where this sort of flexibility exists., Given
this kind of information, the manager has a relatively ob-
jectiva:standard against which to measure progress,

PERT was developed in 1957-58 in an all-out effort to
accelerate completion of the Polaris Fleet Ballistic Project,
and its use has been largely credited with the successful
coordination of the several.thousand agencies and contractors
iﬂval?&dg}advaﬁeiﬂgithe-cempletion daté by two years., PERT
was subsequently applied to the Air Force's Minuteman and
B-70 projects and the Army's Nike-Zeus, Pershing and Hawk
projects. Continued success with PERT applications has re-
sulted im. a requirement by the Defense Department that PERT
be used for research and development projects whose cost
exceeds $25 million and for procurement projects over $100
million [ 1],

Most of the major computer manufacturers and a number
of software companiesrhave developed computer programs that
accept basic indivi&ual task information, create the project
schedule, and generate progress feportsa These programs are
for the most part little more than an automation of the hand
calculated method, which is described in the second portion
of this chapter,

The PERT concept is invariably implemented by using
certain simplifying assumptions and by analyzing this simplified
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data by using the concept of "critical path", Briefly, this

critical path approach assumes that there is one critical se-
quence of events (called the criticél path) and all analysis

of the project is relative to this particular sequence, Ré—

cently, researchers such as MacCrimmon and Ryavec [ 2] and

Ringer [3] have criticized the commonly accepted techniques used

in project scheduling, demonstrating that some of the simplifying
assumptions of PERT tend to produce an optimistic schedule.

The purpose of this thesis is to investigate the assumptions
inherent in most PERT implementations, particularly that of a
"ecritical" path, and to demonstrate a computer program which
accurately reflects the interdependence of sequences of simul-
taneous activities in large scale projects, accounting for the
effects of uncertainty in individual activities in the process

of projecting overall completion times,

1.2 Standard PERT Definitions

Let us first develop some of the standard notion used

in PERT,

Activities, By activity is meant an individual task
which is not further subdivided, that is, activities are regarded
as the basic tasks which are involved in the overall project,
and become the basic building blocks of the PERT system.,
Activities are denoted, a, b, ¢, ... . Associated with an
activity is a length of time or duration required for its com-

pletion alone., Typically this is not a fixed quantity of time,
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but is more accurately expressed as a statistical distribution

which indicates the minimal, maximal, and expected (mean)

time required for its completion,

e

The distribution associated with the activity a is
represented as a probability distribution function (pdf), fi{t).

This function is defined

f r (t)at =1
0

and T
pr(t < T) = .f £ (tldt,
0

The form of the pdf utilized in PERT is further defined by the

- minimal point m, and maximal point M_,, so that

a

falt) = 0 fort < my, t> M, .
Clearly, the expected time of completion of a is a function of
this distribution f, and is denoted in the usual fashion M(f,),
or more simply just pg,.

The extent to which the component tasks of the project
are broken down into subtasks, and eventually into the smallest
task or activities, depends on the ability to accurately esti-
mate these distributions f,. Typically, any task for which
fgq can be estimated witﬁ reasonable accuracy is regarded as an

. activity and not further analyzed.
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However, it is unrealistic in practice to expect a
project manager to.know the form of a given activity
distribution fa. It is much more likely that he can estimate
only the minimal, maximal, and usual durations, which corres-
pond to the extremal and modal points of f,s respectively,
For this reason, all PERT implementations assume a standard
form of distribution called the beta distribution and vary its
parameters to yield the extremal and modal points,, denoted
here as mg, Ma and modeg,,

The pdf of the beta distribution is

a

B
K(t -mg) » (M -t), form <t <M

£ (t) = { &
a 0 elsewhere,

where ¢q ,8 >-1,
Figure 1 illustrates a few examples of beta pdf with

specified parameters,

£(t)

o
"
AN

model

mé mode, My

Figure 1. Examples of the Beta Distribution
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The beta distribution has characteristics which seem

intuitively to represent the manner in which activities may
be expected to be distributed:

1) It is unimodal., There is a single most probable
completion time,

2) It is continuous, "Continuity reflects the property
that if an activity has a particular probability
of being completed in a small interval, the prob-
ability is only slightly increased when the size
of the interval is increased."

3) The distribution has definite end points., The
activity must consume a non-negative quantity of
time, and there is assumed to be some maximum time

which the activity will not exceed, barring an
"Act of God."

It is condition (3) that seems to make the beta a better
"standard" distribution than the better known normal distri-
bution,

There is no-attempt made to estimate the exponential
parameters a and 8 .of ‘the beta distribution., However, as
Figure 1 demonstrates, m,, M, and mode, are insufficient to
specify a unique beta distribution; curves 1 and 2 are iden-
tical iﬁ these values and yet represent different pdf's,

So the activity pdf is further defined by the assumption of
a mean puy = (mgy + 4 mode, + Ma)/é and a variance 082 =
(Ma - ma)2/36° From these two additional:=assumptions, a
unique pdf can be assigned to activity a.

Although the existence of a beta distributed pdf is used

to justify several theoretical results in the application of

1/ Mac Crimmon and Ryavec [ 2],p. 7.
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PERT, in actual implementation a rather surprising simplifi-
cation is made, Only information about the mean g and
variance °a2 is retained about each activity, and inly these
two quantities are employed in further analysis,

One of the major aspects of this thesis will question
1) the exclusive uge of beta pdf's, and 2) ealculations based

2 alone, We will develop a PERT implementation

on the Yand o
which is not bound by either of these restrictions, and use it
to point out several anomalous situations,

The network, In any large project the initiation of

certain tasks or activities must await the completion of other
activities, For example, the assembly of power supply can-
not commence until the design is completed and the components
have been procured, Representation of this interdependence
betwegn activities is the second essential aspect of the

PERT analysis,

We seek a convenient way to represent the time of
completion aspect of activities together with their inter-
dependence, The most rewarding structure has been a labeled
directed graph or network, called the PERT network. Tradi-
tionally, a directed graph G is a point set P, together
with a relation A on P denoted G = (P, A). Thus, A is a set
of ordered pairs { (p,a) | p,qeP}, where each ordered pair is

commonly called an arc (or edge) of the graph, 2/

g/ Most graph theoretic terminology and results will be
found in Busacker and Saaty [4], unless otherwise noted,
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In this model the arcs {al of G correspond to the
activities of the project. The points P of the graph corres-
pond to unique points .in time which are known as events in
PERT terminology. Events are denoted by integers,

A graph G = (P,A) is said to be labeled if there exist
functions on P, or A, or both, into a set of labels., 1In a
PERT network the arcs {a} are labeled with their associated
pdf fa (or some abbreviated representation of it such as

2

my, Mg, modeg, o, o ) and the points i are labeled with

59
specific times in the time continuum, 3/

The actual form of the graph, i.e., configuration of its
arcs and points, reflects the interdependence of the activi-
ties, In general, an event (point) corresponds to the point
in time (as yet unspecified) when an activity may be initiated
or when it is completed. Events, therefore, serve as initial
and terminal points of arcs in ‘the PERT network., If an
event is the terminal point of several arcs, it represents
the point in time when all those activities have been com-
pleted, In the graphical representation, an event is iden-
tified by aninteger centained wiﬁhﬁnfa!eircle,~aﬁd'an“actiﬁity
identified by a Roman letter, For example, in Figure 2 activity

&-is initiated by event 10 and terminated by everit-20. .

3/ One of the major refinements of this implementation will
be to replace the scalar labels on the points by distrihu-
tions, £
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O——®

Figure 2, PERT BRepresentation of Activity and Events

The PERT network is constructed so that all activties
terminated by an event are shown entering the event, and all
activities initiated by the event are shown leaving it, It
has already been stated that the basic PERT assumption is
that an event does not occur until all activities preceding
it have been completed. It is evident that this dependence
relation, together with the assumption that the project can
logically be completed, implies that a partial ordering is
necessarily imposed upon the events (as well as the tasks)
of any PERT network. As is well known (Knuth [ 5] , page 259),
any partially ordered set can be represented by an acyclic
graph, or network, and conversely, the path relation on an
acyclic graph induces a partial ordering of its points,

More simply, the existence of a path from event i to event j
implies that j cannot precede i, and the PERT network itself
is an acyciic directed graph, Figure 3 shows a typical

PERT network layout, normally called the system flow plan,
This flow plan illustrates the dependency concept. Neither
activity b nor activity c can be initiated until the occur-
rence of event 10, which is in turn dependent upon the¢ com-

pletion of activity a,
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Figure 3, A System Flow Plan

Prom the examples in Figures 2 and 3, we notice two
distinguished events identified as events 0 and © , which
correspond to the initiation and completion of the entire
project., Graphs of this configuration are called two ter-
minal graphs, and from the problem constraints it is obvious
that all PERT networks must be two terminal networks.,

The typical procedure in implementing PERT is to draw
the system flow plan for the project. and then associate time
estimates with each activity, Once these quantities have been
added to the network, the entire graphic presentation is fre~
guently referred to as a PERT chart., In the PERT chart
in Figure 4, and subsequently, the three numbers [m,, mode, ,
Ma] presented beneath the arc representing a will represent
the extreme and modal points of the activity pdf, while
(Ha,:pa) are placed above the arc, These five scalars become
labels for the arc, This representation is standard in texts
describing PERT and will be used for the present, even.

though it will need refinement in later sections. 5/ In all

&/ Note that (1) the letters associated with each arc (activity)
and numbers associated with each point (event) are not labels,
but merely arbitrary identifiers; (2) labels need not be
scalars, and we could use the pdf's themselves (in either
closed or approximate form) as labels,
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calculations, the activity pdf's will be assumed independent,
though clearly there are cases in which they may not be; if
the duration of an activity is dependent upon its starting
date (e.g., if it is dependent upon the weather), it is not
truly independent of the activities preceding.

It is evident that the structure of the PEBT network,
together with the labels on the activities{ a !}, must be
given by the project description, The whole aim of PERT
analysis is simply to then assign a consistent set of labels
to the events. In the most simple representation these event
labels are a single scalar which indicate the time at which
the event occurs., In a more sophisticated representation
these labels might be distributions indicating the range of pos-
sible event times,

In order to assign a consistent set of labels to the
events, and in particular to event = (and thus estimate the
total duration of the project), it is necessary to obtain a
time estimate for each of the paths through the PERT chart,
The definition of path found in Busacker and Saaty will be
employed;

A path is a set of arcs which, if properly
ordered, form a path progression, The no-
tation P (i, j) represents a path from event i
to event j,
The concept of path length used in determining project duration
differs from the normalkgraph theoretic definition (which

is usually simply a count of the arcs involved). Mean path
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length is the sum of the expected times of the activities
which comprise the path;

Lyledi, )] = §§:ﬁa for all asp , denoted L, (P).

Variance of path length is the sum of the variances of the

activities which comprise the path;

. &R 2
L ,[#(1,3)] = 2 0,° for all acp , denoted Lo,

Minimum vath length is the sum of the minimum estimates of the

activities which comprise the path;
L [g(i,j)}:sié

Maximum dath length is the sum of the maximum time estimates

m, for all acp, denoted Lm (p),

of the activities which comprise the path;
Q& [ & (i,§)] ﬁ:i:Ma for all ae p, denoted Ly (P),

Becguse it is common to disregard the activity pdf
once it has been used to calculate the mean and variance of the
activity duration, only the mean path length Ly and its variance
LO » are used in the typical PERT implementation. Using the
mean path length ever all paths from the initial event 0 to
an event i in the PERT chart, éhe expected time for the occur-
rence of event i, or expected event time denoted EETi, can be
defined;

| EET, = max {Ly (8} for all # (0,i)1.
It is common in PEBT analysis to call this value the early

event Lime of event i, Some slight justification of this

terminology will be given later, but in the author's opinion
it is misleading. Nevertheless, we will use it to maintain

a consistency with literature, In Figure 4, each activity
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(edge of the graph) has been labeled with its corresponding
distribution fa. (For simplicity in this and the following
examples only the parameters (pa, oaz) and. [ma, mode,, M, ]
are given,) The early event time for 10, EET,, 1s.eight
days (all estimates will be stated in days, although clearly

any unit of time may be used).

= 8

Figure 4, Calculation of Early Event Time (EET)
Although the expected time for the occurrence of event 10
is eight days after project initiation, the time estimates
allow for its occurrence in six days (activities a and b
requiring three days apiece, and ¢ requiring not more than
six days)., On the other hand, if all activities require the
maximum times estimated, event 10 will not occur until ten

days have elapsed. The terms earliest possible time EPT

and latest possible time LPT will be introduced to repre-

sent the extreme values, The earliest possible time for
occurrence of event i is defined,

EPT; = max {L_ (p) for all p(0,1i) 1.
The latest possible time for the occurrence of event i is
similarly defined

LPT, = max {L, (p) for all #(0,i)},
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As indicated, EPT; and LPTi are not defined in existing PERT
procedures; rather, it is assumed that EETi is the mean of
s normal distribution with a variance equal to L 2 (p,), where

S P

o 1s the same path that determined EET, (agpy path P(0,i) for

whicw L, is less than Lij{#,) will be denoted @c').
The path s, (0, =) from the initial to the terminal
event on which the function Lg attains it maximum (i.e.,

EET,) is called the gritical path, As before, the overall

variance is assumed to be Lo.2 (pc), é/ Thus, EETi for any
event in this model is the expected time for the occurrence

of event i, and in particular EET  is the expected time for

the completion of the entire project. Thus it is_reasonable for
the project manager to set EET_ as an overall project goal,

With this in mind, we may ask how late any event can

occur and still meet the overall goal of EET. ., So late event

time LETi is defined as the difference between the overall

‘project completion date EET, and the expected length of time
required to complete all activities subsequent to event i;

LET, = EET.- max {Ly(p) for all P(i,~) L

Slack, If EE’I‘i = LETi9

max {Ly for all {0,1)}= EET_ - max {Ly for all p(i,=)]

then

so that
max {(Ly for all p(0,i)} + max {Ly for allp (i, » )}= EET_

Q/ If more than one path is found with Ly equal to its maxi-

mum, thé path with the largest variance Laz is taken to be
the critical path,
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= max{Lufor all p (0, =)},
and event i is found to be on the critical path., Other-
wise LET. > EETQ, meaning there is a grace period between the
expectedltime a;d the deadline (i,e., time which still assures
reasonable probability of meeting the overal project goal
EETm) for the event. This period is called slack,and all
events not on the critical path have positive slack., It is now
evident what is "critical" about the critical path, and why
PERT analysts pay particular attention to the critical path.
The slack of an event represents a buffer which will absorb
some slippage in the completion of activities on paths pass-
ing through the event, and there is no slack on the critical

path; consequently, a delay in the completion of an activity

on the critical path will'be expected to result in project

overrun,
The term early event time for EETi appears to have
been chosen to contrast with late event time LET® in this

: i
determination of slack. Further, it is apparent that in

this implementation of PERT two consistent labels for each
event (point) of the network are determined and that their dif-
ference is the slack,

The late event times of the PERT network present
themselves as appropriate project milestones, If the late
event time LETi for any event i is not realized, there is
a high likelihood of a delay in project completion, It is

also apparent that one of the paths # (i, =) now becomes a
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"ecritical® path. There may now be several paths on which the
events contain negative slack (LET.1 < EETi); if the original
schedule EE’I’O° is to be met, all such paths must be shortened

by the acceleration of one or more activities of each, The

PERT chart will indicate which of the paths, if any, still
contain slack, so that the project manager may determine
whether any resources are available for shifting from activities

on these paths to activities on the now critical path{s).
1.3 Analysis by the Critical Path Method

Since the entire goal of the critical path analysis
in PERT is to assign EE‘I‘.1 and LET, in each event, let us

illustrate the procedure by an example,

”Figure 5 shows a subnetwork of a PERT chart of a major
research and development project. Labels beneath the arcs
are consistent with the notation introduced earlier; for each
activity, extremal and modal estimates of completion time
are listed, Using the expressions for mean B, = (ma + 4 mode, +
Ma)/é and variance Uaz = (IVI.a - maf;36, these values are cal--
culated for each activity in Figure 6,

The next step in a critical path analysis is the deter-

mination of the early event time EETi for each event; this

operation is called the forward iteration or forward pass,
EET; will be show above event i enclosed in a square. Thus,
the early event time for event 10 is shown as [:] in Figure

7. This quantity is found by adding the 6 days required to

S




Stgie

18

oretcot | 0
3urdeyoed I931I2AU0)
8

10NI3SU0N

6

udrsaQ

€€

,[Aﬁw 9 ¢HA-"-v

WOﬂumNﬂﬁmwMo
qof

D

Network for Calculation of Early Event
Timegs and Late Event Times

Figure 5,



19

- [6°8°L]
915: ‘8) 9
, o

= Brat L
- L) Qe
L = e
(T 9\
awv, 2
M
A -
£9°6 %] )
(T1°°6) _J
LI /
2D
7Oy
W x,¢ o
, A
Q

mo._”mm.m aO._u I

(1°€1) 8
3

(%% °°9)

Célculation of Activity Expected Times

and Variances

Figure 6.



20
complete activity a to the EETO which is always taken to
be 0, Activity b is expected to consume 2 days beginning
6 days after project initiation, so its completion (event 20)
should occur at 6 + 2 = 8 days. Similar calculations may be
used to determine the early event times for events 30, 40,

50, 60, 80, 90 and 100 because each has only one path leading

to it from event 0, Thése times are shown in Figure 7,

S|V

o R
” ‘I'iﬁx-l%;
[7,8,9]

Figure 7. Early Event Times with
No Parallel Paths Considered
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Given EET90 and EET,,,, we can calculate EET;ij.
p, (0,110) is the path passing through event 100 - its length
is 29 days, as compared to a length of 28 days for the path
passing through event 90, so EETy1p is 29 days. Continuing
through the network, EETy is calculated for each event i,
after early event times on all the paths #(0,i) have been
determined, Figure 8 shows early event times for each event
in the network., EET ., is 32 days, with the critical path

consisting of activities a, b, ¢, d, and e,

Figure-8, . PERT Network with»All Early
Event Times Calculated
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If the overall project target date is set at 32 days,
LETw is 32, The expected time to perform activity j is
4 days, so LETj = 32 - 4 = 28, The late event time for an
event is shown in Figure 9.enclosed in the circle above the
early event time, Calculation of the late event times in

an operation known as the backward pass is analogous to the

forward pass, with LET, serving as the initial time for
calculations as EET did for the forward pass, Thus, the cal-

0

culation of LET is dependent upon the path through event

80
100; late event time LETi for any event i can be found only
after calculation of late event times for all events on all
paths P(i, »), PFigure 9 shows the early and late event times
for all events in the PERT chart; slack may be determined for
any event by subtracting the early event time from the late
event time,

The path#0, 10, 20, 30, 40,») was found to be critical
path with a length Ly'(p) of 32 days. As will be shown in
Chapter III, this quantity éccurately reflects the expected
time to complete all of the activities on this path in se-
quence, assuming accurate time estimates for the individual
activities, Thus, if the project were to be executed a number
of times or “trials®", with values of the individual activities
drawn randomly from their pdf's, the mean value that would
be obtained for the length of this path is 32 days, with the

values obtained on various trials ranging over the interval

of 25 to 39 days.
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However, if we examine the path consisting of
activities a, b,.c, k, n, o, and p, whose expected value is
31 days but whose extreme values are 25 and 37, we see that
there is considerable overlap in its range of values with
that of the critical path. In the performance of the series
of trials of the project, it is reasonable to expect that for
certain trials a larger value would be obtained on this path
than on the "critical' path., If, then, for each trial the
larger of the two path values is chosen to represent the
completion of the entire project for this trial, we are in
effect simulating the performance of a project containing these
two paths over a number of trials, Because for each trial
we have assigned to project completion time the larger of
the values representing completion of the two paths, the
mean value for project completion may be expected to be greater
than the mean value found for the "critical" path., As more
paths nearly equal in length to the "critical" path are
added to the project, the probability that the overall project
completion time exceeds the length of any of the paths con-
tinﬁe to increase, Thus it appears that if the individual
path lengths are treated as distributions (which is consistent
with the assumption that activity times are distributions)
rather than deterministic values, the project duration cal-
culated may in some cases be different from that obtained
in ordinary PERT analysis. Ringer [3 ] has proposed that

Monte Carlo simulation techniques be utilized to account for
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the effects of individual activity distributions; however, we
intend to present a model for accomplishing this without
resorting to repeated trials,

We have seen here how the typical PERT analytic tech-
nigues may be applied to project scheduling, but we have also
seen that the completion date predicted by the use of these
techniques might faITVearlier than the time predicted by
other statistical methods. In Chapter II, an example wherein
the PERT-calculated completion time is clearly less than that
calculated by analytical means will be vpresented, and addi-
tional questions will be raised concerning the individual

activities,



CHAPTER II
ANOMALIES ARISING FROM CRITTCAL PATH ASSUMPTTONS
2.% Effects of Parallel Path Distributions

As we noted in the description of the PERT network,
an event i is considered to occur only when all activities on
gl_—l_ paths p (0,1) have been completed, That is, the time of
occurrence of i is the maximum time L (p) obtained on all
pathsﬁ)(o,i), The expected time of occurrence of i is then

E(i) = E [max {L (o) for all 0(0,i)1}].

Ifpo(0,1) is clearly longer than any p,' (0,i), that is, if
Lm(pc)>rmax {Ly (p,")}, then E[max (Lp)] = E {L(o,) 3=
Iw‘(gc); In this case, it is not necessary to consider the
pdf's of the individual paths p(0,i), The simplification
made in PERT analysis is that the paths p. ' (0, i) never
contribute to the determination of p;. However, as the ex-
ample in the previous dhapter suggests, the addition of other
paths whose pdf's overlap that of p, can cause the expected
time of event i to fall later than the time calculated using
only Lu (pé); The following example demonstrates quanti-
tatively the effect onu.1 caused by the inclusion of a second
path p(0,i) whose pdf is identical to that of p,(0,i),

The network:élshown in Figure 10  contains two critical

paths pc(O,BO); the mean path lengths L“(pc) and variances

¢/ This example is from MacCrimmon and Ryavec [2].

26
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Lo-z(oc) are identical, While each path is shown to be
composed of only two aétivities, any of the activities a, b,
c, d may be thought of as paths whose durationsare represented
by the pdf'!s shown, In addition, there may be other paths

pe' (0,30), but it will be assumed that max {Ly (0g1) <Ly (o).

c
To simplify the calqg;ations, discrete probabilities are used
to represent the activity pdfis; these are shown in Figure
10,

Distribution of a & 4

%-
f(t)

3

1 2 3
t
Distribution of b & ¢
1 -
f(t)

ahiiill

2 L 6
t

Figure 10, PERT Network with Discrete
Activity Distributions
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The pdf of the path p(0, 10, 30) is determined as
follows, The pdf of event 10 is that of activity a, so the
path pdf is a composition of fa and fb in series, Table 1
is used to verform this calculation, In each row of 1 of
table 1la, the value a; is given for activity a and b; for
activity b. The sum of a; and bi is listed in column 5;
f (a; and by) = f(a;) - f(b;) is listed in column 6. The
pdf of activity a in series with activity b is then found
using

fp (8) = 2 flaghy),
as;+b,= t

i"Mi

and listed in Table 1b, The mean of this path is found by

Bop = 2:‘tjfa. p(t;)
J
and is equal to 6 days, the value found using standard PERT
methods. Because this path is "critical', Lu (og) = 6.
Calculation of the f30 is demonstrated in Table 2. The
pdf's of the two paths p,(0,30) are listed across the top
and -down the sides of Table 2a., In the table, positiom

(i,j) is the maximum of t; and t The probabilities of the

jo
individual combinations of t; and tj (not shown) are found by
taking the products of the individual probabilities f(t;) and
f(tj). As before, the probability for each t; in the pdf is

found by summing the probabilities of all entries with value
ti in Table 2a., Probabilities of the individual values for
event 30 are shown in Table 2b, and the expected time to

complete event 30 is found to be about 14,8% greater than

Ly (e,),
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a., Sum
. Sum
a, fa;) bi Floy) aibi f(aibi)
1 1/4 2 1./4 3 1/16
1 1/4 Ly A 5 2/16
1 /b 6 g 7 1/16
2 1/2 - 2 1/ L 2/16
2 1/2 L 1/ 6 /16
2 1/2 6 1/4 8 2/16
3 1/4 2 i/ 5 1/16
3 1/4 4 1/ 7 2/16
3 1/4 6 1/ 9 1/16
b, Distribution of sum.
t 3 L 5 6 7 8 9
f(t) 1/16 2/16 3/16 L/16 3/16 2/16 | 1/16
meaﬁ = 6,0

Table 1.

Distribution of Activities in Series,




30

a, Max

f(t) 1/16 2/16 | 3/16 | 4/16 | 3/16 | 2/16 | 1/16

t 3 L4 5 6 7 8 9

1/16 3 3 Iy 5 6 7 8 9
2/16 4 L L 5 6 7 8 9
3/16 5 5 5 | 5 | ¢ ? 8 9
/16 6 6 6 6 6 5 8 9
3/16 7 7 7 7 7 7 8 9
2/16 8 8 8 8 - 8 € 8 9
1/16 9 9 9 9 9 9 9 9
b, Distribution of maximum,

t 3 by 5 6 7 8 9
f(t) 1/256 8/256 27/256 64/256 69/256 | 56/256| 31/256

mean = 6,89

Table 2. Distribution of Paths in Parallel.
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This rather simple example, showing that the expected
time of an event i (EETi) need not be a simple function on
L ;(p) for all paths 0(0,1), suggests an alternate implemen-
tation of the PERT concept. In fact, we know that there is
really a probability distribution function associated with
each event of a PERT network. The EET; for any event, however
it is calculated, serves at best as a crude approximation of
this pdf. It would be more meaningful to store the pdf itself
at this point,

A reasonable approach to the labeling of events is to
follow the procédure used for the activities, We could
assume a standard form forAthe pdf and define each by providing
the [min, mode, max] and ( p, 02), So a PERT chart might have

the following appearance:

2 '* 2
a, ) (ug, , ai\ b (20; ®0)
(10 ) ' :
A X Pemedey ]

[m, q-mode, .M, 5]
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Certain of these labeling parameters are easily calculated,

e.go 3

M; = LPTy
But calculation of the really essential parameters remains
elusive even if afi‘of the activity pdf's are given in
closed form as in the following example,

A simple network can be constructed given two activities

a, b, both with uniform pdf's

0 y taemgy
fa(t) =) 1 , My St M,
0 , t>M,.

If the activities are linked in series as in the following

a b
O——® @)
fa f\b

diagram,

then the probability of event 10 occurring at time t is pre-
cisely fa(t). The probability of event 20 occurring at time
t is evidently

progl(t) = pr(t,) and pr(ty) for all tg,tp such that

ty, ¢+ tb = t, or
.8 = [ £(t,) fplt - ty) dt,.
Mg <ta<t - my
And for this example of f_, and fy rectangular distributionms,
t-my,
. 1 1
fa.b(t)="jf—-—————' — dt,

m, Mg = mg Mp - my
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My = my), X=min(My - m_, My - m),

a?
m, ,p = M, % My s M aep = Ma 4+ Mb’ then
(‘
0 5 t<:ma’ b
(t ~my . p)/XY ma,b§§<m‘a‘.b+x
fg.plt) -5 1N s Mg op ¥ XSty .y + X
(Mg, = VXY, mg ., * YSES MLy
. 0 y B> M, L
Or pictorially,
! !
fa ° fb = :fa .»u
| 1
Mg, Mgy My My Mg o p Mg p+¥ ’ma».b"'Y Moo be

Tn accordance with standard PERT assumptions E(fy .p) =
E(f,) + E(fy) and 02(f, ) = 02(fy) + 02(fy), so that the cal-
culation of these quantities by summing over thé specified
paths is evidently consistent with'the PERT:épprbach.

If, however, the two activities are -related in parallel i}

as in the following network:

Z/ A PERT network is seldom constructed with a single pair of

events joined by two activities, but either a or b may
be regarded as a path composed of more than one activity

with no effect on the results presented here,
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fp

then the probability that event 10 will occur precisely at

time t is evidently

prig (t) = pr(ty = t) and pr(ty<t)
+ pr(ty < t) and pr(t, = t), or
At t
fi0(t) = fu(t) .f Fplty)dty + fb(t)./' faltyldt,.
My, ma

Again, when fa'and fb are uniform distributions, we may let

X = max(mg,my), ¥ = min(My, Mp), Z = max(My, M),

( 0 , t <X
- )
2t-(mg mb)- , X<t<Y
(Mg = mg)(My - mp)
farp(t) =
a+b 1 Y2 - Y(m_ + m )+ mm
| - (T + Mp)+ Mgy , Y<t <z
z2 -Y (z - Y) (My - mg) (My - mp)
(0 , t>2Z
or pictorially,
i
I
£, + £ = | Fatp
mgy Mg my, My X Y Z



(assuming m, <M, m,<M_ . If my>M,, then evidently

forp = Fpi if my>M . f

b? Tatb
These results help to illustrate, perhaps, why the de-

atb = =1y).
signers of PERT despaired of any attempt to derive the event
pdfis as a function individual activity pdf'!s and chose in-
stead to define the mean of f_ , as the sum of ¥, and &,,
and the mean of f_ ., as the maximum of ua.and (TN Even in
this extremely simple case of uniform activity pdf's the re-
sulting event pdf*s are hopelessly unwieldy. And any calcu-
lations based on these derived distributions could be expected
to yield even more cumbersome pdf's,

A further demonstration of the different event pdf's
that may be derived in solution of the network are presented
in Figure 11 through 14, which are plots of the pdf's resulting
when two input pdr'is (identified as Distribution A and
Distribution B) are composed in parallel or in series. The gen-
eralized computer routines which were used to perform the parallel
and series compositions are those used in the implementation
described in Chapter 1IV; fhey a;e derived in Chapter III,
In Figure 11, two uniform distributions are combined in para-
llel, as in the above example, Figure 12 demonstrates the
'cempositlen of “two roughly triangular distributions in parallel;
the resuléiﬁé pdf 1s shifted notlceably to the right, indicating
anﬁinaf%ase iﬂ expeéted time, The nekXt two plots, Figures 13
and 14, illustrate a situation in which the output distri-
bution contains more modes than the input. In Figure 13,

the series composition of two bimodal distribtions produces a

e e
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trimodal resultant, and in Figure 14, a bimodal distribution
results when twg'unimodal distributions are composed in
parallel,

These plots demonstrate that even if all the activity
pdf's are of some standard form (e,g., normal or beta distri-
bution), there is no assurance that the resultant event pdf's
need be of the same form, or even that they be unimodal, and
there is no simple analytic technique for obtaining them.,

If, however, the algorithms necessary to numerically derive
resultant distributions from some arbitrary input distributions
are developed, the distributions themselves may be stored as
labels in the PERT network, The network would then have the

appearance,
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Figure 11, Parallel Combination of Two Uniformly-Distributed

Activities
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In Chapter IV a computer model which is a direct
realization of this idea is introduced. Actual distributions

will be associated with bbth activities and events as labels,

2.2 Activity Distributions

The examples chosen here to demonstrate the combina-
torial anomalies of PERT include activities whose pdf's are
other than the PERT-assumed beta distribution, While the
beta distribution is a convenient form for representing the
estimated time to perform many activities, there may be in-
stances in which the best estimate of activity duration is
better represented by some other distribution form,

An example of a bimodal distribution might arise in
the case of an activity which requires the utilization of
equipment which could be made available on either of two

dates; if the material is not ready for use of the equipment
by the earlier date, it is possible that progress on the
activity might be suspended until the later date, In this
case we would expect the activity pdf to be concentrated
around two times based on these availability dates, and the
concept of a "mean time" would probably be meaningless,
Another bimodally distributed activity might be characterized
by one set of time gstimates based on the assumption that a
closed form solution will be found to a particular problem
and another set associated with the need to resort to some

time-consuming enumerative technique, Some other activity
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might iwrnive a series of out-and-try attempts; the manager
may prefer to use a multi-modal or a uniform distribution
to represent the pdf in this instance,

It is not our intention to develop a number of "standard"
distributions for PERT activities, but rather to demonstrate
that the requirement that all activity estimates conform to
one form of distribution 1) is unnecessary, and 2) can he
unduly restrictive, possibly frustrating attempts to apply
one'!s best estimate to an activity pdf. The implementation

which is described in Chapter IV accepts pdf's of any form,



CHAPTER III
© 74 STATISTICAL DEVELOPMENT
3.1 Procedures for Calculating Event pdf's

In order to calculate the pdf'!s associated with each
of the events in the network, we will define two operations
which may be performed to produce a resultant distribution
from two arbitrary input distributions.

1) The pdf's of two activities (or an activity
and an event) can be composed in series to
yield the pdf of the completion of the two
activities performed in sequence,

2) The pdf's of two activities (or sequences of
activities) can be composed in parallel to
obtain the pdf of the time when both activities
have been completed if they are performed
simultaneously,

We have two basic cases which might be diagramatically

represented as follows:

Case 1 (series)

O— @0

Case 2 (parallel)

In both cases we are given the pdfis for the event i and the

activities a and b, As we have indicated in the previous

43



Ly
chapters, we can compose the pdf fi with the composition of

Fa and . to get f

b 3

Further, to denote the "composition process" we will
use the symbolism f, , in the first case and fy &+ p in the
second where these may be called the "serial' and "parallel"
composition, respectively. This is the same symbolism that
was used in Chapter II, but without formal introduction,

For the algorithms used in the implementation it was
found to be more convenient to represent the distributions in

the form of the cumulative distribution function (cdf)., The

cdf of a, denoted Fa’ is related to the pdf by

t
F,(t) =§ falty)dt,.
Ma,
From the definition of f_ and the restriction that fa(fa) = 0
for ta < m,, we observe that Fa(t) is the probability that the
duration of activity a is no greater than the interval t
and that Fi(t) is the probability that event i will occur at

a time no later than t.

Series Composition, If Fa and Fb are composed in

series to obtain F, ., the end points of the resultant dis-

tribution are

ma.b =ma+mb:

Maob =Ma+Mb.

The probability that’ta + tb is no greater than t is the

sum of the probabilities of all combinations of ta and tb

which are less than or equal to t,
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pr(ta+tb§t)=pr(ta) and pr(t,<t-t,) for all ty<t-my, or
. jrmb
F, p(t) fa(ta)L'x fptyldtydt,
b

L ]
ma

T“b
£ (tg)Fp(t=t,)at, .

Mg

li

We can differentiate Eﬁe expression with respect to t using
the method given by Hildebrand([?],page 360)to demonstrate

that it is equivalent to the expression introduced in

Chapter II:
_mb

fa.p (8) = gt Fo.p (B) = f { [fa(tJF, (E-t,)

+ £, (6 ), (t=t5) dta+f‘a(ma)Fb(;t-t+mb)

- f o (t=iny )F, (t-my ) “E‘E m,

-

t—mb
f £,(ty)Tp(E-taTdt,.

Mg

L

Parallel Composition, If Fa and Fb are composed in

parallel, the end points of the resultant distribution are

/

M, 4 p = max(ma, mb)
My 4 p = max(My, My).
The probability that both activities a and b are completed
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on or before time t is the probability that a is completed on

or before time t and that b is completed on or before time t, thuc

prit , S t and tb_<_t) = pr(taft) . pr(tb_ft), or

Fp 4 (8) = B (8) * F(t),

Differentiating,

foep (B) =1£,08) « Fylt) + £ (8) » Fa(*‘;
which is the expression used in Chaptzr TT to perform the

parallel composition,
3.2 Combinatorial Techniques of PERT

The series operation used in ordinary PERT analysis
is the summation of means and variances from two distri-
butions to obtain these values for the derived distribution;
the parallel operation consists of assigning the greatest
mean value from among the input distributions and the
variance of this distribution as the mean and variance of the
derived distribution, We can now investigate the validity

of these simplifications,

Mean and Variance of Series Combination, Define the

mean of the distribution fa to be
Mg

’ - - /
W, =E(t) = .f t,f, (tg)dt,,

Mg
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the mean of the distribution of sums from fa and fb will be

M, My
Havo = Bltgtty) = 5 J (ta*ty) £(t, and ty)at,at,
now g My
- | [ () £, (5) £ (ty)at, aty
Ta M
M My Ma Mo X
= f tafa(ty )ty )dtdt, + j byl (Bg) 1 (ty)dtdty
ma mb- ma mb
M M M, My _
=S tafa(ta)dtaj' fb(tb)dtb-l-f £, (t,)at, f by (b )by
Mgy mb ma mb
M
a

Making use of ‘[ f (t )at_ = 1, we find
a a a

m
a

By = L b foltydty +,L by fplty)dty,
a b |
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So the mean of the distribution of the sum is equal to the
sum of the means of the individual distributions, as is
assumed in PERT.

To find the variance of this sum we define

) My
_ Y
—f (ta - ”a) f‘a(ta)dta

m
a

ga
so that,

M,
- (t, *+ ty - M )2 £(t_ ‘and t,) dt.dt
asb b ab a b a~“b

Q
a““\ =

M, My
2
fa f (Lgbby= sy = ), (6 )Fp (£y)dt dty
Ma Mp
. fMa ) }% p be
| = /gty )at, ) fb(tb)dtb+2_r[ tafaltdatyJ b £ (b )at,
‘ b a Mo
! a
M M, M M
: Py f o)
+f faltyldt f ty f‘b(tb)dtb-zpaffa(ta)dt ft fpltyldt,
m mb ma My,
M M
-~ 2 f t £, (t, )dt, f fb(tb)dtb-Zpafaf (t_)dt fbtbfb(tb)dtb

Ta, ) Mg mb
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My My

2 (cont'd,) - Z”bL falty)dty ‘!: £ Fpltyldty -
b
"b

fa falty)dt, I fplty)aty
o Mb

+ 2p F f,(ty)dt, j £ty )dty
'“‘ai my,
M

#” f fa(ts)aty I £ (ty)dt,

b
Ba My
- ’ 2 S f 2
= {n by To(ty)dt +Runt J o1 (£, )aty

m
a b j

“asb

M

b, - 2uym,

T T (5)an, -

-]

2
2Mt,f, (8 )aby, +J m5f, (8,)at, % 2pup,

L

g
1w

f (t )dt
miﬁbbb

o

M M

a b
_f (t -2th a9’ oy )Tg (b, )at + j (tb-znbtb*“b)fb(tb)dtb
Mg Mp

o
] 2 ' o,
‘{: (tg=Fy) fa(tglaty+ f (ty- “mp)?fplty)aty,
8 mb' -

2 2
= o, +(Jb .
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These results demonstrate that the method used in
PERT of summing means and variances along a bath is quite
valid, and if there were no parallel paths in a network, the
PERT analyst would be completely justified in discarding the
activity distributions and using only their means and variances
to calculate the expected event times, It is inthe parallel
composition that errors are introduced,

Mean of a Parallel Composition. As has been noted

previously, the time of occurrence of an event j is the latest
time of completion of the activities terminated by event j,
and the mean time of completion of both activities a and b
is pogp = B { max (ty,tp)} o To evaluate this sum, let us
make the substitution

max(ty,ty) = B(ty+tyt|t ~ty|).
This may be proved by considering first the case of ty> ty
in which the right hand side reduces to t_,, and the case of
tp > t,, in which it reduces to t,. Using the result derived
above for the expected value of a sum, we find that

E [ max (ta,tb)]'= %[ﬂa + + E(lta - tbp] .
S0, to determiney ..., we must evaluate E( ,ta -ty ]).

Let us first assume that the distributions f_ and

fb do not overlap, because my, > My, Pictorially,
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Then E ( | t, = t, | ) becomes E(t, ~ t,), which is u, -, so
that
Boyp =¥y -

So here the standard PERT assumption that the composite mean
of the two paths in parallel is equal to the mean value of the
longer path introduces no errors in determining‘ua*b..

If, however, the distributions do overlap, the situation
changes, Let us assume that fy = fa is normal §/with a mean

”a and varianceoc As a first step in the evaluation of

a ]
E (It - tyl), we note that f(t, - t,) is normal with a mean

of 0 and a vériance of 2 ¢ 2

a *? 2

exp |- —2 .
29 vir Yoa

Also,
(e, -t h) = £ty - tp) + f(tb -ty )

; | _ 2 \ ' t - £.)% ('l
_ 1 exp E (t tb) ] 1 exp {‘- ( b a }
200 b 40 29V¥ 1 2

a
2 »
- i exp .(.ta - 1:b) '
" - ’”}""""’"““‘E"’“ ®
oaf Lg,_oa

L exol- x2/4,,%), x2 o

§/ f can be made very nearly normal, S0 long as we retain |
m?>'0 and M finite, A good approximation is obtained
we let fo(t) = n(pg, 95) for y, = 30, <t<u, + 30
fa(t) =0 e?sewhere. *oe a g-=Ta 8’
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The expecfed value of X is then

1
E(X) = - J. X exp [~ X2 /o 2 ] ax
- 20 4 f‘ X exp[..X/llroa]dx
VT 0 20 4
2 o]
- . 2% exp [XZ/Llran]
v 0
- Zda
Vo

S0 we find that '

Batb = Ba * TaMla py + .56 7.
In this case of normal distributions, the approximation
L oa+p ~ max (p_,py), which is ordinarily used in PERT
analysis, introduces an error slightly greater than one-
half a standard deviation., This result can be represented

pictorially,

|
|
|
|
|
|
|
|
!

Mg =My =Ma+b Ug=Hyp Hat+b Ha=Mp=Ma+p
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This result could have been obtained directly from the
cdf tables found in Dixon and Massey [6]. The Bo4p iS that
value of t for which Fa(t)ng(t) = 0,5. We know that F, =

F,, so Fa(t) = 0.5 = 0,71. Using the cdf table for the
normal distribution, we find that F,(t) = 0.71 for t = by *
0,560a,

When £, and f. are arbitrary pdfts, there is no con-

b
venient closed form representation of pg4p or 0., (see, for
example, Chapter II where both pdfis are known to be uniform),
However, these calculations with normal distributions, to-
gether with the results of Chapter II show that the standard

PERT assumptions to the effect that

) =] maX(gga,ub)

a+b

and
can be quitermisleading, The only accurate method is to re-

turn to the original definition and evaluate L, as

Bowp = to4p, Where-t_ .. Satisfies Foup(t_4) = 0.5,
'Evaluation of the Fa+b for many points t given this

open form is usually impractical by hand but relatively easy

by computer- if one approximates the integral by finite

summation techniques., However, in order to calculate e

we must now have the actual distributions F, and Fb (or fa

and fb) readily available., This is our major difference from

standard PERT implementations which retain only N and"a

as approximate distribution parameters,
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Given Fa and F the computer procedure to calculate

b’
Pa4p OF F, . 1S straightforward. Figures 11, 12, 13, and 14
which were previously presented to support our contention

that complete distributions must be retained in the data
structure for analysis of a PERT network, were generated

by this procedure, So, too, was Figure 15 which supports

our last calculation of W 4p where fa = fb is a nearly normal
distribution., For this plot, the input distributions have

a mean U, = 12,0 and standard deviation 0p = 1.0. The non-

zero range of these distributions is from m, =M, - 30, = 9.0

to My = Hy + 30q = 15.0, f, and fy are combined in parallel

to obtain fg4p. While fu4uy (9.0) may be assumed £o have a
non-zero value, no appreciable value for fa*ﬁ(t) is seen for any
t< 10,2, This plot demonstrates that the mean of the

resultant g4y >Hy. The routine which generated the plot also

calculated M 44y = 12.56, which is in agreement with our

analytically calculated value, and O atbp ™ 0.82,
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CHAPTER IV
IMPLEMENTATION
4,1 Basic Data Structure

The computer model which is described here demon-
strates a methodology for determining the pdf associated with
any of the events in the project, and in particular that of
project, completion, once the PERT network has been established
and a pdf defined for each of the activities, This model
has been implemented on the UNIVAC 1108 at the University of
Maryland, using the RSVP list processing language [ 8] , de-
veloped by Robert Liebermann,

The basic element of RSVP is called an atom, RSVP
atoms may be used to represent different types of elements
within a data structure by gssigning to each atom an inﬁeger
called its type. The elements of a PERT network are the
activities (arcs) and events (points); activities are repre-
sented by type 1 atoms and events are initially represented
by type 2 atoms, As information becomes known about the pdf
associated with an event, its atom type will be varied, 1In

the accompanying figures, an atom will be pictured as

<type> <name>

where <type > is the integer identifying the type of element
(activity, event, etc,) represented by the atom and <names
is the symbol (a, b, C,..., foOr activities; 1, 2, 3, ...,

for events) identifying the particular element, 1In the

56
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following discussion atoms will be referred to by name; e.g.,
atom 30 is the atom representing event 30, Pointers are
established linking the appropriate activities and events;

the following subnetwork

D0

is represented by a substructure whose appearance is

2 ir——‘-l__>1‘a-—-l>' 213 .

In addition, we can associate wiﬁh any atom any
collection of data. Since the atoms of our data structure
correspond to the points and edges of the PERT network, we
will call such associated data the labels of the atom, This
termindlogy agrees with that of graph theory, where one speaks
of labeled edges., It should not be confused with the common
computer usage in which a label is treated as synonymous with
identifier, Note that just as one can associate more than one
label with the points and/or edges of a graph, so we may have
several labels, or collections of data, associated with the
atoms of our data structure,

The preceding chapters have established that, for accu-
rate PERT analysis, the correct labels to assign to the events
and activities of the network are their actual probability dis-
tributions; not a condensed version consisting of the mean
and variance alone, So these distributions are the data that

we associate to the RSVP atoms in our computer implementation.,
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Tnitially, pdf's are known for only the activities and

event 0, These pdf's could be stored as labels; however, we

actually store cdf's because the are more convenient to use in

the

and.

operations for combining distribution functions in parallel

in series, For continuous functions, as are assumed here,

a one-to-one correspondence exists between the pdf and cdf,

so we may construct a distribution of the one form from the

other, as necessary.

taining~bma,Ma, Fa(to)""? Fa(tlo)} , where t, = m, +n

We are then approximating a continuous cdf with 10 points,

An individual F_ is stored as a 13 place vector COnﬁ
1 m

a

10

interpolating with guadratic functions between the points, Qj

h,2

Calculation and Assignment of Event Distributions

The process of determining the parallel or series com-

position of the two distributions F, and Fb consists first of

finding the points t which Fg(t) will be evaluated, As we

sSaw

in Chapter 1171,

¢

| omgyy, = max(mg,mp)
Mowp = max(My,Mp)
maob = ma + my,
Ma,p = Mg+ ¥p e

The choice of 10 points to represent the cdf is purely
arbitrary, a tradeoff between the accuracy with which fthe

cdf is approximated and timing and storage requirements, Be-
cause some cdf's may have a wide range, but with F(t) highly
variable over a small range of t, it may be preferable in
some applications to vary the time interval between points,

*
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For each point t, F(t) must be evaluated., For the parallel

composition,

P (t) = F (t) « PFplt).

a+b(

In the series composition, as we noted in the previous chapter,
Fy o (8) = § £ (t)) Pltaty)
ta“"“t_"mb

We will approximate this integral with the finite sum re-
Faltyt Atg/2)-Fy(ty~ Aty/2)

sulting from replacing fa(ta) with

M. o-m Aty
a a
where Ata 2  w—— , and substituting At, for dta, to
' ‘ 10

obﬁain

Fooplt) = I [F (b ¢ At,/2)-F, (t, -B8t,/2)] Fylt-t,).

ta L 4 tamb

Input to the model consists of information about the
individual activities; for each, the initiating and terminating .
J

i
§
|

events and the cdf are specified, The existence of an event is
implie& by its appearance in the activity information, and
an atom representing an event is created upon the first referencej
to the event in the input, For each activity, an activity |
atom is created and linked to the atoms of the bracketing
events, and the cdf is stored and linked -to the activity
atom, Figure 16 shows a PERT network whose activities have
been labeled with pdf's and a corresponding structure as it
appears in storage.,

In Figure 16, all of the event atoms are type 2, with

| the exception of atom 0 which is designated type 3. /?Eis
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type of atom will be used to represent an event whose cdf

has been determined, Event 0 serves as a starting point for
a recursive procedure for calculating the cdf's of all events
in the network, Any known Fi is used as the distribution of
starting times for each activity a initiated by event i,

F, is composed in series with each F, to yield F; ., gwhich is
used in determining the cdf of the event terminating a. Let
ug assume that the particular activity a is terminated by

event j. Fi a is the distribution of the time of completion

of activity a (as distinguished from the input F,, which is
the distribution of the duration of a), If no other activity

terminates at j, then F, = F . If, however, another

J i.a
activity b is initiated by an event k, pictorially,

then to determine Fj’ we must compose Fi a in parallel with

Fk b * Until Fk. b

as a temporary label for event j, denoted F'j and called a

has been calculated,; we will store Fa. i

"partial distribution" of j. After the cdf's of all activities

terminated by j have been used in the calculation of F'j, it

is denoted Fj and referred to as the forward distribution of j.
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This process will now be illustrated for the PERT
network pictured in Figure 16. Activities a and d are
initiated at time 0, so F'yo is set equal to F, and F'BO
is set equal to Fi. Because there is only one path to each of
these activities, the cdf's are renamed Fip and FBO and
their atoms become type 3., Both of the events are placed in
a "next event" list, a list which points to the events avail~
able for use in the series operation.

Now some event, such as 10, is chosen from the "next
event" list, Fip and Fb in series determine the distribution
F 0 atom 20 is changed to type 3 and e#ent 20 is added to

2
the "next event® list, F10 and F_ are combined in series to

g

yield an F‘UO’ Figure 17 reflect the processing which has
been performed to this point,

Next, FBO and F, are combined in sefiéé, and the re; -
sultant is combined in parallel with F'uo to obtain Fy,.
' Series combination of Fop and F. gives an F', ; the resul-
tant of the series combination of fj, and f, is combined
in parallel with F; to determine Fo . In deriving Fo this
implementation already presents more information than a simple
PERT analysis using the assumption of a critical path,
Given the actual distribution F_, the project manager is able
to more realistically choose a project completion date to ,
from which the necessary times of the events can be derived,
For example, a conservative manager may choose for the project

completion date t, a time somewhat later than u_ depending

upon the shape of F, . On the other hand, if the payoff
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appeared sufficient, he might gamble on an earlier date, but
at least he would be apprised of the risk involved., Lacking
interactive capabilities, the implementation described here
automatically assigns u_ as t_ .

The time requiréd toAcomplete all activities subsequent
to an event i1 is a function of the activity cdf!s rather than a
fixed time, and therefore the latest time for an event to occur

and permit the project to remain on schedule is a cdf, denoted

G;, and called the backward distribution of i, This cdf repl%oes

the single value LET; in PERT notation, Gi is obtained hy |

“combining in parallel the cdf's of all paths (i, ®) and

subtracting the time valﬁes of the resulting cdf from t..
Returniﬁg to the ékample, GZO’ is found by subtraéting

Fc from t, and G, by substracting F,, from t,. Atoms 20 and 40

lare now designated type 4, indicating that both forward and

{backward distributions have been calculated, and events 20

‘and 40 are placed in the "next event" list, A step from event

{hbryields G30 and a G'lo; Gy and Fb are composed in series to

{

- yield a cdf which is composed in parallel with G'lo to deter-
i : '
/ mine GlO‘ It would be pointless to specify a Gn, since all

" times are measured relative to ty,-and so this backward pass is

lcompleted. Figure 18 displays the PERT network after all

i

et

?ﬁctivities and event have been 1abe1éd with their cdAftls,
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L,3 Storage Requirements

The RSVP‘system allocates five words of storage for each
atom it creates, .This five word area is known as the
atom head and contains such information as the atom number
(a unique identifier assigned by RSVP), location of the
inward and outward links (which will be explained below),
and a pointer to the data for the atom,

Each event in the network is represented by a single
atom and in addition requires 13 words for its cdf, If both
forward and backward cdf's were retained, as would be the case in
an interactive system which allowed the project manager to
retrieve the forward and backward distribution or the slack
of any event in the network, 31 words of storage would be
required for each event in the network, However, in this im-
plementation we keep only one distribution at a time, 1In
addition, four words are used to store the mean and variance
of the forward and backward distributions. Two additional
words are used per event for a list which links (PERT) eveﬁt
number to (RSVP) atom number. In this implementation, then,
the storage required for Ne events is Ne (5 + 13 + 4 + 2) =
24 Ne words,

Each activity also requires five words for its atom
head and thirteen for its cdf., In addition, each activity is
linked to two events, Linkage is accomplished in RSVP through
use of outrings and inrings, which are lists of pointers {links)

to and from other atoms, For each activity, there will be
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an outllink attached to the atom of the initiating event,
an in link and an out link for the activity atom, and an in
link for the terminating event. Na activities, therefore,
require Na (5 + 13 + 4) = 22 Na words of core.

The total storage requirement is 23 Ne + 22 Na words,
If the ratio of activities to events in the network is about
3 to 2, a relatively large 500 event network would require
about 28,500 words. This number might be considered to be
near the limit of the "fast" space available, although the
virtual memory capability of RSVP makes the total space

available practically limitless,

Listproéeséoré that operate in a virtual memory spaéé
map (or page) the excess over fast core capacity to some
peripheral device such as tapes, disk, or drum, In general,
the resultant access or page swapping can be expected to
significantly degrade execution time, However, if we consider
an’actual PERT network we see that most processing is local
in the sense that only a small portion of the entire network
is necessary for processing at any single time, There is no
need, for example, to retain in core all those activities
or events for which the forward (or backward) pdf has been
calculated and which are not involved in current calculations,

The auxilliary storage facility of RSVP was designed
to take advantage of just such situations, Atoms are not

paged, but treated on an individual basis, Individual atoms
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are not mapped into fast core until needed (i.e,, referenced)
and they are individually mapped out on the basis of usage,
Consequently, at any time we may expect that the data structure
in fast memory closely corresponds to the actual collection
of events and activities we—are then working with, and that
only one access to peripheral storage will be required per
event or activity for any given pass through the network,
Consequently, core requirements might be effectively
reduced to about 2,000 words (for any size network) without

unduly degrading performance,
L,4 Execution Times

Once RBRSVP space has been initialized and the PERT
‘network built, the time require to solve the netwerk is
approximately proportional to the number of activities in

the network, For each activity, the cdf of time of completion
is found by taking the serial composition of the activity cdf
and the cdf of the idnitiating event, This composite cdf is
then assigned to the terminating event or, if a cdf has been
previously assigned to the terminating event, the two cdf's
are composed in parallel, Therefore, for each event, the
number of parallel operations performed is one less than the
inward degree of the event. The total inward degree of the
network is equal to the number of activities., The total number

of parallel operations performed in calculating forward dis-
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tributions is Na - (Ne - 1), because the inward degree of
event 0 is 0, Similar analysis yields Na series and Na - Ne + 1
parallel operations in calculating the backward distributions,
Total time consumed in solving the network is then:
T = 2[NaTs + (Na - Ne + 1) Tp],

where Ts is the time required for a series composition and
Tp is the time required for a parallel composition,

Chapter V presents examples of output from.this model.
The total time required fof an 11 event 15 activity network,
including BSVP initialization, model input, network solution

and output was 2,9 seconds,



CHAPTER V

- SAMPLE OUTPUT

The model which we described in the previous chapter
has been exercised to demonstrate the calculation of event
distributions in a small PERT network. The results of these
runs are presented in Figures 19 through 21, For simnlicity,
all of the activity distributions are of the nearly normal
type introduced in the examples in Chapter TII, For each
activity a, given ué ando,, the end points of the cdf are
m, = MK, - 30, and My =p, + 30,.

In these illustrations, the input to the model 1is shown
under the heading "ACTIVITY DISTRIBUTIONS", The output is
listed under "EVENT DISTRIBUTIONS". The network is displayed
with the activities labeled with their distribution means and
variances,

In the input. 1isting, the bracketing events of each activ-
ity are shown under "INITIATING EVENT" and "TERMINATING EVENT",
The distribution parameters Mg and.ca?, are not input; in-
stead, the 13 place vector described iﬁ Chapter IV is used to
specify Fa.- The model calculates;;a and.ca? and lists them
under "DURATION", "MEAN", and "VARTANCE", Finally, Fa as
input (in vector form) is listed under "INPUT DISTRIBUTION"..

Output from the model (YEVENT DISTRIBUTIONS") consists

of the derived information about each event, listed under

"EVENT" in order of increasing expected time e The mean

70
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and variancecri2 of F; are listed under "FORWARD DISTRI-
BUTTON", followed by the mean and variance of G, under
"BACKWARD DISTRIBUTION", The "SLACK" listed is the difference
between the mean of Gi and that of Fi’ and may be thought of
as the mean of slack distribution. The concept of a slack
distribution will be considered in greater detail in the
following chapter,

In performing ordinary PERT analysis on the network
shown in Figure 19, we would note that the longest path is
p (0,20,50,80,100), with Ly (p) = 28.0, and applying the criti-
cal path assumption, we would assign pygg = 28,0 (in this
implementation event has been numbered event 100), However,
this network contains another path, p (0, 10, 40, 70, 100),
on which LMT(o) is 37.0, As we have seen, the presence of
a second path whose distribution overlaps that of the '"ecritical!
path (we might call this a "near-critical" path) tends to
shift the distribution of predicted project completion time
toward a later date, and for this particular network the shift
in pqgp is about 0.5; the model calculates koo to be about
28.5.,

An unexpected consequence of using individual activity
pdf!s to calculate the event pdf's is revealed in the column
listing slack. We recall that one characteristic of a critical
path is that all events on that path contain zero slack.,.

In this case, however, with the expected duration of the
entire project exceeding that of any individual path, all

events are shown to have some slack, This means that any



ACTIVITY DISTRIBUTIONS

INITIATING TERMINATING DURATION INPUT DISTRIBUTION

EVENT EVENT MEAN VARIANCE . N
a ]

0 10 3,000 oyl 1.000 5000

0 20 6000 st 4.000 8.000

0 30 5.000 .110 4.000 6.000

10 50 2.000 »028 1.500 2.500

10 4o 10.000 »991 7.000 13.000

20 50 5.000 «110 4.000 6.000

30 60 3.000 »028 2.500 3.500

30 a0 5.000 «110 4,000 6.000

4o 70 9.000 LS 7.000 11.000

S0 80 9.000 991 6,000 12.000

60 80 3,001 »108 2,000 4.000

60 90 2.001 «027 1.500 2.500

70 100 5.001 «108 4.000 6.000

80 lp0 B.004 . 970 5.000 11.000

90 100 4.001 .108 3,000 5.000

EVENT DISTRIBUTIONS

EVENT FORWARD DISTRIBUTION BACKWARD DISTRIBUTION SLACK

MEAN  yARIANCE MEAN  VARIANCE
0 000 .000 .000 .000

10 3.000 ey 4,483 1.558 1:3gg
30 5.000 110 14,482 1.305 9.482
20 6.000 ey 6,484  2.346 484
60  8.000 140 17.482  1.101 9,482
90 10,253 135 24 ,4g8 .108 14,235
50 11.000 561 11.484 1,982 484
40 13.000 1.441 14,488 .551 1,488
80 20.000 1,579 20,485 .970 .485
70 22.000 1,960 23,488 ,108 1,488
100 28,489 1,849 28,489 .000 000

(10,0.99) (9.0.44)
[7,10,13] 40 [7,9,11]

(6,0.44)
,6,8]

Figure 19, Sample Model Output
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sequence of activities in the project can consume more than
its predicted time without causing project slippage. No
individual sequence is absolutely "critical®.

We noted previously that for networks containing no
"near-critical" paths, the critical path assumption holds
and project completion is indeed determined by only one path.
On the other hand, as the lengths of other paths approach
that of the longest path the duration of the project surpasses
that of any path, We can observe the sensitivity of project
duration to changes in the length of a "near-critical"
path by varying the cdf of the activity linking event 40 to
event 100, In Figure 20, M, has been increased so that ey
of the activity is increased from 9.0 to 9.9, The length of
the longest path is unchanged from the previous example, so
the PERT predicted project length is still 28.0; however, the
expected duration calculated by the model is now 28,9, An
increase of 0,9 in a near-critical path has resulted in an
increase of about 0.4 in the overall project duration,

Ma of this same activity is again lengthened, so that
in Figure 21 its mean is 10.0. Now Ly of (0, 10, 40, 70,
100)'is 28,0, so there are two "critical" paths. As before,
the increase in the overall project length (from 28.90 to
28.96) calculated by the model is about one-half as great as

the increase in the mean length of a near-critical path,, If



INITIATING TERMINATING

EVENT

0

0

0
10
10
20
30
30
o
50
60
60
70
80
90

EVENT

10
30
20
60
30
50
40
80
70
100

EVENT

10
20
30
50
4o
50
60
90
70
80
80
90
100
100
100

DUR
MEAN

3,000
6.000
5.000
2.000
10.000
5.000
3,000
5.000
9.900
9.000
3.000
2.000
5,000
8.000
4.000

ATION
VARTANCE

L4nl
Laul
.110
,028
.991
.110
.028
. 110
.926
,991
.110
,028
.110
.991
.110

EVENT DISTRIBUTIONS

ACTIVITY DISTRIBUTIONS

Mg

1,000
4,000
4,000
1,500
7.000
4,000
2,500
4,000
7.000
6,000
2,000
1,500
4,000
5.000
3,000

FORWARD DISTRIBUTION BACKWARD DISTRIBUTION

MEAN

.000
3,000
5,000
6,000
8,000

10,252
11,000
13,000
20,000
22,900
28,900

+000
LS
»110
sH41
140
e135
«561
1,841
1,879
2,447
1,925

VARIANCE

MEAN

»000
3,998
14,900
6.900
17,900
24,900
11,900
14,000
20,900
23,900
28,900

VARIANCE

«000
2.064
1,333
2,370
1.130

110
2,006
1.042

»991

0110

«000

(9.9,0.93)

[7,9.9,12.8]

INPUT DISTRIBUTION

Mg

5,000
8,000
6,000
2,500
13,000
6,000
3,500
6,000
12,800
12,000
4,000
2,500
6,000
11,000
5,000

SLACK

. 000
«998
9.900
. 900
9.900
14,648
+900
1,000
'900
1,000
«000

Figure 20.

Network After Lengthening a Near-Critical Path



INITIATING

EVENT EVENT
U 10
0 20
0 30

10 50
10 4o
20 50
30 60
30 0
40 70
50 80
60 80
60 90
70 100
80 100
0 100

TERMINATING

DURATION
MEAN VARIANCE
3.000 SJuul
6.000 Ul
5.000 ,110
2.000 .028
10.000 991
5.000 110
3.000 028
5.000 2110
10.000 991
9,000 ,991
3.001 .108
2.001 027
5.001 .108
B.004 2970
4.001 108

EVENT DISTRIRUTIONS
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ACTIVITY DISTRTBUTTONS

m
a

1,000
4,000
4,000
1,500
7.000
4,000
2,500
4,000
7,000
6,000
2,000
1,500
4,000
5,000
3,000

EVENT FORWARD DISTRIBUTION BACKWARD DISTRIBUTION
ME AN VARIANCE MEAN  VARIANCE
0 ,000 .000 ,000 ,000
10 3,000 Juul 3,955 2.129
30 5,000 110 14,952 1.305
20 6,000 S| 6.954 2,346
60 8,000 c1u0 17,951 1.101
90 10,253 .135 24,957 .108
50 11,000 561 11.954 1,982
40 13,000 1,441 13,957 1.104
80 20,000 1,579 20.95u .970
70 23,000 2,511 23,957 .108
. 100 28,958 1.941 28.958 .000
(10,0.99).__ z (10,0.99)
40
[7,10,13] [7,10,13]
&

(6,0.44)

[4,6,8]

(9,0.99)

INPUT RISTRIRUTIOM
M
a
5,000
8,000
6,000
2,500
13,000
6,000
3,500
6,000
13,000
12,000
4,000
2,500
6.000
11,000
5,000

SLACK

,000
955
9,952
, 954
9,951
14,704
. 954
« 957
, 954
.957
00N

Figure 21,

Network With Two Critical Paths
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Floo“is assumed to be approximately normal, we find that the
probability of actually completing the project in the PERT-
predicted time (28,0) is only about 0.25.

These examples demonstrate that it is not necessary
to make the simplifying assumption of a critical path in per-
forming the PERT calculations and that by using finite
scanning techniques it is possible to accurately calculate
event pdf's based on the activity pdf's that are input, More-
over, thece examples have cast further doubts on the ~~cump-
tion that any sirzle rath need necessarily be mare oritical
than any of the others, The procedures demonstrated here for
calculating event times might readily be incorporated in a
system for project management; one approach to designing this

system will be explored in the following chapter



CHAPTER VI
SUMMARY

In this thesis we have examined the typical PERT
implementation ard the errors which can result from some of
the standard PERT calculations, We have demonstrated a mecdel
for project management in which these calculations are per-
formed correctly, In this chapter we will discuss the in-
corporation of a model such as the one introduced here in an
information system for project management,

The basic input to any PERT system consists of activity
information - for each activity, the bracketing events and
distribution . of durations would be input. The distribvtion
could be enumerated, as in the case of our model, or, if the
user felt that some standard form of pdf bhest represented
activity duration, the distributions he desired could be
generated by the system from appropriate input parameters (such
as the mean and variance), In order to associate actual
dates with events rather than merely times, it would be
necessary to input the project starting date and to provide
a calendar and the working schedule (number of working days
in the week, holidays, etc,)., This information could be
input with the particular project, or it might be maintained

internal to the system,
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As a first step in the project initiation, given the
activity information, the system would ‘calculate the forward
distribution of all events and would nresent f_ in graphic
form on a CRT console, on-=line plotter, or whatever device
was available, As we discussed previously, the presentation
of the entire f_ , rather than merely yu_, provides the project
manager more information on which to base his specification
of te « After he has chosen t, on the basis of whatever
criteria he has used (u_”95% confidence level, etc,), the
system would perform the backward pass calculating the back-
ward and slack distributions of all events.,

With this project initiation run, the initial schedule
would be produced and the network retained in storage. Ty~
pical output would include a list of all events along with
information about their forward and backward distributions,
The event information presented by our model, consisting of
the means and variances of the forward and backward distri-
butions along with the slack, might be representative of a
minimum set of output; in addition the times associated with
95% confidence levels could be printed, the probability of
occurrence of an event by some input target date, or even
plots of the entire pdf's could be output, Another useful
output would be an illustration of the PERT network, showing
important time (e.g., Figure 9), This illustration would
serve as a visual display of the project flow, and also it
could be compared with a manually prepared original to ascertain

that the network had been input properly,
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The form in which the network is stored within the
system would be dependent upon a tradeoff between time and
storage requirements. For most applications it would prcb-
ably be more economical to store only the input information
and re-calculate the event distributions wherever a user de-
sired to update or query the file, However, in a large
sophisticated multiprogramming system it might be preferable
to store more of the information about event distributions
and to provide a query module to retrieve this information,
The more powerful calculating routines would be called upon
only as needed,

With the passing of time the system would monitor
actuval progress by comparing it with the predictions, When-
ever any event occurred, or failed to occur on schedule, all
event distributions, as well as the new probability of achieviﬁg
te ; would be recalculated, and whenever desired (periodically,
or on an exception basis) an updated schedule would be pro-
duced, As critical times approached, warnings could be pro-
duced along with requests for updated information, and when-
ever any event beqame overduve, a report of the fact along with
its'consequences would be generated (since event times are
now represented by distributions rather than fixed times, it
would be necessary for the user to specify the meaning of
"overdue"),

The system could include a "planning" mode of operation
which would accept trial inputs, perform the necessary calcu-

lations to build a temporary - network structure and respond



80

to queries without altering the permanent project record,
Using this mode the manager could update the consequences

of the occurrence of some event on a particular date, Or he
may wish to consider shifting some resource from one =2ctivity
to another, by estimating the effects of fthis shift on the
activity distribution, he may observe the effects on the
overall project (increase or decrease of slark at various
pnints, rhanges ir probability of meeting £t . ~t~,) Given
this planning tool, he can examine the consequenre of a large
variety of proposed actions,

With our model the concept of slack is no longer the
simple difference between two fixed points in time as it is
normally treated in PERT analysis, There is for any event i
a distribution f; representing the time at which the event
is expected to occur and another distribution g, representing
the time at which it must occur in order that the nroject be
compnleted by t, . ?here is then for any time t a probability
that event i occurs t units of time ahead of its required
time, We will call the function associated with this prob-

ability the slack distribution, denoted Si' The probability

that the slack of event i is exactly t is given by

pr(s, = t) = pr(gi(tg)) and pr(fi(tf)) for all t = tg"f’ or
s, (8) = frie) o gy (b + t) at ..

We note that this expression is equivalent to perform the

serial composition, and the results derived previously, we
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see that u(si) =;;(gi) - u(fi). This value, “(Si)’ is that
given the model as slack, and if a single parameter is fto be
used to represent the slack, this is probably the most mean-
ingful, On the other hand, if the manager felt that addi-
tional information would be useful, the project management
system would be capable of presenting the entire slack dis-
tribution function, in the same manner that 3¢ presents the
forward and backward distribution,

This description of a ovroject management information
system indicates one poSsible means of utilizing the model
described in Chapter IV, The system described is not inher-
ently dependent upon our model, and there are PERT systems
in existence which include many of the features which we have
described, However, these systems are based upon critical
path analysis, and we have seen that theéere are networks for
which the critical path calculations introduce errors, The
model which we have introduced can be utilized to calculate
event distributions which accurately reflect the times pre-
dicted to perform the activities, no matter what the form of

the network,
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