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I. Summary of Results

Under this contract three types of studies were conducted:
a) fundamental properties of optimal short constraint-length

convolutional codes and the corresponding maximum likelihood decoders.

This includes the determination of optimum rate 1/2 and 1/3
convolutional code and the effect of quantization and memory
truncation;

b) variocus approaches to concatenation of block and convoluticnal codes
using short constraint length convoluticnal inner codes and long

Reed-Solamnon outer codes;

e¢) struchural results involving catastrophic convolutional codes,
finite-state representation, and consecutive zeros inm convolutional

codewords.

Appendix A contains most of the results on (a), which is prerequisite
to the study of concatenated coding systems employing convolutional inner
codes. Appendix C deals with the theoretical material of (¢), which is
useful for selecting good cenvolutional codes. The main purpose of this
contract was to evaluate the various approaches to concatenated coding, as
outlined in b. These are comtained in Chapter 6 of Appendix A and in

Appendix A treats a relatively conventional concatenated system wherein
the inner code is convolutional with constraint length 8 and rate 1/3 and the
outer code is a 255 8-ary symbol Reed—Soi code, for a total block length
of 2040 bits. The only modification required by the convelutional inner code
is the use of an interleaving buffer to disperse the burst errors of the inner
convolutional decoder. It is found that a total buffer of 64K bits
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is sufficient at the receiver. In the following section it is shown that
this system outperforms a sequential decuder with this same buffer size and
rcughly the same order of camplexity by 1 to 2 depending on the

transmitted data rate.

Appendix B treats a more elaborate and ambitious concatenated
decoding system, which we have termed ecoupled decoding. Here we
incorporate the capability of erasing immer decoded words on the basis of
low metric (decoding quality measure). In effect each block contains one
Reed-Solomon ocuter codeword, but successive blocks are coupled through the
inner convolutional code. In decoding,the metric based on a large mumber
of imner codeword symbols is computed and used to determine whether the
initial segment should be retained or erased. The outer Reed-Solcmon
decoder both corrects errors and fills in erasures. The coupled system
requires approximately the same size buffer as the basic concatenated
system. It outperforms the latter by about 1/4 to 1/2 dB, but this gain
is partly illusory. For an error in the concatenated system affects only
one block (of 2040 bits), while an error in the coupled system affects all
successive blocks. Thus the coupled system would have to be operated at
error probabilities which are at least two orders of magnitude lower, thereby

inating most of the dB margin. Thus while coupled decoding potentially
outperforms concatenated decoding, in practice its meager advantage combined
with its greater complexity effectively precludes further consideraticn.
On the other hand, in the next Section we show that more conventicnal
concatenated decoding significantly outperfarms sequential decoding at

data rates up to 1 Mbps.
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arison of Concatenated Decoding and Sequential

Decoding System Perfmmce |

In order to compare a concatenated convolutional-block coding system
with sequential decoding of long constraint~length convolutional codes, we
must first impose certain speed-complexity constraints as well as performance
requirements. These are

a) a maximum buffer size of 64K bits be used in either system;
b) speed be limited by the capabilities of TTL integrated circuit logic;

c) outer (Reed-Solomon) deceding be performed by a dedicated mini-

computer;

d) block error probabilities of 1078 for both systems.

Both systems will be assumed to operate on soft quantized (8-level or
3-bit) data and rate 1/3 codes. We consider two transmitted data speeds:
1 Mbps, which appears to be nearly the limit for soft decisicn decoding in
both systems, and 10 Kbps. The margin of the concatenated decoding system
over the sequential decoding system will be shown to increase with

increasing data speed.

We shall take the concatenated system to consist of blocks of 2048

bits (256 8-bit chs

racters, the last 8-bit character consisting of laiown
bits being used to tail off the convoluticnal code), we take the sequential
decodir

g frame (block) length to be also 2048 bits including a known tail%
of 30 to 40 bits equal to the code constraint length. The error probability
here is essentially just the probability of buffer overflow in decoding the
block, because the undetected error probability is negligible for a

constraint length 40 code. The overfiow probability has been shown by

*Although resynchronization without tailing off the data (by inserting a
constraint length of known bits) is possible, it is probably impractical
except with hard-decision (bindry) data.




Jacobs (1967) and others to be approximately
P, k(uB)™
where y is the seguential decoder speed factor
B is the buffer size (in branches)
® is the Pareto exponent, which is a function of E, /N, and k
is a constant proportional to the block length

this case we may take k MZXJ..-Oa. Also with a buffer of 64 K bits, since

we must store ¢ bits/branch for a rate 1/3, 8-level quantized nonsystematic
code, we have B = 7.1 x103 branches. The maximum computing speed of a
sequential decoder employing TTL logic® appears to be approximately

13 M camps/sec. Thus p = 1.3 xlD7/R, where R is the transmission rate in
bits/sec.
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To achieve P_x, 107°, it follows that with R = 10° bits/sec., we must have

¢ ¢y 2.25 while with R = 10" bits/sec., we must have only o 4 1.6. The

corresponding requirec ED/NO for these @, as given by Jacobs (1867) are
4,1 dB and 3.1 dB, respectively. We should add .05 in each case for the

energy lost in the tail. The results are sumarized in Table I.

On the other hand, from Figures 6.4 and 6.5 of Appendix A, we find
that the cancatenated system requires only Eb/N o = 215 to achieve a
block error probability of 10"8, a margin of 2 at 1 Mbps data speeds

and 1 at 10 Kbps speeds. The interleaving buffer required is 64 K bits,

*as implemented in a hard-decision TTL decoder by Codex Corporation. We
assume that with more elaborate logic, soft-decision decoding can be
unmplemented at this same speed.

I I




as discussed in Chapter 6 of Appendix A. The encoder interleaving buffer

can be implemented much more simply than the decoder buffer, and requires

in all 2ei bits of storage, where e is the number of errors to be corrected
by the outer code and i is the depth of interleaving. Furthermore, as is
shown in Secticn III, this storage can be incorporated into just Ye integrated
cireuits, consisting of 2e 8-bit registers and 2e 2 -bit registers. As for
the deccder camplexities, we have chosen 1 Mbps as the highest data rate

for which the inner maximum likelihood (Viterbi) decoder for constraint-

%
length 8 code rate 1/3 is practically feasible .

Transmitted Data Rate 1 Mbps 10 Kbps
Pareto exponent o 2.25 1.6

Eb/No required for 4,15 3.15

E, /N, required for 2.15 | 2.15

Concatenated Decoding

Margin of Improvemwent 2 1 dB
Table I

Relative Performancé of Concatenated and Sequential Decoding

Actually, the inner decoder must operate at a slightly higher data
rate {about 1.2 Mbps) to accamodate the outer code check digits, which are
on the order of 40 to 50 out of 255. (Note, however, that the Eb‘/No is

nct proportiocnately increased because the curves of Figures 6.4 and 6.5 of

*

a constra:nt—length 7, code rate 1/2, Viterbi decoder has been implemented
by Linkabit ( t:l.on for data rates up to 2 Mbps. It employs only 18
metric calculators in a semeﬂ.—pwallel arrvangement. Cutting the speed in
hailf permits mcreasmg the censtraint length by unity. A rate 1/3
implementation is only moderately more camplex than that for rate 1/2.




Appendix A already contain this adjustment). The outer decoder must
decode about (1.2 X10%)/(2 X10%) & 600 Reed-Solomon words/sec. Utilizing
a full-serial computer implementation, the speed is limited primarily by
the maximum number of errors which are to be corrected, for this specifies
the number of iterations required in the Berlekamp iterative BCH decoding
algorithm. Thus it may not be possible to correct as many as 20 errors

of the outer code at a decoding speed of 600 words/sec. On the other
hand, as can be seen in Figure 6.4 of Appendix A, by increasing E /N by
about 1/2 dB, we can reduce the number of required correctable errors of
the outer code to only four or five. At the lower spee:: (10 Kbps) the
implementation of both inner and outer decoders becomes much simpler and
full-serial decoding can be used in the inner as well as the outer decoder
implementation. Also the outer decoder must process only 6 words/sec.,

so that no limitations need to be imposed on the maximum number of

correctable errors.

.;_}1
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III. Encoder - Interleaving Complexity

In Section II we considered the required complexity of the decoder
arid associated de~interleaving memory for the concatenated system of
Appendix A. Now we concentrate on the encoder and associated interleaver,
whose camplexity needs to be considerably more limited for space telemetry

applications.

1 because of the short constreint

The inner encoder complexity is
length. The outer encoder is considerably simplified by the fact that
the Reed-Solomon code is a high rate cyclic code (with far fewer parity-
check symbols than informaticn symbols). In G_alla'ger'* (1968) it is shown

that such a code is most efficiently generated by a shift register with

a number of stages equal to the number of parity-check symbols, with
equal numbers of adders and scalers. Of course, in this case each stage
mist store 8 bits and arithmetic is performed over GP’(ZS) . A Reed~Solamon
code with 2e parity-check symbols will correct e symbol errors. Ignoring

for the moment the interleaving requirements, we note that the 2e parity-

check symbols of each Reed-Solamon codeword are generated by a shift
register of length 2e 8-bit stages which thus has a total storage capacity
of 16e bits. These parity-check symbols are inserted at the end of the

. e
codeword, after the 255-2e information symbols .

— o
p. 225, Figure 6.5.5
%k
We assume that the information stream can be interrupted for 2e symbol
times (2ei symbol times in the interleaved case discussed below) to insert
the parity checks. This assumption is valid when the data stream consists
of several time-division-multiplexed users (where each is alloted a data
burst whose length is a multiple of 2e), or for a pictorial scan application
where the parity-check symbols can be inserted between successive scans.
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With this encoder implementation, interleaving can be performed in
a very simple and inexpensive manner. Suppose we choose to interleave
i = 16 Reed-Solomon words. Then the interleaver can be implemented as
an integral part of the encoder by inserting fifteen 8-bit symbols
(cr 120 bits) of delay between successive encoder stages. The outer
encoder-interleaver operation can be desaribed with the aid of Figure 6.2
of Appendix A. The first K = 8 bit information symbol of the first
Reed-Solamon word is fed to the inner (convolutional) encoder and also
inserted into the first (leftmost) stage of the shift register of the
outer encoder parity-check generator. This is followed by the first

symbols of ‘the re - § - 1 = 15 Reed-Solomon words. Then all the

second 8-bit symbols of the 16 Reed-Solomon waords are both fed to the

This contirues until

inner encoder and to the parity-check generator.
all 255-2e information symbols of each of the 16 Reed-Solomon codewords
have been exhausted. We note that in this manner the outer encoder
parity~-check generator is time~shared among the 16 words that the
partial parity-check sums are stored in the delay lines between encoder
stages for 15/16-th of the time. Once the information symbols have been
exhausted, the contents of the leftmost stage of the register contains the
first parity-check symbol of the first codeword, which can therefore be
fed next to the imner encoder. Continuing to shift for an additional

S symbol times (or 2% bit times), but without inserting any new

2ei = 2
information symbols, we thereby generate all 2ei parity-check symbols of
the i = 16 Reed-Solompn codewcrds, which are fed from ‘the leftmost stage

of the outer encoder to the inner cenvolutional enceder.




The total storage required in the encoder shift register consists,
therefore, of 2e 8-bit registers and 2e 120-bit registers for a total
storage of 289 bits. Even for e = 20 the storage is reduced by more
than an order of magnitude relative to the decoder requirements. Even

more important is the form of the encoder storage, which allows for

considerable sinplification through the use of integrated circuits. In
particular if we choose i - 1 = 27, wher'e r is some integer, the total
encoder interleaver memory can be implemented by using 4e integrated-
circuit shift-registers, 2e being 8-bit register and the remaining 2e
being ¥ bit register. At the data rates discussed in Section I1I,

such integrated circuits are available for r = 7¢2° = 128) and even
higher. Thus, with e < 10, the complexity of the outer encoder and
interleaver appears to be on the order of that required for long
constraint-length convolutional encoders employed in seguential decoding
applieations. As noted above, the additional camplexity reqguired here
for the inner short constraint-length convolutional encoder is nearly

negligible by eomparison.
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CHAPTER 3

THE VITERD) DFECODING ALGORITHM IN TERMS
OF THE TRELLIS DIAGRAM

The primary purpose of this chapter is to present the trellis
diagram [Forney (1967)] for convelutional codes and to use it to give a
simple explanation of the Viterbi deccoding algorithm., This explapa-
tion is in terms of an example, which also shows some of the practical
problems which would be encountered in building or simulating a
Viterbi decoder. This discussion is similar to an explanation of the
Viteri)i decoding algorithm given by Heller.T The chapter concludes
with 2 simple proof that the Hamming distances between the received
sequence and the retained paths in the Viterbj decoding algorithm can-
not differ by more than a fixed amount. This fact was first noted by

Morrissey (19€8).

3.1 The Trellis Diagram

Convolutional codes have long been thought of as tree codes
which continue to gr'ow.uzn:til‘tihe tree is terminated by insecrting K-1
kﬁOWn data symbols into the shift register. However, this obscurcs the
fact that after the input symbols have been identical for K-1 consecu-
tive symbols, the paths remerge (i.e., they produce the same channél
| sb-z-m.bols)'. Indeed, this observation is the basis of thg! Viterbi algorithin.
Recently, Forney (1967) has described a trellis d‘-iagr;f;iam which clearly
shows this merging property. This trellis diagrarryfwill be described
in terms of a simple example, and the méthod can easily be extended

to more complex systems,

Consider the binary-input rate R = % (in bits/channel symbol)

constraint ength K=3 convolutional enco ler shown in Figure 3. 1.

Tghort Constraint Length Convolutional Codes, " short talk presented
at the IFLE lntgrneutioxxal Communicaticns Conference, June 9-11,
1969, Boilde:, Coloradeo.
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The additions are mod 2 and the state § = (sl, sz,) is initially
{(00). Now let the first bit a, be shifted into the shift register, Since
a, could be a "0" or a "1" the state at time ! could be {00) or (01) with
output symbols 00 or 11, respectively. Sirilarly when the other sym-
bols are shifted into the shift regisier the state transitions and corre-
sponding output symbols can be computed. All of the possible state
transitions ean be conviently shown on a trellis diagram, as in Figure

3.2,

TIME—— 0 | 2 3 4
[ 00 =

STATES <

TEELLIS FOR THE ENCODER OF FIGURE 3.1
FIGURE 3.2
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The dotted lines represent "1" input bits and the solid lines
represcent "0" input bits. The output symbols generated in each tran-
sition are also shown. Note that since the input sequence is termin-
ated withK 1=2 éero-s, the last two transi'ions contain only solid lines.
Also the output symbols on branches coming from the same node are
complements of each other. Thls is always true when there is a con-
nection between every mod 2 adder and the input.. If there is a connec-
tion between every mod 2 adder and the output of the last unit delay,
then the output symbols on branches entering the same node are also
complements. In Chapter 4 it is shown that one .of these cases may be
assumed without loss of generality and all of the optimum (in a sense
to be defined in Chapier 4) codes examined have a complete set of con-
nections at the encoder input and at the output of the last unit delay.
Thus, even though the number of bra_neh:és in a binary tree doubles with
each unit time increase, all of the possible paths can be displayed on a
trellis diagram with .‘ZK_"I states, regardless of the length of the input

sequence.

3.2 A Viterbi Decoding Algorithm Example

Now let us examine a digital communication system which uses
the convolutional encoder of Figure 3.1. In particular, let us trans-
mit L=4 zero message bits over a binary symmetric channel and use &
Viterbi decoder, which, as was shown in Chapter 2, is equivalent to a
maximume-likelihood decoder. The encoder must then decide which of
the ZL possible received sequences were transmitted. R does this by
choosing a path with the largest log-likelihood function, and if more
than one path has the same highest lo.gulikeli,lxaod function, some tie-
breaking rule must be used. This tie-bireaking rule will not affect the
path leg-likelihood function, but it can change the bit probability of

.error. In practice, the channel output will usually be a quantized

C Al




version of a continuous random variable, and as the number of quanti -

zation levels increasgs, the prokability of a tie becomes negligible,

For a binary symmetric channel with erossover probability
p(-%— , choosing the path with the largest log-likelihood function is
equivalent to chooesing the path closest in Hamming distance to the

received sequence. Now assume the first six received symbols are
00 01 10 .

Then consider another trellis showing all the possible transmitted
sequences up to time 3 (i, e., the first K branches), and lable each
“branch with the Hamming distance between the output symbols of that
branch aﬁd the corresponding bits of the received sequence, as shown

in Figure 3. 3.

10
STATES <

Ol

RECEIVED (1!
SEQUENCE «mn-

TRELLIS AT TIME 3
‘ FIGURE 3.3
As in Chapter 2, denote the paths by their corresponding input
sequences with the initial bit written firsi. Then the Viterbi decoder
begins by vxamining the first K branche:; and making ZK-1= 4 pairwis=
comparisons among those paths with the same last K-2=2 symbols.
After these comparisons are made, one of the two branches entering

"each state at time 3 can he eliminated, s in Figurc 3. 4.
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RecElvED U !!
SEQUENGE ==

TRELLIS AT TIME 3 AFTER COMPARISONS
FIGURE 3.4

Figure 3. 4 can obviously be simplified by removing the branch from

state (01) at time 1 to state (10) at time 2. This leaves four possible
paths. Now assume two more bLits are received, for example, 00,

This is shown on ihe irellis of Figure 3.5

TIME

~ 0 (9)
" 00
CV\‘"

10 \

STATES <
Ol

rRecelvep !
SEQUENCE —mrmimneinazae. 00 Ol

TRELLIS AT TIVE 4
FIGURE 3.5

1 i i K-1
Again the Viterbi decoder makes 2 peirwise comparisons among

those paths with the same last K-1 symbols. This time two of the
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comparisons end up as ties. Assume these ties are resolved as in
Figure 3. 6.
TIME ————=~ 0 |

A |
. ”~ ‘
N -
. 10 N
STATES < \
0l h\o
\'I\

rReceiveep L !
SEQUENCE =00 Ol

TRELLIS AT TIME 4 AFTER COMPARISONS
FIGURE 3. 6

- Figare 3.6 can then be simplified to Figure 3. 7.

TIME ~——=—=—2~ 0 o I : 2 | 3 o 4
(00 O——Q——Q-—-0 o
\ v
\ \\
\
10 : \ \ '*Q
STATES < : v O K
ol . Ly, ©
‘ ~
~
~N
. RECEIVED L , he
SEQEUENCE -—————:>= 00 o} 10 00

TRELLIS AT TIME 4 AFTER SIMPLIFICATIONS
FIGURE 3. "
At this point all four paths have the sam. first bit, so the decoder can
make a decision on this bhit beforc the remainder of thc message is

received.
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Each time a pair of symbols is received, the trellis is exiended
one time unit, resulting in .‘2K possible paths. Then the number is
reduced to 2K- 1 by making pairwise comparisons among those paths

‘ with the same last K-1 symbols, In this example there were only four
message bits, so the K-1 terminating zeros now enter the shift register.
Assume the next two received bits are both ones. The trellis can then

be extended as in Figure 3. 8.

.
. TIME———- 0 |
| o |
| ( 00 o—q
! \
””
10 \\
STATES < R
o
RECEIVED ~ ! |
SEQUENCE—————=00 Ol 10 00 ¥
| | TRELLIS AT TIME 5 -

FIGURE 3.8

This time only half as many pairwise comparisons are made, since the
paths can only end with 00 or 10. The results of these comparisons
are shown in Figure 3,9, F'inaﬁy, assume the last two received bits
are both zero. Then simplifying Figure 3. 9 and extending it one time

unit gives Figure 3. 10.

Thus after making the final comparison, the Viterbi decodcr
chooses the path 001000, Since all zeros were transmitied, it
has made a word decoding error and this word contains one bit error.
ﬁowever, ro path is closer in Hamming listance to the received
sequence than the path chosen, and a max<imum -likelihood decoder which

compares all 21" possible paths at the end of the tree would z1so have

~A8-




o

TIME -~ amcianll {

r 00 o—2-q
\

' 1O
STATES <
« Ol

RECEIVED \ |
SEQUENCE -~ =00 OF 10

TRELLIS AT TIME 5 AFTER COMPARISONS
FIGURE 3.9

TIME ===~ 0

i : r.():(') Go

I
O
~\

| < 10
. STATES <
; 1 o1

'RECEIVED | I

SEQIUEN Cg ——————== 00 0l (0 00 H 00

" TRELLIS AT TIME 6
FIGURE 3. 10

made a word decoding error. For the path chosen is a distance 3 .
from the received sequence and the all zero message is a distance 4

from the received sequence.

A disolay similar to this sequence of figures has been pro-

Besides the binary syrmmetric channel this program can han.lle a
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binary-input addilive white Gaussian noise channel with symmetric
output quantization. Since this program is similar to the simulation

program discussed in Chapter 5, it will nol be discussed further here,

This display is a useful aid in understanding the Viterbi decoding

algorithm and has been helpful in studying memory truncation,

3.3 Memory Truncation

In practice, several thousand information bits may be transmitted
before the trellis (or tree) ic terminated with K-1 zeros. In fact, with
a Viterbi decoder the entire message may be transmitted before the
-terminating sequence is inserted. However, as the number of informa-
tion bits becomes large, the storage requirements for the 2K-1 patns
soon become excessive. Fortunately, as noted in the preceding example,
the paths tend to merge several constraint lengths back and decisions
can be made on those bits. Thus only the unnmerged portion of the
paths need be stored. The problem of choosing a suitable rmemory
length is discussed in Chapter 5. Here the problem will simply be illus-

trated using a trellis diagram.

Consider the encoder used in the p.re-viouzs example, aﬁd assume
that a long sequence of zero information .b-its are going to be encoded
and transmitted. Also assume that the trellis can only store 2K-1, ‘ :
7 bit sequernces. That is, the {rellis is only 7 time units long. Then
at time 7 let the trellis be as in Figure 3. 11, Since all four paths are
merged up to time 1, a decision can be made on the first bit, and when
the next pair of symbols are received, the trellis of Fi.g?ure' 3.11 can
be shifted to the left, as shown in Figure 3.12. After the compari-
sons assume that this trellis reduces to chat of Figure 3.13., When L/
the next pa.r of symbols are received, n> decision can be made on the | - /
second bit, but the trellis must siill be chifted to the left, as in Figure
3.14. ;




Lt

£

TIME ————2— 0 ! 2 3
[ 00 O——Q—-O—O-

o

10 AN \
" © . N,
STATES < \ b/ AN
ot

.

TRELIIS AT TIME 7
FIGURE 3. 11°

TIME --;_'-—-b- | 2

STATES < \
: ol |

}

TRELLIS AT TIME 8
FIGURE 3. 1%




TIME ——> | 2 3 -« 85 6 7
(00 q —O0——0——0 ~<>—-——Q---'°"“—-0

o N / s

“o
Wl |

TRELLIS AT TIME 8 AFTER COMPARISONS
FIGURE 3. 13

TIME

STATES <

L1

IL— 2 nd INfFOPI‘.f‘IAT OPN BIT

TREILIS AT TIME 9
FIGURE 3. 14
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Now recall that given ithe state, ihe previous K-1 symbols can be
determined. When ihe states are chosen as in Figurce 5.1 a state

(.5152) means thal the two previous information symbols were S5 28
labeled in Figure 3.14. 8o the trellis of Figure 2. 14 gives all nine
information symbols of each of the 2K paths. And sinee a decision

| has alre-a;dy heen made on the {irst bit, the trellis may be shifted left
again when the next iwo symbols are received without inserting an
error due to memory truncation. After the comparisons at time 9,

the shift, and the comparisons at time 10, assume the irellis reduces to

that in Figure 3. 15.

' TIME e 3 4 5 6 7 8
: 00 O——O——O——-0—0 q\ —Q
| \
n . .
o o /q\ %, .
STATES < SO b/ N N \
~ Ol | ‘ Q.
' ' N N\
AN
N
L .
tt  3rd4 INFORMATION BIT
) b——— 2nd INFORMATION BIT

TRELLIS AT TIME 10
FIGURE 3. 15

Now before the trellis can be shifted again, a decision must be made
on the seccnd information bit. One method is to choose the bit which
belongs to the path with the largest log-likelihoed funetion up to the

present time. In Figure 3.15 the path with the largest log-likelihood

function is labeled ML, Thus if this method is used, the second bit
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would bé decoded as a 1",

This same procedure is then repeated
until all the information symbols have becn shifted through the shift

register.

3.4 Distance Differences of the Surviv.ng Paths

b - . . : T » . , I(' 1
At each step, besides storing the unmerged portions of the 2
. Q .

possible paths, a Viterbi decoder must also store the log-likelihood
functions of these paths, or for the binary symmetric channel the
Ha.mfn-inlg distance between each retained path and the received
sequence must be stored, We will now show that for a rate R= 1/v

(in bits /channel symbol) constraint lengih K convolutional code the

difference in the Hamming distances (with respect to the received
sequence) of any two of these retained paths is less than or equal to .
v(K-1). !

Let a be the minimum Hamming distance path at time j

a=a a, .

o 17 25841 242 B (R-1) A (R- D1
And let Ex be any other surviving path at time j which is merged with
a up to time i (possibly time 0) where they divgrge. Since they are

both suﬁviv-ing paths, they cannot have the same last K-1 bits, Thus

a 1is of the form

—x

—

_ _ ' \ SV
2, al'"aiai+1ai+2"'aj-'-(K-1)aj-(K*l)ﬂ"'aj ’

where E.
i+]

sibly the same as a

is the complement of 349 l'; is any binary symbol (pos-

as long as no K-1 consecutive bits of the two

, @
. k -

paths are identical), and the double overbar means ihose bits cannot all
be the sam:z as the last K-1 bits of a. Now consider another path _:_;ly
which agre:s with path a up to time j~(K-1) and whose last K-1 bits

are identical to the last K-1 bits of path a, - Then _gl_y is egual to

sa.aa . a A e
Ly T Mt k- 1) Yyek-en

..All',.—




Since path ﬁx is a survivor in the Viterbi decoding algorithm at time j,

it has a Hamming distunce less than or equal to that of any other path

with the same*last K-~1 bits at time j. Thus
if. ) ';‘_:_ {5 " p
D) £DE) | (3. 1)

where I)?'(-g_x) means the Hamming distance between the received
sequence and the péth corr-es.pondir'l;g to the input sequence a . If the
last K-1 bits of Ey are denoted by a

‘ - L and the last K-1 bits of a by
then

a2y

(3.2)

Da ) - Dfa) = D=(§_y) - Dfa) = D-(gyL) - Dfa,)

and since there are v channel symbols pe;:- branch, éyL represents a
path with v(K-1) channel symbols. Thus using (3. 2),

Da ) - Da) = v(K-1).

K-1
Thus for the BSC, tbe Hamming distances of the 2 ! surviving paths
cannot differ by more than v(K-1). This result can also be generalized

to other memoryless channels.
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| CHAPTER 4
SELECTING GOOD CONVOLUTIONAL CODES

[

In Chapter 2, time-variable convolutional codes were investi-
gated, and it was shown thai for a sui‘ﬁexexmtly Jarge constraint length
these codes can achieve any arbitrarily small word (and hcence bit)
probability of erré}'. This chapter is concerned with the more practi-
cal problem of selecting good rate 1/v constraint lenglh K fixed
binary convolutional codes. First the class of codes is reduced by
considering only one code in each set of equivalent codes and by ex-
cluding the codes which exhibit catastrophic error propagation
[Massey (1968)]. Some of the consequences of catastrophic error
propagation are also investigated, and a new necessary and sufficient

condition for eatastrophiec error propagation is derived.

Then the codes are compared on the basis of their minimum free
distance, and Heller! s (1968) upper bound on this distance is given and
imp:r-ow‘red. . Next the linear finite-state machinz approach of Vitefbi
('1 969) is described and used to obtain upper bounds on the bi{ probabijl-
ity of error. Finally, the Viterbi decoding algorithin is used in a search
f’c;-r codes with a small bit probability of error and the resulis of this

search are tabulated.

4.1 Equivalent Codes

From Chapter 2 we know that a fixed binary convolutionzl code
which is terminated after L information bits is a group code with an
Lxv (L+K-1) generator matrix

83 8. .. G )
- 9_19.2- . a -gk
G = ‘ (4. 1)
o GiCo G:...
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zero and that GK is not zero. For if QK were zero, the consiraint

length could be redefined as one less than the preseat value.

Now define the reciprocal of th:c-: subgenerator - by
) B e - g8 - “.3)
Then two codes whose subgenerators are reciprocals of each other
have identical weight spectrums. Because for any code word uG of
one code, the reciprocal of this code word belong‘s to the other code
and rec:1pr0ca1 code words have equal wewht In fact, this reciprocal

code word is formed with the rec:1proca1 of u,

Another obvious way of obtaining an equivalent code is to change
the ordering of the subgenerators. For example, considexr the con-
volutional code with subgenerators g 1= (1110) and Eo° (1101} written

1110 |
1101 And let ~ denote equivalence. Then some equivalent codes are

1110 or1r _, 1110 _ 1011

110t 1011 1011 1110 (4. 6)
where the remproca] shifting, and ordering procedures have been

used

L}

Thus in searchmg for the best code only one code in each equiva-
lence class need be considered, and as noted, we may assume lhat thz

fl.rst component of each of its subgenerators is one,

4.2 Catas-trophie Error Propagation

Assume that a convolutioral encoder is used to transmit an
infinitely long message over a binary-input binary-output channel.
Then a decoder is said to exhibit catastrophic error progapation when
a finite nunber of channel errors resulis in infinitely many decoding
mistakes [ Massey (1963)]. Massey and Sain (1268) have derived 2 ncz-

essary anc sufficient condition fer catactrophic error propagation of 1

PRECEDING PAGE BLANK NOT FILMIw
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convoluiional cod-c': of rate A[v. For the class of rate 1/v convolu-
tional codes considered here a code exhibits catastrophic error propa-
gat‘io.n if and obly if the subgenerator polynomials contain a common
factor. For example, the rate 1/2 constraint length 3 convolutional
code descmbed by the subgenerator polynominals €4 (D) = 2+1 and
gz(D) = D +D e:zlublts catastrophic error propagatmn since the sub-
generator polynemials have a common factor of D+1. The trellis
diagram of this code showing the encoder output symbols is shown in

Figure 4.1,

TIME ——>= 0 2 Lel L L+l L2
r Q00 00 . 00 . 00_,00 00

STATES <

TRELLIS DIAGRAM FOR A CODE WITH
CATASTROPHIC ERROR PROPAGATION

FIGURE 4.1
Now if the all zero message is encoded and iransmitted over a binary

symmetnc channel and the received sequence is
11 01 00 60 ... 00 11 01

then the maxzimurn likelihood path is 1111...100. Thus six channel

errors have caused an arbitrarily large rumber of bit decoding error:.
In gen:ral it is clear that catastrophic error propagation can

occur if and only if there exisis a zero w:ight path from som=2 nonzero

state back to itself. Using this faci the fcblowig theorem wi’lbe proved.
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Theorem: If the encuder for a raic 1/v censtraint length K
fixed binary coivolutionul code is initiaily in any nonzero state
and K- input symbols are shifted into the shift register, then
all vi¥-1) output symbols can be z~ro only if the code exhibils
calastrophic error propagaticn. Conversely, if catastrophic
error propagation occurs, then there exis.;ts at least one nonzecro
input state and one sequence of K-1 input symbols such that the

corresponding v(K-1) ouiputs are zero,

First recall that we may assume that the first component of each sub-
generator is a one and that the last component of all the subgenerators
is not zero. So the two branches from e-gch state have v-symbol out-
put sequences which are complemenis of each other. Also the output
symbols corresponding to tb-e two branches entering any statc cannot
be identical. In particular, the shift register can never be taken from
a nonzero state to the zero sf;ate by a zero weight path, because one of
the two branches cntering the zero state is the zero weight path from

the zero state and the two entering branches cannot be identical.

Now assume that for some nonzero i-niti-s;}l state and some iaput
's'-.éqawenc.e of length K-1, the v(K-1) outputs are all zero., Denote the
contents of the shift regisier at these K-1 times by the K~component
vectors A , ... ’—'&K-l' Then since the shift register cannot be taken
from a nonzero state to the zero state by a zero weight path, none of

the _.@_1 are all zero.

.Comsidler the case where all the _{}_1 are li-neériy independent.
Then since the outputs are zero whenever the shift register contents
are -é-i’ 1 -<';.i§.K-1, the outpuis are also zero for all o1 linear com-
binations »f these _él We also know that the two branches out of any
state r = - tput symbols which are complernents of each other., So

- all the bianches contain output syribols which are either all zeros or
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all ones. Thus all the subgenerators are identical. And by Massey
and Sain's condition this means that the code cxhibits catastrophic

error propaghtion,

If the _A_ﬁ1 are not linearly indepéndcnt, there exists at least onc
linear c-mrmlﬂaination of the _{&_1 which equals zero. Let J be the maxi-
mum value-of i in hny such linear combination. Then this linear rela-
tionship can be written as

ArcpAL .. A ) (4.7)

Now let us examine A J41° Since A J+1 represents the contents of a

K-stage shift register at time J+1, the last K-1 components of A J+1

are equal to the first K-1 components of A I Also given the last

K-1 input symbols, there is at most one value for the first component
such that the v output symbols are zero. Consider the vecior

-.f, (éz, cers f_x_ J). Each term of the argument has its last K-1 c;;ompo*
nents equal to the first K-1 components of the corresponding terms of
(4.7), and consequently, the last K-1 components of the linear combina-
tion are equal to the first K-1 components of A of (4.7). Also since

d
this is a linear combination of A TRRRY A J-1° it produces zero ouiput
symbols. So if the first Jv output symbols are zero, then there is an

input symbol such that the next v sutputs are also zero. And this

input symbol is just the first component of the vector A J+1° where
AJ+1=¢(§_2,...._-§_J) . (4. 8)

By repeating this argument with

Asap ° i("“wk“"'%-wk’ , k=0,1,2,... (4.9

we have thil there exists an arbitrarily long input sequence which
produces an all zero output. After at most 2K"1 input symbols have

been shifted into the shifi register, some state in the path (sequence

-A21~




of states) spcceified by the last K~1 components of _{\_1, o ‘éJ—l’
__!_.\_J, cae '-&Jﬁ-k’ ... where -‘&J-'li-'k is given by {4. 9), must be repeated.
So there is a zero weight path from some nonzero state back to itself.

Thus the code exhibits catastrophic error propagation,

The converse follows easily. For, if catastrophic error propa-
bation occurs, there exists a zero weight path from some nonzero
state back to itself and by repeating this path an arbitrarily long zero

weight path may be formed. Thus the theorem is proved.

4.3 Upper Bounds on the Minimum Free Distance

Before procecding any further in the search for good convolu-
tional coées, some GI‘it@I‘iOl‘:}. of goodness must be chosen.. The best
c¢riterion would be to choose the code with the smal-l.e=st probability of
. error. However, this is difficult, if not impo‘ssible, to do. Another
'commo;n criterion is to choose thé code with the largest minimum dis-
tance (between e-c?dle words) over a constraint length. But since most
of the paths compared by the Viterbi decoding algorithm are unmerged
for more than K branches, this is a poor eriterion. A better choice is
to compare the codes on the basis of their unrestricted minimum dis-
fanee between code words., This unrestricted minimum distance is

called the minimum free distance and is the only distance used here.

Now let us find an upper bound on :his minimum d_ist‘a-n_eé. As

| noted previously, a terminated binary convolutional code with L. inform -
ation bits is a group, or linear, ecode with an L x v(L+K-1) dimensior 1l
g-enerétor matrix. So instead of comparing the codes on the basis of '
their minimum distance between code words, we may equivalently coin -
pare the mwinimum weights of their nonz 'ro code dwordrs. Also it is

well known [Petérson {1961)] that if all :1' code words are arranged

as rows of a matrix, then any column which is net all zero contains
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half oncs and half zcros. Thus the total weight of the 2L code words

is bounded by

total weight = 21’“1 v{L+K-1) . (4. 10}

Since there are 2" -1 nonzero code words and their minimum weight
must be less than or equal to their average weight, the minimum dis-

tance salisfies

2 {L+K~1
a. 52 v 2“ ) (4. 11)

This bound is valid for any L and it is also valid for nonzero sequences
of le-ngtih 2< 1. Therefore (4. il) specifies a sequence of bounds, and
the tightest bound can be obtained by minimizing on 4. Thus for arbi-

| trarily large L

Gpip = MM 2__ vng 1)
in " yep | 2 .

'wzherg [x] denotes the largest integer less than or equal to x., This

= (4.12)

bound was derived by Heller (1968) and is denoted dH' Heller has

‘also shown that the minimum in (4, 12) occurs at a value of £ that

varies as log K and that for large K, (4. 12) reduces to

Ky ) A4 19
min ~ 2 * (4. 13)

is odd, then the bound of (4. 12) can sometimes be improved

If de
by using the fact that the weight of any binary group code with odd

minimum weight is increased by one when a parity-check digit is
adde:dc-* For assume (4, 12) is optimized with an input sequence of
lengih £=h and that dy, is odd. Then if a parity-check digit is added
to the code with h input symbols, the resulting code is a group code
with an h> [v(htK-1)+1] dimensional generator matrix. The minimun

distance o:" this extended code can be bounded with a Plotkin bound

[Peterson (1961)] similar to (4. 12) yielding

*See alse: layland, J. and R. McEliece, "An Upper Bound on the Free

Distance of a Tree Code," Jet Propulsion Laboratory, Progrens Sumry,




~ _h
, 2 v+ K-1)+
< _ :
dext.min"“[ o 5 ] dE , (4. 14)
_2 -1
< = I & T8 B=] .' 3 TiQ (A
and so if dF‘ dH+ 1, no code can achm\rc d min d’H' Thus if dH is odd
and dE < dH-!-l then o
. d .sd. -1 ., (4. 15)

- min H

Another similar procedure for improving (4. 12) when d'H is odd
is based on the fact that in a group code either all the code words

have even weight or half the words have even weight and half have odd

weight [Peterson (1961)]. So if (4. 12) is optimized with f=h and dy, is
odd, then the total weight of the 2h code words is bounded by
b oh
P 4= ..,...5.-: I e 4. = toF reicht 1E
3 dH-! (2 1)(dH+ 1) £ total weight . (4. 16)
And using (4. 10) with an input sequence of length h yields
2 Zh
~2—- - (——- - 1) (d +1) 3 v{h+K-1) (4.17)
or :
h-1
d, 23— {v(K-1) -1+21" h} .. (4. 18)
H = h _

Thus if dH is odd and (4, 18) is not satisfied, then d

by one, as in (4. 15).

i may be decreased

In Table 4.1 Heller's bound and this improved bound are tabu-
lated for rates 1/2 and 1/3 and constraint lengths up to 20. The re-
sults of 2 computer search are also shown. So from this table it can
be seen that this irnproved upper bound is very tight at small con-
straint lengths., It is also believed to be equally accurate at darge con-

straint lengths.
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_ ~ TABLE 4.1
UPPER BOUNDS ON THE MINIMUM FREE DISTANCE

‘ _ Rate = 1/2 _ Rate = 1/3 ,
Constraint . T . _ - g
Length Heller's ~ Improved min Heller's Improved min
Upper Bound Upper Bound Achieved Upper Bound Upper Bound Achieved
f — - 1@ -+ . + — T — o -
3 5 5 8 8 8 3
4 6 6 6 10 10 10
»*
5 8 8 8 12 12 12
6 9 8 8 15 13 13
7 10 10 10 15 15 1-41'
8 11 11 1 0* 17 16 16
9 12 12 12 18 18
10 13 13 20 20
1 14 14 22 22
12 16 16 24 24
13 17 1€ 23 25
14 18 18 27 26
15 13 18 28 28
16 20 20 30 30
17 21 20 32 ag
18 22 22 33 33
19 23 23 35 34
20 24 24 36 36

]
The best noncatastrophic code has &

TThere may be a catastrophic errsr propagating code with a larger dmin

min

=7,
i .
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4.4 The Siate Diagram Approach

Suppose that we are given a binary-input output symmetric

channel. Then since a terminated convolulional code is a group code,
we may asiume that the all zero mes's-a,i_,e is transmitied. Now if we
usc a Vitetbi decoder, an error occurs whenever the log-likelihood
function of one of the retained paths which remerges with the all zero
state at som.e time' j is greaterthan that of the all zeros path—upt‘o time
je For_ small constraint iengths the Hamminvg.weighi.t of all such paths

can be determined by the following procedure [Viterbi (1969)].

Consider a state diagram with the all zero state split open.
Label the branches with Di, where i is the Hamming weight of that
branch. For exa-mplé, the K=3, R=1/2 c-o:x_wolutional code of Figure 3.1
_Wit:h subgenerator polynomials gl(D‘} = D2++:1 and gz(D) = D2+1 would

have a modified state diagram as in Figure 4. 2,

MODIFIED STATE DIAGRAM FOR THE
CODE OF FIGURE 3,1

FIGURE 4,2

The over-all transfer function of this directed graph can then be

obtained,
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5
T(D) = T%T) - %+ 200 apT+. . +2XDN18, (4. 19)

Thus there is’ onc incorrect path of weight 5, 2 of weight 6, elc.

Usiny (4. 19), we may then find an upper bound on the probability
of error at any step in the Viterbi decoding ajgorithm. Assume that
antipodal PSK modulation is used on an additive white Gaussian noise
channel with one sided spectral density No' And let the positive and

negative pulses both have energy I Then the probability of error in

bl
comparing an incorrect path which differs in k symbols from the cor-

rect path is given by [Wozencraft and Jacobs (1965)]

(4. 20)

‘where
o0

aw - {

x V27

. | . - ' »
and v = R is the number of channel symbols per information kit. In

Appendix B the following useful inequality is proved.

s (4. 21)

L ]

sy s eV quR) . xzo, yzo (4. 22)

Using (4. 19), (4.20), and (4. 22), the probability of error at any step

can be upper bounded with a union bound yielding
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(4. 23)

'To determine the bit probabiﬁty of error we need to know the
number of bit errors resulting from an incorrect path decision., These
may be computed by adding a factor of N to each branch of the modi-
fied state diagram which corresponds to a "1" input bit. We can also
find the lengths of these paths by adding a factor of L to each branch,

With these changes Figure 4.2 becomes

- [ NiL
D0} 2

. MODIFICATION OF FIGURE 4. 2
' FIGURE 4. 3
Now the transfer function is
D°NL3
1-DNL-DNL?2

DSNL3+D6N2(L4+L )+})7N {L +2L6—|L Y+... (4. 24)

T(D,N, L) =
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There is onc path of weighi 5, and it is three branches Jong and results
in one bit error. There are two paths of weighl 6, one of length 4 and
one of length,5, and both result in two bit errors, ete. Differentiation
‘of (4. 24) with respect to N followed by setting N and L egual to one
weights the incorrect paths by their number of bit errors. Then using
(4. 20), (4.22), ansl (4. 24) and a union bound yields the following bound

‘on the bit probability of error,

(4. 25)

Since (4. 23) and (4. 25) are based on a union bound, they are only
useful for reasonably high energy-to-noise ratios. In Figure 4. 4 the
bound of (4.25) is compared virifuh the results of a simulatlion of this

system with 32 output quantization levels. It was found that very little

improvement can be obtained by using more than 32 quantization levels.

The results for two quantization levels (i.e., a BSC) are also shown,

This state diagram approach is also helpful in undersianding
catastropl"?zixe error propégatin-g codes. Previously, a code was shown
to exhibit catastrophic error propagation if and only if there was a
zero weight path from some nonzero state back to itself. In ierms ot
the modified state diagiram this zero weight path is just a closed loop

with zero vreight,
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4.5 The S-ea_r-c'h for Good Convolutional Codes

Although the state diagram approach is helpfui in finding good
codes for small constraint lengths (Ks4), it is extremcly difficult to
find the transfer function for an arbitrar- code of higher constraint
length. So first let us just find the minimum wqig-hut of any path which
diverges from ithe-all zero path at time zero and remerges at any
later time. '.A-ny such path will be called an adversary, and clearly, the
minimum weight of these adversaries is just the minimum free dis-

tance of the code.

Suppose that the all zero information sequence is encoded and
transmitted across a noiseless channel and that a Viterbi decoder
(or equivalently a maximum-likelihood decoder) is used to decode the
message. But restrict the first decoded bit to be a one. Then at
any time jz K, this Viterbi decoder will retain 2K-1 paths., And each
path will be the minimum weight path which diverges from the all zero
. state at time zero and terminates in a particular state at time j. Thus
for large e-n.;oug'h j the minimum free distance of the code is equal to
the weight of the path which terminates at the all zero state. We may

also keep track of the number of such minimum weight paths which

terminate in each state at each time and the number of bit errors that
these paths represent. For example, coasider the rate 1/2 constraint

lén'g't'h 3 code iié . The trellis diagram for this code is shown in
Figure 4,5, As in Chapter 3, the dotted lines represent "1" input bits
and the solid lines represent "0" input bits, The results of the com-
parisons are indicated by a slash or an arc. The slash indicates that
branch may be cut, and the arc means the two paths in t-hat. comparison
had equal weights; so both paths are retiined. By looking at the all
zero state at time 11, we see that the minimum free distance of this
_'eode is 4 and that there is only ont minirmum weight adversary and it

represents two bii errors.

~-A31-




-ZEV-

TIME=——2~ 0 I 2.

STATES <

Weights

AVreanale - o
-t vasant. o

of pzths

Number
of bit
errors

© w

1 20

TRELLIS FOR THE 1§ CODE SHOWING THE NUMBER OF PATHS AND THE NUMBER OF
BIT ERRORS THESE PATHS REPRESENT AT EACH TIME

FIGURE 4.5

o b



In this examplc,the all zcro state was observed at time 11, but
the results weuld have been ihie same if the all zero staie was observed
at any téme greatcr than or equal to 4. It is only necessary that all of |
the minimum weight adversaries be remerged with the all zero state. |
This can be guara%teed if the Weight of the pétl‘i which terminates at
the all zero state is less than or equal to the weights of the paths
which {erminate at the nonzero states. For previously, it was shown
that we may assume, without loss of generalily, that any branch enter-
ing the all zero state has nonzero weight, and thus the total w-eiglit of
any path which remerges with the all zero state at a later time is
greater than the minimum weight, However, if the code exhibits

catastrophic error propagation, this condition may never be satisfied,

But since there are 2K-1 states, tiherg must be at least one non- |
zero repeated state in any adversary of length 2K_1+_1 branches. In
terms of the modified state diagram this means there is at least onc
closed loop in the path, So there is another path, formed by omitting
these closed lecops, which has weight less than or egual to (stricfly less
than if the code does not exhibit catastrophic error propagation) the
weight of the original p;';t:th. Thus every code has at least one mini-
mum weight adversary with length less than or equal to 2K-1 branches.
And if the code does not exhibit catastrophic error propagation, everiy
minimum weight adversary has length less than or equal to 2K‘1
branches. So it is never necessary to consider more than EK_I

branches.

Another stopping rule is based on the thecrem at the beginning
of this chapter. Let céio be the improved upper boeund en the minimum
free distance given prev'io-usiy. And notc that since we may assume
the first co.mponent of every subgenerater is a one, the first branch

of every pa h which begins with a "1" input bit has weight v. Now if



the code does not exhibit catasirophic error propagation and if any
path retained, by the Viterbi decoder does noet remerge with the all
| zero path, then the first branch of this path has weight v, and from the
theorem each successive sequence oi: K-1i branches has a weighi of at
least one. Thus -tl.a’i.s path must have a'weig‘l*-it of at least do after
14 (K-1) (do-v) branches. If a retained path does remerge with the
all zero state, it clearly has weight greater than d.o. So the condition
for the first stopping rule is satisfied. Also if after 1+ (K-1) ﬁde-v)
branches one of the retained paths which terminates at a nonzero
state has weight less than that of the péth terminating in the all zero

state, then the code exhibits catastrophiec error propagation.

In a complete search of all codes of a particular rate and con-
straint length, many codes can be eliminated quickly without using this

procedure. Thus the required computer time can be reduced by using

this procedure only after verifying that the paths corresponding to
input sequences of 10,..0 and 110...0 have weight greater than some
lower bound. Alsc codes whose subgenerator polynomials contain a
common facter of D+1 (i. e., the subgenerators all contain an even

number of ones) can be quickly eliminated,

Using these techniques, a complet: search was made of all rate
1/2 and 1/3 codes of constraint lengths up to 9 and 8, respectively.
And all the different, noncatastrophic codes with the maximurn, mini-
mum .free distance for that rate and constraint length were tabulated.
Then all those codes whose adversaries contained more than the
minimum number of bit errors were eliminated. If more than one
code remaincd, only those codes with tl.e smallest number of bit errurs
among their adversaries at the minimum distance plus one were re- S
tained. If more than one code still remained, the adversaries at the

" minimum distance plus {wo cte... were examined vntil only oue code



remained. If this surviving code were used on a binary symmetric
channel with & low crdssover probebility or with an antipodal PSK
modulator on an additive white Gaussian noise channel with symmetric
oulput duantization at high energy-to-noise ratios, then it would have
a bit probability of error less than or equal to that of any other code
of that rate and conrstraint length., In this sense this code is the best -
code for that rate and constraint length. These results are tabulated

in Tables 4.2 to 4. 14

TABLE 4. 2
BEST RATE 1/2 CONSTRAINT LENGTH 3 CODE

111

Code 101

Minimum free distance = 5
Weight Nurnber of Number of Bit Errors
Adversaries in the Adversaries
-1 _ 1
"2 4
4 12
8 . 32
16 - . 80
10 32 . 192
11 64 448
12 128 1024

@ 0 3 & on
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Code

TABI.E 4.3

BEST RATE 1/2 CONSTRAINT LENGTH 4 CODL

o111
Code 1101

Minimum free distance = 6

Weight

-1

© o

10
11
12
13

-

Number of -
Adversaries

1
3

5

11
25
55
121
267

TABLE 4. 4

Number of Bil Errors
in the Adversaries

2
7

18

49
130
333
836
2069

BEST RATE 1/2 CONSTRAINT LENGTH 5 CODE

11101
10011

Minimum free distance = 7

Weignt
7
8
g
10
11
12
13
14

Number of
Adversaries

2

3

4
16
37
68
176
432
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Number of Bit Errors
in the Adversaries

4
12
20
72
225
500
1324
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TABLEF 4.5
BIEST RATI 1/2 CONSTRAINT LENGTH 6 CODE

1¥1101

Gode 451011 ;

Minimum free distance = 8
. Number of " Number of Bit Errors
Weight Adversaries in the Adversaries
8 1 2
9 8 36
10 1 ' 32
11 12 | 62
12 48 . - 332
13 95 701
14 281 / 2342
15 605 5503

| TABLE 4.6
BEST RATE 1/2 CONSTRAINT LENGTH 7 CODE

, 1111001 . .
z Cf’d'e 1011011 3 {
- ' Minimum free distance = 10

Number of Number of Bit Errors
Weight Adversaries in the Adversaries

10 11 36 i
11 0 0 |
12 38  an :
13 | 0 0
14 193 1404

L .0 0

16 1331 11633

17 o 0
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TABLE 4.7
BEST RATE 1/2 CONSTRAINT LXNGTH 8 CODE

L 11111001
Gode 40100111
Minimum free distance = 10

Number of Number of Bit Errors
Weight Adversaries in the Adversaries
0. 1 o2
11 6 | 22
12 12. : 60
13 26 148
14 52 - 340
15 132 | 1008
16 317 2642

17 730 . 6748

TABLE 4. 8
BEST RATE 1/2 CONSTRAINT LENGTH 9 CODE

cose 1110201
Minimum free distance = 12
. | Numb- » of Number of Bit Errors

Weight Adversaries in the Adversaries

12 11 33

13 0 | 0

14 50 . 281

15 0 0

16 286 © . 2179

1% 0 0

1¢ T 1630 15035

1¢ 0 0
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TABLE 4. 9
BEST RATE 1/3 CONSTRAINT LLENGTH 3 CODE

1i1
Code 111
. 101
Minimum free distance = 8
. Number of Number of Bil Errors
Weight ~  Adversaries in the Adversaries
8 2 3
9 0 0
10 5 15
11 0 0
12 | 13 | 58
13 0 0
14 34 - 201
15 0 0
TABLE 4. 10 ,
BEST RATE 1/3 CONSTRAINT LENGTH 4 CODE
1111
Code 1101
1011 _
Minimum free distance = 10
‘Number of Number of Bit Errors
Weight Adversaries in the Adversaries
10 3 | 6
11 0 0
12 ' 2 6
13 0 0
14 15 58
15 © 0 0
16 24 118
17 .0 0
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TABlL.Y 4.11
BEST RATE 1/3 CONSTRAINT LUNGTH 5 CODE

11111
C(:)dr.c;L 11011
10101
Minimum frece distance = 12
- Number of Number of Bit Errors
Weight Adversaries in the Adversaries
12 5 | 12
13 0 0
14 3 12
15 0 0
16 . 13 | 56
17 0 0
18 62 . 320
19 0 0

TABLE 4. 12
BEST RATE 1/3 CONSTRAINT LENGTH 6 CODE

111101
Code 101011
100111
Minimum free distance = 13
_ Number of Number of Bit Errors
Weigat Adversaries in the Adversaries
13 1 : 1
14 3 8
15 6 26
16 4 20
17 5 19
1§ 12 62
1¢ 14 86
2¢ 30 204
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TADLK 4.135
BEST RATF 1/3 CONSTRAINT LENGTH 7 CODI

1111001
Code 1100101
' 1611011
Minirmmum free distance = 14
Number of Number of Bit Errors
Weight Adversaries in the Adversaries
14 1 1
15 0 : 0
16 7 20 -
17 0 C 0
18 11 ' 53
19 0 0
20 35 _ 184
21 0 0

TABLE 4. 14
BEST RATE 1/3 CONSTRAINT LENGTH 8 CODE

11110111
Code 11011001
T 710010101
Minimuam free distance = 16
Number of Number of Bit Errors
Weight Adversaries in the Adversaries
16 : . 1 . 1
17 ' 0 0
18 8 24
19 0 o 0
20 24 113
2. 0 0
2 51 287
2. 0 ) 0
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CHAPTER 5
COMPUTER SIMULATION

Although the theoretical results of the previous chapters ar-e'
h-el'pful in ¢valuating the performance of digital communication sys-
tems which use convolutional codes, these results are primarily for

‘very large or verj small constraint lengths or large energy-to-noise
ratios. This chapter reports the results of a digital computer simula-
tion of a practical convolutional coding system and disecusses some of
the engineering tradeoffs which must be considered in realizing such

a system.

5.1 ﬁste;m Description

The qystenl 1nvest1gated consmt..» of a fixed binary rate 1/v
convolutzonal encoder, a modula.tor a channel a demodulator, and a
Viterbi decod‘er The encodler maps the input data, which is assumed
to bc a sequence of eqgually probable and mutually independent binary
' symbols, into a binary code sequence. Then for edach symbol of the
code sequence the mocllulator delivers dne of two antipedal elementary
waveforms of duration T, [v seconds for transmission over the chan-

-nel. So every Tb seconds one bit of information is transmitted.

Now assume that in the absence of noise the received signal is
Just an attenuated version of the {ransmitted sequence of waveforms.
In particular, let thre received elementary waveforms be + ~2P cos
(wot + @), where P is the average received power, W is the carrier
frequency, and @ is the constant known phase. The channel is also
assumed to contribute zero mezn additis e white Gaussian noise with
a one-side 1 power spectral density of N) watts/cps. This total re-
ceived sigral ithen enlers a demodulator which is composed of a filiex

matched to the clemeniary waveform, a sample-and-hold circuit, and
y ’ 2
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an amplitude quantizer, By an appropriate choice of the gain of this
filter, the ocutput of the sainple~and-hold circuit at time l:"l‘b /v can be

writlen ag

(5. 1)

i th ,
where X equals + 1 if the kK code symbol is 0 and equals - 1 other-

wise, E, is the encrgy per information bit, and the {nk} are statisti-

b
cally independent zero mean unit variance Gaussian random variables,
So with (5. 1) as an input, a quantizer must be chosen which minimizes
the probability of error for that energy-to-noise ratio. In general, this
can be done by choosing an arbitrarily large number of quantization
levels, hut increasing the number of quantizaticn levels also increases

ihe memory requirements of the system. The procedure used in

selecting a reasonable quantizer for the computer simulation is dis-

cussed later in this chapter.

Finally, based on the gquantizer outputs the Viterbi decoder pro-
duces an estimate of the data sequence. However, it is again ﬁece ssary |
to make some approximations. First the memory of each of the ZK_I ‘
retained paths must be tru.ncat.e-f:l at some reasonable number, as dis-
cussed in Chapter 3. And secondly the number of significant'fig‘ur;es'
to be retained in the log-likelihood functions must be determined. In
f'a\.-cﬁ;a we may use some other means of comparison. For example, the
quantized outputs could be assigned consecutive integer values instead
of the usual log-likelihood values, This set of ‘nlumbers which is
assigned to the outputs in order to corapere the various paths is called
the metric f the decoder. In the above 2xample an inleger metric was
used and previously log-likelihood metrics were used. Again the
metric shotld be chosen to give a small probability of error with a

reasonable complenity.
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In the actu..al simulaiion it is helpful to consider the modulator,
channel, and domodulator as a binary -input multiple eutput channel.
Then all the details of the modulator, channel, and demodulator are
contained ‘in the transition probabilities of this new channel. To de-
termine the ouiput symbol of this new channel given the input symbol,
the unit interval ig segmented according to tjhe.transition probabilities.
That is, the unitinterval is divided into a number of segments equal to
the number of possible outputs for the given input and each interval
has é length equal to the corresponding transition probability. Then
using the power residue method [I. B. M. Staff (1959)], a pseudo-random
number is generated which is uniformily distributed over (0, 1). ING:
the output symbol is chosen {o eorrespénd to the segment containing

the pseudo-random number.
A block diagram of the simulation program is given in Figure 5.1

5.2 Quantization

Clearly, transforming the outputi amplitude of the matched filter
into a discrete nhmber is an irreversible operation [Wozencraft and
Jacobs (1965)] and, in general, increases the probability of error. As
no’ced above, we would expect this increase to be small for a fine quan-
tization, but a coarse guantization is also des:rable because it re-
duces the memory requirements. So some engineering compromise
must be reached, and this means some calculable measure of per-
formance miust be chosen. One good measure of performance is the
exponent in the random ecding bounds of Chaptér 2 [Wozencraft and
Jacobs (1955), Jacobs (1967)]. In particular, since a typical operating
rate would be near the computatmnal cutoff rate (R }, we will try to
maximize the exponent at R . From Chapter 2 i{ can be scen that tho
upper and lower bounds \.,oa-nmde at raies greater than or equal to Ro‘

and at R both exponents are equal to P ) So the difference between
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the optimum (unquantized) Ro and the true Ro will be used as a mea-

sure of the dlegrad‘atiém due to quantization.

For practical reasons let us restrict the quantizer to have uni-
formly spaced intervals, and since ahti.podal modulation is used, let
these intervals be symmeiric about zero. Then when the matched
filter output is mof&naliied as in (‘5'.1), the op:’cimlum interval widths may
be calculated. These interval widths vary with changinfg” energy-to-

noise ratios, but in the usual operatmg range (1< E;e < 2. 5) they are

~ essentially constant. In fact, experimentally it was found that the

probabxhty of error is very insensitive to changes in the quantization

intervals. The optimum (i.e., based on the R measure discussed
above) interval widths for several numbers of quantlzatmn levels are

given in Table 5. 1.

TABLE 5.1
OPTIMUM QUANTIZATION INTERVALS

Number of Interval
Quantization Width
Levels
8 .58
16 - .33
32 .18

With the exception of the 8 guantization levels, these are the interval
widths used in the computer simulations. For 8 quantization levels
an interval width of 0. 5 was-used to facililate comparisons with the

data of other researchers [Heller (1969)].

Anotner way of looking at this per‘ormance measure is as fol-
lows. Suppose we are given two systems which operate at diffrrent

energy-to-neise ratios and have different quantizers but are ctherwise

"identical. And assume that the energy-.0~-noise ratios are such that

A\
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both systems operate at rate Re' Then based on the bounds of

Chapter 2, we would expect both systerns to have about the same proba-

Ro can be calculated from (2. 2) yielding

- Eb ‘
i vNo
- ln 3 (1+e
= o} rmbol . 5. 2
R o pt bits/symbol (5. 2)

In2

Manipulating (5. 2), we see that without quantization

v-1
b [— - iT ( v -— . ' 0 0
- *ﬁ:;—' = vin{2 l) (5. 3)

"o opt’
means a 2, 46 db energy-to-noise ratio is required.

is required to operate at a rate R = % = For a rate 1/2 this

Figure 5.2 shows the results of a computer simulation of a rate
1/2 code which illustrates these ideas. As expected, the probabilities
6f error of the systems with different quantizers are about the same
if they are 6.perate‘d at rate RO.' Also we see that an energy-to-noise
ratio of 4.6 db is required to operate at rate R with only 2 quantiza-
tion levels. So we have sacrificed about 2. 1 db in the energy-to-
noise ratio by adding this quantizer. On the other hand, the 8 level
quantizef can operate at rate Re with ar energy-to-noise ratio of 2.7
~ db, which represents a loss of only 0. 24 db in the energy-to-noise

ratio. In many cases this is an acceptable loss because even an infi-

nite increasc in the number of quantization levels would only give a '
0.24 db improvement in the energy-to-noise ratio.

Other simulation results are shown in Figures 4. 4 and 6. 3.

5.3 Decoder Approximations

As described previously, a Viterbi decoder retains ZK-I paths

at each step; so after Lv symhols have been received, LZLHI bits-of

A4

& W




—R=C
/ 2 QUANTIZATION LEVELS,
" LOG-LIKELIHOOD METRIC,
10 .- JAEMORY = 68
N o} Ot~ MEMORY = 6

o)
g
€ -2l o O~e— MEMORY =10
« 10
u \o
| T
G O<=—- MEMORY =15
e MEMORY =20
= MEMORY =25
{ ¢1]
<<
8
(e
0 3
- 10" }-
@ Q
8 QUANTIZATION
LEVELS,LOG -
LIKELIHOOD METRIC,\,
» IEMORY = 69 o)
10" |- €32 QUANTIZATION LEVELS, \ M |
INTEGER METRIC, MEMORY =69 \ \
|°.5L—'— ol : o y} | . S ) ]
1.4 2.2 3.0 3.8 4.6 5.4 6.2 7.0

BIT PROEABILITY OF ERROR VS. ENERGY-TO-NOISE RATIO FOR
A CONV’OLUTICNAL CODE WITH SUBGENERATORS 11101

10011
FIGURE 5. 2

=AY 8-




storage arc requ.lired {o describe the paths, For large L this storage
requirement clearly becomes exc-essi\}e, and we arc forced to limit the
s-torage‘a\;ail-able for eaﬁh path. Assume Lm bits of storage are
available for each rectained path. Then before another branch can be
added to the paths, a hard decision must be made on the information
bit Lm branches back. If the paths are not :—.;11 femerg-ed at that point,
the symbol corresponding to the path with the largest metric is chosen,
Such a decoder is said to have a memory of Lm' The effects of var-
ious memories are illusirated in Figure 5. 2. And, in general, it was
found experimentally that a memory of five constraini lengths is

usually sufficient.

The following argument due to Fé.-rn.ey (1967) also supperts this
choice for the memeory of the decoder. Suppose the decoder chooses
the first information symbol to be the first symbol of the most likely
path out to the it:h branch. And assume that all the paths which diverge
at the first branch and remerge by the .i“l branch have smaller log-
likelihood functions than that of the correct path. Then the probability
of an error in decoding the first information symbol (Pl) is just the
probability that the log-likelihood function of some path which diverges
from the correct path at the first branch and remains unmerged to the
ith branch is greater than the log-~likelitood function of the maximum-
likelihood path, which a;-grées with the first symbol of the correct path.
This probability ean be upper bounded by the probability that one of the
totally unmerged paths has a larger log-likelihood function than the
eo;rect path. Now select a code at random as in Chapter 2. Then
upper bounding the number of totally unmerged paths by 21, the
expected value of the probability that one of the totally unmerged paths
has a larger log-likelihood function than the correct path can be uppe.

bounded by the ensemble average probal:ility of error of a randomly
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chosen block code of lengilh iv and rate R = "'3‘” nats/channel symbol.
Thus from (2, 4)

~-ivE(R)

E (Pl) e s : ' (5. 4)

‘where E(R) is given by (2.5). Now choosc i such that

~ . E_(®)

where EQ(R) i1s the convolutional coding exponent given by (2. 36).
Then using (5. 5) in (5. 4) yields

"KvE (R) (5. 6)

E(Pl) fe
But (5. 6) is asymptotically equal to the corresponding convolutional

coding word, and hence bit, error probability bound (2. 34). So asymp-

totically the expected value of the error probability (Pl) is not in-

ereased by imposing a final decision at the ith branch if (5. 5) is satis-
fied. For example, for a very noisy channel at rate Ro the ratio of
Equation (5.5) is 5. 8. Thus asymptotically a memory of 5. 8 constraini

lengths would be sufficient.

To complete the decoder specificaticns we must choose a metric
for the comparisons. In most of this dissertation a log-likelihood

metric is used, but experimentally it was found that the integer metr c

performs equally well, And in general, in contrast to the seguential

decoders, the Viterbi decoder is relatively insensitive to changes in
the metric. So in a practical decoder the system complexity and the

memory requirements can be minimized by using an integer metric.

o
&
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_ CHAPTER 6
' + 7 CONCATENATION

In this chapter a concatenated coding system with a convolutienal .
inner code and a Reed-Solomon outer code is described which is
capable of operating at very low error probabilities at rates above the
computational cutgff rate (RQ) of s"e.q.uuer‘ltial decoding. The convolu-
tional iunner code, decoded with a Viterbi decoder, is used to obtain a
moderate probability of error, and then a Reed-Solomon outer code

- with interleaving achieves the d¢sired probability of error.

6.1 System Description

Previously it was shown that the probability of error of convolu-
tional codes can be made arbitrarily small by making the constiraint
‘length sufficiently large. However, increasing the constraint length
also increases the complexity of the decoder, and in some high-
performance applications the extreme decoder complexity may make
the system impractical to build, Recently Forney (1966) has described
a concatenated coding system which can be used advantageously in such
a situation, and a similar system is considered here. In particular, a
concatenated coding system with a Viterbi-decoded constraint iength
K convelutional inner code and a 27~ symbol Reed-Solomon c;)'uter codt,

asg shown in Figure 6. 1, is investigated.

Based on Forney!' s (1966) results, the convolutional inner code
should be chosen to achieve a moderate probability of error at slightly
greater than the required rate. So since this is a high-performance
system, a rate slightly less than 1/3 bit/channel symbol is assumed
acceptable. and a rate 1/3 convolutionz. code was chosen. In the act 1al
simulation a constraint length of 8 was 2lso chosen so that the \-.’itcrb
decoder would have a reasonable complaxity. Then the inncr code

should be the optimum (smallest probability of error) code of this
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rate and constraint length and this code should be éptimum for rela-
tively small energy-to~noise ratios. Unfortunately, no constructive
procedure is known for selecting such a code and the codes found in
Chapler 4 were optiraum at high energy-to-noise ratios. However
experimentally it was found that the codes of Chapter 4 also perform
quite well at smaller energy-to-noise ratios. So in the simulation the
best rate 1/3 constraind ‘lne:nngth 8 code from Chapter 4 was used as the

inner code.

Now even though the superchannel has a binary input and output,
the outer code meay have a large alphabet size if we represent each
letter of the outer code, bya sequence of :uperchannel letters. Then
for an algebraic outer code the ounter decoder operation depends only
on the number of sequences of superchannel outputs that contain errors.
Such a decoder is especially useful on superchannels where the errors
are elustered as for a convolutional inner code. For example for
inner code energy-to-noise ratios of the order of 1. 25 db the constrairt
length 8 sys.em which wa's simulated had 2. 5 bit exrrors per incorrect

Reed-Solomon symbol, 8o for a convolutional inner code, an
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élgebraic ouler codc with an alphabet size large enough such that each
symbol ré-presents a sequence at least as long as those of the most
likely bit error clusters is desirable. And since Reed-Solomon codes
belong to tlis class and are optimum in “he sense tha' no group code
with the same alphabet size, block length, and number of check digits
.can have a larger minimum distance [Gallager ('19‘6-8!)], a 2}{-symb0.‘1

Reed-Solomon outer code was chosen,

To specify the cuter decoder the number of correctable super-
channel symbol errors must be established, and for a constraint
length of 8 this means the probabilities of having i (0£i=255) Reed-
Solomon errors in the block of 255 symbols must be found. These
probabilities are difficult, if not impossible, to determine analyticaliy,
but they were determined by simulation, and it was found that in order
to counteract the extremely long runs of errors in the superchannel,
it was necessary to insert an interleaving buffer between the inner
and outer coding operations. A possible alternative to this interleav-
ing buffer, which warrants more investigation, is to use a Reed-
Selomon code with a larger alphabet size. That is, choose the Reed-
Solomon code such that each symbol represents a sequence of more
than K superchannel bits. Here, however, assume that an interleaving
buffer, such as in Figure 6. 2, 1s used. The Reed-Solomon encoder
first generates i code Wt?rdss and stores them in the rows of the en-
coding buffer, as in Figure 6.2. Then the Reed-Solomon symbols are
read out of the buffer by coluinns. That is, the first K bits of the firet -
word ete,, wntil the first K'bits of the ith word are rcad. Then the
second K bits of the first word are read etc., until all iK(2K— 1) bits
are read, For the encoding operation tc proceed continuously, iwo oi
these buffers are necded. The Reed-Solomon encoder would be stor-
ing words in one buffer while the symbols are being recad frem the

other. So ZiK(f«'ZK- 1) bits of storage are required. The d.:oding
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buffer is similar except that the Reed-Solomon symbols :. 2 stored by
columns and read by rows,
Now i is chosen such that the probability of an error in any

Reed-Solomon symbol is independent of the other symbols in that

block. To help estimate thi

s i the statistical model of Figure 6.3 was

used.

RUN LENGTH STATISTICAL MODEL
FIGURE 6.3
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With the exception of state 4, the states in Figure 6. 3 represcnt the
number of eo.nseeutiv.e Reed-Solomon symbol errors without inter-
leaving, Stat‘e 4 represents four or more consecutive Reed-Solomon
symbol err>rs. For example, starting 'n state 0 the probability of j,
J& 4, consecutive symbol errors is P1P2P3P4Pg 4(1 P ) For a con-

" straint length of 8, the transition probabilities (P and 1-P, ) were
duetermmed b) simulation for several d1f£er°nt inner code energy-
to -noise ratios, ‘and the probabilities of having j, jZ 0, consecutive
s;rmbol errors Were computed from the model. These werethen com-

‘. pared with the corresponding probalilities from the simulation (e. g.,
Table 6. 1), verifying that Figure 6.3 is a reasonable modelforthe sys-

fitem. Thus using this modelthe probability of having a large number of
consecutive symbol errors can be easily computed, whereasby simula-
tion an enormous amount of cornputer time would be required to acé-u-
rately estimate the probabilities of these rare evenis. Now let us choose i
such that the probability of i consecutive symbol errors is less than
the desired bit probability of error. This makes it unlikely that twe
Reed-Solomon symbols in the same block will be from the same bit
error cluster, or since one é-or_r-e-ct syrﬂl%ol (K bits) guarantees that
the path is remerged with the correct path, it .is unlikely that two
symbols in the same block will be from the same unmerged span.
Thus the symbol errors are relatively independent of each other,
Choosing i in this man:nez;,- it was found that an i of 16 was sufficient

~ for error probabilities of 10_7 and inner code energy-to-noise ratios
of the order of 1.25 db. Thus the encoding and decoding buffers must

each have 65, 280 bits of storage.

6.2 Experimental Results

This system, with a memory 72 irteger metric Viterbi decoder

and an 8-level quantizer, was simulated onan SDSSigma-7 computer
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- TABLE 6.1

]
COMPARISON SHOWING THE ACCURACY OF THE RUN -LENGTH
‘ MODEL FOR AN INNER CODE ENERGY -TO-NOISE
’ RATIO OF 1.5 db

Measured transition probabilities:
Py= 0.005858
Py= 0.818427
Pg= 0.483444
Py= 0. 479453
Pg= 0.345794

‘Probability of I conSecutiire Reed-Solomon errors
1 V_Co:m!puted from model Simulation results
0 S eeax 10t . | 994 x 107}
1 1.06 x 107° 1.06 x 10°°
2 2.47 x 1075 . 2,47 x 107°
3 1.20 x 10°° " 1.20 x 1072
4 7.27 x 1077 7.27 x 107
5 2.51 x 1074 N 2.84 x 10°°
6 8.69 x 107 ° 0,54 x 10°°
7 3.00 x 10-5 1.58 x 10°° (one sample)
8 1.03 x 10-5 | 1.58 x 10-5 (one sampile)
9 3.59 x 1078
10 1.24 x 1078
11 4.29 x 10
12 1.48 x 107"
13 5.13 x 10°°
14 1.77 x 107
15 6.14 x 107"
16 | 2.12 x 10°°

% .
Number cf samples = 63, 195
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and the resulls are shown in Figure 6.4 and 6.5. The curves of
Figure 6.4 have the énergy-to-noise ratio E_ / N_ of the inner code as
a parameter, "and they show that for block prob bzhtles of error (or
coding fazl-ure) of the order of 10 "5 an inner code energy-to-noise
ratio of about 1.25 db is optimum. The resulting Ebl' N0 adjusted for
the outer coding is.(1.25~10 lo.gl 0 RR‘S) db for outer code rates of RR.S
bits/superchanns]l symbol. Some of Forney's (1966) results for a
biorthogonal inner code and a Reed-Solomon outer code are also shown
in this figure. They show that in order to obtain results comparable

to those of this system a Reed-Sclomon decoder which corrects more

all rates are required.

Figure 6. 5 shows that with an error-correction capability of 20

216
-5 255
ity of error of 3x10 ~ can be achieved at an energy-to-noise ratio of

+

errors, corresponding to an outer code rate of =%z, a block probabil

1.9 db. Th-eA optimum (unquantized) R _for this system can be calcu-

lated from (5 2), and from (5 3), with1/8 gég

‘we see that an energy-to-noise ratio of 1. 93 db is required to operate

substituted for 1/v,

" at rate R o opt’ The energy-to-noise ratio required to operate at the
wnquanuzed R is a few tenths of a db higher than this, Also the bit
probability of error may be as much as an order of magnitude less
than the block probability of error. For example, if the Reed-
Selomon code corrects k errors, then it is possible that only k+1 bit
errors in the block could cause k+1 symbol errors and thus an error
ora decodiﬂg failure, Whieh we are counting as an error. On the
average there are about 2. 5 bit errors per imcérrect symbol for the
best constraint length 8 system. So a block decoding error just
Imeans, on the average, 2.5 (_k;%l) or mcre bil errors in the block of
2040 bits. Thus this systemn can operat2 at very small bit error

probabilities at rates above Ro.
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CHAPTER 2
DDATTIATED COMYUITICATION SYSTIM

gy}
(3

The comnmunication system to be investigated Is shown in Figure 2.1.
The information source provides I parallel binary chamnels. These bipary
sequences may originate frox I separate sources or may be the result of
suitable multiplexing of a different number of actual sources (see

Chapter 8).

The outer encoder is algebrale, operating over GF(QB). As shown
more clearly in Figure 2.2, the outer encoder divides each of the X
input.binary sequences into H-bit sections, each of which constitutes a
symbdl which is an element of GF(EH). The outer algebraic encoder bloeck
ene;des I inpuﬁ symbols into M = I + P output symbols, ylelding M binary

streams which then enter the inner encoder.

The inner encoder comsiats of M parallel convolutional encoders,

each of constraint lemgth K. and rate 1/v. The output of each inner

1
encoder modulates an antipodal signal generator, the output of which is
transmitted over an additive white Gaussian noise chanpel. The receiver
is a matched filter whose output in the absence of noise would be plus
or minus a preseribed constant, but due to noilse it is & continuous
variable having the two constents as conditional mearns. A 3-bit guan-

tizer (8 levels) provides a discrete output to a Viterbi decoder which

operates with a decoding comstraint length'Ké < Kl.
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2.1 Threshold Erasurc Decoding Procedure

The operation of the Viterbl decoder in each of the M channels 1is
as follows: It beglus decoding and continues until N syrbols have been
decoded by each of the 2271 states of the decoder, at which time the
decoding ceases. (This decoding cycle involves Nv chammel symbols.)

The state having the largest metric is selected and 1ts metric is com-
pared to a threshold. If the metric exceeds the threshold, the initial
H bits of the N-bit decoded sequence are accepted; otherwlse, they are
erased. The remaining N-H decoded bits are discarded and not utilized.
Each of the accepted H-bit sequences is an estimate of the corresponding
H-bit symbol (element of GF(QH)) produced by the outer algebraic encodar.
Ther;uter deeo@ef is thus presented with M H-bit symbol estimates, some
of which are erasures, to decode algebraicaliy, Provided that the
number of erasures plus twice the number of remaining undetected errors
(i.er, vhose metrics passed the threshold test) does not exceed ome less
than the minimum distance of the outer code, the outer decoder is
assured of being able to correct the errors and correctly fill im the

erasures. Otherwise errors may occur.

The imner Viterbi decoder will now begin decoding agsin at the
Tirst receiver output symbol that is the resuilt of the entrance into
the convolutional encoder of the first binary input symbol of the next
H-bit input sequence. That is, the Viterbi decoder decodes N imput
symbols at a time, involving Nv receiver output symbols, but only
u;ilizes the initial H of them each cycle of operation. The decoder
shifts along E input symbols each cycle. -ECwever, before the Viterbi

decoder in the mth inner charnel, 1 s m < M, can begin the next cycle,




every state sequence {of which it has EKg-l) must be set egual to the
sequence so far decoded Tor that channel, ineluding the H symbols c¢f the
last cyecle. TIf the mth channel suffered am erasure or en errcor during
the last cycle, the most recent H bits are provided by the outer decoder,
wvhich presumably has corrected the error or erasure. The M inner

decoders now again decode N symbols, stop, erase or accept the first H

. symbols, ete., the eycle repeating itself.

Procedures

2.2 TFixed Frasure and GMD Decodin

The decoding procedure just described compares the maximum state
metrie of each of the M Viterbi comvolutlional decoders with a threshold,

and based on that comparison, either accepts the first H decoded symbols

or erases them. This procedure will be referred to as the Threshold

Erasure procedure. jf
An alternate procedure would be to always erase tius first H symbols %

of a fixed number, ﬁﬁ, of the M-channeis vhich have the lowest maximum 2

state metries. The number qﬁ should be chosen less than D-1, where D

15 the minimum distanée of the outer algebrale code, so that some error

correction cepability remains in the outer algebraic decoder. This

procedure will be referred to as the'Fixgd Erasure procedure. ;

£

A third slternative procedure is suggested by the generalized
ninimum distance (@MD) decoding concept formulated by Formey [1966]. A
GMD decoder is utilized as the outer decoder in place of algebraic
" decoding. This decoder will be explained in greater detail in the
next chapter, but briefly the idea is the following: The maximum state

metric of the Viterbi decoder in each of the M chamnels provides a

t
o
Po f




measure of the relisbility of the corresponding initial H-bit sequence.
One might consider a decoder similar to a meximum likelihood decoder
that considered all 2HI possible M-symbol algebraic codewords, and in
some suitable fashion picked that codeword which "most reliably" com-
pares with the output of the inner decoder. This procedure will be
made more precise in the next chapter, and will be referred to as the

GMD proecedure,

et e e e




CHAPTER 3
DETAILED SYSTEM DESCRIPTION

A brief general deseription of the communication system to be
investigated was given in Chapter 2. Here that deseription 1s made
more precise preparatory to an evaluation of error performance to be
underteken in the followling chapter. The general block diagram of the

system is shown in Figure 2.1.

3.1 Outer Encoder

The outer encoder accepts I binary datas streams from an informa-
tion. source, as shown in Figures 2.1 and 2.2. The encoder divides the
stféams into H-bit words, each such word comstituting a single symbol

belonging to GF(2D).

The outer code is taken t® be a BCH code. The properties of these
codes will not be described here; the reader is referred to Forney
[1966], Gallager [1968], Berlekamp [1968], and the references listed
there. Whenever the code lemgth (i.e., the total number of communi-
cation channels M) is less than EH, a Reed-Solomon {RS) code is the
optimum code in the sense of minimum &istance. The RS codes are a
subgset of the BCE codes with the property that for a given code length
M and number of information symbols I, they exhibit the meximum minimum
distance of any linear code. Again, the reader is referred to the

. above references for a description of the RS codes.

The BCH and RS codes are characterized for our purposes by a

minimum distarce D. For I informatiom symbols and M total sywbols,
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implying P = M - I parity check symbols, the minimum distance is given

-

D = P+1 for RS codes
D <« P+1 for BCH codes which are not RS (3.1)

A partial list of binary BCH codes and their minimum distances is given

in Peterson [1961].

The outer encoder therefore accepts I input symbols belonging to
(';'1“(2H ) and generates P additional parity check symbols, also belonging
to Q?(QH), thus produeing M = I + P binary data streams at 1ts output.

An"example of a é;peeific RS encoder is given in Forney [1966].

3.2 Immer Encoder

The inner encoder is of the convolutional type. 7The general form
is shown in Figure 3.1. One of the M binary streams emanating from the
outer encoder enters the convolutional encoder of Figure 3.1 from the
left, bit;’by-bit. After any given input bit has entered the shift
register, v medulo 2 sums are formed from the tapped outputs shown in
the figure. Whether a givern shift register position is connected to a
given modulo 2 summer is determined by the "convolutional code”. A
great deal of research has gone on and is going on to dlscover proce-
dures for comstructiag d convolutional codes, in the sense of

low error probability. See, for example, Odenwalder [1970].

The convolutional encoder produces v birary output symbols for

every input symbol, one emansting from each modulo 2 summer. The rate

-Bg= ' !

-
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of the convolutional encoder is 1/v. The output of the overall immer

encoder 1s thus M binary sireams at v times the rate of its inmput.

3.3 AWGN Channel,

The transmission channel in each ef-the M ehaﬁnels is assumed to
be an additive white Gaussian noise channel. The transmitter is modu-
lated by the binary stream produced by the inner convolutional encoder.
If T is the time between suceessive bits from the inmer encoder, the
transmitter choses one of two possible equal-energy signals of duratlon
T. The receiver is assumed to be synchromous, knowing when each signal

begins 'Y

“f The optimal.likelihood detector for white Gaussian noise inter-
ference is a‘m;ﬁ@hed filter. The most practical signal is a constant
amplitude sine wave where the binary modulation chooses one of two
possible phases. The optimum choice of phases to minimize error proba-
bility is O and n; that is, one signai'is the negative of the other,

commonly called antipodal.

Thus the transmitter transmits

©) A cos w(t-nT) o<t -l < T £ x, =1
5 {t) =
B A cos o(t-uF) o<t - <T ifx =0 (3.2)

th

vhere x, is the n input symbol. The receiver observes

yn(t.) = Sn(t) + n(t) o<t -6l < T (3.3)

~Bll-




where n(t) is a sample function of white Gaussian noise. The matched

or correlaticn receiver forms

{n+1)T
z = .jﬂ ¥, (t) cos w(t-nT)at

_(n+1)T
[ a(t) cos w(t-ul)at (3.4)
BT

93

= i:é'?-n+

no

f
-

vhere the double frequency term in the signal portion of the integral

is essumed zero (wT = 2rm) or negligible.

-

Therefore Z, is plus or minus a constant, depending on whether

x, was 1 or O, plug a Gaussian random verisble. Letting

(n+1)T
n(t) cos w(t-nT)dt _ (3.5)

i

1t is easily shown that

(3.6)

it
(@

B(1,)

() = o = | (3.7)
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vhere Nb/z i5 the two-sided power spectrel demsity of the zero-mean
Gaussian white noise. The probability demsity of the receiver output

can now be written as

e ar—. "

P(znlxn) = ,;:'exp{~2[;n-(2xn—l) Q%JE/NQT} (3.8)

where x.m =1 or O.

It 1s impractical to store amd process the precise output of the
correlation detector. Therefore the contlnuous recelver output 1s
quantized by a 3-bit (8-level) quantizer, with a resulting loss of
sbout 0.2 dB  (Jacobs [1967); see also Chapter 7). Others have deter-
mined (Heller fi969], Odenwalder [1970]) that for this 8-level
quantizer the gquantization interval should be chosen approximately

equal to one-half the mag~._.ude of the expected output,

The loss due to quantization is not very sensitive to the choice of Q.

Thus the discrete input-discrete output channel eguivalent shown

in Figure 3.2 will have transition probabiiities

-3

P(1]0) = f P(z |0)az_ = %erf(- z | ﬁ-“- +1 (3.10)
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P(3jo) = f P(z |0)dz = -21- 1 - %-erfg- ﬁi,‘ (3.22)

and

where
=
L ,,
U = &"é" = signel energy per AWGN channel bit (3.14)

ert(x) = \7% f Ak | (3.15)

3.4 Inner Decoder

...... em

The inner decoder is a Viterbi decoder, described in detail in
Viterbl [1957]. Actually a separate Viterbi decoder of comstraint
length X, < K, (recall that K, 1s the convolutional encoding constraint

length) operates in each of the M parallel channels. In a practical

t
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implementation, a single decoder would be time-shared among the M
chanrels (see Chepter 8).

The initial step of one of these decoders of constraint length K2
15 to consider all 22 possible binary inmput sequences of length K,
vhich eould enter the encoder bit-by-blt untll they are completely con-~
tained in the shift register. Each such sequence generates a Kav-hit
code sequence which is compared to the received sequence using scome
metric, usually the likelihood funection, or more conveniently, the log
1ikelihood function. The received sequencé is a sequence of KEV )
8-level symbols (hereafter referred to as octal) from the receiver
quantizer. Designating as ¥y the v octal symbols correspoending to the

th th

1°? encoder input symbol, the metrie for the m ' input sequence,

m = 1, 2’ oal‘ EKE, is

K

2
wy = ) log Blylx,) (3.26)
i=1

N | . R |
vhere x, = {xml’ Xpp? *o0s xmKé} is the m input sequence,

The possible input sequences are considered in pairs which differ
from one another only in the first symbol X1 ® The sequence in each
pair having the higher metric is retained along with its metric; its
"adversary” is discarded. Thus after the first step is completed there
remain éKg-l candidate sequences with theirlmetrics. Each of these is

referred to as a state, numbered by the binary number X0 xm3, ceve

XK

that remeins, which is unique to each "survivor".
2 .

——

-
i H
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The second step 1s to take each of the surviving candidate input
sequences, consider the next irput symbol to be either a one or zero,
compute the correspondirng P(yka*llxmxg*l)’ edd it to the stored metric
for that survivor, thus creating esgain éKg adversaries. Now regroup
them in pairs which again are identical in the last K2-1 input symbols,
and choose as survivors those members of each palr having the higher

metrics. There are éKe'l survivors, and the cycle repeats.

In the communication system described here, this decoder goes
through N such steps and then stops, selecting from its éKa'l states
that one having the highest metric. In the Threshold Frasure procedure,
this highest metric is compared to a threshold, and if the threshold

is. exceeded, the initial H bits of the corresponding state sequence

decoder recelves an erasure.

In the Fixed Erasure procedure, the M highest state metries from
the M parallel chennels are compared after N bits are decoded, and the
qp S D-1 channels having the smallest metries have their first H bits
erased. The 1nitiallﬁ~bit sequences of the remaining M~qw chamels ere

accepted and passed on to the outer decoder.

In the GMD procedure, the initial H-bit portion of the state
sequence having the highest metric is accepted for each of the M
channels, regardless of the metric value, and passed on to the outer
decoder. Also passed along to the outer decoder is the eOrresponﬂiﬁg
maximum state metric which provides a measure of the reliability of

the H-bit sequence as an estimate of the true channel input sequence.
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3.5 Outer Deccder

The outer deccoder may be either an algebrailz or a GMD decoder.
The outer encoder, recell, was taken to be a linear encoder, using sym-
bols which are elemen%s of GF(ZH), such as a BCH encoder. The weight
of a codeword is defined to be the number of non-zero gsymbols in the
codeword. The distance between any two codewords is the weight of
their difference, or simply the number of symbol positions in which
they differ. A linear code has the property that any linear combina-
tion of ceodevords is another codeword. Thus to evaluate the distance
properties of a code one need only evaluate the welghts of its code-~
words. The distance defined here ig commonly called the Hamming
diz:s‘iaa-nge. The minimum distance of a linear code is the minimum weight

of any of its codewords.

All linear codes of length M possess an information subset of size
I which uniquely determines the codewords. The remaining M - I symbols
are check symbols. It is the fact that, of the qy possible received
sequences (with symbols elements of GF(q)), onmly q; are possible code-
words that-proviﬁes the "distance” between codewords, which in turn
provides the error correcting capability. In the present instance, the
I input channels provide the set of I information symbols, and the

outer encoder generates P = M - I check symbols.

The minimun distance between codewords of a linear code is limited

DSM-I+1 (3.17)
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A code that achieves the meximum possible distance for the given M and
T is czlled a moximum czde. Reed-Selcmorn eodes are maximum, whereas
BCH codes in general are not. A Reed-Solomon code exists whenever the
code length M is less than the size of the code alphabet. For a code

with symbols which are elements of GF(q),

For the communication system considered here, where the outer

symbols are elements of GF(EH), we require that
g M o< 2B (3.19)

in order to be abla to use a Reed-Solomon code. The minimum distance

is then

D M-I+1=P+1 | (3.20)

il

wvhere P is the number of check or parity symbols.

In general the received outer codeword estimate {output of inner
decoder) that is presented for outer decoding may contain, in addition
to correctly received symbols,-ﬂé synbols in error and qp erased sym-
bols. The erased symbols arise vhen the demodulator preceding the
decoder is sufficiently uncertain as to vhich symbol it has recelved.
The decoding algerithm then simply computes that codeword closest to

the received word in the Harming metric. If Nb symbols have been

-~
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erased and so are ignored in determining distance, the minimum distance
between codewdrds in the reaaining symbols is at least D - Ep. Thus,
if the number cf synbol errors catisfles

N < % (D - N ) (3.21)

then decoding to the closest codeword is assured of yielding the correct

word. Correct decoding is assured providing
on, + Qb <D. (3.22)

For RS codes with D = P + 1, this becomes

2N, + I‘I‘P <P, (3.23)

Thus it appears that in a sense errors are twice as serious as erasures, ::'J
and this leads us to expect that errors-and-erasures decoding will give

superior performance to errors-only decoding.

The other type of outer decoder considered is s GMD decoder. If
the inner decoder, which is essentially the demodulator for the outer
decoder, provides only symbol estimates or erasures to the autef
decoder, it is providing highl& quantized relisbility information. The

GMD decoder attempts to utilize a greater amount of reliability informa-

" tion which the inner decoder can provide by the likelihood information

contained in its maximum state metric.
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th channel of the inner

| Let.um be the maximum state metric in the m
deender, m =1, 2, ... M, associated with the decoding of one M-gymbol
outer codeword that is to be presented to the outer decoder. There are
M code symbols together with M corresponding metries available to the

outer decoder.

One might consider as an outer decoder the following: The outer
symbols are elements of G‘F-(2H ). The outer code has I information
symbols, so there are 2HI possible outer codewerds of length M. Con-
sider comparing the received codeword, as provided by the inner
decoder, with each possible transmitted codeword.

Define

-

1 2y = %
S(im, X, = | (3.24)

-1 2 # %

where % 18 the symbol estimate of the m™

Chmel’ n = 1, rg, XK} M’
and x,_ 1s the corresponding symbol of the kB possible codeword,

k=1, 2, ... 2%, Form

M
J; = Z SE(QIH" xm) By (3‘-25)
m=1

" as a measure of how well (reliebly) the received codeword compares
vith the kth-yrrg .2 transmission, and decode the Jth codevord, vhere

] is the k vhich maximizes J;.
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This decocder is exhaustive, in that 1t will always yield a decoded
word, assuning a rule for deciding ties. However, it suffers the same
érawback of optimum maximum likelihood decoders: +the number of possi-
ble codewords, and therefore the complexity of a real-time decoder
grovs exponentially with code length M for & given rate (i.e., expo-

nentially with I).

One approach to reducing complexity is to perform what Forney calls
conditional decoding. The reliability metrie By is transformed by a

nonlinear function af(u..m) such that

. 0 < ol ) <1. _ (3.26)

<

-

The result is that the new code comparison metric
M
T A

J, = Z-. s(x_, x_m) e_r-(nm) (3.27)
m=1

is such that if J’k exceeds some tareshold J o! OP® can be sure that no
other codeword can also do so, so that the search can be terminated.

That is, we have the following theorem (Formey [1966]):

Theorem

There is at most one codeword from the linear code of length M and

minimum distance D for which
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M

I = Z S‘(?cm, xy) ol ) >M - D (3.28)

m=1

vhere S'(irém, ka) is defined in {3.24) and cr‘(um) satisfies (3.26).

Proof

Let ( 3.2) be satisfied by the kbh codeword

x v {1 %p ooeer Xy}

and,iet Xt be any codeword at a distance D or more from Koo Let the

sels of locations S, T and U be defined by

Xty mesS ;

T X, 1 a'ndg\c =X me'l‘
k'm ] xlan

*¥m

e

&

# Xy 1y 204 ﬁm ;lx.m, meU. (3.29)

Now, using (3.24) ama {(3.29),

Jk = Z S'(;ém: x'km) a:(ﬂm.) + Z a(um) - Z q‘(“m)

mesS neT melU

= At A -4y (3.30)

-B22-




and

met
= Ay - Ay + By (3.31)

Since s‘(étm, %) € 1, (3.32)

By S Ay . (_3‘.3_3)

-

Since S‘(Qm,: ka) a'-(u.m} < 1, and the number of elements in the set S is

at most M - D, then it follows that

A; € M -D (3.3%)

It vas initlally postulated that J,_ > M - D, so combining (3.28),

(3.30) and (3.34)

Je = Ag+A, -A,>M-D
AT-A“>M-D-AS>0 (3.35)
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and hence, using (3.31), (3.33) and (3.35),

Jpo = Ag - Ap + By S Ag - Ayt by

< AS €M -D

Jer<M-D (3.36)

as was to be proved.

While there is at most one x, such that J; > M - D, there may be

no x, that satisfies ( 3.28). In this event, the decoder fails to

decbde at all. Thus the characterization "conditionsl decoding":
decoding occurs oh the condition that there exists a codevord X satis-
fying (3.28).

There 8till remains the problem of finding the codeword X9 if ompe
exists, that satisfies (3.28). Formey [1966] shows a technique for
finding it by successively erasing the least reliable symbols in g_and
doing an errors-end-erasures decoding. He further shows that no more

than (D+1)/2 such erasirg and decoding steps are required to find x , if

X
1t exists,

The nonlinear function afy) that will be used here is the
plecewise-linear function shewvn in Figure 3.3, where the breskpoints
are to be optimized. If o) = 1 for all u, the decoding is errors-
only. If by = Wy the decoding corresponds to Threshold Erasure

errors-and-erasures decoding. In general the optimum a(p) will be
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different from either of these limiting cases, providing superior

performance to both.

At the beginning of each decoding cycle, the inner Viterbl decoder
in each of the M inmer channels must have all of its 227 gtate
sequence registers set egqual to Lhe sequence so far decoded for that
channel, including the H symbols from the 1last cyecle. If an erasure
or error occurred, this is made manifest by a difference existing
between the first H bits of the maximum metric state (which may te an
erasurg) and the corresponding H-bit word outputted by the outer

decoder. The latter prevails and is fed back to the inner decoder.
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CHAPTER 4
ERROR_PERFORMANCE

This chapter will develop expressions for the probabllity of
decoding error for the concatenated communication system shown in
Fizure 2.1. Recall that in each of the M parallel chonnels the inner
encoder-channel.-decoder employs a rate 1/v convolutional code and a
Viterbl-type decoder. The decoder begins decoding, decodes N symbols
(g@es through N steps as described im Chapter III), stops, examines
its maximum state metrie, and then, depending upon which outer decoding
procedure is used, passes on to the outer decoder either the first H
deead;d symbols of the maximum metric state, or an H-symbol erasure, or
thé'fi;;t H sydbols together with the maximum state metric. After the
outer decoder has corrected any errors or erasures and fed these cor-
rections back to the lnner decoder, the inner decoder is them ready to
step along Hv channel symbols from where it had last started, and to

begin again, repeating the cycle.

The performance of any of the outer decoders, and therefore of the
entire system, will depend upon whether decoding errors are made smong
the first H symbols of the M parallel channels, and upon the statistical

properties of the maximum state metric in each channel.

The M parallel inner ehanﬁels are independent. The performance of
any of the possible outer decoders, and therefore of the entire system,
will depend upon the following properties of each of the imner channels:
(1) the probability of a decoding error occurring within the first H

decoded symbols of the maximum-metriec state (call this event E); (2) the
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distribution of the maximum state metrle, given a decoding error has
veeurred amcng the first H symbols of that state segquence; (3) the
unconditional distributicr of the meximum state metric. We define for

the inner decoder:

plu {E) probability density of the maximum state metric given

that an error has occurred among that state's first H

decoded symbols.

pls) = wunconditionzl probability density of the maximum state

metric.

. M _

PulE) = f p(g|E)aE (k.1)
.ﬂ

P() = f p(g)ag (4.2)

In the following discussion of the three outer decoders it will be
seen that the performance of each of them can be written conveniently
in terms of two probability functions, Pe(u) and P,p(u-), vhich apply to

any one of the M inmner decoder channels, defined as follows:

Pe(uT) = probability that a decoding error occurs amcng the first
H decoded symbols, and that the maximum state metric

exceeds K

= ’Pr{ E } f p(E|E)ag
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Pr{ & } [1 - PluglE)] (4.3)

n

P (uT) probtebility that the maximum state metrie fails to

exceed bp t |

Fep ]
f p(5)a5 = Plug) (b 1) - |

™

]

k.1 Threshold Erasure Outer Decoding Procedure

In this decoding procedure the maximum state metrie of each inner
decoder channel is compared to a threshold Hips and the first H decoded
sympois of the corresponding state sequence arc passed on to the outer
dedoder if the.tﬁreshold is exceeded; otherwlse, an erasure is passed
along. 'Using an errors-and-erasures decoding algorithm, the outer
decoder is assured of belng able to correct errors and replace erasures
correctly, provided the number of chanmels in error Né and the number

erased q5 satisfy (3.22): f
2N, + ¥, <D (3.22)

The M parallel channels are independent. The number of channels
putting out correect, erroneous and erased H-ary symbols is given there- é
fore by the multinomial distribution, and the overall probability of

decoding error is bounded by

' Fo « Noye v o \M<No-R -
Py < Z . Peepgp‘?(l-r’e-?cp) e (4.5)

-B29~" ) L 2



vhere P, = Pe(*-‘m)’ Pcp = Pm(.u,r}, R is the region where (3.22) is

violated, and

M\ M
- - . —:—", —yre - = . 'y
Nw. Ne. M N,m Ne).

N

More specifically,

M3 NN

ip Yep H1p p MV
| - nle @ e o
N0 N _-p-2i_ \'p e

- * ’ R M

o (MY we, o MR
' Z (N)Pem(l'Pe) ©

N <N +1\ e
e o

where N is the largest integer such that .‘Eélﬁle3 < D,

(L.6)

Rather then compute exactly the probability of violasting (3.22),

we could compute instead a Chernoff bound. Defining X, for the m®

chmmel, ms= 1, 2, cevy M a8

th
H decoded symbols, and By > b
n = (1 By < Bp
0 'neiﬁher of the above

\
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Then the violation of (2.22) is identical to the condition

M
Z x 2D (4.8)

m=1

The X, are independent discrete random variables, and applying the

standard Chernoff bound (Gallager [1968]) we have

‘-

M

Lm=1

. [ 3IM
o I = e"sED’LE{esx}] §>0 (4.9)

where x is one of the x . Using Pe(p.-,i,,) and P:p(""'l“) defined in (4.3) and

(k.4), the expectation in (..9) is found to be

B{e™] = 1 - B (ug) - B lug) + € Bylug) + € B lug)  (.10)

Therefore a bound orn (4.6) would be

, | " M
Py < min e'SD[l + (e°-1) Pcp(“'al?) + (928-1) Pe("'i!‘)] (4.11)
820 -
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L.,2 Fixed Erasure Outer Dacoding Procedure

A, =t

s |

Here the maximum state metrics of the M parallel inner channels
are compared, and the Ré @hannéls having the smallest maximum metrics
have their first H decoded symbols erased, while the remaining M - ﬂy
channels have their first H symbols accepted and passed on to the outer
decoder. In contrast to the first procedure, the number QD is fixed
rather than being a random variable determined by threshold crossings.
It should be chosen less than D ~ 1 to leave some error-correcting
capabllity in the outer algebralc decoder. The optimum value to use
to minimize overall error probability will depend on the inner channel

signal -to-noise ratio.

- Consider the M maximum state metries that exist at the end of one
stage of the inner decoder, Wys Boy eeee by Reorder them by

nagnitude,

(1) (2)

“J Suk .....su(M)

Z
A
The p-smallest ur(P) ﬁlm(p) has the density function

o ®a @ | Y P:(u(p))?‘l[l_?(u(y)}]'”"*ﬁ’p(u(p))m(p)
M-p p-1f -
(b.12)

vhere P(u) 1s the unconditional meximum state metric distribution

function (4.2) and p{u) the corresponding density.
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If qﬂ channele are erased, the maximum number of errors that is
assurzd ¢f being zorrectadble by the outer descoder is Ne’ the maximum

integer such that

2N <D - K (4.13)

An outer decoding error may occur if the number of remaining unerased

channels having errors exceeds Ne.

We need the probability that any glven chanmnel, whose maximum state -

metric 1s known to at least equal u(mﬁ), contains a decoding error among
its first H decoded symbols. Again let E be the event that the first

H decoded symbols contain am error, end E, be the event that the maxi-

2

mun state metric exceeds u(Nﬁ). Using Bayes rule we have

Pr(E) 1 _p (% )T
ol

Pr(B|E,) = (h.1k)

using the P and-P(n defined in (L4.3) and (k.L),
Therefore, for a given value of-u(uﬁ), the largest metric in the
set of the qp smallest of the meximum state metrles of the M parallel

channels, the probability of error is

M-N . PN . M-Ny-N
om0« 3 [ 2 ) P ) e
Prierror|u j = vy I\ip ‘u(l{p)., ﬁl . P (D(H'P))
N=N_+1 ¢ | i)

(4.15)
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The overzll probability of error is thus, combining {4.15) and

Pg < J[ P{%(H¢)} Pr{errortp(nﬁ)} _L(Nb)

i -N
1 N, 1

o M ' M-I, -N
) f p N(e) [1.%(@).%(5)] &

N=F_+1 NN -LM-K N[

o ]Ng—l y
x [P_:Pm a,(2) (4.16)

-

This error’prebability mzy also be bounded by using a Cherneff

bound as was done for the Threchold Erasure decoder. lLet X for the

mt® channel be defined by

2 if mth channel has am error in the first H
x = decoded symbols
n 0 otherwise (&.17)

for m € S, whers 8§ is the set of unerased chanmnels, of vwhich there are

M-Ko. Now, usimg {4.13), the probability of error can be bounded by

i =
P S Pr!-zz: x 2D - Eg' < min e-B(D-Nb) E{gszxm} (4.18)

| meS i
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The expectation in (4.18) is over the joint probability

et T : . (N .
distribution of the x  and u( Q), and can be written as

{ Ty i) N \
EiesZ&wJ _ J[ pi“\lg)} @&(\@) j{: ST¥m %

“m
mes

hu%)) (4.19)

As far as the conditional expectation is corcerned, holéing;;(mi)
constant, the X are independent random variables. The conditional
probability of one of the x 's being 2 is given by (4.14). Thus (4.19)

ean be rewritten as

. f M M,-1 TM-N
foo%xm) _ ! (n,)) % [ A M
E{ev } |\M-Nw o jc; P, (u. N/ A )J

; .M~N$
., __e! $ @7 e ——— . 1() =
<l W l-Pﬁpl{u(%T)J de{"‘ Nm) (4.20)

| o)
.—_;_w-—-
-
&
—_—
n
m
2
° .
'.g
P
&
g
S —

Substituting this expression into (4.18) gives for the error bound
M
PE S \ min ( e -s(D- N?)
M-N N -l} s>o0
P

0o

L "
1P (u(N:p))»r (e*%1) P ( (N:?)]] . Pm(“(%)) @w(u(rwl

=3

(4.21)
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k.3 CMD Outer Dzeciing Procedure

When the G'D decoder is used for the outer deeeder, the inner
decoder passes on the first H decoded symbols from the maxirum metriec
state sequence of each of the M parallel inmer channels together with
the metriec. The CMD decoder transforms the metric of the mth channel

into O < w(um) = 1 . Referring to the discussion of this decoder in

Chapter III, there is at most one codeword x, which satisfies the

relationship (3.28)

M
I, = Z s(:'&m,xm) @r(.u,m) >M - D (3.28)
- m=1

Therefore, one mzy upper bound the probability of error by computing

the probability that (3.28) is not satisfied by the correct codeword.

Pp < Pr{Jk =M - ? I X 1s transmitte&} (k.22)

Here we compute a Chernoeff bound on.PE. Jk is the sum of M inde-

pendent random variables. Using the‘stan&ard Chernoff bound,

| Pr{Jk <M - ﬁ} < ¢-5(M-D) E{eSJk} . (4.23)

§ <0
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Bacause of the independence of each term im the sum (3.28),

-
. , . A J1M 1M
E{esJk} ) [E{esa(u) S(x,xk)}] - [g(s_)] (4.24)
where the channel subseript has been omitted. Evaluating the expecta-
tion we have
E{esm(“) s(ﬁ’xk)} g(s)
[+
E ) Pr{ -E—} f oSorlp) pls | F)du
- T ’ @
@
( + Pr{ E } J[ e lu) pls|E)an  (b.25)
v -0

vhere the event E is the occurrence of a decoding error within the first
H symbols of the maximum-metric state, and E is the complement of E.

From the definition of Pe(pT) in (4.3) it is seen that

. aP_(u)
pe{ 2} pum) = - & (4.26)

Similarly, from the definition of Ryﬁ*m) in (4.4) we have

kb B _
B, (k) =P{E}_ITP&EM*+&{§}jHdeﬂm (b.27)

..} s ]
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from whieh we outzin

H
+
I

Pr{ E.} plu|E) = ' ‘? f (4.28)

Therefore (4.25) can be rewritten as

1 ) 1
gls) = f o5k [@P;,,(u) *dPe(u)} - f e~ n) aP_(u)
A | |

0
(4.29)

Using the piecewise linear transformation a(u) shown in Figure 3.3,

(4.29) simplifies to
gls) = P (uy) + es[l - P () - Pe(uuzl

R ‘
re () * f i [(u'ﬂz)/ (.w:u-w)] [d,_pcp(u J+aP_(u )]
,

B

) f b o5 [ )/ (wus )] () (4.30)
i

Returning to (4.23), the error probability bound cam be written as

2

. s o5(MD) '[gcs)]M - s (M-Dk(e) (4.31)
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where p(s) = 1n g(s) and s < o. Letting § = D/M,

qM{§(1ﬁ6)1a(s)] (4.32)

PF € min e
'J >0

The GMD decoder reduces to the familiar errors-only or errors-and-

erasures (with a threshold eraser) algebraic decoders for the limiting

eases:
afp) = 1 for all p errors-only decoder
1 wp= P
@(u) = errors -and -erasures decoder
- 0 p<yp
. “T .
- - ' (4.33)

Notice, for instance, that in the latter case the two integrals in

(4.30) vanish and the error bound (4.31) becomes

PE £ zig e—sOM;D)[es(IJEP(UT)‘PE(HT))

‘B (ug) + & pecum)] (.38)

which is identical to (4.11) for the Threshold Erasure decoder if s is
replaced by -s.

In the former case, a{w) = 1 for all u, the moment generating

function becomes

gls) = &% + (e°-") 'Pe(#) | (k.35)
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and the error boumnd for errors-only decoding (i.e., an error occurs

:# 2N 2 D) is
e

_ ' 1M
PE < min e"S(M-D)[eS + (e-s-es) Pe(“”ﬂ (4.36)
<0 .

The fact that the GMD decoder inecludes our Threshold Erasure
decoder and an errors-only decoder as limiting cases assures us that
an optimization of the GMD decoder over «{u) must provide at least as

good performance as either of these limiting cases.

L.k . Summary of Error Performanc

-

The probability of failure of the outer decoder, and therefore of
the entire system, is bounded by (4.6) or (4.11) for the Threshold
Erasure outer decoding procedure and by (4.26) or (4.21) for the Fixed

Erasure procedure.

A bound on the failure probability for the GMD decoder is given in
(4.32), with limiting cases given in (L4.3%) and (L4.36). In all cases
the expressions are constructed as functions of Pe(m) and Pm(u), given
in (4.2) and (L.3). It is these probability functions that will be

evaluated by the simulation to be described in Chapter 6.
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CRAPTER 6
SIMULATION DESIGN

The concatznated communleation system of Figure 2.1 was simulated
on the IBM 360-91 at the UCLA Campus Computer Network. In the previocus
dicussion in Chapters 3 and 4, it was seen that the nature of the outer
encoder-decoder determined the structure cf the error probabllity
equations, each of which ecould be written in terms of two error proba-
bility functions deseribing the error performance of the inner encoder-
decoder. The outer encoder was always taken to be algebraie, using a
BCH code. When the number of parallel transmissicn channels is less
than the algebraic code alphabet, a Reed-Solomon code (a sub-class of

BCH codes) is maximal and the best to use.

Three outer decoders have been considered: one employs a thresh-
old to test the maximum stet. metriec of each of the M inner decoders to
decide whether to accept or erase that state's initial H decoded bilis,
and then does an errors-and-erasures algebrailec decoding across the
M 2H~ary synmbols; & cecond always erases a fixed number E of the M
inner channel outputs, and then elso does errors-and-erasures algebraie
decoding; the third (GMD) decoder accepts the first H decoded symbols
and the metric of the state having the maximum metric in each of the M
inner channels, performs a monlineag‘transfermation on the metric, and
then by a sequence of not more tham (D+1)/2 errors-and-erasures decod-
ing steps, arrives at a (outer) decoded word provided the decoded word
from the imner decoder lies sufficiently close to a possible trans-

mitted word.
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6.1 General Parameter Selection

Since it is a straightforward matter to compute the error
performance of the various outer encoder-decoder combinations once the
performance of the inner encoder-channel-decoder is known, only the
latter need be simulated. The performance of the M inner channels 1is
independent, so only one was simulated, Table 6.1 lists the parameters

ef a typiecal inner chanmel that were chosen for the simulation.

It was desirable to choose the inner convolutional encoder con-
straint length considerably longer than practiecal decoding constraint
lengths. Because of the word gize of the IBM 360 computer, an encoding
cansﬁ;&int length of 32 was chosen. The decoding constraint length
wanted to be as lomg as currently practical. The decoding constraint
length was chosen to be 8, although an early simulation at constraint
length b was done to galn experience in simulating the system. The

constraint length L simulation was prograwmed in FORTRAN IV, with a

TABLE 6.1 - GENERAL SIMULATION PARA

Encoder Constraint Length Kl = 32

Decoder Comstraint Lenmgth K, = 8

Convolutional Code Rate 1/v = 1/3

Signal Energy to Noise Power Denmsity Ratio = 1.25 dB, 1.0 4B,

Per Information Bit (UB/NE’I 0.5 4B, O dB

Signal Energy to Noise Power Density Ratio = =3.55 dB, -3.8 4B,
Per Channel Bit (US/NG)_-I -4.3 aB, -4.8 dB
Antipodal Chsnnel Signals; Expected Output = 29

Eight Level Output Quantizer, Step Size = Q

Mumber of Decoded Data Symbols per Cycle = ko .
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running time of spproximately O.l sec per trial. Since the constraint
length 8 simulation should take roughly 16 times longer, it wes clearly
necessary to employ a more efficient computer language. Therefore, the
bullk of the constraint lensth 8§ sinulation was writtem in IBM 360
ASSZBLER language. With this more efficlent, language the time per
trial turned out also to be approximately 0.4 see/trial, indicating an

approximate 16 to 1 speed advantage.

Because of the linearity of the code, the decoder error performance
is the seme for all possible input sequences. Thus, to simplify the
simulation the input data segquence was always taken to be the all-zeros
seguence., The noise was generated by using the commonly availlable
eompu&ér-internal program which generates random numbers uniformly
distributed over (0,1). Dividing this interval intc subintervals pro-

porticnal to the appropriate set of chamnel transition probabilitles,

(3.20) to (3.15), reedily provides the random trensitions.

The random noise generation and the proeessing of the meximum state
metric and decoding error data was done in a FORTRAN main program, vwhile
the Viterbi decoder was simulated in an ASSEMBLER language subprogram.

The entire program is included in the Appendix.

6.2 Convolutional Code Selection

A very important metter is fhe celection of the convolutional code
generators; 1.e., the particular tap connections to be used between the
datae shift reglster and the v modulo 2 summers of Figure 2.1. Many
researchers have attempted to develop procedures for constructing good

codes for particular types of decoders, but no one has as yet
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constructed optimum codes, in the sense of minimizing the probability

of decoding error for some particsulzr type of decoder.

One severe handicap in the search for good code construction
procedures is thz lack of a way short of simulation to evaluate accu-
rately how good a particular code is. Various distance measures have
been defined which are more readily evaluated, and which simwlation
experience has shown are well correlated with the error performance of
particular decoders. For example, the minimum free distance, ?EREE’
1s found to correlate well with sequential decoder error performance
(Costello [1969]). D__on is the minimum weight of the code words gen-

erated by passing all possible sequences entirely through “he encoder.
Sinee-sequential‘deeoders base their decisions on the weights of long
sequences of code symbols, this correlation is not surprising. To
evaluate QFREE’ however, 1t is necessary to consider all possible
sequences out to length = Ke, where K 1s the constraint length

(Rosenterg [1971]).

Another distance measure which is easier to evaluate than‘BFREE
is QMIN‘ QMIN_is the minimum welght codeword produced by all possible
data sequences of length K, where K is the encoder constraint length,
introduced into the encoder until they Just £111 the data register.
Thus the ccdewords whose weights are evaluated are all Kv long, where
1/v is the convolutional code rate. This distance measure might be
expected to be well correlated with the performance of a decoder that
epeiated discontinuously on short sequences (comparable to the con-
straint length) of code symbols. Although the imner decoder here

appears to operate in this manner, in reality, because of the feedback
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i
of data from the outer decoder to the inner decoder, the inner decoder
in each of the M chanxelc actuslly deecodes cortinuously, execept for an
occasional stopping and restartirg teo guard zagainst catastrophie t
i

failure. (See Chapter 8). |

Hcwever, we chose to use EEIN as an ald to choosing good codes for
' *
the simulation because of the relative ease of its evaluation. The
codes found to have a large DMIN were further compared among themselves

in the actual simulation.

It was decided to use a rate 1/3 non-systematic code. Non-
systematic codes were considered because of thelr advantage over sys-
tematic codes in L — (21though Dyy 18 insemsitive to this advantage ).

Odenwalder [1970] has found the best rate 1/2 and rate 1/3 mon-

systematic codes out to lengths 9 and B, respectively, by exhaustive
search. By best is meant "If one of these codes were used on a BSC

with a low crossover probability or with an antipodal PSK medulator on

an AWGN channel with symmetric output quantization at high energy-to- )
noise ratios, then it would have a bit probability of error less than

or equal to that of any other code of that rate and constraint length."

The Odenwalder codes did not meet the present need for two reasons:
(a) they are not long encugh, the longest rate 1/3 code being constraint
length B, whereas we wish to use léngth 32; {b) the codes he found are
best at hiéh energy-to-noise ratios, whereas the reglon of interest

here is at very low erergy-to-noise ratio. Recall that the reason for

x —
I am indebted to S. Curry for the use of his computer program for the
evaluation of DVYN.
i
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the latter is that the inner decoder is allowed to have a relatively
high error probability in concatenation schemes, with the outer decoder
then correeting these errors to produce the overall desired low error

probability.

Other "good" codes were considered as a basis for extension by
rapdcm selection, such as the two mom-trivial generators of Costello's
[1969] best rate 1/3 eonstraint length 32 systematic codes, apd Bahl
end Jelimek's* rate 1/2 complementary code of maximum constraint length

24, Neither of these gave a Dyry 28 large as those obtained starting

IN
with Odenwalder's best comstraint lengﬁh 8 code.,

“Therefore, for lack of any better alternative, the simulation was
don; using the best rate 1/3 constraint lemgth 8 code from Odenwalder,
£11ling out the remaining 24 bits in each of the three generators by
random selection. Several random selections were used, ~1l of which
exhibited 1arge'nMIN. Random coding arguments would lead one to expect
that randomly selected codes have a substantlal likelihood of being
reasonably goed. This 1s particularly so in the present scheme where
only the first H decoded symbols are of primary interest, where H was

+

never required to exceed 10.

Upper and lower bounds exist for QMIN for asymptotically large
constraint length fixed convolutional encoders. Robinsor [1965] and
Massey [1968] have shown that for all bimary fixed codes of rate

R = 1/v and constraint length K,

Bahl, L.R. ard F. Jelinek, "Free Distance Structure of Convolutional
Codes and Complementary Rate 1/2 Codes," Unpublished.
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liw By < lg'%ﬂ (6.1)
Ko S "

vhich for K = 32, v = 3, is T\ S 32.

The lower bhound guarsnices that at least one code can be found
with minimum distance grester than or equal to the bound. Wozeneraft
and Reiffen [1961] and Massey [1963] have shown that there exists at
least ome binary fired code of rate R = 1/v and constraint length K
such that

éin;hﬁm = ¥~ (’v Kv (6.2)

where E(x) = =x log,(x) - (1-x) log,(1-x) is the binary entropy func-

tion, For v = 3, H"l(a/a_) = .175, so the lower bound is Dy = 16.8.

Therefore, we look for codes with DMIN in the range 17 < DMIN £ 32.
Table 6.2 1ists the codes that were used and the Dyqy evaluated for
each. The codes are given in hexadecimal, and are of binary comstraint
length 32. The repetition of the first two hexadecimal symbols repre-

sents the Odenwalder code to which randomly chosen bits were added.
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TABLE £.2 — Dypy FOR CONVOLUTIONAL CODE GENERATORS -
USED IN STMULATION

T

Generators Il D

Generators | DMIH TN

P77L3EDE
DgThEF2C

950C9BEER

FT59BAC]
DOFBE3CL
95DD65B8
FT11FLER
_1398226A9
- 952h116C

25

2L

2h

F77BELUT
DIZB5AAB
9sFho23k
FTE8DLBT
DIC69291
95656298

FT13AEFO

" D9SCH306

9584 ThéEC

25

24

i
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CHAPTER 7
SIMULATION RESULTS

This chapter will presant the results of the simulation of one
inner channel, as described in Chapter 6, and will discuss the applica-
tion of these results to the evaluation of overall error probability
for the concatenated comapunication system of Figure 2.,1. The bounds on
probability of error developed in Chapter &4 will be evaluated for the
three decoders: Threshold Erasure, Fixed Erasure and GMD. The per-
formance achieved will be compared to that obtained previously by

Odenwalder [2970] and Forney [1966].

7.1 .Direct Simulation Results

7]

f

The parameters of the inner superchapnnel that was simulated are
given in Table 6.1. The prineipal direct results from the computer
simulation are showa in Figures T.l through T.4. Curves of Pe(p:.T) and
P:p("""il‘)’ (4.3) and (4.4), are plotted as a function of ko for H = h, 6
and 8., Recall that the outer code alphabet size is EH, and in order to
use Reed-Solomon outer codes, the number of parallel inner channels M

must be chosen small enocugh that ZH > M.

The number of simulation trials that were made at each (Up/N ). .
are tabulated in Table T.l. More will be said later in this chapter
about the statistical confidence to be placed in the resulting curves

of Pigures 7.1 through 7.kh.
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FIGURE 7.1 SIMULATION RESULTS FOR P, (1) AND Pylu )
FOR (Ug/N, ), £1.25db, H=4,6 AND 8
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FIGURE 7.2 SIMULATION RESULTS FOR P, (suy) AND Pyluy)
FOR (Ug/N,},=1.0db, FOR H=4,6 AND 8
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FIGURE 7.3 SIMULATION RESULTS FOR P, (y) AND Byluy)
FOR (Ug/N,),=0.5db, FOR H=4,6 AND 8
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FIGURE 74 SIMULATION RESULTS FOR P,(jy) AND Pylur)
FOR (Ug/N,);=0db, FOR H=4,6 AND 8
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TABLE /,:L — MIMBER OF TRIALS FOR FACH CASE SIMULATED

{Up/N,)y Number of
(aB) | Trials
1.25 | 3000
1.0 7600
0.5 1500
0 1000 !

7.2.1 Threshold Erasure Decoder

The overall probability of fallure of the outer decoder was
bounded by (4.6), or more weakly by (4.11), for the case of the Thresh-

0ld Erasure decoder:

N M
o

M
Ne o Nyyo o o MeNe-
< Z Z g & Pee%@(l_pe-%)m eTp

N=®N=B-2N ? €
e Y

M
M
Nors v WM-Ne -
+ Z . P, e(lﬂP-e) (1.6)
Ne='N°+1 e

vhere D is the minimum distance of the outer algebraic code, M is the
total number of parallel inner chanmels (the length of the outer
algebralc codewords) » 1‘!e is the number of errors smong the M EH-a.ry

symbols, Nm is the number of eraSu:ea , and M-Ne -N'ﬂ is the number of
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correctly decodzsd symbols produced by the inner decoder. Né is the

largest integer such that Eﬂb < D.

Although not explieitly indicated, Pe and gﬂ are functions of the
threshold, B * Thus, the error probability PE may be minimized by

proper choice of the threshold.

As deseribed in Chapter 3, for Reed-Solomon codes,

D

H]

P+ 1 (7.1)

where there are I incoming information channels, P parity channels are
generated by the algebraic outer encoder, and M = P + I. For non-RS
BCH g;ies, D<« 3 + 1; see Peterson [1961] for a tabulation of binary
BCH codes and their minimum distances for lengths up through 255. The
non-RS BCH codes yield performance inferior to that of the RS codes,

and so their use will not be considered further.
Ir (Uﬁ/NB)I is the ratio of signsl energy to noise power density

per information bit tor the inner superchannel (see Figure 1.2), then

the overall signal energy to noise density ratio 1is

U U U,
2 - (] (4] .
°o oI\ | ° /

The overall signal energy to noilse power density ratio will be the

independent parameter against which all the overall performance results
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will be plotted and compared. The corresponding overall information

rate is given by

(7.3)

=3

H

< |-
el
T
L

where l/v is the rate of the convolutioral code, here taken to be 1/3.

Pigure 7.5 shows the nature of the optimization of system per-
formance over the range of threshold T for the case of H = 8, M = 255,
RS outer code, (UB/NO)I = 1,0 dB, for various numbers of parity
channels, P, and therefore for various (Uﬁlﬂé)e from (7.2). Also showm

on each curve is the overall rate R ia bits per use.

Plotting the minima of such curves as those in Figure 7.5 for the
four values of (UB/NG)I gives the overall error probability performance
curves of Figure 7.6. The abscissa is overall signal energy to noise
povwer density ratio; the ordinate is the logarithm of the probability
of failure of the outer decoder. The curves are, of course, the loei
of sets of discrete points corresponding to specific numbers of parity
channels P in (7.2). At selected points the maximum number of correct-
eble errors is shown parenthetically, where (Né)max 1s the largest
integer equal to or less than (D-1)/2. For Reed-Solomou codes,

(D<1)/2 = P/2. As will be discussed later, the outer decoder complexity

is related to (R ) .
e‘max
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R=0.299
P=NUMBER OF PARITY

R=OVERALL RATE
(BITS/USE)

-2 I- P=26 |

(|

P=34

R=0.289

P=40

6 | ) R=0.28I
p=44

R=0.276

50

R=0.268

-10 |- P

54

R=0.263

20 25 30 35
THRESHOLD py
FIGURE 7.5 OPTIMIZATION OF THRESHOLD ERASURE DECODER FOR
M=255, (Ug/N,), = 1.0DB, H=8
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=1.0db

LOG,,(P,)
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(25)
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OVERALL (Ug/N,), db

"FIGURE 7.6 OVERALL ERROR PROBABILITY OF THRESHOLD ERASURE
DECODER FOR H=8, M=255
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T.2.2 Genpie-surmented Decoder

For snch of tve M = T + P imner channels the Threshold Erasure
decoder considers that state among the 2K2-l = 128 states which has the
maximum rotrie. If th: maximm metrie exceeds the threshold, the first
H decoded data symbols are aceepted as a EH#ary symbol for the outer
deeoder; otherwise an H-bit erasure symbol is provided to the decoder.
If the maximum state metriec passes the threshold test and yet the first
H symbols contain a decoding error, the outer decoder has an error
wvhich must be corrected. This it ean do provided the number of errors

Ne and the number of erasures qa satisfy (3.22):
~ - N +#2N <D (3.22)
@ e

Given the inner coavolutional encoder-decoder and the outer

algebraie encoder-decoder, the best the system could operate would be

who would automatically erase the first H symbols whenever a deceding
error is contained imn the first H symbols of the maximum-metric-state
sequence. Thus, every error would become an erasure and correct

decoding would result if Né < D, In thlis case

P& = Pe(-m) = Pr{decoding error in first H aymbols} (7.%)

P =0
Using these values ir (4.6) gives the results shown in Figure 7.7

together with the Threshold Erasure decoder results shown dotted.
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§ 8k '=0.54db | "
e = 1.0db _ e
= |.25db
gL
-10 }- _

T N
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OVERALL (Ug/N ), db

FIGURE 7.7 COMPARISON OF OVERALL ERROR PROBABILITY OF
GENIE-ANGMENTED AND THRESHOLD ERASURE DECODERS
FOR H=8, M=255
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At high valuss of (UB/NO)I, where the distributions of the maximum
metrie with and withoul error in the first‘H symbols tend to separate
from one another {cce Figure 5.2), the threshold does a good job of
detecting errors. AL (UJ_ /I:O)I = 1.25 4B it is seen that about 0.2 to
0.3 4B 1s lost due t0 the threshold detector. At (’UB,/Ng)I =1.0 4B, the
loss ranges Trom 0.25 to 0.k dB,Jépﬁfﬁt (Uﬁ/No)I = 0.5 4B from 0.65 to
0.8 4B. This decoder loss was one of the motivations for investigating

the Fixed Erasure and GMD decoders.

7.2.3 perfemmgnee.am Bates Abgve BGQMP
Before leaving the Threshold Erasure decoder it is interesting to

relate the overall .error probability and rate performance to the RG@MP

of sequential decoding and to channel capacity C. Channel capaciiy for

each inner channel inecluding the output quantizer is

o
)

=1

(7.5)

vhere the P(3|lk) are the tramsition probabilities (3.10) te (3.15),
listed in Table 7.2 for the four cases of the simulation. The computa-
tional cutoff rate for sequential decoding, above which the expected

number of decoding computations per decoded symbol becomes unbounded, is

b -
R, = Rogp =E,(1) =log2 -1logjl+2 z VP(3lo) P(J|1}l (7.6)
=1 |

(-
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The capacity and RGOMP are listed in Table 7.2 for each case, in bits

per channel use.

TABLE 7.2 — TRANSITION PROBABILITIES, CAPACITY AND
Reomp FOR FACH CASE SIMULATED

E ! (UB/Na)i
% i 1.25 aB 1.0 aB { 0.5 aB 0 B
i p(alo) = p(8l1) 0.318693 0.323402 0.332712 0.341533
P(2{0) = P(7]1) 0.181307 0.176598 0.167289 0.158467
P(310) = P(6]1) 0.181307 0.176598 0.167289 0.158L67
P(4|o) = P(5|1) 0.145779 ' 0.143677 0.139157 0.13L4kL5
P(510) = P(4]|1) 0.09426i 0.095100 0.096292 | 0.096772
9(616) = P(3]1) ! 0.0L8oLs 0.051211 0.055425 f 0.059095
H
P(7[0) = P(2]1) 0.020506 0.022433 0.026535 | 0.030616
P(8]0) = p(1]1) 0.009199 0.010981 0.015301 | 0.020605
1
Cepaecity C* 0.440 0.k23 0.388 E 0.355
L — 0.275 0.261 0.234 : 0.210
*c and  00MP given in bits/use.

Figures 7.8 and 7.9 are replots of the error performance of the

Threshold Erasure decoder as a function of the effective rate (7.3)

noymalized to the channel capacity, with RGOMP/c indicated. For proba-

£

bilities of cuter decoder feilure of about 10 , it is seen that rates

about & percent above RCOMP can be achleved.
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FIGURE 7.8 THRESHOLD ERASURE DECODER ERROR PROBABILITY
RELATED TO CAPACITY C AND R =Reqnup FOR H=8,
M=255
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FIGURE 7.9 THRESHOLD ERASURE DECODER ERROR PROBABILITY
'RELATED TO CAPACITY C AND R,=R¢comp FOR H=8,
M=255
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Reecall that the Fixed Erasure decoder erases the 2H-ary symbols of
the q$ inner channels whose maximum state metries are lowest, passing on
the remaining M - %p Eﬂ-ary symbols to the outer algebraic decoder. The

bound on probability of outer decoder failure is from (k4.16)

M-N

- P M
PESZ

won sy \N Ny B

[ riohe @@ e @ w6 1)

[rrOpr @20 p % a0
. )

vhere N_ is the maximum number of correctable errors; i.e., the largest
integer such that ENG <D ~ Q5. For & glven (UB/Nb)I’ that is for given
functions P _(uy) and P¢(HT); the probability of error is a function of
q&, with respect to which it can be minimized. Figure 7.10 shows how the
bound on Pp varies with N for several values for P, the number of parity
channels, vitk M = 255, H = 8, (UB/NB)I = 1.0 dB, and using a Reed-
Soleomon outer code with D = P + 1. The point N& = 0 correspords to
errors-only decoding. The improvement in error performance resulting
from using an optimum Fixed Erssure errors-and-erasures decoder is

evident.

. Figure T.1ll shows a plot of the error probsbility for the optimum
q& using the data in Figures 7.1 through 7.k for H = 8. Alsoc shown as

- dotted curves are the Threshold Erasure decoder results from Figure 7.6
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FIGURE 7.10 OPTIMIZATION OF FIXED ERASURE DECODER FOR
M=255, (UBIN°)|=I.ODB, H=8
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FIGURE 7.11 COMPARISON OF ERROR PROBABILITY OF FIXED AND
THRESHOLD ERASURE DECODERS FOR H=8, M=255
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-for comparison. The two decoders, when optimized with respect to the
t+hreshold and the number of erasures, respectively, yleld virtually

identical error performance.

The maximum error correction capability required of the outer
decoder is shown paremnthetically, together with the optimum number of
erasures; at a selected number of points along the curves. Also shown
for comparison is the maximum error correction capability required for

the Threshold Erasure deecoader.

7.2.5 GMD Decoder

;n the case of the GMD decoder each of the M inner channels pro-
vides its maximum-metrie-state metrie émd initial EH-ary symbol to the
euéer GMD decoder. The OMD decoder transforms each metrie according to
the nonlinear fumctior a{w), in the present case the plecewise linear
function plotted in Figure 3.3. Them, by a technique deseribed in
detail in Formey [1966], in at most (D¥1)/2 successive errors-and-
erasures decoding cycles a decoded word will be found, provided a
possible transmitted word lies close enough to the received word using

the measure J defined in (3.28).

The GMD decoder is assured of sﬁccess if inequality (3.28) is
satisfied for the correct codeword x . Similarly, the Threshold
Erasure and Fixed Erasure deceders are assured of success if ilnpequality
(3.22) is satisfied. For the latter two decoders, error bounde (4.6)
end (k.16) are exact evaluations of the probability that inequality
(3.22) is violafed, whereas for the OMD decoder, the best we have 15 a

Chernoff bound (4.32) that inequality (3.28) fails to be satisfied. It
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is the exact bounds (4.6) and (4.16) that were used to obtain the
curves of Figures 7.6, 7.8, 7.9 and 7.11.
The probability of GMD decoder fallure to decode, or of decoding

the wrong word, is bounded by the Chernoff bound (%.32):

P, = min eimts(l-é)jl(S)] | (4.32)
<o

where 6 = D/M and p(s)-= £n g(s), defined by (4.24). Computing u(s)
frow (4.29) using the simulation dats for the case (UB,/N@)I = 1.0 4B,
and opﬁimizing over s < o and the parameters By and By of the nonlinear
function aly) of F;gure 3.3, one obﬁains.the results shown in

Figu;e ?;12. The Threshold Erasure decoder results are again shown

dotted for comparison, although here the comparison is only gqualitative

for the ressons mentioned shove. As discussed im Chapter IV, the GMD
decoder includes the Threshold Erasure decoder as a limiting case, so ;ﬂ

the actual optimized GMD performance must be better.

Figure'T-lB shows the optimum a(u) obtained for three values of

overall (Up/K ) , both for the decoder and for the limiting case
of Threshold Erasure decoding, using the Chermoff bound (%.32) (or
equivalently (k.11)) for the Threshold Erasure case. The optimum

threshold derived using the Chermoff bound is almost exactly the same

as derived using the more exact error expression (4.6). The error ;
probability bYounds for the GMD decoder are seen to be slightly better
than for the Threshold Erasure decoder. ‘
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FIGURE 7.12 CHERNOFF BOUND ON OVERALL ERROR PROBABILITY OF
GMD DECODER FOR (Ug/N,) =1.0db, H=8, M=255
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FIGURE 7.13 OPTIMUM a(u) DERIVED FROM CHERNOFF BOUNDS
FOR GMD AND THRESHOLD ERASURE DECODERS FOR
M=255, (Ug /N ), =1.0 db
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For the reasons mentioned im the previocus section, & more velid

comparison among the three decoders would result if the Chernoff bounds
of (4.11) and (4.21) were usedrfor the Threshold Erasure and Fixed
Erasure decoders, respectively, rather than the "exact" bounds of (4.6)
and (4.16). These three bounds are presented in Figure 7.14 for the

The bounds in Figure 7.1l show virtuslly the same performance for
all three decoders when the Threshold and Fixed Erasure decoders are
each optimized. The GMD decoder is slightly better, as we know it must

be if evaluated exactly.

The error correction capability required of the outer errors-and-
erasures algebraic decoder is shown parenmhetically alonsr the eurves,
vhere the left-hand set of wvalues applies to both the GMD and Threshold
Erasure decoders and the right-hand set applies to the Fixed Erasure
decoder. If Né is the maximum error correction capability required of
the outer BCH decoder, the decoding algorithme of Fornmey [1966] reauire
a complexity varying as NéB. A more iecenm algorithm of Berlekemp's

2, If the

(Gallager [1968]) requires cemﬁexity varying as only N,
bounds of Figure 7.14 can be tsken to imply appreximately equal actual
performance of all three decoders, then the Fixed Erasure decoder has
the advantage of requiring roughly only 1/3 to 1/5 the complexity of

the other two.
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FIGURE 7.14 CHERNOFF BOUNDS ON ERROR PROBABILITY FOR GMD,
THRESHOLD ERASURE AND FIXED ERASURE DECODERS
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From Figures 7.6 and 7.1l i1t is seen that the best error performance
is achieved for an inner (UB/NO)I = 1,0 @B or slightly less. Odenwalder
[1970] foumrd his system performed best with ar immer (U-B/‘N'o)I = 1.25 dB.
Cur best results are compared with his in Figure T.15, where two cases
drawn from Formey's [1966] results are shown also. At very low error
probabilities we appear to gain about C.3 dB over Odenwalder, who had

gained somewhet more than that smount over Forney.

705 ;Effec-t Qi E

The parameter H has a strong influepee on overall error performance.
The Fizg_of the outer alphabet is 253 which limits the number of parallel
inner eh&mnelsAﬁ-S EE in order to employ maximal Reed-Solcmon codes,
which in turn limits the number of parity channels P for & glven outer
normalized rete (M-P)/M. T evaluate the effeect of H the raw simulation
data for (UE/Nb)I = 1.0 @B was resorted for integer H between L and 10,
the results appearing in Figure 7.16. Using these results, Figure T7.17
shows a plot of the performance of the Fixed Erasure decoder for these

values of H using the maximum M and a RS outer code, for (Uh/Né)I=l-0 aB.

As will be seen in the next chapter, the amount of storage reguired
in the gystem is approximately propertiomnal to M, so increases expo-
nentially with H. Likewise, the outer decoder complexity varies roughly
as the square of the maximum number of correctable errors, which ir turn
is approximately proportional (for cptimum operation) to M. Thus its

complexity also increases exponentislly with H.
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 FIGURE 7.15 COMPARISON OF FIXED ERASURE DECODER SYSTEM ‘
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FIGURE 7.7 ERROR PROBABILITY OF FIXED ERASURE DECODER
FOR (Ug/N,),=1.0db, 4sH=i0, M=2H—1, REED-SOLOMON
OUTER CODE
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7.6 Quantlzation Loss

The output of the receiver correlation detector is a continuous
random variable whose conditional probability density is given by (3.8).
“t is impractical to store and process highly accurate spproximations to
the continuous detector output, and improvement in error performance 1is

dearly bought beyond 8 levels of guantization.

The exact loss dve to quantization in any partieular implementation
would have %o be determined experimentally. To obtain an approximate
estimate of the loss, one might evaluate R (= Rooyp fOr sequential
decoding), the break point in the convolutional codes error probability
expenent in Figure 1.1, and also equal to the value of the convolutionel

error exponent itself for rates R < Re'

When a quantizer is used, the channel becomes equivalent to the
discret: input-disecrete output chanmel shown in Figure 3.2, with tran-
sition probabilities given by (3.10) through (3.13) for a symmetrical
gusntizer with uniform steps. As mentiorned im Chapter III, error per-
formance is not very sensitive to the choice of the quantizer step size
in the neighborhood of 1ts optimum (in terms of the measure Ro)’ which

1s near one-hslf the magnitude of the gxpeeted eorrelator output.

From (7.6), R, for the channel of Figure 3.2 is glven by

L m
R,=E(1) =1 - log, Z[P*(.ﬂe)*P(Jll) + 2VP(j o) P(y 1)] (7.6)
J=1 l '
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in bits/use. For the discrete input-continuous output channel up to

the input tQ the quuntizer, the corresponding R, is, using (3.8)

-]

> .
R = Eo(l) =1 - log, J[.[p(2|0)*p(251) + 2VYp(z}o) p(le)}dz
(]
= 1 - log2 1+ e-US/Nb)
= 1 - log, |1+ eiUBf;NG) " (7.7)

where Uy is the signal energy per chamnel symbol (3.14) and Up is the

signel energy per information symbol.

Table 7.2 contains a tabulation of the values of R from (7.6) for
the four values of U;/N_ used in the simulation. From (7.7) the values
of UB/NO required to achieve these same R 's with infinite quantization
are readily determined. The results appear in Table 7.3 together with

the approximate loss attributable to quantization.

TABLE 7.3 — QUANTIZATION LuSS

UB/N§ - 4B ' Ro o UB/NO - &8 | Approximate
8-devel Quantizer | Bits/Use | Infinite Quantization | Less (aB)
 1.25 " o.215 T 1.07 0.18

1.0 E 0.261 0.81 0.19

0.5 | 0.23b | 0.30 0.20

0.0 “e0 -0.23 i 0.23
-B79-
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The optimum (UB/NO)I is close to 1.0 @B at very low error proba-
bilities. The greazatest amount of simulation data was obtained for this
vase, as shown in Table 7.1l. We consider confidence intervals cbout

Pe(gT) and Pm(uT) for this case, for H = 8.

Using distribution-free methods (Mood [1950]), the probability that
the pth percentile point of a cumulative distribution lies between the

rtn and sth order statistie, s > r, is

It'i’r(xr < g, < xg) = Z \i;‘i p(1-p)21 (7.8)

for a total sample size n. Applying this technique yields the 95 percent

confidence intervals shown .. Figure 7.18.

To estimate the sensitivity of overall error probability to Pe and ‘
F_, the error probability for the Fixed Erasure decoder was evaluated for
tﬁe case defined above, holding one of the‘pro%&bility functions fixed
as it is shown in Figure 7.2 while scaling the other by a constant
factor. It was found that a 10 percent change im either Pe(nT) or
P¢(QT) produced ehanges.@f 2.5:1 and 5:1 in PE at high and low proba-

bility levels, respectively.
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FIGURE 7.18 95% CONFIDENCE INTERVALS ABOUT P, (uy) AND
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APPENDIX C*

STRUCTURAL PROPERTIES OF
CONVOLUTIONAL CODES

by

W. J. Rosenberg

*extracted from Ph.D. Dissertation of W. J. Rosenberg "Structural
Properties of Convolutional Codes", 1971. Chapter nunbers correspond to
dissertation chapters.
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ENUMERATION OF CATASTROPHIC ERROR PROPAGATTN

CONVOLUTIONAL CODES

There are many ways to characterize a convolutional code, and

in subsequent sections several will be used. In this section the
most convenient is by the use of polynamials as given by Massey and

Sain (1968),

(2.1) Definition: A rate 1/n convolutional code has n outputs for

each input symbol and is characterized by a lxn
matrix of polynomials in the indeterminate D.
Using this definition of a code, the inmput sequences are represented
by power series in the indeterminate D with coefficients from a finite
field GF(q). The output sequances are lxn matrices whose elements
are also power series over GF(q) and are the products of the input
sequences with the Ixn matrix of polynomials.
For convolutional codes so defined, Massey Sain give the

following necessary and sufficient conditions for a code to be free

of catastrophic error propagation.

free of catastrophic error propagation if and only
if the greatest cammon divisor of the n poly-

L,

nomials is equal to D™ for some value of L.

Consider the class of convolutional codes defined as above such

that at least one of the polynomials has degree = m and the other
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n-1 polynamials have degree < m. Also with no loss of generality
consider only polynomials which have a non-zero constant term. Then

it is easy to see that over the field GF(q) there is a total of:

o (m) = (@-1)" &™) (N 3y fpm > 0 (2.3)

codes in this class. For m=0 ‘there are cbvicusly only (g-1)" such

codes.

Now since we know the total number of codes in the ¢lass we may

compute the number which are subject to catastrophic error propagation

and then observe what fraction of all codes this represents. We
will need the following definition:

(2.4) Definition: The Delay of a polynomial p(D), is the largest

value of s such that D° divides p(D). Similarly the
Delay of a set of polynamnials is the minimum of the
delays of each of the polyncmials in the set. We will
consider only sets of polynamials all of which have
the same delay.

With this defimition in mind consider the result of multiplying
each of the n polynomials of a code by an arbitrary polynomial, p(D),
of degree k. If the delay of p(D) is zero the result will another
code of degree mtk, while if the delay of p(D) is greater than zero
the result will not be a code in the above class but will be a set of
polynomials in some larger class. It is clear, however, that the
nunber of sets of degree m and delay s is equal to the number of

codes of degree (m-s) and delay necessarily zero. But this is
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simply Bn(m—s). Therefore, the number of sets of degree m and

arbitrary delay is

-
T m) = ) & (m-s)
n SZJ;J n

and since ,

. {(q—l}n &b (@-1) m>0
n(m) =

(g-1)" m=0

it may be seen that
T ) = (g-1" g™

for all m.

(2.5)

(2.6)

(2.7

Now let ‘i’n(m) be the number of codes of degree m (and delay

zero) such that the greatest common divisor of their generatar

poly-

nomials is 1 (that is, the number of codes which are free fram

catastrophic error propagation). Then each set of polynamials
degree m and arbitrary delay may be written in a unique way as

product of a code of degree (m-k), and greatest cammon divisor

of
the

of 1,

and a monic polynamial of degree k for some value of k. Consequently

we have

mn _
T (m) = ]?;_jg ‘Pn(m-k) Qk)

where Q(k) is the number of monic polynomials of degree k.

Now define the three generating functions

~Cl4—
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Tn(x) =§Tn(m) "

- m (2.9)
¥ () = %:‘i’n(m) X

and Q(x) =2, Q(m) X°
o

Then it follows that Tn(x) = ‘i’n(x.) Q(x). Since, however,

Q{m) = qm

Qx) = Eqm N 1—:%; (2.10)
- ;

and it follows that ¥ (x) = ’I’n(.x) [l-gx]. (2.11)

Equating coefficients of ¥ on both sides yields the relations

‘-Pn (m)

- ) - a4 T (mel) m 3
Ih(m) q Tn\m 1) m>20

(2.12)

¥ (0) = T (o) = (g-1)"

Consequently ¥_(m) = (g-D" g™ L’l-—ql-n] m> 0 (2.13)

¥ (m)
ol

Then An (m) is the fraction of the class of codes of degree m which
are subject to catastrophic error propagation.
- - g-1
b(m) = A = <= m> 0 (2.15)

In particular for binary codes (g=2) this reduces to
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and this is the fraction of all binary, zero delay., convolutional

codes of rate 1/n which are subject to catastrophic error propagation.

Equivalence Classes of Codes

Even though the above formulas enumerate the non-catastrophic
convolutional codes it would be useful to refine the analysis slightly
for same applications. In particular, in any computer search for
good codes it is imperative that the search be restricted to repre-
sentatives of classes which are equivalent in some sense. In this

section we will examir

e ane such equivalence relation and will

enumerate the distinct equivalence classes which are generated.
The eguivalence relation to be considered is that formed by
permutations of the generator polynamials. Two codes will be said

to be equivalent if their sets of generator polynomials are identical

including repetitions if there are any. More formally this beccmes:

(2.17) Definition: Two codes, Cl’ defined by the ordered n-tuple
(gl'(D), gz'(D), — gn'(D)Dare equivalent if there

is some permutation of the indices

such that




* glﬂD)

[650]
[
~
o)
o’
]

!
" gQ(D)

o
~
3
~

1

— gr'l(D)

o}
—~
o
~

n

This is a very natural definition of equivalence, since if the
generator polynamials are the same for two codes then the codewords
of one will be simply permutations of the codewords of the other and
all the weight and error correcting properties of one will apply to
the other as well. Now what we want to know is the number of

equivalence classes of codes induced by this relation.

To find this number we will make use of Burmside's Lemma (see
any text on combinatorial mathematics, e.g. C. L. Liu (1968) which
we will write as follows:

E = T%F 2o ¥ (2.18)

meG

in which |€| is the cardinality of the finite permuation group G, E
is the number of equivalence classes of codes induced by G, and ¥(w)
is the number of codes which are invariant under the permutation m,
a member of G. In our application of this Lemma G is the full ;
symmetric group on n objects, S ,and its cardinality, |Sn|, equals n!.

A code is seen to be invariant under a permutation n if each cycle

T

of m merely rearranges identical generator polynanials of the code.
Burnside's Lemma has now changed the problem to one of finding

¥(m), the number of codes which are invariant for each permutation m




in S+ We will need the following definitions.

(2.19) Definition: Let‘%h(m) denote the set of all rate 1/n codes of
degree m which are free of catastrophic error

propagatiaon,

(2.20) Definition: For each permutation T € S, which has v cycles,
we say that C' € %iﬁno is a base for C ¢ %;(m), with
respect to 7, if and only if C is invariant under =
and if gi(D), the ith generator of C' is a representa~

tive of the ith cycle of C under some arcering of

cycles.

. .
In order for C to be a base for C with respect to m we see
that several conditions must be satisfied. First, the number of
1
generator polynanials in € must equal v, the number of cycles in the

permutation w. Also each distinct generator polynamial in C must

T
occur at least once in C . Finally the ordering of the generator
1
polynomials of C is fixed by the ordering of the eycles of w. This
ordering is arbitrary, however for each occurance of the specific

permutation, m, it must be the same.

We note that for a given permutation m € § which has v cycles
each code.c‘ £ %%(m) is the base for exactly one code C ¢ %;0“)
which is invariant under m, and conversely each code C e'g%(mJ which
is invariant under w will have a base C' s'%b(nn. Therefare, there
is a one to ane correspondence between elements of %%(nﬂ and elements
of € (m) which are invariant under a permutation 7 € §,, which has v

cycles.
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Now if we denote by E (m) the number of equivalence classes of

%"n(m) we see that Burnside's Lemma becaomes
1 & ,
E (m) = = Egi cln,k) |€ (m)| (2.21)

where c(n,k) is the number of permutations 7 € S, which have k cycles
and @ (m)| is the cardinality of %, m). From combinatorial theory
it is known that the numbers c(n,k) are the signless stirling numbers

of the first kind and are given by the generating function:
L K
c (£) = 3 elnk) £ = t(t+l) (t+2)---(t+n-1) (2.22)

(see for example Riordan (1958)).

From above we have the relation

ik

I@k(m)l = (g-1)" g™ (1-q1™ (2.23)
and of course ISnI = n!
so we have that
E (m) = T ): eln,k) (g-1)% ™ (1-q1™) (2.24)

k=1

or, rewriting the above,

n 1, n
B = 5 3 eyl [Ne-DT - Sy 3 el He-D T
kL k=1 (2.25)

to which we may apply the expansion of the generator function of

e{n,k) to obtain
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1 [(g-1)¢™n-11! [(q-1)¢™ ! + n-11!

_ 1
al 4

! n' [(Q-l)qm - 11! L{q-l)qm 1 _ 1 1! (2.26)
which may be rewritten in terms of binamial coefficients as:
E(m = (4@D Falf g (@D g7+ nml (2.27)
n n

In particular, for the case of binary codes, q=2 the relation
reduces to:

2m + n-1] _ 2 Q‘mﬂl + n-1

n n

E (m) = (2.28)
n

This gives an upper bound on the number of codes which would
need to be considered in any computer search of convolutional codes

vith good distance properties.
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CHAPTER III
FINITE STATE MACHINE MODEL
OF CONVOLUTIONAL CODES

It is quite reasonable to discuss convolutional codes in terms
of finite-state machines, since the standard shift register encoders
for these codes are themselves very straightforward examples of
finite-state machines. Recently Viterbi (1969) and Formey (l??@) have
separately discussed finite state machine representations of
convolutional codes and have obtained results about weight enumerators
and canonic forms respectively. The approach here will differ some-
what fram those authors and will concern itself primarily with the
state transition matrix of a finite state machine. A relationship
between the finite state machine representation and the generator
polynomial representation of the previous chapter will also be

presented.

First we will consider the obvicus shift register realization of
a convolutional encoder. In this realization the encoder consists of
a shift register of m+l stages arnd n GF(q) adders which are comnected
to the variocus stages of the shift register in order to form n out-
puts which are linear cambinations of the contents of the shift
register. In this way the first m stages may be considered to define
the state of the machine and conseguently there are qm states. Then
since there can be g inputs to the machine each state will have q

from it on a state transition diagram, or if we think
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in terms of a state transition matrix, which will be qm X qm, each row
will have q non-zero entries. We choose to represent these entries

in a particular way:

DX if the transiticn from state i to state j

jol}
[}

i3
resulted in k non-zero outputs (a weight k out-

put)

H
oD

a)l

15 if the transition is not possible

It will be seen that the all zero state of the shift register
only occurs as the initial and final states in any sequence of state
transitions of interest. We will not have occasion to consider ccde-
words which involve an intermediate returﬁ to the all zero state.
Consequently we will, for the most part, consider the reduced finite
state machine and its transition matrix which is formed by deleting

his yields a (qm—l) x (qm—l)=matriX.

the zero state.

At this point it will be useful to introduce the concept of an

extension of a finite state machine:

(3.1) Definition: The k-th Extension of a linear finite state

machine is that machine whose inputs are sequences of k
symbols and whose outputs are the sequences of cutputs
which would have been preduced by the original machine

in response to the same sequence of inputs.

Frem this definition it is clear that the number of states does

not change in going from the original machine to its k-th extension;
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however, the number of possible state transitions does increase. The
number of non-zero entries per row in the transition matrix increases
from q to qk. The new state transition matrix for the k-~th extension
is found quite simply by taking the k~th power of the state

transition matrix of the original machine. We note that there is a

difference depending on whether the zero state row and column are

deleted before or after the matrix is raised to the k-th power. We

In general we will do the deletion first.

Return for the moment to the original state transition matrix of

a machine correspending to a code with catastrophic error propagation.
There will be at least one element which is unity carresponding to a
non-zero input and zero output. Then there may be some elements which
are wity but which carrespond to both a zero input a zero output.
All the other elements will be either zero or D to same positive

power. The following definition gives a natural way of reducing the

camplexity of such a matrix by eliminating the non essential elements.

(3.2) Definiticn: The Evaluated transition matrix is the result of

letting D equal zero in the matrix. The evaluated

matrix consists only of zeros and cnes.

The evaluated matrix is seen to represent that portion of the

1ine which is responsible far the catastrophic behaviar of the code.
If the code is subject to catastrophic error propagation then this
evaluated transition matrix will indicate a cycle of k transitions for

sane value of k. In the k-th extension of the evaluated transition
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matrix the catastrophic cycle will appear as an element on the main
diagonal which will, obviously, be unity. Conversely any non-zero
element on the main diagonal of the k-th extension will correspond to
a cycle in the original machine. Also, since the largest cycle
possible is one involving all ¢"-1 non-zero states we have the

following theorem:

(3.3) Theorem: A convolutional code is subject to catastrophic error

propagation if and only if the k-th extension of the
evaluated transition matrix contains a 1 on its main

diagonal for same value of k g_qm—l.

At this point it will be instructive to consider an example

before discussing the relationship between this finite state approach

the generator polynomial approach of the previous chapter.
Consider the convolutional code defined by the following shift

register encoder.

OUTPUT

iﬁPUT-

Figure 3.1 Shift Register Encoder
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This is a rate 1/2 binary encoder for which m=3. Therefore there are

23=8 states and the finite state diagram is:

100 D° _ 10

K

co1 011

Figure 3.2 State Transition Diagram

Consequently the state transition matrix is:

000 00 010 110 00l 101 011 111

1 D 0 0 0 0 0 0

0 0 D p? 0

n?2

000
100

010

= o o
o

110
001

o
o
o
o
o
o
o

101
011

o
(o
()
(ow}
)
s
©
D o o

111

This is a good place to mention that the finite state diagrams of
these codes will always be,as above, one of the familiar de Bruijn
graphs (Golomb (1867)). The only difference fram cne code to the next
is in the labelling of the transitions; that is, the weight assign-

ments for the transitions.
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The evaluated form of the matrix, after the zero state deletion,

is:

Lo S o
e o
[ B o
Lom SR o |
[ S o=
o e

0 0 0 0 (8] 0 4] 0 0 0 () 0

0 0 0 0 0 1 0 0 0 0 1 0 0

g 0 1 O 0 0 0 0 0 0 0 1 0

8] 0 0 0 0 0 10 0 0 0 0 0 0
2‘1”’d extensicn 3rd extension

Fram the above it is easily seen that there is a cycle of length 3.
That the cycle is of length 3 became apparent in the 3rd extension,
and it is readily seen fram the three diagonal entries that the states
involved are 101, 011, 110. From the original state diagram or from

the criginal transition matrix it is seen that the sequence 101
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repeated indefinitely will result in catastrophic error propagation.

Now, with the above example as a reference, we may say more about

the cycles. Using the D-transform notation for sequences, the

2

sequence 101 beccmes D°+1 and the endless repetition of it is

ne
. D+1
i) = ~— (3.4)
1~D°
In general the endless repetition of a sequence of length k

represented by the polynemial £(D), of degree < k-1 is given by

£(D)

i) = = (3.5)
1-D

and its effect on any one of the generator polynomials of the encoder,
gj(D), is given by
gj(D) £(D)

1-D°

(3.6)

y5(D) = g5(D) i(D) =

For catastrophic error propagation to occur, yj(D)-must be of finite
length (that is, a polynamial) for every choice of j. In the above

example gl(D) = D?4+D+1 and gE(D) = D41, Consequently yl(D) = 1+D

and y, (D) = 1402 vinen £(D) = 14D2.

Tt is clear that 1-D° must divide
the product gj(D) £(D) and since l~ﬁk cannot divide f(D) there must

| be same common factor of the gj(D) which divides 1-D with the
quotient f(D). Assume that this value of k is the smallest far which
the above is possible and let c(D) be the curresponding comon factor
of the gj(D). Since k is the least such value, ¢(D) must be

irreducible, say of degree d. Then following Berlekamp (1968), k is
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the period of (D) and k must divide qd-l. This gives us the

following thecrem relating the two representations:

(3.7) Theorem: Each catastrophic error producing cycle in the finite

state machine representation has as its length the

in the polynomial representation of the encoder.

Also we know a little bit more about which extensions might help
in making the decisions, for a particular code, as to its suscepti-
bility to catastrophic error propagation. Clearly if a sequence of
length k causes catastrophic errcor propagation when repeated, any

maltiple of k will also be acceptable (only the values

carrespond physically to the lengths of the cycles). Consequently,
since the value of k corresponding to an irreducible common divisor
c(D) of degree d divides qd—l we need lock only at the (qd—l)-t:h

extensions for all d < m, We may state this as:

(3.8) Theorem: A code is free of catastrophic error propagation if

and only if the (qd-l)-ii:h extensions of its evaluated
transition matrix are zero on the main diagonal for all
d < m.
We also observe that it is relatively easy to campute (qd-l)--'th
extensions and especially far the binary case when g=2. This is
true since going from the d-th case to the (d+1l)-th case involves
taking the (qd-l)ath extension to the q'th and then multiplying

by the (g-l)-th extension. In the binary case this amounts to
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squaring and multiplying by the original transition matrix.

Finite State Representation and Non-Catastr*ophiq Codes

In the more general case of non-catastrophic codes a problem
which arises out of decoding considerations is that of determining
the lowest weight codeword. There are two parts to this problem.

The first concerns itself with finding the minimum distance codeword
in the absolute sense of having the smallest weight. The second part
is concerned with finding the arbitrarily long codeword which has
the minimum weight per encoded symbol. We will treat this second

part of the problem in this section.

We will again consider the state transition matrix of a code as
defined in the previous section, but here we will need same more

detailed notation, as follows:

let A be the transition matrix with elements a5 defined as

befare. The k~th extension will be denoted as AS and its elements

(k3 (k)
3
indeterminate D. The delay (the degree of the lowest degree term)
k) (x)

will be denoted by my. ™.

will be a, . These elements a;s will be polynomials in the

of the polyncmial aij\

(x)

The elements a‘ij of the matrix Ak are seen to be the

enumerators by weight of the k step transitions from state i to
state j. The degree of each term of aij () is the weight produced
by one of the k step ths from state i to state j. The coefficient

of each term is the number of such paths of that weight.

With this notation we see that the weight of the minimum
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(k)

weight, k step path from state i to state j is given by m,, " .

ij

Consequently, the weight of the minimum weight, non-zero, codeward

for k input symbols is given by Mg

() when it exists, where the

initial state is denoted by 0.

Now we notice two properties of the matrix A:

1)

2)

The matrix A is irreducible. That is, there is no
renumbering of the states which wculd permit the
representation:

Al,l A1,2 .

0 A

A
2,2

where A. . and , are square submatrices. This is
By,p 84 By 4
necessarily so since every state is eventually reachable

from every other.

If we consider D to be a real number greater than zero,

then the matrix A is non negative (aij > 0 for all i,j)

Fram this, and a theorem of Frobenius({Varga (1962)), we know that

the matrix, A, has an eigenvalue, v, with the following properties:

1)
2)
3)

4)

§)

risreal and r > 0

if r' is any other eigenvalue of A then |r'|<r

r is a simple eigenvalue of A

the eigenvector, z, corresponding to r is positive (all its
elements are positive)

r is an increasing function of each a5

Also we may say a little more about A. Since each state is reachable
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fram each other state in exactly m steps (and possibly less), we know

(m) , of A" are positive. And since

that A" > 0, all elements, aij
A > 0 it is clear that 2> g for a1l k > m. This means that there
is always a k step path from any state to any other provided that

k > m.

Now let us consider the maximal eigenvalue, r. Since r is an

eigenvalue of A with the corresponding eigenvector, z, we liav:
Az = rz (3.9)

and conseguently Akz = ¥z for all powers k and if A is an mam matrix
and the elements of z are Z1s Zoym== 7, We have:
n . ,
~ z.oa, 99 = 27K for i21,2,---un (3.10)
£ 3 1.3 1
Now consider. for two distinct states, s and t, the difference in

weight of the minimum weight, k-step, paths from a given state i to

state s and from state i to state t.

oG )
|mi,s Lt -

This difference is given by
We will show that this difference may be bounded

independent of k.

Assume for the moment that m. o) > (k)

4,8 2 me .t for some very large

through state t. In fact we will find a particular path of that form.
Consider first the segment from state t to state s. This will be of

sane lengtk

@, to bé specified below. As long as @ > m a path of
that length will exist. Then we must find a path from state i to

state t of length k-a. We wish to choose this path in a particular
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way. Let k be large enough such that every path of length k from
state i to state t contains a loop; that is, at least on: state which
is entered more than once. Let a be the length of this loop in the
minimum weight path of length k. Then we have the following two

inequalities:

(k) (k~a1) (@) .
i, Mt *meos (3.11)

(k-at) <m (k)

m <My (3.12)
From this it follows that
(k) (k) (a) Y -
Mo My im‘t,s (3.13)
In the case in which m; t(k) > m; e"k ' it follows similarly that:
i,t ,S
(kJ k) (@) - . m n 11
mg oMy Mgy for same o < q (3.14)
Consequently, it must be true that
(k) (k) : (@)y . .. (&) N
l_mi,_s oy | < max{m, e maximg ) (3.155
e < q" a<qh
Therefore, we have that |mi ey | is bounded above by a
i, ,t
bound which is independent of k.
However, for all but catastrophic codes we know that m, (o) must be

1]
an increasing function of k. And since the eigenvector, z, is

constant with k, we have that the delay of z; is independent of k.

Therefore we have
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delay z.a. .(k)

lim
k> o delay 2:8, 1

n
Since delay Z 2s 13

1

7 e T e (k)
delay E% + delay aij

1lim 2
- . 1 e (k)
k> @ delay zZs + delay a;;

(3.16)

S

1im —J'GZ)’ 1 for all i,j

k+°°m

(3.17)

= min (delay zj*mij(k)) and (3.17)

1<j<n

is true for the value of j which minimizes (delay ijij (k)) we have

delay Z Zs
JT = 1

lim

(k)
3 13
(3.18)

e o

this imp]_les that

d‘elay 2.8,

(k)
ii

delay z, rk

lim

= 1 for all i (3.19)

k+ = delay zla

and then

> @

% delay a;s

{k)

(k)
id

=1 foralli (3.20)

However, the quantity delay r needs some interpretation, since, in

general, r will not be a polynamial in D but will involve D to scme

fractional powers. In these cases delay r will be interpreted in the

natural way to be the smallest rational exponent of D appearing in r.

This will be the rational power of D which r approa

as D=+ 0.

roaches asymptotically

Since r is an increasing function of each matrix element




| a:ij , which in turn are incareasing functions of D we know that this

smallest rational exponent will be positive.
Fram all this we have that

(k)

lim & delay a;;" = delay r for all i (3.21)

e o ! ii
and we will now consider for the special case of i1=0, the distin-
k) is the enumerator by weight of
(k)

guished initial state, since aOO(
the codewords on k input symbols. Consequently }%-delay a5 is the
average weight per input symbol of those codewords with minimum weight.

Therefore, we have proven the following theorem:

(3.22) Theorem: Given a code C and its corresponding state transition

matrix A, the average weight per input symbol of the
minimum weight codewords tends toward some value w as the
codeword length becomes large. Moreover, this value w is
the rational ex;mnen‘t of the indeterminate D towards
which the maxmal eigenvalue, r, of A tends asymptotical-

ly as D+ 0. |




CONSECUTIVE ZEROS IN CONVOLUTIONAL CODEWORDS

- We know that in a code which is subject to catastrophic error
propagation there exist codewords which have arbitrarily long
sequences of consecutive zeros. In fact it is this very property which
causes the code to be catastrophic. In this seection we will present
sane bounds on the number of consecutive zeros in a non catastrophic
code. Alternatively, of course, these may be viewed as necessary and
sufficient conditions under which a code is catastrophic. We realize
that a rate 1/n encoder generates n symbols for each input symbol;
however we are only pgoing to be concerned in this section with
branches all of whose n symbols are zero. Consequently, all of the
following results will be on the number of consecutive blocks of n

zeros which may occour.

Recently Odenwalder (1970) has given the following upper bound on
the number of consecutive zero weight branches which may occwr in a

non catastrophic convolutional code:

(4.1) Theorem (Odenwalder): If the encoder for a rate 1/n non-

catastrophic ¢onvoluticnal code is an m#l stage linear
shift register then the maximum number of consecutive

zero weight branches which may ocowr is m-1.

This theorem has also been developed independently by Bshl and Jelinek

(1970) for rate 1/2 convoluticnal codes.

Ir this section we will give a refinement of this theorem. We
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will give a lower bound to the number of consecutive zero weight
branches and finally we will give a constructive technique which

achieves the lower bound.

First we must consider the form of the infinite generator matrix
representation of a convolutional code. We will assume that the code
has rate 1/n and constraint length m#l. Then we may represent the n
linear shift register tap sequences as follows:

By = (81,081,181 578 o)~ BD) = &) g8y 1Dt gy P

fo = (8y 082,187 078y u) ** B(D) = &, g, |D 4=t g, TV (4.2)

g ° ('gn,Ogn,Ig-n,2"*’g-n,-m) - gn(DD = %ﬂ.,ﬂ*%-,lm Frmmit gn’mDm
From this we know that we may represent the encoding process in a

matrix form similar to the gemerator matrix for a block code as

follows:
y = (yl: Yoo === ) = (X'la D ) G (+.3)
where G is the arbitrarily large matrix:

(8y 0820~ 8n,0" 81,182,171 ~ ~@1 m B2 o

'8y, 982,08, 00" - 181 ;0182 0T G ) Bam B2 Bt )

. ('gl..m—lgz,-nﬁlg-h-,-nhi)' .
G = 1,0 8,07 %0 @1 BT HY ] @Y

@, 2,670
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and each y. is actually the n-tuple corresponding to one branch of the
code.

Now, if we are considering, as in the statement of Odenwalder's
theorem, an arbitrary segment of m consecutive branches, we must
consider the general form of m consecutive n-tuples of columns of the
matrix 6. Such a section of G will appear as G', a 2m x nm matrix:
.gl,m B2m " Eum T
81,m 282,01 B 281 B2m T Bnm .

8 182 -1 Bn,m-1
. ’ Bim B2m THy Sm

¥ + d
O 18,0 82,0 "B 810 B2 Ty 81 1182 ;-1 "Bn -1 (4.5)

83,0 82,6 &0

81,'0 ‘372.'0 _—%1.,'0
L -1
Considering the segment G' of the matrix G as representing the input-
output relation of the encoder for an arbitrary sequence of m

consecutive branches we may restate Oderwalder's thecrem as follows:

(4.6) Thearem: For a non-catastrophic convolutional code, the 2m

rows in a section of the generator matrix such as G' are

linearly independent.

This thearem is easily seem to be equivalent to the previous statement,
Theorem (4.1), since the 2m rows and nm columms as illustrated
correspond to m consecutive branches, and linear independence of the
rows is obviously equivalent to not being able to produce an all zero

output over those n branches.

There is a natural rearrangement of the columns of G' which
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exploits the fact that each column is merely the tap sequence vector
for one of the n generators. This rearrangement is as follows:

r y
gl,m gm,-m

Blml B1,m a1l Baym
%l ,m--2 gl Jn=1 E gm ym=1

81,0 B2 "B I - 1 Bh,2 T Engm
1,06 &,1 TEm En,0 &,1 ~ En,ml

*

(4.7)

.

e

- -

The condition of linear independence of the 2m rows of this matrix
is equivalent to the condition that the column rank of this matrix
must be 2m, which in turn is equivalent to the condition that all
column vectors of dimension 2m may be formed as linear cambinations
of the above colums. In fact, from the above nm colums we know that
we can find a basis of cardinality 2m which spans the space of column

vectors of dimension 2m.

As written in the above partitioned form, however, it is apparent
that these conditions are eguivalent to a general statement about
polynomials, Since, within any one partition, the columns are merely
shifts of their predecessaors, we may consider them as polynomials as
follows:

8
Qﬁoo (u’-s)

5

p° gn(D)

Dm'_lgn(D)
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Thus it is a simple consequence that the linear independence condition
is equivalent to the statement that any polynamial, p(D), of degree

< 2m=1 has a representation of the form:

p(D) = al(D) gl(D)+a2()g2(D)+ —F an(D)i%\(D) (4.9)
where the a; (D) are polynomials of degree < m-1l.

For the special case in which n=2 (rate 1/2 codes) it is a well
known result of algebra (for example, Littlewood (1950)) that all
such polynomials, p(D), may be written as:

p(D) = al(D)'gl(D) + a,(D)g, (D)
: (4.10)

with degree {ai(D)} < m-1
if and only if the greatest cammon divisor of gl(D) and gz(D) is unity.
This, of course, is simply Massey Sain's condition for a code to
be free of catastrophic error propagation. In the appendix we prove
that thi

8 is true for all n > 2; that if and only if the greatest

commen divisor of the generator pelynomials is unity then all poly-

nomials, p(D), of degree < 2m-1, may be written, in the form of
equation (7), as linear combinations of the generatar polynemials. In
fact, it will be shown that, in general, tigh:terif bounds on the degrees
of the polynomial coefficients, a. (D), than merely degree

{a; (@)} < m~1 may be imposed. These bounds will be shown to have

er implications on the rumber of consecutive zeros for certain

codes.

The specific farm of the theorem which we will prove in the
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appendix is:

(4.11) Theorem: let {gl(D), gz(D),—--,gn(D)} be a set of n monic
polynomials such that degree {gi('D)} = m for i=1,2 ,---,n.
Let 6,(D) be the greatest cammon divisor of
{gl(D), gz(D) ,---,_.gi(D)} for i=1,2y=--,n let d; = degree
-{éi(D)}. Assume that dn:g.c.d.{gl(D),.gz(D),-—-,gn(D)} = 1.
Then any polynomial, p(D), of degree < 2m-l may be written

in the form:

p~{D)=a1(D)eg1(D)*a2(D)-g2(D)'i+ —-= +a_(D)g_(D)

such that degree {a,(D)} < d; ,~d. for i=2,3,~--n and

1
degree {al(D)} <m

Fram this theorem we see that if the greatest commen divisor of

the generator polynamials, {.g,iﬂ(D)}, is unity then the set of

5= {Dg;M | 0<k<ml,l<ic<n) o

spans the space of polynomials of degree < 2m-1l. Consequently, we
conclude that the 2m rows of G' in eqguation (4.5) are linearly

independent and we have proven Odenwalder's theorem, Theorem 4.1.

This theorem gives an upper bound to the number of consecutive
zero weight branches which may occur in a non-catastrophic code. We
may, at this point derive a ccrresponding lower bound. The lower
bound will tell us that a non-~catastrophic code must have at least
one codeward with same prescribed number of consecutive zero weight

branches.
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(4.13) Theorer: A rate i—convolutiona.l code of constraint length m#+l

must have a codeword with a sequence of {;{]ilf -1} consecutive
zero weight branches, where {xl} denotes the least integer

greater than or equal to x.

This theorem is easily seen from a consideration of the portion
of the generator matrix corresponding to k consecutive branches,
gimilar to the matrix G' in equation (4.5). It will have m+k rows and
nk colums. Consequently, for any k < n—]ill" there must be more rows
thon columns and, therefore, the rows are linearly dependent. The

theorem follows since {ﬁ%_— -1} is the largest such integer < F{?T

For n=2, that is a rate %—ce, this is the strongest such bound
possible since it claims that there must be sequences of m-l
consecutive zero weight branches. We know, however, that for a non-
catastrophic code we can have at most m-1 consecutive zeros so these
bounds are tight for n=2. For lower rate codes, that is n > 2, we will
be able to improve both the upper and lower bounds. First we will

develop the improved lower bound.

(4.14) Theorem: A rate % corvolutional code of constraint length m+l

such that at most % the generator tap vectors are linearly
independent must have a codeword with a sequence of {TL%IT -1}
consecutive zero weight branches. Again {x} denotes the

least integer > x.

Consider again the portion of the generator matrix corresponding
to k consecutive branches as in the proof of Theorem (4.13). It will

have mtk rows and nk columns. At most £k of these columns can be
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linearly independent, however. Consequently for any k < ﬁ}-l- the m+k

rows mist be linearly dependent and the thearem follows.

We will now develop the corresponding upper for a rate %
code such that only £ of its generatar tap vectors are linearly
independent. From Thacrem (4.11) we saw that we could make the claim

in equation (4.12) that the set

= (0%, | 0<k<ml , isl,n} (4.15)

spans the space of polynomials of degree < 2m-l. From thi- set, S,
we will choose a basis which will lead to the following thecrem:

(u_.“ls_)__'lheg_re_m: Let {gl(D), gz(D),*—-—, g_n(D)} be the generators for

a rate 1/n code. Assume that 2 < n of the gi(D) form a
maximal linearly independent set, and that they are

gl(D), gz(D),--—, gz(D). Then if the code is non-
catastrophic the maximum number of consecutive zero weight

branches is < m-L+1.

To prove this theorem we will need a lemma which we will now

state and prove:

(4.17) lemma: Let {g,(D), g,(D),-—, g,(D)} be the set of generatar

polynamials of a non-catastrophic rate 1/n code. Assume that
the set of polynomials:

k.
§=1{D gD | 0<k; <K ,1<iz<n] (4.18)
is a basis for the space of polynamials of degree < 2m-1.

Assume further that K.=m-1l. Then if K = max {K;}, the
1 2<iin1
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maximum number of consecutive zero weight branches is K.
First observe that if for some K < m-1 the set of polynomials:

S = 1D, | 0<k <K, 1l<ic<n) (4.19)

spans the space of polynanials of degree < m+K then the maximum number
of consecutive zero weight branches which may occur is < K. For
consider the segment, G', of the generator matrix, G. If S spans the
space of polynomials of degree < m+K then the portion of the matrix,
G', corresponding to K*1 consecutive branches (the first n(kK#l)
colums and m¥K+l rows) will have full rank equal to m¥K+l since this
is the dimension of the space of puiynomials of degree < m#K.

Consequently, the mtK+l rows are linearly independent.
Now, as in equation (4.18), if the set
ks |
8={D7g, M | 0<k; <K, ,1<ign}
is a basis for tha space of polyncmials of degree < 2m-1 then the sub-
set of S form=d by deleting {DK+lg_l(D), DK+2gl(D),-——, Dm_lgl()]
from S must be a basis for the subspace of polynomials of degree

< m*K. Thus we have proven lemma (4.17).

To prove Thearem (4.16) from this we will shew that it is

possible ‘to comstxuct a basis, B, for the space of polynamials of
degree < 2m=1 which has the following properties:

1) gD eB i=1,2,—-, 2

2) D g (D) e B k=0,1,2,-—-, m-1
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3) g, (D) ¢ B implies that D' g (D) ¢ B

for k > 0 and all i = 1,2,~—-, &.

Then since a basis, B, far this space has cardinality 2m it will, of

K.
course, be true that m-2+1 > max {ki | b lgi e B}, Then by
2 <i< g’

Lemma (4.17) we will have proven Theorem (4.16). All that remains is
to show that such a basis exists. We will do this by a construction.
First remember that the set S of equation (4.12) spans the space.

Then since % is assumed maximal notice that

st = (DXg. (D | 0 <k<ml,1lc<ic<i) (4.20)
1 —_ —_ -

must also span the space. Now to start the construction let B

contain:

{Dkgl(]g) | 0 <k <m1}

and also:

lg; D | i=2,3,~—, 2}

If m=2-1 we are finished. Otherwise augment B with any Dk gi(D) such
that Dg, (D) € Bfor 2 < i <2, and Dg; (D) is not already in the
space spanned by B thus far. Since a basis for the whole space can
only contain 2m such polynomials this process must terminate after at
most m-2+1 such augmentations. We claim that the process will take
exactly that many steps and that B will then be the required basis.
Since we know that 8' spans the space we need only show that B spans

S'. Let k, = max{k|D. (D)eB} and let K = max  {k,}. By the
* * 2<i<e?
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K.+l
construction process we know that since D * g;(D) for 2 < i < 4 was

not included in B it must in the span of B. Using this inductive

reasoning we may see that B augmented with

{Dkgl(D) | m <k < mkK-1}

must span the space of polynomials of degree < 2m+K-1 and that there-
fore B must be a basis for the space of polynomials of degree < Zm-1.

Theorem (4.16) then follows as indicated above.

Now we will use Theorem (4.1l) to develop a constructive proof

that the bound of Theorem (4.13) may actually be achi

eved. That is,
we will demonstrate constructively the, existence of cedes which do not

have sequences of consecutive zero weight branches of length

{"n"-'-T +1} #1.
We know from Theorem (4.11) that if we let

d; = degr'ee'[g.c.d.{gl(b) ,-g'.z(D),———,gi(D)}] i=1,2,===,n
= ' - (4.21)

then we may choose a basis for the space of polynomials of degree

< 2m-1 which has the form:

k.
={D *e. (1 . € ¢ d. for 2 < 1 < nn such that 4. .=
B={D "g,(D) | © <k; <d, j-d; for 2 < i < n such that 4, ,=0

and 0 < k, < m}

1
%
If we let i = min{i | di-:@} then we .ce that

1%
|B| = E& (@ 1~ 4m = m + dy+d;y = 2m

which is the cardinality of a basis, as required. Conseguently,
using Lemma (4.17) we have:
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(4.22) Theorem: For a rate %fnon-catastrophic code the maximum

nurnber of consecutive zero weight branches is

< max {d; 4.}, where d; is as defined in equation
2 <i<ix T3 1

(4,21).

Now consider a rate %-code which has only ¢ of the n generator poly-

nanials in a i 1 linearly independent set and assume that they
are {gl(D), gz(D), - gg(D)}. It is clear that if dn=0, which is
necessary for the code to be non-catmstrophic, then dnso and only

those generator polynomials in the maximal linearly independent set
appeav in the basis B. Consequently if we are to find codes which

have the minimum maximum length sequences of consecutive zero weight

branches we must consider those codes all of whose generator tap
vectars are linearly independent. Also it is apparent that we must

consider those codes for which max {di_lwdi} is a minimum, which
2<i<n T 7

means that all the differences (di_ —di) are approximately egual.

1
We may easily construct these codes. To illustrate the procedure
consider a rate 1/3 code with m even. Choose three polynamials
{pl(D), PZ(D)’ pa(D)}, each of degree = %-, which 2re pairwise
reiatively prime, From these construct the code generator polyncmials

as follows:

g,(D)
gg(D)

pl(b) p3(D)

gB(D) = pz(D) pB(D)
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Then we have:

o
n
1]

=]

1 degree gl(D)
m/?2

£
n

1]

o = degree pl(D) :

jan
I

3 ° degree 1 = C

thus: d.‘ -d = m/2

172

We see, therefore, that the maximum number of consecutive zero weight
branches is < m/2 for this code. We know, by Theorem (4.13), however,
that a rate 1/3 code must have a codeword with a sequence of {12E - 1}
consecutive zero weight branches. Therefore, we have demonstrated a

technique far achieving this lower bound.

In the general case of rate 1l/n codes the procedure is very
similar. Again the method is to choose n polynamials
{pl(D),pz(D),—-—,pn(D)} each of degree 5%—: which are pairwise
relatively prime. Having chosen these polynomnials the generator
polynomials are formed by taking ‘the n possible products of the n
polyncmials taken n-1 at a time. It is assumed here that n—-]_I_ll— is an
integer. Each of the genérator polynomials will therefore have degree

g in all ea . 111 @] B
m and in all cases (di_l-dl) will equal —- .

For the case in which nm"ﬁ is not an integer it will not be

l—d_-) constant for all i > 2. We will however

possible to have (4, i

L=
wish to have it be nearly constant. That is we will want it to be
i[n——T—i-], the greatest integer less than n_?"f’ for scme values of 1 and

tc be one greater for others. The constructien process will be to
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choose some of the pi(D) to have degree [ﬁ’—fi- + 1] and the others to
have degree [r—{r—f—l-] Again the pi(D) are chosen to be pairwise
relatively prime and in this case none of them should be divisable by
(D#1). Since r'g-l'l' is not an integer, there exists some integer,

k, 0 < k < n-1, such that 1-3% is an integer. We should choose n-1l-k
of the pi(D) to have degree [n—IfI + 1] and the other k+l to have degree

{h—‘lfi-] . As a consequence of this k+l of the generatar polynamials thus

formed will have degree m the other n=k-1 will have degree m-1.

The latter may all multiplied by (D#1) to increase their degree to

m. Either way the differences d; ,-d. for the generator polynamials

1

will be, as required, either [—5J or [Ty + 1] for i > 2.

Upon applying Thecrem (4.22) we see that these codes do achieve

the lower bound on consecutive zeros as given in Theorem (4.13).
Consequently, whenever it is possible to find the required set of pair-
wise relatively prime polynanials {pl(D), Py (D) ,--= ,pn(D)} we may -
construct a code which achieves the lower bound of Theorem (4.13). We

have thus proved the following theorem:

(4.23) Thecrem: For a given rate = %1- and censtraint length = mtl let
m+K

=1

K, 0 < K < n~1, be that integer such that is an integer.

If there exist n polynamials {pl(D),pZCD),——-,pn(D)} such

_ I::l:f -1 1=1,2,-==,Ktl
degree p,(D) =4 © ‘

’;-‘-}'ll(- 15K+2 ===,

-C38-



which ave pairwise relatively prime, then there is a
code which has no more than {-ﬁ% -1} consecutive zero weight

brarnches.

Therefore, we have a ¢lass of convolutional codes which share
the of having the fewest possible number of consecutive zero
weight branches. The above construction is not always possible (for
low rates and short constraint lengths) but in the case of long
constraint lengths and moderately high rates there will be no treuble
in finding the appropriate starting polynomials. In that case it will
usually be possible to choose them to be irreducible since the number
of irreducible polynaomials grows rva,pidly with degree (Peterson (1961),
Barlekamp (1968)).
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APPENDIX TO CHAPT

ER IV

In this appendix we will prove the theorem given in the text,

namely:

(A.1) Theorem: Let {g,(D),g,(D),~-~, g (D)} be a set of n polynamials

such that degree [gi(D)]:m for i=1,2 ,==-,n.

let 6i(D) be the greatest coammon divisor of
{gl(D) ,.gz{D),---, gi(D)} far i=1,2,~—-,n let di =
degree [4, (D3],

Then if p(D) is any polynamial of degree < 2m which is
a multiple of 6 (D) it has a .repmsentation of the form:
p(D) = al(D)gl(m*az(D)'gg(DH _— %(D)ign(ﬁ)
such that
degree [ai(D)] < di_l—di for is2,---,n

and degree Eal(D)] <m

In particular, we are interested in the special case in which

For n=2 this theorem is well known and may be found in the
following form which we will need:

(A.2) Thécrem: Let gl(D) and gz(D) be two polynomials of degrees
m, and m, respectively such that g.c.d. {_gl(D) 12, (D)}= 6(D)
of degree d. Then any polynamial, p(D), a multiple of &(D)
of degree < ml-i-mz-d may be written as:
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p(D) = al(D)gl(D) + az(D)‘gz(D)
such that

degree li'.a-l(D)J < m,-d

degree [aQ(D)] < my-d

We will prove the general theorem by induction on the number of

polynamials, n. First we will assume that it is true for all n < N-1

Since p(D) is same multiple of rSN(D) there exists some

representation
P 7 08 T8y T Y OBy
where the {ai} are polynomials of arbitrary degree.

we may rewrite this as
P =Py * oggy
and we may further rewrite wgy ~ 9 éN-'-l*T degree (r) < A1

So p = :PH“-IL + qu__l +r

now notice that g.c.d. {gy,8 ,}= §yand & | r

So I = “’QN.—:L # sng

with degree {a} < m-dy degree {B} < dy_1%.

If we carbine these terms we have

P = Pyt 1ty *Bey
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s but éNﬁl | {pNél +q aN-l + aéNkl)

and degree {prl*qéN_l+ aéN_l} < 2m

so by the induction hypothesis we have:
Py-1*d é‘N—lm‘S‘N-l = 8y tasgy ==t Ay 18y

such that degree {al} <m

degree {ai} <d, ,-d,

i i=2 g ,N""l

and since degree {8} < dy_q~dy the rroof is complete.

2
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