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I INTRODUCTION

The initial period for Contract NSR 05-007-083 was July 1,
1966 to June 30, 1968, and the . supplemental period was July 1,
1968 to June 30, 1969. The latter was extended to December 31,
1969. However, work on the main tesk, analysis of lunar orbiter
tracking data, was actually started at NASA-Goddard Space Flight
Center (GSFC) in 1963, and not terminated at UCLA until Septem-
ber 1970.

The effort at GSFC was carried out in connection with the
Anchored IMP project. |t was terminated in April 1967, after
it became evident that Anchored IMP had not attained an orbit
close enough to the moon to be useful selenodetically. The
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versity of California, and suspended in September 1970 with
the departure of the principal pregrammer working on the anal-
ysis of lunar orbiter tracking data. The decision has now been
made that it would not be worthwhile to resume the effort.
Although it is felt thaet lunar satellite orbits have not been
exploited to their fullest potentiality, approaches different
from that developed under this contract appear to offer greater
. hope of solving the main remaining problem, determination of
the far side gravitational field.
Work under Contract NSR 05-007-083 fell under four headings,
which correspond fo the subjects of Sections || -V of this report.
(1) Analysis of lunar orbiter tracking data constituted

about 80 percent of the effort.




(2) ‘Interpretation of the lunar gravitational field con~
stituted slightly more than 10 percent. This work was trans-
ferred to NASA Contract NGL 05-007-002 in May, 1969.

(3) Error analysis of laser ranging to the moon consti-
tuted betweenVS and 10 percent. This work has been continued
under NASA Contract 05-007-283, which began April 1, 1970.

(LY Miscellaneous efforts constituted Yess than 2 per-
cent. They included re-examination of Brown's lunar theory
to determine the effect of the lunar oblateness and statisti-

cal analysis of topographic heights on the moon.




bl ANALYSTS OF LUNAR ORBITER TRACKING DATA

The main guiding principle of this analysis was to make
the minimum adaptation of techniques which had been sucessful
in analyzing éarth satellite orbits to determine variations
in the earth's gravitational field (KAULA, 1963a, 1966a, 1968).
These analyses of earth satellite orbits were begun at GSFC
in 1960, continued at UCLA under Contract NSR 05-007-060, and
terminated early in 1967 because (1) the difference in tech-
nique from that at SAO was no longer great enough to warrant
a separate effort; and (2) the amount of routine technical
work required was greater than appropriate for a university
research project.

The distinctive characteristics of the earth satellite
orbit analysis were:

(1) Use of an analytic intermediary orbit, as well as
analytic formulation of gravitational field and luni-solar per-
turbations and partial derivatives.

(2) Formation of the observation.equations in terms of
right ascension & declination for camera observations, and range-
rate for Doppler observations (rather than in terms of oscu-

lating Kepler elements).

(3) Combination of data from several arcs of the same

satellite by the technique of partitioned normals (KAULA, 1966b,
p. 105), and from several satellites by saving the normals and

applying weights to their combination.

The programs used in the earth satellite orbit analysis




had three stages:

(1Y S&cC: selection and conversion. At this stege, re-
dundant data wereremitted or compressed by using polynomial
fits to residqais with respect to an orbit. The data were re-
ferred to coordinate axes appropriate to the epochs of the orbi-
tal arcs, and reformulated so as to be convenient input for
the succeeding staces.

(2) soA-P: Satellite orbit analysis, preliminary. At
this stage, orbital arcs were determined iteratively until good
enough fits were obtained that any further correction could
be safely assumed linear. Arrays to be used for partia} deri-
vatives with respect to spherical harmonic coefficients of the
gravitational field were then caicﬁlated.
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(3) S80A-F: Satellite orbit at
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stage, the data were reanalyzed to determine not only constants
of integration, but also spherical harmonic'coefficients of
the gravitational field and shifts of tracking station location.
All exercises of statistical opticons -- relative weighting of
different satellites, relative weighting of different tracking
types, weighting according to phases of angles critical to per-
turbations, a priori sigmas for parameters, etc. -- were con-
centrated at this stage.

Two main differences in the nature of the lunar satellite
orbit analysis necessitated corresponding modificetions in the
programs: (1) the tracking stations were located on a dif~

i

ferent body than that about which the satellite orbited; and
¥
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(2) the perturbations of the satellite orbit are much larger

relative to the central term.

Tracking_from stations located on the earth to satellites
orbiting around the moon gained the advantages of much greater
tracking coverage, and of insensitivity of the gravitational
field determination to errors in tracking station position.
However, it had the disadvantage of requiring incorporation
of the lunar ephemeris. Furthermore, the synchronous rotation
of the moon prevented observation of the short-term perturba-
tions by the farside gravitational field.

The modifications made were:

(1) partial derivatives with respect to station location

JA~F were removed;

pros
(0]

(2) the lunar ephemeris tape was read in S$&C and tracking
station position & veloéity were calculated in a selenocentric
coordinate system referred to the lunar equator and Cassini
point. These station positions & velocities were saved and
used in the formation of observation equations in SCA-P and
SOA-F.

The data used were range rates from the Deep Space instru-
mentation Facilities (DSIF) at Goldstone, Madrid, Johannesburg,
and Woomera to the Lunar Orbiter Satellites | through V. The
format of the data was as given by LORELL et al. (1265). The
conversion of Doppler count to range-rate was as described by
WARNER et al. (1964, pp. 15-20). The units used for the con-

verted range rate were such that the lunar radius R, mass M,




and gravitational constant G were all unity: i.e., a time unit
of 1035 seconds. The ephemeris tape used was the Jet Propuls
Laboratory DE-19 (DEVINE, 1967).

There were practical difficulties entailed in converting
the ephemeris and data tapes from 7-track (adaptable to JPL's
IBM 7094) to 9-track (adaptable to UCLA's IBM 360); in converting
ephemeris tape interpclation programs using some system sub-
routines not available on the B4 360; and in obtaining modi-
fications of constants relating to the data conversion from
those given in WARNER et al. (1964). However, it is felt that
these difficulties did not have any serious effect on the re-
sults, compared to either (1) the system bugs associated with
UCLA's conversion from an IBM 7094 to IBM 360~40, 360-75, and
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360~ or (2) the inadequacies in modelling the large
orbital perturbations.

Perturbations of lunar satellites are larger than those
of earth satellites for four reasons: (1) the magnitudes of

the variations in the gravitational field, expressed by the

spherical harmonic coefficients E&m’ S, , are larger, as in-

m
ferred from analysis of physical librations and predicted by

the equal shearing stress assumption (KAULA, 1963b); (2) the
moon rotates much more slowly, and has @ smaller coblateness

;
thus leading to siower pericenter motion and more small divi-
sor buildup; (3) the earth is much‘larger relative to the moon
than the moon is relative to the earth, sc¢ that the ratio
[Gmir®/r*®1/0GM/r} is larger by a factor of about 100; and

(k)  the satellites can come much closer to the body, because

there is no atmosphere.




The dominant means by which the SO0A program determined
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ield was from pertur-
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variations of the earth's gravitation
bations not averaged out in a single revelution of the orbit,
and appearing mainly as oscillations at a rate of m cycles per
day for a tesseral harmonic of order m. These oscillations
are essentially linear with respect to an intermediary which
is nopn~linear in the principal perturbing effect, the coblate-

.

ness Jp. The theory used for this intermediary was BROUWER's

(1959) .

in the case of the moon, it is desirable to use data span-

ning at least a month, in order to observe the analogous m-cycle/month

perturbations from lunar tesseral harmonics. Probably onty
in this manner can the farside variations be obtained. In the
first approximation, the tesseral harmonic effects can prob-

the

ably be taken as linear, as well as the solar effects and
short periodic earth effects. However, the long periodic per-
turbations by the earth and the second degree harmonics of the
mocn's gravity field have significant non-linear interactions.

1

It was decided that the modification most consistent with the

s

guiding principle of minimunm change was to replace the long

periodic part of the Brouwer theory by the numerical integration
of an intermediary in terms of Kepler elements. For such an
intermediary, integration steps on the order of .05 day are
feasible, since the most prominent perturbations have rates

of 2, k4, etc. cycles/month.

[t was assumed that the disturbances possibly giving rise

to significant non-linear long term effects comprised (1) the




earth, expressed as Legendre functions of degrees two and three;
(2) the zonal harmonics of the moon Jp and J

equatorial ellipticity of the moon, Jse. Disturbing functions
in terms of the osculating Keplerian elements of the satellite
and third body are given by KAULA {(1961) for variations in the
planetary gravitational field and by KAULA (1962) for the third
body effects. However, two minor modifications are desirable
in order to cope with the theoretical difficulties of obtaining
a correct force function for the numerically integrated inter-

mediary. Firstly, to perform the ‘‘bookkeeping! associated with
b; Y

iﬁ

the mutual interaction of short period terms giving rise to

-~

.

long term effects, it is convenient to adopt a subscript con-
vention such that all terms of like argument are combined with

.

a positive coefficient on the mean anomaly term in the :

48]

rau
ment. Secondly, to account for the indirect effects of the
perturbation of the moon by sun using the lunar theory of EROWN
(1905), either in tabular form or in an abbreviated analyti-
cal form such as 'that given by BATTIN (1964, p. 380), it is
more convenient to exbress the position of the earth in seleno-
centric inertial coordinates {g*, wr, M1 referred to the lunar

equator and Cassini point at epoch-.

The initial disturbing function R thus becomes:

3 3 co n—keven
R= Z Z At { sm} {nw + k(Q— )’“)‘

n—kodd

3 n—keven
+3 > AJ,,,{ }{nm+]ﬁ4+k(Q-—2y s (1)

n—kodd




where, with subscript correspondences

I=[5—-(=1)12

m = |k|
p=l=(=1yn]2 | @
g =(—1)"(j—n),

the coefficients_éjﬁk are, from KAULA (1961, Eg. (27)) and KAULA
(1962, Egs. (2) - (3)),

m*a . m)
Ajnk = I:’ %I+ 1 le (9 ne ) (2 60'")([ + )' lpq (8)

2 2
wla, Lfa,
+ {5216271:'7 ” ) ‘]22 - 52150111 lﬂ (M> J2 (3)
a\ a .

In (1) dnd (3), La, e, i, M, w, Q} are the Keplerian elemants
of the satellite. 1in (3), m* is the mass of the earth times
the gravitational constant; u is the mass of the moon timas

the gravitational constant; 2q is the equatorial radius of the

b

moor; the 6ij’s are Kronecker deltas;_fém(sinm*) s Legendre's

sociated function:; the inclination function F (i) is (KaULA,

— Lmp

py
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=01 —m—21)123 2
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% Z<S>LO> lZ( . )(p——i—-c)(*]‘) , (4)
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the eccentricity func-

where = is the integer part of (4~m)/2, t
the lesser of p or u, and ¢ is summed over
the binomial coefficients non~-zero; and
tions H£ (e) and G&pg(g) are most succ
] _

Hansern fuﬁct'ons:

Hy,(e) = X570, (o) = X{"(")

Gipg(€) = X 22,35 7 () = X777 (o). }

The Hansen functions are valid

formulation used is that given by TISSERAND (1883, p.

an alternative formulation is

To remove the short period terms
Fa. (1) by the customary von Zeipel fechniaque (BROUWER

1966b, Sec.

1861, ch. 17; KAULA,

variables,

L = (ya)*

G=[pa(l -}t
H=[pa(l - >} cosi
h=Q—1%,

“the force function:

F= "+ Hi*

, LR
212 ™

For the transformation

F(L,G, H, M, o, h)— F'(L, G, 1’

for any e<1.

,— w, )

on the

3.5}, we have,
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sec

inctly defined as the
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and

using
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Delauns

The particular
2567 ;
given by PLUMMER (1960, p. 46
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Substituting (1) in (9), and using the determining functio
Sy to remove short period terms, we obtain for the force func-

tion £’ of the intermediary to be integrated numerically,

3 3 cos n—keven ' '
Fl, = z E Aonl{ {)ICJ + I\hj (10)
n=-3kK=0 SINJy—k oaa
L'
S L /In — rjl\dxyl
1 /IZJ\\ 11} AviL

L3, ] Sill n—keven
= f - A {nw +jM + kh} (11)
H B J — COS )}~k odd
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r 3 04 " O0Am K .
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2u 2L dL Jj e j ¢H J

Syn,n kK
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A g n“l { — K 2
A i {(‘”3) sm} {(n —nYo + (k- K)h} (12)

{(n—n)—{(k—k")odd
It would be more convenient to express F4 in a form similar

to Fy in (10),

6 6 g—seven
, cos o
F = Z Y B"‘{sin} {gew+ sh}, ‘ : (13)

g—sodd




Such a form is particularly effective if sing* in (3) is re-
placed by 0 and if r* is replaced by a* in these non-linear
terms, since then the small coefficients ﬁgs will be for practic~
able purposes constant over the entire lifetime of some satel-
lites, or at least constant over a time short -~ say, weeks

-~ compared to a full cycle of pericenter v for satellites of

larce eccentricity and semi-major axis. Working out the algebra
g ¢

of the subscript combinations vyields

1) for k' < k: F=k~wnf=n—g} (14)

2) for k' > k: K=k+s,n=n+g

o 3 04 o
]Jgs = ?:;;2‘ .:Z’[,Aj"k + ‘E LAj (n—g)(E—5)

Jin Kk .
04, {n—g
+ (1= 0u) Ajmta o) + ?éi {“*

i g) (k—s)

n+g - R
i (1 = 0o} Aj(ngy (k+8)} + "’67;“' {*}‘ Aj gy (-9

k 45 ) ] g—seven
+ _—}._ (] - (Sok)AJ'(u+g) (k+s)}}{(_ ])""k+1} GS)

g—sodd
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I though the Delaunay elements are more convenient to de-
rive the contribution to the long-term variations of the or-
bit from mutual interaction of short period terms, for purposes

r M .

of integration of the intermediary the use of a disturbing function

R =F+F; (16)




in the Lagrangian planetary equations is egually valid. TI
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form of the complete disturbing function R in Eqg. (

that a representation in Keplerian elements is more convenient.

Using (&) and the Kepler law n = n"2°,

9(a, e, 1) [ 2/ o 0 %
8(L Gfi} {(1 — e*)fna’e, — . /1 — é*jna’e 0 ‘{ (17
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whence, also substituting from (6),
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in (15) and (18), the J summetion is from 1 to ®, while
the other limits are:
max(—3, =3 —-g)<n<min(3,3+g)
~-3<k=3. (19)
The equations of motion applicable to the intermediary

are (see, e.qg., KAULA, 1966b, p. 29):




da 2 0OR
dt  na oM
de 1-¢?8R (1—¢)* 3R
dt ndle aM nde éw
di cosi OR 1 OR
dt na’(1 —¢)sinido na’(l - e?)Fsini 6Q (20)
dam 1—e?6R 2 @R
ar "7 nae b nada
dw cos i R (1 —e?)* R
dr - na’(1 - %) sin ] nale oe
dQ 1 éR
At na*(1—eyisini ai

where, from (16), (10), and (13},
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While the evaluation of B and its derivatives is lab

Lgs
to program, as mentioned, it is not time“consuminé in an orbit
calculation, having to be done only once or at wide intervals.
Brown's theory gives the longitude, 4 and latitude, 8 of
the moon in a geocentiric system referred to ecliptic and ver-

ial equinox. To obtain the selenocentric position of the earth

L I

referred to equator and Cassini point for use in calculating
Ajrpg the signs are reversed and rotations from the vernal ecqui-
- PN

nox to the Cassini point through the longitude of. the node 0O
-~

& LAt
- A
Iy

plus about the Cassini point through the inclination of th

e

ecliptic to the lunar equator, 1, about 1°3201:
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cos ™ cos 2 ]

sin¢*

where

cos i cos/

cos 2 sin &2

Ry (" ])R:a (QM) =

The range of latitude B is +.09

Hence the neglect of these variations

linear coefficients Boe should make a
“ -

in those coaefficients. In the linear
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into account in the calculation of the A
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I i — sinff
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l—— sinI'sin$ sinl cosQ
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cost

calculating

and of distance r* is +.05a%
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o NPT kR4
about 1%

An extensive comparison of the integrator against a Co

numer ical integration was

intearation interval of

po)
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carried out.

In this manner,

0L days was decided.

the

At the time this analysis was undertaken, 1t was comple-

mentary to

The integration and
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ytic, similar to Lorell's, rather

The data was enalyzed in the form of

formulation of partia
than numer

range-
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der

rather than Kepler elements, like Lorellfs.
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)} close enough to the moon to be significantly
perturbed. Satellites for which there were good data for more
than ebout hal? a month could further be analyzed in terms of
either several short arcs (S) of 6~ 9 days or long arcs (L)

of 11-21 days. Table 1 summarizes the data.

Table 1 Lunar Satellite Orbits

Group Semi~Major Axis Eccen- Incli~ Satel« Arc No. Starting Ending
i

2 or .
"Lunar Radii  tricity nation lites Length Arcs MJD MJD
deg-
T 157 32 iz. la S 39351.0
Ib 3 39385.3

= wn
—t

Mo
o
v~
(%2
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w
L
—t
~!
-
[g]
e
[¥g]
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[

172 2
—~t ND eemd RO

e
39576.0

L
S
L
tlic S [ 39618.4 386251
L
L
S

]
W
O
W
T
wO
P2

L. .13 Ok 21. [liel i 35592.0
lite i 29678.0
Illes3 2 39738.5 39754.5
L 2 39731.0 3977%.0
5. 2.16 .52 8L, Ve ) 2 39559 .2 395876.0
L 1
6. 1ohh - 1.63 30 85. Ve

Vd

~ v
S

Of the 19 date sets listed in Table 1, 11 were successe-

5]

A

fully anslyzed in SOA~P. Success appeared to be defined roughly




H ! - B2 .
as residuals less than about 107° [°, where D was the arc e

in days. The successful fits were taS, IbS, {1c2S, lic2L, 111bg,

€

Flibh, 1iie3l, tVcS, tVch, VdS, VdlL. Arcs for which success
could not be attained were llcl, tilel, and Vcl.

Arcs analyzed in SOA-F were taS, and a combination of la$
and llcS. These analyses were carried through spherical har-
monic indices L ,m of 12,5. However, none of them attained re-
sults which could be called reasonablé.

At ne time was performance on the computer attained smoothiy

enough to enable a proper datea analysis in which different weighting

et

alternatives were tested out, as had been the habit in anal-

yzing earth satellite orbits. Approximately 90% of the time
was occupied by what the programmer believed to be program,
svstam, or tape reading ditficulties. The principal defact
in organizing the analysis was probably the lack of a researcher
intermediary between the principal investigator and the pro-
grammer . Such a researcher could be intimately involved in the
programming & debugging, as had been found necessary to make
progress in the earth satellite analyses. However, the large
computer programs were too complex for anyone working part time,

such as a graduate student, to become familiar with them.
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L INTERPRETATION OF THE LUNAR GRAVITATIONAL FIELD

Analyses of the initial results for the gravitational field

1

suggested that:

(1) the moon is closer to isostatic equilibrium than the
earth;

(2) the variations of the gravity field are positively
correlated with those of the topography.

The results of MULLER & SJCGREN (1968) showed that (1)
is correct, but that (2) is not. Rather, the most pronounced
correlation is of gravity highs with topographic lows, the

ringed maria. Worlk of this subject in the last year of the

contract was devoted mainly to explaining these Ymascons''.
. Observational Data

The striking positive gravity anomalies associated with

€

itiv
ringed maria determined by MULLER & SJOGREN (1968) are of un-

° interval north-south orbit trace

doubted realtity, since each 2
was an independent determination. The anomaly accelerations
so estimated are probably smaller in absolute magnitude than
the true values, because they are derived from Doppler residuals
with respect to a separate set of orbital constants of inte-

for each trace, which certainly absorbed some of the

gration
irregular effects. There is also some damping because ©
satellite altitude, and some distortion because of the epproxi-

reduction to uniform altitude. However, it
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is difficult to imagine how the anomalies could be too big et
all, or too small by more than a faector of, say, two.
2. inferred Excess Mass

k3

In table 1 are summarized the principal data for the five

mass concentrations which are the largest. The total excess
mass AMM is calculated by the half-space modificati of Gauss'

Pl

» « ® ‘ ‘ ‘ . @ w8 o s gt
where C is the gravitational constant, 6.67 x 107 cgs.

It is perhaps worthwhs?g pointing out that the lunar mess
comaentrat?@ng are ﬂoﬁ extracrdinarily large by terrestria
standards . On the earth, there are at least 20 “mascons! bigger

that Mare lmbrium, and the largest (Indonesia - Philippin

Kercuelen - Crozet platesus, lceland - North Atlantic) are at

teast seven times as big as imbrium (KAULA, 1968). This fact

re-emphasizes that in the moon we see a muted landscape, as

has already been indicated by other criteria suc

tude of spherical harmonic coefficients of the lunar

field and the elevation differences of lunar topography compared
to those predicted by the “equal stress implication hypothesis.
(KaULA, 1963) . Another indicator of mildness fs.th& rms me

anomaly for the 83 10” x 10° squares infig. 1: + 33 milligals,
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it does not appear to make so much divference with tar
. < « t 'R K P
Tear bursts. Buried explosions yieta radit which scaie

powar of 0.323 or lower. Both VORTMAN eand CHABAL reason

for stiltl larger energies cube-root scaling should be
for both surface and buried bursts. On the other hand
(personal communication) points out that since the rar

throwout is a function of its inittlal velocity which in

is dependent on impact velocity, eventually for a large
burst a significant fraction of throwout will fall back

the crater .
[f we assume cube root scal

eq. (2) at 15 MT, we get:

Ro= 50.k po.32s

meters kilotons

Converting units, we get:
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ergs krn
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Or, substituting MV"/2 for E, for the impacting mass M:
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$ o~ H = - oof ey oo
which ¢ives an age of only 65 x 10° years. Using a

T R ey oy g o - o o T s - Voot jod eI O
appropriate for overtaking orbits, as suggested by WETHERI

thus seems likely that (&) the cumulative freguenc

wERE

x»‘
=1
=g

eq. {12} is too low because of obliterating effects; and
(b} the exponent in eg. (13} should give a faster drop-off

with mass than does ~0.67 (obviously the exponent must even-

tually drop below -1.0, if there is not to be an infinity of

I3

total infalling mass).

el

pd
-
o
o

infalls should be negligible s 5 km (KAULA, 1968, p~ 3163 .

With the 6vertaking velocity of 9 km/sec in eq. (9), this

3 1, 4@ ) ~ ~ - z - N FUNO
corresponds to a mass of 10 gms . If eq. {12) is the accumu

. P
lotion for h.5 x 107 vears, then the fregiuency for M = 10

<

thias value to a value agresing with eg. {(13) for a ma

3
[ #2)

s of

!

< 17 R I A . - ~ s &
f = 291 »x 10 B s M= 2.5 x 10
b3

2 2
k™ 107 year)” gm

which is not at all implausible.

5. Energy Scurces affecting Maris
Under this heading are included both the infalling be

te heating in the outer

f crater for which obliteration by subsecuent

-3 o o p g e e S e
yr) 0. An exponential law connecting




£ g e NP, o s o, e . -
af the early moon and hence promote iso

gassing of udicr, fractionation, and, possib

y
P

hsteroids, or planctesimalis, are generally favored as ¢

‘infalling bodies because of their greater

apparently more common cccurrence in the

However , comets are not (o be ruled out.

7 L8 L e g oo Pt N - R M EW o - "
to & x 10 grams listed as corresponding to cometary ve

in table 2 correspond to the range of masses estimated for

Halley's comet (WHIPPLE, 1963). An objection to coamets is the

small capture radius of the moon for such rapidly moving

s x

But if comets are necessary to slice off the eart

[ FN . 5 ) . e 43 C . RS a kb
to make tektites, then we have had two 7 x 107 erg, or 10 10 gt
events in the last million vears, and four in the last 34 fon

fuatit (R eT N . 200 . 20m0Y 1t Cren g e de S s .
ViR Ly 10Oy 0 300 Ve I VS iave TCCiIoh OV ComeT g

guency in the early solar system, other than it is 11

they were much more abundant. KOPAL (1965) suggested

created the maria because they would constitute a

y per gram resulting more in melting of & broad

Tayer than in cratering and throwout. The lack of tensile

strength in comets is not of significance in cratering, sir
for hypervelocity impacts ell materials are of neglicgible strencth

- . . . .
(BJCORK, 1961). The effect of the lower dens ity would be

make the velocity stagnation point shallower, resulting in o
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where G is the gravitational constant 6.67 x 10 cgs . Fo

St et

- PR 2 zm o
the gravity anomaly &g we take the derivet ive and set &

- 'f,.ﬁn,g /a“ o
hg, = WTGHF—y (17)
-t £ (/‘"‘2“ H
(The Bruns term ZEU{fr is neglected, since in this prcblem
oy
heights ebove an equipctential were not used). Assuming L << a,

| G
Q
=
e
I

ek

a surface distribution at radius ry is isostatically com-
pensated at radius ra, then their respective contributions fo

hydrostatic pressure are equal:

93}

e,
—hy

(¥
S

gl{ry) U%(ri) = g(ra) U%(rﬁ)

fn a homegeneocus moon, ¢(r) ~ r; the increase in mass of

!

compensation over the surface matter would thus be small com-

pared to the wavelength effect (4+2)0/a in eq. (18), and hen

can write that for the anomaly arising from an isostatically
compensated layer o,:
o
N
v, e OTIGAEG (90
t{\(:;)‘z/ [ :Zmav‘a ‘{; %‘, (e
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(ix} The low electrical conductivity of a major portion
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(x)
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of horizontal motion on the moon.
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that the thermal conductivity of the maria

other areas undisturbed by recent large meteorite
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To create mass excesses, at least one of three

have occurred: an infall of a body from

the moon:; or a lateral transfer of wmatter on the surface of

]

the moon; or a lateral transter of matter incide the moon.

these mechanisms also require a
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On the earth, areas of lava flow are it they
fr ey o § oy Hr o i~ e £ ¥ P - 1 e Loy P o A
contain activity in recent geclogic time say the lasi

vears, and are almost always associated with topographic

excesses {(KAULA, 1969), contrary to what seems to be the case

for the lunar ringed maria, ez previously mentioned

it is even more necessary con the moon than on the

than other surface rocks because it g drawn
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The oxygen/metal ratios obt by the Surveyor aipha-
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scatltering measurements (see teble 3) indicate that the normal

Tunar surfe

[

ce may be denser than basalt. 7o be yet denser
the ringad maﬁﬁa material would have to be either more basic
or more ferrous than terrestrial lavas. A possible alternstive
is that the oxygen abundances obtained by alpha-scattering are
systematically low, as suggested by the spparent absence of

free iron indicated by the Surveyor magnet experiment (DE WYS

1968y . If the high A4, St, and Ca abundances are correct,

then the oxygen/metal ratio will be about the same as avel

basalt, even assuming zerc carbon and hydrogen content [see table
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TABLE =:  HYPFOTHETICAL ATOMIC ABUNDANCE

Na AL Ca s Ma Ni Fe Si
Carbonacecus Chondrite | <13 <09 <07 <50 1.00 0L L85 1.

Volatilized <1 b

3

“Crust" = Lunar Surface .07 <09 07 O SOk 05 2l

i

by Alpha Scattering
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"antle' = 90% Olivine 86 0k L8

+ 10% KRi-Fe & lron Qxide
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velatilized B Log

TCrust' s Alphs 01 045 .035 L0055 W02 Lzs Lt 2

“Mantle" =~ 5% Plagio~ 01 045 L0325 .08 Ok 855
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t 35

+ 25% Ni-Fe & ifron Oxide
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form a proto-mocn white there was still an apprec

'

(1v) Additional material fell into the moon;

iitstribution of velooities of this

T e g PR S o b . ; . PR T« .
from one with a peak arcund 2 kmfsec “3@L€§E§L‘E velooitt

to one toward 10 kwm/sec “asteroidal' velocities.

the associated atmosph

o
83}
Q)
o)
(&3

(v} The infalling mater

generated encugh heat near the lunar surface to cause

tion into a basalt-

(vi) in the terminal staces of lunar format!

. . ] o
stercide or comete accurred. resultine in
rred. rec e

of water to some depth. This outgassed water may

W b1 5 S [V R B SR S o S - g T
szl b e tn wephere with Timited erosion and sediment

(vii) Subsequent cooling of the ocuter several

. U S
qzzGWwQ ST T

cient tensile strength to develop so that pressures in

[4

hydrostatic were created. These processe

up ta places of structural weakness beyond

rise of a high density root, so thst an appr

batance was attained.

-
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by UREY & MAC DONALD (1971}, cannot be ruled outl because oOF

our ignorance of the mechanics of such impacts. But it is au
unattractive hypothesis because of its complexity, being much

dependent on the details of formation of the earth-moon ¢
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Numerical error analyses were made in which the covari
matrices, and thence sigmas and rrelation coefficients, re
sulting from fictitious series of observations were ca

o

The purpose was to test the effects of:

(1) changing the maximum zenith angle of obser

ern hemisphere telescope;

(2) adding a south
(3) not determining the ranging bias separately;
(L) adding a second reflector on the moon;

(5) extending the observatiocns over 18.6 vyears, a full
cycle of the node;

(6) wutilizing only one telescope instead of two in the
northern hemisphare.

Parameters which were solved for included:

(1) orbital elements: the six Kepler elements at epoch
(a, e, I, M, w, @), plus scale;

lunar rced 1ibr

(2)

clination 1,

ation parameters: equatorial in-

= (C-B)}/(C~A) (using the 12 leading Fourier
components of its effect);

(3)
(L)

moon tide Love numbers;

Fourier components of wobbles in the eart

(5) Fourier compor lents of variations in the earth's rotation
(6) telescope coordinates;

telescaope

(7)

(8) reflector




m

rror sources which were allowed for in the model:
(1) instrumental random error;

(2) constant bias;

(3) zenith angle dependent random error;

(LY zenith angle dependent bias;

(5) sun-moon angle dependent random error;

(6) sun~moon angle dependent bias;

(7) cloudy weather,; random day-to-day.

The standard case calculated assumed:

(1) observations three times a day for L37 days, weai!

permitting, at the extremes of allowable zenith angle and the
meridian;
(2) maximum zenith angle of 60%;
3w
(4) two telescopes:
Maui (20°N, 204°E, 60% clear weather) and
Pic-du-Midi (L3°N, 0%, LO¥% clear weather):
(5) one reflector:

Mare Tranquillitatis (2°N, 3L°E);

i

(6) random error

S

4+(10. + 10. sec Z+ 12. cos®¢/2) where 7 is zenith angle and ¢

7 a priori siagna of bias
g

=t
Uﬂ

(8 a priori siomas of lunar orbit element:




o

o

w o= 100. x107°
a= 107 %earth radii
e = 5. x {0"°®

0
e}
jof]
—t
®
i
Y
U
s
<
[
03
,‘
+
-
-
Fal)
Q.

The Fourier components of the wobble and rotation which

o

)

were solved for were for the periods 13.251, 13.665, 1h.106,
The results are given in the table
The main conclusions are:
(1) observations should be made daily, 1f possib
(2) for the specified error model, the maximum zenith
angle of 60° is reasonable;
(2Y an addirional station in the southern hemisphere would

]

improve significantly determination of the action ele

1), telescope coordinates, and monthly oscil-

g £

lations in the earth's rotation & wobble;

(LY independent calibration of bias is desirable;
(5 a second reflector on the moon would significantly

improve determination of the lunar equator;

(6) continuation of tracking over 18.6 years would vield

vy A H e

an order-of-magnitude improvement in determination of the orbiti;

(7) at least two tracking stations well separated in

tude are needed for strong determination of

variations in the earth's rotation.
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Further analyses should be made to take intc account

strictions in the number of hours per day the teles

able and to utilize the

of wobble & rotation by

i
O
Q

el
(”3
tn

probably more accurate determinati

radic telescope interferometry.

P
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Vo MESCELLANEQUS

B Statistical Analysis of Topography

Do e ey o AP - UL g B

&3]

An autocovariance analvsis was made of topographic ele-
7 b v I
vations determined from earth-bssed photography by the U.S.

~

rmy Map Service and the USAF Aeronautical Chart & Inforry

Center. The power spectrum obtained from this analysis ¢l

good agreement for degrees 3 and higher, but disagreement for

degrees 0, 1, and 2 -- suggesting serious discrepancies be

the scale and orientation provided by the AMS and ACIC control

“ § e EN + 3 £ =y (o 1 J\ -3
£ POVESTIAaTION OF LUNSr Saécurar Motians
o it A AN ML RIS e P LIS e

Cassini's law and the physical librations give values for
(C~-A)/C and (A-B}/C. To obtain the physically more interesting

. @ Pt .
quantity C/MR®, however, we need two dimensionless coefficicnts

Jz and Jps of the lunar gravitetional field, definable as:

L:w~qu+Bme}
Tw== (B — A)/4MR®

Prior to lunsr satellites, the moon's own orbit was the only

<

phenomencn sensitive to these terms, principally through the
the node (the point of interscction

of the orbit and the ecliptic), and w of the pericee (the point

N
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of closest approach to the esarth). The "“observed!

T revolution per 18.6 years, or -6,967,943.6 seconds of arc

o

per century for 0, and 1 revolution per 8.9 years, or +1k,60L3 5

/

seconds per century for @. A}l but about 800 seconds per

this motion is caused by the sun; the planets contri-

bute about 200 seconds per

J» contributes about 600

res idual of less than 30 seconds per tent
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counted for by the moon. Until the advent of artificial earth

satellites the earth's ohlateness

of 0.56, which suggest that the moon is closer to a hollow

than to a homcgeneous ((

that the solar contribution to 0 postuleted in the lunar theory

of Brown was in error.

w

But the revision of RBrown's theory by ECKERT (1965) lefr

an even larger residual in O, =28 seconds per century, which

resul ted in the even more unreasonable value of C.64

This '"hollow moon parad

ox' persisted for some years until VAN

FLANDERN (1968) pointed out that error lay not in Brown's the

£ i T oy

retical Q, but rather in his "observed" @, which he cal

he difference of two cuantities (BROWN, 1915).
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where L s t©
tude, the angle aleng the orbit from the node to the moon.

In using these values over different time bases, Brown was mak
the implicit assumption that his Yclock', the earth's rotation

had a uniform rate. But we now know that the earth's roration

varies, and on the basis of Brown's own values for the differen

1

between the observed and calculated longitude of the moon, the
mean rate for 1840 to 1910 is about 10 seconds per century les

thar the mean rate for 1750 to 19710 {MUNK & MAC DO

pe 202). The application of this correction bri

for C/MR? down to a comfortable O.Li.

°

However, a closer examination of Brown's discussion (BROWN,

1215) indicates that the latitude data are for 1847 to 19071,

£ pn o ¢ g o

* LG Ll o

)
oA

o)
o

-
o
ol
o]
ot
6!
£

h
further, so that the inferred C/MR® is .06. |t ceems pr
that the observaticons are not as accurate as estimated

Furthermore, there remains doubt as to the actual value o

rth's Jp used by him.
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