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ABSTRACT 

The choice of an antenna for a lunar surface electrical 

properties experiment depends heavily on the radiation 

characteristics of the antenna as placed on the surface of a 

lunar medium. For engineering purposes, it is useful to 

simplify the model to a Hertzian dipole (x-, y-, or z-directed) 

on the surface of a planar-stratified medium. A general 

formulation for the fields in a piece-wise isotropic, stratified 

medium, with a finite number of layers, is derived using the 

,method of TE & TM decomposition of the fields into transverse- 

harmonic (plane) waves, without use of any electromagnetic 

potentials. 

The medium will be further simplified to a half-space prob- 
a 

lem (which was treated by Somrnerfeld,' van der Pol, ~ d n o s  1 

for numerical comparison of dipole characteristics,. Dipoles on 

the surface between two half-space isotropic media will be 

compared on the basis of: (i) surface fields (non-radiating) , 
(ii) sub-surface radiation patterns, of which we are interested 

in: (a) antenna gain and total power radiated within various 

lobes, (b) radiation peaks in certain directions and radiation 

nulls in other directions, (c) azimuthal symmetry of radiation 

patterns. 

Further special results for a 3-layer medium will be discussed, 
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CHAPTER 1 

Basic  Conceptual  Framework 

This  c h a p t e r  i s  in tended:  (1) t o  g ive  a  gene ra l  i n t r o -  

duc t ion  t o  t h e  c h a r a c t e r i s t i c s  of t h e  va r ious  d i p o l e  s o l u t i o n s  

and ( 2 )  t o  i l l u s t r a t e  t h e  g e n e r a l  method of decomposition into 

TE and TM waves, wi thout  use  of  any e lec t romagnet ic  p o t e n t i a l s ,  

This  r e p o r t  summarizes t h e  f i r s t  s i x  l e c t u r e s  given by t he  

au thor  a t  t h e  i n c e p t i o n  of a  seminar a t  M . I . T . ,  which was 

organized  by P ro fe s so r  J .  A. Kong f o r  t h e  purpose of s tudying  

e l ec t romagne t i c  problems i n  a  l u n a r  medium. These l e c t u r e s  

were given from December 9 ,  1970 t o  January 1 2 ,  1971. 

1.1 Antenna and F i e l d  P r o p e r t i e s  

The des ign  of an antenna f o r  a  l u n a r  s u r f a c e  e l e c t r i c a l  

properties experiment i s  in f luenced  heav i ly  by two problems: 

(1) antenna g a i n  and r a d i a t i o n  p a t t e r n s ,  normalized on t h e  

b a s i s  of  c o n s t a n t  r a d i a t e d  power and ( 2 )  antenna impedance 

and e f f i c i e n c y .  Problem ( 2 ) ,  which i s  impor tan t  i n  t h e  design 

of a  f i n i t e - s i z e d ,  p r a c t i c a l  antenna,  i s  n o t  cons idered  in 

t h i s  r e p o r t .  Problem (I), f o r  a  Her tz ian  d i p o l e  i n  a  s t r a t i f i e d  

medium has been so lved  conceptua l ly  i n  t h e  l i t e r a t u r e .  (See 

~ o m m e r f e l d , ~  van d e r  p o l ,  w a i t ,  ~ o l l i n ,  ~ a h a r .  ') The specific 

TE/TM formula t ion  showing a l l  s i x  E and H f i e l d  components 

f o r  a l l  s i x  Her tz ian  d i p o l e s  ( 3  e l e c t r i c ,  3 magne t i c ) ,  and 

s p e c i f i c  ga ln  and r a d i a t i o n  p a t t e r n s  f o r  a  ha l f - space  problem, 

appears  t o  be new and should a i d  i n  a  system des ign .  



0 
f r e e  space 
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p a t t e r n  
(HED-TE 

shown) 

r e f l e c t i n g  
l a y e r  

F i g .  1-1 Ref lec t ion  Geometry 



An antenna on t h e  s u r f a c e  of  a  l una r  medium ( F ~ g u r e  1-11 w i l l  

g ene ra t e  e l ec t romagne t i c  f i e l d s ,  which can be i n t e r p r e t e d  as 

a  combination of  nea r  f i e l d s  ( n o n - r a d i a t i n g ) ,  f a r  f i e l d s  

( r a d i a t i n g ) ,  and r e f l e c t e d  f a r  f i e l d s  (from sub-surface  dis- 

c o n t i n u i t i e s ) .  The purpose of an antenna des ign  i s  t o  produce 

an antenna which g ives  t h e  b e s t  l i k e l i h o o d  of d i s c r i m i n a t i n g  

between c e r t a i n  e f f e c t s  i n  t h e  l u n a r  medium. C e r t a i n  antenna 

p r o p e r t i e s  a r e  d e s i r a b l e :  

( a )  t o  determine near -sur face  e l e c t r i c a l  p r o p e r t i e s :  

(i) nea r  f i e l d s  g i v i n g  nea r  s u r f a c e  d i e l e c t r i c  

c o n s t a n t ,  and 

(li) minimal r a d i a t i o n  nea r  v e r t i c a l  inc idence  

i n t o  t h e  medium t o  minimize sub-surface  

r e f l e c t e d  f i e l d s  nea r  t h e  antenna.  

(b )  t o  determine sub-surface  p r o p e r t i e s  of r e f l e c t i n g  

l a y e r s  : 

(i) s t r o n g  sub-surface  r a d i a t i o n  peak ( s )  i n  

c e r t a i n  d i r e c t i o n ( s )  , which g i v e  a  good 

i n d i c a t i o n  of sub-surface  l a y e r s ,  a f t e r  

t h e  r a d i a t i o n  peaks a r e  r e f l e c t e d  back t o  

t h e  s u r f a c e  a t  some d i s t a n c e  from t h e  

t r a n s m i t t e r  . 
(ii) s t r o n g  t o t a l  power coupl ing i n t o  t h e  sub- 

s u r f a c e  medium. 



( c )  t o  determine azimuthal  symmetry of t h e  l u n a r  

m a t e r i a l s :  

(i) azimuthal  symmetry of r a d i a t e d  f i e l d s .  

I n  a d d i t i o n  t o  power r a d i a t i o n  p a t t e r n s ,  it i s  d e s i r a b l e  

t o  compare p o l a r i z a t i o n s  of f i e l d s ,  which, i n  conjunc t ion  with 

a  measurement of r e l a t i v e  phase of r ece ived  s i g n a l s ,  g ives  
i 

a d d i t i o n a l  in format ion  r ega rd ing  t h e  sub-surface  m a t e r i a l  

p r o p e r t i e s .  

Antenna a r e  assumed t o  be or thogona l  Her tz ian  d i p o l e s ,  

E l e c t r i c a l  d l p o l e s  a r e  cons idered ;  t h e  f i e l d s  produced by 

magnetic d i p o l e s  a r e  ob ta ined  by d u a l i t y .  For a  more gene ra l  

antenna,  it i s  only necessary t o  decompose t h e  t r a n s m i t t i n g  

antenna c u r r e n t s  i n t o  a  s e t  d Her tz ian  d i p o l e  c u r r e n t s ,  

r e l a t i v e  t o  an o b s e r v e r ' s  frame of coo rd ina t e s .  This  technique 

g ives  very s imply,  f o r  example, t h e  s o l u t i o n  f o r  a  generaLized 

i n f i n i t e s i m a l  t u r n s t i l e  (wi th  a r b i t r a r y  ampli tudes  and phases 

f o r  t h e  d i f f e r e n t  d i p o l e  d r i v i n g  c u r r e n t s )  . 
The medium i s  assumed t o  be piece-wise i s o t r o p i c ,  p l ana r -  

s t r a t i f i e d ,  wi th  a  f i n i t e  number of l a y e r s .  The s o l u t i o n  f o r  

an a r b i t r a r y  Her tz ian  d i p o l e  can be w r i t t e n  i n  c lo sed  form in 

k-space.  The f i e l d s  i n  r e a l  space a r e  ob ta ined  by a  Four i e r  - 

t ransform.  S p e c i a l  techniques  f o r  performing an approximate 

t rans form v a l i d  only i n  s p e c i a l  domains of r e a l  space will be 

t h e  b a s i s  f o r  t h e  s p e c i a l  ha l f - space  and s u r f a c e - f i e l d  problems 

t o  be  t r e a t e d  i n  l a t e r  chap te r s .  



The s o l u t i o n s  f o r  Her t z i an  d i p o l e s  on t h e  s u r f a c e  of a 

s t r a t i f i e d  medium w i l l  e x h i b i t  t h e  fol lowing p r o p e r t i e s :  

( a )  Sur face  f i e l d s  a sympto t i ca l ly  p r o p o r t i o n a l  t o  

1/r2 f o r  l a r g e  r .  

(b )  For a  h o r i z o n t a l  d i p o l e ,  bo th  TE and TM f i e l d s  w i t h  

r a a i a t i o n  lobes  i n  o r thogona l  azimuthal  p l anes ,  F o r  

a  v e r t i c a l  d i p o l e ,  az imutha l ly  symmetric TE o r  - TM 

f i e l d  only  (TM f o r  e l e c . ,  TE f o r  mag. d i p o l e ) .  

( c )  P o s s i b l e  " p a r a l l e l - p l a t e "  waveguide mode with  l o w  

r a d i a l  a t t e n u a t i o n ,  depending on m a t e r i a l  c o n s t a n t s ,  

The t o t a l  power r a d i a t e d  i n t o  va r ious  l obes ,  bo th  above and 

below t h e  s u r f a c e ,  w i l l  g i v e  some i n d i c a t i o n  of t h e  e f f i c i e n c y  

of t h e  antenna i n  coupl ing power i n t o  t h e  medium i n  useful 

d i r e c t i o n s .  The azimuthal  symmetry of  a  p a t t e r n  should 

f a c i l i t a t e  t h e  d i s c r i m i n a t i o n  of  azimuthal  and v e r t i c a l  

inhomogeneit ies i n  t he  medium. 



1.2 Maxwell and Wave Equations 

My intention is to present an engineer's solution of a 

classical field problem. For engineering purposes, it is of 

interest to obtain expressions for the E - and - H fields directly, 

without going through the unnecessary machinery of vector or 

scalar potentials. 

The problem is to find a solution to the time-harmonic 

Maxwell's equations in a planar-stratified medium, for a given 

source distribution. Time-harmonic fields are given by: 

For this convention, Maxwell's equations are: 

(with magnetic sources) (1-2) 

(1-4) 

(with magnetic sources) (1-51- 

An equation of continuity relates - J and p :  



where charge i s  conserved. (And a  s i m i l a r  equa t ion  of con- 

t i n u i t y  ho lds  f o r  J and p m .  ) -m 

Within each s t r a tum,  t h e  m a t e r i a l  i s  assumed t o  be homogeneous 

and i s o t r o p i c ,  wi th :  

The sources  a r e  assumed t o  e x i s t  i n  t h e  p l ane  z  = 0 ,  between 

media + 1  and -1. (Figure  1 - 2 ) .  The g e n e r a l  approach i s  t o  

t rans form t h e  sources  i n t o  s p a t i a l  harmonic c u r r e n t  s h e e t s  

i n  x and y  ( t r a n s v e r s e  c o o r d i n a t e s ) ,  t o  f i n d  t h e  s o l u t i o n  for 

an a r b i t r a r y  c u r r e n t  s h e e t ,  and then  t o  s y n t h e s i z e  t h e  spatial 

f i e l d s  a s  a  supe rpos i t i on  of a l l  t h e  e x i s t i n g  spa t ia l ly -harmonic  

f i e l d s .  (This i s  a  s p a t i a l  Four i e r  s y n t h e s i s .  ) 

For a  p re l iminary  development, l e t  us  note  t h a t  w i th in  a 

s i n g l e  s t r a tum,  - E and g s a t i s f y  t h e  wave equa t ion :  

Magnetic sou rces ,  J , a r e  omi t ted  from equa t ions  ( 1 - 9 )  and (E-lO) -m 



region 
number 

(farthest region has only 
outward wave propagation) 

Fig. 1-2 Plane-Wave Transmission and Reflection 



because t h e  equa t ions  a r e  symmetrical  and t h e  s o l u t i o n s  can 

be ob ta ined  by a p p l i c a t i o n  of t h e  p r i n c i p l e  of d u a l i t y .  

E l e c t r i c a l  c u r r e n t  s h e e t s  a r e  assumed t o  e x i s t  i n  t he  plane 

with  t h e  n o t a t i o n :  

A 1 1  f i e l d s  a r e  assumed t o  have t h e  same t r a n s v e r s e  harmonieify 

i n  every s t r a tum,  i : 

Waves a r e  "+" o r  "-", f o r  upward ( + )  o r  downward ( J . )  propagat ion.  - 



I n  o r d e r  t o  s a t i s f y  t h e  s o u r c e - f r e e  wave e q u a t i o n s  (1-9) and 

( 1 - l o ) ,  it i s  o n l y  n e c e s s a r y  t o  s a t i s f y  t h e  d i s p e r s i o n  r e l a t i o n :  

w i t h  I$+ W 
d 

The r a d i a t i o n  c o n d i t i o n ,  a l l o w i n g  o n l y  o u t g o i n g  waves a s  

z -+ + - m r  and d i s s i p a t i v e n e s s  of  t h e  media r e q u i r e  t h a t :  

(1-17) ( a )  

E x c i t a t i o n  of waves by e l e c t r i c  c u r r e n t  s h e e t .  - 

E x c i t a t i o n  of  - E and - H f i e l d s  a t  t h e  s o u r c e - c u r r e n t  boundary 

( Z  = 0) w i l l  be  d e r i v e d  from l i m i t i n g  forms of Maxwell 's  

e q u a t i o n s  ( 1 2 )  ( - 3 )  ( 1 4 ,  ( - 5 ) .  A l i m i t i n g  form of  t h e  

c o n t i n u i t y  e q u a t i o n  (1-6)  w i l l  be u s e f u l .  T h i s  method will 

snow a  d i r e c t  decomposi t ion  of  t h e  c u r r e n t  s h e e t  v e c t o r  J - into 

components which e x c i t e  TE and TM waves d i r e c t l y ,  and indepcnd- 

e n t l y .  The advantage  of  u s i n g  a  TE/TM decomposi t ion  i s  that 

7 -  

_ L  & TM f l e i d s  a r e  decoupled a t  p l a n a r  boundar ies  between 

, s o t r o p i c  media. 

Tor a  - t r a n s v e r s e  electrical c u r r e n t  s h e e t  a t  z = o ,  t n c  



a p p r o p r i a t e  l i m i t i n g  Maxwell 's  e q u a t i o n  i s :  

which must e q u a l  

Th i s  c u r r e n t  e x c i t e s  TE waves p e ~ p e n d i c u l a r  t o  -t a  ' and  TM 

waves i n  t h e  p l a n e  of ct and gZ, as i l l u s t r a t e d  by F lgu re s  (1 2 :  

and ( 1 - 4 ) .  For  bo th  TE and TM waves, a p p l i c a t i o n  of  Maxwell 's  

e q u a t i o n s ,  (1-2) and (1-3) i m p l i e s  t h a t ,  fc . r  t h e  p ropaga t i on  

v e c t o r :  
4- 

we have 
C 

+ + 
These f u r t h e r  imply t h a t  ET, H: and K .  a r e  mutua l ly  orthoganaL 

-1 -1 -1 

i n  medium " " i ' a n d  t h a t :  



The r a t i o  between t r a n s v e r s e  I E ~  and / H I  w i l l  be most u s e f u l  - - 

f o r  f u t u r e  matching o f  t r a n s v e r s e  boundary cond i t i ons :  

A v e r t i c a l  e l e c t r i c a l  c u r r e n t  s h e e t  e x c i t e s  only  a TM 

( v e r t i c a l l y  p o l a r i z e d )  wave, as shown i n  F igure  (1-5).  Using 

a p p r o p r i a t e  l i m i t i n g  p roces ses ,  a s  sketched i n  S e c t i o n  5 - 1 ,  

equa t ion  (1-28) w i l l  g i v e  t h e  wave e x c i t a t i o n  cond i t i on .  

Conclusion 

The g e n e r a l  e x c i t a t i o n  equa t ions  f o r  a transverse-harmonic 

e l e c t r i c a l  c u r r e n t  s h e e t  a t  z = 0 a r e :  

(i = + 1) - 61-28) 

from equa t ion  (1-20) and Sec t ion  5.1. These equa t ions  e x h i b i t  



some i n t e r e s t i n g  f e a t u r e s :  

(a.) I f  t h e  source  terms a r e  zero ,  t hen  both gt and Fit 
a r e  cont inuous a c r o s s  a  p l a n a r  boundary. Therefore  

a  pure TE f i e l d  can be matched only by a  pure  TE 

f i e l d  ac ros s  a  boundary, and s i m i l a r l y  f o r  TM f i e l d s ,  

Thus TE and TM f i e l d s  a r e  decoupled a t  p l ana r  boundaries. 

I n  a d d i t i o n ,  a s  i l l u s t r a t e d  by F igures  (1-3) and (1--4) 

t h e  TE and TM f i e l d s  a r e  or thogonal  f o r  each - k .  

Therefore  t h e  f i e l d s  a r e  decoupled and t h e i r  powers 

a r e  a d d i t i v e  i n  i n t e g r a l s  g iv ing  t h e  t o t a l  power 

r a d i a t e d  a t  a l l  ( s o l i d  a n g l e s ) .  This  a d d i t i v i t y  w i l l  

be used i n  t h e  ha l f - space  power i n t e g r a l s  below. 

(b.) The f i e l d  amplitudes f o r  a v e r t i c a l  c u r r e n t  s h e e t ,  

u  a change d i scon t inuous ly ,  depending on whether t h e  -z z f  

c u r r e n t  s h e e t  i s  "thought o f "  a s  e x i s t i n g  i n  t h e  upper 

medium (i = +1) o r  t h e  lower medium (i = -1). Further- 

more, a  cons t an t  c u r r e n t  source  ( a  = cons t . )  generates z  

t h e  g r e a t e s t  f i e l d  amplitudes when p laced  i n  tze less 

dense medium (normally t h e  upper medium). However, t h o  

r h d i a t i o n  p a t t e r n s ,  which a r e  normalized f o r  a constant 

t o t a l  r a d i a t e d  power, a r e  n o t  a f f e c t e d  by t h e  scale 

f a c t o r  E ~ .  

Synthes i s  of F i e l d s  

The harmonic - E & - H f i e l d s  genera ted  by harmonic c u r r e n t  

s h e e t s  w i l l  be synthes ized  i n t o  s p a t i a l  - E & H - f i e l d s  by means 



of a 2-dimensional spatial Fourier transform. The harmonic 

current sheets are obtained by a Fourier transform of a given 

source current density J ( r )  - - (assumed for this analysis to exist 

in the plane z = 0 ) .  Defining some terms: 

spatial current density = - J (x,y) 6 ( z )  61-29) 

transf ormed current density = $fi ,& ) $61 - N, )" g 1-30) 

infinitesimal current vector = 
(cf. eq. 1-11] 

For this infinitesimal current sheet, the infinitesimal harmonic 

E & 5 fields are determined by the method of Chapter 2, and are: - 

The spatial transforms giving the total fields are defined: 



For a  Hertzian d ipo le ,  symmetry reduces i n t e g r a l  (1-34) 

t o  a  s i n g l e  i n t e g r a l  inc luding  Bessel funct ions  ( o r ,  equivalently, 

Hankel funct ions)  of t h e  order  0 and 1, a s  formulated i n  

Chapter 3 .  



CHAPTER 2 

So lu t ions  f o r  P lane  Waves i n  S t r a t i f i e d  Media 

Formal s o l u t i o n s  f o r  v e r t i c a l l y  and h o r i z o n t a l l y  p o l a r i z e d  

p lane  waves ( r e s p e c t i v e l y  c a l l e d  TM and TE) i n  i s o t r o p i c  media 

have a  cons ide rab le  h i s t o r y  i n  t h e  l i t e r a t u r e .  (See t h e  work by 

~ r e k h o v s k i k h ,  Wait, C o l l i n ,  Bahar. ') 

This  chap te r  w i l l  g i v e  a  conc ise  s o l u t i o n  t o  t h i s  problem 

i n  ou r  own n o t a t i o n .  

2 . 1  

For a medium w i t h  a f i n i t e  number of l a y e r s ,  wi th  a source  

a t  z = 0 ,  t h e  r a d i a t i o n  cond i t i on  r e q u i r e s  t h a t  i n  t h e  f a r t h e s t  

l a y e r s  away from t h e  source  ( l a y e r s  i = I + 1 and i = 4-11 only 

outgoing waves can e x i s t  ( s ee  F igure  1 - 2 ) .  The outgoing wave 

ampli tudes  comprise a  p a i r  of unknown v e c t o r s  which can be trans- 

formed back t o  z  = 0 ,  us ing  a  cascade of  propagat ion m a t r i c e s ,  

Then t h e  outgoing wave ampli tudes  can be solved from t h e  2x2 

e x c i t a t i o n  equa t ions  (1-27) and (1-28) . 
To s i m p l i f y  our  n o t a t i o n ,  t h e  fol lowing s i m p l i f i c a t i o n s  are 

made i n  t h i s  chap te r :  - 
- j k 0 r  -t- ( a )  dropping o f f  e from a l l  exp res s ions ,  

(b )  i nc lud ing  only t r a n s v e r s e  f i e l d  v e c t o r s ,  

( c )  r e f e r r i n g  wave ( H )  - amplitudes t o  innermost 

boundary of each l a y e r ,  and 

(d)  u s ing  only - H v e c t o r ,  knowing t h a t  



w i t h  ni g iven  by (1-25),  (1-26). 

For z > 0, a l i n e a r  r e l a t i o n  between t r a n s v e r s e  wave 

v e c t o r s  i n  l a y e r s  i and i+l a r e  de r ived  from source- f ree  

boundary cond i t i ons  (1-27) and (1-28) , a t  z=zi (See F igu re  2-1, ) 

i n  which 

Equations (2-2) and (2-3) a r e  e q u i v a l e n t  t o  a  2x2 mat r ix  equation 

which can be i n v e r t e d  t o  g ive :  



known wave amplitudes 

I 
transformed unknown wave amplitudes 

0. 
L 

unknown wave amplitudes 

Fig. 2-1 Transformation of Wave Amplitudes 



A t  zi<O, r e l a t i n g  wave v e c t o r s  i n  l a y e r s  i and i-1, 

( 2 - 7  b 

i n  which . I 

= e 6+< 0 
1 

A t  z = 0, a s  i n  equa t ion  (2-6) : 

Equations (2-6) and (2 -9 )  show t h a t  t h e  wave ampli tudes at. 

+ + - 
z  = 0 and z  = 0- a r e  l i n e a r l y  p r o p o r t i o n a l  t o  HI+,- and EJ-L, 

2.2 So lu t ion  of 2  x  2 Source Equations f o r  Wave Amplitudes 

A t  z = 0, t h e  source  e x c i t a t i o n  equa t ions  (1-27) and 61-28] 

a r e  w r i t t e n  



f 
with the latter equation for a vertical current, a at z = 0 

z 

(i = +1) or at z = 0 i = - 1  Combined with (2-6) and (2-91, 

(2-10) and (2-11) become 

solved by 
s 

Formally, the spatially-harmonic field vectors in any layer, 

i, now are given by 



and s i m i l a r l y  f o r  z < 0. The t r a n s v e r s e  E - f i e l d s  a r e  - 

The v e r t i c a l  f i e l d  component, which i s  E Z  f o r  a  TM wave o r  H 
Z 

f o r  a TE wave, i s  equa l  t o  

de r ived  from equa t ions  (1-221, (1-23) and the permutat ion 

p rope r ty  of a v e c t o r  t r i p l e  product  - 
& 

X H )  o r  $.(% X E  - s -& 1 -2- 



CHAPTER 3  

Fourier-Bessel  Syn thes i s  of  F i e l d s  

For a  Her t z i an  d i p o l e ,  approximate s p a t i a l  f i e l d s  w i l l  be 

ob ta ined  from t h e  F o u r i e r  t rans forms  (1-33) and (1-341, i n  which 

5 (k,, .k ) reduces  t o  a  cons t an t .  Then t h e  t ransforms  for 
Y 

- E ( r)  - & ( H )  - (r) - , i n  a  piecewise  i s o t r o p i c ,  s t r a t i f i e d  medium, 

reduce t o  s i n g l e  i n t e g r a l s .  These s i n g l e  i n t e g r a l s  w i l l  be  

approximated i n  t h e  s p e c i a l  ca se s  of a  ha l f - space  and a  t h ree -  

l a y e r  medium. 

3.1 General  Formulation A s  a  S i n g l e  I n t e g r a l  

The Her tz ian  d i p o l e  c u r r e n t  and i t s  t r ans fo rm ( f r o m  equation 

(1-33) are given by: 

The i n v e r s e  t rans form (1-34) g i v i n g  t h e  s p a t i a l  fields i s  

w r i t t e n  i n  c y l i n d r i c a l  coo rd ina t e s ,  ( , k t ,@) ,  f o r  an observer  a t  

(r, 4 )  . See F igu re  (3-1) . 



at- 
/ 

# 
'4 

R 
'f' 

'f' 

Fig .  3-1 Angular Dependence of Wave E x c i t a t i o n  



Examining t h e  harmonic f i e l d  exp res s ions  (2-14) , (2-15) , 

( 2 - l 6 ) ,  ( 2 - l 7 ) ,  one s e e s  t h a t  a l l  t h e  ma t r i ce s  and s c a l a r s  re- 

l a t i n g  components of  - E & H - t o  t h e  e x c i t a t i o n  f a c t o r s  a r e  rn- 

dependent of  0, excep t  f o r  a s i g n  (+ - 1) i n  (2-161, (2-171, The 

e x c i t a t i o n  f a c t o r s ,  (2-10) and (2-11) , depend simply on $ O as 

shown I n  Table  (3-1) .  These f a c t o r s ,  which appear i n  equation 

(3 -3 ) ,  are i n t e g r a t e d  over  @,wi th  r e s u l t s  a s  shown i n  Table (3-1) 

by a i d  of  t h e  fo l lowing  i d e n t i t i e s ,  (3-4) - (3-7)  : 

~o~rnpo~rnp z (3-71 

m= m = 0 ps -w 
The fo l lowing  i d e n t i t i e s  w i l l  be used i n  Sec t ion  3.2: 



A f t e r  i n t e g r a t i n g  t h e  angula r  p a r t  of  t rans form (3-31, - t h e  

s p a t i a l  f i e l d s  a r e  g iven  a s  s i n g l e  i n t e g r a l s .  

where E' - and - B' c o n t a i n  B e s s e l  f u n c t i o n s  (Table 3-1) from the 

angula r  i n t e g r a t i o n ;  and r e f l e c t i o n - t r a n s m i s s i o n  f a c t o r s  from 

equa t ions  ( 2 - 1 4 )  - (2-17).  Where a  + - o r  7 occur s ,  a s  i n  

equa t ions  ( 2  , (2-15) , (2-16) and Table (3-1) , t h e  upper sign 

i s  f o r  " - k t ' ( + )  wave and t h e  lower s i g n  f o r  a  '"'" 0) wave, 

An a l t e r n a t i v e  form of equa t ion  (3-10) i s  e a s i l y  written 

a s  a  contour  i n t e g r a l  con ta in ing  Hankel func t ions  i n s t e a d  s f  

Bessel  func t ions .  Such methods w i l l  n o t  be developed i n  detail 

i n   his r e p o r t .  



h o r i z o n t a l  
d i p o l e  

TM f i e l d s  

TE f i e l d s  

4~ - v e r t i c a l  
d i p o l e  

TM f i e l d s  
on ly  

Component of Dependence 

on (P,$=B-@ 

I n t e g r a t e d  

on JI F @@Q 

Table 3-1. I n t e g r a t i o n  of F a c t o r s  i n  Inve r se  Transform 
( % denotes  p r o p o r t i o n a l i t y )  



3.2 S p e c i a l  H a l f - S ~ a c e  I n t e a r a l  

For a Her tz ian  d i p o l e  on t h e  s u r f a c e  between two s e m i -  

i n f i n i t e  i s o t r o p i c  media, as shown i n  F igu re  (3 -2 ) ,  t h e  s sku- t ion  

of e x c i t a t i o n  equa t ions  (2-10) and (2 -11 )  f o r  t h e  harmonic wave 

v e c t o r s  i s  given by: 

The t r a n s v e r s e  impedances, a r e  f o r  TE o r  TM waves, as 

i l l u s t r a t e d  i n  F igure  ( 3 .  The angu la r  f a c t o r s  i n  equa t ion  

( 3 - 3 )  a r e  i n t e g r a t e d  a s  shown i n  Table (3-1) . T h e  remaining 

s i n g l e  i n t e g r a l ,  equa t ion  ( 3 - l o ) ,  t a k e s  a p a r t i c u l a r l y  s i m p l e  

form, f o r  t h e  h a l f  space z  > 0: 

and s i m i l a r l y  f o r  t h e  h a l f  space z < 0 . 



11 I1 

Ei and Hi reduce t o  t h e  following f o r  a hor i zon ta l  e l e c t r i c  

d ipo le  : 

(TM f i e l d s )  (TE f i e l d s )  

f o r  z > 0, abbreviat ing k t o  ki (1-17a) . z i  



For a  v e r t i c a l  e l e c t r i c  d i p o l e ,  (3-12) c o n t a i n s  

(TM f i e l d s  on ly )  

These exp res s ions  w i l l  be i n t e g r a t e d  approximately ,  i n  t h e  

nex t  two s e c t i o n s .  

3.3 S p e c i a l  Half-Space Fa r  F i e l d s  and Power Gain 

Fa r  from t h e  source  and f a r  from t h e  boundary p l a n e ,  t h e  - 
outgoing f i e l d s  approximate h o r i z o n t a l l y  and v e r t i c a l l y  polarized 

plane  waves ( c a l l e d  TE & TM, r e s p e c t i v e l y ) ,  a s  i l l u s t r a - b e d  in 

Figures  (1-3) and ( 1 - 4 ) .  E ( f o r  TE)  and H ( f o r  TM) a r e  suf- 
4 4 

f i c i e n t  t o  s p e c i f y  t h e  v e c t o r  f i e l d s .  The o t h e r  components a r e  

determined from equa t ions  (1-22) - ( 1 - 2 4 )  . Neglecting- second order 

terms [ a l l  t e r m s  QJ /K r i n  equa t ions  (3-14),  (3-171, (3-20); 1 t 

reduces  i n t e g r a l  (3-12) t o  one term p e r  f i e l d  component, Then a 

"stationary-phaseE'approximation,to be der ived  i n  Sec t ion  5-2, g ives  

asymptot ic  f a r  f i e l d s :  



I I 

Expressions f o r  E and H a r e  l i s t e d  below i n  Table (3-2) ( a )  
4 4 

and ( b ) ,  and kci i s  given by eq. - 7 b  I n  eq. (3-22): 



proportional 

Hertzian electric " 

vertical - a~ +a - 5 k f  
2. 

Hertzian magnetic 

horizontal - b 

vertical - 
bZ 

I - 4, E, 4- 
i ~l (IE) ft &$+fi&,) 

Table 3-2 (a) . Far-Field ~pproximations, z > 0 (Ib = 1) 

R = 1, 2, 3, 4, 5 ,  6 



proportional 
ield Approximation 

Hertzian electric 

6s -I k, 

/ -1 

vertical - 

Hertzian magnetic 
btained by duality) 

horizontal - kt 

Table 3-2 (b). Far-Field Approximations, z < 0 (i < 0 )  

R = 7,8,9,10,11,12 



-41-  

The power r a d i a t e d / u n i t  of  s o l i d  ang le  i s  p r o p o r t i o n a l  to: 

from Poyn t ing ' s  theorem, u s ing  p l ane  wave impedance ( 1 - 2 4 1 ,  The 

twelve power t e r m s  i n  Table  (3-2) a r e  d i r e c t l y  comparable, 

assuming - - -11 f o r  d i f f e r e n t  va lues  of  a  s i n g l e  parameter:  

The r e s u l t s  a r e  graphed i n  F igu res  (3 -2 ) ,  (3-3) and (3-4) The 

graphs compare f r a c t i o n a l  power r a d i a t e d  ( i n  d i f f e r e n t  lobes)  and 

antenna ga in .  The d i p o l e  c u r r e n t s  must be a d j u s t e d  t o  g ive  t h e  

same t o t a l  r a d i a t e d  power f o r  each type  of d i p o l e .  T h i s  r e q u i r e s  

an i n t e g r a t i o n  of dp/dn over  a l l  s o l i d  a n g l e s ,  u s ing  equa t ion  

( 3 - 2 6 ) ,  which was approximated by a 100-point  t rapezoid .a l  sum, 
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HORIZONTRL ELECTRIC DIPOLE 
DIELECTRIC CCJNSTRNTSs 1,00 U.DO 



VERT ELECTR 
DIELECTRIC CONSTRNTS= 



ZONTRL ELECTR C TURNSTI 



ZONTRL MRGNET C DIPOLE 
DIELECTRIC CON%TRNTS= 



VERT I C R L  
DIELECTRIC CBNSTRNTS= 





RRNGE VS. POWER GRIN 
FOR REFLECTED WRVES 

DIELECTRIC CONSTRNT= 3.20 

DIPOLE TYPE 

C] HE [TM) 

HE (TEI 

* VE [TMI 

+ HM [TEI 

X t iM [TNI 

6 VM lTEl 



RRNGE VS. POWER GR?N 
FOR REFLECTED 1JRVES 

DIELECTRIC CBNSTRbJT= 4.09 

DIP3LE TYPE 

[I] HE (TMI 

HE [TEI 

A VE lTMl 

+ HM [TEI 

X HM ITM? 

@ VM ITEI 

F I G ,  3 - 4 ~  RANGE V S ,  POWER GAIN FOR REFLECTED WAVES 



with - + f o r  upper/lower half-space,  and 

with 
2 2 

T f o r  hor i zon ta l  d ipo le  ( i n t e g r a l  of s i n  4 ,  cos $ 1  

2 .rr f o r  v e r t i c a l  d ipo le  ( i n t e g r a l  of l ~ d 4 ) .  

Kc+ i s  given by eq. (1-17(a) ,  wi th  i = + - 1. Antenna ga in  i s  then  
- 

given by : 

Gain 

The sum conta ins  t h e  following terms, f o r :  

h o r i z o n t a l  e l e c t r i c  d ipo le ,  R = 1 ,2 ,7 ,8  

v e r t i c a l  e l e c t r i c  d i p o l e ,  R = 3,9 

h o r i z o n t a l  magnetic d i p o l e ,  R = 4 , 5 , l O , l l  

v e r t i c a l  magnetic d i p o l e ,  R = 6 , 1 2  

The r e s u l t i n g  curves a r e  compared i n  Chapter 4 .  

3 . 4  Specia l  Half-Space Surface F i e l d s  

I n  t h e  boundary plane ( z  = 0) between two semi - in f in i t e  

i s o t r o p i c  media, i n t e g r a l  expressions (3-12) and (3-13) t o  ( 3 - 2 1 )  

a r e  used t o  de r ive  asymptotic f i e l d  expressions f o r  r +- 

Certa in  f i e l d  vec to r s  a r e  shown t o  have l a r g e  r a d i a l  components, 

2 
A l l  f i e l d  components a r e  0 (l/r ) .  



Assuming t h a t  most o f  t h e  i n t e g r a l  (3-12) i s  contr ibuted 

1 / 2  nea r  t h e  branch-point  s i g n u l a r i t i e s  kci ,  where Xi 2. (kci - kt) 
t h e  fo l lowing  mathematical  i d e n t i t y  ( 5-22) ,  d e r i v e d  i n  Sec t ion  

5.2,  i s  used :  

w i t h  

and from ( 3 - 2 3 ) ,  

assuming i n  (3-28) t h e  r e a l - p a r t  convention (1-1) . 
The mathemat ical  form of each i n t e g r a n d ,  (3-13) - (3-21) , 

n e a r  each branch p o i n t  i s  d r ived  by a geometr ic  s e r i e s  method, 

us ing  Br f o r  example: 



Only t h e  leading  terms p ropor t iona l  t o  K and K .  (as  c i r c l e d )  1 -1 

w i l l  be in teg ra ted .  Only t h e s e  leading  terms g ive  f i e l d s  

2 1 . Correspondingly, a l l  terms propor t ional  t o  Jl/lctr 

w i l l  be neglected.  

Using (3-26) and t h e  leading  terms of (3-30) one ob ta ins  

t h e  leading f i e l d  terms f o r  Hr:  

H #- - - zas+  t- /.;( kg, 
.-: (,$x)R 

where 

( c  i s  given i n  (3-24).)  

S imi lar  a lgebra ic  manipulations g ive  a l l  o t h e r  leading  

2 (.\I l/r ) - E & - H f i e l d  components, a s  l i s t e d  i n  Table ( 3 - 3 )  . I n  

Table (3-3) ,  t h e  - E & - H components a r e  normalized, denoted by 

primes ( I ) .  The normalizat ion i s  done separa te ly  f o r  e l e c t r i c  

and magnetic d ipoles .  For each type of d ipo le ,  t h e  - E & - R 

components a r e  normalized t o  E and H such that: 
z,+l,t +,+I, t 



Table 3-3 Normalized Surface F ie lds ,  K = 



a s  c i r c l e d  i n  Table (3-3) , where " t "  denotes  "hor i zon ta l  

d i p o l e s , "  and "+I"  denotes  t h e  term, a s  i n  eq.  (3-31) , pro- 

p o r t i o n a l  t o  GI.  

Co inc iden ta l ly ,  t h e  un-normalized components s a t i s f y :  

P r i o r  t o  p l o t t i n g  t h e  s u r f a c e  f i e l d  components, t h e  corn- 

ponents i n  Table (3-3) a r e  f u r t h e r  s c a l e d  such t h a t  each 

d i p o l e  r a d i a t e s  t h e  same amount of power i n t o  a l l  of space ,  The 

 lots i n  F i s u r e s  (3-5) ( a )  - (d)  show r e l a t i v e  magnitudes of 

such f i e l d  components, f o r  comparison of t h e  d i f f e r e n t  types of 

d ipo les .  

I n  g e n e r a l ,  t h e  E- f i e ld  - o r  t h e  - H-field w i l l  be e l l i p t i c a l l y  

p o l a r i z e d  on t h e  su r face .  This  f a c t  i s  obvious from t h e  appearance 

of imaginary t e r m s  i n  Table 3-3 and i n  F igure  3-5. 

Again, comparison of  t h e  d i f f e r e n t  d ipo les  w i l l  be made 

i n  Chapter 4 .  
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r eg ion  
number upper l a y e r  (free space)  

i n t e rmed ia t e  l a y e r  

lower l a y e r  (sub-space) 

F ig .  3-6 3-Layer Medium Geometry 
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3.5 Pe r tu rba t ion  by a  Thin Surface Layer 

The a d d i t i o n  of a  t h i n  l a y e r  of d i e l e c t r i c  m a t e r i a l  

between two s e m i - i n f i n i t e  d i e l e c t r i c  half-spaces  r e s u l t s  

i n  a  p e r t u r b a t i o n  of t h e  half-space e lec t romagnet ic  f i e l d s ,  

I n  p r a c t i c e ,  such a  t h i n  pe r tu rb ing  l a y e r  might r e p r e s e n t  a 

photoe lec t ron  l a y e r  d i r e c t l y  above t h e  luna r  s u r f a c e  o r  a 

t h i n  l a y e r  of rubble  d i r e c t l y  below t h e  l u n a r  s u r f a c e ,  

It i s  e a s i l y  seen t h a t  t h e  half-space f a r  f i e l d s  and 

power ga in  p a t t e r n s ,  a s  c a l c u l a t e d  i n  s e c t i o n  3 .3 ,  a r e  simply 

per turbed  by terms on t h e  o r d e r  of kini. Here, ki (1-171 i s  

t h e  z-propagation cons tan t  of t h e  in t e rmed ia t e  l a y e r ;  and 

A i  i s  i t s  th i ckness .  S i m i l a r l y ,  t h e  asymptotic su r face  f i e l d s ,  

which were c a l c u l a t e d  i n  s e c t i o n  3 . 4 ,  a r e  simply per turbed 

by t h e  a d d i t i o n  of s i m i l a r  t e r m s ,  O(kidi)  , added t o  t h e  

c o e f f i c i e n t s  of  t h e  lead ing  f i e l d  approximations,  which were 

found t o  be p ropor t iona l  t o :  

For a  medium wi th  3 l a y e r s  ( o r  N l a y e r s ) ,  a  funda- 

mental ly  new type  of f i e l d  appears:  t h e  p a r a l l e l - l a y e r  

d i e l e c t r i c  waveguide mode. For a  t h i n  l a y e r ,  it i s  e a s i l y  

seen t h a t  a l l  of  t h e  waveguide modes a r e  h ighly  a t t e n u a t e d ,  

(The a t t e n u a t i o n  i s  due t o  r a d i a t i o n  i n t o  t h e  upper and 



HORIZONTRL ELECTRIC DIPOLE 
PERTURBED RNSENNR PRTTERNS 

PERTURBED LRYER OF 0.0500r 
DIELECTRIC CONSTANTS 

SURFRGE 1.008 
PERTURBED LRYER 0.258 
SUBSURFRCE 4.000 



HORIZONTAL ELECTRIC DIPOLE 
PERTURBED RNTENNR PATTERNS 

PERTURBED LRYER OF 0.0100r 
DIELECTRIC CONSTANTS 

SURFFICE 1.000 
PERTURBED LRYER 16,000 
SUBSURFRCE 4.000 
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lower half-spaces . )  However, it i s  p o s s i b l e  t h a t  t h e  conditions 

f o r  a waveguide mode can be approximately s a t i s f i e d  for real 

kt. 
A t  such a kt ,  t h e r e  e x i s t s  a "pseudo-waveguide mode" 

f o r  which: (i) power i s  ducted nea r  t h e  s u r f a c e  from the  

source o u t  t o  s e v e r a l  wavelengths, b u t  (ii) does n o t  propagate 

t o  i n f i n i t y  wi th  t h e  Q l/r dependence of a l o s s l e s s  waveguide 

mode, 

The mathematical cond i t ion  f o r  e x i s t e n c e  of  a wave- 

guide mode i n  a 3-layer medium i s :  

where 

5 = z-propagation cons tan t  of su r face  l a y e r  (1--17) 

A -1 = t h i ckness  of  s u r f a c e  l a y e r  

n = t r a n s v e r s e  wave impedance of s u r f a c e  l a y e r  ( 1 - 2 5 ,  -1 

1 - 2 6 )  

n1 = t r a n s v e r s e  wave impedance of upper half-space 

(1-25 I 1-26)  

n = t r a n s v e r s e  wave impedance of lower half-space -2 

(1-25 I 1 - 2 6 )  

From (3-36),  it i s  easy t o  v e r i f y  t h e  fol lowing facts: 
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(a) There are an infinite number of both TE and. TM 

waveguide modes. All but a finite number are 

exponentially attenuated. 

(b) Disregarding material losses; if and only if the 

following two conditions are satisfied: (i) is 

sufficiently thick and (ii) kcl > >  kcl, ks2; then 

there exist lossless TE and TM waveguide modes, 

For these, kt is real. 

(c) If A is thin-, and only if kcl = kc2 + kcl, then -1 

there is a TM "pseudo-waveguide mode" for a real 

kt. No other "pseudo-waveguide modes" can exist, 

Kci is defined in (1-17b). 

The conditions under which waveguide phenomena can be 

important are defined in (b) and (c) above. These conditions 

are not thought to be sufficiently likely to warrant a further 

investigation of waveguide modes. 



3.6 Three Layers-Geometrical Opt ics  L imi t  

The Fourier- t ransformed f i e l d s  f o r  a Her tz ian  d i p o l e  

i n  a 3- layer  medium a r e  found d i r e c t l y  from equa t ions  (2-51, 

(2-7) ,  (2-10) and (2-11). The angle-dependent f a c t o r s  i n  

t h e  i n v e r s e  t rans form are i n t e g r a t e d  d i r e c t l y ,  as given i n  

equa t ion  (3-3) and Table  (3-1).  The f i e l d s  now are given 

by a s i n g l e  i n t e g r a l  (3-10) w i th  components from equa t ions  

(2-14) - (2-17) and Table  (3-1) .  

For  a  3- layer  medium as l a b e l e d  i n  F igu re  (3-6)  ; t h e  

components f o r  z > 0 o r  z < 0 ,  r e s p e c t i v e l y  a r e  p r o p o r t i o n a l  

f - 
t o  E2 (kt) o r  H-2 (kt) , which a r e  g iven  by: 

where : 

kl = k = z-propagation cons t .  (1-17) of middle layer -1 

A , =  z - z = t h i c k n e s s  o f  middle layer 1 -1 
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q2 = t r a n s v e r s e  (TE o r  TM) wave impedance of l a y e r  @I 

O1 = !Ll = t r a n s v e r s e  (TE o r  TM) wave impedance of layer @ 

n = t r a n s v e r s e  (TE o r  TM) wave impedance of  l a y e r  @ -2 

(from equa t ion  (1-25) o r  (1-26)) 

( as i n  equa t ions  ( 2 - l o ) ,  (2-11) . 

Appl i ca t ion  of equa t ions  (3-37) , ( 2 - 1 4 )  - (2-17) t o  t h e  

fo l lowing  s p e c i f i c  problems can be made d i r e c t l y :  

(a)  p e r t u r b a t i o n  of f a r - f i e l d  r a d i a t i o n  pa t te r ihs  by 

terms,  0 (kcl A )  , f o r  a  t h i n  l a y e r .  

( b )  p e r t u r b a t i o n  of  asymptot ic  s u r f a c e  f i e l d s  bly te r :ms,  

O(kclA), f o r  a  t h i n  l a y e r .  

(c) d e r i v a t i o n  of mathematical  cond i t i on  (equat ion 

(3-36))  f o r  e x i s t e n c e  of a  3- layer  waveguide mode. 

(d)  c a l c u l a t i o n  of  sur face-subsur face  m u l t i p l y - r e f l e c t e d  

" r a y s " ,  i n  geomet r ica l  o p t i c s  l i m i t .  



The per turbed  f i e l d s ,  ( a )  and (b)  above, a r e  obta ined  

from equat ion  (3-37) by a  f i r s t - o r d e r  expansion of  t h e  

exponent ia l s  (3-38), r e s u l t i n g  i n :  

i- 
Assuming kc.A<< 1, f o r  i = - 2 ,  1, 2 ;  c l e a r l y ,  H and 

1 -2 
- 

H - -2 w i l l  be per turbed  only s l i g h t l y  from t h e i r  half-space 

va lues  f o r  a l l  kt of i n t e r e s t .  The pe r tu rb ing  terms axe first- 

o r d e r  i n  A = ( z l  - z ) ;  O(kciA). Correspondingly, t h e  f a r  r a d i a t e d  -1 
+ - 

f i e l d s ,  which a r e  p ropor t iona l  t o  H and H -*,. from equat ions  -2 

( 2 - 1 4 )  t o  (2-17) and (3-22 ) , a r e  per turbed  by s i m i l a r  terms,  

O(kciA). Per turbed r a d i a t i o n  p a t t e r n s ,  f o r  a  t h i n  l a y e r ,  with 

z1 = 0 and z1 = - A ,  a r e  shown i n  F ig .  3-7, ( a )  and (b)  , 

The c o e f f i c i e n t s  of  t h e  asymptotic su r face  terms,  Gt2  

and G-2 from eq. (3-29) ,  s i m i l a r l y  a r e  per turbed  by small  

increments ,  O(kciA); i =-2,1,2. The ex i s t ence  of a  t h i r d  su r face  

t e r m ,  % G , i s  precluded by t h e  l ack  of any odd powers of kl i n  1 

t h e  expansion of (3-37) o r  (3-41) near  kt = kcl. 

When kclA>>l,  3-layer waveguide modes ( c )  and "geometrieaE 

o p t i c s " r e f 1 e c t i o n s  (d)  can be important .  A s  d i scussed  i n  

Sec. 3-5, t h e  waveguide modes probably can be ignored,  The 

r e f l e c t e d  " rays"  c o n s i s t  of p lane  waves t r a v e l l i n g  near  those 
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sub-vertical angles which result in single and multiple speeular 

reflections. Under simple assumptions, a stationary-phase 

method shows the existence and magnitude of such rays, 

To simplify matters for illustration, assume: (i) both 

source and receiver at z = o, (ii) z = 0, (iii) z = - 
I A ,  -1 

Then tl = 1, -kl = t and (3-37) becomes: 

Assuming kc-l c kcm2; for 0 < kt < kc-l, it is permissible to 

expand the denominator of (3-42) geometrically: 

+ -4 Accordingly, H is expanded in even powers of t: 1, t-2, t -2. - -1 -3 -5 . . . . H Z i s  expanded in odd powers of t: t , t , t 

For example, for a horizontal electric dipole (HED), b = 0 
-2 

and (3-42), (3-43) yield: 



Notice  t h a t  t h e  t e r m s  can be i n t e r p r e t e d  a s  fo l lows:  

hl/sl = hal f - space  wave v e c t o r  a s  i n  (3-11) 

1 - - - 111 
S 

= t r ansmis s ion  f a c t o r  f o r  s u r f a c e ,  
1 ' w ' 2  z = O  13-47)  

1 - 1  - - -  
S 

= t r ansmis s ion  f a c t o r  f o r  s u r f a c e ,  
-1 '111+L2 z = - A 

d - fl.l -Liz 
- - = r e f l e c t i o n  f a c t o r  f o r  s u r f a c e ,  
S -1 01+1n-2 z = -  A 

dl = ?-n2 = r e f l e c t i o n  f a c t o r  f o r  s u r f a c e ,  z = 0 (3-501 - 
S 1 ln1+1n2 

To o b t a i n  t h e  s t a t i ona ry -phase  c o n t r i b u t i o n s  t o  t h e  integral 

(3-10) o r  (3-12),  a s  de r ived  i n  Sec t ion  5.3, t h e  phase of t h e  

i n t e g r a n d  i s  w r i t t e n  a s  



for k r >> 1. ~ifferentiating by kt gives: t 

Thus the stationary-phase points (3-52) correspond to m.uLtipLy- 

reflected geometrical-optics "rays" in the sub-surface Layer, 

Under two assumptions i k t  > 1, (ii) (kcl - Ikll )"" 1 

the method of Sec. 5.3 shows a typical stationary-phase 

contribution to the fields: 



+ 
where R = 2 

, from (3-54). This  H2 t e r m  i l l u s t r a t e s  

t h e  geometr ical  o p t i c s  behavior  of a l l  such t e r m s :  

(i) F i e l d  s t r e n g t h  decaying a s  l / R n  (power a s  l / ' ~ ~ ~ )  a 

"n" ,  which equa l s  t h e  number of segments of the  

r ay ,  must be even f o r  f i e l d s  a t  z = 0 ,  odd for 

f i e l d s  a t  z = - A . 
(ii) Ref lec ted  (TE & TM) wave amplitudes m u l t i p l i e d  by 

plane-wave r e f l e c t i o n  and t ransmiss ion  f a c t o r s  

given i n  (3-47) t o  (3-50). 

A s  a  f i n a l  no te ,  t h e  condi t ion  (3-36) f o r  ex i s t ence  0% 

a 3- layer  d i e l e c t r i c  waveguide mode i s  obta ined  simply by 

equat ing  t h e  denominator of (3-37) o r  (3-41) t o  zero: 

De ta i l ed  c a l c u l a t i o n s  of 3- layer  s u r f a c e  f i e l d s ,  derived 

from a Her tz ian  p o t e n t i a l  and c a l c u l a t e d  using a  saddle-  

p o i n t  method i n  t h e  geometr ica l  o p t i c s  l i m i t ,  a r e  given by 

a n o n s  and Sinha.  9 



Comparison of Dipoles  Over Half-Space 

Conclusions a s  t o  t h e  b e s t  d i p o l e  f o r  a  l u n a r  e l e c t r i c a l  

experiment w i l l  n o t  be  made, f o r  s e v e r a l  reasons:  (i) eon- 

f l i c t i n g  m e r i t s  o f  d i f f e r e n t  i n f i n i t e s i m a l  d i p o l e s ,  (ii) 

p r a c t i c a l  c o n s i d e r a t i o n s  of c o n s t r u c t i o n ,  antenna matching! 

e t c .  (which are n o t  cons idered  i n  t h i s  r e p o r t ) ,  and (iiij 

poor c o ~ r e s p o n d e n c e  between t h e o r e t i c a l  s o l u t i o n s  and 

l u n a r  f i e l d s ,  due t o  n o n - s t r a t i f i c a t i o n ,  azimuthal  a s y m e t r y ,  

and s i z e  of  antennas .  

A summary of  hal f -space f i e l d  p r o p e r t i e s  of t h e  different 

i n f i n i t e s i m a l  d i p o l e s  i s  shown i n  Table  4 . 1  below. The pro- 

p e r t i e s  summarized a r e :  (a)  peak d i r e c t i v i t y ,  from See, 3 , 3 ,  

(b)  azimuthal  symmetry, ( c )  f r a c t i o n  of  power rad ia ted .  i n t o  

sub-surface  medium, from Sec. 3.3,  and (d )  s u r f a c e  f i e l d  

s t r e n g t h s ,  from Sec. 3.4. This  comparison i s  f o r  a  sub-surface/  

above-surface d i e l e c t r i c  r a t i o  of  L ~ / E ~  = 4 .  A d i s c u s s i o n  of 

t h e  importance of  t h e s e  p r o p e r t i e s  ( a )  - (d)  i s  i n  Sec, 1,1, 



Table 4 . 1  P r o p e r t i e s  of Hertz ian Dipole over  Half-Space 
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I n  Table 4 .1 :  

VED = v e r t i c a l  e l e c t r i c  d ipo le  

HED = h o r i z o n t a l  e l e c t r i c  d ipo le  

VMD = v e r t i c a l  magnetic d ipo le  

HMD = hor izon ta l  magnetic d ipo le  

HET = hor izon ta l  e l e c t r i c  t u r n s t i l e  

HMT = h o r i z o n t a l  magnetic t u r n s t i l e  

0 = c y l i n d r i c a l  symmetry 

: c y l i n d r i c a l  asymmetry w i t h  TE and TM lobes 90"  

2 a p a r t  i n  azimuth, power s cos 4 

Surface f i e l d s  a r e  given i n  r e l a t i v e  u n i t s ,  however each d i p o l e  

r a d i a t e s  t h e  same t o t a l  power. The +/- p r e f i x e s  t o  the surface 

f i e l d  c o e f f i c i e n t s  denote upper/lower-space c o e f f i c i e n t s ,  for 

f i e l d  terms s G1 o r  c G-l,  r e spec t ive ly .  

4 . 1  Based on To ta l  Coupling Eff ic iency t o  Lower Medium 

The VMD, f o r  g l / c l  = 4 ,  r a d i a t e s  9 4 %  of i t s  power into 

t h e  lower half-space.  However, t h e  HED and VED r a d i a t e  almost 

a s  much (74% and 6 6 % ,  r e s p e c t i v e l y ) .  None of t h e  d ipo les  

r a d i a t e s  such a  small  f r a c t i o n  of power i n t o  t h e  lower ha l f -  

space t h a t  would be a  s e r i o u s  disadvantage f o r  any of t h e  

d ipoles .  



4.2 Based on Azimuthal Symmetry and Po la r  Peaks 

i n  Radiation P a t t e r n  

Asymmetry of t h e  h o r i z o n t a l  e l e c t r i c  and magnetic d ipole  

p a t t e r n s  complicates t h e  t h e o r e t i c a l  problem of d iscr iminat ing  

between azimuthal f i e l d  v a r i a t i o n s  caused by t h e  t r ansmi t t ing  

antenna and those caused by i r r e g u l a r ,  azimuthally asymmetric 

r e f l e c t i n g  l a y e r s  and, s c a t t e r i n g  cen te r s  i n  t h e  medium, 

Sharp p o l a r  peaks i n  the  half-space p a t t e r n s  should help 

i n  d i s t ingu i sh ing  r e f l e c t i n g  l aye r s .  The VED and HMD-TM sub- 

space lobes a r e  most d i r e c t i v e ,  a s  i n  obvious from Fig.  3 - 3 -  

4 . 3  Based a n  Surface F i e l d s  

Strong and closely-matched above-surface and sub--surface 

components, g iv ing  s t rong  i n t e r f e r e n c e  phenomena, can be found 

f o r  a t  l e a s t  one f i e l d  component f o r  each d ipole .  A s  seen i n  

Table 4 - 1 ,  reasonably s t rong  - H- components a r e  found f o r  t h e  

HED-TE f i e l d ,  VMD, and HMD-TE f i e l d .  

Lack of sub-ve r t i ca l  r a d i a t i o n  favors  t h e  v e r t i c a l  

d ipoles .  



-84- 

CHAPTER 5 

S p e c i a l  Mathematical P o i n t s  

This  c h a p t e r  c o n t a i n s  mathematical  d e r i v a t i o n s  which 

were t o o  leng thy  t o  i n c l u d e  i n  c h a p t e r s  1 and 3 .  

5.1 Boundary Condi t ions  f o r  Ver t i ca l ly -Di rec t ed  

Cur ren t  Shee t  

A v e r t i c a l  e l e c t r i c  c u r r e n t  s h e e t  e x c i t e s  only  a T M  

wave. Using appropr ia te -  l i m i t i n g  p roces ses ,  t h e  remarkable 

r e s u l t  i s  found t h a t  t h e  f i e l d  ampli tudes  vary d i scon t inuous ly  

depending on whether t h e  c u r r e n t  s h e e t  i s  " thought  o f "  as 

e x i s t i n g  i n  t h e  upper medium ( + I )  o r  t h e  lower medium (-1) , 

A j u s t i f i c a t i o n  of  t h i s  s t a t emen t  i s  ske tched  below. 

S t a r t i n g  wi th  a v e r t i c a l l y - d i r e c t e d  c u r r e n t  a t  a 

boundary a c r o s s  which = , 

c o n t i n u i t y  (1 -6 )  r e q u i r e s  



Fig. 5-1 Vertical Current Sheet ZQO 
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Ç ax well ' s equa t ion  (1-4) r e q u i r e s  : 

f o r  which a pos,si,ble s o l u t i o n  i s  f o r  D t o  i nc lude  - 

This  t e n t a t i v e  form of D ,  i n  con junc t ion  wi th  Maxwell's curl - 

equa t ion  (1-3) , imp l i e s  t h a t  H i s  cont inuous a c r o s s  t h e  - 
boundary. Then, u s ing  t h e  c o n d i t i o n  t h a t  s1 = E i n  equa t ion  -1 

(1 -7 ) ,  a l i m i t i n g  form o f  Maxwell's c u r l  equa t ion  (1 -2 )  gives 

t h e  source  c u r r e n t  e x c i t a t i o n  equa t ion :  

where 



g i v i n g  E - ? r  = -_kt'!& - - +/ - / "5 

Now it i s  a s imple  m a t t e r  t o  v e r i f y  t h a t  a  t e n t a t i v e  s o l u t i o n  

s a t i s f y i n g  t h e s e  c o n d i t i o n s  a l s o  s a t i s f i e s  a l l  t h e  b a s i c  

equa t ions .  

The f i n a l  l i m i t i n g  p roces s  s t a r t s  w i th  t h e  v e r t i c a l  

c u r r e n t  s h e e t  imbedded a  sma l l  d i s t a n c e  from a  boundary across 

which E~ # (Figure  5-1) .  L e t t i n g  t h e  d i s t a n c e  go to 

zero ,  i n c l u d i n g  t h e  c o n t r i b u t i o n s  of r e f l e c t e d  waves i n  t h e  

"smal l  l a y e r "  between source  and boundary, it i s  e a s i l y  seen  

t h a t  t h e  l i m i t i n g  e x c i t a t i o n  equa t ion  i s  of  t h e  form (5-7)  b u t  

wi th  r ep l aced  by r i  (i = + I ) ,  f o r  source  i n  upper o r  - 

lower medium, r e s p e c t i v e l y )  . 

5.2 Free-Space Dipole Used t o  Derive Besse l  I n t e g r a l  Identity 

The f i e l d s  of a  Her t z i an  d i p o l e  i n  f r e e  space a r e  

de r ived  simply from t h e  v e c t o r  wave equa t ions  (1 -9 )  and (1-1-01 

by use  of  a  s c a l a r  Green 's  func t ion .  Then by t a k i n g  the  

- k = k i n  equa t ions  f ree-space  va lues  il = c1 , yl - p l ,  1 

(3-12) ,  (3-13) - (3-18) ;  it i s  a s imple  m a t t e r  t o  d e r i v e  a 

number of e x a c t  i n t e g r a l s  i nvo lv ing  t h e  B e s s e l  f unc t ions  

J and Jl (kt'). I n  f a c t ,  it w i l l  be seen t h a t  on ly  one 
0 

s p e c i a l  i n t e g r a l  i s  independent;  t h e  o t h e r  i n t e g r a l s  can be 

de r ived  from t h e  one. 

The f ree-space  f i e l d s  are f i r s t  de r ived  i n  C a r t e s i a n  
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coordinates; then the identification r = x, y = 0 puts the 

results in correspondence with the integrals from Sec. 3,2, 

which are in cylindrical coordinates. 
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Scalar free-space Green's function, G I  satisfies: 

Substituting G and its partial derivatives for corresponding 

derivatives of 6 on the right sides of (1-9) , 1 - 1 0  , (5-10) 

(5-11) gives the solution at (x,o ,x) : 



To v e r i f y  t h a t  these  s o l u t i o n s  agree with t h e  s tandard solutions 

i n  s p h e r i c a l  coordina tes ,  a s  i n  Kraus, Antennas, ( 1 9 5 0 ) r  Eq, 

(5-38) - (5-40), set z = 0: 



Basic I n t e g r a l s  Involving Bessel Function 

Our p r i n c i p a l  use o f -  t h e  free-space d ipo le  so lu t ion  

(5-18) and (5-19) i s  t o  de r ive  s p e c i a l  i n t e g r a l s  of the  form 

(3-12) o r  (3-28) with Bessel-function ke rne l s  such a s  (3G13) - 
'b 

(3-18). The p r i n c i p a l  e x a c t  i n t e g r a l  i s  derived from HtC: 



Using t h i s  i n t e g r a l ,  i d e n t i t i e s  (5-27) and (5-28) f o r  Jo ( k t r )  

and J (k r ) ,  and d i f f e r e n t i a t i n g  f r e e l y  under t h e  i n t e g r a l s ,  
1 t 

it i s  t r i v i a l  t o  show t h e  i n t e g r a l  a r i s i n g  from (3-14) - 
"b 

(3-18) fol low from ( 5 - 2 2 ) .  For example, from HZ (3-15) : 

"b 

From EX (3-16) : 

'L 

Simi la r ly ,  from E (3-17): 
@ 



'L 

From EZ (3-18) : 

where G i s  g iven  p rev ious ly  (5-13) . 
The B e s s e l  f u n c t i o n  i d e n t i t i e s  used i n  t h e  preceed ing  

d e r i v a t i o n  a r e :  

5.3 F r e s n e l  I n t e g r a l s  Derived from "Stat ionary-Phase"  

Approximation 

Express ions  (3-22) and (3-55) a r e  ob ta ined  by app l i ea -  

t i o n  of a "s ta t ionary-phase"  approximation t o  i n t e g r a l s  of 

t h e  form (3-12) . S p e c i f i c a l l y ,  t h e  i n t e g r a l s  of  i n t e r e s t  are 

of  t h e  form: 



II can be replaced by "ma" t o  o b t a i n  t h e  expressions 

i n t e g r a t e d  i n  Sec. 3-6, such a s  t h e  terms i n  (3-44) , (3-45) . 
The exponent ial  and J (ktr)  a r e  assumed t o  vary s o  rap id ly  n 

t h a t  F(k  ) can be considered cons tan t  wi th in  t h e  most i m -  t 

p o r t a n t  range of i n t e g r a t i o n .  J n ( k t r )  i s  approximated by i t s  

asymptotic form f o r  l a r g e  arguments: 

-jklz 
Now, by expanding ~ , ( f f ~ r )  e a s ta t ionary-phase term i s  

obtained : 

with 

kt- k+ '+ , = - r+ -z=o,=> - -  
dxt rb; k/ 

-iF- 



Now, i n t e g r a l  (5-29) can be approximated by 

A t  t h i s  p o i n t  t h e  F resne l  i n t e g r a l  formulas a r e  app l i ed :  



and (5-36) becomes: 

With n  = 0 ,  (5-38) g ives  (3-22). With n  = 0 and z = 2 A ,  

(5-38) g ives  (3-55). 

5.4 Modif icat ion of Numerical I n t e g r a t i o n  Formulas f o r  

S ingular  End Po in t  (%Ak 1 / 2 )  

To ob ta in  an approximate i n t e g r a l  of a  funct ion  i n  a  

smal l  segment, a t  one endpoint of which t h e  funct ion  approaches 

a  + al (Ak) 
0 

'I2 (which has an i n f i n i t e  . d e r i v a t i v e  a s  Ak+3), 

one simply rep laces  t h e  o r i g i n a l  funct ion  by t h e  l i m i t i n g  

funct ion  a. + al ( ~ k ) " ~ .  Such s i n g u l a r i t i e s  occur i n  t h e  

half-space power i n t e g r a l s ,  Sec. 3.3. See eq. (3-26) , (3-24) ,, 

Table (3 -2 ) .  The i n t e g r a l  of t h e  l i m i t i n g  funct ion  simply is:  
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Therefore, the value of the function at the singular pelint 

is weighted 1/3 and the value at the other end-point of the 

segment is weighted 2/3. Similar formulas exist for other 

known singularities ; e . g . a2 (Ak) 
-1/2 
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