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ABSTRACT \

The contribution of this dissertation is the derivation of
adaptive stochastic algorithms for learning directly the stationary
discrete time optimal Kalman filter in an unknown random environment.
To accomplish this derivation, an unsupervised learning criterion is
formulated. It is shown that this criterion is a necessary and suffic-
ient condition for optimal filtering. The criterion is then used in
conjunction with the theory of Stochastic Approximation to develop the
algorithms and to prove that they converge with probability one.

In addition, a method for accelerating the adaptation rate is
given, Techniques for estimating other usefulaquantities such as the
error covariance are also presented.

In the latter part of this study the stochastic algorithms are
are modified to accommodate slowly varying statistics and special
classes of nonlinear systems. Numerical simulations are performed to
verify experimentally the theoretical expectations and pre@ictions for
both linear and nonlinear systems. The adaptive technique is then
applied to learning the optimal filter for a thermionic point reactor
using the "linearized prompt jump approximation' to the kinetics

model of the reactor.



CHAPTER 1 .

INTRODUCTION

1.1 Prologue
Recently considerable attention has been directed toward self-

adaptive (or self-learning) techniques for optimizing system performance,
The basic idea is quite simple: one wishes to design a system to operate
efficiently in an unknown or changing environment without the necessity
of direct human intervention. Such systems are extremely important in
the context of control and communication theory where it is often im-
practical or impossible to obtain the a priori information required to
specify the optimum system.

~ The goal of this report is to provide a self-adaptive solution
to the problem of optimal filtering, prediction, and smoothing of sto-
chastic signals imbedded in random noise. However, before discussing
the specific problem in more detail, a historical survey of this topic

is appfopriate.

1.2 Background and Historical Survey

One of the most important topics in control theory is the sto-
chastic control problem. Here one is required to determine the optimum
controller for a given plant without precise knowledge of the state §(t)
of the plant. The stochastic approach to optimum control is motivated

by the fact that in general:



1) some of the state variables are not available for
measurement,
2) the measurements contain noise,
3) the plant is subject to random input disturbances.
By using the familiar state variable representation, a discrete time

linear dynamic system model of the plant can be described by
§(n+1) = ®(n+1,n) §(n) + D(n) g(n) + Y(n) (1.1)

and the measurement of the state x(n) by

g(n) = H(n) g(n) + Y(n) (1.2)

where
x(n) is the m x 1 system state vector
u(n) is the £ x 1 control vector
w(n) is the m x 1 white perturbation noise input vector
¢(n+1,n) is the one-step m x m state transition matrix
D(n) is the m x £ control matrix
z(n) is the p x 1 measurement vector
v(n) is the p x 1 white measurement noise vector
H(n) is the p x m observation matrix.

The properties of the noise vectors v(n) and w(n) are defined by

1t

E{w(n) v @)} = Q@) §(n-s)

E{v(n) v (n)}

R(n) §(n-s)

it

E{y(n) YT(S)} {0] for all mn,s



where
Q(n) is themx m pertufbation noise covariance matrix
R(n) is the p x p observation noise covariance matrix
and

6(+) is the Kronecker delta functiomn.

The approach [Lee, 1964] generally used to attack this problem
is to first estimate the state x(n). Then this estimate %(n) is used as
if it were ihe actual state to calculate the optimum control employing
deterministic methods, such as the maximum principle. In other words,
the stochastic control problem is separated into two ﬁhases, referred to
as estimation and control. It has been proved that for linear systems
with a quadratic performance index and subjected to white Gaussian per-
turbation and observation noise inputs, the optimal stochastic controller
consists of an optimal estimator (filter) in cascade with an optimal de-
terministic controller [Joseph and Tou, 1961]. This result is known as
the Separation Theorem. In this paper, only the estimation phase is
considered because the deterministic control solution is well known
[Schultz and Melsa, 1967 or Sage, 1968].

In communication theory an equally important topic is the sto-
chastic detection problem. Here it is reqpired to determine the optimal
receiver for detecting the presence of a stochastic signal g(t) imbedded
in additive random Gaussian noise Y(t)‘ If it is assumed that the signal
§(t) has a rational spectrum, it is possible to represemt it as the state
of a linear dynamic system with a white Gaussian noise input [Kalman,

1960]. The linear dynamic system is called the signal generating process,



and in discrete time state variable representation is described by
§(n+1) = ¢(n) §(n) + Y(n) (1.3)
and the measurement of the signal x(n) by
g(n) = H(n) §(n) + Y(n) (1.4)

The notation is the same as that of Eqns. (1.1) and (1.2) except
d(ntl,n) for r = 1 is simplified to ¥(n). The signal generating.prOCess
(1.3) is identical to the control plant process (1.1), without the con-
trol input g(n). However, the Separation Theorem states that the control
term can be disregarded in the estimation phase. Therefore, the estima-
tion problem and its solution are identical for both control and com-
munication theory.

There also exists an analogous Separation Theorem solution to
the stochastic detection problem [Kailath, 1963] which states that for
a Gaussian signal with rational spectrum observed in white additive
Gaussian noise, the optimal stochastic detector consists of an optimal
estimator (filter) in cascade with the optimal detector for a cdmpletely
known signal, i.e., the output of the filter is considered.to be the
actual signal. Again, only the estimation phase is considered, since
the optimum detection solution is well known [Hancock and Wintz, 1966
or Van Trees, 1968].

Because of the identical mathematical framework of estimation in
a control or communication context, no distinction between the two areas

is made in the text that follows.



Wiener [1949] and Kolmogorov [1941] are credited with the solu-

tion for a single input-single output system. Wiener formulated the

~u.

problem in terms of finding the optimum (in a minimum mean-square error
sense) linear filter. He showed that a necessary and sufficient condi-
tion for optimality is that the filter satisfy the Wiener-Hopf equation,
and he developed a method (spectral~factorization) for solving this
equation for signals with a known stationary rational spectrum and for
noise with a known stationary white spectrum.

Following Wiener's pioneering work, there developed an extensive
literature which interpreted, simplified, modified, and extended his
results. Detailed bibliographies may be found in Stumper [1955] and
Balakrishnan [1963].

However, the case of a non-stationary multidimensional signal
in non-stationary multidimensional noise remained unsolved in an
engineering sense until 1960-1961 when Kalman [1960] and Kalman and Bucy
[1961] published their fundamental papers. Instead of seeking a solu-
tion to the Wiener-Hopf equation in the frequency domain with the
attendént problem of spectral factorization, Kalman combined the concept
of state variable representation of dynamic systems with the orthogonal
projection in a Hilbert space formulation of linear filtering to obtain
a direct solution in the time domain. In contrast to Wiener's method,
Kalman's results are in recursive form, and therefore ideally suited to
real-time sequential digital computation. However, both the Wiener and

Kalman theories require complete knowledge of the message generating



6
and observation noise covariance matrices, denoted by Q and R respective-

1ly. Kalman's method also requires the initial value of the error covari-
y q

ance matrix,

In the real world such extensive a priori information is
generally not available., The consequence of not knowing R and/or Q is
a suboptimal filter, i.e., an increase in the error covariance matrix.
In some cases the increase is unbounded [Sorenson, 1966]. Detailed
investigations of the suboptimal performance caused by insufficient
a priori information have been widely reported in the literature, e.g.,
Soong [1965], Heffes [1966], and Nishimura [1966, 1967].

In addition, the inverse of R is often required to exist to
avoid ill-conditioned matrices in the Kalman filter computation. The
presence of either noiseless measurements or correlated observation noise
can render R singular. In practice R itself is often ill-conditioned
simply because one measurement is an order of magnitude more accurate than
the others. Thus the Kalman filter formulation often generates applica-
tion difficulties. Bryson and Johansen [1965] and Bryson and Mehra [1968]
have modified the Kalman framework to handle aspects of th?s particular
problem, but their technique necessitates state augmentation, which in-
creases the dimension of the filter, increases the computation time, and

requires taking derivatives.

1.3 Statement of the Problem and Previous Results

The inadequacy or absence of a priori knowledge leads naturally

to the consideration of adaptive or learning approaches to optimum



estimation. Specifically, a self-adaptive solution to the discrete
time, stationary optimum filtering and prediction problem is sought
which does not require a priori specification of R and Q, and whicﬁ re-
tains the recursive features of Kalman's formulation.

Previous adaptive techniques can be divided into two types. The
first, due to Magill [1965], assumes that the parameters of R and Q be-
long to a finite ensemble of a priori known possibilities. An optimum

\
Bayesian péttern recognition algorithm for Gaussian distributions is used
to learn which sampled data pfocess is being observed. With this know-
ledge, Q and R are uniquely Specified. Magill's method is valid only for
a scalar observation process and is cumbersome to apply. For example,
given N unknown elements of Q and the unknown scalar element R, with M
possible values for each variance, there are (N+l)M combinations, Each
combingtion requires the implementation of the corresponding Kalman fil-
ter equations. Hilborn and Lainiotis [1969] extended Magill's technique
to a vector observation process and prove mean square and probability one
convergence. In their case, there exist (N+?)M combinations where P is
the number of unknown elements in the matrix R.

The second approach is to estimate directly the components of R
and Q. Shellenbarger [1966,1967] devised a scheme using the likeli-
hood principle to accomplish this estimation under the assumption of
Gaussian distributions and other more restrictive requirements which
limit its utility. One of these restrictions is fundamental., It im-

plies that Q cannot be learned if it contains more than m X p elements.

Proof of convergence was not considered. It is important to note that



8
these two approaches require the estimation of both the R and Q matrices.

Then the entire set of Kalman's equations must be solved for the filter

\
N

matrix each time the estimates of R and Q are updated.

1.4 Approach to the Problem

In this thesis an unsupervised learning criterion is formulated
from wbich self-adaptive aigorithms are derived. These algorithms learn
the optimum discrete time stationary Kalman filter direc;ly. This elimi-~
nates both the necessity of estimating R and Q as an intermediate step
and the need to solve the entire set of filtering equations. The number
of parameters to be determined and the computation time is thereby re-
duced. In addition, the problem associated with the occurrence of an
ill-conditioned estimate of the R matrix is avoided. Satisfaction of the
learning criterion is shown to be a necessary and sufficient condition
for optimal filtering. The stochastic algorithms developed for estimat-
ing the optimum filter converge in mean-square and with probability one.
The results are valid for scalar and vector valued signal and noise pro-
cesses,

The learning criterion and the associated stochastic algorithms
and their application constitute the principal contribution of this

research paper.

1.5 Organization of the Dissertation

The second chapter presents and compares Wiener and Kalman filter
theory. These results provide the foundation for the adaptive learning

criterion.



Chapter 3 formulates the learning criterion and proves that it
is necessary and sufficient for optimal filtering. A Markov sequence
model of the learning criterion is given. o

The unsupervised stochastic algorithms required for performing
the adaptation indicated by the learning criterion are derived in Chapter
4, The theory of Stochastic Approximation is invoked to prove convergence
of the algorithms to the optimum Kalman filter matrix. In addition, a
method for.optimizing the adaptative process is developed.

Chapter 5 contains additions and extensions to the previous re-
sults. Algorithms are derived for estimating Q, R, the error covariance
T' and the one-step prediction error covariance I, These quantities are
required for optimum smoothing. The rather restrictive assumption,
needed in Chapter 4, that (H)_l exist is removed. The algorithms of
Chapter 4 are also modified to accommodate slowly time-varying signal and
noise statistics and altered to include special classes of nonlinear
dynamics.

The experimental results obtained by simulating the learning
algorithms on the CDC 6400 digital computer are presented in Chapter 6.
Many different systems are examined in detail. These investigations
serve to confirm experimentally the conclusions of Chapters 4 and 5.

Chapter 7 summarizes the résults of this studv along
with recommendations for further research.

The contribution of this report is the development of an unsuper-
vised learning criterion which is a necessary and sufficient condition

for optimal filtering, the derivation from this criterion of adaptive
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stochastic algorithms for learning the optimum filter matrix directly,
and the application of the algorithm to specific problems of communica-

tion and control theory.



CHAPTER 2

OPTIMAL FILTER THEORY

2.1 Introduction and Organization of the Chapter

The subject of this chapter is estimation theory, and its appli-
cation to the engineering problem of extracting a stochastic signal from
noise or estimating the state of a control system from noisy measure-
ments. Section 2.2 defines the terms filtering,prediction, and smooth-
ing which are used throughout the ;emainder of the chapter. Section 2.3
is devoted to some of the more important aspects of estimation theory.
The application of this theory to the field of filtering and prediction
leads to the Wiener and Kalman methodologies which are developed in
Sectiops 2.4 and 2.5, respectively, and compared in Section 2.6. This
comparison unifies the more general recursive structure of Kalman's
solution to the time-varying state estimation problem and the non-
recursive structure of Wiener's earlier solution to the stationary
signal extraction problem.

The two theories are thus related as a prelude to developing a
self-adaptive method of solving the stationary state estimation (or sig-
nal extraction) problem which retains the recursive features of Kalman's
approach. Specifically, the Wiener-Hopf equation of Section 2.4 provides

the theoretical foundation for the adaptive learning criterion, but its

proof and application utilizes the recursive filter of Kalman presented

11
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in Section 2.5, Prediction and smoothing are treated briefly in Sections

2.7 and 2.8.

2,2 Filtering, Prediction, and Smoothing: A Definition

At this point it is convenient to specify precisely what is meant
by the terms filtering, prediction and smoothing of a stochastic signal
x(t) observed in additive noise v(t).

Definition: Given the measurement time series1 {g(kT) = H§(kT) + Y(kT):
k € n-r, n-rtl, ..., n} which is the sum of the random processes g(t) and
v(t), observed over the discrete time interval n-r,n-r+l, ..., n where

n, r are positive integers such that n > r,

(1) Filtering is the estimation of x(tr) at t = nT.

(2) Prediction is the estimation of x(1) for T > nT.

(3) Smoothing is the estimation of x(v) for 1 < nT.

All three cases are considered in the succeeding pages, but the emphasis
is on filtering because it is the key operation.

Note that even though §(t) and Y(t) may be continuous functions
of time, the data g(nT} is observed only at discrete ;imes. That is, in

this work only sampled data is considered.

2.3 Optimal Estimation: Bayesian Approach
To discuss optimality, a criterion of optimality must be defined.
Suppose that a random variable x is to be estimated from the data set

zZ = {z(l), cees z(n)}. Then X is called the optimal estimate of x given

lThe capital T in the argument is generally suppressed.
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Z if and only if the average loss

E{eGx-%)} = E {E [0x-®) |21} = E,{L(%|2)} (2.1)

is a minimum, where %(x-x) is an appropriately defined loss function.
In Eq. (2.1) the expectation with respect to Z is not dependent upon X}

therefore it suffices to choose X such that

L(z|2) = E.{2(x-%) |z} (2.2)

is minimized. A solution based on minimizing (2.1) or, equivalently, Eq.
(2.2) is called a Bayes estimator..It has been shown [Sherman, 1955, 1958]
that for a rather general class of loss function 2(+) and a posterior

densities that the Bayesian estimate is the conditional mean

X = E{le} (2.3)

THEOREM 2-1. Let S = {2(‘)5 L is even and convek}. I1f the
a posteriori demsity p(x!Z) is even about its conditional mean
E{XIZ}, then the conditional mean‘E{x[Z} is the optimum estimate of x
given Z in the sense that it minimizes Eq. (2.2) for all & € S.
Proof:
%(e) = 2(-e) evenness (a)
2(ae; + be,) < at(e;) +b(e,) e;,e, convexity (b)
vhere a + b =1, a ¢ (0,1)
and p(y|2) = p(-y|z) evenness (c)

where y = x - E{le}



L(x[2) = E {8(x-%) ]2}

= E.{2(xx) |2}

= By {0 - Elx|2] - )|z}

= By{e(% - Elx|2] + y)|z}

= E{2(Elx]2] - % - vz}

= E {2 Elx[z] - % + )2}

= By{e(y - {Elx]2] - 2P|z}

- %Ey{z(y + {E[x]|2] - D}
+ 4y - [EIx]|2] - D}z

zﬁg{z(%—[y + {E[x]z] - &}
Lty - fetsla1 - 2112

==E§{Z(y)lz} with equality iff %

= E{x|z}

by (a)
by (e)
by (a)
by (c)

by (a)

by (b)

Q.E.D.

14

The class S can be greatly extended if two restrictions are added to the

conditional density function.

THEOREM 2-2,

let S = {Q('): % is even and Z(ez) 3_2(ej) > 0 for

ey > ey >0, 2(0) = O}; If the a posteriori density p(le) is

then

(1) even and monotone non-increasing about its

conditional mean and
(2) decreases rapidly enough so that
where y = x ~‘E{x{Z}

E{XIZ} is the optimum Bayes estimate.

lim [2(y)p(y|2)] = O,

y >
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Proof: [Viterbi, 1966, p. 308].

Some examples of the 2(¢) € S are

2(e) =
0, |el <ec
2(e) = C |el
2(e) = C [1 - exp (-e?)]

Note that under the conditions of Theorem 2 the conditional mean E{le}
coincides with the maximum a posteriori estimate.
In general this study deals with vector-valued random processes

x(n). Equation 2.2 then becomes

L&) |z = B 2] x() - 2@ 1]z} (2.4)
vwhere Z(n) = {g(i), “ees g(n)} and !L -ll denotes the norm of the vector.

Theorems 2-1 and 2-2 extend readily to include this case [Kalman, 1960].
If the error squared is chosen as the loss function, then restric-

tions (1) and (2) of Theorem 2-2 on the a posteriori density are

unnecessary.
THEOREM 2-3. Let 2[||x() - 2|1 = [|x() - £@)[|?

= [x() - @1 [x) - &)1,

then %(n) = E{§(n)lz(n)} minimizes (2.4) without the restraints of

Theorem 2-2 on p(§(n)]Z(n)).
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Proof:
B {lx - 8170x - 1112} = £'% - 227 Blx|z} + E{x"x|2]
= G- lxlzh” G - slelzh + elTl7) - (elxlzhT slxlz)
> E{x'x|z} - [E{x|z}" E{x|z]
with equality iff %(n) = E{x()|z(n)} Q.E.D.

The contents of theorems 2-1, 2-2, 2-3 give the "in principle"
solution of the Bayesian estimation problem for a wide class of loss
functions and probability structures. However, the explicit computation
of the optimum filtering estimate E{g(n)lz(n)} is formidable except in
the important case when {§(nﬂ and {g(n)} are Gaussian. Here the well-
known result that E{g(n)lz(n)} is a linear function of the data Z(n)
may be exploited.

THEOREM 2-4: Let {x(n)} and {z(n)} be Gaussian random vector sequences,

o]
then E{x() [z} = ] A(Mm,$z(3) = X(n) (2.5)
j=i

where the A(n,j) are m x p matrices and represent the response of the
optimum filter matrix at time n to an impulse applied at time j.
Proof: [Deutsch, 1965, p. 32].

As mentioned briefly in Chapter 1, the classical method of
specifying the optimal linear transformations A(n,j) is through the
Wiener-Hopf equation. This important theory is the subject of the next

section and provides the theoretical basis for the adaptive learning
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criterion developed in Chapter 3. Kalman's mére recent contribution,
which utilizes the orthogonal projection theorem to determine the
optimal A(n,j), is presented in Section 2.5, His results provide the
recursive solution to the optimum filter problem used in proving the

learning criteriom.

2.4 Wiener Filter Theory

The treatment here of optimal filter theory is in the spirit of
Wiener's original work on single input-single output continuous time
systems, but the formulation is for multiple input-multiple output sampled
data systems.

THEOREM 2-5: The Wiener-Hopf Equation
Let {g(n)} and {g(n)} be zero mean random sequences.
If either

(i) the random sequences are Gaussian or

(ii) the estimator %(n) is restricted to be a linear function

of the data

z(n)={z(1), ..., z(n)}  and
2(]] x(m) - @[] =|lx(@) - &@)]] 2
= [x(0) - ()1 [x(0) - 2(@)]

a necessary and sufficient condition for

%(n) =
) 3

1l N

Aln,3)z(3) (2.5)
5 <
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to be the optimum estimate of x(n) is that the filtering transformations

A(n,j) be chosen such that x(n) satisfies the Wiener-Hopf equation

S

E{[x(n) -~ 21 2 (M} = [0] for all z(v) e Z(n)  (2.6)

Proof: See Theorem 2-8 where it is shown that the orthogonal projection

theorem implies the Wiener-Hopf equation and conversely.

The discrete multidimensional Wiener-Hopf equation may be put
in a more familiar form by substituting Eq. (2.5) into Eq. (2.6)
yielding

t T
E{[x(n) - ] A(m,3) z(N] 22V}
j=i

n
Elxmz' )} - ] a@,»NEz() 27 W]

j=i
n
=R_ (n,v) - Z An,3) R, (3,v) 2.7
J=1
= [0]
where
R (n,v) = E{x(n) zT(v)}
xz" g <
and
. . T
R_,(3,v) = E{z(3) z" (W]
If i = -, Eq. (2.7) is assumed to satisfy the conditions of Theorem

B.1 in the Appendix so that interchanging the order of expectation and

summation is valid.



Wiener's approach1 to explicitly determining the optimum filter
consists of transforming Eq. (2.6) into the frequency domain2 and using
spectral-factorization. The solution is given in terms of the z—t;éns—
form A(z) of the m x p filter matrix A(n-j) as illustrated in Fig. 2.1.
The problem of synthesizing the filter remains. Employment of the fre-
quency domain requires the following restrictions on the system defined
by Eqns. (1.3) and (1.4)

(1) The state transition matrix & and observation matyrix H

must be. time invariant.

(2) The statistics of w(n) and Y(ﬁ) must be stationary.

(3) The data z(n) must be known for all past time, i.e.,

i= -« in Eq. (2.7).

Under these conditions, Eqns. (2.5) and (2.7) become

n
gm) = ) A1) z(3) (2.8)
j:._oo
and
T n T
E{x(@) z" M} - I  A@-3) E{z(§) z (W)}
j:—m

n
R () - )} A-3) R__(j-v)

Y
= =00

[0]9 AV (_..oo, v ey n)' (2-9)

1. The first general technique for determining the optimum
multiple input-multiple output discrete filter using Wiener's method
was given by Motyka and Cadzow [1967]. The results presented in this
section follow their work.

2. Since only sampled-data is considered, frequency domain
means the Z-transform domain.

19
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By a change of variable (2.9) can be rewritten

RXZ(Q) - X A(T) RZZ(Q”T) = [O]a a E(O: ce s ©) (2-10)
=0

which is just the discrete time stationary Wiener-Hopf equation.
The cross-spectral (generating function) matrix representation

of (2.10) is

bxz(Z) = A(Z) ¢2(2) = [0] (2.11)

Since each element of (2.10) is zero for each o, each element of (2.11)
is a polynomial in Z only. Thus each poiynomial element converges for
all Z inside the unit circule. Assuming ¢ZZ(Z) has a spectral factori-

zation of the form

4,02 = az"h 8% (@)

where A(Z) is a p x p matrix whose elements represent the Z-transforms
of stable, linear, causal systems (i.e., polynomials in Z) and have no
poles outside the unit circle, then a physically realizable Wiener filter
exists. The frequency domain expression for this optimum m x p filter

matrix is

= -1..,-1 -1, -1y T -1
a@ = Uo7 @D o, ) + A7ET) o ] 171D
(2.12)
where { }c is a matrix whose elements are constant and { }+ is a matrix
whose elements contain only poles inside the unit circle. The "in

principle" solution given by (2.12) is cumbersome, not easy to synthe-

size, and not suited to machine computation.
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Kalman's time domain approach not only eliminates these two
difficulties, but also the three restrictions listed previously. He used
the orthogonai projection theorem to obtain a recursive set of eqﬁétions

for optimum filtering and prediction.

2.5 Kalman Filter Theory

By applying the orthogonal projection theorem a different specifi-
cation for the optimum linear transformations A(n,j) is obtained.
THEOREM 2-6: Orthogonal Projection

Let {f(n)} and {g(n)} be zero mean random sequences. Let Y(n) be

the 1linear manifold generated by the data:
n
Y(n) = {y(@): y(n) = ]} B(n,)z()}
. i=i

where the B(n,j) are arbitrary m x p matrices whose elements are real.

Note that

il o~

x(n) =
J

A0, $)z(3) (2.5)
i

must belong to Y(n).
If either
(i) the random sequences {§(n)} and {g(n)} are Gaussian or
(ii) the estimator %(n) is specified to be a linear function of
the data {g(i), cens g(n)} and the loss function is the

error squared

2(e@) = ef(n)en) = || e(m]] 2
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where the error g(n) = §(n) - %(n),then the filtering estimate %(n) of

x(n) is optimum if and only if the A(n,j) are chosen such that the error

N

n
e(n) = x(n) - %(n) = x(n) - } A(,3)z()
j=1i

is orthogonal to Y(n), i.e.,
(x(n) - x(n), y(n)) =0 for all y(n) e Y(n) (2.13)

where (+,+) is the inner product induced on Y(n) by E{(-)T(')}.

Proof: Note that from Theorem 2-4 the optimum estimate is the condition-
al mean and it takes the form of Eq. (2.5) for a large class of loss
funections, including the error squared criterion. Thus, it suffices to
prove only part (ii).

Let 0= [A(n,1), ..., A(n,m)] and Z'(n) = [2(1), ..., 2(2)] , where O_
is a m x (n-i)p matrix and g(n) is a (n-i)p x 1 vector.

Substituting @n and Z(n) into (2.5) gives

%(n) = 0_z(n) (2.14)

The linear transformations A(n,j) embodied in @n minimize E{eT(n)e{n)}

iff for all m x (n-i)p matrices An,

E{lx(n) - (0 + 8 )2(m) 1 [x(n) - (6 + 4 )2(n)]

- [x(a) - 0 z2(m) 1 [x(m) - 0z 1} >0 (2.15)
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Expanding the left side of Ineq. (2.15) leads to
E{[x(n) - 0 2(n)]T A& 2z(n) + [A 2] [x(n) - 0 2z(n)] + [A Z()]7a z(m)}
-~ n~ p~ n-~ ~ n-~ n~ n-~

= 2E{[x(n) - 6_2(m)]" & zm)} + E{[2_2()]1T & z(m)} > O
~ n~ n~ n- n- -
(2.16)
Now E{[Ang(n)]TAng(n)} > 0, and since it can be made arbitrarily small
with respect to the term linear in An, the sign of the left side of
Ineq. (2.16) is determined by this linear term. It, therefore, follows
that

E{[x(m) - 0_z@)]" & z(n)} = 0 for all &_ (2.17)

If Eq. (2.17) was not true, the sign of Eq. (2.16) would depend on An
which would imply a contradiction because An is arbitrary.

Since y(n) = Ang(n),,Eq. (2.17) may be written

. n
B{lx(n) - § A(,DzDIym] = B{lxm - 2@ 1ym]

J=1

il

x() - %), yn))

it

0 for all z(n) eY(n) (2.13)

The converse follows easily. If Eq. (2.13) is true, then Eq. (2.16)

reduces to
T 1
E{[Ang(nn A Z(m)} >0 for all &

}

Hence satisfaction of Eq. (2.13) minimizes the E{gnTgn

Q.E.D.
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Under conditions (i) of the theorem, the orthogonal projection
of g(n) on Y(n) is identical to the conditional mean E{§(n)lz(n)}. Thus
this theorem implies that the optimal linear estimator cannot be iﬁproved
upon unless the random phenomenon are non-Gaussian and, even then, only
if knowledge of at least third order joint probability distribution func-
tions is available.1 Kalman [1960] employed Theorem 2-6 to solve the optimum
filtering problem, but his approach and proof differ from that given here.
COROLLARY 2-7:
(x(n) - &(0), ¥@) = E{[x(@) - 2@ 1" 2@} = 0
(2.18)

vhere

n
x(n) = ) A, z(3) (2.5)

By combining the state variable representation of dynamic systems with
the orthogonal projection theorem, Kalman [1960] and Kalman and Bucy
[1961] obtained the following recursive solution to the non-stationary
multidimensional state estimation problem. Given the dynamic system of

Eq. (1.3) and the measurement system of Eq. (1.4), then

x(n) = ¢(@)X(n-1) + K(n)[2z(n) ~ H(n)2(n)X(n-1)] (2.19)
= E{§(n)[Z(n)}» for Gaussian noise
with the initial condition £(0) = 0 , and

1. Given any random sequence, there exists a unique Gaussian
sequence with the same mean and covariance kernel.
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K(n) = T(@uT(n)R (n)
= I(n|n-1) E (a)[H(a)E(n|n-1) H (a) + R(n)]1 ™} (2.20)
= Kalman filter matrix
rm) = E{Ix() - (m1lx() - $()1"}
= E(aln-1) - £(@|o-DH (@) [H) Z(a]n-DE () + R(0) ] H@)E(n]n-1)
= [I - K(n)H(n)]Z(n|n-1) (2.21)
= Error covariance matrix
with the initial condition r(o) = Iy
Zti]n) = B{[x(+D) - e@E@1x@+) - 8E@]I")

e(n)T(m)o(n) L + Q(nt+l) (2.22)

ft

One-step prediction error covariance matrix

The block diagram for the Kalman filter is shown in Fig. 2.2. Note that
it is in the form of a non-autonomous feedback system. The recursive
natufe of the Kalman filter equations makes it ideally suited for digital
computation and sequential processing of new data in rzal time. These
attributes are just as outstanding in the stationary system, where ¢, H,
R, Q and therefore, K, T, ¢, £, are time invariant. In this case, once
the optimum Kalman filter matrix Kopt is determined, Eq. (2.19) is the
only real time calculation required. When the covariance matrices Q of
the plant perturbation noise and R of the observation noise are known

a priori, K can be determined off-line. In this report Q and R are

opt

not assumed to be known., The absence of this information necessitates
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two on-line recursions: one for estimating Kopt and one for estimating

x(n) with Kopt reblaced by its estimate.

2.6 Theoretical Equivalence of Wiener and Kalman Filter Theory

In order to provide a common framework for comparing the
approaches of Wiener and Kalman, it is necessary to show that the or-
thogonality of the error g(n) - %(n) and the linear manifold Y(n)
implies the Wiener-Hopf equation and conversely. Note that Eq. (2.6)
may be viewed as an outer product induced by E{(-)(-)T}. With this ob-
servation the generalized form of the mu;tidimensional Wiener-Hopf

equation is given by the outer product

1

[x(n) - £@)D (M) = E{[x(® - &@)1z' ()}

[0] for all z(v) eZ(n)

i

The purpose of writing the Wiener-Hopf equation as an outer product is
to place it in contradistinction to the principle of orthogonality as
given by the inner product Eq. (2.13). However, they are equivalent as
proved in the next theorem,

THEQOREM 2-8: The Wiener-Hopf Equation

]

[x(n) - %D (z(v) = E{[x() - ()12 (W)}

[0] for all z(v) eZ(n) (2.6)

is satisfied if and only if the orthogonal projection theorem

(Ix(n) - 2@ 1,y@) = E{Ix@) - 2m1Tym)]

[

0 for all z(n) eY(n) (2.13)
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holds, where

n . .
(@ = ] B(,Kk)z(k) (2.16)
k=i

the B(n,k) are arbitrary m x p matrices whose elements are real, and

il o1

%(n) =

A(n,3)z(3) (2.5)
5 ,

i
Proof: Assume Eq. (2.13) holds. By substituting Eqns. (2.16) and (2.5)
into Eq. (2.13) becomes

n

E{[x(n) - .X

T n
A,DZMNIT Y B0z} = 0 for all B(n,k)
j=i k=i

i
(2.13)
To prove that Eq. (2.13) implies the Wiener-Hopf equation, it
is first expanded and rewritten as a sum of its scalar components.

The inﬁer product of Eq. (2.13) is equivalent to the following summations

n _
E{ [ Ix() -] AG@,z(H][]) BM,kz@)] }
a=1 j k

m P
E{ ] 1 {lz@ -] A@Z@D], ] B, (kg ()]}
a=1l b=1 3j k

ft

E{aZb E [x(n) - § A, )z(D], B, (n,k)z ()]

E{} I B (mBIx() -] AG,)z(] 2z, W)}
k a,b 3 - @
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Now by interchanging the linear operations of summation and

expectation, the above equation becomes

m

E azb B, (n,k) E{czl [x, (n) - § A 9z (D lz ()]

- E azb B, (0,k) g [E{x, ()2 (0} - § A (0, DE{z ()7, (0]

Performing the sum over c gives

Eaagﬁmxnxémm~ ngﬁ%JLm%b=0 (2.23)
Since (2.23) is zero for arbitrary B(n,k), the term in brackets must be
identically zero for all a, b, and k. Otherwise, a contradiction exists.
Thus, it has been shown that each element of Eq. (2.6) is zero.

n
e R (k) - jzi A, R (3,k)

n
= B{[x() - )} A,z w0}
j=1

= E{[x(n) - §@®)1z (10}
= [0] for all z(k) € Z(n)

By reversing the argument, the converse follows readily. Q.E.D.

Corollary 2-9:

E{[x(n) - 21X ()} = [0]
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iff  E{[x(n) - 2@ 1 2@} = 0

The previous theorem and the accompanying corollary provide a common
foundation for the filter theory of Wiener and Kalman.

Even though the theoretical equivalence of Wieﬁer and Kalman fil-
ter theory has been demonstrated, the explicit computational relations
for the optimum filters of Wiener and Kalman represented by Eqns. (2.12)
and (2.20) respectively bear no external resemblance. The solution for
the Wiener filter A(n-v) is given in the frequency domain as the Z-trans-
form of the impulse response of the optimum filter matrix, The Kalman
filter matrix K(n) is given in the time domain as a function of the error
covariance matrix, the observation matrix, and the measurement noise co-
variance matrix. In the filtering Eq. (2.19), K(n) acts simply as a
weighting for the correction term. However, when the restrictions re-
quired for the Wiener approach are satisfied, the two filters must be
identical. For this case ¢, H, R, and Q are time invariant. Therefore,

, 1s also constant. With

the optimum Kalman filter, denoted by Kopt

these observations the relationship of A(n-v) to Kopt is derived. Since
the estimate &(n) is the same regardless of the filter used, it is seen
that

n
x(n) = ¢x(n-1) + CICER . 2@-D1 = ] A(-a)z(o)

Q= w00
From Theorem 2-5

E{[x(n) - $(m) 12 @)} = E{[x(n) - @) 1[x () 1" + v @)1} = [0]



or
~ T T ~ T
E{lx(m) - (] x @} 1 = E{[x(@) - &@)] v )}  (2.24)
The left hand side of (2.24) is equal to I‘(n)HT from Corollary 2-9, and

the right hand side is E{ﬁ(n) vT(n)} since x(n) is independent of v(n).

Therefore, (2.24) becomes

tt

I'(n) e E{%(n) YT(n)}

E{

o

A(m-a) z(e) v ()}

I o~

-—00

Aln-0) [Hx(0) + v(a)] v ()}

-

Q

1
t
—r—
I~

"
[ k=]

-—C0

A(n—a)E{Y(a) YT(n)}

A(O)R

which implies

A(0) = T'(n) gt g7t

The optimum Kalman filter is by definition (2.15) equal to T(n) HT R—l.
Therefore,

A(0) = Kopt

Thus the impulse response of the optimum Wiener Filter matrix evaluated
at time equal to zero gives the optimum Kalman filter matrix., This means

that if a method can be devised to learn A(0) when Q and R are unknown,
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then the adaptive filter solution does not require estimation of the
entire impulse response of the optimum filter matrix in the Wiener
formulation or estimation of the elements of Q and R, and the subééduent
necessity of calculating I in the Kalman formulation. Such a method
represents a potentially great reduction in computation time, memory
space, and algorithmic complexity. An iterative scheme for realizing

this potential is developed in the next two chapters. First, however,

optimal prediction and smoothing are introduced.

2.7 Prediction Theory

The previous sections contain a complete theory for optimal fil-
tering as required in this report. 'The necessary theorems and their
proofs for optimal prediction are directly analogous to those for optimal
filtering.

THEOREﬁ 2-10: Let {g(n)} and {g(n)} be Gaussian random vector sequences,

then

E{x(n+r) | 2(n) }

n
I ACr,z) (2.25)
j=i

it

%(n+r1n) , >0

where the A(r,j) are m x p matrices. %(n+r]n) is the estimate of x(n)
given the data up to time r. The optimal linear transformatiops Alr,3)
can be determined from the orthogonal projection theorem.

THEOREM 2-11: Let {x(n)} and {z(n)} be zero mean random sequences. Let

Y(r) be the linear manifold generated by the data,



34
n
Y@) = {ym:y(n) = } B(r,z(d}
j=i

where y(n) is any m x 1 vector belonging to Y(1) and the B(n,j) are m x p

real matrices., If either

(i) the random sequences {x(n)} and {g(n)} are Gaussian or
(ii) the predictor i(n+rln) is specified to be a linear function

of the data Z(n) = {z(i), ..., z(n)} and
M Ix(ntr) - k(o)1)= |[x(otr) ~ &(otr|n) ||?

Then the prediction g(n+r[n) is optimum if and only if the A(r,j) are

chosen such that the error g(n+r) - %(n+r|n) is orthogonal to Y(n),
E{[x(ntr) - %(otr[m)1Ty@]} = 0 for all y(m) ¢ Y&)  (2.26)

The equivalence of the orthogonal projection theorem and the
Wiener-Hopf equation for prediction is given by Theorem 2-12.

THEOREM 2-12: A necesséry and sufficient condition for

E{[x(ntr) - &(ntr|n)] 27 ()} = [0] for all z(k) e £(n)

is that

i

E{[§(n+r) - %(n+r[n)]T Z(n)} 0 for all z(n) e Y(n)

Kalman's solution for predicting x(n+r) is directly dependent on

the optimum filtering equations.
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%(n+r]n)

it

¢ (n+r,n) %(n) (2.27)

it

the prediction of x(n+r) given the data

{z(n), ..., 2@} = z()

fi

E{g(n+r)lz(n)} for Gaussian noise

where %(n) is the optimum filtering estimate of x(n).

In the stationary case Eq. (2.27) reduces to

X(ntr|n) = o" &(n) (2.28)

Regardless, once the optimum filter is determined, so is the optimum

predictor.

2.8 Smoothing Theory

Recall from Section 2.1 that smoothing is the estimate %(m[n) of
x(m) at time n, when m < n, The optimum smoothing eétimate for the class
of loss functions of Section 2.2 is given by Theorem 2-13,

THEOREM 2-13: Let {g(n)} and {g(n)} be Gaussian random vector sequences,

then
n
E{§(m)IZ(n)} = Z Aln,j)z(3) = §(m!n) (2.29)
j=1
Proof: [Meditch 1967, p. 162]
In practice it is convenient to dichotomize smoothing into three
classes
(1) Fixed-Interval Smoothing: %(mlN) where m ¢ [i, ..., N-1]

and n = N, a fixed integer,.
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(2) Fixed-Point Smoothing: S(Mln) where m = M, a fixed integer

and ne [MH1, M#2, ...]

(3) Fixed-Lag Smoothing: %(mlm+N) where me [0,1,2,...] éﬁd N

is a fixed integer.

The results presented here for these three classifications
essentially follow Meditch [1969]. The interested reader is referred to
his work for details and proofs.

THEOREM 2-14: The stationary optimal fixed-interval smoothed estimate

X(m|N) of x(m) is determined from

(W) = &(m) + Fopt [R(mt+1]N) - o%(m)] (2.30)

and the smoothing gain matrix by

|
lar
=]
™

Fopt N

(1 - K H]Z ol 371 (2.31)

H

As in prediction the fixed-interval smoothing estimate is
directly dependent on the optimum filter Kopt’ but the one-step pre-
diction error covariance I must also be known. Alternately, knowledge
of the error covariance matrix I can be substituted for Kopt'

THEOREM 2-15: The stationary optimum fixed-point smoothing estimate

%(Mln) or x(M) is determined from
- A s T -1 ~
xM|n) = ®@|n-1) + S@H R [z(n) - HE&(n-1)] (2.32)

and the smoothing gain matrix by
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T -1

S(n) = S(n-1) @T[I - H R ~ HI]

it

S(n-1) @T[I ~uf gt H(I - Kbpt H) ] (2.33)

with the initial condition

S(M) =T = [I - Kopt H]Z

Again the fixed-point optimal smoothing matrix is a function of
Kopt' However, the observation noise covariance matrix R is also re-
quired to compute S(n).

THEOREM 2-16: The stationary optimum fixed-lag smoothing estimate

ﬁ(mlm+N) of ¥(m) is determined from

%(m[m+N) = @%(m~l[m—1+N) + Uopt [%(m—l[m—l+n) - %(m—l)]
+ J(mt+N) Kopt [g(m+N) - H® %(m—l+N)] (2.34)

and the smoothing gain matrices by

B -1.T -1
Uopt =Q[e ] T
B -1.T -1
= Qe 71 [Z - Kopt HZ] (2.35)
J(mN) = ! J(m-14N) F
opt opt
= 3[ze’ - K HZ@T]—l Jm-14) [I - K  H] Zo2 % (2.36)
opt opt '

with the initial condition

JN) = [Fopt]N
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This is the most complex smoothing algorithm from both a computa-

tional and informational standpoint. It requires knowledge of Ko L,

pt’
and the plant perturbation noise covariance matrix Q. Numerous ma%fix
inversions must also be calculated.

Sequential methods of learning the Q, R, and I are derived in
Chapter 6. This permits an adaptive solution to the problem of optimal
smoothing without a priori knowiedge of Q and R. Since I is also being

estimated directly, the necessity of solving the discrete matrix Riccati

equation each time the estimates of Q and R are updated is eliminated.

2.9 Summary

This chapter provides the theoretical foundation for the rest of
this study. It has reviewed the fundamental concepts of estimation
theory and their application. It was shown tha£ for Gaussian random
sequences, the optimum estimator is linear. For a given system this im-
portant fact yields the filter theory of Wiener and Kalman, which are
proved to be theoretically equivalent. However, the assumptions required
to obtain an explicit solution using the Kalman method are much less
restrictive. The Kalman filter equations are also in recursive form
which provides a great computational advantage, even in the stationary
case, The theory developed here is used extensively in the next chapter
to derive the iearning criterion for adaptive learning of the optimal

Kalman filter,



CHAPTER 3

THE LEARNING CRITERION

3.1 Introduction and Organization of the Chapter

In Chapter 2 some of the important concepts of estimation theory
were reviewed, and the results of Wiener and Kalman filter theory were
presented and compared. There it was shown that for optimum filtering
the estimator must satisfy the Wiener-Hopf equation. This equation is
also the fundament of the learning criterion developed in Section 3.2.
The learning criterion (Theorem 3-3) provides the theoretical foundation
for learning the optimum Kalman filter matrix. Section 3.3 reduces the
learning criterion to a Markov sequence model. This Markov model is

used in Chapter 4 to motivate the adaptive technique.

3.2 'The Unsupervised Learning Criterion

The purpose of the unsupervised learning criterion is to provide
a necessary and sufficient condition for an adaptive solution to the
stationary optimum filtering and prediction problem,where the signal and
noise covariance matrices Q and R are unknown, In addition, this crite-
rion must have two other characteristics.-
1. It must be a function of measurable and/or calculable
quantities oniy.
2., It must provide information from which convergent al-
gorithms can be derived.
Otherwise, the criterion is meaningless from an engineering viewpoint.

39
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As observed in Chapter 2 optimal filtering is a necessary con-
dition for optimal smoothing. As a consequence, the unsupervised learn-
ing criterion is a necessary condition for adaptively solving the optimal
smoothing problem.

The learning criterion developed in this chapter is.said to be
unsupervised because it operates on-line using only the noisy information
generated by the actual filtering process. Specifically, it utilizes the
residual time series {én} which is the difference between the measurement
process {g(n)} and the predicted measurement process {H@%(n—l)}. By con-
trast a supervised learning criterion operates off-line using noise free
externally supplied information. For example, in the context of this pa-
per the learning process would be classified as supervised if, in addition
to the noisy measurements z(n), knowledge of the actual states x(n) were
available over a required training period.

In the search for an appropriate learning criterion the following
elementary lemma is useful. It is included for completeness.

LEMMA 3-1:
Let the vector y be orthogonal to the data set {g(l), cees g(n)}.

Then y is orthogonal to any linear combination of the data.

~

Since the only information availaﬁle is the residual time series
{§n}, it is natural to detgfmine what properties it has when the filter
is optimum and suboptimum, The independence and zero mean characteris-
tics of Y(n) and Y(n) are éxploited freely in the following theorem

proofs without comment,
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THEOREM 3-2:

Given the dynamic system
§(n+l) = @g(n) + Y(n) (1.3)
the observation process
z(n) = Hx(n) + v(n) (1.4)

where the inverse of H exists, and the filtering equations

%(i) = Q,where i is the initial time
z(n) = x(n-1) + K[z(n) - H® X(n-1)] (2.19)

If K= Kopt
= THT[HEHT + R] 7
i.e., Kopt is the optimum filter matrix chosen such that Theorem 2-6
is satisfied, then
T _ .
E{[éj+l - HoK 8] §j} =0 for all j <mn (3.1)

where

§. = z(j) - HOR(j-1)

~3
= 1 — éA’ 3 e
éj+1 z(j+1) - Hoox(j-1)

and conversely.



Proof: First examine the bracketed term in the above expectation

T R

z(3+1) - Heok(3-1) - H@Kopt§j .

= z(§+1) - HOOX(3-1) ~ HeK  [z(3) - Hox(3-1)]

= 2(j+1) - HOx(])

= &n

Therefore, Eq. (3.1) may be rewritten as

T B .
E{§j+l§j} =0 for all j < n (3.2)

Assume K = K , which from Theorem (2-6) implies that

opt

E{[x(m) - $(m)1"B(n,12()} = 0  for all m,j

" where j < mn, and B(n,j) is an arbitrary m x p matrix whose elements are

real, Now expanding Eq. (3.2) results in

E{[2(3+1) - HoR(§)1 [2(3) - HOR(3-1)1}

"

E {[Hox(3+1) + v(i+1) - Ho&()1T[2(3) - HER(3-1)1}

E{[x(3+1) - ok(3)17H [2(3) - HOR(3-1)] +

E {v (G+1)[2(3) - HeR(5-1)1]

i

E {[ox(3) + w(i) - e&k(NIH [2(5) - Bor(3-1)]} +

E{v (3+D} E {2(3) - Hex(3-D}



£ {0 - 2317 o7 17120 - meR(-DI} +

[

E {w (3 u'[z(5) - Hex(3-1)1} + 0

T T T

E {[x() - k()] z(N} -

E{[x(5) - g(j)]T oF HTHQX(J-I)} +0

The first term in the last equation is zero from the projection
theorem, The second term is zero since %(j—l) is a linear combination

of the z(k), k <j-1 and, therefore, ¢ H HOR(j-1) € Y(n).

Consequently,

T .
E{§j+l§j} = 0 for all j < n.

T .
Converse: Assume E{§j+l§j}.= 0 for all j <n .

As a consequence of this assumption, the following preliminary

result is obtained

B{el,,6.) = Bl - 121" 129 - Her(-)1)

E{ [Hx(3+1) + v(3+1) - HOR(3) ] [2(3) - HoR(3-1)1]

it

E{[x(3+1) - @%(j)]THT§j} =0 for all j <n (3.3)

By hypothesis it is known that the lag-one residuals are orthogonal.

It must now be shown that

{~n+16 }=0 for all j <n

43
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This is accomplished by iterating backward in time, starting with
j = n-1. The state, observation and filtering equations are substituted

freely in the following text.
E[6T 6 _} = E[[2(n+1) - HOR(n)] [2(n-1) - HOX(n-1)1}
~ntl-n-1 ~ = ~ ~

= E {[H x(a+1) + v(otl) - H@g(n)]T §n_l}

= B {lxt) = @178 5}

= E{[¢ X(n) + w(n) - 8¢ %X(n-1) - K[z(n) - HO g(n—l)]]THT§n_l}

= E{lx( - ox-D1T " w5} -
Ef{[z(n) - 1O %(-D]" K " u' )

The first term in the above equation is zero from Lemma 3-1 and Eq. (3.3).

The second term is zero from Lemma 3-1 and Eq. (3.2). Thus

T -
E {§n+l §n~l} =0

Continuing the iteration, it is concluded that

1T Cn . ,
E{§n+l§j} =0 for all j <n (3.4)

A more illustrated form of Eq. (3.4) is
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E{lx() - &m]1" o H's )

=0 for all j <n (3.5)
In particular for j = i+l, Eq. (3.4) becomes
B{[x(n) - &(m)1" o K [2(i+1) - Hok(D]} = 0
Since %(i) =0,
E{lx(n) - 21" o' B 2(i+D} = 0
or
E{[x(n) - &(n)]" B(n,1#1) z(i+1)} = 0
Proceeding by induction, assume
E{lx(n) - %(n)]" B(n,k)2(1)} = 0  for all k < n-1

Now for k = n, Eq. (3.5) gives

E{[x(n) - {c(n)]T )

= E{[x(n) - 21" o" H' z()}

T ®T HT

- E{[x(0) - 2] He % (n-1)}

Note that x(n-1) is a linear combination of {z(i), z(i+1l), ..., z(n—l)}.
Thus, from Lemma 3-1, the second term in the above equation is zero.

Consequently,
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E{[x(n) - 2@)1T B(n,k) 2(l)} =0  forall k <=

or equivalently

E{[g(n) - %(n)]T Z(n)} =0 for all y(n) & Y(n)
n
where y(n) = 2 B(n,k)z(k) Q.E.D.
4 - -

This theorem is important because it states that the filter is
optimal if and only if the residual time series {§n} is an orthogonal
series. Since the residual process is oBservable, this theorem provides

'a method for determining whether or not the filter matrix is optimum,

But if it is suboptimum, Theorem 3-2 does not indicate how it should be
altered to approach Kopt' Consequently, it fails to meet the second char-
acteristic required of a learning criterion. This deficiency motivates The-
orem 3-3 which is used in Chapter 4 to develop algorithms that learn Kopt'
THEOREM 3-3: The Learning Criterion

Given the system of Theorem 3-2, a necessary and sufficient con-

dition for the satisfaction of the Wiener-Hopf equation

E{lx(n) - %)) z' (9} = [0]  for all n, 5. (2.6)

where j < n

is

T .
E{[~j+l -HO R 8] §j} = [0] for all j <n (3.6)
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Proof: From the development of Eq. (3.2) from Eq. (3.1), Eq. (3.6) may

be written

]

5.1 61}

A -
E{[~j+1 1 Kope2y? %

T
E{834105}

= [0} for all j <n (3.6)

Now assume the Wiener-Hopf equation (2.,6) holds, then

]

E{s.. . 67}

854185 E{{g<j+1> - HR()1[2(3) - HeR(3-1)1"}

E{[H x(3+1) + v(5+1) - HOX(3)] GE}

]

B{[He x(3) + w()) - ReED] 83}

]

B E{[x(3) - (D] z (D}

_me E{[x(3) - x(D] & G-D] T

The first term is zero directly from (2.6). The second term is also
zero from (2.6) because X(j-1) is a linear combination of z(k),

k < j-1. Thus,

Ty _ .
E{§j+l§j} = [0] for all j <n

Converse: Assume (3.6) is true.
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As a consequence of this assumption, the following preliminary

result is obtained

B{s,,185) = B{Iz(54D) - HO &(D1z(D) - mx(G-D1'}

B{[Hx(3+1) + y(3+1) - HOR(D] &3]

]

HE{[x(3+1) - o&(1)] &1}

HoE{[x(§) - %()] §; =101  forall j <n

Since the inverse of H e§ists,

E{lx(1) - %1 8]} = [0]  forall j <n (3.7
It must now be shown that
~n+1l~

E{§ 6?} = [0] for all j <n

This is accomplished by iterating backward in time, starting with j = n-1.

Proceeding as in Theorem 3-2,

T 1.5 5 T
E{§n+l§n_1} = E{[z(n+1) - HOR(n)] §n—l}

it

E{[Hx(o+l) + v(n+l) - Hex(n)] §§—1}

HE{[¢x(n) + w(n) - o%(n)] §§*1}
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Ho E{[@§(n—l) + w(n-1) - %(n)] §§-l}

Ho E{[@g(n~l) - @%(n—l) - K[z(n) - HoX(n-1) 1] §E—l}

ft

= H9¢ E{[x(n-1) - X(n-1)] §§_ } -

HOK E{[2z(n) - HOX(n-1)] §§_1

The first term is zero from Eq. (3.7) and the second term is zero from
Eq. (3.6). Therefore,
T =
E{§n+1§n-l} = ol .
Using an identical argument and continuing the iteration, it can be

shown that

T .
E{§n+l§j} = [0] for all j <n (3.8)

A more useful form of the above equation is obtained by substituting the

observation equation for z(nt+l) and the state equation for x(n+l). It is
E{lx() - %()] 65} = [0]  forallj <m (3.9)

Proceeding inductively, it can now be shown that the Wiener-Hopf equation

follows from Eq. (3.9). 1In particular, for j = it+l, it becomes
E{[x(n) - %()] &, .} = [0]
~ ~ ~itl

and since
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E{[x(n) - &) 1[z(i+1) - HeR(D]}
= B{[x(@) - &1 2 (i+D)] = [0]

Again proceeding by induction, assume that

E{[x(@) - k(n)] 8} = [0] for all k < n-1
or equivalently

E{[x(n) - %(0)] 2' (&)} = [0]  for all k < n-1
Now for k = n, Eq. (3.9) becomes

B{[x(n) - &) g} = [0]

= B{lx(m - 2] 2"} - B{[x(n) - 2()] &-D}e'E"

Because %(n-1) is just a linear combination of {z(i), cees z(n—l)}, the

second term in the last equation is null. Therefore, it follows that
E{[x() - ()] 2" (1)} = [0]  for all k <n

Q.E.D.

This theorem states that the lack of orthogonality when K is not
equal to the optimal filter Kopt is reflected in a non~-null correlation

matrix and conversely. That is, K = KO if and only if

pt

1l

E{6 .6}

~n+l-n 2(nt1,n)

= [0] (3.10)
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Q(nt+l,n) can be used as a basis for learning Kopt’ as shown in Chapter 4,

by devising a scheme to utilize this correlation to adjust Knl such that

it converges to Ko as n approaches infinity.

pt
The following corollary is a direct consequence of Theorem 3-3.
Corollary 3-4
Equation (3.6), E{§j+l§§} = [0] for all j implies

T

K=13 HT[H T H + R]_l which is the optimum Kalman filter matrix,

Proof:
B{8,,185} = B{l2(34D) - mok(D1z(D) - wet(5-D17}

7

H E{[x(3+1) - o&(1)]

RO

Substituting Eq. (2.19) for %(j) gives

n

He B{[x() - 0R(3-1) - KIHx()) + v() - HER(-D]] &)

1

Ho E{[x(3) - 0%(3-D1[x(H) - e&(i-1)17} BT

- HOK E{[Hx(3) + v(§) - HOR(F-1)][Hx(}) + v(3) - Hek(3-1)]"}

HOTH - HOKH E{[g(j) - ex(3-D1I[x(3) - ex(3-1)1} i

- 1ok E{v(3) v'(1)}

1, Since in the adaptive process the filter matrix is being
changed as n increases, its value at time n is denoted K .
n
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= HOTH! - HOK [HI HY + R] = [0]

Solving for K yields

T

K = IHY [HE H + R]'l

which is the optimal Kalman filter.

Q.E.D.

3.3 A Linear Regression Model of the Learning Criterion

Since Theorem 3-3 indicates through the correlation between
§n+1 and §n whether or not the filter matrix is optimal, it satisfies
the first requirement for a learning criterion. To show that it per-
mits the development of a method for satisfying the second requirement
and, therefore, qualifies as an unsupervised learning criterion, it is

convenient to represent the correlation between the residuals as a

linear regression

§n+l = Pn§n + €n (3.11)

where Pn is the regression matrix and e is the error term. Post-
multiplying both sides of Eq. (3.11) by QE and taking the expected value

gives

E(s &'}

~ T ' T
n+l~n"~ Pn E{§n§n} + E{gnén}

or
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_ T
Q(nt+l,n) = Pn Q(n,n) + E{gnén} (3.12)

Selecting the regression matrix to be
-1
Pn = Q(nt+l,n) Q “(n,n) (3.13)

forces

T, _
E{gn§n} = [0]

Pn then represents the correlation between §n

+1 and én' It is easy to

see that when Pn = [0] for all n, the learning criterion is satisfied and
conversely. Thus, an equivalent statement of Theorem 3-3 can be made
in terms of P_.
n
THEOREM 3-4:
Given the system of Theorem 3-2, the filter matrix K is optimal
if and only if

P = [0] for all n.
n

Thus, an algorithm is required which utilizes Pn to adjust Kn in
a way that forces Pn to converge to the null matrix as n approaches

infinity. Equivalently, the adjustment must force §n+ to approach e

1
as n increases without bound. The method for achieving this goal is
deferred to Chapter 4, where it is shown that Pn is proportional to the

difference between the optimum filter matrix Kopt and the actual filter

matrix K .
n
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3.4 Summary
This chapter has developed a learning criterion which is a

necessary and sufficient condition for optimality of the filter ﬁéérix.
Furthermore, it is a function of measurable quantities only and it speci-
fies what must be accomplished to learn K0 e The learning process was
reduced to a regression equation such that when the correlation matrix

Pn is null, Theorem 3-3 is satisfied. In the next chapter, the regression
equation is used to indicate how the adaptation should be performed. Sto-
chastic algorithms are derived from a mean-square error performance index

to estimate the optimum filter matrix, The theory of stochastic approxi-

mation is invoked to prove that the adaptation algorithms converge.



CHAPTER 4

DERIVATION OF THE ADAPTIVE ALGORITHMS

4.1 Introduction and Organization of the Chapter

This chapter is concerned with the derivation of stochastic
algorithms which converge to the optimum Kalman filter matrix. This
development is based on the unsupervised learning criterion of
Theorem 3-3. Section 4.2 utilizes\the regression model of the
learning procedure to motivate the adaptation process. Section 4.3
introduces the theory of stochastic approximation which provides the
theoretical foundation for this chapter. In Section 4.4 a performance
index is introduced from which the adaptive learning algorithms are
derived. Section 4.5 uses the theory of stochastic approximation and
the 1earning criterion (Theorem 3-3) to prove probability one convergence
of the algorithms, A method for accelerating the rate of convergence is

given in Section 4.6. Section 4.7 summarizes the chapter.

4,2 Motivation for the Adaptive Process

At the end of Chapter 3 the learning criterion was reduced to a

linear regression

-+

= A ~HOK § =P (3.11)
' n-n n

én+l ~n+l

(=)
j=)
2 (D
=]

such that the learning criterion is satisfied if and only if Pn = [0].
From Theorem 3-4 this condition implies that the filter matrix is
optimum and conversely.

55
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Consider now the correlation Pn that exists when the filter

matrix is suboptimum. The goal is to use this correlation matrix to

force Kn to approach Ko as n approaches infinity. As a comnsequence,

pt

Pn must converge to the null matrix or equivalently §n+ must approach

1

e in the limit, The role of Pn in accomplishing the above goal is made

evident by first rewriting Eq. (3.11) as

n T §n+l - Pn§n (4.1)
and setting
Pn = H@AKn 4.2

where AKn at this point is an arbitrary matrix chosen to satisfy Eq.
(4.2). The following convention is observed in the ensuing development:
a suboptimal estimate obtained using the structure of the filtering
Eq. (2.19), i.e., the filter used is not optimal, is denoted %n to
distinguish it from the optimal estimate denoted %(n). Assume that
optimum estimation has occurred up to, but not including, time n, Now

:

substituting for §n+ §n and Pn in Eq. (4.1) gives

l’

= -1 - :\ —_ — oLt —
e z(n+l) H@En H@AKn[g(n) H@§(n 1)]

-~

By replacing ﬁn with the filtering equation, the above expression becomes
e = z(tl) - Ho {ex(n-1) + K [z(n) - HO X(a-1)]}

- H@AKn [z(n) - HO %(n—l)]
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= z(ntl) - HO {0x(n-1) + (K + AK )[z(n) - H® %(n-1)]}

Observe thatAAKn appears as a correction to the filtering matrix Kn em~
ployed at time n, If Kh + AKn had been used instead, the correlation Pn
would have been zero. This means that Kn + AKn = K(n), thus the

equation for gn reduces to
= §(n+l) - HO {@%(n—l) + K(n)[g(n) -~ H® %(n—l)]}

= z(n+l) - HO x(n)
= §'n+l (4.3)

Equation (4.3) implies that the filter matrix has been adjusted so that
the new correlation matrix is null, Thus from Theorem 3-4, the new fil-
ter matrix K(n) = Kn + AKn is the optimum Kalman filter. The value of AKn

as determined from (4.2) is
AR = (H@)“l P (4.4)
n n :

under the assumption that H inverse exists. However, since the distribu-
tion function necessary to determine Pn is unknown, AKn cannot be calcu-
lated. But Pn and, therefore AKn’ can be estimated by using the theory
of stochastic approximation. In the next'sectiOn a brief introduction

to the subject is presented.

4.3 Stochastic Approximation

Basically, stochastic approximation is an algorithmic search

technique for optimization in the presence of uncertainty. This



58
uncertainty or noise may arise from an ignorance of the underlying
phenomena, experimental errors or inherent random fluctuations. The
nomenclature stochastic approximation emphasizes the stochastic nature
of the errors in, say, the process measurements and the use of these
measurements to approximate the location of the goal.

Such stochastic search algorithms ére naturally more complex
than their deterministic counterparts. However, the fundamental con-
siderations are the same:

(1) selecting a direction in which to search, then

(2) selecting the distance to move (choosing the step size).

The effect of random error on an algorithm may cause it to converge to
some non-optimum value or even to diverge., Therefore, correct conver-
gence takes priority over speed of convergence. In stochastic approxi-
mation this consideration is reflected in the choice of step sizes. The
direction to move is selected as if the process was deterministic, This
is reminiscent of the Separation Theorem of control theory. The neglect
of the stochastic nature of the problem means that some step directions
may be incorrect, but such setbacks are swamped-out in the long run by
additional data if the step sizes are properly selected. This is the
crux of stochastic approximation and is directly related to the law of

large numbers,

A powerful theorem due to Gladyshev [1965] serves to lay the
mathematical groundwork for stochastic approximation and is used later
in conjunction with the Learning Criterion (Theorem 3.3) to prove con-

vergence of the algorithm for learning the optimum Kalman filter matrix.
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THEOREM 4.1:

Let {yn: n=1l, 2, ... } be an observable random sequence which

depends on a real parameter o such that

Ely ()} = £,(a) (4.5)

and for the real constant C,
£ la )=C¢C (4.6)

fn(a) < C for o < aopt

fn(a) >C for o > aopt

The value of o which satisfies the regression equation (4.6) is estimated

by observing Y, and using the recursive relation

@ =0 -a [yn (an) - C] 4.7)

If {an} is a sequence of positive numbers such that

0
(i) Za:co
n=1 o
. 2 o
(ii) 2 an <
n=1
and
iii .1.b. o - o f (¢ ) -C}] <0 foralle >0
G plby (o - ag) [0 ~ 0l s

n opt
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(iv) There exists a positive number r such that for all ¢

E{y2(c)} < x(1 + o?)

then the sequence {an} defined by (4.7) converges with probability one

toa ., i.e., P{1lim o _=a  } = 1,
opt
n > o©

If ¢ = 0, then the stochastic approximation sequence (4.7) be-
comes an algorithm for finding the unique zero of fn(a). Historically,
this application was the motivation for the original work performed by
the statisticians Robbins and Monro [1951]. Dvoretzky [1956] extended
and unified their work and that of other investigators. However, the
viewpoint is strictly that of mathematical statistics. A comprehensive
survey of stochastic approximation and its engineering applications is
contained in Hampton [1967]. For an in-depth study of the subject, the
reader is referred to the interesting monographs by Albert and Gardner

[1967] and Fu [1968].

4,4 Stochastic Algorithms for Learning the Optimum Filter Matrix

To facilitate the application of stochastic approximation, the
problem of estimating Pn is rewritten in the structure of a performance
index. Let L(Pn) be the expected value of the convex performance index

to be minimized,

L(P) = E{2(8 . - 8 )} (4.8)
where 2(+) is the loss function and 8 =P & . When L(P ) is known
-n+1 n-~n n

(the deterministic case), Eq. (4.8) can be minimized by solving

Eq. (4.9) iteratively.
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VPL(POPE) B E{vp2(§n+l - §n+l)} = [O] (4.9)

Using standard computational techniques such as the gradient method, the
recursive relation for finding Popt is

P =P +v L)W
n P n

n+l n+1 (4.10)

where {wn+l} is a weighting sequence which determines the magnitude of
the correction term. Under appropriate convergence conditions,

lim P_ =P

plin, Py A block diagram, Fig. 4.1, of the process generated

opt*
by the deterministic algorithm (4.10) reveals it to be a nonlinear feed-
back system. It has no input which implies that all the information
needed to determine Popt is included in the system a priori.

In an adaptive stochastic setting the probability distribution
function required to perform the expectation indicated by Eq. (4.8) is
not available. Thus, the performance index L(Pn) and its gradient are
unknown. This condition is preciéely the motivation for stochastic ap-
proximation, What is needed is a method to utilize the available infor-
mation, specifically the gradient of the loss function, to solve Eq.

(4.9). By identifying V 2(6 ot ) with the random sequence y_ (a)

1’~+1
of Eq. (4.5) and using the stochastic approximation algorithm (4.7)

with C = 0, the following recursive relation is obtained

p =P v 2($ P ‘s )W

Pn+l n ~ %n+l p ~ntl ~n’ n+l (4.11)

}

where {an} satisfies conditions (i) and (ii) of Theorem 4.1 and {wn+l
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is an appropriate set of weighting terms. If Wn+1 is chosen to Be the
identity matrix for all n, then Eg. (4.11) reduces to a standard sto-
chastic approximation recursion., In general, Wn is a matrix chosen to

+1

accelerate the rate of convergence. By defining
A
G =aW (4.12)
n nn

Eq. (4.11) becomes

BBy -V, R0 (4.13)

n+l - PnGn)Gn+

n+l 1

This gradient descent algorithm is the direct stochastic analogue of the
deterministic algorithm (4.10). Since Eq. (4.13) is a random sequence,
its convergence must be established in a probabilistic sense. A block
diagram realization of this process is illustrated in Fig. 4.2, It
represents a nonlinear feedback system similar to that of Fig. 4.1, but
it is forced. This importan£ difference implies that a continuous input
of external information is necessary to solve Eq. (4.9) iteratively in
an unknown random environment, The concept of viewing the algorithm as
a feedback system means that algorithmic convergence may be interpreted
in terms of system stability.

To proceed with the development of Eq. (4.11), a differentiable

and convex loss function must be specified. A quadratic loss function

a6 . -3 y=2=1

T
~n+1 -n+1 (8 - P S) (§n+l - Pn§n) (4.14)

2 t-ntl n-~n

is selected because it permits an optimum selection of the weighting

matrices wn and a systematic proof that the associated algorithm

+1
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converges to the Kalman filter matrix. This choice of loss function
results in the familiar mean square performance index. Substituting the-

gradient of %£(-) with respect to P into Eq. (4.11) gives

P, =% +

A T
Pn+l n an+1[(§n+l - Pn§n)§n] wn+l (4.15)

It is readily verified that conditions (i) and (ii) of Theorem 4.1 are
satisfied by any sequence of the form (n)_b, where 1/2 <b < 1. There-
fore, letting a, = n_l, the harmonic series, gives the fastest rate of

asymptotic convergence. Using this sequence, Eq. (4.15) becomes

-~ ~ A T
Pn+1 - Pn + [(§n+l - Pn§n)§n] Wn+l
n+l
~ ~ Y ~ T
= - - P -
Pn + {[g(n+1) H®§n] n[g(n) H®§n_1]} §n Wn+l

n+l

Substituting ﬁn = HO Aﬁh from (4.2) into the above equation, results

in
P = Pn + {z(ntl) -
Ho[k + AR (z(n) - HO % )]} 6. W
-n n -~ n-1 -n ntl

n+l

Using the filtering equation for in’ it is seen that

>

o1 = Byt {z(4) -

5 5 - T
+ (hn + AKn)(g(n) - He & )1} § W

Ho [®§n -1

-1 n+l

nt+l
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The expression in brackets is just an updated estimate of x(n), therefore,

A

= P N T
Pn+1 = Pn + {E(n+1) - H® §n} §n Wn+1
nt+l
g T
h Pn + §n+1§n Wn+l
n+l (4.16)

Assuming the inverse of H exists,

R = o)L B (4.17)

n-+ n+l

Instead of estimating Po and then calculating AKn+ as required

pt 1

when using the stochastic algorithﬁ (4.16), it is preferable to estimate
Kopt directly. This is accomplished by re-defining the loss function
2(+). Let

by = @) M [z(atD) - HE? %(n-1)]

with §é = z(n) - HO %(n-l) as before, and

=1 _ T _
‘Q’(én.{_l - én+l) ) (én+l Kn§n) (én+l Kn§n) (4.18)

Then, the iterative solution to

vKL(Kopt) - VKE{'Q'(érﬁl - Kopt§n)}
= BV g~ Kope8)?

f

[0] (4.19)
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is given by the stochastic approximation algorithm

ot = Kyt A A K8 M (4.20)
=K +a {[A. -K&1}s W
n n+l1" " ~n+l n-n -n n+l
" -1
= Kn + a1 (Ho) “[z(nt+l) - H ¢ox(n-1)] -
K [2(n) -H & #(n-1)]} 6T W
n -~ ~ -n ntl
=K +a . ()T . 5w (4.21)
n n+1 ~-n+l-n ntl ‘

1
where {an =3 }.
The recursive relation of Eq. (4.21) is the desired stochastic algorithm

for learning the Kalman filter matrix Kopt' In the following section it

is shown that Eq. (4.20) converges with probability one.

4.5 Convergence of the Stochastic Learning Algorithms

Proving that Eq. (4.20) converges to the solution of Eq. (4.19)

only indicates that the performance index

1 T
fE{(én+1 - K 8§ ) (A

- K
n-~n ~n+1 n§n)}
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is minimized. It does not demonstrate that this minimum is also the

Kalman filter. This is the first task at hand.

THEOREM 4-2:

The value of the filter that minimizes

1
L(Kn) = E'E{(én+l

coincides with the optimum Kalman filter Ko

Proof: Consider Eq. (4.19)

E{VKQ(én+l - Kn§n)} =

Using the definition of én+l

E{\7K'Q'(én+l - I\nén)}

- B{(He) N[z (n+1)

-1 T
- @07 EGe, 80

Now taking the limit of Eq. (

T
- Kn§n) @

41 - K80} (4.22)

pt’

T
- E{(én+l - Kn§n) §n}

and §n in the above relation gives

- Heo £(n-1)] - K_[z(n) ~ Ho £(n-1)]} 6.}
(4.23)

4,19) as Kn approaches KOpt and invoking

the results of Theorem 3-3 (the Learning Criterion) yields

lim E{V

-K&8)}
X > n~n
n o

chén+l
pt

Since the solution to Eq. (4

i

- @t 1im EB{s &%)
K =X ~n+l-n
n opt

= [0] (4.24)

.24) minimizes the performance index L(Kn),

the proof of the theorem is complete.

Q.E.D.
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Now since L(Kn) is a quadratic function of Kn, proving that
algorithm (4.20) converges with probability one to the minimum of L(Kn)
implies that it converges to Kopt with probability one. The scaléf'case
is considered first.

THEOREM 4-3:
Given the performance index

L(Kn) = E{MAn+l - Knsn)}

where

-1
z(An+l‘-An+l) T2 (An+l - Knsn) (An+1 - Khﬁn) (4.18)

and the stochastic algorithm

n+1 = Kn - an+l vK Q(An+1 - Knan) wn+l (4.20)
=K +a (H@)"l 8 5§ W (4.21)
n n+1 ntl n ntl )

where {an} satisfies conditions (i) and (ii) and {wn+l} is a uniformly
bounded sequence, then Eq. (4.21) converges with probability one to the
minimum of the performance index which from Theorem 4~2 is equal to the
optimum Kalman filter.

Proof:

By comparing Eqns. (4.20) and (4.22) with Eqns. (4.5) and (4.7),
one observes that the gradient of the loss function corresponds to the
random sequence yn(an) and the expected value of the gradient of the loss
function corresponds to fn(an). Therefore, conditions (i) - (div) of

Theorem 4-1 become
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(i) ®
Z anW = ®
n=1 n
(14) .
n—Zl (anwn)2 °
(iii)
g.l.b.(Kn ~ Kopt) E{VKR(An+l - Knﬁn)} >0 for all e > 0
lx_ - x | <e
n opt
(iv)

E{[V (A . - K 6§)1°} <r(l+K)?

Since Wn is uniformly bounded for all n, conditions (i) and (ii)
are immediately satisfied. Condition (iv) simply requires that the loss
function not increase more rapidly than a quadratic in Kn' The loss
function of Eq. (4.18) meets this restriction.

The only condition tﬁat remains to be verified is (iii). It is
now considered.

The left hand side of inequality (iii) may be written

E{(Kn - K

opt) [VKQ(An+l - Knsn)]}

! . 1
- E{(Kn - Kopt)én[l (An+l - hhén)]}

- E{(Kn - Kopt)én[i‘(A - (Kn -K ) dn -k 81}

n+l

- ’ — )
E(A &', - AN} >0

1. The notation 2'(-) denotes the derivative of £ with respect
to its argument.
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or equivalently

ELA 2"y g -~ A)} < 0

where

and

>

Yot1 = o T Kopt %

For the optimum filter matrix, Eq. (4.23) gives

E{VKQ(Anﬂ - Koptan)} T E{’L'(Anﬂ - Koptén)sn}
= - E{snz'(¢n+l)} =0 (4.25)
Therefore,
(K, = Kope) B0S, 41(y 0 ) = BUER - Kopt? °n SR
= E{An 2'(t,bn+l)}
=0 (4.26)

By virtue of the convexity of %(-), the following property holds
1 1 p
3 (wm) - 2 (wp) < 0 for all ¢ f_wp
Consequently,

t ! - - 1
21 - A) -2 ) <0 for all A >0
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Multiplying both sides of the above inequality by An gives
] - - 1
An L (wn+l Ah) An 3 (wn+l) <0 for all An >0 4.27)
Taking the expectation of (4.27) yields
' - _ '
E{An [ (¢n+l An)} E{An 2 (wn+1)} < 0
The second term in this inequality is zero from Eq. (4.26). Thus,
e _
E{An L (‘Pn+1 An)} < 0

which confirms that condition (iii) is satisfied.

Q.E.D.
In general, algorithm (4.21) is a random matrix sequence. To use
Theorem 4-1 in this case, the argument of Theorem 4-3 must be applied

to each element of the matrix E{VKQ(én+l - Kn§n)} separately.

4,6 Acceleration of Convergence

In Section (4.4) it was pointed out that if Wn is a constant,

+1
algorithms Eqns. (4.11) and (4.20) are basically stochastic gradient

schemes., Letting wn+l equal the identity matrix and focusing attention

on Eq. (4.20) results in

>

n+l l\n - vK 2(én+l - Kn§n) n+l

> 1
4 _*_ ———
I\'n n+l

it

[a

b - K8 8 (4.28)
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For this choice of Wn the correction term in Eq. (4.28) simply pro-

+1

ceeds in the direction of the local gradient of the loss function, with

its magnitude weighted by the factor E%E-. This indicates that even

though large corrections are possible at the beginning of the estimation

process when Kn is far from Kopt’ no information from past estimation
stages is utilized. ©Note that the E%i-factor‘forces the correction term
to approach zero as the estimation progresses, since it becomes more
probable that the observed gradient is due to noise instead of estimation
error,

To accelerate convergence ; second order stochastic algorithm is

developed. This is accomplished by applying Newton's method to the loss

function, For the scalar case this procedure gives

=
>

1

n+l Kn - EIE.VKQ(An+l - Khén) {VK[VKQ(An+l - 1\nén)]}

(4.29)

=K+ (a R6)6 {66737 (4.30)

T ™m0 nHl ntl  nw n " nn :

=R 4+ (A _-KS8)6 W

n n+1l n+l nn n ntl
where
}—l
wn+l - {snsn

Even though Eq. (4.30) should converge more rapidly than Eq.
(4.28), it does not utilize the information from past stages to select
the step-size. One solution to this problem is to define an inter-

mediate loss function
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-— -— T —
zn(Kn) T 2n z (éj+l Kn§j) (éj+l Knéj) (4.31)

The filter matrix Kn which minimizes Eq. (4.31) is a least squares solu-

tion to
” 1 7t - T
) = o j-z-o (A~ K828y = 10 (6.32)
Solving for Kn yields
~ n-1 n--1 -1
ST R G O Y (4.33)
j:o J J j=0 J~J
and
~ n n -1
T T
= . 4
MO R ST > [_Z %525 (4.34)
j=o j=o

It is now necessary to put Eq. (4.34) in recursive form, which also

eliminates the matrix inversion. Using Eq. (4.33), Eq. (4.34) becomes

~ ~ n=1 n-1 -1
_ T T T T
Korr T 1 L858 A ST L 9505+ 88
J=0 30
(4.35)
. -1
By defining Wn as
n-1
WALy 56T (4.36)
n n j=o <j~3

then w;i is determined by

1



L AR,
T Mt &
= ElllT (nwr'l'l + §n§z)
or equivalently
W= @i+ 8 8 N
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(4.37)

(4.38)

Using the well-known "inside-out" lemma (see e.g., Deutsch, 1965, p. 119)

of numerical analysis, Eq. (4.38) may be rewritten

T

n

_ T -1
o+l {Wn wn§n [~ + §n wnén] §

W}
n

Now substitute Eq. (4.36) into Eq. (4.35). The result is

~

> -1 T -1
Kn+l = [Kn an + én+l §n](nwn + 6 Gn)

-1

all ~

which can be rewritten using the "inside-out" lemma as

>

T
> -1 T wn§n§n wn ~]
[Kn nwn +A 871 W -

n+1 ~n+l-n n (o + sTw s 2J
~n n-n

=l

(4.39)

(4.40)

Performing the indicated multiplication and observing that §§ Wé is a

scalar reduces Eq. (4.40) to
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>
b

Kn+l = n

~

- K § ] nn (4.41)
n+1 ~n-n (o + 6T W)
n n

~ -~

K+ [A
n -

Equation (4.41) is recursive and the matrix inversion has been avoided.

To put this algorithm in the form of Eq. (4.20) it is necessary to prove

that
T T
“n wn+1 - ~nwn
ntl (n+ 8- W6 )
~n n-n

Pre-multiplying Eq. (4.37) by wn and post-multiplying by W gives

n+l

1 T
- HEE'(HI + wn§n§n> Wt

n 1

Again pre-multiplying by §§
§§ W, = B_Jlr-f (n ‘52 + §'rl"1 Wn§n§:) Yot
=T G S W) eV
or
§§ wn+l §: Wn

: " T
4
n+1l (n + §n Wn§n) (4.42)
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Substituting this equation into the estimation scheme of Eq. (4.41) gives

the desired stochastic relation

-~

s T

= . - 4
Kn+1 Kn + [én+l Knén] én wn+l (4.43)
n+l
where
_ ntl , T . -1 T
W=7 W -ws (@+6§ W 8)  § Wi (4.39)

This stochastic approximation algorithm for learning the Kalman filter
matrix is an optimal one in the sense that
(a) it utilizes the information from all past estimation stages
rather than one stage,
(b) it minimizes the intermediate loss function Qn(Kn) at each
stage of iteration-instead of just following the local
gradient at each stage, and

~

(¢) it does not affect the asymptotic convergence of Kn to Ko

pt
In addition, by invoking the "strong law of large numbers" it can be
shown that Rn(K) converges to L(K) with probability one [Ho and Blaydon,
1966], where L(K) is given by Eq. (4.22).

The increase in statistical efficiency attained when using the
weight matrix defined in Eq. (4.39) is paid for in.computational com-
plexity, If W_ is selected to be a constant for all n, only one

n+l

iteration is required per estimation stage, as opposed to two when wn+l

is specified by Eq. (4.39). It is worth noting that the asymptotic

behavior of both algorithms is governed by the "law of large numbers",
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i.e., the convergence rate for large n is proportional to 1/n. waever,
from an engineering viewpoint the adaptive properties of the algorithm
for small and intermediate values of n is crucial. In this region‘the
accelerated version is far superior to the non-accelerated one, as is

demonstrated experimentally in Chapter 6.

3

4.7 Summary

In this Chapter adaptive stochastic algorithms were derived for
learning the optimal Kalman filter. The theory of stochastic approxima-
tion was briefly reviewed. It was employed in conjunction with the

Learning Criterion of Chapter 3 to prove probability one convergence of

the algorithms. A scheme for accelerating algorithmic convergence was
presented. The final results of this acceleration technique are given
by Eqns. (4.39) and (4.43). These are the two algorithms used to obtain
the principal simulation resﬁlts of Chapter 6.

However, before the experimental data are presented, the results
obtained in this chapter are used in Chapter 5 to estimate other useful
quantities such as the error covariance I', the predicted error covari-
ance I, as well as Q and R. These estimates are needed to-adaptively

solve the optimal smoothing problem,.



CHAPTER 5

ADDITIONS AND EXTENSIONS

5.1 Introduction and Organization of the Chapter

In Chapter 4 adaptive algorithms are derived for solving the
optimal filtering. Adaptive prediction is included in this solution as
a necessary condition. For optimal smoothing, however, knowledge of
the optimum filter must be augmented by additional information. Specif-
ically, the fixed-interval smoothing also requires the one-step error
covariance matrix I (see Eq. (2.31)); fixed point smoothing requires
R*l as well as Kopt and I (see Eq. (2.33)); fixed-lag smoothing requires

K %, and Q (see Eqns. (2.35) and (2.36)). 1In addition, if the error

opt’
covariance matrix T is known, the formulas for optimal smoothing may be
significantly simplified. Thus, Section 5.2 uses the results of Chap-
ter 4 to estimate Z, T, R, and Q. Techniques for lifting the rather
restrictive assumption that the inverse of H exists are introduced in
Section 5.3. Section 5.4 suggests simple modification to the algorithm
of Chapter 4 to accommodate slowly time-varying signal and noise statis-
tics. These same algorithms are heuristically altered in Section 5.5

a certain class of nonlinear systems. A summary of the chapter is

contained in Section 5.6.

5.2 Estimation of I, T, R and Q

After the optimal filter has been learned, estimation schemes

for , T, R, and Q can be derived. To accomplish this, additional use

79
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must be made of the information contained in the residual time series
{6n}. The algorithm for estimating I is considered first. By perform-

ing the expectation indicated in Eq. (3.10), as in Corollary 3-4, it is

seen that1
Q(1) = E{5_, 8"} (3.10)
~n+l-n )
T T
= HO{IH -~ K[HIH + R]} (5.1)
Similarly, Q(0) can be shown to be
_ T
Q(0) = {6 ¢ }
T
= HEH™ 4+ R (5.2)
Solving Eq. (5.1) for I produces
T = (H@)'lsz(l)(HT)”l + K[HZHT + R] (HT)~l (5.3)
Substituting for [HZHT + R] by using Eq. (5.2) gives
-1 T,-1
T = [(H?) Q1) + Ke0)1m™) (5.4)

As noted earlier Q(1) and Q(0) cannot actually be ¢alculated
since the statistics of the distribution functions are unknown. However,
they may be estimated recursively using standard stochastic approxima-

tion methods, which yield

1. The notation Q(n+l,n) and Q(n,n) has been simplified to
(1) and Q(0) respectively denoting the difference between the time
arguments.
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@) =f () +als & -f (D] (5.5)
- T A

B0 =8 10 +b (867 -8 (0] (5.6)

where{an} and {bn} satisfy the conditions of Theorem 4,1, Using this
theorem, Eqns. (5.5) and (5.6) can be shown to converge to (5.1) and
(5.2) respectively. Substituting these estimates into (5.4) along with

the estimate of Kopt provides the desired relation for estimating I.
o=@ 8@ +k a1 @Ht (5.7)
n n n n-

To derive an expression for estimating the error covariance
matrix T, a general expression for T must be developed. The relation
given by Eq. (2.21) is deficient because it is valid only for optimal

filtering. By definition
I = E{lx(n) - $@®)1x@) - @17
Substituting the filtering equation for %(n) yields
I' = E{[x(n) - 9X(n-1) + K(z(n) - Hox(n-1))]
[(x(n) - ¢&k(n-1) + K(z(n) - H@%(n—l))]T}

By exploiting the independence of v(n) and w(n), the above equation may

be written

81
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I = E{lx(n) - ¢2(n-1)1lx(n) - ¢&(n-11")

- E{[x() - 0&(n-1)1x(n) - 02(n-1)1"} H'K

- ¥H E{[x(n) - 2%(n-1)1{x(n) - 0%(n-1)]"}

+ K E{lz(n) - 0%(a-1)1[z(n) - o&(n-1))"} K"

T

L - HTK T

+ R] KT

L]

- KHE + K[HIH

T 4R} - z8'} x° (5.8)

[T - KH]Z + {K[HIH

When K is equal to the optimal filter as given by Eq. (2.20), the term
in braces is zero, and Eq. (5.8) reduces to the optimum expression for
the error covariance matrix. Observe from Eq. (5.1) that Eq. (5.8) may

be rewritten
-1 T
r={I - K] £ - (He) (1) K (5.9)

Replacing the unknown quantities with their respective estimates, the

algorithm for ?n is obtained

(5.10)

To estimate R, the estimator for I and 2(0) is substituted into

Eq. (5.2), giving

~ _ A ~ T '
R = Qn(O) -HI H (5.11)
~xtr ut (5.12)
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Equation (5.11) is generally preferable to Eq. (5.12) for estimating R
because it does not require the existence or calculation of the inverse

of ﬁn' If R-l is required as it is in the smoothing Eq. (2.32), it may

be obtained directly from Eq. (2.20)

e I

from which the estimate of R inverse is

a=1  , T.-1 a-1 »
R5= @) PR (5.13)

This result does require the inverse of Tn’ but it is usually better

~

conditioned than Rn'

The last quantity to be estimated is Q. From Eq. (2.22)

T - 6T or (5.14)

T

Lo
i

fl

T - o[I —~KH] T @ (5.15)

Substituting the estimates of the unknown quantities into Eqns. (5.14)

and (5.15) respectively results in

Q =% -oT o (5.16)

T

Zn - [T - Kn H] Zn o (5.17)

Equations (5.5), (5.6), (5.7), (5.10), (5.11), (5.12), (5.13),
(5.16) and (5.17) provide a complete set of algorithms for estimating
r, T, R—l, R, and Q. Where more than one methodvis available for esti-
mating the same quantity, the algorithm used is dictated by cqmputational

considerations. However, these algorithms may be significantly
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simplified by noting from the Learning Criteriom Theorem 3-3 that

_ T
A = B0,
approaches the null matrix as ﬁh approaches Kopt' Thus for large n,

algorithm (5.7) reduces to

- T,-1
£ =K @ (0)(H) (5.18)

This remains a close approximation for small and intermediate values of
n if the accelerated algorithm defined by Eqns. (4.43) and (4.37) for
estimating Kopt is employed. Another benefit accrued by using Eq. (4.43)

and (4.37) is made obvious by rewriting it as a stochastic approximation

-1 11 T -1
wn+l - wn + n+l §n§n - wn ) (5.19)

Comparing this equation with Eq. (5.6) reveals that W;l is just Qn(O).

Therefore, algorithm (5.18) is simply

s A1, T -1
I =K W) (5.20)

Thus, the algorithm has not only been greatly simplified, but the
computation of the two recursions Eqns. (5.5) and (5.6) have been elimi-

nated., The algorithm (5.10) for estimating T becomes
T =1[I- K H] 3 (5.21)

The expression for estimating R and Q remain unchanged because they were

written in terms of Fn and ¥ .
n
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5.3 Non-Existence of H Inverse

When the inverse of the observation matrix H does not exist, the
stochastic algorithms derived in Chapter 4 for learning the optimﬁﬁ fii-
ter must be modified or a new invertible observation matrix must be
created. Two methods for forming a new observation matrix and one
method for modifying the algorithms are presented, They are

1. measurement stacking with time delay,

2. measurement stacking with state augmentation, and

3. residual stacking.

For purposes of discussion the following typical third order,
single-input, single-output system is used. In phase variable repre-

sentation, the system is described by Eqns. (1.3) and (1.4)

§(n+l) = ®§(n) + Y(n) (1.3)
z(n) = Hx(n) + v(n) (1.4)
where
0 1 0
9 = 1
a b c
H=[1 0 0]
T
and wi{n) =[0 0 wnll

The results to be presented are valid for general & and H matrices.
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5.3.1 Measurement Stacking with Time Delay

This is a straight forward, brute-force technique. It consists
simply\of accumulating m observations where m is the order of the éystem,
and creating an equivalent m x m observation matrix, say HN, whose in-
verse does exist.

For illustration, consider the example third order system. Since
H is 1 x 3, three measurements must be stacked at every iteration., Mak-
ing use of the deterministic relationships between the state variables

and starting at time n, the measurements are

z(n) = xl(n) + v(n)

z(ntl) = xl(n+l) + v(n+l)
= xz(n) + v(n+l)
z(nt2) = xl(n+2) + v(n+2)
= x3(n) + v(nt2)
Theréfore,
z(n) = Hx() + v(n)
where HN = 1
and YT(n) = [v(n), v(ntl), v(nt2)]

Note that to avoid violating the assumption that the measurement noise
v(n) be uncorrelated from stage to stage, three ne& observations must
be made at each iteration. This means that the filtering estimate of
x(n) is being performed at time n+2. To obtain the estimate of §(n+2),
%(n) must be predicted ahead two stages. This is the disadvantage of

the technique. However, it is not as deleterious as it appears, because
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the message gencrating noise directly affects only the prediction of

x3(n). Still this method is not'recommended unless the number of mea-

surements required to form H_ is small compared to m.

N

5.3.2 Measurement Stacking With State Augmentation

The prediction problem associated with the previous technique
can be avoided by using the standard technique of augmenting the state
vector x(n) with the measurement noise y(n) [Meditch, 1969, p. 195].

This forms a new m x p state vector y(n) such that

x(n)
y(n) =
v(n)
Te o w(n)
y(ntl) = y(n) +
- 0o o~ v(nkl)
w(n)
= ®N z(n) +

Y(n+l) (5.22)

where the O's are null matrices of appropriate dimension, and

z(n) = [H,I] y(n)

Hg(n) + Y(n) (5.23)

This augmented structure requires only one new measurement per estima~
tion stage regardless of the H matrix. The new (mtp) x (mtp) invertible
observation matrix HN is formed by stacking the new measurement with

predicted measurements from the previous iteration.
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This technique is made clearer by considering the example system

&given by Eqns. (5.22) and (5.23). The four required measurements are

z(n)

i

[1,1] y)

i

[1,0,0,1] y(n)

= xl(n) + v(n) (5.24)

z(n), = [Heg,0] y(n-1)
= [1303030] ?(n“l>

= xl(n) + el(n) (5.25)

2(n), = [Ho2,00 §(n-1)
= [0313030] i(n“l)

= xz(n) + ez(n) (5.26)

z(n)3 = [H® 0] ?(n—l)

N¢N®N,
= [0303130] }t’(n"l)

= x3(n) +'e3(n) (5.27)

where ei(n),‘i=l,2,3 is the difference between the value of xi(n) and

ii(nln—l). From Eqns. (5.24) - (5.27), it is obvious that HN is

=
O O o
o = O O
= o O O
o O O

This technique is recommended when the dimension of z{(n) is

small compared to the dimension of §(n). Note that both techniques for
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forming an invertible observation matrix inherently change the original
Kalman filter structure. The standard Kalman filter is an m x p matrix,

where p is the dimension of the g(n) and satisfies the inequality
l<p=<m

The new observation matrix HN produces an m dimensional measurement,
Thus, the new Kalman filter is always an m x m matrix. A technique which

preserves the original structure of the problem is presented in Section

5.3.3.

5.3.3 Predicted Residual Stacking

The development of this section is based on the common case where
Hisan 1 xm matrix,.i.e., only the output state variable can be ob-
served. This implies that the Kalman filter is an m x 1 vector. A simi-
lar developmgnt can be performed for any given H matrix. Here the
predicted residual is defined by

z(ntr) - H®r+l %(n—l) 4 An

+1
Now let

=~ -1 I =1

A m
é(n+m,n) = |Ho m

2
He An+2
e LAn+1_

The loss function of Eq. (4.18) is now redefined as
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2(A(n#m,n) - A(n+m,n))
= [BCntm,n) - K 6 1 [Cn4m,n) - K 5 ] (5.29)

where 6n is as defined in Chapter 3. To see that Eq. (5.29) is a mean-

ingful definition for the loss function, form the linear regression

equation

A(ntm,n) = Ensn + e (5.30)
Now the prediction residual transition vector is
T T -1
gh = E{A(n+m,n) sn}(E{snsn}) (5.31)

After some computation, it is found that

» T
E{4(ntm,n) §_}= zHT
and
T
E{§ 6§ } = (HZHT + R)
nn
Therefore,

XHT(HZHT + R)'l

i

i

gopt

Consequently, gn represents the optimal Kalman filter matrix.

Also, gn§n may be considered to represent the predicted value of A(mt+m,n).

Since Kn cannot be calculated, Ko is estimated as in Chapter 4 using the

pt

theory of stochastic approximation. Applying this theory to the loss

function of Eq. (5.29) gives
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R = K

R4 = K - an+lVK£(§(n+m,m) - ghSn) Wn+

1

~

(5.32)

f#

- T
+a o [A(ntm,n) - K 81 8°W

IS'n 1

where an =_1/n and Wn+ is a uniformly bounded sequence. The algorithm

1
of Eq. (5.32) is analogous to Eq. (4.20) and can be shown to converge

to K pt with probability one. 1In general the method of this section is -
recommended over those of Section 5.3.1 and 5.3.2. However, the author <~

conjectures that the mean-square error associated with the state estima-—

tion procedure of 5.3.2 is at least as small as that of this section.

5.4 Time-Varying Signal and Noise Statistics

In practice the stationary assumption of Chapters 3 and 4 is
valid only for a finite time dnterval. If this time interval is less
than the essential adaptation time of the learning algorithms, then the
results of Chapter 4 may still be gmployed. Even iﬁ this case, it is
impoftant to determine when the time variations have changed the opti-

§
mal filter significantly.

A statistical test for making such a determination can be

devised from either Theorem 3-2 or Theorem 3-3 (the Learning Criterion).

Theorem 3-2 states that E{§$+l§% = 0 if and only if the filter is
optimum, and Theorem 3-3 states that E{§n+l§§} = [0] if and only if the

filter is optimum. Either of these two facts may be used to develop a

confidence interval test for the time average of GT 6§ or & GT.
~ntl-n -n+l-n

Alternately, the chi-square method can be used to test whether or not

. _ T T . . e .
the times average of §n+l§n or §n+l§n is significantly different ftom
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zero or the null matrix respectively., Since fhese techniques are
standard in the statistical lite;ature, the details are not presented
here,

Returning now to the problem of a time-varying environment, two
different approaches are considered. The first is useful when the time
variation is slow and its exact nature is unknown. The second is wvalid

only when the time variation of the filter is known.

5.4.1 Measurement Discounting

The algorithms of Chapter 4 weight all measurements equally over
the adaptation interval. Thus as the interval increases, or equivalently
as the number of iterations n increases, the effect of each measurement
becomes vanishingly small., This effect may be eliminated by attenuating
past observations. Such a procedure essentiallyxshapes the memory of the
algorithm. One simple way of limiting the memory is to weight the data
equally over a finite number of observations under the assumption that
the process is stationary over this time interval.

A different approach is to exponentially attenuate past measure-
ments [Korn, 1966, p. 45}. To modify the accelerated algorithm of Egns,
(4.39) and (4.43) for an exponentially weighted memory requires that the
intermediate loss function of Eq. (4.31) be redefined as

n-1

-1
Ln(Kn) T 2n jz

T p-1-3., - K §))

<éj+l B I\n§j) ~j+1 n-~j

o
(5.33)

where A £ (0,1).
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Now following the development which led to Eqns. (4.39) and (4.43), the

recursive relation for learning Kopt is found to be

»

~ ~ T
- - W
- Kn + [An+l Knsn] én ntl (5.34)
n+l
and
_ ntl T -1 T
W= W -W g [nd+8 W1 & W) (5.35)

The term A which provides the exponential damping also determines the
effective sample size of the estiméfion process. Both the ability
of the algorithm to refine the estimates and to follow time variations
are determined by A. Unfortunately the two requirements are conflicting.
The first implies a large value (near unity) of A, and the second implies
a small value (near zero) of A. Thus, a comproﬁise is necessary in
selectiﬁg X. Usually XA must be greater than 0,95 to ensure stability.
When the time evolution of K(n) is known with Q(n) and R(n)

unknown, the procedure of Section 5.4.2 is recommended.

5.4.2 RKnown Time Evolution of K(n)

Let K(n) evolve in time in a manner described by Eq. (5.36)
K(n+l) =FIK()] + w(n) (5.36)

where F is the m x m filter transition matrix and w(n) is an m x 1 ran-
dom perturbation vector. In this case Eq. (4.39) is modified in a
manner that is reminiscent of Kalman's filtering equation. This modifi-

cation yields
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K 4 = F(R) + [8 (5.37)

~ T
~n+1 - F(Isn) §n] §n W

n+l
n+l

n+l

5.5 ©Nonlinear Dynamics

When the plant dynamics are nonlinear, the filter that is optimal
in the sense that it minimizes the mean square error is unknown. In this
section a different definition for optimality of the filter is given and
adaptive algorithms which learn this optimal filter are presented. The

Learning Criterion as given by Eq. (3.6)

E{¢

T, _ .
~j+l§j} = [0] for all’ j <n (3.6)

of Theorem 3-3 is used as the definition for optimal filtering. The

definition is selected because it is equivalent to optimal Kalman fil-
tering when the dynamics are linear and because:it forces the residual
time series to be white. This latter fact implies that all the infor-
matién possible has been extracted from this series., The system model

considered is given by the equations
x(nt+l) = f(xn) + w(n) (5.38)
z(n) = x(n) + v(n) (5.39)

and the form of the filtering equation is specified to be
x(n+l) = £(k(n)) + K [z(o+l) - £(x(n))] (5.40)

Note that each of these equations is the same as their linear counter-

parts with the linear dynamics replaced with the nonlinear dynamics.
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Equation (5.38) corresponds to a stochastic signal with a nonrational
spectral density.

From Eq. (5.40) it is obvious that the residual time seriég is
8 = z(ntl) - £(x(n)) (5.41)

Thus from the definition of optimal filtering given by Eq. (3.6), the

filter is optimum if and only if it is chosen such that

i

E{[z(G+D-£ &GN I2(5) - £(X(G-1))]} = 0 for all j <n

(5.42)
Two different classes of nonlinearities are now considered. The first

type satisfies a global Lipschitz condition

lf(xn) - f(xm)l §‘q>[xn - X for allixn,xm

For this class of nonlinearities the adaptive algorithm for learning the
filter that satisfies Eq. (5.42) is given by Eq. (4.21) where H = 1 and

$ is the Lipschitz constant,.

% = f{ + _]._'. (b_l

Kn+1 n n 6n+16n wn+l (5.43)

The second type of nonlinearity has an inverse. The dynamics f(xn) must

be such that
e )] = x for all x (5.44)
n n n :

For this case the stochastic approximation algorithm is heuristically

modified as follows
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-1

(8,180 W (5.45)

~ ~ 1
Kn+l B Kh + n £

The engineering justification for the nonlinear algorithms of Eqns. (5.43)
and (5.45) is that they "work'". That is, they allow one to make ''use-
ful" predictions. Experimental confirmation of this statement is

presented in the next chapter.

5.6 Summary

This chapter has derived algorithms for estimating useful quan-
tities such as I, T, R and Q. This knowledge is necessary to solve the
optimal smoothing problem. The restrictive condition of Chapter 4
requiring that H_‘1 exist has been lifted. The algorithms of Chapter 4
were then heuristicaliy modified to accommodate special classes of time-
varying and nonlinear dynamics. This chapter also concludes the theoret-
ical aspects of the report. .The next chapter contaips a presentation

of the experimental results of this study.



CHAPTER 6

NUMERICAL SIMULATION OF THE ADAPTIVE ALGORITHMS

6.1 Introduction and Organization of the Chapter

In Chapter 4 adaptive stochastic algorithms were derived for
directly learning the optimal Kalman filter Kopt' Chapter 5 extended
these results to include estimation of I, T, Q and R. These quantities
are required for adaptive optimal smoothing. The restrictive assumption
that H—l exist was also lifted and the algorithms of Chapter 4 were
modified to accommodate slowly time-varying systems statistics and
certain classes of nonlinear dynamics.

In this chapter the adaptive algorithms of Chapter &4 and Sec-
tions 5.2 and 5.5 are applied to specific systems. The experimental
results were obtained by simulating the different systems and the assoc-
iated algorithms on a CDC 6400 computer. In interpreting these simula-
tions, it is emphasized that double precision arithmetic was not used.

The first part of the chapter considers linear systems. Section
6.2 presents the experimental data for first order through fourth order
dynamic systems. Nonlinear plants are discussed in Section 6.3. Sec-

tion 6.4 applies the theory to the problem of estimating the states of a
thermionic reactor.

6.2 Linear System Simulations

For convenience the dynamic system equations and adaptive al-
gorithms to be studied are repeated here. The system dynamics and
observations are defined by

97
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x(n+l) = ox(n) + w(n) (1.3)
z(n) = Hx(n) + v(n) (1.4)

The filtering equation is
(n) = ¢k(n-1) + K[z(n) - Hof(n-1)] (2.19)

where the estimate X(n) is optimal if and only if K is determined
according to Eq. (2.20). The non-accelerated adaptive algorithm for

learning the optimal filter KOpt when R and Q are unknown is given by

1 5 T

Kn+1 = Kn + ;;i‘[én+l - Kn§n] §n (4.28)
where

A = (H@)“l[z(n+1) - Hoo%(n-1)]

~n-+1l < e

and

én = z(n) - H@%(n—l)
The accelerated version of Eq. (4.28) is

= 1 5 o8 7 &7
Rn+l Rn + n+l [én+l knén] §n wn+1 (4.43)

-1
n+1 T
= e + + J
wn+l n [wn wn§n (n §n I'n§n) 6

T (4.39)
n

The equations for estimating L, T, R and Q are
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$ =K w"l(HT)"l (5.19)
n nn
Poeqr-km g (5.20)
R =Wt -u3 u (5.21)
1} n n
Q =3 - 8T oL (5.16)
n n

A listing of the computer program developed to perform these calculations
may be found in the Appendix. Unless it is specified otherwise, both the
plant perturbation noise v(n) and observation noise w(n) have Gaussian

distributions.

6.2.1 Yirst Order Dynamics

In this case Eqns. (2.20) and (2.21) can be solved explicitly for

Kopt

K oLt a/R -6 {(1 +Q/R - 82)% Q/R}l/z
opt 202 Lok 52 (6.1)

EXAMPLE 6.1
Given: &= 0.5, H=1.0, Q =R = 1.0

For these parameters Kopt'= 0.53. .To begin the adaptive process,
an initial value KO for the filter must be_selected. In the scalar case
Kopt e [0,1]. Choosing Ko = 0.0 corresponds to the one extreme of

assuming the measurcments are just noise, i.e., they contain no informa-

tion. For this case the experimental results for both the non-accelerated
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adaptive algorithms are plotted in Fig. 6.1. .The solid line represents
the optimum value of the filter. The‘filter initial condition of zero
is denoted by a small circle on the O iteration line, The accelerated
algorithm has converged to within 107 of its optimal wvalue in 80 itera-
tions. The non-accelerated algorithm requires 500 iterations to attain

. This

this accuracy. Both algorithms converge asymptotically to Kopt

serves to verify experimentally the observations made in Chapter 4.
From Eqns. (5.16)? (5.19), (5.20), and (5.21), £, T, R, and Q
may be estimated. Using these quantities, estimates of M, S, U, and J,
which are required for optimal smoothing,may be obtained. These esti-
mates after 1000 iterations of algorithm (4.43) are compared with their

optimum values in Table 6.1.

TABLE 6.1

COMPARISON OF THE ESTIMATES AND THE OPTIMAL VALUES FOR EXAMPLE 6.1

Quantity K z Iy R Q M S U J, N=1
Optimal
531 | 1.13 |.531 4} 1.0 |1.0 .235 | .1250 }1.888] 0.235
Value . .

Estimate .528 | 1.15 .542 1.04 994 .236 L1245°11.8341 0.236

To illustrate the insensitivity of the adaptive algorithms to
the initial guess for the filter, the convergence properties are examined
for KO = 1,0. This corresponds‘to the other extreme of assuming the mea-
surements are perfect, i.e., they contain no noise. The experimental
results for the accelerated and non-accelerated algorithms are shown in

Fig. 6.2. Again the accelerated algorithm converges much more rapidly.
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EXAMPLE 6.2:
Given: & = 0.5, H= 1.0, Q = 1.0, R = 4Q
The purpose of this example is to demonstrate the power of the
self-adaptive algorithm of Eqns. (4.43) and (4.39) to learn the optimum
filter in a very noisy environment. From a communication theory view-
point, Eq. (1.3) is simply the signal generating process and x(n) is the
signal. The signal to noise ratio for this problem is given by the ratio
G
¢, (0

where ¢X(T) denotes the autocorrelation function of x. ¢x(o) is

9., (0)
(1-92) (6.2)

¢x(0)

e
(1-92)

Therefore, the signal to noise ratio is

8 () Q
$y(0)  (1-02)R

(6.3)

For the parameters of this example, Eq. (6.3) has the numerical value of

¢X(0) _ 1
¢v(o) T3
or
¢ (o)
?;%(—07 = - 9,55 db.
v

db
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A signal to noise ratio of -9.55 db is extremely low. Still, the adap-
tive algorithm learns the optimal filter quite well. The results after
1,000 iterations are summarized in Table 6.2. The initial value 6f the

filter was 1.0. Similar results were obtained for Ko = 0.0,

TABLE 6.2

COMPARISON OF THE ESTIMATES AND THE OPTIMAL VALUES FOR EXAMPLE 6.2

Quantity X Z T R Q
Optimal Value .236 1.24 944 4,00 1.00
Estimate 240 1.29 .961 4.08 1.04

Other first order problems were considered with ¢ being varied
from 0.2 to 1.0 (the threshold of instability) and with different distri-

butions functions for w(n) and v(n). In all cases Kn converged to Kopt

&

within 1,000 iterations.

6.2.2 Second Order Dynamics

EXAMPLE 6.3:
Given:
0.966 0.0 1.441 0.738
b = s H=1I, Q= s, R=1
0.155 0.894 0.738 0.610

For this simulation KO was chosen to be the null matrix [0.0]. The data
for the adaptation process are shown in Fig. 6.3. Again the process has

essentially converged within a small number of iterations (approximately
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150). The estimates after 1000 iterations are compared with their

optimal values

_|o
K =
0
!
= L
T =
R
R =
R
Q=

Note from Fig,
The adaptation

not forced, is

below

.591 0.202] [0.600 0.200
K =
202 0.397, °Pt 10.200  0.400
.893 .960] 2.0 1.0
Z =
.960 1.009] 1.0 1.0
.635 .203] ™ .60 .207]
T =
.203 .408] .20 40 _
.164 -.032] 1.0 0.0 ]
R =
.032 .985] 0.0 1.0 ]
.301 .688 [1.441 0.738]
R Q =
.688 611 0.738  0.610]

6.3 that symmetry has been forced on kn(l,Z) and kn(Z,l).
process for the same system and Kb’ but where symmetry is

illustrated in Fig. 6.4, As can be seen, kn(l,Z) and

kn(2,l) converge more rapidly when symmetry is forced.

6.2.3 Third Order Dynamics

EXAMPLE 6.4:

Given:

.88 0.112 0.05

= 10,0 0.76 0.0 H=1

0.06 0.0 0.97
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2.54 1.46 1.14 1.11 1.83 -,865

Q= |1.46 2.73 1.25 R 1.83 7.25 0.30

1.4 1.25 1.70 -.864 0.30 2.00

The system model specified above was simulated for Gaussian,
triangular and uniformly distributed noise précesses g(n) and Y(n). For
Gaussian processes and with Ko = [0.0] the time evolution of the adaptive
algorithm is shown in Fig. 6.5. One thousand iterations are now required

for convergence. The results after 3,000 iterations are summarized below.

[0.861 -.162  0.269] [0.871 -.160  0.260
K = |0.256 0.220 0.241] , Kopp = |0-267 0.227  0.234
0.281 -.047 0.570 10.271  -.049  0.567]
[2.93 2.13 1.02 ] 3.0 2.0 1.0 7]
= |2.13  4.26  1.55 | , T = 2.0 4.0 1.5
1.02  1.55  2.49 | 1.0 1.5 2.5 |
.478 .561  —.260] [.458 .511  -.282]
T =1 .561 2.27 .295| r=| .511 2.21 .309
-.269 .295 .868] -.282 .307 .885]
[T.24 1.82  -.915 [1.11  1.83  -.864
R=1.82  7.03 .270| R=11.83  7.25 .300
-.915 270 2,00 | | . 864 .300  2.00_|
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2.40 1.55 1.15 2.54 1.46 1.14
Q=|1.55 2.95 1.30] , Q= |1.46 2.73 1.25
1.15 1.30 1.70 1.14 1.25 1.70

As can be seen the estimates are in excellent agreement with the optimal
values. The mean square error (MSE) of the filtering process is defined

as

E{[x(n) - £ 1 [x(n) - &)1}
Since the error covariance matrix T is defined by Eq. (2.21) as
E([x(n) - X(n)][x(n) - %(n)17}

Therefore, the mean square error is the sum of the major diagonal
elements of T'. Performing phis calculation, thé optimum and estimated
mean square errors are

MSE = 3,66, MSE = 3.55
The actual M.S.E. for the filter given by ﬁ can be determined by calcu-

lating the actual T using Eq. (5.8). It is
(MSE)act = 3.62

This indicates that the "learned" filter K produces a MSE only 1.97%
larger than the optimal filter. The corresponding one-step prediction

mean square errors (PMSE) are

PMSE = 9.68, (PMSE) = 9.55, PMSE = 9.50
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To demonstrate the insensitivity of the algorithm of Eq. (4.43)
to the assumed initial value of the filter Ko was chosen to be thg

~—

identity matrix, After 1,000 iterations,

0.883 -.171 .254
K =]0.253 0.239 .258

0.260 -.052 .555

Theoretically, the adaptive algorithm is independent of the
amplitude distributions of Y(n) and Y(n). Consequently, the final
value of the filter should be the same. To test this experimentally,
uniform and triangular distributions were used. The simulation results

for 3,000 iterations with K = [0.0] are

(881 -.155  .275]

~

(K)triangle = 1.261 .233 .240

.263  ~.047  .554]

876  -.163 .267]

~

(x)

. .270 .223 .230
uniform

249 -.041 549

v

The case for uniformly distributed noise is also plotted in Fig. 6.5 for

comparison with the Gaussian distributed case.

6.2.4 TFourth Order Dynamics

EXAMPLE 6.5:

Given:



[0.87 0.0
0.0 0.69
4)=
0.0 0.0
0.0 0.0
[1.60 0.32
0.32 1.09
Q=
0.88 0.78
0.85 0.96
[6.89 3.42
3.42 6.17
R:
-.55 -1.10
1.41  -0.34
‘T1.60 0.32
0.32 1.09
Q:
0.88 0.78
0.85 0.96

0.0
0.0
0.94

0.0

0.88
0.78
2.38

1.43

0.88
0.78
2,38

1.43

-0,

0

1.25

0.85
0.96

1.43

2

.33

1]
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34

To initialize the simulation process for this system, KO was

again chosen to be the null matrix,

The time evolution of the filter

adaptation for Gaussian distributions is shown in Fig. 6.6. As before,

in addition to learning KO

pt’

L, I'y R, and Q were also estimated. The

results after 4,000 iterations are given below
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.327

-.130

>

-.004

-.091

[3.18

744

™
[

1.06

g
i

.503
.935

.946

-.086
234
.130

.137

744
1.71
.854

1.29

- 399
.835
-.068

.118

3.3
6.00
-1.06

-.524

.503
1.31
.898

1.23

.208

095

.679

0163

1.06

.854

3.02

1.46

.154
-.068
.700

.060

-.43
-1.06
1.20

.032

.935
.898
2.39

1.42

12,18 ]

.030]
254

.096

.628]

1.34 )
-.524
.032

1.24

—

946 ]
1.23

1.42

opt

.323
-.118

-.006

|=.116

1.85
.308
148

542

.315
.879

.847

e

“.095
239
.123

.138

1.5
.75

1.0

.308
.854
-.048

.081

3.42
6.17
-1.10

~.335

.315
1.09
.781

.958

.181
.116
.686

.137

1.0
.75
3.0

1.5

.148
-.048
.701

.100

-1.10
1.21

.033

.879
.78%
2.38

1.43

134

.037

.259

.102

.542]
.081
.100

.628]

1.41
~.335
.033

1.25

.847]
.958

1.43

2,15
acmnd

These estimates are again in good agreement with the optimal values, but

as the dimension of the problem increases so does the number of iterations

required to attain this agreement.

By summing the diagonal elements of
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the appropriate error covariance matrix, the corresponding mean square

errors are calculated to be

~

MSE = 4,05 MSE = 4,04 (MSE)ACT = 4,11

Therefore, the '"learned" filter ﬁ produces a MSE only 1.74% larger than
the optimal filter assuming perfect a priori information. This example
represents the best results obtained for fourth order problems. Many

other examples were simulated, and in every case the actual mean square

error was less than 2,757 greater than its optimum value.

6.3 Nonlinear Dynamics

In this section the nonlinear system algorithms of Section 5.5
are investigated. The first class of nonlinearities considered satisfy
a global Lipschitz condition. The second class have a unique inverse.

In both cases the form of the filtering equation is given by Eq. (5.40).

6.3.1 Nonlinearities That Satisfy a Global Lipschitz Condition

Consider the class of nonlinear systems
{f(x): lf(xn) - f(xm)! < ¢|xn - xm], for all xn,xm}. Then the adaptive
algorithm, which learns the filter that is optimal in the sense that it

satisfies Eq. (5.42), is given by Eq. (5.43)

e
Ko " K T3 b Yo (5.43)

Because the optimal filter is unknown in the nonlinear case, the
results of this section are compared with those for a linear system with
the same ¢ and noise covariances Q and R. Also from the state equation

(5.38), a little reflection reveals that the lower bound for the
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prediction error covariance I is given by Q. Therefore, the plant
perturbation covariance Q can be used as a reference for evaluating
the performance of the adaptively "learned" filter.

EXAMPLE 6.6: Saturation Nonlinearity

Given: ¢ = 0.5, Q=R =1

¢b for x> b

f(x) =4 ¢x for |x] <D (5.44)

I A

~¢b for x < -b

For this problem it is obvious that if b is increased without
bound, then the "learned" filter should approach the value obtained for
the linear system., This does occur and is illustrated in Fig. 6.7 for
b= 0.5, 1.0, and 2.0 respectively. For these three systems the sample
mean square error I' and the sample one-step predicted mean square error
were calculated for both the filtered and non-filtered estimates of the
state x(n). By non-filtered, it is meant that the measurements are
used as if they are noise free. This corresponds to an implied filter
magnitude of 1.0, The non-filtered one-step prediction of §(n+l) given

z(n) is then determined by f(z(n)). The data for 3,000 iterations are

summarized in Table 6.3,

TABLE 6.3

COMPARISON OF THE ADAPTIVELY FILTERED AND NOWN-FILTERED RESULTS
FOR EXAMPLE 6.6

b = 0.5 b=1.0 b=2.0
Quantity K T L K T L K T ¥
Non-Filtered 1.0 .855 1.03 1.0 .72 1.1241.0 .69 1,18
Adaptively Filtered| .387 .529 1.01 43,537 1.051 .526 .538 1.07
Optimal Linear .531 .531 1.13 .531 .,531 1.13{ .531 .531 1.13
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Observe from Table 6.3 that as the saturation threshold b is
increased, the value of the adaptively "learned" filter approaches the
Kopt for the corresponding linear system, i.e., b = » , Note alsoithat
for b = 0.5, the mean square error 0.855 associated with the non-filtered
estimate is 61.8% larger than that for the adaptively filtered estimate.
The computed T and I for the adaptive filter are also smaller than those
for the optimal linear filter case. This is rather interesting. And it
is not unexpected since when the system is in saturation, it is not diff-
icult to accurately predict its next state much of the time. The other
point worthy of mention is the lower bound on I, Since Q = 1.0, the
absolute lower bound on I is 1.0 which is very close to the calculated E.
EXAMPLE 6.7: Saturation Nonlinearity
Given: ¢ = 0.5, b = 1.0

The purpose of this ‘example is to examine the effect of changing
Q and R whiie keeping their ratio constant. In a linear system such a
change does not alter Kopt' In a nonlinear system this is no longer true,
Figure 6.8 illustrates this effect for R= 4Q with Q = 1 and Q = 4. As
is to be expected, the larger Q creates a smaller "learned" filter. This
follows since the system is operating in the saturated region more often,
The experimental calculations after 5000 iterations are listed in Table
6.4, The increase in the non-filtered es&imation mean square error T
over that for adaptive filtering is 343%. By comparing the other quanti-

ties in Table 6, it seems that the non-linear adaptive algorithm developed

in Section 5.5 does indeced "work" well.
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TABLE 6.4

COMPARISON OF THE ADAPTIVELY FILTERED AND NON-FILTERED RESULTS
FOR "EXAMPLE 6.7

Q=1.0 Q=4.0
Quantity K T L K r Z
Non-Filtered 1.0 3.76 '1.06 1.0 20.0 4.23
Adaptively Filtered .165 0.85 1.02 .103 4,52 4,13
Optimal Linear .236 0.94 1.24 .236 3.76 4.94

EXAMPLE 6.8: Dead Zone Nonlinearity

Given: ¢ = 0.5, b = 0.25

$(x-b) for x > b
f(x) =4 0. for |x| < b (5.45)
-¢(x-b) for x < -b

Algorithm (5.43) was programmed for the dead zone nonlinearity of
Eq. (5145). The results for Q = R = 1.0 are shown in Fig. 6.9. The sample
mean square errors I and I after 3000 iterations are 0.534 and 1.1 respec-—
tively. The absolute lower ﬁound‘on L is 1.0 and 0.531 is the optimal
value for I in a linear system. Figure 6.9 also contains a plot for
Q=R= 2,0,
EXAMPLE 6.9: Dead Zone Nonlinearity
Given: ¢ = 0.5, b = 0.25, Q = 1.0, R = 4,0

The time evolution of Kn for these parameters is illustrated in
Fig. 6.10 and a comparison of the adaptively filtered and non-filtered

results is given in Table 6.5,
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TABLE 6.5

COMPARISON OF THE ADAPTIVELY FILTERED AND NON-FILTERED RESULTS
FOR EXAMPLE 6.9.

Quantity K T z

Non-~Filtered 1.0 1.90 1.75
Adaptively Filtered 41 1.1 1.18

As in the saturation case, the adaptively filtered T and I are
far superior to the non-filtered T and I. The reduction in T is 72.7%.

Again the filtered value of I approaches its absolute lower bound of 1.0.

' 6.3.2 . Nonlinearities That Have Unique Inverses

Consider the set of nonlinear functions {f(x)=y:f—1(y) =
Then the adaptive stochastic algorithm, which learns the filter that is

optimal in the sense of Eq. (5.42), is given by Eq. (5.45),

~ A l -—_
= + =
Kn+l Kn n £ (6n+lan) wn+l (5.45)

EXAMPLE 6.10: Cubic Nonlinearity

Given: ¢ = 0.1, Q = 0.64, R = 4.0
f(x) =
The behavior of the adaptive algorithm for Ko = 0.0 is shown in
Fig. 6.11. The "learned" filter is 0.232. The error covariances after
3,000 iterations are presented in Table 6.6.
TABLE 6.6

COMPARISON OF THE ADAPTIVELY FILTERED AND NON-FILTERED RESULTS
FOR EXAMPLE 6.10.

Quantity K T I
Non-Filtered 1.0 2.70 .881
Adaptively Filtered .232 .652 .681
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Observe that the filtered T is over four times smaller than the non-
filtered T.

EXAMPLE 6.11: Cubic Nonlinearity

Given: ¢ = 0.1, Q ~ 0.25, R = 1.0
The time evolution of the filter learning process for this pro-
blem is illustrated in Fig. 6.12. Its value after 4000 iterations is

0.205. The mean square errors are compared in Table 6.7.

"TABLE 6.7

COMPARISON OF THE ADAPTIVELY FILTERED AND NON-FILTERED RESULTS
FOR EXAMPLE 6.11

Quantity K T z
Non-Filtered 1.0 742 .525
Adaptively Filtered .205 .231 .252

The absolute lower bound on I is 0.25 and the I for the adap-
tivel& "learned" filter is only 0.252 which is twice as small as that
for the non-filtered case. Also the filtered mean square error is 2217
smaller than the non-filtered I'. The conclusion is that the nonlinear
algorithm of Eq. (5.45) gives very good results for the examples con~

sidered.

6.4 Application to a Thermionic Reactor Model

The thermionic reactor system considered in this section utilizes
the linearized prompt~jump approximation to a simplified point reactor
kinetics model. Tt is similar to the model treated in previous annual
reports [Brehm, et al., 1968]. The reactor system is described by the

following set of differential equations
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where

Xy = —noglx2 - no€2x3 + ul(t) + wl(t) (6.4a)
X, = bxl - V%, +‘m2(t) (6.4b)
Xy = VoK, - v3x3 + uz(t) + m3(t) (6.4c)

x., 1s the neutron power density state variable

is the emitter surface temperature state variable

X, is the collector surface temperature state variable
ul(t) is the reactivity control input

uz(t) is the coolant control input

n is the equilibrium neutron power density

gl and 52 are the reactivity temperature feedback coefficients

b, vl, vz, v3

explained in detail by Brehm, et al. [1968]

Wys Wos and Wy

in the reactor.

The measurement system for the state variables is described by

where

v (8) = hyx (£) + v, (¢) (6.5a)
¥, (£) = hox, (£) + v, (t) (6.5b)
y5(8) = hgxg () + v (e) (6.5¢)

Vs Voo and v, represent the observation noise

3

h h and h, are the measurement transformation constants.
1’ 2 3

are the reciprocal system time constants and are

represent the random plant disturbance inherent

147
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By multiplying each of the observation equations by the inverse of the

appropriate measurement transformation, the following form is obtained.

z, () = x, (1) + vl(t) (6.6a)
zz(t) = xz(t) + v2(t) (6.6b)
z3(t) = x3(t) + v3(t) (6.6¢)

Note that since the emitter surface temperature xZ(t) can only be measured
indirectly, it will be very noisy in general. By employing standard state

variable notation Eqns. (6.4) and (6.6) may be compactly written

g(t) - Ax(t) + Bu(t) + w(t) (6.4)

z(t) = x(t) + v(t) (6.6)

where the state, control, and output vectors are respectively

xl(t) _ zl(t)
ul(t)

x(t) = xz(t) u(t) = z(t) = zz(t)
uz(t)

x3(t) z3(t)

and the associated system matrices are

0 n El —nogz 1 0
A= |b —vl 0 B = 0 0
0 Vv, =V3 0 1

The remaining vectors w(t) and v(t) represent the plant perturbation noise

and measurement noise terms respectively.
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By invoking the Sepafation Theorem, the control term g(t) may be
disregarded in learning the optimal Kalman filter. Thus, Eq. (6.4)

becomes
x(t) = Ax(t) + w(t) (6.7)

To proceed with the development, numerical values must be assigned to the

elements of the A matrix. Nominal values for these parameters are

b= 0.25 El = 0.5 v, = 0.05
n = 80 52 = 1,3 v, = 0.55
v3 = 5,00

Using these values and a sampling time of 0.01 sec, the one-~step state

transition matrix equation describing the time evolution of (6.7) is

x(ntl) = ox(n) + w(n) (6.8)
where
0.998 -0.39 ~1.02
¢ = | 0.0025 0.985 ~-0.004
0.0 -0.0052 0.95
and

w(n) is zero mean random perturbation matrix whose covariance
kernel is unknown.

The system defined by Eqns. (6.6) and (6.8) where the covariance
matrices R and Q of v(n) and w(n) respectively are unknown, represents

the simulation model of this section. The adaptive process Eqns. (4.39)
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and (4.43) for learning the optimal filtering matrix for this system
is initjalized by setting KO equal to the null matrix. The experimental
behavior of the adaptive algorithms for different values of Q and R was
studied. Its success is illustrated by the representative example

presented below,

With
2.14 1.73 1.39
Q= |1.73 2,01 1.75
1.39 1.75 2.13
énd
7.97 1.84 2,42
R = |1.84 6.06 -1.08
2.42  -1.08 1.46

the optimal filter matrix is

.154 .133 .203

K = |-.134 .384 .509
opt

~.235 .219 .827

The corresponding estimates after 3,000 iterations are
2,08 1.60 1.35 7.86 1.87 2.30
Q=|1.60 2.17 1.66/ , R=[1.87 6,01 -1.01

1.35 1.66 2.08 2.30 -1.01 1.41



.158 .115 194
R =] -.151 .368 .500

~.220 211 .818

The minimum MSE for this thermionic system is 3.90 while the actual MSE
resulting from the use of the "learned" filter K is 3.98. This means
that K produces a MSE only 2.05%.

The excellent results presented above demonstrate the success
obtained from a formal application of the adaptive learning theory to
the state estimation problem in a thermionic reactor. The model used
was deliberately simplified because it allowed greater fiscal economy
in simulation without seriously degrading the illustrative effects,

The assumption that all the state variables are available as noisy
measurements can be eliminated by using the algorithm of Section

5.3.3.

6.5 Conclusion

The conclusion drawn from the examples simulated in the chap-
ter is that the adaptive stochastic algorithms derived in Chapter 4
for learning the optimum Kalman filter perform excellently in prac-
tice. Many other systems were simulated and the results were of
similar quality. Also the predicted acceleration of convergence
obtained by using the weighting sequence defined by Eq. (4.39) was

verified experimentally.
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These same algorithms were modified in Chapter 5 to handle cer-
tain classes of nonlinear systems. Again the experimental results were
quite good. However, a well-defined reference for performance evéiuation
does not exist in the nonlinear case.

This chapter concludes the contribution of this dissertation. A
short summary of the entire thesis and suggestions for further research

are the topics of Chapter 7.



CHAPTER 7

EPILOGUE

7.1 Summary

Kalman filter theory is a complete and powerful solution to the
linear stochastic state estimation problem. However, to apply the
technique requires complete statistical knowledge of the random en-
vironment. Specifically, the plant perturbation covariance Q and the
observation noise covariance R must be known a priori. In the real
world such extensive information is generally not available. To allev-
iate this difficulty in applying Kalman filter theory, stochastic al-
gorithms are developed which directly learn the optimal stationary
discrete time Kalman filter without any knowledge of Q and R.

The structure of the report is as follows, After motivating
the subject in Chapter 1, Wieper and Kalman filter theory are reviewed
and compared in Chapter 2. This theory provides the foundation for the
unsupervised learning criterion of Chapter 3. There the learning cri-
terion is shown to be a necessary and sufficient condition for optimal
filtering. 1In Chapter 4 the adaptive stpchastic algorithms, required
to accomplish the adaptation indicated by the learning criterion, are
derived. The theory of Stochastic Approximation is invoked to prove
probability one convergence of the algorithms to the optimum Kalman
filter. Additions and extensions to these results are presented in

Chapter 5. Methods for estimating the additional quantities necessary
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for optimal smoothing are developed. The most important contribution
of Chapter 5 is the lifting of the restriction of Chapter 4 requiring
that the inverse of the observation matrix exist. The stochastic al-
gorithms are also modified to accommodate slowly time varying statistics
and certain classes of nonlinear systems. The experimental results
obtained by simulating the algorithm of Chapter 4 and Section 5.5 on a
CDC 6400 digital computer are given in Chapter 6. 1In particular, the
theory is successfully applied to the adaptive state estimation problem
in a thermionic reactor. This data confirms the theoretical expectations

and predictions of the first part of the study.

7.2 Recommendations for Further Study

In this repoft only sampled data were considered. The author
cohjectures that analogous results exist for continuous data. This
should be a fruitful research topic.

At a lower level it would.be interesting to apply the results
of Section 5.3.3 to examples where the inverse of the observation matrix
does not exist.

Another topic worthy of investigation would be to ‘imbed the non-
linear technique of Section 5.5 into a general control system containing

a single nonlinearity such as a cubic or saturating amplifier.



APPENDIX A

LISTING OF THE SIMULATION PROGRAM

The following pages comprise a listing of the computer program

developed to simulate the algorithms of Section 6.2,
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RE
40
50

60 .

7¢
15

78
80
85
B7
30
95
97

12¢

126

130

135

160

156

PROGRAM HAMP (INPUT CUTPUT  TAPES=IRPUT, TRPE6=DUTPUT)

INTEGER ORDER

REAL X{1021) oRNSEGW IO 1) s RNSELV 1041 ) 97201091 sLANBDASXHAT (1041}
1+ DELTAL(1 G 1) s DELTAZ(103 ) s FILTER{I0430) sEIGHT(10510)sV{10s10)
2 W(log10)4DSTii(lys20) sUSTHINV(10+10)4nIVISOR 4ySTOREI(10s10)
3 DELWGT(1410)

DIMENSION Q(10s10)y R(10410)s STORE2(10s10)s STORE3(10,10)
EQUIVALENCE (OSTHySTH) y (USTHINVSTHINY)

REAL STH(10¢10) +STHINVIIO:10)

DIMENSICH TITLE (8)

COMMON SUNI (lcs10) «SUMI2(10410) sFRELTAK (102100 ¢DELTAK(10:20) o
1CHAT(10310) sSIGMA(1091G) sRHAT(10310) sCERROR(IO»10) s QHAT(10910)
REAL IDENTY{1041¢) '

DATA JOEHTY 7/ 140410%0405)1¢0410%0,041,0510%0,04)1<0010%00y140 s
Y 10%Q0e0r1a091G¥0,09240310%04092e¢0s10%na0s1, 0:10“05011-0 /

AD AND PRINT InpUT DATA

READ(53553) TITLE,ITER,ORDER, IXyNyRANSET,LAMADA,I1S41TOT
FORMAY (BA1G/4119+s2F10:01A104110)

IFLEOFs5) 60270 - .
STOP

WRITE(6375) TITLEZWITERSORDER(IXyRANSET+LAMBDAYN
FORMAT (21 IHPUT DATA FOR % 8al0 ///7 % NUMRER OF 1TERATIONS# 19
1 ¢10X #0RBER QOF PROQBLEM® J9415X ¢PRINT FREQUENCY® 19 /7
2 ® RANDO! NUMBER GENMERATCR STARTING PoIn!  ®£10.3010X «LAMBOA%
3 E1L:4+84 PITERATIONS OF GNOQISE* I8)
IF{IS.EQe1H ) GO TO &0

WRITE (63573}

FORMAT(/ & FORCE SYMHETRY YES®)

GO Yo 95

NRIT‘(Bwl)

FORMAT{(/ » FURCE SYMMETRY NC#)

FORMAT (%0 ‘ 10E13:4)

FORMAT(8F1040)

WRITE (64971

FORMAT(//7 % ST MATRIX®)

DO 10¢ 1I=1,OHDER

READ (5495) (STN({I:J)yJ=]14CRDER)

WRITE (6937} (STH(TI+J)sJ=130RPER)

READ(5+90) (A1) 2 J=1s0RNER]

KRITE (64145) (X (J)sJ=1s0BDER)

FORMAT(//7 % X VECTOR % // 3X410£13.¢)
WRITE(6:110)

FORMAT(/// ¥ FILTER HAIRIX?)

DO 120 1=1+0FPDER

READ(%490) (FILTER(I+J)sJ=1¢0RDER)

WRITE (Ds57) (FILTER(Ied) ¢Jd=10RDER)
KRITE(6:125)

FORMAT (/77 * wWEIGRT Hﬁ[RIX“)

DO 130 I=1+0KGER -

READ (5+90) (REIGHT(19J) s J=]¢0RDEK)

WRITE (Hy2d7) (WEIGHT (1) sJ=10RDER)
CRITE(6135) ‘

FORVUAT(//7 ¥ wi MATRIN®)

GO Jap 1=31,0HUER

RE:’#U(S"’);:) (\‘(lfJ)’u I’OH\/rR)

VRITE(OL41T) (w(Ied)sd=lsORDER)

WRITE (64145}



145

150

216

240

157

FORMAT(///7 ¢ V MATRIX®)

DO 156 1=19+0RUER

READ (%492) (V(I4J)J=190RDER)

WRITEA(OsBT) (V(I¢Jd) s =12 ORUER)

DEFINE INITIAL CONDITIONS .
DUMIAY =RANE (RANSET) T
DO 21¢ I=]1s+0KDER

RNSEQV(I) =GNOISE (N}

CALL MATRIX(2040RDERyORDERsY (V410 QNSPQVle;*”SEOV'IO)
CALL '1ATRIX(21;OKDERI1?0&)(!IOsF\N‘EUV‘]OgXHAquO)

DO 23y I=1:0RDER ’
RNSEQW (1) =GNUISE (1)

CALL MATRIX(20s0RDERIORDIRe14Ws 10 sRNSEQus )0y INSEQY10)
catL HnTr)IX((C 0“DLPQORDrR91;UST' vl(‘chlU.th)

CALL MATRIX(21,0RDERy1 03Xy IOyRNspﬂﬂ,]O Xy10)

DO 2490 I=1,0RDER

RNSEGV (1) =GNOISE (N)

CALL BATRIX({20,0RDER,ORDER,1,¥,10,RNSFQV,10,3NSEQV410)
CALL MATRIX(2140RDERsY s Qe Xs10sRNSEQVy]0sZ410)

CALL MATRIX(20,UKDERYORDERs1DSTHMel 0o XHAT 10 XHAT10)
CALL MATRIX(22,0RDER 19042910+ XnAT 410 ,DELTAL10) °

= CALL MATRIX(20,ORDERIORDER s 1sFILTERs1asDELTA1¢10:sSTOREL410)

270

Cat.L MATRIX{C1sO0RDERsL 0 XHAl41095TORFL 109 XHAT,10)
DO 270 1=)40RGER

DO 270 J=1s0RDER

STHINY (I ) =S5THTs W)

CALL MATRIX(10s0RDERYORDER O ,STMINV¢1nDUMHY)
NOINTS=NOPRINT=0

IF(ITOTLEL0) GO TO 3Q0

C FILTER INCREMENT PROCESS

2700

2710

2720

DO 27¢gu I=14200

SUMI(Ts1i=Ue0

DO 272¢ I=1+¢1T70T

DO 2710 J=]1sORDER

RNSEQV I =GHOTSE (N)

RNSEQUE {(J) =GHOTISE (M)

CALL MATRIA{(20«0RDER+ORDER 4V, 10!RNSrQV!]0,R\§EQV|]0)

CALL MATRIA(EGORLERIOHDERs L obis TUsRNSEQNS 164 INSEUW10)

CALL MATRIA(20,0R0ER,ORDER 1 (STMy104%,1015T02E1,10)

calLl H&OVTX(ZlyURDLHQ150’5TONL111)'”N9EU”;10Q v10)

Cabl MATRIX(Z1,0PDEHyILs0¢Xs 10 RNSEQV (10,451 0)

CALL MATRIA(Z0,0RPDERJURDER ] (STHs 10y XNATo10,STOREL+10)

CALL HATRIX(ZE;OHUERVl'Q}ZlesSTURE]s]osUELTQZyIO)

CALL MATRIX{GSsORDER;1s0sUELTAL4)040ELLGTs )

CALL HMATRIX(Z20,0RDERIvORUERLDELTAL v 10+ DELUAT+1¢STOREY 10)
CALL BATRIA(2]40RDEPsORDERICySUMY 910, STOREL 1095U4)410)
CALL MATRIXA(20,0P0ERs 1sORUERDELTAZy1nsDELWAT¢1,STOREY 4 10)
catlL .“Tnlx(?l;OSUtP,O“DthO‘SUl12310~§T0kt1q10e4Uh1?110)
CALL MATRIX(2))ORDER ¢ONDER ) W FILTER Y4, DELTA2410+STOREL410)
CAaLL MATRIX{Zgs ORDERS OHDLh»1,ST%s1J.thT'1c,A«uT,10)

CALL MATRIX{(21,ORPDERs s 0 s XHATs10¢STOREL 09 X44T410)

CALL MATRIZ(I,ORDER I »UyUELTAZ10WDELTALC10)

CALL PATRIX{YI4OPOERsCRUER G S0 10¢wr IGHT 1)

CALL NATRllllhtn,UEP,Ono TR0y VETGHT s Yoy pUMIAY)

CALL BATRYA(Z2040PDERORDER$ORDER SUNYI 2010, wE15HT110,FDELTAK,10)
CALL MATRIX(20s0NDEROROERS CRUER«STHItVy10eFDELTAK1109DELTAK 10!}
Calll MATHIX(ZL1 0ROER S UKDERY O,fILTLR 106 DELTAKs 1O FILTERY1IO0)
WRITE(6y2730) 1707
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2730 FORMAT(#IRESULTS OF UPTIONAL FILTER INCRERENT# I7 & ITERATIONS®
1 777 ¢ SUM} MATRIX#® )
DO 2740 1=)sURDER
2740 VRITE(G:AT7) (SUMI(I9J) 1J=1+0RDER)
) WRITE (H¢2750) :
2750 FORMAT(// & SUi12 MATRIXw)
DO 2760 1=1s0EDER
2760 wRITU{69B7) (SUMIZ2(1sJ} 1J=1y0RDER)
WRITC (69480¢)
DO 277¢ 1=1+0RDER
2770 wRITE(6987) (wEIGHT (IeJ) =1, 0RRER)
WRITE (bs2780)
2780 FORMAT(// # DELTAK MATRIA#)
DO 2790 I=1+0RDER
2720 wRITE(6487) (DELTAK(I3J) s J=1,0RDER)
WRITE (59460 :
D0 300¢ I=1s0RUER
3000 WRITE (0987) (FILTER({1sJ)4J=1ORDER)
C FILTER ADAPTATION PROCESS
300 DO 320 I=14+0kDER
RNSEQV (1Y =GNOISE(N) .
320 HNSEQW (1) =GNOTISE (1) )
CALL MaTRIN(2y5,0KOERyORRERY 1 Ve 109RNSEQV )¢ ANSEQVs]0)
CALL MATRIX{20:0RDERSORDER 1 Wy 1O sRNSEQwW )10 ANSERWI10)
CALL MATRIX(Z(¢,0RDER,yORDEKR Y, DSTHy 104X s10,X,10)
CALL MATHIX(2140DERs 10 X310 RNSEUN¢109X,410)
CALL MATRIXI(21,00DER 1204 A3104ENSEQV,1044,10)
CALL MATRIX (20, 0rDERORDER Y (LSTHMe10,XHAT 10 STORELT 41 0)
CALL MATRIX(Z2,0RDERy1904Z510¢STORET(1040ELTA2510)
CALL MATRIXAZC,0RBERORDERSORUERYyOSTMe10sF ILTER IO¢FILTER Q)
CALL MATRIX(ZZ,OKLER I sORDER UELTAL o1 WEIGAT 105 DELWGT )
CALL MATRIX(20.0RDFRIsORLERDELTA2 s nyDELWET 1 ¢3TUREY v 10)
CALL MATRIX(Z)s0PDERIORDER SO 4F ILTER 10 4STORE1 410 FILTER LO)
CALL MATRIX{Z20,:0RLERORDERGORDERyOSTHUINY 10, FILTER10<FILTER 10}
IF(IS. EQ.IR ) GO To, 350
CALL MATRIX(OsORDERYORDERSOyFILTERs10¢STOKEL+1D)
DO 340 I=1,0K0ER
DO 340 J=]1s0HDER
360 FILTER(I N =(FILTERIT oY «STOREL (14 d)) /2,0
350 CALL MATRIX(ZG.)sORDERsLyDELWGT s LeUELTALy1CGSTOREYSIE)
DIVISOR=STCORE] (1,1 +LAMBUA
CALL MATRIX{Z(¢CREERyIIORDERDELTAY ¢ 10 DELYSTs14STORET 41 0)
CALL MATRIX(20ORDERORDERORDERFMETGHT 410 STOREL 9 103STOREL 1 0)
PL=LAMBDASDIVISOR
DO 375 1=)sOKBER
DO 370 J=10RDER
370 WEIGHT (14J)=wETGHY (15J) /LANBDA-STORE Y (1,J) /DL
375 DELTAY(D)=DELTR2(])
CALL MATRIX(Z0s00DERORDERsY cSTH 10, XHAT10X1i4T410)
CALL MATRIX(Zy,0RUER,ORDER L FILTER, 1n¢DELTA2,16:510R1410)
CALL MATRIX(2]140RLERy 110 e XHAT10¢5TORET o sX4aTs10)
NOJHTS=HOINTS)
NOPRINT =.0P*InT +)
IFGROILTS LT e ITRRCAMG «NOPRINTLLTIX) 60 To 300
WRITE{G410) rOINTSenIVISORTITLE o (DFLTAL (] s I2]1e0KRNLR)
610 FORMAT(#11TERATION® 18sun #OIVISOR ze E12,4,8X,8A10 ///
1 % QELTAL VECTUR # // 10:213,4)
WRITE(Ge420) (A1) I=120KRDER)



450
470
480

4390

FORMAT(// # X VECTUR #* // 10£135%)
WRITE(69440) (Z(1)s1=130KDER)
FORMAT(// & Z VECTOR & /7 10E13+4)
URITE{G#650) (XAAT{I) 2 I=1+URDLR)
FORMAT(// # XuaT VECTOR ® // 10813.4)
WRITE(63460)

FORMAT (/7 # FILTER MATHIX %)

DO 470 I=1s0RDER

WRITE(6987) (FILTER(I+J)sJ=],0RDER)
VRITE (69 6RQ) .
FORMAT (/7 % wETGHT MATRIA #)

0O 490 I=]4,0RDER -

WRITE (0287) (aEIGHT{19J)»J=10RDER)
NOPRINT=9

IF(NOINTS,LT.ITER) GO 10 300

C FINAL CALCULATIONS

5000

5010
5¢20

5630

1901
50649

5050

1002
5U50

5070

1603
5030

DIV=ITOT+ITER

CALL MATRIX(10,0RDER;ORDER 0 wEIGHT » 105 pUMMY)

DO 500u I=1,0RDER

DO 5000 J=1sO0RDER

CHAT (I J)=nEIGHT(1vJ)/7D1V

CALL MATRIX (29 ,(')RUER,OF_{UEH,OR[)ER,FILTER, 19 JCHAT s10151Gi4A410)
CALL MATRIX(Z22,0RDER,ORUER» 0 CHAT 3 10s81GHAY10RHATY10)

CALL MATRIX(22,0RDER,ORDER 05 TDENTY 316 sFILTER10SIOREYS10)
CALL MATRIX(20,0RDER,ORDER,ORDER,STOREL,1¢,ST8MA+10,CERROR Q)
CALL MATRIX(Q 0RDERIURUERSOeSTMI10sSTOREL w10}

CALL MATRIX(20,0RDERyORDERYQRDERICERRNR, 109 STOREL2109QHAT10)
CALL MATRIX{29,0RKDER,OHDERORDERySTHM10,0HAT410,5TOREL,10)
CALL MATRIX{22,0KUERyORDERY 0ySIGHAs 10 5TURE 1 104UHAT 10}
WRITE(G+5010) TITLE

FOMMAT (s} F THAL CALCULATIONS o 30X48Aa10 /// # CHAT MATRIX # )
DO 5629 I=)1+1URDER

WRITE(6387) (CHAT(IsJ)1J=1y0RDER)

*RITE (6495030)

FORMAT(//7 # SIgMA MATRIX #)

CALL MATRIX(U,0RDERSURVERI 0 SIGMAS10,5TORELY10)

DO 1loul I=1+0KDER

DO 190l J=1s0KDER

SIGMA(IsJ) ={SIGHMA(TJ) + STOREL{IAY)) / 240

DO 5040 I=1+0RDER

WRITE(6987) (SIGMA(T,J) sJ=1y0RDER)

WRITE(6y5050)

FORMAT (/7 % CERROR MATRIX #)

CALL MATRIX(usORDERYORDER; 03 CERRORy 10 ,STORE]+10)

DO 10062 I=110RpER

DO 1002 J=1sURLER

CERROR(I+J) = (CERROR(IsJISSTOREI(I+J)) /240

DC 5069 1=1+URDER

WRITE(6437) (CERROR{IJ)J=1,0R0DER)

vRITE (015070}

FORMAT(//7 # RHAT MATRIX #)

CALL MATRIX (g,PRUER;O0RDER,0,RHAT410,5TOREY,10)

DO 1003 I=1»URCLER

DO 1003 U=110RDER

RHAT (14J) = (RHAT(I,J) + STOREI{I,U)) 7/ 2,0

00 5087 I=1+0RDER

wRITE(H987) (REAT(I9J)1J=130RUER)

WRITE (61,5090}

159
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5L90 FORMAT(// & GHAT MATRIX #)
CALL MATRIX (0,0RDERyORULRI0,QHATs10¢STOREL410)
DO 1064 I=1sCRDER
DO 1o0e J=1+CRUBER
1004 QHAT (14d) =(GHAT (14 ¢STOREI(I,J)) /2.0
DO S100 I=19OKDER
5100 WRITE(6937) (QHAT(IsJ) +J=190RDER)
DO 1010 T=1+URDER
DO 1010 J=1sORDER
STOREYI(JsI) = wWllsd)
1010 STOREZ2(J41) = VI(I,J)
CALL MATRIX (2G+ORDERODRUER ORDER w1 eSTOKET 910908 10)
CALL MATRIX (204ORDERsORVER,ORDERsV410¢STORE25101R410)
PRINT 1011
1011 FORMAT (/7 % © MATRIX %)
DO 1612 I=10RDEK
1612 HRITE (6,871 (0(I+J)sJ=130RDER }
PRINT 1013
1013 FORMAT (/7 * R MaTRIX %)
DO 1014 I=1sO0RpER

C ) CALCULATE CcLAMBDA
1014 wRITE(6947) (R(I4J)sJ=150RDER)
DO 19020 I=110RDER
DO 1929 J=11ORLER
STOREY (JeI) = (o0
1F (1.EQ4J) STOREL(JsI) = 1,90
1020 CONTINUE
DO 1¢21 1=110RGER
DO 1021 J=1s0OKDER
1021 STORE2(I+J) = STOREY(Isd) = FILTER(I,1)
CALL MATRIA (2CsORDERSORDERsORDERsSTOE2510+SIGHMA10:sSTOREY10)
DO 1023 I=1,0RDER
DO 1923 J=1,0RDER
1023 STORE3(Js1) =STOREZ(I+U)
CALL MATRIX(Z640RDERyORVERORLERISTOREY3104STORE3103STOREZ10)
CALL MATHIX(20,ORUER,OBUERsORDER;FILTER,Lo,Q,10,ST0RE1.10)
DO 1G24 I=1sORDER ’
DO 1024 J=1s0RUER
1624 STORE3(I,40) = FILTER(JsI)
CALL HATRIX (2¢s0RDERsORDERsORDERsSTOREL11109STOREZS10sSTORET10)
DO 1025 I1=1+0RDER
DO 1025 J=1s0RpER
1025 STORpz2(JsI)Y = STQRE2{(JsI) * STORE1(Js1)
PRINT 1026
1026 FORMAT (// % CLAMBDA MATRIX &)
DO 1027 1=1s0RDER
C
C CALCULATE NSIGMA
1027 WRITE(687) (STORE2(1+J) 21 J=14CRDER)
CALL MATRIX (23sURUERSURUERQRDERKISTHMe10sSTORE2920sSTOREL¢10)
DO 1030 I=}¢VRLER
DO 1y32 J=1sORDER
1030 STOREI(Je1) = STH{IyJ)
CALL HMATRIX (20 (ORDERORDERJORLER¢STORF 1,1 g,STORER,10,STORE2,10)
DO 1035 I=1sO0RDER
DO 1035 U=l ORPER
1uv35 STURE2(U, 1) = STOREZGJI) ¢+ Q(Jy D)
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KRITE(Gs17.36)
1036 FORMAT (// ¢ HSIGHMA MAIRIX® )
DO 153d I=)+UKDER
1038 wWRITE(6Gsil7) (STOREZ2 (IsJ) sJ=] + ORDER)
60 To 4¢ ’
END



APPENDIX B

TONELLI'S THEOREM

THEOREM B.1:
Given the relation

n

x(n,v) = E_ { ) y@,3,v,m}

.
= .00

then the interchange of the expectation and summation
n
x(n,v) = X Ew {yv(n,j,v,w)}
j=._oo
is valid if either

1) E, {} ly(m,3,v,n)|} <
J

n
Gi)  § E {ymivw[l < o=

j:._.oo

This is a special case of Tonelli's Theorem [see for example Royden,

1967, p. 234].
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