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I INTRODUCTION

The formal period for Contract NGR 05-007-138 was June 1,
1967 to February 28, 1968. The inspiration for linking tides
to sateilite orbits was hainly the prospect of satellites with
drag free capability good enough to enable the separation of
long term body force effects from drég and other surface ef-
fects. A second motivation for the work was the development
of procedures for the manipulation of spherical harmonics on
a variety of problems ranging from the elastic distortions of
the earth to the perturbations of satellite orbits. It seemed

- as thoﬁgh such techniques might be extendable to the ocean tide
problem to accomplish a purely analytical solution. It was
hoped that such a solution could be carried to a high enough
degree to obtain the very low degree harmonics of the tide aéﬂ
curately enough to make a2 comparison with tides inferred from
satellite orbit analysis.

The work thus fell naturally into two parts: ocean tides
and satellite orbits.

In attacking the ocean tide problem, it was found that
the initial ideas of expanding the Laplace tidal equation in
spherical harmonics, converting products to sums, and then in-
verting the equations to obtain a‘solution for the harmonic
coefficients of the tide heights, were naive. A satisfyingly
converging solution was never attained. 'Hence the theory was
recast in a form similar to that of Longuet-Higgins using stream

function & velocity potential as the prime variables. This
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work was almost entirely carried out by Mr. M.A. Joncich, who
is the author of Sec. 11-‘ This tidal computation took much
more effort than anticipated, and the work stretched out two
years beyond the original termination date.

The satellite orbit analyses were more straightfcgward,
and obtained qualitatively interesting results pertaining to
the effects of non-uniform tidal amplitude and dissipation on
both the evolution of the moon's orbit and the perturbations
of artificial satellite orbits. Quantitatively, the results
were in a sense disappointing, in that for plausible values
of the parameters, (1) the evolutionary effects on the moon
were slight; and (2) the perturbations of artificial satel-
lite orbits were too small to be observable for all but the
very lowest degree harmonics. This work was partially supported
by NASA Contract NAS 12-695; and was continued under it after
- February 1969. . |

Another development under this contracf wéémfhe anafys%s
of the appropriate treatment of the earth's gravity field and
orbit perturbations for new observing systems which can observe
the field virtually continuously, such as the radar altimeter
and satellite-to~satellite tracking. The final portion of the

report is a discussion of these considerations. This work has

since April 1970 been continued under NASA Contract NGR 05-007-280.
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i GCEAN TIiDES

Summary- Section tl considers the possibility of analyticael,
rather than numerical, solution of world ocean tide equations.
in subsection & the basic appiicability of the Laplace tidal
equations, if corrected to incorporate dissipation and perhaps
other factors, is outlined. The need to determine more pre-
cisely these correction terms calls for analytical, rather than
numer ical methods. The strength and weakness of analytical
solutions is their continuity; computation can be efficient,

but discrete behavior can only be approximated. On a sphere,

when structure is basically large scaled and small scale struc-

ture is beyond currént theory, as is the case with world ocean
tides, a representation in spherical harmonics is appropriate.
Such a representation is ideal for global geophysical studies
using satellites. In subsection B an efficient method for studying
the tidal problem is outlined. Dissipative and other corrective
terms are treated as perturbations of a basic Laplacian sys-

tem of equations. |In subsection C the Laplace tidal equations
are reduced to a set of simultaneous equations for the spheri-
cal harmonic coefficients of velocity potential. These coef-
ficients converge more rapidly than those for tide height.

The latter are related to velocity potential through a divergence

relationship -- the continuity condition over a vertical column

of water. |In subsection D a typical dissipative term is re-
duced in a way amenable to the perturbation method of subsection B.

In subsection E an earlier reduction to simultaneous equations




for tide height is outlined. Some test calculations using these
equations are discussed. The slow convergence of these solutions

led to the reworking of the problem.

A LAPLACE TIDAL EOQUATIONS

All efforts at calculating gravitationally induced ocean

tides are based on the tidal equations of Laplace:

%%5“— 242_ et Uy + é&?ﬁ(ﬁ—v@)—\é ) =0 (1a)

%%f 4—141%13»%}-#-5‘#- %(gg —ViH-V.)= o
together with the continuity condition

55 me («mum, "“"‘“W) + = (iu@)] =0 | (1¢)

Where R, 8, © are spherical polar coofdinates; U UCD are fluid

g7
velocities in the 8-, op-directions respectively; h is the ocean
depth; Q is the angulaf rate of rotation of the sphere; ( is
“the tide height above mean sea level; g is the mean gravitational
acceleration at the surface; and v({) and v, are the potential
energies due to tidal self-gravitation and the external tide
generating body respectively.

Equations (1) can be considered a set of Eulerian fluid

equations simplified from a Navier-Stokes equation in a rotating
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reference frame. The simplifications consist in assuming an
incompressible fluid of constant density constrained by the
earth's gravitation to a Tayer thin in comparison to the earth's
radius and subjected to geostrophic (coriclis) and time-varying
tidal forces of approximatelyrequa} magnitude. The viscosity
and inertia of the fluid flow are ignored along with radial
components of geostrophic force and fluid acceleration. The
radial fluid force equation then easily integrates to obtain

a Bernoulli-type expression for the pressure and centrifugal
force in terms of the tidal force and time rate of change of
tidal potential energy. Classical derivations can be found

in Hough (1837), Lamb (1945, pp. 330-334) and Kaula (1968,

pp. 190-196). See Doodson (1958) or Cartwright (1969) for a
general review of progress in ocean tide research.

The assumptions made above are similar to tﬁose ina first
order analysis of gravity waves. They are reasonabie when the
wavelengths are large in comparison with the depth, and the
depth does not vary appreciably across a distance of one wave-
tength. A welcome feature of the equations is that théy are
linear and allow the separate derivation of the tide for each

frequency of the sun and moon (normal modes).

Critique of the Eauations

Continents give rise to appreciable dissipation on con-
tinental shelves. Reintroduction of the Navier-Stokes viscosity
term with v equal to the molecular viscosity of salt water will
not work; it is too small. The mechanisms whereby small scale

turbulence and internal waves interact to produce effects on




the scale of the ocean depth and tidal wavelength are unclear.
One approach is to introduce a boundary layer flow and a "'kine-
matic" viscosity on the order of a thousand times the molecu-
lar value; another is to employ empirical dissipation forces
proportional to velocity or velocity squared. All models today
employ one or another of these dissipative terms.

In the continental regions the depth varies appreciably
and may give rise to significant veftica] accelerations. The
procedure discussed in subsection B can be used to take into
account the vertical forces and accelerations through correction
terms .

The other assumption most likely to need revision is the
one of uniform density with depth. The procedures below can
also be modified to incorporate a multi-layer model. However,
until more results are obtained from all models currently being
deVeIoped, and until large amounts of open ocean tide measure-

ments are obtained, such a refinement is best postponed.

Advantages of Analvtical Methods

Most methods currently in use and projected, involve numeri-
cal integration of tidal eguations. Two related difficulties
are inevitable: the capacity of the largest computers is easily
exhausted; and it is hard to keep the parameters physically
meaningful without making concessions to numerical expediency

and stabilization of the solution.




The difficulty in incorporating the variable ocean depth
and presence of continents has discouraged the search for an
analytic method not using numerical integration. |If this were
achieved, the difficulties menticned above would be greatly
lessenad. [n addition, analytical methods allow more flexi-
bility in testing the parameters of a tidal model and in studying

the inclusion of additional mathematical terms.

Appropriateness of Spherical Harmonics

The orthogonality of spherical harmonics with respect to
integration over a sphere make them the natura! representations
for continuous functions on a sphere. Their appropriateness
for the tidal probliem must be considered in two ways: how a
tide represented in spherical harmonics would interface with
other geophysical studies; and how adequate such a representa-

tion of the tide would be from a computational point of view.

Appropriateness of Spherical Harmonics -to Geophysical Studies

A knowledge of ocean tides will be very valuablie to studies
using low orbit geophysical satellites, especially those carrying
radar altimeters with accuracies to better than one meter.

A computed total real-time tide can be added to the altimeter
reading to reference the satellite to the mean ocean géoid.
Any form of tidal representation is equally advantageous for

this purpose. However, a spherical harmonic tidal representation
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is the best form for calculating the tidal perturbation of satel-
lite orbits. The gravitational potential of the tide at satel-
lite heights is a simple function of the tide coefficients.
Moreover, the gravitational effects of higher order terms quickly

damp out at satellite heights, thus minimizing the effect of

errors in these terms.

Appropriateness of Spherical Harmonics to Efficient Tidal Analysis

A parallel advantage is obtained by calculating in spheri-
cal harmonics. The self-gravitation of the tide is a simple
function of the tide coefficients and can be directly incor-
porated in the calculations for the tide. Hough (1897, p. 240Q)
showed that self~gravitation accounts for approximately 5% of
fhe tide.

The choice of a representation for tides is large -- from
completely general power series in sines and cosines of longi-
tude and latitude to the particular functions which are sclutions
of the homogeneous Laplace tidal equation (zero tide force).
Power series, while completely general, have slow convergence
(Hough, 1837, pp- 202;203). Homogeneous solutions have been ob-
tained as sums of spherical harmonics for constant (Longuet-Higgins,
1968) and simple, longitude-independent ocean profiles (Hough,
1897, 1899) covering the regime appropriate to the world oceans;

namely, when the dimensioniess quantity ¢ = ERD” R ~ 35 is

9 Hg
not very large (Ho = mean ocean depth; for rest, see after eq. (1))-

But for realistic ocean profiles, their computation would be
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extremely difficult, and they would not be useful for general
ocean model investigations. Spherical harmonics have similar
convergence properties; their orthogonality on a sphere allow
straightforward computation, and as a result parametric mani-

pulation is easily managed.

Method of Computation in Spherical Harmonics

The computational method using spherical harmonics is the
following: for a continuously variable ocean profile the Laplace
tidal equations can be viewed as containing two conjugate func-
tions; the depth h, and tide (, which have an equal footing
== any variation in one necessitates a change in the other.
Representing the depth and tide by series of spherical har-
monics, the equations can be combined and reduced to a single
serfes of spherical harmonics with constant cocefficients set
equal to zero; these constant coefficients consist of sums and
products of the coefficients of the depth and tide series in
conjunction with the parameters of the eguations and the tide
force. The mathematical requirement that these constant’coef~
ficients be individually zero results in a set of simultaneous
equations which the tide coefficients must satisfy for given
depth profile (or vice versa). The equations may be analyzed
directly, inverted, or solutions may be obtained by iteration.

variation of parameters and the inclusion of additional terms

may be studied in these three ways, or by perturbation methods.



Complexity of the Tide

it is also important to note that the method of reduction
to a single series of spherical harmonics determines the charac-

ter of the resulting simultaneous equations. This, in turn,
affects ease of analysis and computation. Also, complexities

in the depth result in complexities in the tide. Mathemati-
cally speaking, higher order terms in the series for the depth
necessitates higher order terms in the tide, and these additional
depth terms cause ''scattering' off the diagonal of the simul-
taneous equations. Physically speaking, rises of the ocean
profile cause deflection and upweiling of the tide, resulting

in a more complex tide.

The principal aspect of the ocean profile in determining
the character of the world's tides is the continental division
into three major oceans. This results in the tides of each
frequency rotating about amphidromic (null) points, with a con-

sequent increment to the mean vorticity of the oceans.

Reauirements of a Solution

A criterion for success of a global analytical solution
is that there be insignificant tide over the continents. |If
appropriate infinite series for the depth and tide satisfy the
Laplace equations, then this condition will be met: elimination

of the velocity components from the equations shows that an

exact zero depth, zero profile slope results in a zero tide
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at that point. However, the corresponding system is an infinite
set of simulteneous equations. Truncation must be utilized.

The greatest error wouid be expected in coastal regions where
rapid changes in profiie occcur. Also, the error at shallower
depths is further enhanced by the absence of a dissipative term
in the Laplace tidal equations.

A properly chosen dissipative term can be expected to lessen
both inaccuracies and, besides resulting in more realistic tides,
it should lead to a better estimate of the rate of dissipation
of energy in the oceans. The accuracy of each tidal model and
areas for improvement will ultimately be determined by comparison
with measurements from satellites and deep ocean sensors. A
flexible model is best at this stage of relative ignorance both
of the details in the ocean tides and of the full gamut of physi-

cal factors that determine these detailed features.

B PERTURBATION METHOD

To achieve the goal of flexibility in studying various
~tidal models at minimum computational expense a perturbation
procedure can be worthwhile. This subsection outlines the pro-
cedure and weighs its computational efficiency. Details of
application remain to be done.

The first, and therefore the simpiest mathematical model
that will resuit in adequate tides will be based .on the Laplace

tidal equations with various correction terms included. |If

‘the exact form and parametric values of these correction terms



were known, attention could be concentrated on calculating the
tide for each of the principal frequencies. Without this know-
ledge, attention should be concentrated on analyzing the pos-
sible correction terms and parametric values.

Since the correction terms are small in comparison with
the Laplace terms, and can be additive, the use of perturbation
techniqgues is possible. Pertdrbatién techniques are usually
used when direct calculation appears impossible; they can also
be'useful to decrease the burden of computation.

Assume that a particular reducticon of the Laplace equations

to a set of simultaneous equations has the form
(Mg =b - (2)
where M is a matrix, and b and the tidal coefficients ( are

column vectors. Assume further that modified Laplacian eguations

reduce similarly to the system
(M+p€)3=kb ' (3

where C is a correction matrix, and p and k are scalars with
p proportional to the parameters and variable at will, but al-

ways <<1. To solve system (3) in terms of the solution to sys-

tem (2), namely

7= M b (L)
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where M™% is the inverse matrix to M, write [’ as
3=k (3+p3,+p T4+ ) (5)

Then substitute this expression in (3). Since eq- (3)
must be true for all values of p, the coefficients of the power
series in p must separately vanish.

The zero values require that

M3 =b
M3,=-¢%
M%,=~C3

: | (6)

Multiplying these equations from the left by M™%, we obtain
a sequential procedure for calcultating higher order corrections

to the original solution, (:

;"‘Eﬂ'ﬁgg
I=-mes,
. (73

Estimate of Efficiency

This procedure can result in decreased computations when

the necessary number of higher order terms is relatively small.



it is easy to estimate the relative amount of computation by
straightforward inversion and by perturbation approximation.
Assume that (M+pL) in system (3) is found to give adequate
solutions when truncated to an Nx N dimensional matrix. So-
lution by inversion for each value of p requires approximately
N® arithmetic operations. The perturbation method requires

3

N® operations to invert M, N° operations to compute M *C and

2

N® operations to compute each correction term. [If n_ is the
largest number of correction terms necessary to study the per-
tinent values of p, then this study will require approximately
<2N4'1+~nP)N2 arithmetic operations. |{f np << N, this involves
little more than the effort to invert the system (3) for two
specific values of p.

The situation for more than one independent parameter is
only slightly more complicated. Cross terms must be computed
at each level of correction. Consider the matrix system
(M+aA+8BB)C = b, where a and B are parameters of comparable
magnitude. The independence of a and B'requires that, at the

first order of correction,

M 311(6{\ = —ﬁ Zo(o‘:)

ared

M3Z(p= - ,B_zocﬁ) | ‘ (8)
— /
41 the next level, there are cross terms such as

M3 @ = - A3, (p) (9)



The number of terms at each level follows the sequence 2,L4,6,8,
and the approximate number of arithmetic operations is
<2N-+1'%n§-+nB>Ne, under the assumption na:SnB. For three in-
dependent parameters the number of terms at each level follows
the sequence 3,6,9,12, .. , and the number of operations is
approximately [2N4—1+—3na<na-+1>jﬁjwz if, for simplicity,

nafv g~ Ny Provided each parameter necessitates corrections
numbering significantly less than the dimension of the matrix
system, the perturbation method is thus efficient for any number

of independent parameters.

C_REDUCTION OF THE LAPLACE TIDAL EQUATIONS

Velocity Potential and Stream Function

To obtain a reduction of the Laplace equations to a set
of simultaneous equations we follow Love (1913) and Longuet-

Hiqgins (1968) by introducing functions 3 and v such that

. =22 ¥
» 5 ey
i 2® P
M?‘Emw5;'+aw. (10)

Under the assumption that radial components are negligible,

% is velocity potential and Vv is stream function, as shown by

the computations
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S;:”} [%;(Mwsrhlﬂ) + ’LW‘J v ¢

and

51:2}[ (Mlpfl»f‘w> “Kbé;] :VLC[J : ('3?)

where v® is the angular part of the Laplacian operator,

= 5:»{19 [~——(SM'L‘~—DU> + ‘l a2+ ] (12)

Sine ac)ga—

v2Y¥ represents vorticity about the axis (0, R). ¥v°% represents
horizontal divergence. |t is not necessarily zero, fluid may
flow outward if the tide height is decreasing or if the ocean

depth is variable. The first case is evident when h=constant

is substituted into the continuity eguation {ic}), giving
9% , A = 3
In general, the continuity equation becomes
22, 24
R[/{V@ + == (agg oY )
St 1 390
§Im'399¢ (;IHU Qsp 32} )] =0 (}l{')

in (14), the &-, v-brackets represent Ug and u, respectively.
To reduce the Laplace tidal equations ((l1a) and (1b)) to

expressions involving & and v, perform the operations
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S,,,u, [:9 (/;} Qg (2)sin} ]
- and
]

o 2 .
P [a}(lﬂ) “—9-;{(/6)51;4 19}]

Use (11) to identify factors and obtain the intermediate equations

~ . - _
3 VF ~an asp TP +ansnB Uy =g (LrVE -73)
ot

and
| 27 +an e V@ -2 sim¥Uy =0
5

Then substitute for ug and Uey from egs. (10) to obtain

(Qtv +lil'é )? —-1-Q_(&K29V7 — ngﬂ )W

SRRV 1) (15
and

(9 v 4»3‘12_9 )'42 +1Q_(cogﬁv ——SM”Q ‘,/Q)@ =0 (15b)

Reduction of the Perturbinag Potential

We seek solutions separately for each tide. Let the one
under consideration have period 2n/o. Ve represent each quan-

tity Ve’ ¢, ¥ and C as the product of a complex spherical harmonic
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~,
o0

. . -iot
series times e

, with the physical value represented by the
real part of the quantity. |

It is necessary next to explicate the expression Ve4-v(g)- gt -
See Kaula (1968, pp. 185-187, 181-192) for details of derivation.
Using the continuity cohdition, this quantity can then be ex-
pressed as a function of & and VY.

The semi-diurnal potential enefgy of the sun or moon at
the reference surface of the earth involves the associated
Légendre bolynomial P,?(cos8).% .The diurnal tide involves
P, (cos®), and the semi-monthly tide involves Pp°(cos6). These
are the principal ones under consideration. We represent the
one entering the computations by

ics*p-at

Vepr = a zZ Pn:*(mr e (16)

Ik

If we take into account the elastic response of the earth

g%

to the potential Ve 2 then correction terms are necessary .

Since the response is small enough to be linear and essen-

tially radial, we can account for displacement of internal earth

sx
env

mass with the term k v » where k_, is a Love number of
order n*¥. The largest and the one of interest is ky ~0.3.
However, the ocean bottom is also displaced upwards an amount

® . . .
hn*Ven*S /g, which in effect drops the surface** equipotential

*We employ the superscript convention in this part of the report
to increase the legibility of the equations.

**The ellipticity of the ocean geoid can be incorporated as a
perturbation of the basic spherical system. Any other deviations
from sphericity, such as those due to steady currents, are in-
significantly small.
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an equivalent amount. The Love number hy ~0.6. These terms

combine to give the effective perturbing potential energy term

= j (s —at :

Ve = (14 kn"— l’in,ﬂ)g Zn:# Pn;x(c,osvl) e) g9 (17)
We represent the tide height as a series with complex coef~

PR S :

ficients Zn :

i(i;ﬂ~o“£}» (18)

F tcosmdre
We employ the convention, here and below, oflunderlining those
expansion integers which, take on negative, as well as positive
values; for example, s is the absolute value of s.

The integrated gravitationai potential energy at the point

(R, 8, @), due to the tidal fluid layer with thickness ¢, re-

duces to
z 2 ¢ ¢ '
gL NP Sggye (2T 9
VO =2 E e (€ (19)
where ﬁL is the ratio of water density to mean earth density
e

and has the approximate value (5.5)7%.
The elastic response of earth mass to the tide will give
. . P T,,' _S- ? . A
rise to a correction potential L;L nVn (Q) <k n negatxve)«
n,s
The tide also loads the sea bottom causing a downward displace-

ment - X'hlnvdé(ib/g <hln negative) and a corresponding rise
n,s
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in equipotential. The parameters k'n and h'n are called load

deformation coefficients. The largest are k'z2x~-0.3 and h'z ~-1

The perturbing self-gravitation of the tide, V((), then takes

the form

L 7,2 PP came #0770 (20)

V(3) = 7 2 Z (14K~

Qn+/jé

The complete perturbing potential Vei~V(C)" gl can now

be written

Cér P
Ve—au\/(g)'gj':}z_ Y r§ 53 Z s* ~HaZ, jP Yew)e
By S"—P
| (21)
where
Wy =14 Apa—h e (22)
}( Pl "’“(‘4’.'@;} )/’7 ,;Lm.@.‘ (23)
and 6nn*, 5§s* are Kronecker deltas:
S b {; when a=§
= 24
& o} when a#b ( )

¢

Reduction of the Continuity Equation

Next, we find an expression for Zhé in terms of the ex~-
pansion coefficients of &, v and the depth h, by reducing the

continuity equation (14).

0.



First, we define the series expansions of &, ¥, and h:

"
. s y ot
) b3 x } (3¢ ~od)

ANy, ;i 4
H. =P =¥
g 7 (e ) @ (27)

3 3
™M

in eq. {25), i is a phase faptor which allows the elimination

of i from the final equations which Ahé and Bﬁé must satisfy.

Define
= cos? (28)
In terms of u, eq. (14) becomes
23 , 1 % - Vi ”'Kaj_‘*_— .r-A~:as§' ) ,
ot * R [’é V.@’l l'./“LB/A( 17‘4‘15/& ""‘/7_7[—53;5)
! oL -
T L —3 ) -
@“95"(@3;" '7’*"‘;‘;)]*0 (29)
where the Laplacian operator is now independent of o:
2 _d o _ s*
ViegLoeemg [ -igs (30)

We need the following operators on the Associated Legendre

polynomial:

Vltpns(/“):~ﬂ(n+i) P;:uw (31)



) Séi £~}
s " ~54D (n—s 37
N (R = [Pﬁ_}‘ HM) e (B~5+D (n—s4+21) P"W-x (/m] (32)
and
| g g f cv
— S Pl oSy 1 [ ra$ s g 5 ’ sy -
émf&?h () == ¢ =t c%/»‘I»PM (p) = [:(! Fa, );Dm () = (11 ‘SQLJ—}(H"K}_PH ol (33)

Eg. (31) follows immediately from the differential equation
defining Pns(u).

Eg. (32) follows from eliminating the second term of

S+ (n—-S4 13 AL s R s s L
P”»é»g * Vi R, Ve Ai=o (34)
by using the equation (valid for s >0)
54 :
Ph - %fﬁ% ffv e (n'—sw)(mu);i oo (35)
with n+1 replacing n.
When s =0, eg. (33) follows immediately from
Viudpso - 22 ps p s (36)
dm 'm ﬁ:ﬁ“;: " o

Whenls#=0, use eqg. {35) to eliminate the first term on the right.

The signs in eqgs. (32) - (36) are based on PnS defined as

S
P S = ('wﬁ)d”/(;,ﬁfw (37a)

where ﬁj(u) is the Legendre polyncmial. The associatecﬂLegendre

polynomial is assumed above and in all subsequent formulas

to have the property
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The distribution of u-factors in eq. (29) was chosen to

maintain the physical meaning of the operators. The expressions

and

ﬁ%@-zm;ms;%@
represent the directional derivatives of & in the 8- and o-
directions. In this way, the parentheses in eq. (29) continue
to represent the velocity components and the operators on h,
the directional derivatives.

To reduce eq. {29), represent { using eq. {i8), @ using
(25), ¥ using (26), and h using (27). Perform the partial dif-
ferentiations on t and ©, and use eqgs. (31) - (33) to reduce
the remaininc differentiations. Shift the n-index of terms
®, B.2P S, and HKp K

n+1’ n+1 i _;+1
by IG to obtain

2 {( 7—___ n(m-ﬁ-ﬂA )F
Z}: {—n(m.),ﬁ} /4/4&‘

=Y
4 thpher  Fh 5 A0, Syt P S _ gt p s
R G e A L C R G Ay A A
3 -3 S -$ Gy
—‘é%:;EM ’F;; “/i‘"F; 4)

involving AL Then divide the equations

+H7 ;( —w/gﬂﬁ’é.él fa»%, ,{a-.) (8 [o(+sp S-H F.MPS aj
AL Rl ’U}

) P : 5@___,,..{.‘
*"és}e‘(*‘ﬁ’." > o (38)



where

o = Lad ). (:~é,f&)

4*“”i=i~(/+§0‘{l)
677 o LE(A-D
/j = X s’..éj Lé:f 'f*l)

%‘“ﬁ = i(/~£a"fl)(4fé4~j')(j‘—4{af»x> - (39)

The summations on n, s span all meaningful coefficients of Adé
and Bdé, namely nzlsl provided nz1.

+8 +85 i{k+
k. 1P$n ”el(g é), under

The spherical harmonic product P i
the restrictions 8 =0, =0 or &, =6z =+1 or 8, =-8 =+1, repre-

i{k+s) g)(j+n~§g+§j5

times an even or odd
(j+n-1k+st)

sents e times (1-u

polynomial in u whose highest power is u Such a

i (k+s)

product is uniquely expressible as e times a series of

Ik+sl Pigfgi

spherical harmonics P Tin 4nmget vThe symbols Q below

are defined by, and derivable from, the equations
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Appendix A details the derivation of the Q-coefficients-

Q-functions for s=0 are also given in Sec. Iil, p. 7h.




(38) can then be resumed in terms of a single series

of spherical harmonics:
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In the Tatter part of eq. {(41) we need to interchange the
order of summation on r’ and k with respect to n, s, and j.
The diagram below is an n=const., k=const., s =const. plane
of the summation scheme. The first step is to make r’ the outer-

most summation. The summation becomes

Z S Z Pr"’éw‘.f.lei (At3)p-igt

2laus) o £ jto
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where r = j+n-2r° and J in the innermost sum is now

_ f—n-ﬁlj/ whe 1n 2 n
%Prov;(r{%{ j>'/k

(n—r) Fhodmlo,(z)_;_a.i/ w hear YL i

¢

Next, resum on m=k+s in place of k and bring this sum out to
the left, which requires the replacement of k with m-s, Ik+sli

with m and k with Im-sl, giving

STy e preterTT

,m n,s 7'5;0

Finally, interchanging the labels ren, s« m gives a scheme

compatible for the whole expression

— = ~ s . 5P t)
2> L prettT
Y%é r,m jéo n

This requires the following replacements in the latter summations

of eq. (41):
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s-m
s —m
k=s-m
k=1s - ml
ik+sl =s
and
,:{H-r-}-n_j’ when 1oy
4 (V—VQMo&ulo(z)-:-n_j’ v hew h<r% Pf"".‘&“g jaii‘ﬁ\

Eq. (41) then becomes
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where the £'s are now subscripted to read
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: 7
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The bracket multiplying each Pnsfu)ei(ém-ct)'in eq- (43)
is a constant. For such a series of spherical harmonics to
equal zero, it is necessary that each bracket be individually
zero. As a result, we have an expression for each Zné coef-
ficient of ¢ in terms of a series in the expansion coefficients

for &, ¥, and h.

Reduction of the Fluid Eguations

In the fluid equations (15), we substitute for & from eq. (25),
Y from (26), and the perturbing potential from eq. (21), then
compute 3/3t and /3w, and divide the first equation by 20 and

the second by 2Qi to obtain

nZ (£7=2)4. %+ (M7+D)B *
> 2

z 2 n¥ L - » X~ 1:
+2i}-ﬁ (X”Z gn SSS 7~<n-\< Zn: )}P et )_‘ (L{Sa)
and
Z { (’Cvl-E)Bn + {uV +D)Ah“} Ph e =0 ]
ng (L5b)



where

2.0
The operator D is defined as

‘ 6D = (emt) 2 ‘
'D:——Sln\g—a—z—}j —(I/A>3/A (Lf.])

and has the property

S (nednEs) o S _ NS S
DP‘“ W= e Pn—fﬁ) 2ty Pf\"r\( ) (48)

Again using eq. (31) and

S, v n+S S n—S+i1 5 S
M P" )= Il P!'?ﬂ(/u) * an+ }n-n () (bfg}
we obtain
2, 5 _ =N+ {n+3) s nnidn=s+0 | <
(P> D)Ph ()= == Pn_‘ - P_m‘ (50)

We substitute for Zhﬁ by equating each bracket in eq. (43)
to zero, and apply the operators Vv and (uv° + D), using (31)

and (50) to obtain
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n=t ;n{[fn(n+r)+ Eﬂig{f_ﬂi(mh)le”’ + .’f‘_(.%v:}i—fii‘—— Bhs'l-i
(’n I)(m+,)fy,,g)B
Q\V\‘.‘
.S.a« o
+Wn(n+l}z Z Z { [ (r+!>Q +el ?§z —-/g!— gz_ }
y=1i m-__r] o
™m [-/S m Rmﬂgm.o(.;mg_'— +M?§’]
—AS s A ] o LTS
m Hi"‘_ﬂ "
e [wtsT-gl )
| ;% s isp-ot) ~ (518)
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qu+3 +1

+ (n——:)(m+n)(n—s)A s } P g ei(éﬂf~cf\‘:) 5 o
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where
€ = 4 RT™

L (52)

~ 35 for the earth.

Each bracket in (51) must be separately zero. Setting

each to zero, we have simul taneous equations which the coef-

ficients of & and ¥ must Satisfy-_ We divide each equation by

n{n+1). Using the symbols

£ s
LE =+ KE= L F = Aamtmwn
Cf

f) s 1+ (n+tS)

n(2n+1)

»1{n—Ss+1)

Z,nsz_..__——-————- (53)

(ne)) (2n+1)




eqs- (51) become

’nf} 5n.-§, -+ Kni Am—s + 75 "”U Eﬁ;f
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and

3 £ 3 $ ' )
ﬁﬂ—«n IQ"”‘“ + L'ﬁ g"‘ ?Q:w £agy =0 (5L4b)
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Consider the case where h=constant. Then eqg. (5ka) becomes

‘ 7 * g
B>, + K 2 Zep Sg 2 o= Mg S J% (5kc)

qn 17n- 1 n+1 n+1 n s

It is not hard to see that, unless the choice of parameters
makes the equations singular, only coefficients of order m¥*
are non-zero. Moreover, with respect to degree, only one of

two sets of coefficients are non-zero:

cee (55a)

m¥ m* m*
At Bimeiers A s20 By m 43
when 4% is even, or
L T G m>
Bt e Alm1+1° Brmsclaz? A[m*;+3a .. (55b)

when 4% is odd. |f the depth is a function of 3 only, both

sets {55) will be present. And in the general case, terms of



all degree and order are non-zero.

There are two methods of solution. Either solve the full
set of egs. (54), or use (5kb) to eliminate the Bdé from {(S4a)
or (5hc), and then solve the resulting half-system of eguations.
The latter method requires less computer resources. |f we em-
ploy substitution, the set of simultaneous equations An§~must

satisfy are:
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D A DISSIPATIVE MODEL

in this subsection we give one example of a dissipative

model amenable to the perturbation method of subsection B.
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Bottom fForce

The analysis of energy dissipatioﬁ in narrow seas and rivers,
and the measurement of total drag force on flat bodies moving
through moderate, steady f!uid flow are found to be consistent
with the assumption of an average boundary layer drag force

per unit area of the form

F =-0002pUY . (57)
(Taylor, 1919). By action and reaction, such a force can be
assumed to also act on the fluid and be incorporated iﬁ the
equations if small scale dynamics of the fluid and the gene-
ration of vorticity by the boundary layer can be assumed to
have little effect on the large scale fluid behavior. The bottom
force (57) was incorporated in the equations used by Doodson
and Proudman (192L) in their study of the North Sea, and by
Grace (19231) in his study of the Gulf of Suez. So far no cne
has tackled the formidable problem of applying (57) to larger

bodies of water.

lLinear Bottom Force

A linear bottom force.
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has been found to give adequate results in small bodies of water
if a is carefully picked to meet circumstances of depth and
tidal frequency (Grace, 1931; Doodson, 1956). Pekeris (1969)
uéed a modification of this bottom force,

ﬂ .
iﬂ.ﬁxffﬁ (59)

to improve tide heights on continental shelves and tide phases
in his numerical integration of the semi-diurnal tide My, over
the world oceans. A linear law was feasible for numerical inte-
gration on such a vast scale, and serves our purpose of a simple

illustration of perturbation analysis.

Reduction of Linear Rottom Force

If the bottom force (58) is assumed to give rise to an
average drag force on the fluid column of depth h, then an addi-
tional acceleration -au/h acts on the column and enters the
fluid equations. Egs. (la,b) become

dUu

5“1!?- e 00919‘(/{594"%{/{1} +%$(?5—V[§)—V6) =0 (60a)

and

9‘4? o ! )
57 + 200 cos® Upp 4—2; L{jg +é~;§~i~g5};(9§-—v(;)-—ve) =0 (60@)

After performing the operations below eg. (14), we have,
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instead of eqs. (15),
V +1413 )@.-all(cmzﬂv w5m19 )?

a5 (<4F) + (¢ et o) (< %2)

=V (VetVig)-gz) (613)
. R

3 ~ RN
(53704222 )P +20 (wsBVr-snd55)0

“”5:?“@550(“25) - (g,wcow)(m“%) =0  (61b)

Under the assumption h=constant, these equations reduce to

[Gr5wrraa B]g -2 (vt 3 )7
VL
=% (Ve+Vey-5z) (62a)
and

E(%«zw 2\ +1.Q,-~~]\gz +2 < (cos?® Vt~$1@ﬁ§§)g“~?0 (62b)

The drag force introduces a phase shift relative to a/3t that
is inversely proportionaf to depth. In general, the drag force
modifies the tide locally both in-this way and in proportion

to the gradient of 1/h.

We need operator formulas for the effect of a/xg, ET%EB/BQ,



36

and cotf on & quantity expressed in spherical harmonics. 1In
this way we can obtain expressions for Uy ana uwlin terms of
& and ¥ (see egs- (10)) and ultimately reduce the additional

terms in eqs. (61) to a single series of spherical harmonics.

To reduce /388 we write

%ﬁ)

— ;S (o £ IS iS5
T CER et = 550 BuT B, e (63)
n

S ™,$

Using eq. (33), integration over the unit sphere gives

5 (2m+)(n-5)! £ ‘4
G == et LB f P “owy 15t Gz B wy e
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| -1 L9 41 =
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M .
together with
(21} (n-5) ! ~ S ol
%hrh - A{mesyi f~ P; OM)Z%M () 0&& (66)
¢ -}

to rewrite (6L4), then substitute from this into (63) for Ché,

and rename the index n-m on the right side of (63) to obtain

2.

0

& ed £ .‘;*? R
jﬂ B} }2ﬁ{w3¢“9-*2: (V ~w (m)tﬁ« )}D 4y € =5 (67)
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The same procedure using eq- {32) results in
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where
3 S« 1
() = ¢ ()« | (-S40 (M-S 2
ji,zm” ez L & )5’»«» w: * Fa nml (69)

With the definition

’ Ceof1h) = SIADIGRPY f, = £ fﬂ)P iy oy 0
N, Ritnwsr ! I ficut A TH ;(7 )
we have

cot ) BEPSme” --F Zm (et B B )
S

all terms qn;(cote); except for s=0 can be reduced to terms
+0. . . .

of the form qn; . Using eqg. (35) with m replacing n to re-

duce (u//-%ug)Pms in eq. (70}, there results

?[(m-»sw)(mw) %:»; ?;:"
Eﬂiﬂ(uﬁ%‘?ﬁ?: ' : 2520

J\V\‘r‘ /{“‘"

A Pt o0 Pty d e (72)
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» 8= 0
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Moreover, all the g-factors of this subsection can be ex-
pressed in terms of the general (~factors in Appendix A. A

comparison of eqs. (66) and (70) with eg. (A1) shows that

sS46l _ © 0 ’
?:mm “Qoomum{)ng - (73)

and

) _ L )
Fnnl¥) = ong (74)

Now we can write Ug and ucp as a series of spherical har-
monics with the coefficients obtained from those for velocity
potential and vorticity. In eq. (10}, substitute for & and

¥ using eqs. (25) and (26). Then use eags. (67) and (68) to

reduce the differential operators. There results

. . L ci(é;&—ﬁ'f)
s s s .
Mwﬂ'g Z{‘&nﬁ)/‘%m H B (752)
Vt,é_ ™
and , y
— s s S ' s $ i(5g-0T)
» :“2—;2{%”“{”% An +¢f 9B AP fhoe (75b)
n,>

Uy and Um, since they are diffefential?y‘related to velocity
potential and vorticity, have slower convergence, as does tide
height. This is reflected in egs. (75).

| Now, assume that ug has a bounded character such that we

can write

U - § s sw_ad
Rt M AR ECE (76
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MM = Ung (77)

implies that
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Integration over the unit sphere gives
o 5 ¢ 3 (2 A+ E-m) ' {m-3) c
} K“Y‘ H‘ e —— P /‘::. ’f‘g g i,.. ]
::‘:'.h ;.";‘Q d Rf+wdt £, "4 ' ‘n")i #ap
- ¢, .
-‘2’%{11@;“)/‘1/ ‘f‘jg%fsﬁ)ﬁﬁi } (79)

The integration over ©® was used to reduce the summation
over k. These u-integrations can be expressed in terms of the

Q-factors of subsection C (see eqs. (L0) or (A12)):

ZN" Q ‘M‘“ﬂgﬁmstz{?zz(ﬁ)%}@; +% e B } (80)

22 7=

This equation can be written in matrix notation. Define

the matrix element for row (n,s) and column (4,m) as

M-S
7% ¢ . Tn’_g !1/, Cj

){;”’3 - 7 ‘3 P - "“lﬂfﬁn‘w. ‘ (8§)



Also consider Fni to be the (n,s)th element of ue/H and

Upy,® =1 ;{Z,ﬁgmﬁﬁ% gi{grcf) [35&@—“} (82)

as the (4{,m)th element of ueQ Then, eq. (80) takes on the matrix

form
> F* W 5y m & (83)

Inverting the matrix s, we obtain the elements of uefh;
]

F.* AT sy
T 2 e

Substituting from this equation into the equation for the ex-

pansion of UG/h, we obtain
¢

4&

2: M(»‘)Qﬁ)g VAT WA

A e (85)

[4]

By the same procedure we obtain

Z é«}(( )(ﬁ)%%ZfS”JAﬁ*%@@f}

s Fisg-rt)
BEme’tY (86)

Ve can now perform the differentiations on these quantities
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to obtain the dissipative terms in egs. (60). We use (67},
(68) and (72), as before, to reduce the differentiations. To
keep the notation concise and to indicate a practical sequence

for matrix multiplications we define

Z - () (87a)
(a'/@ )( )Zi% cfa

and

i
(©) =) ¥
M({;)(ﬁ) % (" )m e (87b)
in terms of these products we define
(o) M (?’2 + .c::’_(?,e)«{-affw';f&ﬂ), () L 1882
M (o )ul") Z‘{ ¢ WO {"5""&7 s )x‘jf)z’/;‘»";j LR
and
- #) 3 .5.%3) f‘f c (90)
M( ‘)(41 Z{ M ) Mis (=) 4(%3.”2).4.?”; ) l( Vp® )§ (88b)
Then, the dissipative term in eq. (61a) becomes
.....-«--—-—— Ugo 7
5 (4D (3 et ) L)
. r V‘ ’(—5?'0”4/}
::’20{2_ Z(M 5)( m)ﬂ»& +M s)u )B{g )P (#) € (89a)

S de

and the term in (61b) becomes
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.:“0‘) o Itse- ¢,
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it is then clear that full reduction of egs. (61) results
in equations identical to (54) except for there being on the

left side of (5ka) the term

mz (MD A" g\qij)(m&"—“) “ (90a)

rn DT

and on the left side of (54b) the term

v m~ D
--«Z (M(ms)(fﬁ:)ﬁ\r + M7 Ei,,'f‘) (90b)
r,m (n')(\f‘)
vValues of a less than 0.5 should give plausible correction
to the semi-diurnal tides. |f these values prove too small,
other models should be pursued. With a=0.5, convergence by

the perturbation method should be practicable.

Reduced System FEaquation

"One observation is worthwhile with regard to applying the
method. At the close of subsection C, it was stated that the
vorticity equation (54b) can be used to eliminate the 855 from
the velocity potential equation (5ka), and thereby reduce the
size of the eqguation-set. At first sight, the introduction
of (90b) into the vorticity equation would seem to argue against
this procedure since an inverse for the larger system is needed
to calculate the higher order corrections to the coefficients
of & and Y. However, the inverse for the larger system can
be obtained from the inverse for the reduced system.

For simplicity we can replace the constant on the right




side of eq- {(54a) with unity. Then the final soclution can be
multiplied by gfn*sj/ZOR. The reduced and full systems take

on the structures

P‘O"
4 1 «»(m""ji‘*){/& o
: 91)
A L - O ( '
and ‘ + - »
N - »-01

2 “4 1 (92)

respectively.

Multiplying each system from the left by its inverse, we
see that the solution vector in each case is equal to the (n¥*,s*)th
column of its respective inverse. Thus, block 1 of the inverse
~of the full system is equal to the inverse of the reduced sys-
tem. We can obtain block 2 from block 1 by using eq. (5kb).

Blocks 3 and & of the inverse of the full system are the
solution vectors when unity is substituted (non-physically)
in each location separately of the lower half of the vector
on the right side of (92). This is equivalent to inserting
the tactor of unity times the Kronecker deltas on the right
in eq. (54b) instead of (54a). Doing this, we can obtain the
(n*s*)th column of block 3 by substituting from (54b) into (5ha).

" The equation reduces to a form like eq. (56) on the left, but




with various constant factors on the right. Multiplying the

resulting matrix equation by the inverse of the reduced sys-

tem, we obtain the desired column, and from this, using {5kb),
we obtain the corresponding column of block 4. Repeating the»
procedure we obtain each column of bilocks 3 and L4 of the large
inverse. This more complicated procedure requires less arith-
metic operations than taking a direct inverse of the full sys-

tem, and the computer memory requirements are quartered.

E REDUCTION IN TERMS OF TIDE HEIGHT

This section presents an earlier reduction of the Laplace

tidal equations in terms of the tide height (. There is the

rawback that solution in terms of a spherical harmonic ser

(A= [E] L]

e

€S

in € converges stower than in terms of a series in &.

Slower Converaence of Tide Height

The continuity equation, in the form (38), together with
the operator equations (31) - (33) explicate the relationship
between the coefficients of ( and those of &, v, and h. (¢ is.
obtained from spatial differentiation of these quantities; this
is reflected in multiplication of‘their coefficients by index
polynomials. The simp]est case, h=constant, rglates Zné‘di-

rectly to Ané, namely

s
n F i DAL (93)




(see eq. (13)) and graphically shows the relatively slow con-
vergence of Zhée These equations show that ¢ is much more sen-
sitive to both physical factors and computational errors than
are've]ocity potential and vorticity.

A practical effect is that a solution for € requires a
larger system of equations to prevent truncation error. Theo-
retically, a larger system in { serves to give emphasis in the
computations to the higher coefficients of {. HMHowever, if these
higher coefficients are to have real physical meaning, terms
which were left out of the Laplace equations should be reintroduced.

Other techniques, including iteration and perturbation
analysis, but centered on solution in terms of velocity potential,
would probably be more practical for obtaining this tide height
detail than direct scolution for (. Velocity potential and vor-
ticity accurately reflect the assumptions made in deriving the
Laplace tidal equations; they would continue to reflect aﬁy

improvements in the physical model.

Solution in Terms of Tide Height

The reduction of egs. (1) to an equation for ¢ is straight~
forward. Perform the djfferentiation a/at. Solve egs. (la,b)
for Ug and u$, and substitute in fhe continuity equation (1c).
Make the change of variable

u= Cos & (28)



to obtain
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" o’
Fein (46)
and
U=V +Viz) -97 - (95)
- PN @*‘z‘h 2,?@'

For most tide frequencies the factor Fromt =g ces ¥
is zero at a pair of colatitudes. The singularity, resulting
from the presence of this factor-in eg. (94), is regular. But
when the second line of the equation is zero, namely when h
and U are not functions of o (e.g., for semi-monthly tides),
the singularity vanishes. For all other cases, U cannot be
expanded directly as a series of spherical harmonics since the
singularity in eq. (94) cannot be validly removed by multiplying
eacE side by (f%-pu2)®« Instead we define

t(sgp-ot)

W= -G=u) 20 UGP P e (96)

The polynomial factor generates additional scattering in



the reduced equations. This complication is attributable to
not obtaining an initial integration of the Laplace equations
when solving in terms of ¢ in general.

it is necessary to obtain an expression relating the coef-
ficients of U and (. (fa ~Lﬁ)anS(u) reduces to a2 sum of five

associated lLegendre polynomials by repeated use of eq. (L9).

After substituting in ($6) and index shifting, there results

5 v b s s -W'&)
== Z Z, E. oW~ PV‘SC'%)QI o (97)

nE) S=Een D4

(s)

Expressions for the coefficients Enm

can be found in Appendix B.
These coeff%cients are non-zero only when n+m is eveﬁ, ~L<n-msk,
mzs, and mz1. ‘Next, in the defining equaticn for the dis-
turbing potential (eq. (95)), we substitute the expansion (97)

for U and (21) for the right side of the equation. After col-

lecting the constant factors multiplying each Pns(u), it fol-

lows that each must be separately equal to zero, or

A

g U ZF =877 IR+ L B WLE (98)
= . M=

Because of the sum on Umi in this connective formula, it is

better to reduce eq. (9L4) in terms of Uﬁé, rather than Zhg-
U, in eq. (95) is analogous to g(T - ¢) where { is the equlii-
brium tide, as seen in the literature on ocean tides.

The first algebraic step to achieve the reduction is to

substitute into the Laplace equation (84) for U, using (96),

and for h, using (27). Next, perform the differentiations a/3u



“on factors of u and 8/3w. After collecting terms and using

egs. (30) and (31) to simplify, there results
vy <5 7 WEE T gt [ e
. V;:l Sz g " 67'392} ~:m--g;:

N Hﬂ 3
+ntaed (Four) + f"«"‘w‘)} A L J;;}’{ ¥
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rq(l/gz)_g.m(F *a.,)]P }

L S
~ikpA{ Lo T - FOIR,
IR 4? SUSHA)P -t
o 1_‘ e
TR el (99)

| f factors are grouped to represent operators for directional
derivatives (see below eqg. (37)) and this equation is‘compared
with eq. (29), an additional factor /1-U? remains. Ji-u® ulti-
mately arises from the presence in eq. (94) of 1/(f%-u%), a
factor which does not appear in the continuity condition itself.
A resummation of the equation above in & single series
of spherical harmonics requires that the order of each harmonic

i(s+k)

be Is+ ki by reason of the term e The factor /1-u?

cannot, therefore, be interpreted as a shift in the order of
spherical harmonics. The correct interpretation is to consider
/1-u? expanded in powers of u® and, therefore, giving rise to

an infinite series with respect to the degree of the spheri-

Is+ki p Is+ki {s+ki

n’;"j ? ﬂ+_j+2 ’ na{-j.;-q 3 e e Theref@reﬁ

cal harmonics:' P




Uhé for at least all alternate n can be expected to enter in-

to each of the infinite number of simultaneous equations. This
is another way of saying that tide height converges slower than
velocity potential and vorticity, ahd is more sensitive to mathe-
matical and physical vafianﬁs'

The differential operator on u that was used is

d S - _SAA s, Se
C{/M- P;\ ‘ /c/’ Pm VI?'-':}B' P}". ( TOO)

After applying this operator and simplifying terms, there results

_ & W
2+ = L«i 2 \ § Ly o8 df
4 R*n*} g}g 7",4, @ ‘f_P P -{_%J-v(m»}; s f
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A e e

hst o 5ot
el gl f
A
To express the right side of the equation as a single series

of spherical harmonics we resum on k, using index m:

Z{"‘;/}L& ...}Qi(‘"fﬁ»é’ﬁ }: { - .. }&}zmty

e B
4 W:S_

The same result is obtained from the op-part of the following

summation-integration operation:

7\
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The left side of the eguation is unchanged, except for the ex

pansion parameters now being 4,m instead of n, We therefore
define the general Q-factors:

Lo-b (2 A+ {L-)) gV & s - u
s = . £y A 2
Cjdons Lm PYTIY i¢ ; %@anéﬁ)a MM(F?J)W%GéU (102)

When we perform the operation above to eq. (101), divide

each side of the equation by 2m, and use the Q-symbols to repre-
sent the u-integrations, we obtain
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where

and

f = 528?\ (ra-sy w7 (104)

Y = ‘;;‘am (s) X }./[{ (105)

have been defined to simplify the notation.

The constant factors multiplying each spherical harmonic

must be individually zero. After index renaming, substitute

from eqg. (98) for ZLm into each zero quantity to obtain the

matrix equation

g,ﬁmnz ané = 8 h“”ggﬂ’l‘i 2 »S”K& (106)
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E&n(m) is zero when n<m or n<1 or (£ +n) is odd. There is
at most one E%m(m) factor in each matrix element, by reason
of the Kronecker delta. After solving eq. (106) for the coef-
ficients Uné, the coefficients of tide height are obtained by

applying eq. (98].

Numerical Tests

The solution for a general depth model requires the in-
clusion of all orders for each degree of the asscociated Legendre
po!ynomialse' if, for eXample, to obtain an accurate solution
all terms through degree 14 are required, the system will con~
sist of Thx (1h+2) =224 equations and there is the need to
manipulate over 50,000 compiex numbers.

When a test model consisting of the first eight degrees
of an expansion for the earth ocean depth (Kaula, 1966) was
tested for convergence, terms well beyond degree 14 were found
necessary. lInstead of attempting to directly obtain a solu-
tion for the full ocean depth expansion through degree 35, with
no prior knowledge of the computational size of the task, it
was decided to study on a more manageable scale the questions
of convergence and how terms in the depth expansion interact
to produce terms in the tide height.

When the constant b in a depth model of the form a—+b§in26

C LrEa? . . s
takes on the value — with n even, the semi-monthly tide
gﬂ(nfi)nn
series is zero above term Z.- In effect, a standing wave tide

is formed. |t was decided to take adventace of the lessened




(e

computational requirement and tesi for the effects of adding
one or more spherical harmonic terms to such a depth model.

Following Hough (1897), we define the depth model

g ) 1{_}221_{1}-

0 L
m%m(-g—.¢.5}<n 5 . (108)

and using values approximating his,.together with the relationship
P =g (-1 43 «s™®) (109)
we obtain
A= 20843 P, (cosit) — 1404 P, (cos®) meters (110)
Fig. 1 summarizes results for the depth models
«K¥+H,°P,o (eos ) =/£LL§_ + H %eostt (111)

with H,° taking values up to 900 meters . When truncating the
equations above the eighth degree, only terms up to the fifth
degree are accurate. This is attributable to the expansion
coefficients EBE?%) and £8§?;) being left out of the system

of equations. Otherwise this truncation causes little error,
even for rather large values of H,°. The odd degree harmonics
entering the tide expansion increase in linear proport?om with
H.%« The contribution to the tide from this term could be quite

accurately obtained by treating H,%cos8 as @ perturbation of




L

T

the system h, and computing one perturbation correction.

Fig. 2 summarizes the results for the models

/'Q”% + 4 Plecosw) cosp 3/4,4 + H ' sm® cosg (112)
Truncating terms above the eighth degree is accurate only when
H,* is less than 100 meters, and then only for tide terms of
degree four and lower. The term sin® cosep in the deptﬁ intro-
duces a small quadratic change in the even degree terms; the
odd degree terms continue to vary linearly.

The models (Fig. 3)
Lo+ H P o) v g
:‘C%F*‘fﬁ}ww N +Efff“-+ HC[{jun?
56Xz &
= 19724 P, - 723 P, + H,'P'ca? @e&“‘ (113)

indicate how quickly convergente can deteriorate. Depth model hg
fails to truncate the tide series. But a comparison of solu-
tions for the simple hs model with those for models h, and hg
(see Hough, 1897, p.242) shows that the tide terms 7, and Z,

of hg are close to those for h,, the term Zg is somewhat simi=
lar to Zg for model hg, and higher terms for model h converge
rapidly. Therefore, this depth model generates a tide that

is approximately a standing wave.. Fig. 3 shows that convergence
continues good for small {less than 400 meters) intrusions of

1

Hi', but requires a larger system of equaticns when H,* is large.
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We are forced to conclude that a general depth model would re-
quire a very large system of equations.

Table 1 gives ahother indication of how depth terms inter-
act. The last two columns cover two models combining terms
H,® and Hy'. These tests led us to explore a system wherein
the depth variation is treated as a perturbation of a constant
depth model . However, doubts with regard to convergence com-

pelled us to look elsewhere.
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APPENDIX A

This appendix consists of two parts; (1) & computation

of the general Q-factors {eq. (102)) used in the reduction

for tide height, and (2) the expression in terms of these fac-

tors of the Q-factors (eq. (40}) used in the reduction for velo-

city potential.

Computation of Factors Oab

These factors, or matrix elements, are defined by the

integration

o;.b i t
_‘(2I+0(ﬁ*m). L 5 ~ ~b/a
ﬁ't:«x‘gan‘sxﬂrnn Z (l;:n)g » rr; W Pn (#) PX (/u,\/g_{a’(l-y/{’“) a{/M
and are evaluated as
M1 (-pyntttd]
ab S "1 : {(£=~q
. = E )l (244 £y
QJknsém 2 2(%+é)§ : r\%)zﬁ/2
c d
.
T, iy T
Lo tam(ee) L The(d-d)
c=0 d=0
e
Tor e .
LO jk(e-e) vsA,crdie) (A2)
e=

where

(A1)



faa
ik

y = mbstleriob
A= at1+{L-m} modulo (2) + (n-s) modulo (2)

+ (j~k) modulo (2)

— r,{,._
c = i“ézj = "greatest interger in't (L-m)/2
- n-s 7
d= "5
e = [12kT
L2
c
T _ (=1} (2a-2¢c)i
abc

29¢ct (a=c)t (a-b-2¢)1

c+d+e+%~?
1 (a+21) (A3)

[{I

F(u,A,crd+e) R

t =c+dte

Moreover, in the computer program the following recurrence

relation for F is used:

- o _ _At+2ct+2dv2e . e ,
F(f«fvgnl\'i’c‘d'?‘e"f?) = A’i‘ZC'ﬁ“Zd“‘i‘ZG‘}‘ﬁi (L,A,C’rd;e) (A,_,{)

The derivation (AZ) was possible because in the problem
there occurs the following restrictions on the ranges of the

parameters:
a + (m+s+k), a-b, and mt+s+k-b are always even {(AT)

The sequence of computations resulting in Equation (A2)
is: a) substitute for each associated Legendre polynomial

from the definition

Fa-b7
s
N

P20y = (1-17)b7?2 T, pabrEe (a

on
S

! abc
c=0



b) split the integration range into positive- and negative-u
ranges and combine the negative range with the positive using
the substitution u - -u; ¢) make the change of variable x = u”;

d) use the integral (Bateman, 195%4)

y - - s
JO can (y”x)b Togy = wﬂgg Fi%lya+b~1

e) noting that, as used in the problem, the argument of each
gamma function is half-integral, substitute intc the gammas

from the relationship

r{ope1) T

r(n+%) = {a8)
22ﬂr(n+7)
At this stage the formula simplifies to
EENC ety
.30 o {&em)i (2141) . L Wfsake2-b Y, (rs+ke 2-b)
jknsim 2{4+m)t 2 A 2 /
< d e
AN v '
Lo Tme L Thed Zg TJke
c=0 d=0 e={
. Tintl4jtar i-m-~s -k =2¢c~2d-Ze)
rjn+f»§+a+2ﬂw~s~k~2c~2d“2e§
! \ N 2 ¥,
rﬁi+£+§+é%a”b“2c~2d-2€>
A 7 ,. .
- (897
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Note that under the conditions outlined above, (A5), the argu

ments of the gamma functions are integers;

f) make the variable changes

and then drop the primes. At this stage the symbols w and A

in (A2) can be used;

§ e

(A10)

g) the gamma functions are factorials. Expand them out and

cancel terms that occur in numerator and denominator. The four

gammas simplify to

' M
c—x—d+e~1f? i

w/? -
1o 2. I (a+r21)
/ i=ctdte

h) after substituting from (A10) and simplifying, the final

result, (A2), is obtained.
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Factors of Tvpe O+“

The Q-factors defined by eqgs. (40) can be expressed as
particular forms of the\Q"Factors.évaiuated above. We multiply
both sides of egs. (40) by P&m(u) and integrate over the unit
‘sphere‘ The integration over o requires that, other than for
trivial results, m=k+s. We are left with

"'DoAEe oosis o ke
P50 B p

!
A () A3 (4tsl _
= f Qk 7 2 L tsf
r'eeg f ‘j»ﬁém s A tAhts] ?‘..f.ﬁ-%r,[zé‘!)a (4) @ﬁ,{

_ ) ol 2 (L+ 1ts))]

. , (A12)
FA s L (dss) A (L~ 1hEsi)] .
where, for conciseness we have defined
’,4,(@.4) = g-!(:?“lﬁ (ol ) 7@{:"‘;’%1 (A13)

except for the special case of using no superscript when a=38=0.

A comparison of this computation with egs. (102) or (A1)
shows that

quné) @'42/.9) . 0

s

' Lo L oy 14
Jibons £ {-h2s) g aﬁ%¢}n(5ﬁﬁ)i jdets] (ATH)




APPENDIX B

Expressions for the Coefficients Enm(s)

The coefficients arise from the repeated application of

fs) A,

§ n+S o S mo3top o
/Mia QU.“JM}IC%I&U.+ZH%f nty
to reduce the factor (f®-1®)% in the expression
” $ Fsg-oty
— s - s Sq-
U==-0 2. WU (w2 P s e
M=y Sz-#
then index-shifting, to obtain
sty . ,
" (sp-at)

c ,
R e
The coefficients Enm(s) are non-zero only when m=n-4,
n-2, n, n+2, nth and mz (s and 1).

They can be expressed symbolically as

E o) =F(n,n,s) —287G(Nyn,s) +§ 77

h Finy

where

P

(4g)

(59)

(9

7)

(B1)

(B2)



and

and

G{1,n,s)
G(2,n,s)
G(3,n,s)
G(4,n,s)
G(5,n,s)
F(1,n,s)
F{2,n,s)
F(3,n,s)
F(L,n,s)
F(5,n,s)

0

g(n~1, 1-s) * 9{n-2, i-s)

B+C

g{n+2, s) - gln+1, S)

0

g{n=3, 1-s) * g(n-k, 1-s) - G(2,n,s)

[G(3,n,s) + D + g{n-2, s)
(G(3,n,s))° + 4
Tglrn+3, s)

g{n+h, s)

lval

Lo SR o

© g{n+3,

© gl{n-3, 1-

B4+ C D

s) + G(k,n,s)

{n+tm)/ (2n+1)

gln+2, s)
gln+t. s)
gln, s)
gln-1, s)

© glne1, 1-5)
© gl{n, i-s)

© gln=1, 1-5)

© glp-2, 1-s)

5

)]

- gln+z, 1-s) + A + G(3,n,s)"

P
N
o~

o

- G{2,n,s)

- Glh,n,s)

(BL)

(BS5)
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@
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iil  SATELLITE ORBITS

A TIDAL PERTURBATIONS

Summary. |t was very early concluded that only zonal variations
of the earth's tidal properties might have a significant effect
on orbits. Hence effort was con;entrated thereon, with the
principal results summarized below.

Tidal disturbing functions were developed in which the
amplitude factor k and lag angle € are expressed as sums of
zonal spherical harmonics. |

In regard to the current evolution of the moon's orbit,
the existence of a second degree harmonic in the lag angle could
make a significant contributicon to energy transfer to the moon;
‘it is unlikely, however, that it has an important effect on
the overall time-scale of the orbit evolution. |

| f the moon formed in an equatorial orbit about the earth,
tidal friction could do nothing to incline the orbit. Once
the orbit was inclined, tidal friction could increase the in-
clination further if there was a commensurability between the
earth's rotation and the moon's revolution.

Latitudinal variations in tidal properties would have ap-
preciable effects on close satellite orbits. An appreciable
second degree harmonic in the phase lag is needed, however,
to reconcile the available data with the rate of the earth's
rotational deceleration. Further progress requires satellites

free from surface force effects.




Introdu ;ian

As has been established by various studies in recent years,

integration of the moon's orbit back in time under the influence

J—

of tidal friction with the dissipation factor 1/Q inferred from
observations of lunar & solar motion bring the moon close to
the earth only 1.0 to 2.0 x 10° vears ago (Gerstenkorn, 1955;
MacDonald, 196L4; Goldreich, 3966)u Furthermore, at the cliosest

t has

[y

point the moon's orb

[z}

an appreciable inclination with res-

pect to the earth's equator, which would rule out a fission

. Goldreich (1966) and Munk (1968) sugg@sted, however ,

gi

=

or

than an asymmetric tidal response of the earth may have had

.

a significant effect on the orbital evolution of the moon.

Addttlonai data which have recently bean develoned use
the effects of tidal potentials on artificial sstellite orbits.
Kozai (1968) analyzed perturbations of the inclination of three
satellites of 33° to 50° inclinaticn. He obtained Love numbers
ko varying from 0.23 to 0.33 with uncertainties less than + .03,

. o

and phase lags from 0° to 9° with uncertainties of + § to 7°.

-

Newton (1968) snalyzed perturbations of the node and inclination

of four polar satellites. He obtained Love numbers kz; varying

g
from 0.28 to 0.4k with uncertainties less than + .03, and phase
tags from 0.7° to 2.5°, with uncertainties less than + 0.89.

Newton emphasized that there appeared to be significant rate-

dependence of both amplitude and phase angle. However, we still
might hope to explain some of the differences among artificial

- N . - a e O
satellite analyses, as well as the discrepancies from the 2° - 2.5°
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lags inferred from the deceleration of the earth's rotation
by an dsymmetric tidal response: i.e., one which is s function

of location within the earth.

Development of Disturbing Function

Let the disturbing function of the sun or moon be repre-

1

sented in terms of the Kepler elements of the disturbing body

-

and the spherical coordinates of the point of calculation of

the potential (Kaulas, 1964):

= By (% r- P ino
u L “Zm “impg %m{s no)
L,m,p,q
{" e 'fz""m evar { 3
S Nd 1.
‘ co Vg - m{A+8) (1)
sind, : Lm 28
“i-m odd mPa

where r, ©, » are radius, latitude, and longitude respectively;
9 is the Greenwich sidereal time; Pém(s?nm) is the Legendre
i

Associated function; and

ks = ] . = Fid
Cimpg T gt Famp(17) CGrpqler) (3)
v = (L-2p)w* + (L=2p+q)M* + mib (8)



where G is the gravitational constanty m, a*, e¥, %, My, wr
¥ zre the mass and Kap%erveéements cf the disturbing body;

and F, (1%} and Gfp (e¥) are polynomials as derived by Kaula

Now, recgardless of the nature of the tidal respconse of
the earth -- oceanic, bodily, or otherwise -~ so long as there
is no significant non-linearity {(i.e., tidal terms interactin
with themselves or other terms), then the tidel potential at

the earth's surface r = R can be written as:

L-m eve
O-lu m aveaen
irld

T iem odd

r . i £
Wihmpe ™ s&npq(qa, A - om{a+0) 7 (5)

i

We shouid expect the Love number ké($, A} and phase la

eﬁmgq(@’ A) to be rather smoothly varying functions of position,
and hence representable by spherical harmonics; this would cer-
tainly be true of that peortion of their effect which would affect
satellite orbits. The full development of Eg. (5) would involve’
products of tesseral harmonics, and hence would be most con-
veniently done in complex represent aiseng atong the lines of
Section i1, p.60. But a fiarly elementary consideration shows that
any longitude-dependent part of the product k ”iw g will have

. ~3

its effect on any orbit "averaged cut" by the earth's rotatios
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Hence for the purpose of orbital analysis let us assume k, and

G&mmq te be functions of latitude only, which allows us to retain

a real representation:

k% = ??%%h Pho(sinw) {(6)
h
and o
™= T . § ~ A
“mpg T L Crn(impg) Prolsin®) (7)

r

e

In derivations where the frequency dependence of € is not being

emphasized, we shall drop the argument ({mpg) -

5.

if it is assumed that all the N

{ .y
si n\a 1, then the tidal potent

are small enough that

ks

mpq) ial at

the surface can be written:

'S ) )
T(R) = L K'impq "Lh Pho(szn@p) p{,m(SinQ@)
Lmpghn
[[crs? o evan{‘vm o 9)}
o LLS}V&J d° &mpq
. . yi-m even i
. sin ] . RN
+ € P (ssn@){m . {v§ - m{ A6 ;i
n o no cosd ;s odd impg {j

P

s



where

= r” BY_ 4 9
K&mpq R B&m C&mpq (3)
The product ?£m(@in®) Pjg(ginm} can be converted to a sum:
Lt
PemFic ™ & Q%jkm Pkm (10]

Values of kajm are given in Table 1 « Applying Eq. {10) to
{3 .

all products in Eqg. {(8) allows us to write the tidal potential

T{r) at any radius r > R as:

.
TleY = ir ~
A l “Empa T4h <Lhkm
Zimpghnks
bt L-m
B a o) g - o)
AN Prm dad L ZWDq B
WS+ 1 .o ~Aemoeven 3
* oy Qk“3m<§) {j;g;} V?ma . m(%+9)f
. Piceind v d - {,_m Odd - q .

Using the usual conversion from spherical coordinates to Kepler

elements of the perturbed satellite orbit (Kaula, 1966, p. 37},
At 1
_R_) 2 {CC’.:;
<r (ssn@) n[m
AR % ) -cgs : sin}
- : V,"Ti_} _} C:i . ? Vg
- 19 - aven (2-m) odd

N .
. ivfxmpq - m?j ]



TAEBLE | FACTORS FOR PRODUCT TO SUM CONVERSION

OF LEGENDRE ASSOCIATED POLYNGMIALS*

P%m Pno = EzQénkm Pkm
k
Lomon Urnom Ynim Unom %nsn Uinten Qepoo b
2 0 0O 1
2 0 1. 2/'5 3/5
2 0 2 1/5 2/7 18/35
2 0 3 9/ 35 L/1s 10/ 21
2 0 L 2/7 20/ 77 57171
2 1 0 1 '
2 1 1 3/5 2/5
2 1 2 10/ 21 S/ 35
2 1 3 -9/ 35 /15 L/ 21
2 1 L - L/ 21 3/77 5/33
2 2 ¢ 1
2 2 1 i/5
2 2 2 ~2/7 3/ 35
2 2 3 ~2/15 1/ 21
2 2 &4 1/21 -6/77 1/33
3 0 0 1 ,
3 0 1 3/7 L/ 7
3 ¢ 2 9/35 L/15 10/ 21
3 0 3 /7 L/ 21 18/77 100/ 231
3 1 0 i
3.1 1 L/ 7 - 3/7 .
3 1 2 18/ 35 /5 2/7
31 3 2/ 21 9/77 50/ 231

*Neumanrn or Ferrers type:
S’t"m" Zte

- t ‘0__13
P%m(cose) = sin'B ?’ (1)~ (24-2¢) 1 o

. 2t (a-t) 1 (Lem-2t) )




we cet

- . . T s . 5 (z b M
fc simplify, let us substitute k%e)H for Hph en ansm'

then we can write

k+1
i . (B
T = L. k&mpq(a) Tl (1) GPJ 9( U him

T

_(k-1) even (k-1)

-sin
”%1{( 1) srmf <k e)h{( })m;ox)(

{(k=1)odd

Vimig ~ Vimpq)

For analysis of the moon's corbital evolution, we require

(1) zero rate:

\'zk - v =0, | (15)



or, from Eq. (&),

Fo=d(ke2) ¢ op (16)

(otrt erp)7T
and (2} small Y“damping' factor \ax® a” , or

Lk = 20, 22, 24, 33, or L2 (18)

o~ -

The combination 31 for 4k is excluded because a first degree

.
H

o

harmonic would represent a shift of the origin, the es

-t

)

center-of mass. For lunar orbit evolutidn then let us write

T=Tp+ T, 4T,

where

T - ;“e K (B}.\) - . . . “*‘»\\
o . 20%1g\a 000 "00q “~2h00 "201hg
gh )
;
(R)’ ‘i
T = [JRAY n . i 1
o §: g'<‘2n';v;;e:3\a> F-Zmp Gzpq Q?th 1"22m,r;%“:c; &%(?9
qhmp : ‘ _ {
N \
v / 7 - ‘(z §
Tlt = K P \ 5 - § 0 G
) . mpo\a (6=24)mj “2jq
=2 qhmp
/’
Q(é*%}uﬁm b(6**‘}?mmhq ///




Qo) sin) |
- € -
“Lh €08 (< >h S\ Mkmj g

and j is related to k, 4, and p by Eq. (16).

N
te }
impg /

For analysis of tidal perturbations of artificial satel-

lites, we require (1) no short period terms, or
g=2j -k
!/ ol '5-% T

-1
and (2) small “demping’ factor \a% >' or

b4

Eg. (14) thus becomes

)
i

k41
Yok, (B R 6 0
. Zmpg\a kmj Vki{2j-k) “2hkm
mpghkj

o I
Jf cos 5 k even f 3 i i
E g + (k)

hi(-1)™ cosJ

(20)

(21)

k ever

Values of the amplitude factors Kfmoq and associated rates

*

S

\’b‘?z & i i t *
Smpg @€ given in Table 11



TABLE t1  AMPLITUDE FACTORS OF TIDAL TERMS
"Planetary’ units: tength 6.37 % 10° cm, mass 5.97 x 10°7 ¢
time 806.8 sec.
MOGN SUN
tmPa “impa “smpa -
2 0 0 -1 632 . 1o 929 . 107
¢ - .229 . 10°% - 1y 107°

I A R T Y BT
t -t - 122 . 107° - 180 . 10°°
To- 123 .10 - 180 . 107°

2 -1 - JL4O . 10"° - g5y . j0-t°
0 - 229 . 10°% - 111 . 10°°

i 632 . 107'° 929 . 107"
2 1 0-1 - 122 .10"% - .i80 . 10°°
0 T B T 213 . 1077
1 .852 . 10°° 125 . 107°
1 -1 - .350 . 107® - .5i5 . 1g°°
O - 427 L1077 - L20%k . 1077
T - .350 . 107® - .515 . 10°°

2 -1 - .365 . 10°° 550 . q10mt°
0 - .189 . 10"° - 521 . 1p-°

1 525 . 10°*° 774 . 107t
2 2 0-1 - .58L . 10"% - .859 . 10-°
0 212 . 107° 103 . 10-°
1 Log . 10”7 606 . 107°
- 1 -1 153 . 107" .223 . 10°°
0 186 . 077 .888 . 10-°®
1 <153 . 107° 223 . 1077

2 -1 .63k . 107 112 . joTie

0 393 . 107° .190 . 1072

1 - .109 . 107*° 160 . 1072 B




Effect

on Lunar

P

Orbit

Evolution

0f the terms Iin

eani s ause V is zero.
meaningless because oopg 1S zero

gives
- l";*a" .
larger than &20?-1

expansion of a/r, or

8 non~zero Q. oq is 2.
-8

(19}, those with {tmpg

GOO% is the

Writing

evaluating Qysqq from Table | we

To

From the Lagrangian planetary equat

(dropping asterisk

Cm“r 3

“LZSin t

s . .2 3Tg
o na oM

36

TO0na2R\a

and

Gm Ze(R\
na? GR\a/

e (RYS

Kz o

after differentiating To):

= 2010 are
The lowest value of h which
From Table 11, KZG?? is appreciably
coefficient of cos M in the
out the parts of KZG?? and
get
lu} {—3 e g_z 33,«:1 —}
?.J LZG ?6(’ Fooe e q‘J
22CO08 = uzo egsan) (M“;‘ﬁ‘) (23)
ions~of-motion, we get
37, 2 ,] r3 27 = . u
= - % 2e 4 L& e . 5 €
LTsint N Iy S jlkoes)
€, (24)
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3Gmre /RO ‘ :
m¢~13 ‘T\J) ¥oo €2 {25)

o "

eccentricity of the moon's orbit with a variation of the tidal
dissipation in the earth which is symmetric about the equator.
Since the earth's rotation is not involved, there is no angular
momentum transfer: only energy transfer. Eqg. (24) states that
if dissipation is concentrated near the poles in the earth,

oncentrated

[
73
O

the moon will move away faster; while if
near the equator it will move away more slowly. Eg. (25) is

merely consistent with conservetion of angular momentum, or
Lo a1

a?(1-e")%.

Putting in numbers, we have for the present lunar orbit,

from Eq. (24%), in planetary units

~a
N
et

ég = 7008 x 107 o0 62(7633) (

From Eqg. (k1) of Kaula (1964},
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P . ~ -
= 0.97 = 10 2o &G<ZZGO§ {/!)

fhe frecuency {in an earth reference frame) for dmpg = 2200

is about 55 times that for impg = 2011. Hence, since a sig~

nificant part of the tidal dissipation is in the oceans, probably

Furthermore, we would expect €4 + €,F, to be greater. than zero

everywhere, so probably

~2o (2011) < €5(2011) < 2¢5{2011) (29)

Thus it seems unlikely that the effect on the lunar orbit

evolution of non-uniformity of dissipation can explain the dis-

rerred from lunar & solar motions

o
=3

crepancy between the lag angle |
(most recently by Curott, 1966) and that from artificial satel-
lite orbits by Newton {1968). Since ﬁ“/& is positive, for non-

uniform dissipation to explain some of the discrepancy its

oo

contribution to ﬁ@ should be negative and hence 2, should be
positive, corresponding to a predominance around the poles
(see Kaula, 1963, p. 197).

The most significant result of Goldreich (1966) was that i

dissipation has been uniform over the earth's surface, the

. - . - . O
inclination to the equator could never have been less than 10



within 10 earth radii. Goldreich suggested that

strong local

dissipation in a few places in the earth's oceans or crusi may

lead to unanticipated deviations from his results. No matter

how "local! was this dissipation, and no matter how close the

-H

the main effect

moon , on the orbit must be expressible in cpheri-
cal harmonics == just as is the case for satellite orbit per-
turbations by gravity anomalies fixed in the earth. A faster

rate of rotation such as prevailed early in the earth’s histor
would make this all the more true.

b

3

For the inclination to be changed by the distur

£ o I § oo H Ll [— ce 1Y 4 - £ ‘
of Eq. (19}, the combination Fomp kangk z;;eoz { m csc |
must be non-zero {see, e.g., Koula, 1966, p. 40). For | = 0,
H -~ | el - . ‘ar'. bR Ty ‘&_ I §'~
this neaver occurs: F£mp kaj contains a noa-zero factor only
£ o)

Py N - -”4—-»' oo 1}5 /,_rrq ;» -‘-‘ ] s S ‘;)‘ . y N- A]} A%:
for m = k-2j if m= k-2j, §%mp ?KmJ is at least order | , Of

which goes to say that pureily iatitudinal variations in tidal
properties can do nothing te wrench the moon out of an equatorial
is necessary is an interaction such that

orbit. What

0

=~

[(k-2)) = (=20) | (i) % (s7m) (0-8) (30)

with s # m: i.e., @ resonance.  To maintain such a resonance

long enough to have significant effect, /9 must have about

equaled n/9, where n is the mean metion, related to u = G(M+tm*)

by Kepler's third law,
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Fron conservatiton

RN

oo

S = Pioe
s I o 28 «afa - "
£h = -'—?;3";";'3\ e R f“v, A {35}
where C is the earth's moment of inerties, or
. 4% dre =Y =203 4f3
/8 = 30T U g
- w1 w22
= 30m~ a
2 o
=~ 81/a (33)
for a in earth radii. lintegrating the moon back civse to the
earth gives a rotation period of about five hours (Fig. 9,
Goldreich, 1966), or 0.28 for 8 in the "planetary” units of
. s 2 L
radians/807 sec. Setting n as equal to 0.28 x 8i/a° and equating
1 H v
it to n by Kepler's law {Eg. (31)), we get an absurdly large
semi-major axis a. Hence it seems unlikely that any longi-
tudinal variation in tidal propzrties ever had a significant
effect on the lunar orbit. This holds true even for non-
linearities in the tides, since in Eg. (30) the tidal harmonic
ks now has a completely independent specification from 4im.

The next, more desperate, possibility is that an irrequ-
tarity in tidal properties wouid affect 1 so much in a direction
counter to the central tidel term as to hold the moon at &
resonance point where its inclination could be changad. A
situation micght have existed which is mathematically similtar
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to that of Mimas and Tethys, with a

[
o R
o)
o8
)
[ta]
¢
L

aking the p
of the inner satellite Mimas. Howsver, the freatment of Allan
(1968) indicates that the inclirations must have been non-zero
before these satellites b@came>c@up§ad, and that the subse-
quent increase in the inclinations depends on a factor of
order 7.

We thus seem to be forced back to the conclusion that at

least part of the moon was captured. The interesting question
then is how small a portion of the moon needs to be captured,

o

taking into account that resonance with longitudinal variations
in tidal properties may help to further feed the inc%ihat%cﬁ»
Since the mixed capture~fission hypothesis would involve seve-
ral more ramifications that either theory alone (see the dis-
cussion & conclusions of Goldreich, 1968), 1t seems appronriate
to defer further consideration thereof to another paper.

in regard to the time~scale problem of the lunar orbit
evolution, the conclusion of Egs. (26) - (27) that latitudinal
variation in tidal lag can account for only a minor part of
the current evolution indicates that it was of even less sig-
nificance in the past, and hence a less important effect than

changes in the extent of shallow seas, as suggested by the most

recent paleontological work {Panella et al., 1968).

Effects on Close Satellite Orbits

We wish to examine the bahavior of artificial satellites

of small a/R under the influence of the distur

lon
3
En}

-t
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e




in his analysis, Kozai (1968) determined k and ¢ from the

perturbation of the inclination 4! of argument Q. Hence he

uao{COs =€g sin) (0=}

P

Newton (1968) determined k and € from the perturbations

)

‘of inclination A1 and node 40 with arguments containing O and

-~

P P TP S R P U T P ST SR S
20. He obtained the lunar and solar-orbit dependeni Tactors

-

by numerical integration, which would be equ

all 6 terms m = 1,2 and p = 0,1,2, with ghkj = 0021 in Eg.

.«7"‘\
-,
1

* nao{cos ~€g sin) m(0~0) (

»

Since the peri

araoument @ is

[s}}

©

R

w

functions (34) and (35), odd zonal wvariations h = 1,3,5 ... .
in k; and € could not have given rise to perturbations of the
same perzod as equations (3L4) and (35); only even variations

h= 2,4 .. . Hence in the expressions for perturbaticn of

L

Lad

i
.

(oal

bsent from the disturbing

R



bt {dependent on 3R/20Q) containing the Love number k we can
make the substitution
S N2 /gk! \Z Sﬂ l’*“?
jw] N -
L)Y F - = <E
Ka) 2m1 CZ?O}k eﬂ £, a) kak/X Ck(k/2>0
G ) kn
T,
- 0 ﬂ “2h | )
2hkm}<P €) }', (%b)
(+ e h)

m = 1,Z2; h,k even

and in the expressions for the perturabtion AN (dependent on

3R/ 51), the substitution

e A ) .ot =
(8 w1, JFal_ Y@ iz
a at "210, { a 2 kik/2)0
L%0%)  k,h
(o
<
{ -
©Q , {37)
2hkm (kga)h {

ot m= 1,2; h,k even
Let us define

k+1
R\ a
b = Z <a> Frmik/ 2 Cktk/2y0 Lhkm (38)
K

and

!

-: - H : a0
Jhm - “Jhmfa{ (39)




Kozai (1968) used satellites of essentislly two specifi-
cations: a/R = 1.30, | = 33°, e = 0.16; and &a/r = 1.22 + .0k,
b = 48.6° + 1.5°, e = .01. Newton {1968) used satellites of
one specification a/R = 1.157 + .016, | = 90.2° + 0.3°, e < .008.
Values of i corresponding to the m values of terms used in

these analyses are given in Table {i}.
in Table |V are summarized the results obtained by Kozai
and Newton. Newton's values for k and kb are based mainly on solar

erturbations and are conbinations of values ranging from 0.31
. . o/

€]

to 0.38 which are weighted inversely proportionate to their
radiation pressure perturbations. In combining Koza%'s values
for his 47.2° and 50.1° inclination satellites we have utilized
a similar weighting: 1/.27 for the 47.2° (ECHO 1 ROCKET CASE)
and 1/.07 for the 50.1°% (ANNA 18). {n defining the lag angle
we have accepted the Darwinian assumption, used by Newton, that
it is proportionate to frequency: i.e., ¢ = & for m = 1 and
e = 28 form= 2. |

vie also have included in Table 1V the lag inferred from the
earth's deceleration, using the rate derived by Curott {1966).
It appears in the column kié’ since it depends on aR/ =M and

the tmpg = 2200 term is dominant (Kaula, 1968, pp. 198-203).
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which is even more implausibie.

ppplying Egs- (40) ~ (41) to the close satellite data in
Table |V we get as cobservation eaquations:
-3 PN ’ \ ~ -5 ate
(‘ .310, ~ 086, 4 .0L2 \ (%:;‘0 »(ug&)@‘} (” 0867, 0000
i ]
~j - h29, - 20hL, 4 0926 ] / - L1072, - O1RS
. f\%zp ?‘:L}i-gé.}'“‘}:;l e
\  .986,  .155, - :3041/ (v 337, .0053
| . /
| -986, - .008, - Lxsj Qw_g.,ﬂﬂ,(mé}‘,i/\ + . 346, 0073
Which vield
ke = .372 - 280 Pye ~ 013 Pyo (&3)
(ké)z = .006 - 093 Pye ~ 079 Pag { &ele)
The large ups of - 240 makes significant terms x;hang when
both h and n are non-zero, appearing in Eq. (13). If we let
) 5, = (kb ks
E Unio #22 Son = ¢ ) ok (55)
L,n
we get
by = 003 - .028 Poo - .263 Pio, (L&)



e

LN

° o ) By . t . -
rn alternative procedure would be to use HNewiton's data
alone for mme and wze, and then use Newton’s data with the moon

faor (k&)ze, (k8)zz, (Kb)os. We get
ky = .351 - 055 Pz , ( 47)

(k&) , = 0’3?2 - 0121 Poo - 0004 Pyo (4L8)

and
ég = .0ig5 - .033?.920 - -0628 PQQ {ng
Eq. (L7} is much more reasonable than Eg. {43), and E£q. (L9} is
somewhat more rcosonable than Eg. {50) . Physical necessity recuires

only that dz¢ is positive; the existence of ocean tides makes it
possible that one of the zornal coefficients cen be larger than 6.

Eqg. (49) says that beyond the latitude where Pze is 0195/.0331, 58°%,

phase leads should predominate over phase lags in the tide meter

readings. A statistical analysis would be worthwhile. A major
effect by ocean tides would invalidate the Darwinian assumption and

make it impossible to extrapolate any inferences to rates other than

3
3
i
c
i
-3
A
o.
4
-
=3
o}
5
e
o
oy
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=
3
o
=2
r
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~Z
-3
0
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L

e which Eq. [(26) sug-

gests might be important in lunar orbit evolution.

P

With the data on hand we get only a tentative indi

-0

ation

[

udinal variation in the earth's tidal pro-

Q
-
0
S
=3
~t
o)
o
3
-
v
I
o~

certies. But it is certainly a goed enough indication to war-
h

rant further effort in two directions: (i) the
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( i)
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o

pensate for any surface forces determine long-

periodic (fortnightly or more) variations in the orbit; and

(2} the transformation of tidal models of the earth to a form

1

compatible with the potential of Egqs. (13) or (14).
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Summary. Because of the characteristics of close satellite

t
orbit dynamics and orbit determination from ground tracking,

«

spherical harmonics will continue to be the most suitable repre-

sentation of the main part of the gravitational field inde

However, qualitatively different satellite measurements such

o0

as precise satellite-torsatelllite tracking; rader altimetry;
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and gravity gra
for the residual field. The significantly different spectral
response of these methods will minimize the ¢

« cn

might arise f

rom such hybrid representations.

introduction

Several recent developments raise the question of whether
spherical harmonic coefficients will continue to be the most
convenient way to represent irreqularities in the earth's gravity
field for close satellite purposes: the increasingly large
number of coefficients required to represent the field compatible
with current accuracy of tracking and variety of orbit speci-
fications (280 in the latest analysis by Gaposhkin [19697);

>

the great success of Muller & Sjogren [1968] in obtaining a

spatial representation of the gravitational field for the front
face of the moon; the coming of new technigues which will ob~
tain greatly increased detail, such as the radar altimeter

(Lundquist, [19671]); and the increased detail of terrestrial
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Kavla, For the purposes of th
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ations in the gravitationa

gravity constitute different transformat
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ificial satellites.

e largely restate~

several

e

ectrum of v

other means of measuring

. oo
oNs C7T Thls same

trum, and an optimum technique of combination musti necessarily
consider these differences.
The long-wave length part of the spectrum is succinctly

expressed by the rule

5%(V*}

[

G{” <
C&m’ £m

where 4 is the spherical harmonic degree and Eﬂm’ E{m are fully-
normal ized non-dimensionalized potential coefficients. The
asterisk on V¥ dendtes that it is non-dimensionalized. The

rule (1) was first suggested by f3963j and has been most
strongly con ed by Anderle & Smith [1968]. 1t is relisble

up to at least degree 4 = 15. For higher degrees,
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can be made from the statistical analyses of gravimetry (Ksuia,

L19591). 1t works out quite well that

L,
§
o*{oggi} - “2{’:‘95,}} = ) o {ad) (2)
A=4 . 41
j

where Agsi is the mean free air gravity anomaly for a square
. . - 2 . .
of side length Sy %i is h/sg, and 0, {ég} is the degree wvari-

avity acceleration

o
)
O
®
o
-
[
by
)

o)
=

o*;{fxg} = (24+1) 8,°

- et o) o

Estimates of 6,{v*} calculated on the assumption that separate

power laws k/&n apptied betwsen the 4's of 15, 36, 90, and

o

are given in Figure 1. The calculations are summarized in Tabl

An integral approximation was employed

\/‘3
-
4
I~
—
TN
o
LA,
..]L.
[ RIS
S
?
=3
'
TN
&
1
Nl
S—
-
1
3
| S

(&)

Satellite Orbit Dynamics

For analysis of satellite orbit perturbations using the
Lagrangian equations, the customary spherical harmonic repre-
sentation of the gravitational potential V is transformed to

(Kaula, [1966b1)



~ry

<
(-
o

L

e

(4) 7¢ 10 01 x (A}

Wy
1

LA 01 10

Sl BAL084GS W \M%W
WO_H i it i mm Om m N M
i { | H i
cl1=Pon ‘hopsserda pp Ol g 2 «
i i i i i
G 7 |
] i i
o/o “(1)7g
\’ ——
A
\’
v
.. 9
6¢1°1="0/p

SU0iIDgINjiag
S1poting Buoy

150'| = wsu\
SUOIDQANEISY 01POIIsd 1I0US

6¢1'1=%0/0 T
1%0"1=%0/0

siajow

Ol

20l

¢ 0l



00070 000 0
£20°0 000" 0
"1l £70° 0
067781 06 4
UW\EU m m...w U@m.w\ﬂtu .m.
& J o)

107 1="efe ggi-1="e
Ry, (v

ANy ALY
e U3

7000

go0 9o

90

[aM
-

9°9

7 .J,J
m;vg W
(A

ValdddS TVILNILO403D 40 NOTLVINOTIVD

0%
860~ &wio*

0 e
€l 0 €S

6'¢
9¢ 1 Z9¢

0 ¢l

u % L lebuw

c@\x . Mm<Wme Buiwnssy

€59¢

*1 3dvd

0gt

9Ll

<
(e
oh




’u':“‘i
Y o= L N <ae>
Lmpg O
Ff‘C Lem even (S NA-moeven -y
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t S ’ cost ‘mpg FJ{'H{, 2 impag
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Ul -m odd “Hem odd
where
& = (A-2p)@ ¢ (L-2p+alM + m{Q-8) (6)

Tlmpg

a, I, e, w, M, @ are Kepler elements; G is the gravitational

constant; M¥* and a, are the earth's mass and equatori

41
~3
0
Q.
=
1431

=

i
G%nh(é) are defined on pp. 34-37 of Kaula [1966b]. For analysis
A
using the eguations-of-motion in rectengular coordinates, a

form may be used such as that of Kaula et al., [1966]

Um"Zh 2h L-m=2t
’?/m 11 "‘?‘/i HH 2

(MY foqnh 'y
, (Zh) (-1) REVE: (7}

where the U%migs are rectangular coordinates referred to the
equator and the meridian of the meximum of the 4m harmonic
i
2

. o r 2 = .
nlitude | C S, " F the 4m harmonic; ai
Jém is the amplitude LQ&m + Sy of the 4m harmonic; and

r is the radial coordinate.

e



The principal reasons why spherical harmonics are useful
for orbit analysis are:

t. the gravitational field converges rather rapidly as
expressed by equation (1);

. the field demps with altitude as a function of wave-

[

tength, as expressed by the factor (a E

or (ae;r>&+? in equation (7);

3. the effect of accelerations upon inteagration to obtain

position is strongly

-

Q

function of the wavefength,‘\
gravitational anomalies which persist over a great distance
(such as those associated with ocean basins) are more important

than greater anomalies of smaller extent {(such as those asscciated

with trenches); this wave-number 4 related effect is more sig-
nificant than the damping with altitude mentioned above;

.

gravitational field

¢}

L. the effect of that part of th
not "averaged out' in a singie revolution is strong
onn the order m, since the time in which this ef
out by the earth's rotation will be about 2b/m hours (except
for near resonant terms);

5. any near resonances in the gravitaticnal field are

sharply isolated as a set of a few harmonics: for a sate

day, the sets: 4m, (L+2)m, (L+4)m, (4+6)m, ... , where 4 is

the odd wave number equal to m or m+i; (2m)2m, (2m+2)2m, {2m+ L) 2m,
k3m, {(k+2)3m, (k+&)Y3m, ..., where k is the odd wave number equal
if

to 3m or 3m+i; etc. In addition, the eccentricity of the

orbit is appreciable, there will be significant near resonances
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(24+3ym, (2mrid2m, {[2m+332m, (k+1)3m, etc.;
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6. the nature of gravitational perturbations of a satel-

Tite orbit is largely expressible as
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a. even deagree (4 even) harmonics always cause pro-

dominantly along-track perturbations, but for small eccen-

tricity {e < .05) orbits some odd-degree harmonics cause pre-

dominantly radial perturbations;

il
o
=
O
“i
o
Y
b
Iz
ay
3
(%

b. for a given degree 4, Tow inclinat

4

perturbed more by low order {m/4{ near C) terms and are insen-
sitive to higher order {m/4 near 1), while high inclination
orbits are sensitive to both; the overall magnitude is rough

proportional to ({+sin 1).

Based on actual partial derivatives times the &, of equation

a rough rule-of-thumb hes been derived for the m cvcles/day

P

perturbations of a close satellit

<

r‘R'

e orbit by a non-rescnant te

o

(.f)

eral harmonicg Cfm’ S&m

- ’g/ “‘}“ ?
N (fe Arm{sin | ijr .
&im{i} - (a > T i3m 2(-25-¢)

- {4(mod 2)} 3000 meters

P
£
e

There will alsoc be short-pericdic perturbations of k cycles

g

per revolution which for a satellite making N revolutions per

LS

day will be m/kN times as great. For a small eccentricity orbit,

k-4 is even, and k = £. In Figure 1 we have plotted the spectra

-

° « < . .
inclination €07, small eccentricity,

&

of é}, for orbits of

o
o3
“
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1-13% a_ {(1h revolutions/day) and 1.047 &, (16

&
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semi-major

-

ns/day}. Note that since a wave number 4 in the po-
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al corresponds to a freauency 4 cycles/revolution in terms
of the orbit, it falls more than an order-of-magnitude distant

,

from its principal perturbations.
in addition there will be resonant effects which are,
roughly
. 16D0N , .
Bres. (L) = & fpmyzmmeters (9]

with a period of 1/ [N-m{ days.

The essential succintness of expression of the gravitational
perturbaticns by spherical harmonics results in greater efficiency
in orbit calcul:c
[1966] in which the "real® gravity field was taken to be a set
of 184 15° square mean anomslies. A
semi-major axis, 0.2 eccentricity, and 46° inclination was inte-

grated using this field extrapolated by the formulae of Hirvonen

,..2

and Moritz [19631. Two approximations to this field were then
calculated: 1} the set of 42 harmonic coefficients through
tm=66; and 2) the set of 48 30° square mean anomalies. The
orbit integrations using these two approximations differed less
{han 2 percent in the computer time required. However, the

cerror of the orbit integraticn USsﬂg the 30° square mean anomalies
grew to 600 méters in less than § hours Orbst time, while ths
error using the spherical harmonics never was greater than 20

meters. F?a'e%y, the area means failed to represent well some




significant long wave effects on the orbit which were precisely

sorted out by the harmonics.

o

al triangle formed by the equator, orbit,
i gle formed by the equator, orbi
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Q
<
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®
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¢
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and tracking station meridisn, we get that the principal argu-

t
ment of the gravitational perturbations, 0-8, is a function of

quantities essentially invariant, %, |, and @

-6 = & - cot™ (+/tan?1 csc?@ - sec”|) (10}

stations which does not give a

variety of values for a particular m{0-8) will yield a weal

Variety of orbital specifications is the only way of overcomin

the ambiguity arising from the fact that the same angular arqu-
pertains to several harmonics dm. The lack of

ment m{O-8)
adequate variety has resulted in some harmonics 41, £2 being
less well determined than higher orders of the same degree such

as L4, £(i-1) because of the much greater number of terms sharinc

Sk

3

the lower order periodicity.

.



New Observational

v

Technigues

The technigues of measuremen
to be developed in the near future

satellite~to-satellite

a synchreonous and close satellite.

by both these techniques is a much

t which appear most likely

are radar altimetry and

Doppler tracking, most likely between

The advance represented

more detailed coverage of

the orbit, rather than a greater accuracy-

A sateilite

o

sea level almost directly preport

potential, of course.

precisely, the gecid -- has a

T
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te that of the potential a

in Figure 1

There will be a
but 1t would not be magnified in
Sate

variations in one component of

Velocity is the

potential is the integral with res

Hence the velocity spectrum will

the potential at
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This spectrum 1s elso shown in Figure t for afae of 1.139 and
1.0L1

The total error of recent determinations of the geopotential
by satellite orbit analysis is on the order of + 15 meters,
in terms of geoid height. The equivalent error in ciose satel -

H

tite velocity is Yfae times as chh, or about + 2 cm/sec. An
altimeter with an error small compared to +
satellite-to-satellite range-rate system with an error small

compared to + 2 cm/sec, would yield an appfecs ble increase in
our information about the gravitational field. There is no
doubt that accuracies an order-of-magnitude or more better than
these values are possible; the main limitation on both

h
niques is the expense of the weight, power, and reliability

required for the sateilite-borne systems.

The Improvement in determination of the gravity specirum
obtained by one of the new techniques will depend, of course,
on the error spectrum of the te chﬁaque. For both systems data
points at 10-second intervals -~ commensurate with reasonable
power and data storage requirements -- would be essentially

uncorrelated. 10 seconds in orbit is eguivalent to zbout &L

. . r
at the earth's surface. Uncorrelated altitudes with error Uih}

and spacing s over the entire earth urface yield an error
Oi(ﬁﬁ) a normalized potential coefficient Eﬁm or S, of
, 4,
. i)
,m-( ér g
o4 h { ] i
6{{Q7‘ } - L J %] :J - g {(5,;
. =3 -7 « {4
de 5;%! ae i
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For s=hli km and A
valent to over & 200 degree harmonic by Figure 1. In actuality
however, small systematic errors will p

resciution of detail: in particular, atmospheric refraction

Manner of Representation

-

We trust the spectrum shown in Figure 1 makes it evident
that the'variations of the gravitational field look radically
different in their effect on a satellite orbit than on a de-
vice to measure potential directly. Hence if the altimetry
or the satellite-to-satellite range-rate is used to determine

the orbital constants~ Of“!ﬁLledt!Oﬂ and the lower d

D

gree spheri-

cal harmonics over a span of, say, one dey, the residuals in

altitude or range-rate should give the shorter waveiength varia-
tions with negligible distortion.
The drop~off of the range-rate spectrum with respect to

the surface potential, particularly for 1hﬁ aja of 1.139, indi-

&
cates that the orbits should be as low as possible, and hence

instrumented with the drag-free capability. 1In addition, if
the occeanographer's aspiration of distinguishing mean sea level

.

from the geoid is te be attained, then a more sensitive msans

of distinguishing gravitation from geometry at the satellite

might be required either a satellite-borne gradiometer, or
extrapolation of surface grevimetry to satellite altitude.
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Given that a separate mode of representation for the ali
tude or Doppler residuals is feasible because of the signifi-

Iy

cantly different spectral response, there remains the guestion

£ b N TS RPN O R 1 e i lve NS T
of whether 2 more elaborate representation such as the poly
9 ¢ & - 3 o 1 “ (o3 - . o

nomials prepesed by Lundouist & Giacaglia 19687 is appropriste.

The elaboration of spherical harmonics Is justified for orbit

them highly selective in their response to the varistions of
the gravitational field, as summarized by equations (8) and
(9) . Butr the altimeter and Doppler range-rate essentially ob-

serve potential direct

e -
1 i Y e 8o PP BV .1 £ ] - H
Hence the physics which would justify o special representation
L) L. fy o w3 g g 2 e, ~ U4 ¥ ~
would have to be that which ganerates the nsity irregularities

1

causing the geopotential wveriations.
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pose of the entire analysis.

in conclusion, we can say that a change from the present

)

.

representation of the earth's gravity field customary for satel-
tite orbit analysis of spherical harmonics will be justified
when qualitatively different systems of observation coms into

. Ve can further say that the likelv new systems
come close to measuring potential directly, and hence are sc

different in their spectral response tha
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in the form of residuals with respect to a referance




model . Furthermore, their lack of selectivity makes a more

elaborate representation of dubious value.
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