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i 1. INTRODUCTION 

Because   o f   the   s t rong   in f luence  of  elastohydrodynamic (EHD) l u b r f c a -  

t i o n  upon the f a i l u r e s   o f   h e a v i l y   l o a d e d   r o l l i n g   c o n t a c t s ,   t h e  EHD problem 

has   r ece ived   cons ide rab le   a t t en t ion   i n   t he   pas t   decade .   Comprehens ive  

review  of   the  progress   on EHD up t o  1965 was  made by Dowson [l] and 

Archard [ 2 ]  and  more r e c e n t l y  was covered  by Mcgrew e t  a1 r3]. 

For   the   mos t   par t ,   the   emphas is   o f  EHD, i s  s t i l l  on t h e   f i l m  

t h i c k n e s s   l e v e l   a n d   t h e   f i l m   t h i c k n e s s   d i s t r i b u t i o n   w i t h i n   t h e   c o n t a c t .  

On the   ana ly t ica l   s ide ,   there   have   been   f i lm  th ickness   formulae   deve loped  

by  Grubin [ 4 ] ,  Dowson and  Higginson [SI, Archard  and Cowking [ 6 ]  and  Crook 

[7], and Cheng [8i. Wi th in   the   range  of moderate  speeds and loads  (below 

500 in/sec  (12.7  m/sec)  and  100,000 p s i  (6.89 x I O 8  N/m ) max. Hertz  

s t r e s s   f o r   s t e e l   c o n t a c t s ) ,  and w i t h i n  a l imi ted   range   of   p ressure-  

v i s c o s i t y   c o e f f i c i e n t s ,   t h e s e   f i l m   t h i c k n e s s   t h e o r i e s   h a v e   b e e n  shown 

t o  agree   reasonably  w e l l  with  the  measured f i l m  t h i c k n e s s  by  Crook  [9], 

S ib ley   and   Orcut t  [IO], Chr i s t ensen  [ll], and  Dyson, Naylor,  and 

Wilson [12]. The good agreement   between  the  above  theories   and  experi-  

men t s   has   l ed   t o  a wide  acceptance  of  using  Dowson-Higginson  type of 

f o r m u l a e   t o   p r e d i c t  EHD f i l m   t h i c k n e s s e s .  

2 

For   h igh   l oad   and   h igh   speed   ca ses ,   t he   p red ic t ion  of f i l m   t h i c k n e s s  

by  using  Grubin  or  Dowson-Higginson  formula i s  g ross ly   i nadequa te .   Th i s  

fact   has   been  demonstrated  by  the  f i lm  thickness   measurement  by 
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Kannel e t  a1 [13]  using  the  X-ray  technique. The X-ray d a t a   h a s  

c o n s i s t e n t l y  shown that   the   dependence of t h e  minimum f i l m   t h i c k n e s s  

upon  load  under  heavy  loads i s  f a r   h i g h e r   t h a n   t h a t   a p p e a r e d   i n   t h e  

Dowson-Higginson  theory. 

Several   explanat ions  have  been  suggested as t h e   p o s s i b l e   c a u s e   f o r  

discrepency  between  the  measured  f i lm  data  and t h o s e   c a l c u l a t e d  by t h e  

i so the rma l   t heo ry .   These   a r e :  1) t h e   h e a t i n g   e f f e c t   a t   t h e   i n l e t   r e g i o n ,  

2) t h e   i n a b i l i t y  of t h e   v i s c o s i t y   t o  ar ise  with pressure a c c o r d i n g   t o  

t h e   s t a t i c   p r e s s u r e - v i s c o s i t y   e x p e r i m e n t   d u r i n g  a s h o r t   t i m e   i n t e r v a l ,  

and   3 )   l o s s   o f   v i scos i ty   due   t o   h igh - shea r   r a t e  a t  high  speeds.  

The i n c l u s i o n   o f   h e a t i n g   e f f e c t s   i n   t h e   G r u b i n - t y p e   i n l e t   a n a l y s i s  

has  been  examined  thoroughly  in a r e c e n t   r e p o r t  by  Cheng [ 1 4 ] .  me 
thermal   ana lys i s   can   account   for  a major p a r t  o f   t he   l o s s   o f   f i lm   gene r -  

a t i n g   c a p a c i t y  a t  h igh   speeds ,   bu t  i t  f a i l s   t o  show the  high  load-dependence 

as o b s e r v e d   i n  X-ray data .   Consequent ly ,   fur ther   work is needed i n  

d e t e r m i n i n g   t h e   e f f e c t   o f  a r e d u c e d   p r e s s u r e - v i s c o s i t y   c o e f f i c i e n t   a n d  

t h e   e f f e c t  of a shea r - r a t e -dependen t   v i scos i ty  upon t h e  EHD f i l m  

th ickness   format ion ,  

The e f f e c t  o f   r educed   p re s su re -v i scos i ty   coe f f i c i en t   canno t   be  

examined  by  the  existing  Grubin  or  Dowson-Higginson  formula,  since i n  

both  formulae t h e  assumption  of a h i g h   p r e s s u r e - v i s c o s i t y   c o e f f i c i e n t  i s  

r e q u i r e d .  To develop f i l m  t h i c k n e s s   d a t a   v a l i d   f o r   c o n d i t i o n s   a p p r o a c h i n g  

i sov i scous   ca ses ,  i t  i s  n e c e s s a r y   t o   e x t e n d   t h e   f u l l  EHD s o l u t i o n   t o  

regions  of  high  loads  and low p r e s s u r e - v i s c o s i t y   c o e f f i c i e n t s .  Such 

has   been   t he   ma jo r   ob jec t ive   o f   t h i s   r e sea rch .  

2 



/?f 11. Sll"ARY OF EKD FILM THICKNESS FORMULATION 

It i s  w e l l  known t h a t   t h e   r a t i o  of  the EHL f i l m  

I e f f e c t i v e   r a d i u s  i s  governed  by  three  non-dimensional 

t h i c k n e s s  t o  t h e  

parameters, t h e  

speed ,   l oad ,   and   p re s su re -v i scos i ty   coe f f i c i en t   pa rame te r s .  A survey  of 

all EHL f i lm   t h i ckness   fo rmulae  shows tha t   bo th   t he   nomina l   f i lm   t h i ckness ,  i 

i 
I ho,   o r   the  minimum f i l m   t h i c k n e s s  11 i n  a l i ne   o r   po in t   e l a s tohydrodynamic  

min' 

1 contact   can  be p u t  i n t o   t h e   f o l l o w i n g   g e n e r a l   e x p r e s s i o n :  

h 1 - 2 -  3 - = C G  U 
n n  n 

R 'h z 

where C i s  a c o n s t a n t  and n 1 y  n2,  and n are the  exponents   for   the  non-  

d imens iona l   lubr icant ,   speed ,   and   load   parameters   respec t ive ly .  The 

3 

dist inct ion  between  nominal   and minimum f i l m   t h i c k n e s s  i s  shown i n  

Fig.  1. Values  of C y  n  n and n based  on  analyses by Grubin [ 4 J ,  

Dowson and  Higginson [SI, Crook [ 73, Archard  and Cowking c61, and Cheng 

1) 2 3 

[SI ,  are l i s t e d   i n   T a b l e  1. I t  i s  seen   tha t   the   agreement  among v a r i o u s  

t h e o r i e s  i s  v e r y  goGd wi th   regard   to   load   or   speed   dependence .  

111. GOVERNING EQUATIONS 

R e f e r r i n g   t o  [l5], t h e  two coupled   equat ions   govern ing   the   p ressure  

and   f i lm   d i s t r ibu t ions   i n   an   e l a s tohydrodynamic   l i ne   con tac t   be tween  two 

1. The Reynolds  Equation 
-2 

2. The E l a s t i c i t y   E q u a t i o n  

3 



In   non-di :aensional   form,   these  equat ions become 

dP 

dx 

F.7ha-e the non-d imens iona l   var iab les  are de f ined   i n   t he   Nomenc la tu re .  

S i n c e   t h e   p r i m a r y   i n t e r e s t   i n   t h i s   i n v e s t i g a t i o n  i s  t o   e x t e n d   t h e   p r e s e n t  

EHD s o l u t i o n s   t o   e x t r e m e l y   h e a v i l y   l o a d e d   r e g i o n s ,   t h e   p r e s s u r e   d i s t r i -  

b u t i o n   i n   n e a r l y  a l l  of   the   contac t   reg ion   would   co inc ide   wi th   the  

H e r t z i a n   e l l i p t i c a l   p r o f i l e .   T a k i n g   a d v a n t a g e  of t h i s   f a c t ,  one may 

d i v i d e   t h e   p r o b l e m   i n  two p a r t s ,   t h e   l n l e t  a n d   t h e   e x i t   s o l u t i o n s .  The 

i n l e t   s o l u t i o n   d e t e r m i n e s   t h e   f i l m   t h i c k n e s s  level i n   t h e   c o n j u n c t i o n ,  

and t h e   e x i t   s o l u t i o n   f u r n i s h e s   t h e   d e t a i l s   o f   t h e   p r o t r u s i o n   b e f o r e   t h e  

f i l m   t e r m i n a t e s .  

N u m e r i c a l   s o l u t i o n s   f o r   t h e   i n l e t  as well as t h e   e x i t   r e g i o n   d i f f e r  

s l i g h t l y   w i t h   t h a t   p r e s e n t e d   e a r l i e r  [15] i n   o r d e r   t o  make p r o v i s i o n s  

f o r   v i s c o s i t i e s   v a r y i n g   a r b i t r a r i l y   w i t h   p r e s s u r e .  The numerical  

p r o c e d u r e s   f o r   t h e   i n l e t   a n a l y s i s   a r e   d o c u m e n t e d   i n   t h e  Appendix. 

Iv. DISCUSSION OF RESULTS 

Cons iderable   da ta   have   been   ob ta ined   for  a l u b r i c a n t   h a v i n g  a 

c o n s t a n t   p r e s s u r e - v i s c o s i t y   c o e f f i c i e n t .   T h e s e   d a t a   c o v e r  a wide  range 

o f   p r e s s u r e - v i s c o s i t y   c o e f f i c i e n t s   f r o m  a n e a r l y   i s o v i s c o u s   l u b r i c a n t ,  

CY 4 0, t o  CY = 10 i n  /lb (1.45 x 10 m / N ) ,  which i s  comparable t o  t h e  

c o e f f i c i e n t s   f o r   m i n e r a l   o i l s .  The load  range  has   been  extended t o  

-4 2 -8 2 
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maximum Hertz   pressures   equal   to  4 x 10 p s i  (2.76 x 10 N/m ) f o r  steel 

contacts.  Some typica l   runs  were a l s o  made fo r   l ub r i can t s   w i th  a 

composi te   pressure-viscosi ty   coeff ic ients ,  and fo r   t he   p re s su re  and 

deformat ion   prof i les   in   the   ex i t   reg ion .  

5 9 2  

A. I n l e t  Solut ions  for  O i l s  with a Constant  Pressure-Viscosity  Coefficient 

R e s u l t s   i n   t h i s   s e c t i o n  were obtained  for   the  most  commonly used 

v i s c o s i t y  model f o r  which the   v i scos i ty   var ies   exponent ia l ly   wi th   the  

pres sure. 

P = P0e UP 

For t h i s  model, da t a  were generated  for  the  speed  parameter, U, from 
- 

to   for   the   load   parameter ,  from 0.003 t o  0.012, and f o r  

the  pressure-viscosi ty  parameter, G, from 50 t o  3000. These r e s u l t s  are 

tabula ted   in   Table  2. 

- 
'hz' 

The e f f e c t  of the  speed  parameter  on  the  dimensionless  center  f i lm 

thickness , Hc , is shotm i n  Figs. 3a through 3e f o r  various p and G. 

The s t r a i g h t   l i n e   r e l a t i o n s h i p  between H and ? holds  true  over a wide 

range  of  for a l l  cases. However, the  slope of these  curves   var ies  

s l i gh t ly   w i th  respect to   the   p ressure-v iscos i ty  parameter G as well as 

the  load  parameter. The exponent f o r  U i n   t h e  power r e l a t i o n ,  

- 
hz 

C 

- 

n 
H = C c 2  

C 

i s  0.625 fo r   t he  case of G 0. This  value  agrees well with  the 

isoviscous  theory  provided  by  Herrebrugh 1161. A t  higher  values  of G ,  

the  exponent n is  found to   be  0.69 and  0.725 f o r  FhZ equa l   t o  0.003 and 

0.012 respectively.  These  values seem to   agree  well with  that   appeared 

i n   t h e  Dovson-Higginson's  formula. 

2 
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The effect   of   load  on Hc can  be  seen in   F igs .  4a through 4e i n  which 

H i s  p lo t t ed   aga ins t  5 with and G as parameters. The load  dependence 

i s  measured by the  slope of   these   logr i thmic   p lo ts .  The load  exponent 

n3 varies s l i g h t l y   w i t h   r e s p e c t   t o  G, bu t  is  p rac t i ca l ly   una f fec t ed  by 

U.  For G + 0, n3 i s  equa l   t o  -0.5 which again  agrees  very well  with 

Herrebrugh's   isoviscous  solut ion;   for  G = 3000, n i s  reduced  to -0.36 

which i s  s l igh t ly   h ighe r   t han   t ha t   g iven   i n  Dowson-Higginson formula. 

C hz 

/ 

3 

Unlike  the  inf luence  of   load  or   speed  on H t he  dependence  of f i lm  
C' 

thickness  upon the   p ressure-v iscos i ty   coef f ic ien t  i s  not   l inear   on   the  

log-log  plot .   This  i s  demonstrated i n  Fig. 5 by p l o t t i n g   t h e   v a r i a t i o n  

of Kc with G. For  high  values  of G ,  t he  power r e l a t i o n s h i p   p r e v a i l s  and 

the  exponent   for  G i n   t h i s   r e g i o n  i s  found to  be  approximately 0.6, which 

confirms  the Dowson-Higginson theory. 

For small value  of G ,  the   curves  become f l a t , a n d  H becomes in -  
C 

dependent  of G and approaches t o  t h e  isoviscous  value  provided by 

Herrebrugh.  Fig. 6 g ives   ano the r   r ep resen ta t ion   o f   t hese   r e su l t s   i n  

terms of  the  parameters  proposed by  Moes [17]. I n   t h i s   p l o t ,   t h e  number 

of non-dimensional  parameter i s  reduced  by  one. One can   a l so   ob ta in  

similar p l o t s   i n  terms of the  three  parameters  proposed  recently by 

Greenwood [18]. 

B. I n l e t   So lu t ions  for Oils with  Composite  Pressure-Viscosity  Coefficients 

A few  computer  runs were a l s o  made € o r   o i l s   f o r  which the re la t ion   be-  

tween an p and p i s  represented by two s t r a i g h t  lines with a s t e e p e r  l i n e  a t  

low pressures  and a f l a t t e r   l i n e  a t  high  pressures.   This is  known as 

the  composite  exponential  model, which was f i r s t   i n t r o d u c e d  by Allen, 

Townsend, and Zaretsky [19] i n   t h e   s t u d y   o f   s p i n   f r i c t i o n   i n   e l l i p t i c a l  

contac ts .  

6 



Fig. 7 shows t h e   v i s c o s i t y  and pressure   re la t ionship   for   the  

composite  exponential model suggested i n  [19]. The d i s c o n t i n u i t y   i n   s l o p e  

at the  cut-off   pressure  has   been smoothed ou t   i n   o rde r   t o   avo id  any 

possible   numerical   d i f f icul t ies   introduced by th i s   ab rup t  change i n   s l o p e .  

Typica l   resu l t s   us ing   th i s  method are shown i n  Table 3.  It i s  seen   t ha t  

the  difference  between  the  s t ra ight   exponent ia l  model  and the  composite 

exponential  model i s  i n s i g n i f i c a n t l y  small. These  numerical  results 

de f in i t e ly   suppor t   t he  argument put   for th   recent ly  by Bel l  and  Kannel [21]. 

Using a simple  Grubin  type  analysis  he showed tha t   t he   i n l e t   f i lm   t h i ckness  

i s  l a rge ly  governed  by  the  pressure-viscosi ty   effect   in   the low pressure 

region.  Unless  the  cut-off  pressure  in  the  composite  exponential  model 

i s  very  small ,   o therwise  the  reduct ion  of   the  pressure-viscosi ty  dependence 

at   h igh  pressures   introduced by the  composite model has   very l i t t l e  in- 

f luence upon the   f i lm  th ickness ,  

C. Typical  Outlet   Solution 

R e s u l t s   i n   t h e   o u t l e t   s e c t i o n  show no s i g n i f i c a n t l y   d i f f e r e n t   r e s u l t s  

from the  previous EHD solut ions.   Figure 8 shows typica l   p ressure  and 

f i l m   p r o f i l e s   f o r  7 = 0.003, G = 3000, and H = 10 . The  minimum f i lm 

thickness  i s  approximately 80% of   the  center   f i lm  thickness  and 70% of 

t he   i n l e t   f i lm   t h i ckness .  

-5 
hz C 

V. COMPARISON WITH EXPERIMENTS AND OTHER THEORIES 

The experimental   data  which are s e l e c t e d   t o  compare with  the  present  

ana ly t i ca l   da t a  are those  obtained  recent ly  by the  X-ray technique 

i n  .Ref. 20. Figs .   9a   to   9e show  a plot  of  the  measured 

minimum f i lm  th ickness   aga ins t   the  maximum Hertz stress fo r   va r ious   ro l l i ng  

speeds and  ambient  temperature.  These were obtained  with a pa i r   o f  

7 
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crowned-cone   d i sks ;   the   lubr icant  i s  a s y n t h e t i c   p a r a f f i n i c   h y d r o c a r b o n s  

wi th   no   add i t ives .  

S i n c e   t h e   r o l l i n g   s p e e d s   f o r   t h e s e  tes ts  are i n   t h e   r a n g e  where  the 

h e a t i n g   h a s  a s i g n i f i c a n t   i n f l u e n c e   o n   t h e   f i l m - f o r m i n g   c a p a b i l i t y ,   d i r e c t  

c o r r e l a t i o n s   b e t w e e n   t h e   p r e s e n t   a n a l y t i c a l   d a t a  and t h e  X-ray d a t a  w i l l  

not   be   meaningful   unless  some c o r r e c t i o n s   f o r   t h e r m a l   e f f e c t s  are made 

o n   t h e   a n a l y t i c a l   d a t a .  Such cor rec t ions   were   ach ieved  by u s i n g   t h e  

the rma l   r educ t ion   f ac to r s   p rov ided  by Cheng [ 14 ] .  

A. Thermal  Reduction  Factor 

In   Ref .  [14) ,  i t  was shown t h a t   t h e   t h e r m a l   r e d u c t i o n   f a c t o r ,  ‘pr 
def ined  as t h e   r a t i o   o f   t h e   a c t u a l   f i l m   t h i c k n e s s   t o   t h e   i s o t h e r m a l   f i l m  

th ickness   based  on the  Dowson-Higginson  formula, i s  a f u n c t i o n   o f   t h e  

fo l lowing   f i ve   pa rame te r s :  

2 
P0(U2 + u l>  

Qm = 2KfT = hea t ing   pa rame te r  
0 

G = WE’ = non-d imens iona l   p re s su re -v i scos i ty   coe f f i c i en t  

$ = = non-d imens iona l   t empera tu re -v i scos i ty   coe f f i c i en t  
T 
0 

- 
”- 

’hz - phz - l o a d  parameter E’ 

u1 - u2 

u1 
S =  = s l i p  

These   thermal   reduct ion   fac tors  are ob ta ined  by so lv ing   the   coupled   energy  

and  Reynold  equation a t  t h e   i n l e t   r e g i o n   u s i n g   t h e   H e r t z i a n   d e f o r m a t i o n  

p r o f i l e .  The heat   convected  by  the  lubricant   and  the  heat   conducted  by 



t h e   d i s c  are both   cons idered .  

The l u b r i c a n t   p r o p e r t i e s   f o r   t h i s   s y n t h e t i c   p a r a f f i n i c   o i l   f o r   a n  am- 

b i en t   t empera tu re  of 150°F (338.5OK) a r e   e s t i m a t e d  as 

= i n l e t   v i s c o s i t y  = 1.45 x 10 l b - s e c /  2 (0.1 N-sec 2) -5 
PO i n  /m 

2 
Cy = p r e s s u r e - v i s c o s i t y   i n  / (2.18 x 10 m /N ) -8 2 

c o e f f i c i e n t  = 1.5 x 10 -4 l b  

p = Tempera ture-v iscos i ty  0 R (4280 OK) 
c o e f f i c i e n t  = 7700 

0 2 -5 0 2 y = pressure-   t empera ture-   R- in  / (1.17 X 10 K - m /,> 
v i s c o s i t y   c o e f -  
f i c i e n t  = 0.145 

lb 

Kf = thermal   conduct iv i ty  of 
t h e   l u b r i c a n t  = 0.0216 

Fig.  10 shows t h e   v a r i a t i o n   o f   t h e   t h e r m a l   r e d u c t i o n   f a c t o r   w i t h   t h e   h e a t i n g  

parameter  x, c o r r e s p o n d i n g   t o   t h e   l u b r i c a n t   p r o p e r t i e s   f o r   t h i s   s y t h e t i c  par- 

a f f i n i c   o i l .  Using t h i s   c u r v e ,   t h e   v a l u e s   o f  cp fo r   t he   ambien t   t empera tu res  

of 150 and 3OO0F (338.5  and  421.5OK),  and t h e   r o l l i n g   s p e e d s  of 5000  and 

T 

20,000 R P M  are given as below 

T = 150°F (338.5'K) T = 300° (421.5OK) 
0 

N=5000 RPM N=20,000 RPM N=5000 RPM N=20,000 RPM 

Qm 
0.31  4.94  .0373  0.596 

'PT 0.76  0.31  0.92  0.67 

B. Comparison  of  Results 

The p r e s e n t   a n a l y t i c a l   r e s u l t s  are compared  with  experimental  X-Ray d a t a  c201 

9 
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a t  T = 150 and 300°F and N = 5000 and 20,000 RPM in   F igs .  l l a  through 

l le .  Along with  the  experimental  data,  the  calculated  film  thickness  based 

on earlier EHD t heo r i e s  by Grubin [3], Dowson and Higginson [ 4 ] ,  and 

0 

based on more recent  isoviscous  formulae  by  Herrebrugh [16], and Bell and 

Kanne 1 [2 I] 

In   these   f igures ,   the  minimum f i lm  th icknesses   a re   p lo t ted   aga ins t  

the maximum Hertzian  pressure.   In  calculating  the  Grubin's   f i lm  thickness,  

a reduct ion   fac tor  0.75 has  been  used in   o rder   to   conver t   the  nominal 

f i l m   t o  minimum fi lm  thickness .   For   the  data   in   the  present   analysis ,  

a f a c t o r  of  0.8 has  been  used in   conver t ing   the   cen ter   f i lm  th ickness   to  

t he  minimum film  thickness.  For  Grubin, Bell and Herrebrugh's work, the 

r e s u l t s  are given  in  terms of minimum fi lm  thickness;   therefore ,  no 

reductions are required.   Figure 11 shows the  comparison  of  the  experimental 

r e su l t s   w i th  a l l  theories   without  any cor rec t ions   for   thermal   e f fec ts ,  

cpr = 1. It i s  seen   tha t   the  measured data  come very   c lose   to   the  

isoviscous  data  by Herrebrugh  indicating  that  .al l  the  pressure-viscosi ty  

e f f e c t s  may have  been l o s t  due t o   t h e  combined thermal and  non-Newtonian 

e f f ec t s .  

Among the  isothermal   theoret ical   data ,   the   Grubin  or  Dowson-Higginson 

formulae  (based on G = 4950 a t  I50 F) p red ic t  minimum films  almost one 

order of  magnitude  higher  than  the  isoviscous  data.  In  the  range  of  high 

G, the   present   theory  agrees   c losely  with D-H data.   In  the  extremely low 

G range where the   lubr icant  i s  p rac t i ca l ly   i sov i scous ,   t h i s   t heo ry  shows 

a complete  overlap  with  Herrebrugh's  isoviscous  data. The recent  theory  by 

0 

0 

~ ~ 1 1  and knnel [21]based on a time-delayed  pressure-viscosity model 

p red ic t s  a load  dependence much stronger  than a l l  other  EHD theories .  

Since  this   t rend is  much c loser   to   tha t   observed  a t  higher  loads, i t  i s  

10 



very  temptivc  to  believe  their   approximate  inlet   analysis  using  the time- 

delayed  pressure-viscosity model.  However, a closer  examination of t h e i r  

conclusion  that   the  dependence  of  f i lm  thickness upon 1 0 / l l t h  power of 

maximum Hertzian stress is a consequence of  the  application  of  Grubin's  

method for   an   i soviscous   lubr icant  (a - 0) .  While the  Grubin's  approach 

y ie lds   an   accura te   so lu t ion   for   lubr icant   wi th   h igh  CY, it i s  grossly  inade- 

qua te   fa r   i soviscous   f lu ids .  This i s  fur ther   evidenced by the   l ack  of  agree- 

ment between the  Grubin's  load  exponent  for  the  isoviscous  case  (10/11) 

and the  Herrebrugh's  load  exponent (1/2) which i s  obtained from a complete 

EHD analysis .  Thus, the strong  load  dependence  found  in Bell and Kennel's 

theory may be a d i r e c t  consequence  of  the  Grubin-type  approximation  rather 

than a r e s u l t  from the  use of t ime-delayed,  pressure-viscosity model. 

F igure   l lb  shows t h e  same comparison as i n  Fig. l l a  except  with cp T 
inc luded   in  a l l  the  calculated  f i lm  thickness .  By accounting  for 

thermal   effects ,   the   experimental   data   agrees   reasonably well i n   t h e  

lot7-load region  with  the  present  theory  for G = 3000, p a r t i c u l a r l y   i n  

trends.  For  high  loads,  there seems t o  be a d r a s t i c   r e d u c t i o n   i n   f i l m  

thickness as the  load  increases.   This  sudden  increase  in  load  dependence 

appears   to  be caused by the loss of pressure-viscosity  dependence  at   high 

loads. 

The comparison  for  three  other  operating  conditions i s  shown i n  

Fig. l l c  through l l e .  The genera l   fea tures  of these   curves   a re   in  

Same as   those   in   F ig .   l lb   except   the   l eve l   changes   s l igh t ly .   For  

N = 5000 RPFl and 150 F, the  experimental  thickness  in  the  low-load  range 

approaches  an  equivalent  pressure-viscosity  coefficient  of 2000 which i s  

s l i g h t l y  lower  than  the  value  for 20,000 RPM. For  the  cases  of  the 

higher  ambient  temperature,  further  reduction  of t h e  pressure-viscosi ty  

0 
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e f f e c t s  are evidenced. 

F igu re   12   p lo t s  She in te rcepts   be tween  the   exper imenta l   curve  

and   the   curves   for   var ious  values of G ca l cu la t ed   f rom  the   p re sen t   t heo ry .  

These are i n t e r p r e t e d  as t h e   v a r i a t i o n   o f   t h e   e f f e c t i v e   p r e s s u r e - v i s c o s i t y  

c o e f f i c i e n t   w i t h   t h e   i n c r e a s e   o f   l o a d .  The d r a s t i c   r e d u c t i o n   o f   p r e s s u r e -  

v i scos i ty   dependence  a t  h i g h   p r e s s u r e s  i s  c l e a r l y   s e e n   i n   t h e s e   c u r v e s .  

l o a d e d   r e g i o n   a n d   i n   t h e   r e g i o n  of moderate  and 10W pres su re -  

v i scos i ty   dependence  show t h a t :  

a) The dependence   of   f i lm  th ickness   on   load   in   the   reg ion  of 

heavy  loads  and  low  pressure-viscosi ty   dependence i s  s l i g h t l y  

s t r o n g e r   t h a n   t h a t   p r e d i c t e d   b y   t h e   p r e v i o u s   i s o t h e r m a l  EHD 

t h e o r i e s .  The load  exponent i n   t h e   f i l m   t h i c k n e s s   f o r m u l a ,  

Eq. (l), i s  -0.5 i n s t e a d  of -0.26  given i n  Dowson-Higginson 

formula 151. 
b) The  power r e l a t ionsh ip   be tween   t he   f i lm   t h i ckness  and t h e  

p re s su re -v i scos i ty   pa rame te r ,  G ,  on ly   ho lds  a t  h i g h   v a l u e s  of 

G. A s  G decrease.s,  the  dependence of f i l m   t h i c k n e s s   o n  G 

becomes s teadi ly   weaker .   For  G + 0, t h e   f i l m   t h i c k n e s s  i s  

independent  of G as p r e d i c t e d  by  Herrebrugh  C16I. 

2. The l o s s   o f   p r e s s u r e - v i s c o s i t y   d e p e n d e n c e   i n   t h e   h i g h   p r e s s u r e   r e g i o n ,  

a s   i l l u s t r a t ed   by   t he   compos i t e   exponen t i a l   mode l  [19], has  a n e g l i g i b l e  

e f f e c t  o n   t h e   f i l m - f o r m i n g   c a p a b i l i t y   i n   t h e   i n l e t  of  an EHD c o n t a c t .  

3.  Comparison  between  the  calculated minimum f i l m   w i t h   t h e   p r e s e n t  

theory   and   the   recent   measured ,  X-Ray d a t a  f o r  a s y n t h e t i c   p a r a f f i n i c ,  

l u b r i c a n t  , shows t h a t :  

12 



a)  In  the  moderately  loaded  regime,  there i s  l i t t l e   d i s p u t e  

between EHD theo r i e s  and the measured  data. They agree w e l l  

both in   t r ends  and i n  magnitude. 

b) I n  the  extremely  heavily  loaded  regime,  the  measured  film shows 

a dras t ic   reduct ion   of   f i lm  wi th   respec t   to   the   load ,  and t h i s  

sharp  reduction  does  not  appear  to be predictable  by the  present 

isothermal EHD theories .  

13 
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TABLE 1 CONSTANTS AND C O E F F I C I E N T S   F O R  
EHD FILM THICKNESS FORMULAE 

C nl 

1.65  0.73 

1.68 - .75 

1.26  0.6 

1.37  0.74 

1.625  0.74 

1.56  0.736 

~~ 

1.415  0.725 

n 2 

I I 

" 

0.73 

0.75 

0.7 

0.74 

0.74 

0.736 

0.725 

0.688 

"3 

- .18 

- .25 

- 0.26 

- 0.22 

- 0.22 

- 0.209 

~~ ~ 

- .066 

REMARK 

FOR  NOMINAL  FILM, ho, a -  - 03 

FOR  NOMINAL  FILM, ho, .i! = OD b 

FOR  MINIMUM  FILM,  hmin, " 
a 
-03 

FOR  NOMINAL  FILM, ho, 

AND POINT  CONTACT, a /b  = 1 . 0  

FOR  NOMINAL FILM, ho , _a 2 5.0 b 

FOR  NOMINAL F I L M ,  ho, ; - - 2.0 a 

FOR  NOMINAL  FILM, ho, - - - 1.0 a 
b 

FOR  NOMINAL  FILM, ho, - = 0.5 a 
b 

2 ,  r a t i o  of semi-major t o  semi-minor  axis of tlle c o n t a c t  
e l l i p s e   ( a / b  -+ 03 l i n e   c o n t a c t )  
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TABLE 2. ISOTHERMAL  EHL FILM THICKNESS FOR FULL RANGE OF 

PRESSURE VISCOSITY  COEFFICIENTS, Hc vs. u WITH Ph, AND G 

AS PARAMETERS. 

- 

- 
Phz = .003 

- - 
Phz = .006 Phz = .009 

- 
Phz = ,012 

1 x 1.9069 x 3.3718 x 4.6116 x 5.7839 x 

5 x 6.3775 x 1.1304 x 1.5589 x 1.9437 x 
. .. 

so " - . . . . . . . 

2 x 1.4737 x 2.6158 x 3.6388 x 4.5094 x 
~~ ~ 

1 x 4.8547 x IO'13 8.3793 x 1.1864 x 1.46607 x 

1 x 1.332 x 2.127 x 2.766 x 3.304 x 

5 x 4.616 x 10  7.510 x 9.853 x 1.183 x - 12 

2 x 1 .129  x 1.870 x 2.472 x 2.998 x 
~ ~~~~~ 

1 x 3.851 x 6.452 x 8.597 x 1.062 x 

1 x 9.980 x 1.519 x 1.973 x 2.273 x 

5 x 3.548 x 5.521 x 7.085 x 8.381 x 

2 x 8.979 x 1.430 x 1.851 x 2.231 x 

1 x 3.142 x 5.104 x 6.665 x 8.287 x 

1000 

- ~~~ 

. " I 

1 x 

5 x 2.434 x 3.632 x 4.562 x 10-l '   5 .351 x 

~~ 

6.661 x 9.724 x 10-l '   1 .211 x 1.408 x 10-l '  
" _  ~ 

2000 

2 x 6.392 x 9.789 x 1.247 x 1.500 x 

1 x 2.308 x 3.613 x 4.689 x 5.770 x 
~ ~- .. ~ -. -~ 

~ ~ . .  ~ ~~ ~ 

1 x 5.060 x 7.19 x 8.89 x lom1' 1.02 x 10-l1 

5 x 1.890 x 2.70 x 3.39 x 3.94 x 1 0 - l 2  

2 x lo-6 4.940 x 7.43 x 10- l~  9.48 x 1 0 - l ~  1.14 x 

1.80 x 1 0 - l ~  2.79 x 1 0 - l ~  3.65 x 10-l~ 4.33 x 10- l~  

. .  -~ - 

3000 

~ 

1. x 
~~ 
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TABLE 3. COMPARISON OF E H L   F I L M  BETWEEN  THE  STRAIGHT 
EXPONENTIAL MODEL AND THE  COMPOSITE  EXPONENTIAL MODEL. 

STRAIGHT MODEL COMPOSITE MODEL 

- - 
’h z 

h 
C 

0.003 1 x 5.060 x 10-l’  5.012 x 10-l’ 

5 x 1.890 x 10-l’  1.876 x 

2 x 4.940 x 4.986 x 

1 x 1.800 x 1.831 x 

0.012 1 x 1.020 x 1.022 x 10-l1 

5 x 3.94.0 x lo-’’ 3.962 x 10-l’ 

2 x 1.140 x 10-l’  1.135 x 10-l’ 

1 x 4.330 x 4.295 x 

F o r  straight model 

F o r  composite  model 

CYE = 3000 

CY E = 3000 1 

CY2E’ = 240 

C u t  o f f  pressure * 55,000 psi (2.03 x 10 N/ 2)  6 
m 
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APPENDIX A - NOMENCLATURE 

h 
C 

- - 

H 
C 

- - 

k a 
- - 

semi-major axis  of an elliptical contact, 

see E q .  ( A - 1 8 )  

semi-minor  asix of an elliptical contact, 

see E q .  (A-18)  

constant used in the  film  thickness formula 

48 U/(H")2 

1 L 

in (m) 

in (m) 

2 2 .  
in /lb (" IN) 

Young's  Modulus  for  rollers 1 and 2 

film  thickness 

inlet  film  thickness at x = - b 

in (m) 

in (m) 

reference film  thickness at * = 0 , h = h 
* 

dx in (m) 
C 

center film  thickness  at x = 0 in (m) 

minimum film thickness in (m) 

h 
C 
/R 

grid  point numbers for  the x coordinate 

grid  point numbers at x = x a 

19 



exponents   used   in   the   f i lm  th ickness   formula  

i n d i c e s   i n  E q .  (A-11) 

i t e r a t i o n  number 

see E q .  (A-12,A-13,  and A-14) 

thermal   conduct iv i ty  of t h e   l u b r i c a n t  lb/sec0R ( N / s e c - o K j  

p r e s s u r e  

phz 

1 

CL 
1 "  - 

s e e  E q .  (A-11) 
n 

r a d i u s  of r o l l e r  1 and 2 i n  (m) 

( u l  - u2) 

/ U 1  

OR (OK) T 
0 

- - ambient   t empera ture   o f   the   lubr icant  

i n   / s e c   ( m / s e c )  v e l o c i t y   o f   r o l l e r s  1 and 2 

c c o r d i n a t e   a l o n g   t h e   f i l m  i n  (m) 

r e f e r e n c e   c o o r d i n a t e   a t  * = 0 dx 
20 
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X 
a 

coordinate separating the  inlet region 
into  two  subregions in (m) 

in (m) 
coordinate separating  the outlet region 
into  two  subregions 

x/b 
- 
X 

coordinate at the  termination  of the film in (4 

2 2 
in /lb ("' /N) 

OR (OK) 

0 2 R- in 0 2 .  
/lb ( K-m /N) 

X f - 
CY 'hz 

pressure-viscosity coefficient CY 

B temperature-viscosity coefficient 

pressure-temperature-viscosity 
coefficient 

Y 

viscosity of  the  lubricant 

inlet viscosity 

density of the  lubricant 

density at x - x * 

P 
PO 

lb/in ( /m ) 3 N 3' 
ambient  density 

Poisson's ratio of rollers 1 and 2 

dummy variable for x 
- 

thermal reduction factor 

see E q .  (A-10) 
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APPENDIX B 

Numer ica l   So lu t ion   fo r   t he   In l e t   Reg ion  

The i n l e t   h a l f   o f   t h e   c o n t a c t   z o n e ,   w h i c h  i s  bounded  by -m < x < 0, 
- 

i s  f u r t h e r   d i v i d e d   i n t o  two subregions  as shown i n  F ig .  13 . The f i r s t  

subregion  i s  bounded  by -03 < x < x and t h e   p r e s s u r e   i n   t h i s   r e g i o n  i s  
” 

a’ 

o b t a i n e d   b y   d i r e c t   i n t e g r a t i o n   o f   t h e   R e y n o l d s   e q u a t i o n   c o n s i d e r i n g   t h e  

f i l m   p r o f i l e   b e i n g  known i n   e a c h   i t e r a t i o n .  

I n   o r d e r   t o   i m p r o v e   t h e   a c c u r a c y   i n   t h e   d i r e c t   i n t e g r a t i o n   o f   R e y n o l d s  

e q u a t i o n   i n   t h i s   r e g i o n ,  a new d imens ion le s s   func t ion ,  q ,  i s  in t roduced ,  

where 

1 q =  1 ”  - 

U s i n g   t h i s   f u n c t i o n ,  E q .  ( 4 )  t akes   the   form 

48u/(H*) * and h = hc o r  H = H where C = 
* * 

5 C 

I n t e g r a t i n g  (A2)  g i v e s  

The p res su re  i s  then   ob ta ined   by   so lv ing   numer i ca l ly   t he   fo l lowing  i m p l i c i t  

equation  using  Newton’s  method. 

- 
= 

1 

1 - q ( 3  
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It was f o u n d   t h a t   t h i s   p r o c e d u r e   g i v e s  a much improved  convergence of t h e  

p r e s s u r e   p r o f i l e   i n   t h e   f i r s t   s u b r e g i o n  a t  t h e   i n l e t .  
P 

For v iscos i ' ty   vary ing   exponent ia l ly   wi th   the   p ressure  

- 
p =  e CYP 

q = l - e  -CYP (A7 

In   t he   s econd   sub reg ion ,   t he   p re s su re   and   f i lm   p ro f i l e   a r e   so lved  

simultaneously  by  combining Eqs.  ( 4 )  and (5) t o  form 

Where C 1 = 16Fhz2/H* 

where 

Equat ions (A10) a r e  a se t  of n e q u a t i o n s   f o r  k = k + 1 t o   k o ,  and a 

23 



n = k - ka. The Q(k-4, j )  are the  quadrature   formulae  for   the  s ingular  

logar i thmic   kerne l   g iven   in  [221. 

0 

3 

k m ( k ,   j )  + K m (k-1, j )  - Km(ko, j )  - Km(ko-l, j ) ]  ( A l l )  

and 

m= 1 

- 

where 

S i m i l a r  t o  the  procedures  used  in [E], Eqs. (A10) are 

the Newton-Raphson method in the  following manner f o r  P 
k' 

solved by 

Linear iz ing Eqs. (A10) and neglec t ing   the   h igh   order  terms, one 

obtains  

24 



where   t he   supe r sc r ip t s  n deno tes   t he   va lues  a t  n t h   i t e r a t i o n .  The 

p r e s s u r e s  a t  (n-i-l) t h   i t e r a t i o n  are simply 

P d-1 n l-i+l 
= P j  + (apj> 

j 

ayk The c o e f f i c i e n t s  - t ake   t he   fo l lowing   expres s ions   fo r   va r ious  
aps 

va lues   o f  j :  

- =  A + B 
aP 

B = 0 f o r  j f k o r  k-1 

f o r  j = k t h e   s i g n   i n   f r o n t   o f  =- i s  p l u s  and   fo r  j = k - 1   t h e   s i g n  i s  
1 

'k- f 
minus. 
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The s t e p s   u s e d   i n   o b t a i n i n g   t h e   i n l e t   s o l u t i o n   f o r  a g iven  set  of  

H , Phz, G are: 
* -  

1. Assume a p r e s s u r e   p r o f i l e   f o r  -03 < x < 0. 
- 

3. C a l c u l a t e   t h e   f o l l o w i n g   i n t e g r a l  

f o r  -03 < X 5 X . ” 

a 

- (€I*)* 4 .  Calcu la t e  U = 48 

5. Solve E q s .  (A-16) and (A-17) us ing  Newton-Raphson  method. 

6 .  Check conve rgence   fo r   p re s su re .   I f   no t ,  repeat c a l c u l a t i o n s  

s t a r t i n g   f r o m   S t e p  No. 2. 

7. The converged   so lu t ions  are r e p r e s e n t e d  by  

- 
U ,  P(X),  and H ( G ) .  
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HERTZIAN PRESSURE - 

/ 

h,-NOMINAL FILM 

h,-CENTRAL FILM 

hmin 
b-SEMI-WIDTH OF HERTZIAN CONTACT 

-MINIMUM FILM 

Figure 1. - Illustration of nominal,  central,  and  minimum film 
thickness. 



Figure 2. - Geometry of lubricated  rollers. 
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Figure 3(a). - Variation of central   f i lm  th ickness with ro l l ing  speed, fo r  G = 3000. 
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Figure  3(b). - Variat ion of cent ra l   f i lm  th ickness  wi th   ro l l ing speed, f o r  G = 2000. 
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Figure  3k) .  - Variat ion of cent ra l   f i lm  th ickness  wi th   ro l l ing speed, f o r  G = 1ooO. 
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Figure 3(d). - Variation of central film thickness  with rolling speed, for G = 500. 
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Figure 3(e). - Variation of central film thickness  with rolling speed, for G = 50. 
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Figure 4(a). - Effect  of  load on  central  f i lm  thickness,  for G = 3000. 
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Figure 4(b). - Effect  of  load on  cent ra l   f i lm  th ickness,   for  G = 2000. 
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Figure  4k). - Effect of load on central  film  thickness,  for G = 1000. 
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Figure 4(d). - Effect of load on central film thickness, for G = 500. 
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Figure 4e). - Effect of load on central f i l m  thickness,  for G = 50. 
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G=aEO 

Figure 5. - Effect  of  pressure-viscosity  coefficient  on  central  film  thickness. 
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Figure 6. - Isothermal EHD results  using  dimensionless  parameters by Moes [17]. 
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Figure 7. - Variation of viscosity  with  pressure  for a composite  exponential model. 
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Figure 8. - Typical pressure  and film thickness profiles in the entire contact  region. 
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Figure 9. - Effect  of maximum  Hertz  stress  on  measured  minimum  film  thickness. Crowned-cone  disks;  synthetic  paraffinic  oil. 
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Figure 10. - Typical  variation of thermal  reduction  factor, yT. 
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Figure  l l (a) .  - Comparison of X-ray  measured  film  with  isothermal 
theories, To = 1500 F, N = 20,000 rpm. 
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Figure N b ) .  - Comparison between measured f i l m  and  calculated 
f i l m  corrected  for  thermal effects, To = 1500, N = 20,000 rprn. 
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Figure Ilk). - Comparison between measured  film  and  calculated 
film  corrected  for  thermal effects, To = 300' F, N = 20,000 rpm. 
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f i lm  corrected  for   thermal effects, To = 150' F, N = 5000 rpm. 
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Figure 1Ue). - Comparison  between  measured  film  and  calculated 
film  corrected  for  thermal effects, To = 3000 F, N = 5000 rpm. 
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Figure 12. - Reduction of the effective pressure-viscosity parameter at high loads. 
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